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SPECTRUM OF WEIGHTED ADJACENCY OPERATOR ON A
NON-UNIFORM ARITHMETIC QUOTIENT OF PGL;

SOONKI HONG AND SANGHOON KWON

ABSTRACT. We investigate the automorphic spectra of the natural weighted ad-
jacency operator on the complex arising as a PGL(3,F,4[t]) quotient of zéwlg-type
building. We prove that the set of non-trivial approximate eigenvalues (A, A7) of
the weighted adjacency operators AL on the quotient induced from the colored ad-
jacency operators A on the building for PG L3 contains the simultaneous spectrum
of A* and another hypocycloid with three cusps. As a byproduct, we re-establish
a proof of the fact that PGL(3,Fy[t])\PGL(3,F,(t1))/PGL(3,F,[[t~']) is not a

Ramanujan complex, from a combinatorial aspect.
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A finite k-regular graph X is called a Ramanujan graph if for every eigenvalue
A of the adjacency matrix Ay of X satisfies either A\ = +k or [A| < 2vk — 1. An
eigenvalue \ is called trivial if A = +k. Since the interval [—2vk —1,2vk — 1] is
equal to the spectrum S? of the adjacency operator of k-regular tree 7j, we note that

a finite k-regular graph X is Ramanujan if and only if every non-trivial spectrum of

Ax is contained in the spectrum S? of the adjacency operator A on L*(Ty).

Such graphs can be constructed as quotients of the Bruhat-Tits tree associated
to PGL(2,Q,) by congruence subgroups of uniform lattices of PGL(2,Q,) [LPS],

using Ramanujan conjecture for classical modular forms. More examples were given

by Morgenstern [Mol], replacing Q, by F,((¢™')). One significant difference between
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PGL(2,Q,) and PGLy(F,(t71)) is that PGL(2,F,(t ') has a non-uniform lattice
I' = PGL(2,F,[t]). For congruence subgroups A of I', the quotient graphs are infinite
but the edges and vertices come with suitable weights w so that the total volume
associated to the weight is finite. Under these weights on vertices and edges, the
adjacency operator A on 7,4, induces the weighted operator Ay on the quotient
X = MAN\Tg41-

In [Mo2], the author defined Ramanujan diagrams as such weighted objects satis-
fying the similar bound for non-trivial spectrum of Ax. In this case, every non-trivial
spectrum of Ax on L2 (X) is contained in the interval [—2,/g,2,/q] and hence it is a
Ramanujan diagram. For example, the adjacency operator on L2 (PGL(2,F,[t])\T+1)
has discrete spectrum +(g+ 1) and continuous spectrum [—2,/g,2,/q] (see Figure 1).

FIGURE 1. Spectrum of Ax on PGL(2,F,[t])\T;+1

For graphs or diagram coming from a quotient of G = PGL(2,F,(t™')) by an
arithmetic lattice I'; being a Ramanujan graph or Ramanujan diagram can be un-
derstood via representation-theoretic reformulation. Namely, I'\7, ;1 is Ramanujan if
and only if all the infinite-dimensional spherical irreducible G-representations which
are weakly contained in L?(I'\G) are not from the complementary series. See [Lu] for
the detail.

The authors in [CSZ] suggested a generalization of the notion of Ramanujan graphs
to the simplicial complexes obtained as finite quotients of the Bruhat-Tits building
for PGL(d, F') for a non-Archimedean local field F. Let B be the building associated
to PGL(d, F). The colored adjacency operator A; : L*(B) — L*(B) is defined for
f e L*(B) by

Aifw) = ), f),

y~x
T(y)=7(x)+J

where y ~ z implies that there is an edge between y and z in B and 7: B® — Z/dZ
is a color function (see Section 2 for the precise definition). Let S¢ be the simulta-
neous spectrum of colored adjacency operators (Ay, ..., Ag_1) on L?(B°), which may
be computed explicitly as a subset of C?~! (see Theorem 2.11 of [LSV1] and also
Proposition 4.5 of [CM] for d = 3). In fact, S? is equal to the set o(S) for

S:{(Zla"'azd): |21| == |Zd| :landzl'ZQ"'Zd:]'}
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and o: S — C%! be the map given by (z1,...,24) = (A1, ..., A\¢_1) Where

k(d—k)

Me=q 2 op(z1,29,...,24)
A finite complex X arising as a quotient of B(G) is called Ramanujan if every non-
trivial automorphic spectrum (A1, ..., \g—1) of Ax; acting on L*(X) is contained in
the simultaneous spectrum 8¢ of A; on B. In [LSV1], [LSV2], [Li] and [Sar], the au-
thors constructed higher dimensional Ramanujan complexes arising as finite quotients
of PGL(d, F).

In [Sam], the author investigated non-uniform Ramanujan quotients of the Bruhat-
Tits building By of PGL(d,F,(t™'))), generalizing the finite Ramanujan complexes
constructed in [LSV1], [LSV2], [Li] and [Sar]. She proved using the representation-
theoretic arugment that if d > 2, then for G = PGL(d,F,(t™")), T = PGL(d,F,[t])
and By the Bruhat-Tits building of G, the quotient A\By is not Ramanujan for any
finite index subgroup A of I'. This mainly comes from the following fact: the Ramanu-
jan conjecture in positive characteristic for PG L, for d > 2, achieved by Lafforgue,
gives bounds on the cuspidal spectrum, but the other parts of the spectrum do not
satisfy the same bounds as the cuspidal spectrum.

While there are significant differences from the point of view of representation the-
ory, the combinatorial distinction between the cuspidal spectrum and the other parts
of the spectrum was not clear, as mentioned in [Sam]. In this paper, we explore the
combinatorial characterization of the automorphic spectrum of the natural weighted
adjacency operator on the non-uniform simplicial complex PGL(3,F,[t])\Bs.

Let ' = PGL(3,F,[t]) and G = PGL(3,F,(t™")). Since T' acts with torsion on
B(G) the degree of vertices in I'\B(G) is not constant, the colored adjacency operators
At = Ay and A~ = Ay on B(G) induces the weighted adjacency operators A, and
A, on L2 (T\B(G)) for a suitable weight function w.

More precisely, the weighted adjacency operators AF and A on L2 (I\B(G)) is
defined for any f € L2 (I'\B(G)) by

Abf) = Y Mg

(u,v)eE w(v)
T(v)=7(u)*1

See Section 3 for the exact calculation of w. These operators AL satisfies that (A})* =

A, (see [Sam|, Remark 4.1). Now we state our main theorem.

Theorem 1.1. Let A], be weighted adjacency operator on L% (T\B(G)) induced from
the colored adjacency operator A* on B(G). The spectrum of the operator Ay, contains

Yo U X1 U Xy where

27

So={+q+1,(@P+q+1)es (P +q+1)es)
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1s a set of three distinct points,

21 = {g2e” + qe ¥ + q2¢”: e R}
15 a hypocycloid with three cusps (q% +q+ q%)e@ for k=20,1,2 and
Yo ={q(s1+ s2+ 83) € C: 818983 = 1 and |s1| = |sa| = |s3| = 1}

2km
3

15 a hypocycloivd with three cusps 3qe : fork =0,1,2 and its interior (See Figure 2).

FIGURE 2. ¥y U X; U Xy in complex plane

Since A} and A, are normal and commute with each other, if A* is a spectrum of
A%, then A= = AT is also a spectrum of A and vice versa. Thus, the automorphic
spectrum of Af is defined as the vectors (AT, A7) in C? for which there exists a
sequence of unit vectors f, € L2 (I'\B(G)) such that

lim (AL f, — AEf,) = 0.
n—00

+
w

Since 8 = Y, and the points in ¥; are also in the automorphic spectra of AL, we

obtain the following corollary.

Corollary 1.2. PGL(3,F,[t])\B(G) is not a Ramanujan complex.
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Remark 1.3. If I" acts properly and cocompactly on an A, building B, then in general
by [CSZ] and [CMS] the L?-spectrum of the adjacency operator A* consists of three
points Y, together with a subset of the region bounded by ¥;. By definition, the
quotient complex T'\B is Ramanujan if every non-trivial L?-spectrum is contained in

(= S%).

This article is organized as follows. In Section 2, we review the definition of the
Bruhat-Tits building associated to the group PGL,; over a non-Archimedean local
field and compact Ramanujan complexes in their combinatorial and representation-
theoretic forms. In Section 3, we present the structure of the non-uniform quotient
PGL(3,F,[t])\PGL(3,F,(t™')). Colored adjacency operator with weights, the nat-
ural operator on the quotient space, is discussed in Section 4. In Section 5 and 6, we
explore the simultaneous eigenfunctions and the spectrum of the weighted adjacency
operators.

2. BUILDING AND COMPACT RAMANUJAN COMPLEX

Let F be a non-Archimedean local field with a discrete valuation v and O be the
valuation ring of F'. Let m be the uniformizer of O for which 7O is the unique maximal
ideal of O. Let G be the projective general linear group

PGL(d,F)=GL(d, F)/{\[: A\ e F}
and let W be the image of the map from GL(d, O) to PGL(d, F') defined by
g— g{\[: e F}.

In this section, we review the affine building of type ﬁd,l, colored adjacency oper-
ators and compact Ramanujan complexes arising as a quotient of the building for
PGL(d, F). For details, we refer to [LSV1].

The Bruhat-Tits building B(G) associated with G is the (d — 1)-dimensinal con-
tractible simplicial complex defined as follows. We say two O-lattices L and L' of
rank d are in the same equivalence class if L = sL’ for some s € F’*. The set B(G)"

of vertices of B(G) is the set of the equivalence classes [L]. For given k-vertices
[L1], [La],- -, [Lk], they form a k-dimensional simplex in B(G) if

(2.1) rlicl,cl, < - LycL

for some L’ € [L;]. In general, we denote by B(G)* the k-skeleton of B(G).

Let O? be the standard O-lattice. The action of a matrix M in G on the set of
O-lattices transfers the standard one O? to the O-lattice of which basis consists of
the column vectors M and every scalar matrix A\l preserves every equivalence class.
Thus, the group G acts transitively on B(G)°. Since the action of G on B(G)° defined
by left multiplication satisfies the relation (2.1), it follows that G acts isometrically



6 SOONKI HONG AND SANGHOON KWON

on the quotient space. Since the group W is the stabilizer of the vertex [O?], the
set of vertices of Bruhat-Tits building associated to G is identified with the quotient
space G/W.

The color 7 : B(G)" — Z/dZ is defined by

7([L]) := logq[(’)d L,

for a sufficiently large positive integer i with 7L < O%. Since [7'L : 7**1L] = d, the
color 7([L]) is independent of the choice of the lattice in [ L] and hence is well-defined.
Let L?(B(G)) be the space of functions f: B(G)? — C satisfying

> @) <o
zeB(G)0
The colored adjacency operator A; : L*(B(G)) — L*(B(G)) is defined for f €
L*(B(G)) by

(22) Aif(x) = >, fl),

T(y)i:?x)ﬂ‘
where y ~ x implies that there is an edge between y and x in B(G). These opera-
tors are bounded and commutative. Moreover, since A¥ = Aj_;, the operators are
normal. Let S = C%~! be the simultaneous spectrum of (A, Ay, ..., Ay 1) acting on
L?*(B(G)). More precisely, the spectrum 8¢ is the subset of d-tuples (A1, -+, Ag_1)
in C?~! such that there exists a sequence of functions f, € L*(B(G)) with ||f,[|2 = 1
satisfying, for any i = 1,...,d — 1,

n—a0

Although the non-uniform lattice PGL(3,F,[t]) of PGL(3,F,(¢ ') is the main
topic of this paper, in order to motivate the reader, we review the definition of compact
Ramanujan complexes arising as a quotient of PGL(d, F'). Let I' be a torsion-free
cocompact discrete subgroup of G. Then T acts on B(G)° = G/W by left translation,
and T\B(G) is a finite complex. The color function defined on B(G)? may not be
preserved by I'. However, the colors defined on the set B(G)! of edges by

7(z,y) = 7(x) = 7(y) (mod d)

are preserved by T'.

Let L?(T\B(G)) be the space of functions f on I'\B(G)°? with |f[s < +oo. Here,
[ fll2 = 2eerseyp | f(x)]?. Using the equation (2.2), it follows that operators A; induce
colored adjacency operators

Axit LA(T\B(G)) — L*(T\B(G))



SPECTRUM OF NON-UNIFORM WEIGHTED COMPLEX 7
on M\B(G). The eigenfunction f of Ax,; on L*(T\B(G)) is called trivial if the function
f is of the form

F(IL]) = €1,

for some d-th root ¢ of unity, i.e., &4 = 1.

Definition 2.1. The quotient complex I'\B(G) is called Ramanugjan if for every non-
trivial simultaneous eigenfunction f of the colored adjacency operators Ax; acting
on L?(I\B(G)), the simultaneous eigenvalue (\y, ..., A\q_1) for f is contained in S¢.

We remark that the authors in [LSV1] proved that if d is a prime and I" is an

arithmetic uniform lattice of inner type, then I"\B(G) is Ramanujan.

3. NON-UNIFORM ARITHMETIC QUOTIENT PGL(3,F,[t])\PGL(3,F,(t™ 1))

Let F, be the finite field of order ¢ and let F,(¢) be the field of rational functions
over F,. The absolute value | - || of F,(¢) is defined for any f € F,(t), by

HfH — qdeg(g)fdeg(h)

Y

where g, h are polynomial over I, satisfying f = The completion of F,(¢) with

!, is denoted by F,(t™1)), i.e.,

F, (") := { i at™ :NeZ,a, € Fq} :

n=—N

g
Z.
respect to || - |, the field of formal Laurent series in ¢~

The valuation ring O is the subring of power series

F,[t7'] := {i ant™ :a, € Fq} :

n=0

Let G be the group PGL(3,F,(t1)), T be its non-uniform lattice PGL(3,F,[t])
and W = PGL(3,0). In this section and throughout, we focus on the building B(G)
for G and the quotient ["\B(G) for I' = PGL(3,F,[t]). In general, given a simple and
simply-connected Chevalley group scheme H defined over Z, the action of H(FF,[¢])
on B(H) is described in [So].

We recall that the set of vertices B(G)? is identified with the coset space G/W.
Since the right multiplication by a matrix in W is considered as the elementary
column O-operation, we may find a representative [A] = AW of vertex in B(G) with

the following conditions:

e The matrix A is upper diagonal.

The diagonal entries of A are of the form " where n € Z.

The (4, j)-entry a;; of A is contained in t"*'F,[¢] whenever a; = ¢".

If Q4 = a]‘j, then aij = aji = 0
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Similarly, the left action of I" is considered as the elementary row operation. The
following lemmata describe the fundamental domain for I'-action on B(G)°. These
actually follow from the general theorem in [So], but to be self-contained we give the

elementary proof of the statements.

Lemma 3.1. Given every g € PGL(2,F,((t™")), there exists a unique non-negative

t" 0
= w
g=" 0 1

for some v € PGL(2,F,[t]) and we PGL(2,0).

integer n such that

Proof. Let I'ys = PGL(2,F,[t]), Wa = PGL(2,0) and [a] be the polynomial part

of a. Let T: F (1) — F,(t™')) be the mapping given by T'(a) = a_l[a]. From the

above observation, every g € GG has a representative

(5 1)

for m € Z and o € t™T'F[t]. If m > 0, then « € F,[t] and hence

" « t™ 0
T Wy, =T W-
2(0 1) : 2(0 1) :
"™ « B 1l « t™ 0
0o 1/ \o 1 0 1)’

If m < 0, then we may assume that o = a_,, 1t ™" + -~ + a_;t~! and we have

"« " a—|a 0 a—[a]
r Wy =T Wy =T m W-
2<0 1) 2 2<0 L ) 2 2<_Jm] L 2

T (-tmOT(a) 1 ) — (—tmT(a)2 T(a)) "

since

a—|a] 0 1

Since « is rational, we have T%(a) = 0 for large enough k which implies that the

above reduction eventually stops. After exchanging row and column if necessary, we

FtaW:FtOW
0 1 0 1

for some n = 0. ]

get
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Lemma 3.2. Given every g € G, there exists a unique pair of non-negative integers
(m,n) with 0 < n < m such that

tm 0 0
gel'l 0 t O |W.
0 0 1

Proof. From the above observation, every g € G may be written by

" ajp a3
0 tno ao3 |W
0 0 ¢th

for some a;; € F ((t7)), matrix w € W and non-negative integers mg, ng and £o. If
mgy < ng, then multiplying suitable v on the left and w on the right so that we may
assume ais is zero. Similary, if ng < £y, then we may assume aq3 is zero. If either aqo
or ass is zero, then it reduces to the case where it is not so it suffices to consider the
case mg = ng = {y. In this case, applying the Lemma 3.1 to the upper-left 2 x 2 block
of the matrix, we may find v; € I" such that

tmo 12 Q13 tm™ 0 *
0 tno a3z | =7 0 tkl * Wy
0 0 ¢ 0 0 ¢t

with mg = m; > k; > ng. Now, applying the Lemma 3.1 (and the proof) to the
lower-right 2 x 2 block, we may find 7} € I' and w}] € W such that

™ 0 AR *
0 " x|=%]0 t"m 0w
0 0 ¢t 0 0 ti

with k1 = ny > £; > {y. While the reducing process
(i, mg, ) — (Miy1, Mg, liga)

goes on, both (1, 2)-entry and (2, 3)-entry become eventually zero since m; > m; 1 =
l;v1 > {; unless both entries are zero. Continuing this process until it eventually
stops, we may obtain v, € I' and w,w’ € W for which

t" 0 o« t" 0 o« t"™ 0 0
0 to *|=+10 t 0|w=]0 t" 0]|w
0 0 th 0 0 ¢t 0 0 1

with m >n > 0. ]
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For m,n with m = n > 0, let v,,, be the vertex of the quotient complex I"\B(G)

corresponds to

"™ 0 0
r{o ¢ ofw
0 0 1

The definition of the building B(G) implies that there is an edge between two vertices
Um.n and vy s if and only if the following hold:

(m',n')e{(m*+1l,n),(mntl),(im+tl,ntl)} ifm>n>0
(m',n')e{(m£+1L,n),(mn+1),(m+1,n+1)} ifm>n=0
(m',n)e{(m+1,n),(mn—-1),(m+1,n+t1)} ifm=n>0
(m/,n") € {(1,

0), (1, 1)} if m=n=0.

Combining above facts, the quotient complex I'\B(G) is described as Figure 3.

FIGURE 3. The fundamental domain for I'\B(G)

4. COLORED ADJACENCY OPERATOR WITH WEIGHTS

Generalizing the idea of [Mo2], the colored adjacency operators with weights are in-
troduced in [Sam]. In this section, we study the combinatorics of the natural weighted
adjacency operators A} and A,. Since I' acts on B(G) with torsions, the induced op-
erators on the quotient from the colored adjacency operators on L?*(B(G)) come with
weights envolving the cardinality of the stabilizer of the vertices and edges.

Given a simplicial complex X, let V = V(X)) and E = E(X) be the set of vertices
and edges of X, respectively. We denote by (u,v) the edge with vertices u and v.

Definition 4.1. The weight function w : V U E — (0,1] is a function such that
w(e)
w(u)

w(z) < w(e) holds for every v € V and e € E with v € e. The function 0(u,v) =
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is called the entering degree of e to u, where e = (u,v). The in-degree of a vertex

u is in-degree(u) := Y, 6O(u,v). A simplicial complex X with weight function w is
(u,v)eE
k-regular if in-degree(u) = k for any u e V.

The weight function w allows to define a measure u on V', for any S < V', by

w(S) = > w(v). Using the measure p, we define the L2-norm of a function f by
veS

lei= (3 |f(U)|2w(u))1/2

ueV
and let L2 (X) be the space of functions f: V(X) — C with ||f], < oo.
The weighted adjacency operators A}, and A, on L2 (T\B(G)) is defined for any
f e Li,(I\B(G)) by
A=Y Mty

(u,v)eE w(v)
T(v)=7(u)£1
The operators AL satisfies that (A})* = A (see [Sam], Remark 4.1).

w

Let Ty, , be the stabilizer of the vertex

m 0 0
TmaW = 0 t 0|W
0 0 1

in B(G). Let w be the weight function defined by

¢Plg+1)(qg—1)°
T

¢(g+1)(q—1)
T Nl , |

and w(e) :=

W (U p) =

)

Um,n

where e = (U, Uy ) and |S| denotes the cardinality of the set S. With respect
to these weights w, the colored adjacency operators on B(G) induce the weighted
adjacency operators A, and A on the quotient L2 (I'\B(G)). The rest part of this
section is devoted to compute the values of the weight function w.

Proposition 4.2. Let N, ,, = |I'ynn|. We have

(Fla+ D)@ +q+1)g-1)? ifm=n=0

(4.1) Nypw = < ¢ g+ 1)(g - 1) if m>n=0
T (g 1) if m>n>0

\q2m+3(q +1)(¢— 1) if m=mn>0.

Proof. Since vz, ,W = x,, ,W if and only if v € I',, ,,, we have

Lo ={vel:a,! yn, € W}
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Thus, I'pg = ' n PGL(3,0) = PGL(3,F,) and

(4.2)

a12,a13€P™(t)

ailz a2 as
Coo={[ 0 e an | GLOR) i L A )
0 a3z ass

ailz a2 as

Lon = { 0 as as | € GL(3,Fy((t71) : “re22asserqancl (i), }/{)\[ AeF)}

a13€P™(t),a23€P™(t)
0 0 ass

ailz a2 a3
rm,m={ an axn as € GLEF,(E7) : e o }/{M AeFy},

a3, 023€Pm
0 0 as3

for m > n > 0, where P"(t) is the space of polynomials of degree less than or equal

to n. Since
IGL(3,F,)| = (¢* = 1)(¢’ — ) (¢* — ¢°),

it follows that Noo = |PGL(3,F,)| = ¢*(¢ + 1)(¢* + ¢+ 1)(¢ — 1)~
For any v € I'y, 0, a1 # 0, two vectors (age, ags) and (ase, ags) are linearly indepen-
dent. This shows that

q—1(¢* = 1)(¢* — q)g*"*?

(
Npo =
70 q_l

= ¢ (g + 1)(g - 1)%

Simliarly, we also have Ny, ., = ¢*" (¢ + 1)(q — 1)%
Since a;; # 0 for any v € I';,,,, with m > n > 0, it follows that

q— 1 3qm7n+1qm+1qn+1 .
Nm,n: ( ) q_l :q2 +3(q_1)2
which completes the proof of the proposition. O
Proposition 4.2 implies that
( 1
o it m=n=20
q 4q
1 .
- it m>n=20
q
(4.3) W(Vmn) = 3 .
q ;r if m>n>0
q m
1 )
— if m=mn>0.
\ q
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It follows from (4.2) that for any m,n with m > n > 0,
Fm,o N Fm+1,0 = Fm,o
1—‘m,m N Pm—i—l,m-ﬁ-l = 1—‘m,m and
(4.4)
Fm,n N Ferl,n = Fm,n
Fm,n N Fm+1,n+1 = Fm,n-
The last equation of (4.4) holds when n = 0. The following proposition gives the

value of the weight function w on edges.

Proposition 4.3. Under the above notation, we have
Coo N Tiol = ¢*(g+ 1)(q = 1)
Too N Tial = ¢’(q +1)(g —1)?

(4.5)
Tion Tl =q¢*(g—1)°

|Pm7n—1 N Fm7n| = (q - 1)292m+3~

Proof. Applying (4.2),
ai; G2 @13

. . X
LoognTip= { 0 age ass |:air,ai2,a13, az, az3, A32a33 € Fq}/{)\l A ey}

0 a3z ass

ai; Qi2 @13
. . X

LoonTip= { Q21 G2 Q23 | A11,A12, 013, 421022, 023, A33 € Fq}/{)\[ tAel, }

0 0 as3

a1; a2 as
. @11,012,022,023,a33€F . X
FI,O N Fl,l = { 0 a9 as3|: a13eP(t) }/{)\[ tAE Fq }

0 0 ass
and
ail G2 ai3
R { 0 axn ay |: “1gfgﬁfi?’(ifg’;ﬁﬁfﬁ_(g(”} JIM A e FX)
0 0 ass
Simliar to the proof of Proposition 4.2, we get (4.5). O

5. EIGENFUNCTIONS OF THE WEIGHTED ADJACENCY OPERATORS

Let S = {(s1,589,53) € C?: 515353 = 1 and s, + 85 + 53 = 87 + 85 + 53 }. Since
(AD)* = A, a pair (A\T,A7) € C? — {(0,0)} of simultaneous eigenvalues of A} and

A7 satisfies AT = A~. We note that every (A*, A7) can be described by

w

1 1 1
(5.1) AT = q(s1 + so + s3) and A\~ :=q(—+—+—) )
§1 S22 S3
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for some point (s1, s9,s3) in S. In this section, we investigate all eigenfunctions of AX
in C(I"\B(G)), using the parametrization (5.1) and a family of recursive relations of
AL, Although not every eigenfunction involves automorphic spectrum, this enables

us in Section 6 to find approximate eigenvalues of AX on L2 (T'\B(G)).

Lemma 5.1. For any (s, S2, $3) € S\{(s1, S2,53) € S : |s1] = |s2] = |s3| = 1}, there
exists a permutation o on {1,2,3} such that

(5.2) So(l) = s;(13) and |sy2)| = 1.

Proof. Without loss of generality, we may assume that |s;| > 1 and |ss| < 1. Put

101

. 1 .
s$1 = aet, sy = be'?? —6_1(01-"—02),

ab

— 53]%, we have

and s3 =

where a,b > 0. Since [37 — s;' + 53 — 551> = |53}

b?(a® —1)* + 2ab(a® — 1)(b* — 1) cos(0; — 6;) + a*(b* — 1)* = (a®b* — 1)*.

Using the above equation, we have 2 cos(#; — 62) = ab + . This holds only if ab = 1
and #; = 6,. Thus it is possible to choose o satisfying (5.2). O

Now we will solve the equations for eigenfunctions of A} and A;. In Chapter 3 of
[CM] where the authors investigate the spherical functions on B(G), similar recurrence

formulas appear with different coefficients.

Proposition 5.2. Let f be an eigenfunction of Al and A, with eigenvalues \* and
A~. Suppose that s; # s; for any i # j. Then, f is given by
f(Wmn) = Z Bivquszms?

(4,5)€{1,2,3}?
1#]

where
(si —qs5)(si — qsx) (55 — qsi)
(i —55)(si = s)(s5 — se) (@ +1)(? +q+1)

Proof. Let f be an eigenfunction of A} and A, with eigenvalues A* and A~. For con-

Bi; =

venience, suppose that f(voo) = 1. The definition of A% together with the equations
4.1), (4.4) and (4.5) show that the function f satisfies

3) (vo0) = (¢*+q+1)f(v0) = A"

4) (vo0) = (@ +q+1)f(vr1) =X

5) (v10) = f(v20) + (¢ + @) f(v11) = X" flvr) = (AF)?

.6) Auf(vie) = ¢ f(voo) + (¢ +1)f(ve1) = A flurg) = ATA™
7) (vi1) = @ flvoo) + (g + 1) f(var) = A" furn) = AFA”
8) (v11) = (@ +@)f (o) + fva2) = A" fvr) = (A7)*
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For m > 1, the function f have the following properties:

(5.9) wfmo) = f(mir0) + (@ + ) f(0m1) = A" f(vmo)

(5.10) A fmo) = @ f(vm-10) + (@ + D f (Umr11) = A~ f(vm,0)

(5.11)  ALfWmm) = @fWn-1m-1) + (@ + D) fOni1m) = XS (Vmm)

(5.12) A fmm) = (@"+O)f Wmm-1) + fWmrme1) = A f Vnm).

Let us denote a = %, p = % and a,, = fq:ffl;’ Using (5.9) and (5.10), for any

m = 2, we have

(5.13) Um+1,0 + ¢(q + 1)am1 = aam o
(5.14) Am—20 + q(q + 1)am1 = fam-1,

It follows from (5.13) and (5.14) that for any m > 2,
(515) Am+1,0 — CQm0 + Bam,l,o + m—2,0 = 0.

Since the point (sy, so, s3) is the solution of the equation X? — aX? + X — 1, a0

is of the form
m m m
Am,0 = A1,051 + A2,082 + A3,083 .

The numbers A, o, A2 and Az o are the solution of the following system of equations

app = A1+ Agp + Azp =1

S1 + So + S3
a9 = A1081 + AggSo + Aggs3 = ————
1,0 1,051 2,052 209 = g1 1

s1+ 8o+ 53)% — (g + 1)(s152 + 8953 + S351)
s = A1 982 + Asgsz + A 522( )
2,0 1,051 2,002 3,0°3 @2+qg+1

Thus for any i € {1, 2,3}, we have
Ao = (si — qs;)(si — qsk)

(i —55)(si = s)(?+q+ 1)
where j # k € {1,2,3}\{i}. The equation (5.14) shows that for any m > 1,

m m m
m,1 = A171$0 + A271$1 + A371$2 s

where

11 1 i + Sk
q~+qS; Si 9 +4q

Am =
For m > n > 1, we have

(516) A$f<vm,n) = q2f<vmfl,n71) + qf(vm,nJrl) + f(Uerl,n) = )\Jrf(vm,n)
(517) A;f(vm,n) = q2f(vm—1,n) =+ qf(vm,n—l) + f(vm—',-l,n-‘rl) = Aif(vm,n)
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This implies that for any m >n > 1,

1
(5.18) Al = gamfl,nfl T q0mmn+1 T Qmtin
(519) Bam,n = am—1n + 5am,n—1 + qam+1,n+1-

Denote ay,,, = Ay 187" + Ay osh' + A, 35"
It follows from (5.18) that for any n € N, i € {1, 2,3} and distinct 7, k € {1,2, 3}\{i},

CAniri — q(s; + sp)Ani + 85814, 1,4 = 0.

Since % and %’“ are the solution of the equation of ¢2X? — q(s; + s;) X + 55, we have

s" sh
N > S . 2k
Ain = Big o+ B

Since we know A; o and A;,, for any distinct j, k € {1,2, 3}\{i},

(si — qs;)(si — qsi)(s; — qsx)
(si = 55)(si = s)(s; — se) (g + 1)(¢* + ¢ + 1)
Thus the eigenfunction f is defined by

Bi; =

f(vm,n) = qurnam,n = Z BZ-quS;nS;L_
(3,5)€{1,2,3}2
i#]
This completes the proof. O

The following proposition gives the formula of simultaneous eigenfunctions in the
singular cases, that is, when the numbers s; are not distinct. It is possible to solve
the recurrence relations by appropriate modifications of the above methods. Rather

than this, we obtain the desired formula by taking limits of the nonsingular case.

Proposition 5.3. Let f be an eigenfunction of Al and A, with eigenvalues \* and
A7 If 51 # s = s3, then

d 2{(1 —q)n s1'8y
rEmrEavrEEay (CRTEA G AR

+{(s2 — qs)H(1 — q)(m +n) + (g + 1)}s7™"

+m(q — 1)(s1 — ¢s2)(s2 — qs1)s7s5"

m

f(vm,n) =

+(q + 1){q(5f + Sg) — 2(q2 +q+ 1)5152}5?3?].

If s1 = s9 = s3, then

m+n _ m

S1 ¢4

He) =3 va 1)

{Q(q +1)(F +q+1)+6m(1—g%

+(1—q)2(qg+1)(m?* — (2n — 3)m — 2n?) + (1 — ¢)*(m*n — an)}.
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Proof. Assume first that s; # sy = s3. Let us consider the following three limits:

(s1—qs2){(1 —q)n + (¢ + 1)} "

lim Bjosy + Bissy =
samsy B2 T LIS S T T S g (@ + g+ 1)

(s2 = gs1)*{(1 —@)(m +n) + (¢ + 1)}33”"

oy 2352 53 T 2328253 (s1 = 2)2(q + 1)(g* + g +1)

and

(q - 1)(51 - q52)(52 - q51) g

2

lim By 8 + Bs 8% =m
S83—>S2 2’1 2 371 3 (Sl - 82)2(q + 1>(q2 + q + 1)

(¢ + Dia(st +s3) — 2(¢* + g + Dsisa}
(s1—52)%(q+ (> +q+1) :
The above equations and L’Hopital’s law show that

(5.20)

— qm S1 — (Js 2 —qagn s"sh
Fone) = s D T | (0~ e 10—+ g+ D)}

+{(s2 — qs)H(1 — q)(m +n) + (g + 1)}s3™"

+m(q —1)(s1 — qs2) (s — qs1)s] sy’

+(q + 1){q(5f + S%) — 2(q2 +q+ 1)5152}5?3?}

Now assume that s; = s; = s3. The right hand side of (5.20) and its first derivative

are zero when s; = s,. Using LL’Hopital’s law twice, we have

(5.21)
Flim) =5 (g + (e + g+ 1)+ 6m(1 )
2@+ g+ 1)
+(1—q)2(qg+1)(m* = (2n — 3)m — 2n?) + (1 — ¢)*(m*n — mnz)}.
which completes the proof of the proposition. O

6. AUTOMORPHIC SPECTRA OF THE WEIGHTED ADJACENCY OPERATORS

In this section, we investigate the automorphic spectra of the weighted adjacency
operators AX on L2 (T'\B(G)). We will prove that there are no discrete spectrum ex-
cept trivial eigenvalues. Furthermore, we will verify that there are continuous spectra
of AX which are outside of the spectrum of A* on L?(B(G)).

Fix s = (s1, 82, 83) € S. Let us denote by fs the simultaneous eigenfunction of AL
with eigenvalues defined in (5.1).

Proposition 6.1. The trivial eigenfunctions are the only eigenfunctions fs of AL
which belongs to L2 (T\B(G)).
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Proof. By definition, we have

(6.1) | fll5 = Z Z |f(vm,n)|2w(vm7n)'

m=0n=0
Suppose that s; = s3 = s3. By assumption, we must have |s;| = 1. Since the sequence
| fs(Um.0)*w(vpm 0) is a polynomial in m by (5.21) and (4.3), it follows that | fs[3 = o

Let us consider the case when s; # s = s3. By Lemma 5.1, |s;| = |s3] = 1. Since
f(Vmn) = AsT' + (B + Cm)sy’

for some nonzero constants A, B and C, | fs(vm.0)|?w(vm,0) diverges and | fs[3 = oo.

In the case s; # so # s3 and |s1] = |so] = |s3] =1,

| fs(Om0)*w (Vo) = [(ArosT" + Asosh + Asosh)|>.

Since every A; is nonzero, |fs(Um,o)|2w(vm,0) does not converge to zero as m goes to
infinity and | fs| = oo. Suppose that |s;| > |sa| > |s3]. Since |s;| > 1, |s2| = 1 and
|s3] = |s1|7! by Lemma 5.1, if By or Bay is nonzero, |fs(vmm)|*w(vmm) diverges
as m goes to infinity and | fs|s = oo. The 3-tuple (s1, $2, s3) satisfies s; = ¢s2 and
Sy = qs3 when Byo = By = 0. The 3-tuple (s1, s9, s3) is of the form e@(q, 1,1/q)
for any k € Z. Hence the eigenfunctions are described by

2kmi
fs(Umn) = WMt (w=e 37”).

The remaining part is to show that the above function is L?. In fact,

1£s13 = > 25 1fs(Vmm) Pro(vmn,n)

m=0n=0
2 o m—1
o 1 Z |fs 'UmO | w 'UmO + Z |fs(vm,n)|2w(vm,n)
q T q T 1 m=1 n=1
(6.2) + 2 | fs(Vim,m) |2w(vm7m)
m=1

m—1

Z qg+1)g

1 n=1

18

+ 2 +
q+q+1 Zq

m

—1)(g+ 1)g*™ < 0.

M8

q JqurlJr Zqu

This yields the proof of the proposition. O

3
)

From the proof of the above statement, we obtain the following two corollaries.

Corollary 6.2. Every nontrivial eigenfunction fs of AL indexed by s € S is not in

L2T\B(Q)).

Corollary 6.3. The operators AX are bounded operator on L2 (T\B(G)) with operator
norm q* + q + 1.
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Proof. 1t s = (¢, 1, %), the eigenfunction f; =1 is positive and AX f; = (* +q+ 1) fs.
By Schur’s test (see [Pe], page 102), the operator norm is ¢? + ¢ + 1. O

Given (s1, S2,53) € S and € > 0, let us define the function f¢ by
fsWmn) = (1 = €)™ fs(Vmn)-

Lemma 6.4. Let s be a point in S such that s, se and s3 are distinct and |s;| = 1
for any i € {1,2,3}. For any e € (0,1/2), f is L?>-function and

| Ay fe = A fel

(6.3) lim =0,
S I
where \* = q(st! + 531 + s31). The norm | f<||» goes infinity as € goes to zero.
Proof. Since
(64) |fs 'Umn \ mZ|BZ]|

i)
hold for any m > n > 0, it follows that f¢ is in L2 (T\B(G)). By Proposition 6.1,
| f$]l2 goes to infinity as e goes to zero.
It remains to show that (6.3). Since A" f$(v,) = (1 — €)™ AL fs(Vmn), we have
Ay fs(voo) = AT fs(voo) =Ag fs(vo0) — Ag fs(voo)
=(¢" + ¢+ D{(1 — ) f(vr0) — f(vi0)}
= —€(¢® +q+1)f(vi0)
A s (0mo) = A f(vmo) =A,fe(vmo) = (1= €)™ A, fs(Vm0)
=(1=)™(@* + @) f (m1) + (1 = €™ f (Vi 10)
—(1=6™(@* + @) f (ma1) = (1= " f (Vi 10)
= —€(1 = )" f(vm+10)
A fsWmm) = NS (Wman) =Ay fS(Umm) — (1= €)™ Ay fo(Vmm)

=(1 ="' ¢*(Un-1m-1) + (1 = "™ (g + 1) f(Vims1,m)
— (1 =" f(vmr1m) = (1 =)™ (g + 1) f(Vmi1m)
=(1 = )" '@ f(m-rm-1) — (L — €)™ (¢ + 1) f (Vms1,m)

ApfsWmn) = AT [ (Umn) =Ay fs(Vmn) = (1 — €)™ Ay fs(Vm,n)
=(1 =™ ¢ f(vm-1m) + (1 = " ¢f (V1)
+ (1 =)™ fomiiner) = (L= €)"¢ f (V1)
—(1=6"af(Vmn-1) — (1= )" f(Vmt1.n+1)
=e(1 = )" ¢ f(vm-1n) — €(1 = )™ f (Vms1n11):
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Denote B := }i; |B; ;|- By (6.4) and the above formulas together with the triangle
inequality, we hlzf\ge

| A fe(woo) = AT fs(voo)| < eq(¢® +q+1)B

| AL fs (0m0) = AT fs(vmo)| < €(1 = €)"¢" ' B

AL fe W) = A fe(Vmm)] < 2¢(1 =€) (g* + g+ 1)¢" ' B

A fe W) = N fe(Umn)] < 2¢(1 = €)™ (g* + 1)g" ' B.

(6.5)

Using (6.5), we have

© m
HA@iufse - )‘if;Hg = Z Z | A fs (Wimn) — )‘+fsg(vm7n)|2w(vm,n)

m=0n=0
0
= Ay f5(voo) — )\+f§(vo,0)|2w(vo,o) + Z | A fs (Um0) — )\+fs€(vm,0)|2w(vm,0)
m=1

+ A Wmm) = AT L (O )20 (V)

o m-—1
+ Z Z | A fs (Winn) = )‘+fsg(vm,n)|2w(vm,n)
m=1 n=1
o0 0
< 62(q2+q+1)q232+62q232 2(1—6)2m+462q2(q2+q+ 282 Z 2m 2
m=1 m=1
o0
+4€¢ (¢ + 1)(¢* + 1)°B* ) (m —€)?m 2
m=1
2 92/ 92 ,  €q(1—€¢?B* 4€¢*(¢* +q+1)*°B?
= B
Cqle +q+1)B+ 2¢ — €2 + 2¢€ — €2
N 4€2¢*(q + 1)(¢* + 1) B?(1 — €)?

(2e — €2)?
< Eq(® +q+1)B? + eqB* + 4eq(q® + q + 1)2B? + 4q(q + 1)(¢* + 1)*B>.

Since ||f{|2 goes to infinity as e goes to zero, from the above inequality we have
(6.4). O

Corollary 6.5. Let s be a point in S such that s; > sy > s3. For any € € (0,1/2),
fE is L*-function and satisfies (6.3) only if s = (\/ge”, e, e ) for any 6 € R or

(g, 1,1/q).

Proof. As in the proof of Proposition 6.1, for any s € S with [s;| > |sa| > |s3], the
function f¢ is not in L2 (T\B(G)) for some € € (0,1/2) unless By = B3 = By; = 0.
This holds when s; = ¢sg and sy = ¢s3, or $; = ¢s3. By Lemma 5.1, s = (qw, w, “’)
for w? =1 ors = (\/ge", e ", e ) for 6 € R. Since Proposition 6.1 deals with the
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first case, it is enough to consider the second case. In this case, we also have (6.4).

Following the proof of Lemma 6.4, we obtain Corollary 6.5. O

This gives the proof of Theorem 1.1.

Proof of Theorem 1.1. By Lemma 6.1, the discrete spectrum of A} on L2 (T\B(G))
is ¥g. Lemma 6.4 implies that ¥ is in the automorphic spectra of A7 . Corollary 6.5
shows that ¥ is also contained in the automorphic spectra of A} on L2 (T\B(G)). O
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