
Preprint arXiv:2109.04759

Monte Carlo simulation of particle size separation in evaporating
bi-dispersed colloidal droplets on hydrophilic substrates

Pavel A. Zolotarev1 and Konstantin S. Kolegov1, 2
1)Mathematical Modeling Lab., Institute of Physics and Mathematics, Astrakhan State University, Astrakhan 414056,
Russia
2)Caspian Institute of Maritime and River Transport, Volga State University of Water Transport, Astrakhan 414000,
Russia

(*Electronic mail: konstantin.kolegov@asu.edu.ru)

(Dated: 29 November 2021)

Colloidal droplets are used in a variety of practical applications. Some of these applications require particles of different
sizes. These include medical diagnostic methods, the creation of photonic crystals, the formation of supraparticles, and
the production of membranes for biotechnology. A series of earlier experiments had shown the possibility of particle
separation near the contact line, dependent upon their size. A mathematical model has been developed to describe this
process. Bi-dispersed colloidal droplets evaporating on a hydrophilic substrate are taken into consideration. A particle
monolayer is formed near the periphery of such droplets due to the small value of the contact angle. The shape of the
resulting deposit is associated with the coffee ring effect. The model takes into account both particle diffusion and
transfers caused by capillary flow due to liquid evaporation. Monte Carlo simulations of such particle dynamics have
been performed at several values of particle concentration in the colloidal solution. The numerical results agree with
the experimental observations, in which small particles accumulate nearer to the contact line than do the large particles.
However, the particles do not actually reach the contact line, but accumulate at a small distance from it. The reason for
this is the surface tension acting on the particles in areas where the thickness of the liquid layer is comparable to the
particle size. Indeed, the same mechanism affects the observed separation of the small and large particles.

I. INTRODUCTION

The evaporation-induced self-assembly of colloidal parti-
cles in droplets and films is a flexible and simple method
for obtaining structured deposits. In some applications, so-
lutions containing mixtures of particles of different sizes are
of interest. As examples of these, we can include: evapo-
rative lithography1–4, diagnostics in medicine5, the develop-
ment of biosensors6, the formation of supraparticles7–10 and
nanocomposites11–13, the creation of photonic crystals7,14,15

and superlattice structures16, the production of color filters for
displays17, nanosphere lithography18–21 and inkjet printing22.
Mixtures of particles are also used in other technologies for
the formation of structures that are not associated with evapo-
ration, for example, the Langmuir-Blodgett method23,24, spin-
coating25, the transfer of particle monolayers from a liquid-air
interface onto an inclined substrate in the process of liquid dis-
charge from a container with a tap26. Particle sedimentation
from binary mixtures is also associated with some other inter-
esting phenomena, for example, birefringence, which can be
useful in functional materials27. Another interesting direction
is related to the formation of one-dimensional binary super-
structures28.

Often, the physical properties of the resulting coating are
controlled by adding polymers to the colloidal solution29.
Such mixtures allow control of adhesion, wetting, gloss, bio-
compatibility, and hydrophilicity. The polymer concentration
and the evaporation rate both affect the properties of the de-
posited coating. A mixture of polymers and colloids strat-
ifies at a relatively high evaporative Peclet number29. In
Ref.30, this process was simulated by the Brownian dynam-
ics method. While the evaporation rate can be controlled by
the temperature of the liquid in the film29, polymer particles

are sintered at a glass transition temperature below room tem-
perature31. As a result, the colloidal particles are trapped in-
side a solid polymeric film after evaporation of the liquid31.
Refs.32,33 include theoretical and numerical studies of the hor-
izontal stratification of colloids of different sizes in binary
mixtures upon evaporation of the liquid film. The particle re-
distribution can be described by dynamic density functional
theory. Continuum equations are discretized and solved by
the finite difference method33. As described in Ref.32 together
with theoretical research, an experiment was carried out with
a mixture of colloidal particles of two sizes having different
zeta potentials. Comparison of two models describing stratifi-
cation of the suspension film upon drying has been performed
by Ref.34. In both models, the motion of the small and large
particles is described using the molecular dynamics method.
The difference between these models is in the explicit and im-
plicit description of the liquid phase. The calculation results
obtained using both models show that, over time, a layer of
small particles is formed near the free surface of the liquid34.
Previously, this phenomenon has been explained theoretically
based both on the diffusion of the particles and their interac-
tions. The range of parameter values at which such stratifica-
tion is expected has been determined35. A detailed description
of the achievements of the studies of the binary mixture strat-
ification that occurs during the evaporation of a liquid from a
film is given in the reviews36,37. For example, the study of pro-
tein stratification during the formation of skin at the “liquid-
air” interface in a drying bi-dispersed droplet is potentially
valuable for the optimization of milk powder production in
the dairy industry38.

The dependence of the morphology of micro- and nanopar-
ticle binary mixture sediments on the concentration of the
small particles is studied in Ref.39. It should be noted that
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microparticles form a monolayer in the process of evapora-
tive self-assembly, but the nanoparticles filling the interstitial
spaces between the microparticles form a multilayered sed-
iment. The effect of substrate wettability on the separation
of the micro- and nanoparticles in a drying, sessile drop is
theoretically and experimentally studied in Ref.40. It is pos-
sible to separate by size not only solid ‘particles’, but also
liquid ones. For example, in experiments41 bi-dispersed mix-
tures of oil droplets inside a sessile water droplet have been
used. The separation of particles with sizes of 1 and 3 µm
was studied experimentally and computationally in Ref.42. In
this experiment, a 2 µL water drop was used. Separate place-
ment of the differently sized particles on the substrate was
observed after droplet evaporation. Small particles were lo-
cated in the outer sediment ring while the larger particles ac-
cumulated in an inner ring. There was a gap of about 10 µm
between the rings. Each ring was a particle monolayer. The
width of each layer varied from one to several particles across.
The deposition process can be described mathematically us-
ing continuum equations42. The authors42 noted that the re-
sults of their calculations disagree with experimental obser-
vations and therefore concluded that it is necessary to de-
velop new models. The fact is that their model predicts the
rapid growth of a concentration of large particles near the con-
tact line rather than the concentration of small particles here.
The distance between the particles separated by size depends
on the contact angle43. Ref.43 experimented with a droplet
placed on a chemically structured substrate with hydrophilic
and hydrophobic regions. This allowed control of the con-
tact angle θ to obtain a smooth contact line. In the experi-
ment43, large (1 µm), medium (500 nm) and small (100 nm)
polystyrene particles were used. Concentric rings of differ-
ent particle sizes were observed in the resulting deposits. In
Ref.43, a ring with small particles was located closer to the
contact line. Furthermore, toward the center of the drop, there
was a ring with medium-sized particles and then a ring with
large particles did. According to the results43 , the distance
between the outer rings was about 8.6, 10.5, and 16.6 µm for
θ = 50◦, 30◦ and 14◦, respectively. A series of experiments
with droplets on hydrophobic and hydrophilic substrates is de-
scribed in Ref.44. The authors studied the effect of the size
ratio of large and small particles on the resulting structure.
This study showed the possibility of creating multilayer crys-
talline structures from mixed particles44. In another study, the
goal was to obtain a monolayer of a particle mixture for use
as a lithographic mask in structuring deposits formed of gold
nanoparticles or of biomolecules45. For example, the self-
assembly of a binary particle mixture can be used to struc-
ture proteins on a surface46. The method enables the structur-
ing of relatively large areas — up to several square centime-
ters. This can be useful in some biological and medical ap-
plications46. Another possible application is associated with
plasma polymerization of the substrate surface through a de-
posited particle monolayer, acting as a mask. Such processing
allows coatings to be obtained with periodic chemical proper-
ties47. The multilayer structures of binary and ternary particle
mixtures of different sizes were created layer by layer using
evaporative self-assembly48. The formation of supraparticles

during the process of bi-dispersed colloidal droplet drying on
a superamphiphobic surface has been studied in Ref.7. On
such substrates, the contact angle exceeds 150◦. Therefore,
the droplet shape is close to spherical. The results of such
experiments and molecular dynamics simulations have shown
particle separation occurs during evaporation. Small particles
form an outer layer with a close-packed crystal structure. The
number of large particles increases, and the inner structure
becomes amorphous, toward the center of the formed cluster.
The morphology of such supraparticles is similar to a core-
shell arrangement7.

The type of sediment remaining after a water droplet has
dried also depends on the temperature of the substrate49.
When a mixture of 1 µm and 3.2 µm particles was used in
the experiment49 particle size separation could be observed
near the contact line. The authors49 varied the temperature
of the silicon substrate in the range from 22 to 99 ◦C, thus
obtaining various deposit structures, from uniform spots to
concentric rings. In another study, the temperature of the sili-
con substrate was varied from 27 to 90 ◦C50. The values of
the contact angles of the water droplets were varied in the
range from 3.6 to 65.2◦ depending on the substrate temper-
ature. Particle sizes in a binary mixture were considered in
the range from 100 nm to 3 µm50. Depending on the sub-
strate temperature, either Marangoni flows or capillary flows
prevailed, and this determined the type of final deposit. The
authors50 demonstrated the possibility of particle self-sorting
near the contact line. The possibility of particle separation in
a ternary mixture based on the coffee ring effect (Fig. 1) has
been shown in Ref.51. Furthermore, these authors carried out
the experiment in the context of the separation of biological
components. This approach is promising for use in medical
diagnostics in the future. Another experiment with an evapo-
rating water drop on glass at θ ≈ 10–15◦ has been described
by Ref.52. Small (40 and 100 nm) and large (1, 3 and 5 µm)
particles were transferred to the periphery of the droplet by
capillary flow, leading to the formation of an annular deposit.
There was a depleted zone between the edge of the deposit and
the contact line. Geometric considerations indicated that the
width of this zone was determined as λ ≈ dp/ tanθ , which is
consistent with experimental measurements52 (dp is the par-
ticle diameter). Three subregions could be distinguished in
the sediment: 1) an accumulation of small particles close to
the contact line, then 2) a region of a mixture of different
sizes of particle is located, outside which was 3) a zone of
large particles. The particle separation was influenced by the
contact angle θ and the particle size52. The authors53 used
both hydrophilic (θ ≈ 27◦) and hydrophobic (θ ≈ 110◦) sub-
strates in their experiments. In addition, various ratios of large
and small particle sizes were considered. In the case of a hy-
drophobic substrate, the deposition form appears as a central
spot. By contrast, two types of sediment were obtained on a
hydrophilic substrate, depending on the particle size53. An-
nular sediments were observed for a mixture of 0.2 and 3 µm
particles. The particles were separated by size near the contact
line, the small particles being located in the outer ring, while
the larger ones were concentrated in the inner ring. A small
separation was noticeable between the rings. In the case of a
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FIG. 1. Optical fluorescence image showing the separation of 40 nm
(green), 1 µm (red), and 2 µm (blue) particles after evaporation.
Reprinted with permission from Ref.51 (©2011, ACS).

1 and 6 µm particle mixture, the annular deposition of small
particles was observed near the periphery, while larger par-
ticles formed clusters in the inner region of the deposit. The
authors have made a theoretical assessment of various types of
particle interaction to explain this phenomenon53. Their hy-
pothesis is based on the ratio of the surface tension and friction
forces for the large and small particles.

The effect of thermocapillary flow on the dynamics of large
and small particles in an almost spherical droplet on a super-
hydrophobic surface (θ > 150◦) has been described in Ref.54,
where the flow velocity field was measured experimentally.
The results of numerical calculations have shown that large
particles move toward the central region, while small particles
are transferred mainly out to the periphery of the evaporating
droplet. The hydrodynamics has been modeled on the basis of
simplified Navier–Stokes equations while the particle dynam-
ics have been described using the Langevin equation54. The
possibility of particle sorting during the evaporation of liquid
from a capillary bridge formed between two parallel plates
has been studied in Ref.55. Here, hydrophilic and hydropho-
bic plates were used in different combinations. A stick-slip
motion of the contact line leads to the formation of concentric
rings. The influence of the solution concentration and differ-
ent particle sizes was also studied in this work55. Sedimen-
tation of particles under gravity in a drying sessile/ pendant
droplet of a bidisperse suspension on a hydrophobic substrate
can affect the suppression of the coffee ring effect, which is
extremely important for inkjet printing 56.

The purpose of our current study is to verify the theoreti-
cal explanation of particle separation, as a result of their size,
when they are near the contact line in an evaporating droplet
on a hydrophilic substrate. An explanation has been suggested
in the experimental studies43,51,52 that have shown this phe-
nomenon. The idea is that a particle driven by the capillary
flow is not able to reach the contact line. It stops at a short
distance in front of the contact line. This distance is deter-
mined by the value of the angle θ and the particle size itself.

The boundary that particles cannot cross has been called the
fixation radius57. This boundary corresponds to the radial co-
ordinate, where the thickness of the liquid layer is about the
same as the particle size. The particle cannot cross the fixation
radius, since the surface tension force of the liquid restrains it.
We decided that it was necessary to carry out computational
experiments to confirm this particle separation mechanism. In
this study, numerical calculations are performed using a math-
ematical model proposed by Refs.57,58. Here, this model is
adapted to a binary particle mixture.

II. METHODS

A. Physical statement of the problem

Consider a colloidal droplet with polystyrene microspheres
of two sizes placed on a hydrophilic substrate (Fig. 2). Let us
denote the radius of the large particles as rl and the radius of
small particles as rs (rs < rl). In our assumption, the three-
phase boundary is pinned throughout the entire evaporation
process. Therefore, the contact radius of the droplet with the
substrate, R, is constant. This condition is fulfilled in the case
of a rough substrate or a sufficient particle concentration. The
glass substrate is impermeable and perpendicular to the direc-
tion of the gravity vector.

substrate

liquid

air

v̄ r v̄ r

θR R f

evaporation flux

substrate

liquid

air

θR R f

evaporation flux

v̄ r v̄ r

time

FIG. 2. Sketch to the problem statement. Adapted with permission
from Ref.57 (©2019, APS).

We do not take into account the effect of gravity on the
droplet shape, since the Bond number Bo≈ gh2

0ρl/σ ≈ 1.4×
10−3 � 1, where g is the acceleration due to gravity, h0 ≈
Rθ/2 is the initial droplet height, ρl is the liquid density,
and σ is the surface tension. The problem parameters and
their values are given in the Table I. The values of the phys-
ical parameters for the liquid are taken for water. The time
of droplet evaporation is calculated as tmax = ρlV/ṁ, where
V ≈ h0R2 is the liquid volume. The evaporation rate has been
calculated as ṁ ≈ πRDv(1−H)ρv(0.27θ 2 + 1.3), where Dv
is the vapor diffusion coefficient, H is the relative vapor pres-
sure (or the humidity in the case of water) and ρv is the sat-
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urated vapor concentration at the surface temperature of the
droplet59. The particle diffusion coefficient has been calcu-
lated using the Einstein formula Ds,l = kT/(6πηrs,l) under
the assumption of a weak solution (Table I), where k is the
Boltzmann constant, T is the liquid temperature, and η is the
viscosity. Let us estimate the Stokes velocity for large parti-
cles, vsed = 2r2

l ∆ρg/(9η) ≈ 10−7 m/s, where ∆ρ = ρp− ρl
(ρp is the density of the polystyrene spheres). Then the sedi-
mentation time of the large particles is tsed = h0/vsed ≈ 103 s.
We do not take into account the sedimentation of particles in
this problem, since tsed� tmax, where tmax is the evaporation
time. A theoretical estimation shows that capillary flow pre-
vails over Marangoni flow for small values of θ 57. This is also
evidenced by experimental work43,51,52. We do not take into
account the thermocapillary flow here for this reason. Now let
us estimate the time of diffusion ordering of the small parti-
cles, td = d2

s /Ds ≈ 2 s, where ds = 2rs is the diameter of the
small particles. This time is td = d2

l /Dl ≈ 17 s for large par-
ticles with a diameter dl = 2rl . Here, we do take into account
the diffusion of the particles, since td � tmax in both cases. In
addition, within the framework of the 2D model, taking diffu-
sion into account will partially compensate for the lack of par-
ticle freedom that would exist in a 3D space. Let us also esti-
mate the value of the Stokes number Stk = ρpd2

s,lvc/(18ηLc),
where vc is the characteristic flow velocity and Lc is the char-
acteristic distance. As a rule, the velocity vc varies in the range
of 1–10 µm/s in the case of a water drop under room condi-
tions. We will consider Lc as the radius of the droplet, Lc = R.
Thus, the largest value of the Stokes number is Stk ≈ 10−9.
It allows us to conclude that the particle velocity and the ve-
locity of the fluid flow coincide, since Stk� 1. Here, we do
not take into account the various possible types of “particle–
particle” and “particle–substrate” interactions (capillary, elec-
trostatic, and molecular interactions)60, since the theoretical
explanation of particle separation by size near the contact line
is not associated with these effects in Refs.43,51,52. In addition,
taking into account these effects would greatly complicate the
model. Here, we only pretend to a phenomenological expla-
nation of the particle separation effect. In this paper, we con-
sider the case when the deposit is a monolayer of particles.
The parameter values have been chosen from Ref.51 for our
simulation since a sufficiently small value of the contact angle
(θ ≈ 9.5◦), at which the monolayer sediment is formed, was
observed in that study. In Ref.51, three sizes of particle were
used: 40 nm, 1 µm, and 2 µm in diameter (Fig. 1). How-
ever, the principle of particle separation in binary and ternary
solutions is identical. Therefore, we can consider a binary par-
ticle mixture without loss of general applicability, although, it
is necessary to use a 3D model to take into account the case
with the ratio γ = rs/rl � 1, because small particles can pass
through the pores existing between closely spaced large parti-
cles. This, further, applies to the case with multilayered parti-
cle sediments, in which it is also necessary to take into account
the vertical motion of particles.

TABLE I. Parameters of the problem.
Symbol Parameter Value/ Unit of measure
η Liquid viscosity 0.9×10−3 [s Pa]
σ Surface tension 73×10−3 [N/m]
g Acceleration due to gravity 9.8 [m/s2]
ρl Liquid density 1000 [kg/m3]
ρp Particle density 1050 [kg/m3]
T Liquid temperature 295 [K]
rs Small particle radius 0.5 [µm]
rl Large particle radius 1 [µm]
R Droplet radius 1.375 [mm]
θ0 Contact angle π/18.95 [rad]
h0 Initial droplet height 0.1 [mm]
tmax Evaporation time 157 [s]
k Boltzmann constant 1.38×10−23 [J/K]
Ds Diffusion coefficient for small

particles
4.8×10−13 [m2/s]

Dl Diffusion coefficient for large
particles

2.4×10−13 [m2/s]

H Relative humidity 0.46
ρv Saturated vapour

concentration
18.0×10−3 [kg/m3]

Dv Vapor diffusion coefficient 2.2×10−5 [m2/s]

B. Model description

The model57,58 is semi-discrete since hydrodynamics is
modeled within a continuum approach, while the motion of
each colloidal particle is explicitly considered. Here, we adapt
this model for the case of two sizes of particles. The geometric
region under consideration is depicted in a circle with a radius
of R (view of the droplet from the top). The real 3D region is
close to a spherical segment in shape for the case, where cap-
illary force predominates over gravity. Consider a thin layer
of liquid (h0 � R), as we pass from the 3D formulation of
the problem (spherical segment) to the 2D formulation (cir-
cle) where the particles can only move in the horizontal plane.
Therefore, their positions are given as (x,y) in the Cartesian
coordinate system, or as (r,ϕ) in a polar coordinate system.
Point (x = 0,y = 0) corresponds to the center of the circle.
Small and large particles in the 2D formulation are described
as circles with radii of rs and rl , respectively, inside a large
circle with radius of R (rs < rl� R). From the approximation
of the droplet shape,

h(r, t)≈ θ(t)
R2− r2

2R
,

we express the fixation radius

Rs,l(t)≈

√
R2−

4rs,lR
θ(t)

,

where θ(t) ≈ θ0 (1− t/tmax). It should be noted that Rl(t) <
Rs(t)< R. We assume that a particle cannot cross its fixation
radius in the process of motion since this is counteracted by
the capillary force. On the other hand, we assume that the
boundary Rs,l can cross the particle without dragging it along.
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Otherwise, this would lead to the formation of a central spot
deposition, which is not observed in the experiment51.

Here, particle diffusion is simulated by the Monte Carlo
method. A random polar angle α ∈ [−π;π) is generated
at each time step τ and for each particle. The new posi-
tion of the particle is calculated using the formulas xs,l

τ+1 =

xs,l
τ + cos(α)

√
2Ds,l δ t and ys,l

τ+1 = ys,l
τ + sin(α)

√
2Ds,l δ t. In

Refs.57,58, the time step value, δ t = 0.1 ms, was selected on
the basis of a series of computational experiments so that the
Einstein relation for the mean square displacement of parti-
cles61,62 with a radius of 0.35 µm was satisfied. In the present
study, the particle size is approximately 1.5–3 times larger.
Therefore, the time step δ t = 0.1 ms is sufficiently small to
approximate the Brownian motion of the particles.

Now we shall consider the transfer of particles caused by
the capillary flow of liquid. Since Stk� 1, the particle ve-
locity is equal to the fluid flow velocity calculated using the
approximate analytical formula,

v̄r(r, t) =
R

4r̃(tmax− t)

[
1√

1− r̃2
−
(
1− r̃2)] ,

obtained from the mass conservation law (a detailed derivation
of the formula and references to primary sources are given in
Ref.57). Here, r̃ = r/R is used, and v̄r is the velocity of the
radial fluid flow averaged over the droplet height. As a result
of drift of the particles caused by the fluid flow, the radial
coordinate of a particle changes at the next time step,

rs,l
τ+1 =

{
rs,l

τ + v̄rδ t, rs,l
τ + v̄rδ t ≤ Rs,l

Rs,l , rs,l
τ + v̄rδ t > Rs,l .

The condition rs,l
τ+1 > Rs,l prevents the particle from crossing

the fixation radius.

C. Problem-solving algorithm

The algorithm for the computer program is described in Al-
gorithm 1. The number of small, Ns, and large particles, Nl ,
is specified. The total number of particles is N = Ns +Nl . An
example of visualization of the calculation is shown in Fig. 3
(multimedia view).

Algorithm 1 Particle dynamics algorithm
1: Problem parameters definition: rs,l , R, Ns,l , Ds,l , θ0, δ t, and tmax.
2: Generation random coordinates of particles, (xi,yi), i ∈ [1;N].
3: By default, all particles are marked green.
4: for τ ← 1, tmax/δ t do
5: Calculate Rs,l .
6: for i← 1,N do
7: Change particle status if necessary.
8: end for
9: for i← 1,N do

10: if (A current particle is green) then
11: Calculate new particle coordinates due to diffusion.
12: if (No collision) then
13: Move the particle.
14: end if
15: Calculate new particle coordinates due to advection.
16: if (No collision) then
17: Move the particle.
18: end if
19: end if
20: end for
21: Write the particle coordinates and status to a file for the cur-

rent time step.
22: end for

Let us mark moving particles in green and stationary parti-
cles in red (Fig. 2). Green particles are subject to convective
and diffusion transfer. By default, all particles are green at the
initial moment, t = 0. The initial distribution of the small and
large particles is generated inside circles with radii of Rs or Rl ,
respectively, because a particle cannot be beyond the fixation
radius. The coordinates x and y are randomly generated in a
loop for each particle (random sequential adsorption). New
values of coordinates x and y are generated for the current
particle if a particle collision occurs (the intersection of circles
representing different particles). If a green particle touches the
fixation boundary or ends up beyond it (rs,l ≥Rs,l), the particle
becomes fixed and is then marked in red. In other words, the
red particles form the deposit. The particle data structure is an
array in which information about the coordinates, its radius,
status (moving or stationary), and the coordinates of the sub-
domain containing a particle is stored for each particle. The
domain is divided into many square cells (subdomains), the
size of which corresponds to the diameter of a large particle.
A separate array stores information about all the subdomains
and about which particles are in them (particle unique identi-
fiers). This allows us to optimize collision detection, as there
is no need to check the potential collision of the current par-
ticle with all the others as it can only collide with its neigh-
bors, so it is enough just to scan for potential collisions with
these nearby particles. At each time step, an attempt at dif-
fusive and at advective displacement of each green particle is
made in turn. All these attempts are accompanied by collision
checks. If a collision occurs, the attempt is canceled and is
not repeated. In a previous study58, we compared algorithms
involving either single attempts or multiple attempts to dis-
place particles. It was found that, for the used value of δ t, the
average number of displacement failures using the different
approaches differed by only a couple of percent. Moreover,
our estimate showed the distance of diffusion / advective dis-
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FIG. 3. Calculation visualization for several time points at Nl =
7460 and Ns = 59680. Here, the boundary Rl separates the purple
and yellow subdomain, and the boundary Rs separates the yellow
and blue subdomain. Multimedia view.

placement of a particle does not exceed 1% of its size in any
single time step. With such offsets, collisions are unlikely.
Thus, with a sufficiently small time step, it is permissible to
perform a single attempt at displacement. At predetermined
intervals, the program writes information on each particles to
a file for the current time. The program was written in C++
language. The calculated data were processed using scripts
written in Python.

III. RESULTS AND DISCUSSION

Numerical calculations have been carried out for three par-
ticle concentrations: 1) Nl = 3730 and Ns = 29840, 2) Nl =
7460 and Ns = 59680, 3) Nl = 14920 and Ns = 119360. The
ratio of the large and small particles has been chosen so that
the volume fraction of both is the same in the colloidal solu-
tion51. Each computational experiment was repeated ten times
to establish the statistical error. The simulation results allow
us to observe the dynamics of large and small particles. In
addition, the model predicts the shape and morphology of the

deposit formed after the liquid dries, depending on the speci-
fied parameters.

Over time, the particles are carried by the flow toward the
contact line (Fig. 3, multimedia view). Also, they are mixed
due to diffusion, including in the area of annular deposit for-
mation. In the screenshots (Fig. 3, multimedia view), the Rs
position is between the yellow and blue subareas, and the Rl
position is between the yellow and purple subareas. Moving
green particles are changed to red when they reach the fixa-
tion radii corresponding to their size and stop. At the begin-
ning of the process, the fixation radii move very slowly. Their
movement gradually accelerates over time, and they rapidly
collapse at the end of the process. The dependence of the fix-
ation radius position on time was shown in a previous study
(Fig. 8 in Ref.57). At a small distance from the contact line
marked in black (Fig. 4), there are small particles, while, a
little further out, a mixture of large and small ones can be
observed. At relatively high initial concentrations of a col-
loidal solution (Fig. 4b and 4c), particle clusters or clusters
of particles of mixed sizes having extended area are formed
in the deposit near the contact line. In some places, we can
observe a dense hexagonal packing of small particles (see the
Voronoi diagram in Fig. 4c). The methods for analyzing the
morphology of such structures are described in detail in the
reviews63,64. Narrow and relatively free spaces are visible be-
tween mixed particle clusters and clusters of small particles
(Fig. 4b and 4c). In the case of a low concentration of the
colloidal solution, particle clusters are either small or non-
existent (Fig. 4a). The number of particles in the deposit per
unit area (number density), ns,l = N̄s,l/Sring, has been calcu-
lated, where Sring is a ring square and N̄s,l is the number of
local particles. The region is divided into concentric rings,
the width of which increases linearly towards the center of the
drop, since there are fewer particles there by the end of the
process. Each ring contains a local number of particles N̄s,l .
The dependence of the number density on the spatial coordi-
nate r shows that a larger number of particles are located on
the periphery of the dried drop (Fig. 5).

The nl value in the entire region slightly exceeds ns except
for the region near the contact line. The situation reverses
here (ns > nl) since large particles cannot approach closer to
the contact line than the small ones. Fig. 5 shows a graph
for only one case, in which Nl = 14920 and Ns = 119360.
However, for the other two cases, the number density does not
differ qualitatively (see the Supplement).

In the experiment, the distance between the outermost ring
of nanoparticles and the innermost ring of microparticles, ∆L,
increased if the particle volume fraction was lower than a crit-
ical value51. The number of nanoparticles is orders of mag-
nitude greater than microparticles at the same volume frac-
tion. Therefore, the surface tension force does not cause
the nanoparticle sediment to shift towards the center of the
droplet. However, the microparticle layer shifts slightly to-
ward the central region until an equilibrium is reached be-
tween the surface tension force and the particle-substrate ad-
hesion force65,66. Adhesion prevails over surface tension at a
concentration above the critical value so the distance ∆L can
be determined from geometric considerations51. Although
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(a) (b)

(c)

FIG. 4. Final deposit structure near the contact line for different concentrations: (a) Nl = 3730 and Ns = 29840, (b) Nl = 7460 and Ns =
59680, (c) Nl = 14920 and Ns = 119360 with Voronoi diagram inset.

this effect should be taken into account in future detailed mod-
eling, it does not need to be considered in the proposed sim-
ple model. Most likely, a dissipative particle dynamics ap-
proach is better suited to this67. In the Langevin equation
describing the motion of particles, it would be possible to
take into account additional forces, including adhesion65,66.
In the model used here, the maximum distance between the
inner and outer rings can be calculated using a theoretical for-
mula ∆L ≈ (dl − ds)/θ0 ≈ Rs(0)−Rl(0) at θ0→ 0. The dis-
tance between the outer ring and the three-phase boundary is
∆l ≈ ds/θ0 ≈ R−Rs(0). After substituting the values of the
parameters, we get ∆L ≈ ∆l ≈ 6 µm. Here, we have consid-
ered the case with the ratio γ = rs/rl = 0.5. The parameter γ

affects the distance between the rings. In the future, it will be
necessary to develop a 3D model in order to consider the case
of γ � 1.

FIG. 5. Scaled number density of the small and large particles for
the case with Ns = 119360 and Nl = 14920 at t = tmax (the error is
defined as the standard deviation).
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We have determined and analyzed some dimensionless pa-
rameters associated with annular deposits based on our cal-
culated data (Table II). The main problem is to determine
the inner radii of annular precipitation. Let us denote the
inner radius of the inner ring as Ř and the inner radius of
the outer ring as R̂. The area of the outer annular deposit is
Ŝ = π(R2

s (0)− R̂2). We assume that the particle packing den-
sity corresponds to a random packing, pr ≈ 0.64. On the other
hand, we have the area Ŝ≈ N̂sπr2

s /pr, where N̂s is the number
of small particles in the outer annular deposit. The value of
N̂s can be calculated using the condition of r > Rl(0). Thus,
we have obtained the expression pr(R2

s (0)− R̂2)≈ N̂sr2
s , from

which the unknown parameter R̂ can be found,

R̂≈

√
R2

s (0)−
Nsr2

s

pr
.

The width of the outer annular deposit is ŵ≈Rs(0)− R̂. In the
dimensionless form, we have obtained w̃out = ŵ/∆L, where
∆L≈Rs(0)−Rl(0) and 0≤ w̃out≤ 1. Assume that the number
of particles in the inner annular deposit is Ň ≈ (Ns− N̂s)+Nl .
This amount is overestimated since some of the particles are
deposited in the central region. The area of the inner annular
deposit is expressed as Š = π(R2

l (0)− Ř2), but, on the other
hand, we have Š≈ ((Ns− N̂s)r2

s +Nlr2
l )π/pr. Taking into ac-

count these formulas, we have obtained Ř,

Ř≈

√
R2

l (0)−
(Ns− N̂s)r2

s +Nlr2
l

pr
.

Hence, the width of the inner ring is w̌≈ Rl(0)− Ř. In dimen-
sionless form, we have w̃in = w̌/∆L, where w̃in ≥ 0.

TABLE II. Nondimensional parameters
Parameters / num-
ber of particles

Nl = 3730,
Ns = 29840

Nl = 7460,
Ns = 59680

Nl = 14920,
Ns = 119360

p̂ 0.295 0.486 0.608
p̌ 0.156 0.277 0.414
N̂s/Ns 0.229 0.35 0.313
(Ňs + Ňl)/N 0.229 0.35 0.313
(Ňs + Ňl)/N 0.138 0.253 0.469
Ǎn 1.029 1.936 3.219
ǎn 0.549 1.488 2.816
ân 1.16 2.418 3.282
w̃in 0.714 1.47 3.325
w̃out 0.342 0.644 0.922

The packing densities of particles are calculated in the in-
ner, p̌, and in the outer ring, p̂, deposits as the ratio of the
area covered by particles in a ring to the area of the ring it-
self. According to Table II, values of p̌ and of p̂ increase with
an increase in the initial concentration of particles in the col-
loidal solution. When calculating p̂, the pieces of the large
particles slightly protruding through the boundary of Rl(0)
are also taken into account, but their coordinate is r ≤ Rl(0).
At first, the ratio of the number of the small particles in the
outer ring to the total number of the small particles, N̂s/Ns,

also increases with the increase in concentration but then it
decreases. This may be due to a high concentration, at which
the large particles, near their fixation radius, begin to prevent
the small particles from advancing towards the periphery of
the droplet. This effect leads to the increase in the ratio of the
particle number in the inner ring to the total number of par-
ticles, (Ňs + Ňl)/N, with the increase in initial concentration.
The average number of neighbors of each particle in the inner
and outer rings also increases with increasing concentration.
In our calculations, two particles were considered adjacent if
the condition d ≤ ε(r1 + r2) was true. Here, r1 and r2 are the
radii of two relatively close particles located in the same sub-
domain (cell) or in adjacent cells, d is the distance between
two particles, and the parameter ε = 1.01 is used to handle
the round-off errors with floating-point. It should be noted
that for all the concentrations considered, the average number
of neighbors for large particles Ǎn is slightly higher than the
value for small particles ǎn in the inner ring. We have found
that the ratio is of Ǎn/ǎn ≈ 1.87 for a low concentration (case
1), of Ǎn/ǎn ≈ 1.3 for a moderate concentration (case 2), and
of Ǎn/ǎn ≈ 1.14 for a high concentration (case 3). Also, we
should note that, for all the concentrations considered, the av-
erage number of neighbors of small particles in the outer ring
ân is slightly higher than the corresponding values for small
particles in the inner ring, ân > ǎn. As the concentration in-
creases, we observe the ratios ân/ǎn ≈ 2.11, 1.63, and 1.16.
Thus, we conclude that, as the concentration increases, the ra-
tios Ǎn/ǎn → 1 and ân/ǎn → 1 are expected. This is due to
an increase in the packing densities p̌ and p̂ with an increase
in the concentration of the colloidal solution. In addition, the
higher the concentration, the greater the width of both rings
formed are observed. For the largest particle number consid-
ered here, the width of the outer ring w̃out is close to the max-
imum value corresponding to the distance between the two
fixation radii, ∆L. The width of the inner ring can be less than
∆L or several times greater than ∆L, depending on the number
of particles in the system. With increasing concentration, the
ratio of the width of the inner ring to the outer one increases,
w̃in/w̃out ≈ 2.1, 2.3, and 3.6. Also, this is probably since large
particles can interfere with small ones in their further move-
ment to the edge of the area. The more large particles, the
more such obstacles occur.

IV. CONCLUSION

An important and actively discussed problem is that of
studying the structures of colloidal particles that form on a
substrate after sessile droplet evaporation. One such example
is the effect of deposition near a contact line during evapora-
tion. This results in the so-called coffee-ring effect. While a
droplet is drying on the substrate, capillary flows carry the col-
loid particles toward the three-phase boundary. In this case,
if the contact line is pinned throughout the entire process,
the formation of an annular deposition is observed. Tak-Sing
Wong et al.51 showed in their experiment that it is possible to
use the coffee ring effect for separating suspended particles
by their size (Fig. 1). This is useful for a variety of applica-
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tions. For example, it has direct implications for developing
low-cost technologies for disease diagnostics in resource-poor
environments. Thus, understanding the mechanism of particle
separation near the three-phase boundary plays an important
role in the further development of specific applications.

The model42 did not provide an explanation for the ef-
fect of particle separation according to size. The results of
those calculations predicted the accumulation of large parti-
cles near the contact line, which contradicts experimental ob-
servations42. Here, we have proposed a new method for mod-
eling this phenomenon. Our simple model, taking into ac-
count advective transport, particle diffusion, and the specific
geometry of the region near the three-phase boundary, has al-
lowed us to obtain numerical results, that are in qualitative
agreement with the experimental ones51. The simulation re-
sults have shown that the particles do not reach the contact
line, but accumulate at a small distance from it. The reason
for this is the surface tension acting on the particles in areas
where the thickness of the liquid layer is comparable to their
size. The same mechanism affects the separation of small and
large particles. Large particles deposit at a short distance from
the clusters of small particles, along with some small particles
that are prevented from moving even closer to the contact line
because of obstruction by the large ones. An increase in the
number of large particles in the system can lead to a decrease
in the ratio of small particles, N̂s/Ns, reaching the outer an-
nular deposit. Obstacles arising from large particles at a rela-
tively high concentration of colloidal solution also lead to an
increase in the ratio of the width of the inner ring to the width
of the outer one, w̃in/w̃out. This model is phenomenological.
To describe the process quantitatively, more complicated and
more accurate models need to be developed.

V. SUPPLEMENTARY MATERIAL

See the supplementary material for showing scaled number
density of the small and large particles for the case with Ns =
29840, Nl = 3730 and with Ns = 59680, Nl = 7460 at t = tmax.
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