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Optimal error bounds in the absence of constraint

qualifications with applications to the p-cones and beyond

Scott B. Lindstrom* Bruno F. Lourenco! Ting Kei Pong?
March 29, 2024

Abstract

We prove tight Holderian error bounds for all p-cones. Surprisingly, the exponents differ
in several ways from those that have been previously conjectured; moreover, they illuminate
p-cones as a curious example of a class of objects that possess properties in 3 dimensions that
they do not in 4 or more. Using our error bounds, we analyse least squares problems with p-
norm regularization, where our results enable us to compute the corresponding KL exponents
for previously inaccessible values of p. Another application is a (relatively) simple proof that
most p-cones are neither self-dual nor homogeneous. Our error bounds are obtained under the
framework of facial residual functions, and we expand it by establishing for general cones an
optimality criterion under which the resulting error bound must be tight.
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1 Introduction
Consider the following conic feasibility problem:
find z€(L+a)NKk, (Feas)

where K is a closed convex cone contained in a finite dimensional Euclidean space £, £L C £ is a
subspace and a € £. Here, we would like to tightly estimate the distance from = to (£L+a) N K
using the individual distances between x and £ 4 a and between x and K. This is an error bound
question and is a classical topic in the optimization literature [12,17,26,29, 38].
In this paper, we focus on the case where K = IC;"H, the p-cone for p € (1, 00), which is defined
as
IC;Jr1 = {x = (z0,%) e R"! | g > lZ],}, (1.1)

where ||Z||, denotes the p-norm of Z. The cases p = 1 or p = oo are well-understood since
they correspond to polyhedral cones and, therefore, Lipschitzian error bounds hold by Hoffman’s
lemma [12].
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The case p = 2 corresponds to the second-order cones and their error bounds are also well-
understood: Luo and Sturm proved that if K is a direct product of second order cones then (Feas)
satisfies a Holderian error bound with exponent (1/2)* and « depends on the level of regularity of
the problem [25, Theorems 7.4.1 and 7.4.2] which, in this case, is upper bounded by the number
of cones. In particular, if K = K53 then the exponent is 1/2.

The case p € (1,00), p # 2 is quite peculiar. Although not as well-known as the 2-cones, it
has applications in facility location problems, regularization of least squares problems and others
[16, 32, 35,38,39]. The p-cone also appears in the recent push towards efficient algorithms and
solvers for nonsymmetric cones [6,15,27, 30, 32].

There are significant differences between the cases p = 2 and p # 2, however. The former
is a symmetric cone and, thus, enjoys a number of benefits that come with the Jordan algebraic
structure that can be attached to it [9,10] such as closed form expressions for projections. The other
p-cones are not symmetric and do not typically have closed form expressions for their projections.
See [13,14] for a discussion on the extent to which they fail to be symmetric.

Despite the differences between general p-cones and 2-cones, they still have quite a few simi-
larities, so one might be tempted to guess that if K = IC;}‘H then (Feas) satisfies a Holderian error
bound with exponent 1/p as it was conjectured in [21, Section 5]. It turns out that this conjecture
is wrong, and the true answer is far more interesting.

In this paper, our main contribution is to show for the first time that explicit Holderian error
bounds hold for all the p-cones and to determine the optimal exponents. As we will see in Theo-
rem 4.3, for a fixed p-cone, there are situations where the exponent is 1/2 and others where the
exponent becomes 1/p. It turns out that the correct exponent depends on the number of zeros that
a certain vector exposing the feasible region of (Feas) has. Furthermore, there is one special case
that only happens when p € (1,2). We also compute Holderian error bounds for direct products
of p-cones in Theorem 4.4. As an application of our results, we compute the KL exponent of the
function associated to least squares problems with p-norm regularization; see section 5.1. Previ-
ously, an explicit exponent was only known when p € [1,2] U {oo}; see [38,39]. We also provide
new “easy” proofs of some results about self-duality and homogeneity of p-cones; see section 5.2.

An important feature of our main p-cones error bound result is that the bound is optimal in a
strong sense that implies, for example, that the exponents we found cannot be improved. It also
precludes the existence of better error bounds beyond Hoélderian ones; see Theorem 4.3 for the
details.

Our results are obtained under the facial residual function (FRF') framework developed in [19,21]
which allows computation of error bounds for (Feas) without assuming constraint qualifications.
Another major contribution in this work is that we expand the general framework in [19] to allow
verification of the tightness of the error bound. In particular, when the facial residual function
satisfies a certain optimality criterion and the problem can be regularized in a single facial reduction
step, the obtained error bound must be optimal; see Theorem 3.2 and Corollary 3.1. We believe
this expansion, and the new associated criterion will be useful for analysing other cones. For
example, they easily verify the optimality of the FRFs constructed for the nontrivial exposed faces
of the exponential cone in [19], while requiring no additional effort beyond what the authors used
to merely show the FRFs were admissible; see Remark 3.2.

This paper is organized as follows. In section 2, we review preliminary materials including
some essential tools developed in [19] for computing FRFs. In section 3, we build the tightness
framework and establish the optimality criterion for certifying tight error bounds. In section 4,
we derive explicit error bounds for (Feas) with K = IC;H‘1 and certify their tightness. Finally, we
discuss applications of our results in section 5.



2 Preliminaries

In this paper, we will follow the notation and definitions used in [19], where we explained in
more details some of the background behind the techniques we used. Here we will be terser and
simply refer to the explanations contained in [19] as needed. We strongly recommend that a reader
unfamiliar with our techniques takes at least a quick look at the main results in [19].

As a reminder, we assume throughout this paper that £ is a finite dimensional Euclidean space
&. The inner product of £ will be denoted by (-,-) and the induced norm by || - ||. With that, for
x € € and a closed convex set C' C &, we denote the distance between x and C by dist(z, C) =
infyec ||z —y||. We denote the projection of  onto C' by Pc(z) so that Po(z) = argmin, ¢ [|[z—y||-
We will also write C for the orthogonal complement of C. We use R, and Ry to denote the
set of nonnegative and positive real numbers, respectively. We also write B(n) := {z | ||z|| < n}
for any n > 0.

Next, let K be a closed convex cone contained in £. We denote the boundary, relative interior,
linear span, dual cone and dimension of KC by 0iC, ri IC, span IC, K* and dim /C, respectively. A cone
is said to be pointed if KN —K = {0}. Related to that, we note the following well-known fact for
further reference

zeriK = Kn{z}* =Kn-K, (2.1)

see, for example, [23, items (i) and (iv) of Lemma 2.2] applied to the dual cone.

If 7 C K is a face of K we write F < K. We say that a face F is proper if F # K and nontrivial
if F#£KN—K and F # K. If F = KN {z}* for some z € £*, then F is said to be ezposed. A
face of dimension one is called an extreme ray. By convention, we only consider nonempty faces.

A finite collection of faces of IC satisfying Fy C --- C Fi is called a chain of faces and its length
is defined to be ¢. Then, the distance to polyhedrality of IC, denoted by o1y (K), is the length
minus one of the longest chain of faces of I such that only the final face F; is polyhedral.

Next, we recall some basic definitions and results related to error bounds.

Definition 2.1 (Lipschitzian and Hélderian error bounds). Let Cy,Cy C & be closed convex sets
with C1 N Cy # 0. We say that C1,Cs satisfy a uniform Hélderian error bound with exponent
v € (0,1] if for every bounded set B C & there exists a constant kg > 0 such that

dist(z, C1 N C2) < kp max{dist(z, C1),dist(z, C2)}7, Vz € B.
If v = 1, then the error bound is said to be Lipschitzian.

In what follows we say that (Feas) satisfies the partial-polyhedral Slater (PPS) condition (see
[22]) if one of the following three conditions holds: (i) K is polyhedral; (i¢) (£ +a) N (riK) # 0
(Slater’s condition holds); (iii) K can be written as K = K! x K2 where K! is polyhedral and
(L +a)N (K x (riK?)) # 0.

From [2, Corollary 3] it follows that if (Feas) satisfies the PPS condition, then a Lipschitzian
error bound holds; see [19, Section 2.2] for details. We register this below.

Proposition 2.1 (Error bound under the PPS condition). If (Feas) satisfies the PPS condition,
then a Lipschitzian error bound holds.

Next, we will quickly review some ideas from facial reduction [5,31,34] and the FRA-poly
algorithm of [22]; see also [19, Section 3]. The next proposition follows from the correctness of the
FRA-Poly algorithm [22, Proposition 8] and ensures that it is always possible to find a face of K
that contains the feasible region of (Feas) and satisfies the PPS condition.



Proposition 2.2 ([19, Proposition 3.2]). Let K = K x - -+ x K*, where each K7 is a closed convex
cone. Suppose (Feas) is feasible. Then there is a chain of faces

FC-CF =K (2.2)
of length £ and vectors {z1,...,ze—1} satisfying the following properties.
(1) £ =1 <375 Lpoy(K7) < dim K.
(#3) For allie{1,...,£— 1}, we have

Z; GJ_‘.Z-*QEJ_Q{CL}J_ and .Fi+1 :]-'lﬂ{zl}l

(i7) Fen(L+a)=KN(L+a) and {Fy, L+ a} satisfies the PPS condition.

If (Feas) is feasible, we define the distance to the PPS condition dpps(K, L + a) as the length
minus one of the smallest chain of faces satisfying Proposition 2.2. We discuss briefly how to
upper bound dpps(K, £ + a). First, we observe that if z; belongs to the span of the {z1,...,2;_1}
we would have F;11 = F;. So in order for the containments in (2.2) to be strict, the vectors in
{#1,...,2¢—1} must be linearly independent. From this observation and item () of Proposition 2.2,
we obtain

dpps(K, £ + a) < min {Z§:1 Coory (K7), dim (£ N {a}L)} . (2.3)

Furthermore, from the correctness of the FRA-Poly algorithm in [22], it follows that there exists
at least one chain of faces as in Proposition 2.2, see [22, Proposition 8, item (i)].

Before we proceed, let us briefly recall the intuition behind the strategy in [19], which is based
on the following points.

o We would like to obtain error bounds between IC and £ + a as in (Feas). If it were the case
that the system in (Feas) satisfied some constraint qualification (e.g., Slater’s condition),
then a Lipschitzian error bound would hold by Proposition 2.1.

e Unfortunately, in general, (Feas) does not satisfy a constraint qualification. However, through
facial reduction, one may find a chain of faces as in (2.2) starting at K and ending at a face
Fi that does satisfy a constraint qualification, see item (i7i) in Proposition 2.2.

e Therefore, by Proposition 2.1, a Lipschitzian error bound holds between £ + a and F,. In
order to get an error bound between £ 4 a and K (which is what we actually want), we
need to estimate the distance to F; using other available information. This is accomplished
through facial residual functions, as described in the Section 2.1. They help to keep track of
the distance to the faces F; in the chain as we do facial reduction.

e Once the facial residual functions are computed, the error bounds can be obtained by com-

posing them in a special manner, as described in Theorem 2.1.

2.1 Facial residual functions and error bounds

We recall the definition of one-step facial residual function (1-FRF) [19, Definition 3.4].

Definition 2.2 (One-step facial residual function (1-FRF)). Let K be a closed convex cone and
z € K*. A function 9k . : R+ x Ry — Ry is called a one-step facial residual function (1-FRF)
for IC and z if it satisfies the following properties:

(i) v¥i,» is nonnegative, nondecreasing in each argument and ¥k .(0,t) = 0 for every t € R,.



(ii) The following implication holds for every x € span K and every € > 0:

dist(z,K) <€, (x,2) <e = dist(z,LN {Z}J') < (€ |z]])-

1-FRFs are a less general version of the notion of facial residual functions developed in [21]
but they are still enough for error bound purposes.

Next, we state the error bound based on 1-FRFs proved in [19]. In what follows, for functions
f:Ry xRy — Ry and g : Ry x Ry — Ry, we define the diamond composition f{g to be the
function satisfying

(fOg)(a,b) = f(a+ g(a,b),b), Va,beRy. (2.4)

The diamond composition makes it possible to relate the distance functions dist(-, KC), dist(-, L+ a)
to the distance functions to the faces F; that appear during facial reduction, see, for example, [19,
Lemma 3.7]. The intuitive idea is that we estimate the distances to the faces Fa, F3,...,F¢
recursively and, for a given x, we use dist(x, F;—1) to estimate dist(x,F;), which requires some
sort of function composition of the 1-FRFs. The diamond composition was designed in such a way
as to make this strategy succeed and to allow the (upper) estimation of the distance to the final
face Fy appearing in Proposition 2.2.

Also if 9 is a facial residual function, we say that Vs a positively rescaled shift of v if there
are positive constants My, Ms, M3 and a nonnegative constant M, such that

b(e,t) = Mzhr .(Mie, Mat) + Mye. (2.5)
If My =01in (2.5), we say that 1& is a positive rescaling of .
Theorem 2.1 ([19, Theorem 3.8]). Suppose (Feas) is feasible and let
Fre--CHh=K

be a chain of faces of K together with z; € FF N LY N{a}* such that {Fs, L+ a} satisfies the PPS

condition and Fiy1 = F; N {z}* for everyi. Fori=1,...,0—1, let ¢ be a 1-FRF for F; and

1

Zi.
Then, there is a suitable positively rescaled shift of the v; (still denoted as ¥; by an abuse of

notation) such that for any bounded set B there is a positive constant kg (depending on B, L, a, Fy)

such that
x € B, dist(z,K) <e, dist(z,L+a)<e = dist(z,(L+a)NK)<krple+ ple, M)),

where M = supcp ||z]l, ¢ = Y10 O, if £ > 2. If £ =1, we let ¢ be a function satisfying
o(e, M) =€ for all e > 0.

Theorem 2.1 is a more general version of an analogous result for the so-called amenable cones,
see [21, Theorem 23] and [24].

To finish this subsection, we prove an auxiliary lemma that will be helpful to analyze Holderian
error bounds.

Lemma 2.1. let K, £, a and v; be as in Theorem 2.1. Consider the following additional assump-
tion on the 1;:

(i) there exist o; € (0,1] and nonnegative, nondecreasing functions p;, p; such that ¥;(e,n) =
pi(n)e+ pi(n)e* for every e >0 and n > 0.

1By convention, when £ = 1, no ; will be defined.



Then K and L + a satisfy a uniform Holderian error bound with exponent Hf;ll a; if £ > 2 or
exponent 1 if £ = 1.

Proof. If £ = 1, then Theorem 2.1 implies that a Lipschitzian error bound holds, so the result is
true. So suppose that £ > 2, let B C £ be an arbitrary bounded set and define d as the function
satisfying d(x) := max{dist(z, ), dist(x, L + a)}. Theorem 2.1 implies that there exists kg > 0
such that

dist (z, (L +a) NK) < kp(d(z) + ¢(d(z),n)), Vo € B, (2.6)

where ) = sup,cg ||z]], ¢ = (Ye—1O(- - - O(¢2PeP1))) and the ; might have been positively rescaled
with shifts. Note however, that if ¢; is positively rescaled and shifted, then, adjusting p; and p; if
necessary, 1;(€,n) = pi(n)e + p;(n)e® still holds with the same «;.

In what follows we make extensive use of the following principle: if 5; < s, then, for a fixed
bounded set B, we can find a constant « such that d(z)”2 < rkd(z)" for all x € B. Indeed,

d(z)?? = d(z)P>~Prd(x)? < <sup d(y)5251> d(z), Vo € B, (2.7)
yeB
where the sup is finite because the closure of B is a compact set contained in the domain of the
continuous function d(-) and By — 1 > 0.
First, we will prove by induction that there exists xy,—; > 0 such that

o(d(x),n) < ke_1d(z)¥-1, Yz e B, (2.8)

where ay_1 1= ]_[f;ll a;. If £ = 2, then ¢ = 11. From (2.7) and the assumption on the format of

11 we can find a constant x > 0 so that

pr(n)d(z) + pr(n)d(z)™ < (kp1(n) + pr(n))d(x)™,  Vr € B.

This implies that (2.8) holds when ¢ = 2. Suppose that (2.8) holds for some ¢ > 2, and we
will show that it holds for £ + 1 (when a chain of faces of length ¢ + 1 exists). In this case, we

have ¢ = ¢;$p;_ 4, where ;| =¥ O(- - O(¥20101)). Now, the induction hypothesis (applied
to ¢;_;), the monotonicity of FRFs, and the observation in (2.7) together imply that for some
constants x;_,, A;_, we have for all z € B,

p(d(z),n) = ¥p(d(x) + ¢;_,(d(x),n),n) < Yp(d(x) + r;_ d(z)¥1,n)
< (kR d(z)¥i-1,m). (2.9)

Because of the assumption on the format of 1);, we have that wg(/%gfld(x)&f—l ,m) can be written as
ayd(z)¥-1 +agd(z) %1 for some constants ay, az which do not depend on d(z). Since a; € (0,1],
we have a; = aya;_; < a;_,. Therefore, the observation in (2.7) together with (2.9) imply the
existence of k; > 0 such that

p(d(@),n) < (R4 d(x)%-1,n) < rpd(2)%, Va € B, (2.10)

which concludes the induction proof. We have thus established that (2.8) holds. Plugging (2.8)
into (2.6) and applying the observation (2.7) yet again, we conclude that there exists a constant
k > 0 such that

dist (z, (£ + a) N K) < kd(z)¥1, Va € B.



Voo

<
I

2} D

Figure 1: The framework of Lemma 2.3, Theorem 2.2, and Lemma 2.4 is illustrated. The right
image shows a 2D slice of the left image, where the slice is in the plane given by span{v,w, u}.

2.2 Computing 1-FRFs

It is clear from Theorem 2.1 that the key to obtaining error bounds for (Feas) is the computation
of 1-FRFs, so in this final subsection we recall a few tools that will be helpful in this task.

First, we take care of the case when z € ri K*. In this case, if K is pointed, then KN {z}+ = {0}
by (2.1).

Lemma 2.2 (1-FRF for the zero face). Suppose K is a pointed closed convex cone and let z € i K*.
Then, there exists k > 0 such that Vi . defined by Y (€, t) = ke is a 1-FRF for K and z.

Proof. Because z € ri K* and K is pointed, there exists x > 0 such that y € K implies that |ly|| <
k(y, z); see for example [21, Lemma 26]. Next, suppose that x € span K satisfies dist(z,K) < €
and (z, z) < e. Then, there exists h satisfying ||h|| < e such that  + h € K. From (2.1) and the
pointedness of IC, we have

dist(z, N {2}4) = o] < 2+ Bl + 0]l < sl + b, 2) + € < me -+ rell 2] + e
Therefore, 1 ,(€,t) == (k + k||| + 1)e is a 1-FRF for K and z. O

The next several results are based on the idea of establishing local error bounds for K and {z}+
and using them to recover the corresponding 1-FRF for I and z. This will be the main approach
we will use for computing the 1-FRF's of IC;“r1 and its faces. We first provide some of the intuition
in Remark 2.1 and illustrate in Figure 1. See [19, Section 3.1] for more detailed explanations.

Remark 2.1 (Geometric intuition for finding suitable 1-FRF). We will next introduce the frame-
work we use to find facial residual functions and then use those facial residual functions to recover
error bounds. Let us first explain geometrically what the following results allow us to do. See
Figure 1 for an intuitive illustration of the relative positions of the points that arise.

1. First, Lemma 2.3 will show that we may replace the problem of computing 1-FRFs with a
simpler error bound problem that only considers points ¢ that are constrained to the exposing
hyperplane {z}+.

2. Second, Theorem 2.2 will show that we can replace the problem involving ¢ with an equivalent
problem involving v € K and w = Pp.y1v and u = Prw. At this point the need to have an
explicit projection onto K vanish, because the error bound problem is cast in terms of points
v that move along the boundary of K.



3. Third, Lemma 2.4 provides us a path to solve the problem of v, w,u. Critically, as we shall
see in Section 4, when applied to ICZ'H, the projections involved in solving this problem
(P{Z}L and Pr) are piecewise-linear maps that can be described explicitly.

This reformulation is an improvement over the original problems involving p or ¢, because those
problems would seem to require an explicit form of the projection Py, while only an implicit form
is available.

The next lemma shows how to recover from such an error bound the facial residual function
for K and z.

Lemma 2.3 ([19, Lemma 3.9]). Suppose that K is a closed convexr cone and let z € K* be such
that F = {2} N K is a proper face of K. Let g : Ry — R be nondecreasing with g(0) = 0, and
let k. s be a finite nondecreasing nonnegative function in s € Ry such that

dist(q, F) < k|4 0(dist(q, K)) whenever g € {z}*. (2.11)
Define the function ¥ . : Ry x Ry — Ry by
Y.2(s,t) = max {s,s/|[z[} + K29 (s + max {s, s/[|z[|}) .
Then we have
dist(p, F) < ¥ 2(€,|Ipll)  whenever dist(p,K) <e and (p,z) <e. (2.12)
Moreover, Vi . is a 1-FRF for K and z.

Next, we recall a result on how to compute error bounds suitable to be used in conjunction
with Lemma 2.3.

Theorem 2.2 ([19, Theorem 3.10]). Suppose that K is a closed convex cone and let z € K* be such
that F = {z}*+ N K is a nontrivial exposed face of KC. Letn >0, a € (0,1] and let g : Ry — R, be
nondecreasing with g(0) =0 and g > |- |*. Define

Vani=inf {w ‘ v € IKNBM\F, w= Py v, u=Prw, w# u} (2.13)

(1) If 72, € (0,00], then it holds that
dist(q, F) < k. ng(dist(q,K)) whenever q € {z}+ N B(n), (2.14)
where k., = max {2n' =%, 2771} < occ.
(ii) On the other hand, if there exists kg € (0,00) so that
dist(q, F) < kpg(dist(q,K)) whenever ¢ € {z}*+ N B(n),
then v ., € (0, 00].
Note that v, ¢ = co. Given K,z and F as in Theorem 2.2 and n > 0, we typically prove that
vz in (2.13) is nonzero by contradiction. The next lemma aids in this task.

Lemma 2.4 ([19, Lemma 3.12]). Suppose that K is a closed convex cone and let z € K* be such
that F = {2z} N K is a nontrivial exposed face of K. Let n >0, a € (0,1] and let g : R, — R be
nondecreasing with g(0) =0 and g > |- |*. Let 7., be defined as in (2.13). If v, ., =0, then there
exist U € F and a sequence {vF} C OK N B(n)\F such that

k

k_ok
limv® = limw® =2 and lim M
k—o0 k—o0 k—o0 ||wk — uk ||

:O7

where w* = P{Z}ka, uF = Pruwk and w® # u”.



The next result will be helpful in the analysis of one-dimensional faces (i.e., extreme rays).

Lemma 2.5. Let K be a pointed closed convex cone and let z € OK*\{0} be such that F := {z}*+NK
is a one-dimensional proper face of K. Let f € K\ {0} be such that

={tft=0}

Let n > 0 and v € KN B()\F, w = Pry1v and uw = Prw with u # w. Then it holds that
(f,z) =0 and we have

(z,v)
ZH

V)| if (f,v) >0,

Z?
(=1

lo —wl = [ — w]| = HH

otherwise.

Moreover, when (f,v) > 0 (or, equivalently, (f,w) > 0), we have u = Pspanrw. On the other
hand, if (f,v) <0, we have u = 0.

Proof. The fact that (f,z) = 0 follows from f € F C {z}+. The formula for ||v — w]|| holds
because the projection of v onto {z}+ is w = v — %z Finally, notice that u is obtained as t* f,
where t* = argmin;>q {[|w —tf|}. Then ¢* is given by <Huf,\|f"‘) if (w, f) > 0 (in this case, we have
U = Pspanrw), and is zero otherwise. The desired formulas now follow immediately by noting that

(w, f) = (v = {212, f) = (v, f). O

We conclude this subsection with a result on the direct product of cones. In essence, 1-FRFs
of direct products are positively rescaling of sums of the 1-FRFs for each individual block.

Proposition 2.3 ( [19, Proposition 3.13]). Let K! C &£ be closed conver cones for every i €
{1,....m} and let K =K' x --- x K™. Let F 4K, z € F* and suppose that F = F! x - x F™
with F* <K for every i € {1,...,m}. Write z = (21,...,2m) with z; € (F*)*.

For every i, let Yri ,, be a 1-FRF for Fi and z;. Then, there exists a £ > 0 such that the
function Y rF . satisfying

VYF.(6t) = qu)]”z@ K€, t)

is a 1-FRF for F and z.
We end this section with a remark on the definition of 1-FRF.

Remark 2.2. As suggested by one of the referees, it is possible to consider facial residual functions
that are valid over the unit ball and use them to construct 1-FRF as in Definition 2.2. For example,
suppose that ¥ : Ry — R, is a nondecreasing function satisfying ¢ .(0) = 0 and such that the
following implication holds for every x € span K with ||z|| = 1 and every € > 0:

dist(z,K) <€, (z,2)<e = dist(z, KN {z}") < Yx..(e). (2.15)

Since dist(az, K) = adist(z,K) for « > 0, we obtain the following implication for every z €
span K \ {0} and € > 0:

dist(z,K) <€, (z,2) <e = dist(a/[lz],K) <e/lzll, (2/|z]],2) < e/llz],

which, in view of (2.15), implies dist(z, CN{z}*) < ||z|[vx.-(e/||lz])). Let i, : Ry xRy — Ry be
such that vk »(a,b) == bk . (a/b) (if b > 0) and ¥ . (a, b) = 0 (otherwise). In this way, if ¢ .(a, -)



happens to be monotone? for every a > 0, then 1k . would be a 1-FRF as in Definition 2.2.
Conversely, if ¥k . is as in Definition 2.2, we can specialize it to the unit ball by fixing the second
argument to 1.

Because of these relations, it is plausible that one could rebuild the abstract theory of error
bounds (or at least part of it) described in [19,21] using only 1-FRFs that are restricted to the
unit ball. By doing so, one would hope that some expressions could get simpler. However, it is
not clear to us what the concrete mathematical benefit in following this path would be. Even from
a purely notational point of view, keeping track of the norm term (i.e., the second argument in
1-FRFs) has advantages, since for the final error bound in Theorem 2.1 we cannot freely rescale
elements in the underlying affine space £ + a. To be fair, in the end, it could be just a matter of
taste.

We remark that the core difficulty in this and in our previous works is the actual computation
of 1-FRFs for a given K. This is where the inevitable particularities and complexities of each
cone come into play. Whether this is done over the unit ball or over a ball of radius 7 (as in
Theorem 4.1), our assessment is that the difficulty is essentially the same.

3 Best error bounds

In this section, we will present some results that will help us identify when certain error bounds are
the “best” possible. The error bounds discussed in this paper come from Theorem 2.1, which uses
1-FRFs. The 1-FRFs themselves are constructed from Lemma 2.3, and most of the properties are
inherited from the function g appearing in (2.11). We will show in this section that, under some
assumptions, the criterion described in Definition 3.1 below will be enough to show optimality of
the underlying error bound induced by g. In order to keep the notation compact, we will use w,
instead of w(e).

Remark 3.1 (Geometric intuition for optimality). Let us preface Definition 3.1 and the next few
results with an informal discussion of the geometric intuition that motivates them. Let v : (0,1] —
OK\F be a continuous function such that w, = Ppyi(ve) and ue = Pr(w.) satisfy we # u,
following the illustrations of v, w and u in Figure 1. As v, approaches some v € F as € | 0, we
have we — 0 = Pp,y.(0) and u. — 0 as well, since F = K N {z}*. Nevertheless, the distances
lve — we|| and |Jwe — ue|| are not necessarily of the same order asymptotically.

(i) By Theorem 2.2, a suitable g— “suitable” in the sense that v, , is greater than zero—ensures
that g(|jwe — ve||) does not go to zero with a faster rate than ||w. — u.|| for any choice of v;

(ii) A suitable g being optimal in the sense of Definition 3.1 would satisfy that g(dist(w, K))
and ||lwe — u.|| are asymptotically of the same order as ¢ | 0 for some choice of w in the
following sense:

dist(we, K . dist(we, £
0 < liminf L8R g i gy SIS K))
€l0 ||w€ — U,EH €l0 ||we - UEH
where the first inequality comes from Theorem 2.2 since |w. — u|| = dist(w., F).

(iii) Under this setting, we have we — v € F as € ] 0, so dist(w,, ) — 0 and dist(w,, F) — 0.
Naturally, if we were to take this same choice of w, and choose any better g(t)—better

2Note that this is not true for a general function f : Ry — Ry. The function f(a) = a + a? is monotone
nondecreasing for a > 0, but bf(1/b) is not monotone nondecreasing for b > 0. If, however, f is of the form
f(a) = ka + ka® (as in the case associated to Holderian error bounds) for some a € (0, 1] and a constant > 0,
then bf(a/b) is monotone nondecreasing as a function of b for fixed a.
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meaning that lim, o §(¢)/g(¢f) = 0—then we would have that:
.. o(dist(we, K)o §(dist(we, K))  g(dist(we, K))
1 = =1 f
a0 dist(we, F) a0 g(dist(we, K))  dist(we, F)

—0 as €0 bounded

=0.

Since w is continuous, w, € {z}+ N B(n) holds for sufficiently small € and sufficiently large
1. Therefore, for such n, no kg > 0 will satisfy

dist(q, F) < kpd(dist(q,K)) whenever ¢ € {2z} N B(n).

In view of Theorem 2.2(i) & (ii), the non-existence of such a xp for g is equivalent to . , = 0
for g, which means that g is not suitable.

(iv) Finally, we prove in Theorem 3.1 below, that up to a multiplicative constant and some
technicalities related to the parameters, any valid 1-FRF is lower bounded by a 1-FRF built
from an optimal g. In particular, this implies that, when the second-parameter is fixed, no
valid 1-FRF can go to zero at a faster rate than a 1-FRF built from an optimal g.

Definition 3.1 (An optimality criterion for g). Let g : Ry — R, be nondecreasing with g(0) = 0.
Let K be a closed convex cone and z € K* be such that F = {2z} N K is a proper face of K. If
there exist ¥ € F \ {0} and a continuous function w : (0, 1] — {z}* Nspan K \ F satisfying

limw. =v and limsup M

=L Gl
€l0 €l0 dist(we,]:) g < 0% ( )

then we say that g satisfies the asymptotic optimality criterion for K and z.3

We will next show that any 1-FRFs built from a concave g satisfying (G1) is optimal in the
sense that, up to a constant, it must be better than any other possible 1-FRFs for the same sets.
First, we need some preliminary lemmas.

Lemma 3.1. Let g: Ry — Ry be concave with g(0) = 0. Then g((1 4+ N)s) < (1+ N)g(s) for all
positive numbers \ and s.

Proof. Note that \
1
Hence, g(s) > g((1 4+ XN)s)/(T+X) 4+ (A/(1+X)g(0) =g((T+N)s)/(1+ N). O

In the following, w. may be intuitively thought of as the usual w in Figure 1. In Theorem 3.1,
we will find it useful to “pin” the norm of this w. term by replacing it with T7.w. where 7. is a
scalar chosen to force ||Tcw.|| to be constant for all e. We will need the following lemma.

Lemma 3.2. Let g : Ry — Ry be nondecreasing with g(0) = 0. Let KC be a closed convex cone
and z € K* be such that F = {z}* N K is a proper face of K. Suppose that (G1) holds and
let 7 : (0,1] — Ry satisfy lim.o7e = 7 € Ryi. Suppose further that the following partial
sub-homogeneity holds:*

38 > 0 such that s €[0,S] and 7 > 1 together imply g(7s) < 7g(s). (SH)
ther (dist (rewe, K) L
. g(dist(Tcwe, g

| =7 2 — Ly . 1

Tl dist(raw, F) max{ 7 g} &y

3With an abuse of terminology, we will simply say “(G1) holds” when this happens.
4In view of Lemma 3.1, (SH) automatically holds for any S > 0 when g is concave.
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Proof. Since w, — T € F as € goes to 0, for all sufficiently small e, we have dist(we, ) < S. For
those ¢, if 7. > 1, we have

g(dist(Tewe, K)) (z) Teg(dist(we, K))  g(dist(we, K))
dist(rowe, F)  —  tedist(we, F)  dist(we, F)

where (a) follows by (SH) and the fact that dist(awe, ) = adist(we, K) holds for every convex
cone K and nonnegative scalar a. If 7. < 1, we have

g(dist(Tewe, K)) (z) g(dist(we, K))
dist(rewe, F)  — 7edist(we, F)’

where (a) follows from the monotonicity of g. Overall, we conclude that for sufficiently small e, we

have
g(dist(rewe, K)) g(dist(we, K)) g(dist(we, K))
2~ Y < max - , - .
dist(rewe, F) dist(we, F) 7 dist(we, F)

The desired conclusion now follows immediately upon invoking (G1). O

Theorem 3.1 (Optimality of 1-FRF's satisfying (G1)). Let K be a closed convex cone, z € K*
with ||z|| = 1 and let F :== KN {z}* be a nontrivial exposed face of K. Let g, 7., and k., be as
in Theorem 2.2 such that v, , € (0,00] for every n > 0. Let

Vi, (8, 1) = s+ K,,.08(29), (3.2)

so that Y (s, t) is a 1-FRF for K and z (see Lemma 2.3). Suppose further that (SH) and (G1)
hold.
Consider any 7 > 0 and define M : Ry — R4 as follows:

M) = [1+@m. <max{1,””t”}Lg)]_l, (3.3)

where U and Lg are as in (G1). Let Yk, be an arbitrary 1-FRF for K and z. Then, for any
flo € (0,7], there exists so > 0 such that

M(ﬁO)"/)K,Z(S’ b) < w)*C,z(sv 770)7 V(S’ b) € [07 30] X [07 77] . (34>

Proof. Let w. and v be as in (G1). Let 7 be the function defined as follows:

o if e € (0,1],
rom T BE (0,1] (3.5)
HZTOH ife=0.

As a reminder, we are using 7. as a shorthand for 7(e).
Note that dist(r.we, F) # 0 because we & F by assumption. Using this and the definition of
tic,» in (3.2), we have for all € € (0,1] that

Y,z (dist(rewe, ), 1) dist(tewe, K) | k2 59 (2dist(rcwe, K))
dist(Tewe, F)  dist(rew,, F) dist(Tewe, F)
K258 (2dist(rew,, K))
dist(Tewe, F) ’

(3.6)
<1+

where the inequality holds because F C K, which implies that dist(rcw,, K) < dist(rewe, F) for all
e € (0,1].

12



Next, notice that lim o dist(7cwe, K) = 0. Using this and (SH), we see that for all sufficiently

small e,
K258 (2dist(Tewe, K)) < K272 (dist(rewe, K))

3.7
dist(Tewe, F) - dist (Tewe, F) (3.7)
Combining (3.7) with Lemma 3.2 and recalling again that (G1) and (SH) hold, we deduce further
that (2 dist( X)) .
. s ist(Tewe
1 7 : < k-2 1,— L . 3.8
urelﬁ,)up dist(rowe, F) < Ks g (max{ , 7_0} g> < o0 (3.8)

Now, combining (3.6) and (3.8), we have that

. ¢IC z(diSt(Tewea K:)a 77) 1
1 ’ <14r,,-2 1, =41 . 3.9
1n€1¢soup dist(r.we, F) <14+k5 max p g ) <00 (3.9)

Consequently, there must exist € € (0, 1] such that

Y, (dist(Tewe, K), 7) 1 1 )
) < 2 z.n " 2 1, — L = —, , . 1
dst(rows, 7) = 2T Ren 2 max L2 p Ly ) = rms, Ve e (0,¢] (3.10)

On the other hand, since ¢ , is a 1-FRF and w, € span KN{z}*\F, we have from [19, Remark 3.5]
that for all € € (0, 1],

Vi . (dist(rewe, K), [|[rewe|)

1< A1
- dist(rewe, F) (3.11)
Combining (3.10) with (3.11), we deduce that for all € € (0, €],
M (170)¢k, = (dist(Tewe, K), 1) < ¥, (dist(Tewe, K), [|7ew|])- (3.12)
Since 9k, is monotone, we further obtain that for all € € (0, €] and b € [0, 7],
M (70)Yx, - (dist(Tewe, K), b) < M (7o), - (dist(Tewe, K), 7) (3.13)
< Wc,z (dist(Tewe, K), [|Tew||) = 1/’I*C,z(diSt(Tewea K);0)- .

Since € — dist(Tewe, K) is continuous with lim, g dist(rewe, ) = 0 but is positive on (0, €] (since
we € {z}+\ F, hence w, & K), its image contains some interval of the form (0, s¢], where sq =
dist(Tewe, KC). Therefore, (3.13) shows that for every s € (0, so] and for every b € [0, 7] we have

M(%)%C,z(& b) < wl*C,z(Sa 770)

The proof is now complete upon noting that the above relation holds trivially when s = 0 because
both sides of the inequality become zero when s = 0, according to the definition of facial residual
function. 0

We now move on to an application of Theorem 3.1. The next result says that if (Feas) only
requires a single facial reduction step and the 1-FRF is as in Theorem 3.1, then the obtained
error bound must be optimal. This will be discussed in the framework of consistent error bound
functions developed in [20], which we now recall.

Definition 3.2 (Consistent error bound functions). Let Cy,...,C,, C & be closed convex sets
with C := I, C; # 0. A function ® : Ry x Ry — Ry is said to be a consistent error bound
function for Cy,...,Cy, if:

(7) the following error bound condition is satisfied:

dist(z, C) < @ (121_22)( dist(zx, C;), ||x||) , Yze& (3.14)
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(79) for any fixed b > 0, the function ®(-, b) is nondecreasing on R, right-continuous at 0 and
satisfies ®(0, b) = 0;

(#4i) for any fixed a > 0, the function ®(a, -) is nondecreasing on R..
We say that (3.14) is the consistent error bound associated to ®.

Consistent error bound functions were defined in such a way as to provide a broad framework
for the study of general error bounds and facilitate the study of convergence properties of certain
algorithms. Holderian error bounds, the error bounds developed under the theory of amenable
cones and the error bounds found in the study of the exponential cone can all be expressed through
the framework of consistent error bound functions; see [20]. Furthermore, they are “universal”
in the sense that whenever finitely many closed convex sets intersect, there is always a least
one consistent error bound function describing the error bound associated to their intersection,
see [20, Proposition 3.3]. For applications to convergence analysis, see [20, Sections 4, 5 and 6].

With that, we can now state the main result of this section.

Theorem 3.2 (Best error bounds). Suppose (Feas) is feasible and consider the following three
assumptions.

(i) There exist z € K* N LT N{a}t and F := KN {2}t such that F is a nontrivial exposed face
and {F,L + a} satisfies the PPS condition.

(it) The function ¢ is a 1-FRF for K and z as in Lemma 2.3, for some g and k., as in
Theorem 2.2 so that the 7. , in (2.13) satisfies v, € (0,00] for every n > 0.

(7ii) The function g from (i) also satisfies (SH) and (G1) holds.
Then, the following hold.

(a) There is a positively rescaled shift of the ¢ denoted by 7,21 such that for any bounded set B,
there is a positive constant kg (depending on B, L, a,F ) such that for every x € B and € > 0
we have the following implication

dist(z,K) < eand dist(z,L+a) <e = dist(z,(L+a)NK)<kple+(en)),
(3.15)
where 1) = sup,cp ||z

(b) The error bound in (3.15) is optimal in the following sense. Suppose we also assume that
|z =1, £=1{z}*, and a=0. (iv)

Then for any consistent error bound function ® for IC, L and any 1) > 0, there are constants
k>0 and sg > 0 such that

s+ (s, n)

IA

R®(ks, 1), Vs € [0, so].

Proof. Ttem (a) follows directly from Theorem 2.1 with £ = 2.
We move on to item (b). Suppose that ® is a consistent error bound function for £ = {z}+
and KC. First, we will show that ® is a 1-FRF for K and z. Let

d(x) == max{dist(z, K), dist(z, {z} 1)},

so that
dist(z, £ N {z}1) = dist(z, F) < &(d(x), ||z])), Vo e &. (3.16)
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Suppose that z is such that dist(z, ) <, (x, z) < e. Then, there exists u with |lu|| < e such that
x4+ u € K, Therefore

0<{(zx+4wu,z) and hence —e<{(—u,z)<{(zx+u)—u,z)=(x,2) <e.

That is |(z,2)| = dist(z, {z}*) < € and thus d(z) < e. Then, (3.16) implies that ® is a 1-FRF for
K and z.

By assumption, the conditions of Theorem 3.1 are satisfied. Hence, for any 7 > 0, there exists
so > 0 such that

M (7)Y (s,b) < (s,7), V(s,b) € [0,50] x [0,7], (3.17)

where M is as in (3.3). In addition, by the definition of positive rescaling with a shift, there are pos-
itive constants M, My, M3 and a nonnegative constant My such that 1&(3, t) = My(Mys, Mst) +
Mys. We have:

s+ (s, 1) = (14 My)s + Mygp(Mas, M)
= (14 My)s + M1(Mas + k2, m,78(2Mas))
= s(M1 My + My + 1) + M1k, p,59(2Mas)
< ks + kg(2ks),

where k= max{M My + My + 1, M1k, a5, M2} and the last inequality holds because of the
monotonicity and nonnegativity of g. Continuing, note that since 7 > 0, we have 7, 5 € (0, cc] and
hence k., 5 = max{27' =%, 272_717} > 0. Thus,

s+ (s, 1) < ks + kg(2Ks) = ks + K@g(%&s)
Rz

r } (kS + K258(2ks)) = max {1,

Kz

— bt

Rz

Therefore, if s € [0, so/k], we have from (3.17) and the above display that

" }M(ﬁ)l@(ns,m < ~B(hs, 1)

Kz

s+ (s, 7)) < max {17

where £k = max {I{, max {1, %} M (77)_1} and the second inequality follows from the monotonic-
z,7

ity of ®@ in the first entry. T his completes the proof. O

Corollary 3.1 (Best Holderian bounds). Suppose (Feas) is feasible and suppose items (i), (i)
and (iii) in Theorem 3.2 hold for some g = |- |* with « € (0,1). Then, the following items hold.

(a) K and L+ a satisfy a uniform Hélderian error bound with exponent c.

(b) Suppose the display relation (iv) in Theorem 3.2 also holds. Then for any consistent error
bound function ® for IC, L and any 7 > 0, there are constants & > 0 and sg > 0 such that

s¢ < kD (ks,n), Vs € [0, so].

In particular, K and L do not satisfy a uniform Hélderian error bound with exponent & where
a<a<l.

Proof. First, we prove item (a). Noting that z/||z|| € K* N L+ N {a}* and {z/||2]|}* = {z}*, we
assume (without loss of generality) that ||z|| = 1. By assumption, we have g = | - |%, so that the
facial residual function v from Lemma 2.3 satisfies

¢(87 t) =s+ ’iz,t(25)a7 (318)
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where &, ; is as in Theorem 2.2 and is nonnegative nondecreasing in ¢. Applying Lemma 2.1 with
{ = 2 gives a uniform Hélderian error bound with exponent «.

Next, we move on to item (b). By item (b) of Theorem 3.2, for any # > 0, there are constants
£ >0 and sp > 0 such that for every s € [0, so] we have

s+ (s, 7)) < &®(ks, 1), (3.19)

where 9 is a positively rescaled shift of ¢ in (3.18). The left-hand-side of (3.19), as a function
of s, now has the form ai;s + aos® for some constants a; > 0,as > 0. Therefore, adjusting & if
necessary, we have

§* < kD(ks, 1), Vs € [0, so]- (3.20)

For the sake of obtaining a contradiction, suppose that a uniform Holderian error bound holds for
K and £ with exponent & for some & € (a,1]. Then, there exists a nonnegative nondecreasing
function p such that ® given by ®(s,t) = j(t)s® is a consistent error bound function for K and L;
see [20] or this footnote®.

By what have been shown so far and in view of (3.20), there are constants & > 0 and s > 0
such that for every s € [0, sg] we have

% < Rp(7) (Rs)*. (3.21)

Dividing both sides by s* and letting s | 0, we get a contradiction: the left-hand-side blows up to
infinity, while the right-hand-side is constant. O

Remark 3.2 (On the exponential cone). The exponential cone in R? is
Kexp = {(z,y,z) |y >0,z> yex/y} UF oo, Fooo:i={(x,0,2)|2<0,z>0}.
Its nontrivial exposed faces are the 2-D face F_ o, infinitely many 1-D faces of form
Fs={(y = By.y.¢'Py) |y >0}
for g € R, and the exceptional 1-D face
Foo :i={(2,0,0) | x < 0};

see [19, Section 4.1]. For t sufficiently near 0, the g corresponding to their (worst case) 1-FRFs
simplify to g_o0(t) = —tIn(t), gs(t) = vVt and goo(t) = —1/1In(t), respectively; see Corollaries 4.4,
4.7 and 4.11 in [19].

Once admissibility of these g is established, the condition (G1) may be verified by letting
we = (=1,¢,0) for Foo, we = (—€In(e),0,1) for F_, and we = Py (1 = B + ¢, 1,el=8%€) for Fz
when S € R: Indeed, the arguments in [19, Remark 4.14] demonstrate that Ly, <1, Ly _ <1
and Ly, € (0,00) (note that Lg, is what the authors labeled as Lg in [19]). Thus, our framework
can be used to show that the error bounds for the exponential cone are also tight in the sense of
item (b) of Theorem 3.2.

5For any positive integer r, there is a constant &, > 0 such that Definition 2.1 holds for B equal to the ball

centered at the origin with radius r. Adjusting the constants if necessary, we have k, < kv if r <7/, so we can let
p(b) be the k, such that r is the smallest integer larger than b.
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4 Error bounds for p-cones

In this section, we will compute the facial residual functions for the p-cones, obtain error bounds
and prove their optimality. First, we recall that for p € (1,00), & € R™, n > 2, the p-norm of Z
and the p-cone are given by

I2llp = /1zale + - +zalr, KT = {o = (20,2) €R™ 20 > 2]} (41)

here, given a vector € R"T! we use zg to denote its first (Oth) entry and Z to denote the
subvector obtained from z by deleting zy. Here, we fix (-,-) the usual Euclidean inner product so
that the dual cone of IC;L‘H is the g-cone, where % + % =1:

Kot = {z = (20,2) € R""' | 2 > ||z[|}-

We recall that IC;L‘H is a pointed full-dimensional cone. In what follows, we will be chiefly concerned
with the case p € (1,00) and n > 2. We will also make extensive use of the following lemma.

Lemma 4.1. Let p,q € (1,00) be such that % + % =1 and let ¢ € R™ (n > 1) satisfy ||(]|q = 1.
Define
¢ = —sgn(¢) o [¢"7,

where o is the Hadamard product, and sgn, absolute value and the ¢ — 1 power are taken compo-
nentwise. Then |||, = 1. Moreover, there exist C >0 and € > 0 so that

)y > CZ |wi — &% + Z ;[P whenever |w— (|| <e and |w|, =1, (4.2)

i€l 1¢I

where I = {i : (; # 0}. Furthermore, for any w satisfying |w|l, < 1, it holds that ((,w) > —1,

with the equality holding if and only if w = (.

Proof. 1t is easy to check that |||, = 1. Next, for each i € I, by considering the Taylor series at
(; of the function t + [t|P, we see that

JwilP = [GilP + psgn(CIC P (wi = §) + P& G2 (wi — 6)? + O(lwi = GIP) as wi = .
In particular, there exist ¢; > 0 and ¢; > 0 so that
wil? > (¢ + psgn(Cy)|CIP (wi — ;) + cilwi — ;)* whenever |w; — (| < . (4.3)

Let € := min;es ¢;. Then for any w € R™ satisfying ||w — (|| < € and [|w]|, = 1, we have

1= lwl} = Z |wi|” + Z |w; [P

igl iel
Sl + 3 [P + psen@ICP s — ) + exlws — 6
g1 i€l
=Y wil? + 3G + psgn(@)IC P wi — pIG 1P + eilwi — C,)7)
¢l el
(b) = = =
= Z |w; [ + Z (G = piwi — pICIP + ci(wi — )]
i¢l iel
(C §£:|Uh|p +’1 - Cv p‘+’j{:(% Wi z 3
il i€l
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where (a) follows from (4.3), (b) holds since sgn(¢;)[¢; [P~ = —sgn(¢)[¢|VP=Y = —sgn(G)|¢G| =
—(is (c) holds because Y., |¢;|P = [|C||5 = 1. Rearranging terms in the above display, we see that
(4.2) holds with C = %miniel G-

Finally, we see from the Holder inequality and the fact |||, = 1 that (¢,w) > —1 whenever
lwll, < 1. We now discuss the equality case. It is clear that if w = (, then (¢,w) = —1. Conversely,
suppose that (¢,w) = —1 and |lw||, < 1. Then we have

L= [ w)l < I¢llgllewllp = llwllp < 1.

Thus, the Hélder’s inequality holds as an equality and we have ||wl||, = 1. This means that there
exists ¢ > 0 so that |w;|P = ¢|¢;|? for all . Summing both sides of this equality for all ¢ and invoking
lwllp = [I¢]lg = 1, we see immediately that ¢ =1 and hence |w;|? = |(;]? for all i. Consequently,

wi = sgn(wi)[G|» = sgn(w;)|G|7 " (4.4)

Plugging the above relation into (¢,w) = —1 yields

n

—l= ZCZ““ = ZSgn(wi)Cz‘ [ Z IGl7 = —1.
=1

i=1 =1

Thus, we must indeed have sgn(w;) = —sgn(¢;) whenever ¢; # 0.° Combining this with (4.4), we
conclude that w = ¢. This completes the proof. O

4.1 Facial structure of £'*! for n > 2 and p € (1,00)

The p-cones Kt for p € (1,00) are strictly conver, i.e., all faces are either {0}, K or extreme
rays (one-dimensional faces). In this subsection, we characterize all the faces of IC;“r1 in terms of
the corresponding exposing hyperplanes.

Let z € IC";H, SO IC;"“1 N{z}* is a face of IC;}‘|r1 and, because IC;L+1 is facially exposed, all faces
arise in this fashion. If z € ri I or z = 0 we have that K N {z}+ is {0} (see (2.1)) or Kt
respectively.

Next, suppose that z € K T'\{0}. Then z = (20, 2) with 2o = ||z[l; > 0. Now, z € {z}* if
and only if

xoz0 + (Z,T) = 0.

Suppose also that x € IC;‘“\{O}. Then zg > 0 and the above display is equivalent to
1+ (25 'z,25'z) = 0.

Notice that ||2512Hq =1 and ||x61:?||p < 1. An application of Lemma 4.1 with ¢ = z;'Z then
shows that
25'% = —sgn (25 '2) o |zo_12‘q_1 = —sgn (2) o |25 2|77,

where the last equality holds as zy > 0. Thus, it follows from the above displays that

1
—sgn (2) o |25 '2|171]

F.:={z}*n IC;“rl ={tf |t >0}, where f:= (4.5)

6Since |¢;| = |w;| for all 4, ¢; # O is the same as w; # 0.
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4.2 One-step facial residual functions for the faces of IC;;”rl when n > 2
and p € (1,00)

We recall that our goal is to compute error bounds through Theorem 2.1. In order to do so, we
need to compute the 1-FRFs for the faces of Kpt!. Let F < Kp*! be a face and z € F*. First,
we take care of some trivial cases.

o If 7 = {0}, then, from Definition 2.2, ¢ r ,(e,t) =€ is a 1-FRF for F and z.

e If F is an extreme ray, then F N {z}* is either F or {0}. The latter happens if and only if
z € riF* (see (2.1)), so that Lemma 2.2 is applicable to F and z. Therefore, in both cases
there exists k > 0 such that ¥ x ,(e,t) == ke is a 1-FRF for F and .

o If F =K} and z € ri K™, then we also have ke as a 1-FRF, by Lemma 2.2.

This section is focused on the remaining nontrivial case where F = K and K N {z}* is an
extreme ray, which happens if and only if z € 8/Cg+1\{0}. With that in mind, we define

if |J,] =mn,
J,={i|z #0} and a,:= if [J.]=1and p < 2, (4.6)

min {%, l} otherwise,
P

D= N

where |J,| is the number of elements of .J,. Then we have the following result.

Theorem 4.1. Let n > 2 and p,q € (1,00) be such that 1% + % =1. Let z € OKIT'\{0} and let
Foi=A{z}- 0Kt Let n >0, a be as in (4.6), and define

(e —w]e
”Z’"'lﬂf{ T —w]

Then it holds that 7. , € (0,00] and that

v E azcg“ N B\ Fz, w= P 1v, u=Pr w, u;éw} (4.7

dist(z, F,) < max{2n1*az,2fy;717} - dist(x, K21 whenever x € {z}* N B(n).

Proof. If 7, = 0, in view of Lemma 2.4, there exist ¥ € F, and a sequence {v*} C 8/C$+1 N
B(n)\F. such that

k _ o k|laz
w® = % _ (4.8)

lim v* = lim w* =% and lim
k— o0 k—o0 k—o0 ||wkfuk||

where w¥ = P{Z}ka, uF = Pr,w* and u*F # wk. Since v* ¢ F, and v* € BIC;“H, we must have
vf = ||o*||, > 0. By passing to a further subsequence if necessary, we may then assume that

(o) 17" ¢ (49)
for some ¢ satisfying ||¢||, = 1. Next, applying Lemma 4.1 with ¢ := 2y 12, we have
C:=—sgn(zg'2) olzg 297" = —sgn(2) o z5 2", [l =1,

and there exist C' > 0 and € > 0 so that (4.2) holds. Moreover, one can see that the J, in (4.6)
equals the I in Lemma 4.1. We consider two cases.

(1) £=¢;
(1) £ #¢.
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(I): Suppose that £ = . Then lim <( Ey=to% ¢) = ||C||* > 0. Thus, for all sufficiently large k,
we have, upon using the definition of f in (4.5), that

050 = [ rae) Loy o] ) =1 o802 1

Consequently, we have (v¥, f) > 0 for sufficiently large k. Thus, if we let

2zt T
212 (111>

then using Lemma 2.5 (with f as in (4.5)), we deduce that for all sufficiently large k,

“ [(05)1117’“} “ [(vé“)llﬁ’“} ¢ m H (4.10)

< vgll(vg) ~Ho* =<,

Q:=1-

@)

lu* — w*]| = Qu¥|l = vp = Uy

T
where (a) holds because f = {1 ZT} and Qf = 0. Moreover, if it happens that |J,| = 1, say,
J, = {ig}, then 29 = |Z;,| # 0 and fo = |fi,| # 0, and we have z; = f; = 0 for all i # iy and
Ziy = fj_’,;o. Then a direct computation shows that () is diagonal with Qoo = Qiyi, = 0, and
Qii = 1 otherwise. Thus, we have the following refined estimate on ||u® — w*|| for all sufficiently
large k when |J,| = 1:

k k k k
[ = w®|| = |Qu™|| = vy

\ — ok [3 |y 1ok, (411)

igJ.

e

Next, in view of (4.2) and (4.9) and recalling that ||(v§)~19*||, = 1, we have for all sufficiently
large k that
L+ (G () o) > €Y () o =GP + Z| ) tor PP (4.12)
el 'L¢I

If |J.] # 1 or p > 2, then we see from (4.9) and (4.12) that for all sufficiently large k

1+ (¢, (v§)~'%)
(;) mm{ } <Z| UO <Z|1/az + Z | —15 k l/az> (4 13)
i€l igl .

. 1 —1- - z —15 ~ e
mm{c,p}n(v’g) Lk I > Oyl (o) ek - g,

where (a) follows from the definition of a, and the observation that J, = I, and the last inequality
follows from the equivalence of norms in finite-dimensional Euclidean spaces, and C] is a constant
that depends only on C, p, a, and the dimension n. Thus, combining (4.13) with Lemma 2.5 and
recalling that ¢ = z; 1%, we see that for all sufficiently large k,

Lok + G0 a1 + (€ () 1e)
[l 2] [ 2]]
Clzov(’)C

I Edl

where the last inequality follows from (4.10).

||vk —w
(4.14)

11— = a Cle(v ) ~1/a: [}
I(wg) ™" * = ||/ > ==l — WV,

|lu® —w
B
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On the other hand, if |J,| =1 and p < 2, we have a, = 1/p. We can deduce from (4.12) and
Lemma 2.5 that for all sufficiently large k,

ot — k) = 20081+ @I 0% gy 1y
[ 2]] pll=|l Py
X p .y (4.15)
a —1/a,
(Z) 0% Z (h) -1k | = zo(vg) [k — wh|[/o
pll=|l Py pll=|l

where (a) holds because p < 2 so that p-norm majorizes 2-norm, and we used (4.11) and the fact
that «, = 1/p for the last equality.
Combining (4.14) and (4.15), we see that there exists Cy > 0 such that for all sufficiently large
k,
o — ] < O - (o) o w5 < Com = o — |,

where the last inequality holds because v* € B(n). This contradicts (4.8) and hence case (I) cannot
happen.

(IT): In this case, £ # C. Since [|¢]|, = 1, we see from Lemma 4.1 that 1+ (¢,&) > 0. Thus, in
view of (4.9), there exists £ > 0 such that

14+ (¢, (vf)™15%) > £ > 0 for all large k.

Using this together with Lemma 2.5 and the fact that { = zalz we deduce that for these k,

[o* — wh| = 2006 + (2,0%)] _ 20v6|1 + (¢, (vg) " '")]
1] [l 2]l
Lo _ Laollt®ly @) Leolletlly Q) Csleolletl] Q) Costoo i
Il 2]l Izl = 20z — 2=l T 2l ’
where (a) follows from the triangle inequality and the fact that vf = ||*||,, (b) holds for some

constant C3 > 0 that only depends on n and p, (c) follows from the fact that ||u® — w"| =
dist(w*, F,) < |[w¥|| < ||v*| (which holds because of the properties of projections). The above
display contradicts (4.8) and hence case (IT) also cannot happen.

Thus, we have v, , € (0, cc]; the desired error bound follows from Theorem 2.2. O

Using Theorem 4.1 together with Lemma 2.3 and recalling that an upper bound to a 1-FRF is
also a 1-FRF, we obtain the following facial residual function for A+,

Corollary 4.1. Let n > 2 and p,q € (1,00) be such that % + % =1. Let z € OK}T\{0} and let
F. = {2z} NKIL Let a. be as in (4.6) and let 7., be as in (4.7).7 Let x = max{1,1/||z}.
Then the function ¥k . : Ry x Ry — R, given by

Ui,z (6, 1) == ke + max{2t' 7 2y (K + 1)¥= e
is a 1-FRF residual function for IC;;+1 and z.

Next, we will prove that the optimality criterion (G1) is satisfied for p-cones when g = | - |*=,
with «, as in (4.6). For that, we need two lemmas that assert the existence of functions € — w.
having certain desirable properties.

TWe set Yz,0 = 00.
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Lemma 4.2 (A w, of order % when |J,| <n). Letn > 2 and p,q € (1,00) be such that %—i—% =1.
Let z € OKITI\{0} be such that J. #{1,2,...,n}, where J. is as in (4.6). Let F, := {z}- N+
and f € F, \ {0} be defined as in (4.5). Then there exists a continuous function w : (0,1] —
{2}+\F. such that

) ) dist(we, IC;LH)%
limwe =f and limsup —————=— < o0.
€

10 €10 dist(we, F)

Proof. Fix any j € {1,2,...,n}\J, and define

¢ = —sgn(z) oz 12|77t

_ _ T
Then ||{||, = 1 and ¢; # 0 if and only if ¢ € J,. Moreover, we have f = {1 ZT} . Define the

(bounded) continuous function w : (0,1] — R"*! by

<we>i={fi s
€ ifi=y

Then (z,we) = 0 for every € € (0,1] and w. — f € F.\{0}. Now, observe from ||(||, = 1 that the
image of the function y : (0,1] — R"*! defined by

1 _ _
(ye)O = (1 + ep)pv Ye = We.
is entirely contained in ICZ“. Hence, we have

dist (we, K2 < fwe — yel| = (1 + )7 — 1< ¢,

SR

where the last inequality follows from the concavity of t — t» and the supgradient inequality. In

addition, we can also deduce from (4.5) and the definition of ¢ that dist(w,, F,) = ¢ > 0. Thus
1 1

. dist (we,K* TP 1\

lim Supm S (5) . O

el0

Lemma 4.3 (A w, of order 1 when |J,| >2). Letn >2 and p,q € (1,00) be such that %4—% =1

Let z € OKPTI\{0} be such that |J.| > 2, where J. is as in (4.6). Let F. := {z}* N K" and

f € F.\ {0} be defined as in (4.5). Then there exists a continuous function w : (0,1] — {z}+\F.

such that

. ) dist(we, IC;LH)%
limw. = f and limsup

—— < 0.
10 el0 dist(we, F)

Proof. Without loss of generality, we assume that n € J, so that z, # 0; by symmetry, we will
assume that z,, < 0. Define
¢ = —sgn(z) oz 2|1t
_ _ T
Then |I¢|l, = 1, {, > 0 and f = [1 ZT] . Define the (bounded) continuous function w :
(0, min{|z| - T, 20}) — R by

l—ezy!  ifi=0
(we)i = ¢, +ez,t ifi=n
¢, otherwise.
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Then (z,we) = 0 and w. — f € F,\{0}. Now, observe that the image of the function y :
(0, min{|z,| - ,,, z0}) — R™*! defined by

p

yeo—lZKp (o + ez, )] , Ye = We

is contained in IC;H‘I. Hence, we have

n—1
dist(we, K2 1) < Jlue — gl = [Z Gl + Gt ez ) ] “ 1!
i=1
n—1 _ _ _ %
[Z G+ 4 pen 5 +H0(@) |~ 1 e
i=1
(a) —p—1__ % —
= {1 +peC, Z 4 0(62)] —1+ez!
= ‘1 + 6?2712;1 —14ezpt+ 0(62)‘ =0(e?) as €0, (4.16)

where (a) holds because |||, = 1, and the last equality holds because

—=p—1 1= — — 1= 1
Cn = ‘ZO 12”‘(11 1)(p 1) = |ZO 1ZW/| = _ZO 12"
as ,, > 0 and z, < 0. We next estimate dist(w,, F,). Since w. — f, we must have (w,, f) > 0 for

all sufficiently small e. Thus, from the definition of F, and Lemma 2.5, we see that for these ¢,

2

= |we|? - ((we, £))*

dist (w,, F.)? = Hw ERCEY I

£ 1112
Now, a direct computation shows that
lwel* = (1 — ez )* + Z G2+ (G, +e2,1)?
n—1 B 72 _
=14 [GIP 4G, +26(2,'C, — 20 ) + €22, 2 + €22
i=1

= 117 +26(2, 1 C — 20 1) + €22, + 2257,
where the last equality follows from the definition of f in (4.5). In addition, we have
n—1 2
((we, ))* = (1 — €z + Z GIP + C +ez,1C, >

= [If1? +e(z,"C — )] = 1+ 26l fI2(20 G — 20 ) + €2 (21 — 2 )%
Thus, it holds that for all sufficiently small e,

s—17 _ =12
diSt(wea]:z)z =é (z2 + 2;0_2 — (Z"C”ZO)>

_5-17 4,12
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Since |J;| > 2 and ||C||, = 1, we must have (,, < 1. Then the Cauchy-Schwarz inequality gives
_— — —2 1% _
[Zn2 + 2 2] ’ [Cn + 1] > (7Zn1<n + 2 1)2’

and the inequality is strict because

Zn -1 _ ‘Z()_lznlq71
) e —
—Zn |Zn ZO|

1o =
= |29 'Zal? = (7T < L.

Consequently, we see from (4.17) that there exists ¢ > 0 such that dist(we, F,) > ce for all
dist(w,, Ko+ 3

Tst(wo, 7o)~ < 0 To conclude,

sufficiently small e. Combining this with (4.16), we have lim sup
el0

we observe that we can perform a change of variable é = ae for some a > 0 so that w, is defined
for € € (0,1] with we ¢ F, for all € € (0, 1]. O

We now have all the tools to prove the following theorem.

Theorem 4.2 (The optimality criterion (G1) is satisfied for p-cones). Suppose that n > 2 and
p,q € (1,00) are such that ]l) + % = 1. Let z € OK)T\{0} and let F. := {z}* N K2, Let .
be as in (4.6). Then the function g = |- |*= satisfies the asymptotic optimality criterion (G1) for
Kptt and .

Proof. Let J, be as in (4.6). We split the proof in a few cases:

(I) J, ={1,2,...,n}. In this case a, = 1/2. Since n > 2, we have |J,| > 2 so we can invoke

Lemma 4.3, which gives the required function w satisfying (G1) with ¥ = f in (4.5).

(I1) |J.] = 1 and p < 2. In this case, o, = 1/p. Since n > 2, we have J, # {1,...,n}, so that
we can invoke Lemma 4.2, which gives the required function w satisfying (G1) with 7 = f in
(4.5).

(ITI) |J.] =1 and p > 2. In this case, o, = 1/p. Similarly to the previous item, it follows from
Lemma 4.2.

(IV) 2 < |J.| < n. In this case, o, = min{1/2,1/p}. Similarly to the previous items, it follows
from either Lemma 4.2 or Lemma 4.3.

O

Theorem 4.2 shows an interesting property of p-cones: namely, in 3 dimensions, n = 2, so that
the cases |J.| = n and |J.| # 1 exactly coincide, thereby eliminating the min{3, %} case in the
definition of cr, when p < 2. Thus, p-cones of dimension 4 and higher exhibit a greater complexity
in their optimal 1-FRFs than those in R3. This difference will be discussed in the next subsection.

4.2.1 How p-cones of dimension 3 differ from those of dimension 4

The following Examples 4.1 and 4.2 will, taken together, illustrate how p-cones of dimension 3
differ from those of dimension 4 geometrically. Examples 4.1 also shows another curiosity: that
faces defined very similarly can have different error bounds, depending on the dimension. As the
main goal of this subsection is to provide geometric intuition and we will not prove new results,
the style here will be more informal. Although we hope this will be offset by a gain in intuition.
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Example 4.1 (p = 3 cones in 3 and 4 dimensions). We consider the example in Figure 2. In order
to visualize the 4-dimensional cone K3t we will depict 3-dimensional slices of it (in columns
2 and 3). Those slices are obtained by intersecting the cone with hyperplanes and plotting the
intersection of the cone with those hyperplanes. To aid the reader when interpreting this method of
visualization, we also depict (in column 1) the 3-dimensional cone IC§+1 using the same approach:
we intersect the cone with hyperplanes and plot the intersection of the cone with those hyperplanes.
In addition, we uniquely color® each of the hyperplanes, so that the reader can also see how the
various slices mutually intersect one another.

For the 3-dimensional cone IC§+1, we consider the face given by F' = IC%JF1 N{z; > 0} N
{z | x1 = x2}, and for the 4-dimensional cone ICgH, we consider the face defined very similarly by
F=Kn{zy >0 n{z |z =x}n{z |23 =0}

When F is viewed from the perspective of the 3-dimensional slice 3™ N {2 | 3 = 0}, the
situation seems quite analogous to the face of the 3-dimensional cone ngH given by F' = IC§+1 N
{z | z1 > 0}N{z | ;1 = z2}. Indeed, the geometry depicted in these two images is identical,
because the natural embedding ¢ of K37 into R* yields ¢ : K37 — K3t n{z | 23 = 0} and
t: F' — F. However, the appearances are deceptive. For F' = {2/} N K2"! it holds that the
best possible exponent is o, = % However, in contradistinction, for F = {z}L N /Cg’“, the best
possible exponent is o, = % The need for this smaller exponent is more apparent when we view F
from the perspective of the 3-dimensional slice IC%Jrl N{xz | x1 = x2}. Viewed from this perspective,
the cone appears to have less curvature—or “more flatness”—at the site of the face, which would
indicate that ngH intersects with the exposing hyperplane {z}+ “more sharply” than it would
appear to when viewed from the perspective of the slice ngH N{z | z3 = 0}.

What we have observed here is that the slice in which we view the face can change what exponent
appears to be suitable, because it changes how curved the cone ,Cg,+1 appears to be locally at the
face F. We can better understand the reason for this if we consider the slice K3 ™ N {x | 29 = 1}.

If we further intersect K3 N {x | 29 = 1} with the hyperplane {z | x5 = 0}, then {2}* appears
to intersect Ci ™! with the more rounded local curvature of the top image in column 3. However,
if we instead intersect IC§’+1 N {z | z9 = 1} with the hyperplane {x | ; = x5}, then {z}* appears
to intersect ICg‘*'1 with the flatter local curvature of the middle image in column 3.

Let us describe what we have just observed in a slightly different way. If we take a continuous
function w : (0,1] — {z | 23 = 0} N {z}* N{z | 2o = 1}\F with lim,ow, = f, then we will not
obtain a counterexample to the claim that

0 < lim jnf Y3t 00e 1)
o dist(we, F)
On the other hand, if we take a properly constructed continuous function w : (0,1] — {z | z; =
roy N {z} N {x | 29 = 1}\F with lim o we = f, then we will obtain such a counterexample.
Using the slice K37 N {2 | 29 = 1}, we can see that the (exposed) 1-dimensional faces that
require exponent o, = % are exactly those that are contained in any of the slices ICg’+1 N{z |z, =0}
or K3t n{x |29 =0} or Ki™ N {z| x5 = 0}. For all other (exposed) 1-dimensional faces, we will
have that a, = % will be a suitable exponent. This is consistent with what we know from (4.6),
because such faces will have exposing vectors z that satisfy |J,| = n.

By comparing and contrasting the case p = 3 from Example 4.1 with the case p = 3/2 from the
following Example 4.2, we will see how the complexity of the error bounds changes as dimension
increases from n < 3 to n > 3.

8with apologies to color-blind readers, who may instead make use of the axis labels.
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Example 4.2 (p = 3/2 cones in 3 and 4 dimensions). We next consider the case of IC;’E. This
1

example is illustrated in Figure 3. Most faces have best exponent o, = 5. On the set ’ng*zl N
{z | 20 = 1} the 6 “corners”—i.e. the 6 points on the visible surface with exactly 1 nonzero
coordinate (other than the Oth coordinate)—belong to the 6 exceptional faces that satisfy |J,| =

1. For these exceptional faces, a, = % This is in contradistinction with the example p = 3

that we considered in Example 4.1. In that example, most faces of the 4D cone IC§+1 still have
a, = % However, the exceptional faces, those that have «, = %, are the faces that intersect
K3t n{z | 2o = 1} in the set {x | 21 = 0} U {x | 2o = 0} U {x | 25 = 0}. Notice that there
are infinitely many of them. For K;’H, all of the additional exceptional faces (those not shared
in common with IC§721) have exponents that fall under the “otherwise” case in (4.6). For n < 3,
it can never hold that 1 < |J,| < n, and so an analogous difference in the number of exceptional
faces does not occur in the lower dimensional n = 2 cases. For both cones K3 and IC§7217 the
exceptional faces—those without a, = %—are exactly the 4 faces where the cones intersect with
{x |2z =0} or {z| 2y =0}

Now we turn our attention to the face F similarly defined as IC§721 N{x | 1 = x2}. Another
difference between the p = 3 case and p = 3/2 case is as follows. For the case p = 3/2, the need

for the smaller exponent (now «a, = %) is more apparent when we view F from the perspective of

3+1
’C3/2
have less curvature—or “more flatness”—at the site of the face, which would indicate that IC

the 3-dimensional slice N{x | 23 = 0}. Viewed from this perspective, the cone appears to

341
3/2

intersects with the exposing hyperplane {2} “more sharply” than it would appear to when viewed
from the perspective of the slice ng‘; N{z | z1 = x2}. In the case p = 3, the role of the slices
Kittn{z | 23 =0} and KT N {2 | 1, = 22} was exactly the reverse of this, in the sense that the
former deceptively suggested more curvature at the face and the latter revealed the true situation.
This role reversal for p = 3/2 is similarly apparent in the slices {x | 23 = 0} N {z}* N{z | 2o =1}
and {7 | 71 = 22} N {2z} N{x | 29 = 1}, where the need for the smaller exponent (now 1/2 instead
of 2/3) is now apparent in the former instead of the latter.

4.3 Error bounds

In this subsection, we gather all the results we have proved so far and prove a tight error bound
for problems involving a single p-cone.

Theorem 4.3 (Error bounds for the p-cone and their optimality). Let n > 2 and p € (1,00). Let
L C R"™ be a subspace and a € R™ such that (L4 a) N K2 £ 0. Then the following items
hold.

(i) If (L+a)nKptt = {0} or (L4+a)N(riKpTY) # 0, then K2 and L+a satisfy a Lipschitzian
error bound.

(#i) Otherwise, IC;L‘H and L + a satisfy a uniform Hélderian error bound with exponent o, >
min{1, %}, where o, is as in (4.6) and z € OKPT N L N{a}t with z # 0 and 1/q+1/p = 1.

Furthermore, the error bound in (ii) is optimal in the following sense. If L = {2}, a = 0, then
for any consistent error bound function ® for IC;H'1 and {z}* and any 1 > 0, there are constants
k>0 and so > 0 such that

5% < kD (ks,N), Vs € [0, so].

In particular, IC;”‘I and {z}* do not satisfy a uniform Hélderian error bound with exponent &
satisfying a, < & < 1.
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For the 3-dimensional cone IC§+1:

1
4-dimensional object . [ 1 ] with ¢ =2~ 3
cannot be plotted

2c
1

T 2c

el [$][)
e[

For the 4-dimensional cone ICg_H:

= _1
z= % with ¢ =273

K3 n{z |z =0}

=0 0

K3 n{x | 2o =0}

3-dimensional object
does not have
coordinate x3

K3t n{a |2 =0} {z|zs=0}n{z}*N{x |z =1}

xy

line z1 = x5

4

To

{x|zr =2} {z}tn{z |20 =1}

K n{a | o = a2} K3 n{a |21 = 22}

K3t n{z |z =1} Kittn{z |z =1} {23 n{z |z =1}

7
Figure 2: Exa,mp%e 4.1 is illustrated.



Kg;"; N{z |z =0}

Kg;"; N{z |z =0}

3-dimensional object
does not have
coordinate x3

ICg;r; N{z|z3 =0}

line z1 = x5

IC%}"; N{z |z, =2}

Kg;rzl N{x|zg =1}

4-dimensional object
cannot be plotted
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IC§721 N{z |z, =0}

IC§721 N{z |z =0}

IC§’721 N{x | x5 =0}

ngj'Ql N{z |z =x2}

Z1

W

x2

Kg;r; N{z|zo =1}
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Figure 3: Example 4.2 is illustrated.
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Proof. If (L4+a)N(ri Ky t!) # 0 then Proposition 2.1 implies that a Lipschitzian error bound holds.
If we have K" N (£ + a) = {0}, a Lipschitzian error bound holds by [21, Proposition 27]. This
concludes the proof of item (7).

Next, we move on to item (ii). In this case we have (£L+a)N(riK2T) = @ and KN (L+a) #
{0}. The p-cone for p € (1,00) only has faces of dimension 0, 1 or n + 1. As such, its distance to
polyhedrality £,01, (K2T!) = 1 (see Section 2).

By (2.3), we have dpps (Kt L+a) < 1. Since (L+a)N(riKp+!) = 0, we have dpps (K, L+
a) = 1. Therefore, there exists a chain of faces F» C Kpt! satisfying items (i) and (iii) of
Proposition 2.2 together with z € K2 'NL+N{a}+ with 1/¢g+1/p = 1, such that F, = Kp ' N{z}+.

Since (L+a)N(xi Kptt) = 0, we have z # 0. Since K2 N(L+a) # {0}, we have F, # {0} (recall
that F, contains K2t N (£ +a)) so that z ¢ ri KJ™! by (2.1). We conclude that z € 9K+ \ {0}
and

Fa = ]:z7

where F, is as in (4.5). Let g = | - |% and let ¢ be the 1-FRF given by Corollary 4.1. By
Theorem 4.1, we have v, ,, € (0, 0c] for every n > 0, so that g satisfies Theorem 2.2. Furthermore, by
Theorem 4.2, g satisfies the asymptotic optimality criterion (G1) for ICZ“ and z besides satisfying
(SH) (since g is concave, see Lemma 3.1).

Now, all assumptions of Theorem 3.2 are satisfied. In particular, Corollary 3.1 (a) tells us that
K and £ + a satisfy a uniform Hoélderian error bound with exponent «, as in (4.6). By definition,
o, > min{1, % which concludes the proof of item (i7).

The optimality statement follows directly from item (b) of Corollary 3.1 by noting that z can
be scaled so that ||z|| = 1. O

The optimal error bound in Theorem 4.3 inherits its properties, in essence, from those of the
optimal 1-FRFs from Theorem 4.2. This highlights the importance of the framework we built in
Section 3. Worthy of additional note is that the optimal error bounds also differ dramatically from
the hypothesized form in [21, Section 5].

We conclude this subsection with a result on the direct product of nonpolyhedral p-cones.

Theorem 4.4 (Direct products of p-cones). Let K = K2 F1 x - x K=t where n; > 2 and
pi € (1,00) fori=1,...,s.

Let £ be a subspace and a be such that (L + a) N K # (. Then the following hold.

(i) dpps(K, L+ a) < min {s,dim(L+ N {a}*)}.
(ii) Let a = min{3, piﬂ e pi} and d = dpps(IC, L + a). Then, K and L+ a satisfy a uniform
Hélderian error bound with exponent of.
Proof. Bach K71 has only three types of faces: {0}, K7it! and extreme rays as in (4.5). There-
fore, the distance to polyhedrality satisfies Epoly(ngj"‘l) = 1 for every i. With that, (i) follows
from (2.3).

We move on to item (#i). We invoke Theorem 2.1 and let F; C --- C F; = K be a chain of
faces of KL with ¢ = dpps(KC, L+ a) + 1. At least one such chain exists; see Proposition 2.2 and the
subsequent discussion.

First, we need to determine the 1-FRFs for the faces of . Let F < K, then

F=F'x - xF*

and each F' is a face of K. Also, let z € F*, so that z = (21,...,2s) where z; € (F')* for
every ¢. By Proposition 2.3, 1-FRFs for F and z can be obtained by positively rescaling the sum
YF1 o 4+ Fs ., where each ¥z . is a 1-FRF for Fand z;. By the discussion in Section 4.2,
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these 1-FRF's are of the form p;(t)e+ p;(t)e® where p;, p; are nonnegative nondecreasing functions
and «; is either 1 (see the beginning of Section 4.2) or «,, as in Corollary 4.1. Since a < «,
@ is also a one-step facial residual function for F?

and positively rescaled shifts

adjusting p; and p, if necessary, p;(t)e + p;(t)e
and 2;.° Finally, summing s functions of the form p;(t)e + p;(t)e
still lead to a function of the same form p;(t)e + p;(t)e®.

We conclude that all the 1-FRF's for K and its faces can be taken to be of the form p(t)e+ p(t)e®
for some nonnegative nondecreasing functions p and p. The result then follows from Lemma 2.1. [

(03

5 Applications

Using our framework for certifying optimal 1-FRF's, we have built optimal error bounds for the
p-cones. In this final section, we showcase two applications of these results.

5.1 Least squares with p-norm regularization

In this subsection we consider the following least squares problem with (sum of) p-norm regular-
ization:
0 =mingern () = 3| Az — |2 + X5, Al (5.1)

where A is an m X n matrix, b € R™, \; > 0 for each i, and x is partitioned in s blocks so
that © = (z1,...,2s) with 2; € R™ for some n; > 2,4 =1,...,s. When p = 2, problem (5.1)
corresponds to the group LASSO model in statistics for inducing group sparsity [37]. The same
model can also be used in compressed sensing when the original signal is known to belong to a
union of subspaces; see [8].

Instances of (5.1) are usually presented in large scale and are solved via various first-order
methods such as the proximal gradient algorithm. Here, we are interested in local convergence
properties of these methods. Nowadays, it is known that local convergence properties of first-order
methods are closely related to the Kurdyka-Lojasiewicz (KL) property (see [1, Definition 3.1]) and
the associated exponents (see [18, Definition 2.3]) of the underlying optimization models; see, for
example, [1,3,18]. Specifically, if g in (5.1) is a KL function with exponent %7 then the sequence
generated by the proximal gradient algorithm converges locally linearly to a global minimizer; on
the other hand, a KL exponent greater than % can only guarantee a sublinear convergence rate.

For the convenience of the readers, we recall the definitions of KL functions and exponents
below. We start by introducing some necessary notations. We say that an extended real valued
function h : R® — [—o00,00] is proper if domh := {z | h(z) < oo} # @ and h(x) > —oo for
all z € R™, and such a function is said to be closed if it is lower semi-continuous. For a proper
convex function h, its set of subdifferential at x € R™ is defined as Oh(zx) := {u | h(y) — h(z) >
(u,y —x) Yy € R"}, and we define dom dh := {z | dh(z) # 0}. We are now ready to present the
definitions of KL functions and exponents as follows.

Definition 5.1 ([36, Definition 2.1]). We say that a proper closed convex function h : R™ —
[—00, 00] satisfies the KL property at an Z € domdh if there exist a € (0,00], € > 0 and a
continuous concave function ¢ : [0,a) — [0, 00) such that

(i) ¥(0) = 0 and ¥ is continuously differentiable on (0, a) with positive derivatives;

9Specifically, if p;(t)e + p;(t)e*i is an FRF of F?, z; with respect to ICZZ-’_I, since a < a; < 1, we have

pi(t)e + pi(t)e* if € € [0,1],

pi(t)e + pi(t)e*t < {pi(t)ﬁ +pi(t)e if e > 1.

Then (p;(t) + pi(t))e + pi(t)e™ is also an FRF.
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(ii) It holds that
' (h(z) — h(z)) dist(0, Oh(x)) > 1 (5.2)

whenever h(Z) < h(z) < h(Z) + a and ||z — Z|| < e.

If h satisfies the KL property at # € dom dh and the 9 (t) in (5.2) can be chosen as ct!~ for some
¢>0and a € [0,1), then h is said to satisfy the KL property at & with exponent a.

A proper closed convex function h is said to be a KL function if it satisfies the KL property at
every ¥ € domdh, and is said to be a KL function with exponent o € [0,1) if it satisfies the KL
property with exponent « at every x € dom Oh.

When p € [1,2] or p = oo in (5.1), it has been shown in [38,39] that a certain first-order
error bound condition holds for the g in (5.1). This first-order error bound condition for g turns
out to be equivalent to the fact that ¢ is a KL function with exponent %; see [7, Corollary 3.6]
and [4, Theorem 5]. Consequently, we know that the g in (5.1) is a KL function with exponent %
when p € [1,2] U {o0}.

On the other hand, in view of [39, Example 4], it is known that the g in (5.1) is in general not
a KL function with exponent 3 when p € (2,00). Indeed, it is not even clear whether g is a KL
function, not to mention whether it has a KL exponent. Here, leveraging our error bound results
in Section 4.3 on direct products of p-cones, we will compute explicitly a KL exponent for g in
(5.1) when p € (2,00). The KL exponent can then be used to estimate the convergence rate of the
sequence generated when, for example, proximal gradient algorithm is applied to (5.1) with these
p values.

Our analysis starts by observing that (5.1), for any p € (1, 00), can be equivalently reformulated
as a conic linear program. For that, it will be convenient to consider the rotated second order cone

which is defined as
QM2 — [(t,u,z) ERXx R x R™ | tu>|jz||?, t>0, u>0}.

Let T : R™*2 — R™*2 be the bijective linear map such that T'(¢,u,z) = (t + u,t — u,2x). Then,
TOM™? = K2 ie., @™*2 and K" are linearly isomorphic cones. By [21, Proposition 17],
linearly isomorphic cones have the same facial residual functions up to positive rescaling. This
implies that Theorem 4.4 is still valid if a cone /C;’j“ with p; = 2 is replaced by Q7 +1.
With that, we can write (5.1) as
min 0.5t + > 0, Ay

tu,w,y,z
st. Ar—w=0, u=1, (5.3)
(t,U,UI) € Q:‘n+27 (yzaxz> EIC;Li+17 i:17"‘75'

The optimal values of (5.1) and (5.3) are the same (i.e., both are #) and an optimal solution to
the former can be readily used to construct an optimal solution to the latter and vice-versa. For
notational convenience, in what follows we write

v =(t,u,w, (y1,21), ..., (Ys, Ts))- (5.4)
Then, the optimal set of (5.3) can be written as the intersection of the affine space
V=A{v|05t+>:  Nyi=0,u=1Az —w=">} (5.5)

with the cone
K= x It s x Ko (5.6)
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The feasible region of (5.3) will be denoted by D, so that
D={v|u=1Az—w=0bveK}

We can then apply Theorem 4.4, since, as remarked previously, @™*2 and IC%"‘|r2 are linearly
isomorphic. Therefore, there exists a € (0,1] such that for every bounded set B there exists
kp > 0 such that

dist(v, K N V) < kp max(dist(v, K), dist(v, V)%, Vv € B, (5.7)
and we will discuss the value of « later. Because V is an affine set, it follows from Hoffman’s
lemma [12] that there exists a constant ky > 0 such that if v (as in (5.4)) satisfies u = 1 and
Axr —w = b, we have

dist(v, V) < ky |05t + >0 Nys — 6]
Plugging this in (5.7), we obtain

dist(v,KNV) < k0.5t + >, Niyi — 0", Vv e BND, (5.8)

for some constant k > 0. Next, denoting by dp the indicator function of D, we define

G(V) = 0.5t + Z?:l )\lyl — 0+ 5D(V),

so that G is a proper convex lower semicontinuous function satisfying infy G(v) = 0. Then (5.8)
implies the following error bound condition: if v* € argmin G and B is any ball centered at v*,
then there exists x > 0 such that

dist(v,argmin G) < kG(v)%, YveBND. (5.9)

By [4, Theorem 5|, this means that G satisfies the KL property at v* with exponent 1 — «. Now,
recalling the definition of v in (5.4) and writing = (21,...,zs) and z = ({,u,w,y1,...,Ys), We
can see that

g9(x) =0 = nf G(v),

where ¢ is defined in (5.1). Let Z(z) := argmin, G(v). Then, Z(z) is nonempty and if z € Z(z),
it must be the case that z = (t,u,w,y1,...,ys) satisfies t = ||Az — b||?, v = 1, t > ||w|? and
y; = ||xi|lp. This shows that Z(z) is compact.

We have thus fulfilled all the conditions necessary to invoke [36, Corollary 3.3] which says that
the KL exponent of G gets transferred to g. Therefore, if £* is an optimal solution to (5.1), then
g satisfies the KL property with exponent 1 — « at x*.

The final piece we need is a discussion on the value of a. By Theorem 4.4, o can be chosen as
min{0.5,1/p}¢, where d = dpps(K,V) and d < s+ 1. So let us take a look at a situation under
which we have d < 1. By selecting b, ¢ and .4 appropriately, we can write (5.1) and its dual as

min{{c,v) | Av =b,v € K}, max{(b,y) | c — ATy € £*}. (5.10)
v y

Because of the format of (5.3), Slater’s condition is satisfied, since one can take y; and t large
enough so that v is feasible and v € ri/C. Therefore, the corresponding dual problem has an
optimal solution y* attaining the same optimal value . Let s* = ¢ — ATy*, so that s* € K*NV+
holds because y* is dual optimal. Then (v*,s*) = (¢, v*) — (Av* y*) = 0 whenever v* is a primal
optimal solution. Thus, F := K N {s*}* defines a face of K containing the optimal set of (5.3). In
particular, if the following strict complementarity-like condition holds for some optimal solution
v*,

v eri(Kn{s*}t), (5.11)
then VN F =V NK and VN (riF) # 0 holds, so that dpps(K,V) < 1. We have thus proved the
following result.
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Theorem 5.1. Let z* be an optimal solution to (5.1). Then g satisfies the KL property at z*
with exponent 1 — a, where a = min{0.5,1/p}¢ and d = dpps(K,V), with V and K given in (5.5)
and (5.6) respectively. Furthermore, d < s+ 1, and if (5.3) satisfies strict complementarity (see
(5.11)), then d < 1.

5.2 Self-duality and homogeneity of p-cones

The second-order cone ICSJrl is quite special since it is symmetric, that is self-dual and ho-
mogeneous. Self-duality means that (ICSH)* = ICSJrl and homogeneity means that for every
x,y € ri IC;LH, there exists a linear map A such that Ax = y and AICSJrl = /CSH. Symmetric
cones have many nice properties coming from the theory of Jordan algebras [9,10].

A basic question then is the following: are all p-cones symmetric? At first glance, the answer
might seem obviously no; however, this is a subtle question, and the path to its solution is rife with
tempting pitfalls. For example, a common source of confusion is as follows: in order to disprove
that a cone is symmetric, it is not enough to show that IC* # K. The reason is that the self-
duality requirement, in the Jordan algebra context, can be met by arbitrary inner products, and
KC* changes if (-, -) varies. An interesting discussion on symmetrizing a cone by changing the inner
product can be seen in [28]. In fact, the existence of an inner product making a cone K self-dual
is equivalent to the existence of a positive definite symmetric matrix ) such that QK = K*, where
K* is the dual cone obtained under the usual Euclidean inner product.

In what follows, we let p € (1,00), p # 2, n > 2 and ¢ be such that 1/p+ 1/q = 1. In order to
prove that a p-cone is not a symmetric cone via the self-duality route, what is actually required is
to show that QIC]T;Jrl = ICZ;+1 never holds for any positive definite symmetric matrix Q. It might
be fair to say that this is harder than merely showing that IC;}‘|r1 # IC;’H. One might then try
to focus on the homogeneity requirement instead, but this is also a nontrivial task. In fact, the
homogeneity of general p-cones was one of the open questions mentioned by Gowda and Trott
in [11].

These issues were later settled in [13,14] using techniques such as T-algebras [33] and tools
borrowed from differential geometry. In this final subsection, we show “easy” proofs for the ques-
tions above based on our error bound results. The only preliminary fact we need is that if A is a
matrix, then AKX} = K7 if and only if

A=a Ll) g} , (5.12)

for some o > 0 and generalized permutation matrix D (i.e., =1 are allowed in the entries of D);
see [11, Theorem 7). Here, K := {(20,Z) € R** | 2o > ||Z1}.

Theorem 5.2 ([14, Theorem 11, Corollaries 13 and 14]). Suppose that p € (1,00) and n > 2.
Then, the following items hold.

(i) If p > p, then there is no matriz A such that AIC;Jrl = ICE'H.

(i) If p # 2 and AIC;“H = IC;}‘“1 holds for some matriz A, then AIC?+1 = IC?H; in particular,
the matriz A must be as in (5.12).

(ti1) If p # 2, then IC;,}+1 is neither self-dual nor homogeneous.

Proof. Before we proceed we make some general observations. Suppose that p > p. and there is
a matrix A such that AKPH! = K21 Let z € (KpT™)* be such that 7y == K+t {z}* is an
arbitrary extreme ray. Since A is invertible, AF; must be an an extreme ray of ICg+1 satisfying

AR =K n e,
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where 2 = A~T(z). Therefore, if ¢ is a 1-FRF for IC;D”rl and z, then A must map F; onto a
face AF; < ICZ+1 such that a positive rescaling of ¢ is a 1-FRF for IC;}H and 2 = A T(2);
see [21, Proposition 17]. Conversely, since A‘llC;H'1 = IC;L'H, if ¢ is a one-step facial residual
function for ICSJrl and A~7(z), then a positive rescaling of 9 is a 1-FRF for IC;”r1 and z.

The 1-FRFs for IC;}H and z we constructed are built from functions that satisfy the optimality
criterion (G1); see Theorem 4.2. This means the exponents appearing in Corollary 4.1 are the
largest possible, which follows from Theorem 3.1 and an argument similar to the proof of item (b)
of Corollary 3.1. So, in what follows, we will refer to those exponents appearing in a 1-FRF for
IC;}“ and z constructed from Corollary 4.1 as the best exponent of Fi.

Since positive rescaling does not alter the exponents, the argument we just outlined implies
that A must map an extreme ray of IC;}H with best exponent « to an extreme ray of IC;;+1 having
the same best exponent.

With that in mind, first, we prove item (7). As discussed above, the only possibility of having
AT = IC;H'1 is if £ and IC;}'H have extreme rays with the same best exponents.

By assumption, we have p > p. If p = 2, then all the extreme rays of IC;LJrl have best exponent
1/2. Since this is not true for IC;LH, this case cannot happen. The case p € (1,2) is also impossible
because the largest best exponent appearing in an extreme ray of ICZJrl is max{1/2,1/p} and
1/p > max{1/2,1/p}.

Finally, suppose that p > 2. Then, there is an extreme ray F; < IC;”r1 with best exponent 1/p.
However, the best exponents for the extreme rays of ICZJrl are 1/p and 1/2, so this case cannot
happen. This concludes the proof of item (7).

Next, we move on to item (i7). Suppose first that p € (1,2). Let €; denote the i-th unit vector
in R™. Then, the two half-lines generated by the vectors (1,¢;) and (1, —¢;) are extreme rays of
IC;}“ with best exponent 1/p, by Corollary 4.1. Observing (4.6), we see that those are the only
extreme rays of K7"! having best exponent 1/p, and there are 2n of them. Since AKX = K7+
and A must map a face to another face having an identical best exponent, we conclude that A
permutes this set of 2n extreme rays. However, they are also all the extreme rays of the 1-cone
Kt so AKPT = K7L In view of the discussion around (5.12), there exists positive a > 0 and
a generalized permutation matrix D such that

1 0
Aa{o D}

This concludes the case p € (1,2). Next, suppose that p € (2,00), then taking duals we have
AT = Kp+t, where 1/q 4+ 1/p = 1, so that g € (1,2). Applying what we have shown in the
first part for ¢ € (1,2), we know that A7 must be a matrix as in (5.12). Then, A is another
matrix having the same format and AKXT" = K. This completes the proof of item (i4).

Let p # 2. As discussed previously, self-duality implies the existence of a positive definite
symmetric matrix @ such that QK7+ = K71, which is impossible by item (). Next, we disprove
homogeneity. Notice that ri IC;H'1 is properly contained in ri IC;LH, but they do not coincide since
Kt £ Kt So let @ == (1,0,...,0) and y be a point in (ri KpF) \ K7+ If AKCRTL = Kot
then AIC;’+1 = IC?+1 by item (ii). Since z € rilC?H, we have Ax # y for all A satisfying
AKpH! = K+t This shows that ! is not homogeneous. O
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