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DIFFERENTIAL NORMS AND RIEFFEL ALGEBRAS

RODRIGO A. H. M. CABRAL, MICHAEL FORGER, AND SEVERINO T. MELO

ABSTRACT. We develop criteria to guarantee uniqueness of the C*-norm on a x-algebra B.
Nontrivial examples are provided by the noncommutative algebras of C-valued functions 83 (R™)
and BS (R™) defined by M.A. Rieffel via a deformation quantization procedure, where C is a C*-
algebra and J is a skew-symmetric linear transformation on R™ with respect to which the usual
pointwise product is deformed. In the process, we prove that the Fréchet x-algebra topology of
BS (R™) can be generated by a sequence of submultiplicative *-norms and that, if C is unital, this
algebra is closed under the C°°-functional calculus of its C*-completion. We also show that the
algebras 83 (R™) and BS (R™) are spectrally invariant in their respective C*-completions, when C
is unital. As a corollary of our results, we obtain simple proofs of certain estimates in BS (R™).

1. INTRODUCTION

The main aim of this paper is to present criteria for a given *-algebra, denoted in what follows by
B (and defined purely algebraically as in [27, p. 35]), to admit a unique C*-norm. Let us recall that
existence of a C*-norm already imposes restrictions, since there are examples of x-algebras which
do not admit any C*-norm at all. And even when C*-norms do exist, there may “a priori” be many
different ones — see the beginning of Section 2. It is true that any two C*-norms on a *-algebra
turning it into a C*-algebra are necessarily equal [27, Corollary 2.1.2, p. 37], but the conclusion
breaks down when we abandon the hypothesis of completeness.

Since our focus here will be on the question of uniqueness and not of existence, we shall in
the sequel bypass the latter by assuming that the x-algebra B in question is realized as a dense
x-subalgebra of some C*-algebra A. Within this context we formulate our first main theorem, which
states that if B is closed under the C*>°-functional calculus of A [4, p. 309] [5, p. 256, (1)] [17, Remark
(1), p. 274] [21, p. 22] (sometimes also called the smooth functional calculus of A [10, p. 6]; see
Definition 2.4), then the C*-norm on B induced from that of A is the only possible one (Theorem
2.5). In the unital case, this can be seen as a noncommutative version of the statement that on
a smooth compact manifold M, the algebra C°°(M) of smooth functions uniquely determines the
algebra C (M) of continuous functions, which is the algebraic counterpart of the idea that a smooth
manifold is automatically also a topological space: the smooth structure uniquely determines the
topology [20, Chapter 2, pp. 22 & 23].

In our main applications, B will not be merely a x-algebra but rather a Fréchet x-algebra, that
is, a x-algebra which is also a metrizable and complete locally convex topological vector space such
that both its multiplication and its involution are continuous.! A particularly interesting situation
appears when B is a Fréchet *-algebra whose topology can be defined by a differential seminorm, as
originally introduced by B. Blackadar and J. Cuntz [5] and later modified by S.J. Bhatt, A. Inoue
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YWe recall that a separately continuous bilinear map from a Fréchet space to an arbitrary locally convex space is
automatically (jointly) continuous [13, Theorem 1, p. 357], [13, p. 214].
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and H. Ogi [4, Definition 3.1]. In this case, there are important results [4, Theorems 3.3 & 3.4]
which will guarantee the validity of the hypotheses of Proposition 2.1, Theorem 2.3 and Theorem
2.5.

In Section 3, we consider the noncommutative function algebras SG(R™) and BS(R"™) defined by
M.A. Rieffel [29] via a deformation quantization procedure, where C is a given C*-algebra of “co-
efficients” and J is a skew-symmetric linear transformation on R™ with respect to which the usual
(commutative) pointwise product is “deformed” (Definition 3.1). Using Rieffel’s deformed product
X j (see Equation (3.7)), together with the pointwise involution and with the choice of standard sys-
tems of (semi)norms which are familiar from the theory of distributions (there are several variants),
these are Fréchet x-algebras. However, we will substitute the initial system of norms on Bg (R™) by
a more convenient one, resorting to a faithful representation of this function algebra as an algebra
of bounded (pseudodifferential) operators on a Hilbert C*-module [19]. More precisely, we first
define an “operator C*-norm” on BS(R™) (see Definition 3.1) and, under the assumption of a unital
C, we will define a differential norm on BS(R™), a construction which will require several steps. In
particular, we will need a version of the Calderén-Vaillancourt inequality for Hilbert C*-modules
(see Theorem 3.2 and Equation (3.23)), as well as the “symbol map” S constructed in reference [23]
that allows us to obtain an “inverse Calderén-Vaillancourt-type inequality” (see Equation (3.27))
which, in the scalar case (C = C), was proved by H.O. Cordes in [9, Proposition 4.2, p. 262].
Besides showing that the natural topology of Bg (R™) is, in particular, defined by a sequence of
submultiplicative *-norms, the fact that the topology on Bg (R™) is generated by a differential norm
(Theorem 3.5) also implies, for a unital C, that this x-algebra is closed under the C*°-functional
calculus of its C*-completion (see Theorem 3.8). This result will put us in a position to establish
the uniqueness statement for C*-norms on Bg (R™), by means of Theorem 2.5, for any C*-algebra C
(unital, or not — see Theorem 3.9). The analogous C*-norm uniqueness statement for S (R™) will
also be obtained as a corollary, in Theorem 3.10. Moreover, due to the spectral invariance results
contained in Theorems 3.8 and 3.11 (for a unital C), BS(R™) and SG(R™) have the same K-theory
as their respective C*-completions.

At the end of Section 3, we provide a few other applications. We begin by showing that the
Fréchet x-algebra of smooth elements for a strongly continuous Lie group representation by -
automorphisms on a C*-algebra admits only one C*-norm (Theorem 3.13), illustrating this result
with two algebras of pseudodifferential operators with scalar-valued symbols. Then, we prove that
the “sup norm” and the “operator C*-norm” coincide on B(R™) when J = 0 (Proposition 3.15).
Finally, in Theorem 3.16, we use some of our results to give very simple proofs of three propositions
of Rieffel’s monograph [29]: Propositions 4.11, 5.4 and 5.6.

2. UNIQUENESS OF C*-NORMS

As observed in the Introduction, some *-algebras may not admit any C*-norm at all. For a
concrete example, denote the Schwartz function space by S(R™) (see Section 3), which is a dense
subspace of L2(R™). Also, consider the algebra End™(S(R™)) of all linear operators 7' on L?(R™)
such that Dom 7" := S(R"), T[S(R™)] C S(R™), S(R") C Dom T* and T*[S(R™)] C S(R™), where
T* denotes the adjoint operator on L#(R"). Then End*(S(R")) becomes a *-algebra when equipped
with the involution operation T'+—— T := T™|s(gn) [33, Lemma 3.2, p. 40]. Moreover, define B as

the *-subalgebra of End™ (S(R™)) generated by the set
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of linear operators on S(R™), in which x, is the multiplication operator by the coordinate function
o — x and I is the identity operator on L?(R™). Then since

dwn(f) . Of _

afk § afk N
we conclude, as a consequence of the fact that in a unital Banach algebra a commutator of two
elements cannot be equal to the identity [32, Theorem 13.6, p. 351], that neither End™* (S(R")) nor
B can carry any submultiplicative norm, let alone a C*-norm.

On the other hand, some *-algebras can be equipped with more than one C*-norm (in fact,
with many different ones). For example, if S* := {z € C: |z|] =1} and C(S') is the *-algebra of
complex-valued continuous functions on S!, then the *-subalgebra

(ag o by —broag)(f) = fs feSR"), 1<k <n,

B = {p:Slaz'—>p(z): Z akzk,ake(c,neN}

k=—n

of trigonometric polynomials admits infinitely many C*-norms: the C*-seminorms || - ||x: g —
sup{lg(2)] : 2 € K} on C(S'), in which K is an infinite compact subset of S!, restrict to C*-
norms on B, as a consequence of the Identity Theorem for holomorphic functions [28, The Identity
Theorem, p. 228]. To see that || - ||k, # || - ||k, if K1 and K3 are distinct infinite compact subsets
of S1 first note that, if zg € K7\ K>, then there exists a compactly supported continuous function
0 < f < 1on St such that f(z0) = 1 and f|k, = 0, so ||fllx, = 0 and ||f|lx, = 1; therefore,
since the trigonometric polynomials form a dense subalgebra of C'(S*) with respect to the C*-norm
| - llsr: g — sup{|g(z)| : z € S*} [31, Theorem 4.25, p. 91], there must be an element po in B
such that [[po|lx, 7 lIpoll .

In the discussion of the two examples above, we have already followed what we believe to be
standard terminology in the literature, according to which a seminorm p on a *-algebra B is just a
seminorm on B as a vector space, so the term “seminorm” in itself does not “a priori” include any
requirement of compatibility with either the multiplication or the involution on B. Correspondingly,
we say that a seminorm p is submultiplicative if we have p(b1b2) < p(b1)p(be), for all by,by € B,
is a x-seminorm if p(b*) = p(b), for all b € B and is a C*-seminorm if it is a submultiplicative
*-seminorm satisfying p(b*b) = p(b)?, for all b € B. Finally, throughout the paper we shall often
employ the notation || - ||z to denote a C*-norm on a general x-algebra 5. When A is a C*-algebra,
for example, || - |4 will denote the unique C*-norm which may be defined on A.

The uniqueness theorem for C*-norms on certain *-algebras that we shall prove in this section
(Theorem 2.5) depends on just one essential condition, namely closure under the C* functional
calculus. But in an intermediate step (Theorem 2.3), it involves two technical conditions, one of
which is a weakened form of spectral invariance (see Definition 2.2 below).

We begin by recalling the definition of spectrum of an element a of an algebra A: if A is unital
with unit 14, it is the set 0.4(a) C C of numbers A such that A1 4 — a is not invertible in A, whereas
if A is non-unital, it is defined to be the spectrum of (a, 0) in the unitization A of A [27, pp. 6 & 12].
If 0 4(a) # 0, the corresponding spectral radius of a is defined to be r4(a) :=sup{|A| : A € o.4(a)}.

Proposition 2.1. Let B be a dense x-subalgebra of a C*-algebra A with the property that r(b*b) =

rA(b*D), for all b € B. Then every C*-seminorm on B is magjorized by the restriction of || - |4 to
B.

Proof. For each x-representation p of B on a Hilbert space H, we may use the corresponding operator
norm || - |[z(3) to define a C*-seminorm || - ||, on B by [|b]|, := ||p(b)||£(#), for all b € B. Moreover,
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every C*-seminorm p on B is of this form: the completion B/ker p of the quotient of B by the
kernel of p (with respect to the C*-norm given by ||[b]||, := p(b), for every [b] € B/ker p) is a C*-
algebra which, according to the Gelfand-Naimark Theorem [27, Theorem 3.4.1, p. 94] has a faithful
representation p’ on some Hilbert space; therefore, composition of p’ with the canonical projection
from B to B/ker p produces a *-representation of B whose operator C*-seminorm is equal to p.

Now let p be a C*-seminorm on B and p be a #-representation of B on some Hilbert space H
satisfying p = || - ||,. Then by the hypothesis, for every fixed b € B,

p(6)* = [1blI7 = lo®)IZ ) = I1o®) p®)ll 230y = (67D 230) = 34y (p(07D))

<rp(0°b) = 1.4(b"b) = [[b7b]l.a = (1Bl
O

Similarly as in reference [34], we shall adopt the following conventions: let 4 be an algebra and
B be a subalgebra of A. If A is non-unital, we define A as A and B as B; if A and B are both unital
and share the same unit, let A := A and B := B; finally, if A is unital but the unit 14 of A does
not belong to B, let A := A and B be the subalgebra of A generated by B and 14. In any case, A
and B are unital algebras sharing the same unit. We now make the following

Definition 2.2. Let A be an algebra and B be a subalgebra of A. We say that B is spectrally invariant
in A if, for every element of B, its spectrum as an element of B coincides with its spectrum as an
element of A. Similarly, we say that B is real spectrally invariant in A (respectively, positive
spectrally invariant in A) if, for every element b of B satisfying b = b* (respectively, for every
element b of B satisfying b = c*¢, for some ¢ € B), its spectrum as an element of B coincides with
its spectrum as an element of A.

Therefore, a sufficient condition for guaranteeing the hypothesis of “spectral radius invariance”
for elements of the form b*b, b € B, in Proposition 2.1, is obtained by requiring B to be positive
spectrally invariant in A, since in this case we have

ra(b*b) = r(b"b) =1 ;1 (b"b) = 7r.4(D"D).

Clearly, such a condition is also satisfied if the stronger hypothesis that B is spectrally invariant in
A is fulfilled. A brief discussion on the issue of spectral invariance may be found in Appendix A. As
is well known, this condition is equivalent to requiring that whenever an element of BB has an inverse
in A, this inverse already belongs to B. We should also mention that concepts very similar to the
properties of real spectral invariance and of spectral radius invariance for elements of the form b*b,
b € B, presented above, have been discussed in the literature before; compare, for instance, with
the concept of x-inverse closedness and with the spectral radius preserving (SRP) property in [1]
and [2].

We will now see that if B bears a nice relationship with the closed ideals of A and satisfies the
hypotheses of Proposition 2.1, then it admits only one C*-norm.

Theorem 2.3. Let B be a dense x-subalgebra of a C*-algebra A satisfying the following two hypothe-
ses:

(1) For all b € B, the equality ra(b*b) = r4(b*b) of spectral radii holds.
(2) For every closed ideal T of A, TN B is a dense x-subalgebra of T.

Then the only C*-norm which may possibly be defined on B is the restriction of || - || 4.
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Proof. According to Proposition 2.1, any C*-norm || - ||z on B is majorized by the restriction of
Il - |l4 to B. Therefore, one can extend || - ||z uniquely to a C*-seminorm ps on A, whose kernel
Z will be a closed #-ideal of A; moreover, due to the fact that || - ||z is a norm on B, we have

Z N B = {0}. By the hypothesis (2), it follows that {0} is dense in Z, so Z = {0}: in other words,
pg is actually a C*-norm on A. Since there exists only one C*-norm turning A into a C*-algebra,
pp must coincide with || - |4 on A and, in particular, on B. This proves the claim. O

Our next objective will be to search for situations in which the requirements (1) and (2) of
Theorem 2.3 are fulfilled in a natural way. At this point we find it appropriate to say a few words
about the concept of closure under the C*°-functional calculus, taking into account the possibility
that the larger algebra and its subalgebra may not share a unit:

Definition 2.4. Let B be a *-subalgebra of a C*-algebra A. B is said to be closed under the C*-
functional calculus (or smooth functional calculus) of A if, for every self-adjoint element b of B and
every smooth function f on an open neighborhood U C R of o 4(b), one has f(b) € B.

The following theorem shows that being closed under the C°°-functional calculus of A is a
sufficient hypothesis on the dense *-subalgebra B in order to guarantee uniqueness of the C*-norm.
Part of its proof adapts an argument which may be found in [5, Proposition 6.7(b)] (see also [3,
Lemma 2]):

Theorem 2.5. Let B be a dense x-subalgebra of a C*-algebra A, closed under the C™-functional
calculus of A. Then the only C*-norm which may possibly be defined on B is the restriction of

- [l.a-

Proof. Let us show that the hypotheses (1) and (2) of Theorem 2.3 are verified, beginning with
(1). Let us prove that, for all b € B, the equality oz(b*b) = o ;(b*b) of spectra holds. Fix b € B
and A € C\o 4(b*b). Then by compactness of the spectrum o ;(b*b) there must be an open set
V C C such that A € V C C\o4(b*b). Therefore, the function f: p — (A — p)~! is well-
defined and smooth on the open subset U := RN (C\V) of R, which contains o (b*b). Hence,
(M4 —b*b)~t = f(b*b) € B. This proves the inclusion o,(b*b) C o ;(b*b) and, since the reverse
inclusion is automatic, we have proved the desired statement. Since the equality o;(b*b) = o ;(b*D)
of spectra trivially implies the equality rg(b*b) = r4(b*b) of spectral radii, we have shown that (1)
holds.

To prove (2), we first assume that B and A are unital algebras sharing the same unit. To show
that for every x € Z and every € > 0, there exists z € ZN B such that ||z — z|| 4 < €, we may assume
without loss of generality that * = x (otherwise, apply the following argument to (z + x*)/2 and
(x — 2*)/(2i), using that Z is #-invariant [27, Theorem 3.1.3, p. 79]). Thus fix an element z = z*
in Z and € > 0. By the denseness hypothesis there exists an element y in B, which once again
without loss of generality may be assumed to be self-adjoint, such that ||z — y||4 < €/3. Now let
0 < x < 1 be a smooth function on R with support contained in the interval [—2¢/3,2¢/3] such
that x(¢t) = 1, for all ¢t € [—€/3,¢/3]. Then the function f defined by f(t) := ¢(1 — x(t)) satisfies
sup,cp | f(t) —t| < 2€/3, so the continuous functional calculus of A implies that || f(y) —y|l.4 < 2¢/3.
Therefore, since B is closed under the C*°-functional calculus of A, f(y) is a self-adjoint element
of B such that ||f(y) — z||la < e. To see that f(y) also belongs to Z, note that if 7: A — A/T
is the canonical quotient map, then ||7(y)|a/z = I7(y — 2)|a/z < lly — 2[|la < €/3, so that
m(f(y)) = f(n(y)) = 0, since f vanishes on o 4,7(7(y)). This proves that f(y) belongs to Z N B,
establishing the density claim.
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Now, we deal with the general case. By what we have proved, Z N B is dense in Z, since every
closed ideal in A is a closed ideal in A (here we are making the usual identification of Z with its
image in A via the canonical inclusion A < A). Fix € Z and let (€, \n))nen be a sequence in
7N B converging to x, where x,, € B and A, € C, for all n € N. To establish that Z N B is dense in
T we shall prove that (z,,)nen also converges to z. By the definition of the C*-norm of A, it follows
that (A, )nen is a Cauchy sequence, so it converges to a certain A € C. This implies that (2, )nen
converges to some y € A, from which it follows that (z,0) = (y, A). Consequently, © = y and A =0,
which proves the desired claim.

Therefore, uniqueness of the C*-norm on B is a consequence of Theorem 2.3. (|

Remark 2.6. We note that, if we substitute b*b € B by a self-adjoint element b = b* € B in the first
paragraph of the proof of Theorem 2.5 we can establish, with an easy adaptation of the arguments,
the following fact: if B is a dense x-subalgebra of a C*-algebra A, closed under the C>-functional
calculus of A, then B is real spectrally invariant in A.

Remark 2.7. Before carrying on, we would like to point out that, although the hypothesis of being
closed under the C*°-functional calculus is sufficient to guarantee uniqueness of the C*-norm, it is
by no means necessary. In fact, let A = C(T) be the C*-algebra of (27)-periodic complex-valued
continuous functions on R, equipped with the C*-norm
[~ Moot fr—=Iflloc :=sup [f(2)],
te[—m,m)

and B = A(T) be the x-subalgebra of C(T) consisting of functions having an absolutely convergent
Fourier series. Then A(T) is dense in C(T), because it contains the trigonometric polynomials,
which form a dense x-subalgebra of C(T). Moreover, A(T) is, according to the terminology in
[17, Definition (3), p. 269], locally normal in C(T) [17, Remark (1), p. 275], so [17, Theorem
13(i), p. 274] shows that the hypothesis (2) in Theorem 2.3 is satisfied. On the other hand, as a
consequence of Wiener’s theorem [22, Theorem 5.51, p. 140], A(T) is spectrally invariant in C(T),
which immediately implies hypothesis (1) of Theorem 2.3. Therefore, there exists only one C*-norm
on A(T), which is obtained by restricting || - || to A(T). However, as noted in [17, Remark (1),
p. 275], A(T) is not closed under the C*°-functional calculus of C(T) (see [15, pp. 80-82], as well as
[16] and [30]). This observation shows that the converse of Theorem 2.5 does not hold, in general.

Next, we would like to make a few comments about the families of seminorms we shall employ to
define the topologies of our Fréchet x-algebras. The topology of every Fréchet x-algebra B can be
generated by an increasing sequence of *-seminorms (p,, )men [12, Theorem 3.7, p. 32], meaning that
Dy (0) < pmy (b)), for all b € B, whenever my, mo € N satisfy m; < mga. Sometimes, such a topology
can even be generated by a family of submultiplicative *-seminorms, but not all Fréchet x-algebras
have this property: those that do are often called Arens-Michael x-algebras [12, Definition 3.5, p. 30]
(see also the paragraph right before [26, Proposition 2.3]). Indeed, the continuity assumption on
the multiplication of a Fréchet s-algebra B whose topology is generated by an increasing sequence
(Pm)men of x-seminorms does not in itself force these to be submultiplicative; rather, it only means
that, for each m € N, there exist C,,, > 0 and m’ € N such that

(2.1) Pm(b1b2) < Cry Py (b1) Py (b2), for all by,bp € B,

and in order for the x-seminorm p,, to be submultiplicative, this property would have to hold with
Cmn=1and m' =0.
Now, we introduce a central notion for the investigations of the present paper:
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Definition 2.8. Let B be a unital C*-normed algebra — in other words, B is a (not necessarily
complete) unital *-algebra whose topology is generated by the C*-norm || - ||g. According to [4,
Definition 3.1], a differential seminorm on B is a map T: b+ (Tk(b))ken on B assuming values in
sequences of non-negative real numbers such that: (1) each T} is a *-seminorm; (2) Ty (b) < cl||b]| 5,
for some ¢ > 0 and all b € B; (3) we have

> Ti(a)T;(b), abeB,
i+j=k
for all kK € N — note that this forces the first seminorm, Tp, to be submultiplicative. If T'(b) = 0
implies b = 0, then T is said to be a differential norm.

In the examples of interest to us, Ty will always be equal to || - ||z, so T will be a differential
norm and the underlying topology generated by the sequence (Tj)ren of *-seminorms will always
be Hausdorff.

If T: b (Ti(b))ren is a differential seminorm on B, it is easy to see that setting

(2.2) sm(b) = iTk(b) be B,

produces an increasing sequence (8, )men of submultiplicative #-seminorms on B generating the
same topology as the original sequence (T} )gen-

With all of these preliminaries out of the way, let us now come to concrete realizations of the
structures discussed in this section by function algebras equipped with the deformed product.

3. RIEFFEL’S FUNCTION ALGEBRAS

Let C be a C*-algebra. Define S¢(R") as the space of C-valued Schwartz functions or, in other
words, the C-valued smooth functions on R™ which, together with all of their partial derivatives,
are rapidly decreasing at infinity. Also, define B¢(R") as the space of C-valued bounded smooth
functions on R™ whose partial derivatives of all orders are also bounded (when C = C, we will write
simply S(R™) and B(R"), respectively).

We can define two “L2-type” norms on S¢(R"), namely

30 W= ([ reiza) = ([ iserseiea) . res@,

and

(32) 17l = H/ fa

Clearly, || fll2 < || f|lz2, for all f € S¢(R™). The Banach space completion E,, of S¢(R") with respect
to the norm || - |2 possesses the structure of a Hilbert C*-module [19], with subjacent C-valued inner
product [19, p. 2] obtained as the continuous extension of the map

(f.9)— [ fl@)'g(@)de,  (f,9) €S (R") x S°(R")

Rn
to E, x E,. This C-valued inner product will be denoted in what follows by (-,-)g, or, when
there is no risk of confusion, simply by (-,-). Following [19, p. 9], we will denote the C*-algebra
of (bounded) adjointable operators on the Hilbert C-module F,,, equipped with the usual operator
C*-norm || - ||, by Le(Ep).

1/2
: f e SCRM).
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In order to say a few words about the Banach space completion of S¢(R™) with respect to the
norm || - ||z, we first need to fix some notations: if A denotes the Lebesgue measure on R™, we will
say that a function f: R™ — C is A-simple if f(x) = Zjvzl 1p,(x) cj, for some fixed N > 0 and all
r € R", where c¢; are elements of C and 1p, are indicator functions of Borel-measurable subsets B;
of R™ such that A(B;) < +o0, for all 1 < j < N [14, Definition 1.1.13, p. 8]. Moreover, we will say
that a function f: R™ — C is strongly A-measurable if it is the A-almost everywhere pointwise limit
of a sequence of A-simple functions [14, Definition 1.1.14, p. 8]. With these terminologies in mind,
we define L2(R™,C) as the space of equivalence classes of strongly A\-measurable square-integrable
C-valued functions on R™ [14, Definition 1.2.15, p. 21], which is the Banach space completion of
S¢(R™) with respect to the norm || - ||z2. In fact, as noted in Lemma D.1 of the Appendix, one
may adapt the proof of Lemma C.1 to show that S¢(R") is dense in (L?(R",C),|| - ||z2). The space
L?(R™,C) is continuously embedded in E,, as a dense subspace, a fact which will play an important
role in the proof of Theorem 3.2; see Appendix D.

On the other hand, S¢(R™) and B¢ (R™) become Fréchet spaces when equipped with the sequences
of norms defined by

(3.3) I fllse,m = max sgﬂgl(l + 22 0%F(@)lle,  feSC(R™), meN
and
(3.4) I fllsem = max sup [0°f(x)le,  f€BY(R™), meN,

al<m geRrn
respectively (we shall use the simplified symbol | - | for the standard Euclidean norm and, below, a
dot for the standard Euclidean scalar product in R™: |z| := (3_1_, |2x|)Y2, 2y == 3 1_, Tk yk)-
Now fix a skew-symmetric linear transformation J on R™ and f € B°(R"). Then it is shown in
reference [29] that the linear operator defined by the (iterated) integral

(3.5) Li(g)(x) := /n ( - f(x+ Ju) g(x +v) 2™ dv) du, g € S(R™), z € R,

maps S¢(R") into S¢(R™) [29, Proposition 3.3, p. 25|, satisfies (L(g),h) = (g, L~ (h)), for all
g,h € S°(R™), [29, Proposition 4.2, p. 30] and extends to a bounded operator on the Hilbert
C-module E,, [29, Theorem 4.6 & Corollary 4.7, p. 34]. By the continuity of the C-valued inner
product we see that this extension, also denoted by Ly, is an adjointable operator on E,, satisfying
(Lf)* = Lg~. Moreover, for all f1, fo € B¢(R"), we have the identity

(3'6) Lp Ly, =Lt

where x ; is Rieffel’s deformed product [29, p. 23], defined by the (oscillatory) integral

(3.7) (f1 X f2)(x) := / fr(x 4 Ju) folx +v) 2™ do du, x € R™
n R’Vl

Actually, as will be discussed in more detail below, the operator L is a pseudodifferential operator
with symbol (x, &) — f(x—JE/(27)). The interplay given by Equation (3.6) between the algebra of
pseudodifferential operators L’s and the algebra BC¢(R™), equipped with the product x ;, motivates
the following definition:

Definition 3.1. The function algebras obtained by equipping the Fréchet spaces S¢(R™) and BC(R")
with the deformed product x ; above, instead of the usual pointwise product, and with the involu-
tion operation defined pointwise, via the involution of C, will be denoted by S§(R™) and BG(R"),

respectively. Also, S§(R") and BS(R") will denote their completions with respect to the operator
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C*-norms || - [|sc and [| - [[c, respectively, which are defined via the faithful *-homomorphism
f+— Ly [29, Definition 4.8, p. 35] of BS(R"™) into Lc(Ey):

Iflls := IL¢ll, for f € SG(R™) and ||fllsc := | L¢ll, for f € BG(R");

note that || - [lsc is just the restriction of || - ||z to SY(R™). Accordingly, the x-algebras of

pseudodifferential operators SS and BS, with the usual multiplication given by composition, are
defined by 8§ :={Ly : f € SG(R™)} and BG := {Ly : f € BS(R")}.

Observe that all of the Fréchet x-algebras BS(R") are represented on the same module E,,
independently of the skew-symmetric linear transformation J on R™. We also caution the reader
not to confuse the operator C*-norms || - |[se and || - || g with the “sup norms” || - [[sc o and || - || 5e o-
In fact, nothing guarantees, for a general J, that these sup norms are C*-norms with respect to
the deformed product x ;. Of course, they are when J = 0, because then the deformed product
reduces to the usual pointwise product given by (fg)(x) := f(x)g(z), for all z € R™ [29, Corollary
2.8, p. 13] and, if in addition, C is the field C of complex numbers, then S§(R") and BG(R") are
just the usual commutative Fréchet +-algebras of complex-valued functions, with || - [[se = - [lse 0
and || - |lge = || - ||5e,0; later, in Proposition 3.15, we will extend these equalities of norms to the
case when C is replaced by a general C*-algebra C. But for a general J, we expect these equalities
to break down, and so one of our main concerns in what follows will be to construct a sequence
of x-norms generating the topology of BS(R™) which is well-behaved with respect to the deformed
product X ;.

In the remainder of this section, we will first construct a differential norm T: f — (Tk(f))ken
on BS(R") generating its natural Fréchet topology and satisfying Ty = || - || ge. As corollaries,

we will show existence of a unique C*-norm on BE(R") and the property of spectral invariance of
BS(R™) in its C*-completion. These results will be derived under the assumption that C is unital,
but uniqueness of the C*-norm will then be shown to hold even when C is not unital. Once we are
done with the algebra BS(R"™), we will adapt some of our results to obtain similar corollaries for
the algebra S(R™).

Pseudodifferential operators with C-valued symbols.

Let C be a C*-algebra. In order to attain some of our goals, we will use features of Lie group
representation theory for the Heisenberg group of dimension 2n + 1, defined as

1 aT ¢
Hop1(R) = 0 I, -b|l:a,beR"ceR,,
0 O 1

where the product is just standard matrix multiplication and I,, denotes the identity matrix of
M, (R). Tt admits a strongly continuous unitary representation U on the Hilbert C-module F,,
given by

1 al ¢
Uspo(f)(@) :=U [0 L, —b| (f)(z):=e“e™"flx—a), [feS(R"),zecR",
0 0 1
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where the term “unitary” is in the sense of Hilbert C*-modules [19, p. 24] from which we can
construct a corresponding “adjoint” representation of the Heisenberg group Ha,11(R) on the C*-
algebra of adjointable operators L¢(Fy,) by

1 T

a c
AdU: |0 I, —b|+— (AdU)(a,b,c)(:):=Uapec(-) (Uaybﬁc)_l.
0 O 1

Note that (AdU)(a, b, ¢) does not depend on the real variable ¢ — so we will simply write (Ad U)(a, b)
— and that AdU, in contrast to U, is not strongly continuous; this means that the C*-subalgebra
C(AdU) of continuous elements for AdU is, in general, properly contained in L¢(E,). Next, let
C*°(AdU) be the Fréchet x-algebra of smooth elements for the representation AdU. Denoting by
§; the j*® infinitesimal generator of the representation AdU, 1 < j < 2n, we have that §;(A) =
9;[(AdU)(a,b)(A)]|a=b=0, for all A belonging to C°(AdU). The Fréchet topology on C*°(AdU)
is defined by the family

(3.8) {pm :m e N}
of norms, where
po(A) = [|All, do:=1
and
pm(A) == max {||(6;, ... d:,,)A| : 0<i; < 2n}, Ae C®(AdU), m > 1.

Working with pseudodifferential operators involves the Fourier transform F, sometimes also
denoted by * and defined by

F@)(©) = s [ e Fal)ds g€ SR e

It is a continuous linear operator on the Fréchet space S¢(R™). The same is true for the inverse
Fourier transform F~1 on S¢(R"), which is defined by F~1(g)(z) := F(g)(—z). For more details
about the Fourier transform, see [14, Proposition 2.4.22, p. 117]; for general facts about Bochner
integrals, see [14, Chapter 1]. We shall also use the following generalized version of Plancherel’s
Theorem for E,,, which follows from Fubini’s Theorem. For any u,v € S¢(R"), we have

a9 e - [ ([ e a) () de
= [ty ([ e etran) dy = a2 7 o),

just as in [24, Proposigdo B.3]; substituting v = F(u) in the above equality shows that F uniquely
extends by continuity to an isometry on E,,. By the continuity of the C-valued inner product, we see
that (F(u),v) = (u, F~1(v)) also holds for u,v € E,,. In particular, we get that F is an adjointable
operator on E,, with F* = F~L.

Given a € B¢(R?") one may define a pseudodifferential operator Op(a): S¢(R") — S¢(R") by

(3.10) Ob(a)(o)(a) = g [ ¢ ale.©)(6) de

or, more explicitly, by the (iterated) integral

(3.11) Ora)(9)(e) = o [ ([ e atwgtwyay )
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for all z € R™. A simple calculation shows that every L; € BS- may be written this way, with
a(x, &) = f(z—JE/(2m)).

To obtain some information about how the above pseudodifferential operators with C-valued
symbols are related to the adjoint action of the Heisenberg group, we need a version of the Calderén-
Vaillancourt Theorem for the Hilbert C*-module E,. The proof of such a version is the content of
[25, Theorem 2.1], but there seems to be a mistake in the proof, more precisely in the integration
by parts at the bottom of page 1281. For this reason, we will give a new proof of that result, and
with the additional benefit that we do not need to restrict ourselves to separable C*-algebras C.
The proof of Theorem 3.2 below is based on [35, Theorem 3.14] and on [24, Capitulo 3]. Just as in
[35, p. 169], for any given S € N™ and = € R™, we adopt the notations

(i + )’ = H(ij)ﬁj, (i+a2) 7 :=[(+=z)°]"" and

0 2
_ ; B ._ : Bj
D,, = za% (i+ D,)” = | | (i + Dy,;)

Jj=1

Theorem 3.2. Let C be a C*-algebra (unital, or not). Then Op(a) extends to a bounded operator
on E,,, for every a € B¢(R?"). More precisely, denoting by & € N™ the multiindex (1,...,1), there
exists a constant C > 0 such that for every a € BC(R?*") we have the estimate || Op(a)|| < C7(a),
where 7(a) is defined by

(3.12) m(a) = Juax sup {||8§82a(x,§)||c cx, € € R"} :

Proof. Write A := Op(a), in order to simplify the notation. Suppose first that a is a compactly

supported smooth function on R”, and fix u,v € S¢(R™). Let us calculate (17,;1;0 noting that,
under these hypotheses, we can make free use of Fubini’s Theorem and integrate by parts to get

A A 1 —iz-n _ Gy & i (r—y
0.20) = g [ [ [ [ =000 i+ 2 = )78+ DO* SV ol €) uty) de oy

2w13"/2////’+5 M)~ (i D)t E ) e (i —y) i)

[(i — De)*a(x, &)]uly) d€ dx dy dn
=g | [ ] [ e m e e i) Py ) ty) de o dy an
where F(y,z,£) := (i — D2)* {(i + v — y)~%[(i — D¢)%a(x,€)]}. From the formula

(i — Dp)%(wz) = Z(—l)hl[(i — D)% "w]|D] z, w € C*(R"), z € BC(R"),
V<&
we see that

(3.13) (0, Au) SW Z// w8 (2, &)[DY(i — De)*a(x,€)]f(x, ) du d,

Y<&
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with

:‘1
8
Tass
S~—
Il

(0 [ DY ) () d
9(z,&) = /e_im'n(i +&—n)"%(n)" dn.

Estimating the expression in Equation (3.13) will be based on the Cauchy-Schwarz inequality for
Hilbert C*-modules [19, Proposition 1.1, p. 3]. But first, we want to prove that the functions g and
[+ so defined all belong to L?(R?*",C) (and hence to Es,,), so we proceed just as in [24, Lema 3.17].
Fix (z,¢) € R?". Using the equality

L) L S
i = A=Y 2—,  NEeN
ety AT gy VEN

for every n € R™, and integrating by parts the expression which defines g gives, for every N € N,
the formula

W / e =1 — AN [(i + € — 1)~ %0 (n)*] dn.

Therefore, after successive applications of the Leibniz product rule we may write g(x, &) as a linear
combination of terms of the form

! (g - "5 * n o
W/e 77(1_'_5_77) 5851)(7’]) d?’], ﬂ’ﬂ/€N7ﬁ>a,ﬂ/>O_

g(z,§) =

Using Peetre’s inequality [18, (3.6)]

n

n 1 (1+ |n]?) Br/2
(i+e-n=1] <211 (bl S

P (14 & — i |2)Br/2 (1+ | ]?) (1 + |£.]2)Bx/2
we obtain, for each 8,3’ € N”, that the (C*-)norm || - ||¢ evaluated on the corresponding term is
bounded from above by
2 [ e [ P20 o) e dn
(T [N 5 (L + [8k[?)Pr/2 !

Since B > 1, for all 1 < k < n, we may choose N > n/4 to finally conclude that g belongs to
L?(R?",C). By an analogous reasoning, one sees that the same conclusion holds for the functions
fy- This implies that, for each v < &, the function (x,£) — [DJ(i — D¢)%a(x,€)]f(z,€) also
belongs to L?(R?",C), so applying the Cauchy-Schwarz inequality for Hilbert C*-modules yields

(3.14) 16, Au)le < gn/z > Hg Iz |I(,€) = [D}(i — De)*alx,€)]f, (2, )|z

(L ()

Let us first estimate (I). Define the function h(§) := (i + £)~% and, for each fixed ¢ € R", define
he(n) := (i + & —n)~%, for all n € R", so that

4" (@.6) = / e The()o(n) di = (2m)™/2 F (g - 0)(—x) =: Ge (),
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for every x,£ € R™. Then

) [ [ g ) dwds = [ (Ge.Gohp, de = (2m)" [ (Re-inTe- i), e

= (" / n [/Rn|hg|2<n>ﬁ<n>*@<n>dn} g = [ W@l [ oo an

so ||lg*[l2 = Ci|lv|l2, where Cy = (2m)"™/2( [g. |h(€)[> d€)'/2. To estimate (II), note that for every
positive linear functional p on C and ¢, d € C we have p(d*c*ed) < ||c*c||c p(d*d) [27, Theorem 3.3.7,
p. 90], which implies

[ [ o (507 D20 = Do)l OF (D36 - De)fae, 1 ,6)) o d
< [ 103 - Deate )1 01 (0.8 ,) o d

<

SHE{HD%(Z'—DO a(@,&)|lc ] / / (fy(@,8)" (2, €)) dx dE.
Therefore [27, Theorem 3.4.3, p. 95],

/ . AIDxG = D) a(a, Ol (2.)} (D36 = Do) a(w, &)1 (. )dw d

< [S;}? {IID3(i — De)*a(x,€)|lc ] / / fy(@ x, §)d dg,
which finally gives us the estimate
(3.16) D3 (i = De)*a(z, €)1/ (2, &)z < Com(a)| /5 2,

where Cs > 0 is independent of a. But

fol2,€) = ()N / e (i— D)4 i+ —y) " uly) dy = (—1)(@m) 2 F (i = Do)V he-u)(€),

for each fixed z,£ € R™. Analogously as in Equation (3.15) we get

(3.17) If+ll2 < Cllhll2ljull, €5 > 0.
Finally, combining Equations (3.14), (3.15), (3.16) and (3.17) gives
(3.18) (v, Au)lle = [[(, Au)lle < Km(a)|[ol2[lu]l2;

for some constant K > 0 which is independent of a, u and v.

Now we turn to the general case where a € B¢(R?"). Let u,v € S¢(R"), 0 < ¢ < 1 be a
compactly supported smooth function on R?" which equals 1 on a neighborhood of 0 and define,
for each m € N\ {0}, the function

on@9=6 (2. 5) a0, @oer>

We are going to show that (v, Op(b,,)u) goes to 0 as m — +oo, where b, := a—a,. Since an appli-
cation of the Cauchy-Schwarz inequality implies || (v, Op(bm)u)|lc < ||v]|2]|Op(bm)ul|2, it suffices to
show that ||Op(b)ul|2 converges to 0, as m — +oo. First, note that since ||e®<b,,(z, )0 (¢)|c <
sup {[la(z,&)lc : (x,€) € R*™} ||la(¢ ||C, for every fixed (x {) € R?"_ it follows from the Dominated
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Convergence Theorem that [Op(by, )u](x) converges to 0, as m — +o0, for every fixed © € R™. Also,
there exists a constant C’ > 0 which is independent of m and of a such that 7(a,,) < C'n(a), so
we have the estimates

HOP(bm)ul(x)lle < (2m)~"/2|(i + 2) 4| /Rn (i = De)* [bm (=, £)a(€)]lle dé
< Mr(bm)|(i +2) 7% < (C' + DMm(a)|(i +2) 7%,

where M > 0 depends on the numbers [, ||Dgﬁ(§)|\c d¢, with 8 < &, but does not depend on a,
m or x. Therefore, another application of the Dominated Convergence Theorem finally establishes
that (v, Op(bm,)u) goes to 0, as m — +oo.

Substituting A = Op(ay,) on (3.18) we get

1w, Op(am)u)lle < Km(am)l|v]z [lullz < KC'm(a)|v]2 [|ull2-

Taking the limit m — 400 on both sides of this inequality gives || (v, Op(a)u)|c < KC'w(a)||v]|2 ||u||2-
Since u, v € S¢(R™) are arbitrary, this actually shows that there exists C' > 0 such that ||Op(a)ul|a <
Cr(a)||ul|2, for all a € B¢(R?") and u € S¢(R"). O

We note that not only does Op(a) extends to a bounded operator on E,, but this extension is
also an adjointable operator on E,,. For the convenience of the reader, we will now give a quick
proof of this fact, which is inspired by the exposition in [24, Capitulo 4]. This observation is
important, because the representation Ad U of the Heisenberg group Ha,+1(R) is implemented by
x-automorphisms on the C*-algebra of adjointable operators L¢(F, ), and later it will be convenient
to treat BY (see Definition 3.1) as a *-subalgebra of Lc(E,).

Proposition 3.3. Let C be a C*-algebra (unital, or not) and let a € B¢(R?™). Then Op(a) is an
adjointable operator on E, with [Op(a)]* = Op(p), for a certain p € BC(R?").

Proof. First, assume that a belongs to the space C°(R?",C) of C-valued compactly supported
smooth functions on R?". We are going to prove that there exists p € S¢(R?") satisfying (Op(a)u,v) =
{(u, Op(p)v), for every u,v € S¢(R™). An application of Fubini’s Theorem shows that

v = [ [ [ e atn e ut) dude] viods

:/n u(y)* {# /n/nei(y_w)'fa(x,g)*v(x)d{dx] dy,

for all u,v € S¢(R"). Define ¢ € S¢(R?") by

1 1z * n
c(y, z) 5—w/we Saly — z,€)* d¢, y,z € RY,

and define the function p € S¢(R?") by p(y, 2) := F(& — c(y,£))(2), so that c(y,z) = F (€ —
p(y,f))(z), for all Y,z € R™. Then

1 . 1 .
TR o 00 =l =) = g [l
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SO

©Opayeo) = [ ) [ [ [ %o o) dea] ay
= [ | [ €008 o) | dy = (. 0p(0)0)

for all u,v € S¢(R™). Therefore, the equality (Op(a)u,v) = (u, Op(p)v), for every u,v € E,,, follows
from a continuity argument. An easy calculation gives the following identity

p(yag) = (271)” /Rn e—iz-f |:/Rn eiz'n a(y _ 2777)* dn:| dz
= —(271)” /n /n ez M a(y — 2,6 — 77)* dz dn, (yvg) c RQH,

which will be useful in the next step of the proof.
Suppose, now, that a € B°(R?"). Then employing the definition of oscillatory integrals in [9,
pp. 66-69] (where they are called finite part integrals), we define

1 —iz- *
(3.19) b= s [ [ ety =g =) dzan

= # /n /n e (14 27N - An)N{(l )M =AM [a(y — 2,6 — 77)*} }dzdn,

where M, N are fixed positive integers which are chosen in order to turn the right-hand side integral
into an absolutely convergent one (it suffices to take M, N > n/2; also, the above definition is
independent of M and N). Then differentiating under the integral sign shows that p belongs to
B¢(R?"). The above definition of oscillatory integral is essentially the same as the one employed
by Rieffel in his monograph [29, Proposition 1.6, p. 6].

Let 0 < ¢ < 1 be a compactly supported smooth function on R™ which equals 1 on a neighborhood
of 0 and define, for each a € B¢(R?") and j € N\ {0}, the functions

b;(z) == (f) L ay(@.6) = a(e,€) 6, (x) ;(€) and

p;(y, &) == # Jgn Jon €M az(y — z,€ —n)* dzdn, for all (y,£) € R*". Then as a consequence of

the Dominated Convergence Theorem and Fubini’s Theorem, lim;_, 4 p;(y, &) = p(y, §), for every
(y,€) € R*", and

(u, Op(p)v) = /HU(y)* [% /Rn es Tim p;(y,€)a(6) dﬁ} dy

27T)"/2 j—+oo
1

= im0 e (0.6 5(€) ddy =l (. Op()),

for all u,v € S(R™). By an analogous reasoning,

1 .
Jim (Optas)u) = i [ o [ e e e 0.6 de] v(o) do = (Op(a)u o)
so (Op(a)u,v) = lim; 1 (Op(aj)u,v) = limj, i (u, Op(p;)v) = (u,Op(p)v), for all u,v €
S¢(R™). By a continuity argument, (Op(a)u,v) = (u,Op(p)v), for all u,v € E,, so Op(a) is
an adjointable operator on E,, for every a € B¢(R?"), as claimed. O
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We finish this subsection by noting that {Op(a) ta € BC(R2")} is actually a x-subalgebra of
Lc(Ey). In fact, using the more suggestive notation af to denote the function p defined in Equation
(3.19), we see that the restriction of the involution and composition maps to {Op(a) : a € B¢(R*")}
are given, respectively, by Op(a) — Op (a') and Op(a) o Op(b) — Op(a x b), where

(3.20) al(z,6) = 27T / / TEN gz — 2,6 — )  dzdny

= e @ a0 a0 ate - 26— )] Jaz
and

(3.21) (a x b)(z,§) := ﬁ /n /n e Fa(x, & —n)b(x — 2,&)dzdn

= @ / . / e ) Y (1= AN {1 )M (1= A0)M [ale, 6= m) ba—2,)| fdz di,

for all z,& € R™ (for the scalar case C = C, see [9, Proposition 4.2, p. 64] and [9, Theorem 4.7,
p. 68]). Just as in (3.19), it suffices to take integers M, N > n/2, with the above definitions
also being independent of M and N; differentiating under the integral sign shows at once that
a x b belongs to BC(R?"). Moreover, we see by the associativity of the composition operation that
Op((a x b) x ¢) = Op(a x (b x c)), for all a,b,c € BC(R*"). We will now show that the linear map
Op: a — Op(a) on B°(R?") is injective, from which it will follow that x is also an associative
operation. Let (eq)aer be an approximate identity for C. Then for every scalar-valued function
g € S(R™), we have that the function g, := g - en: © — g(¥) - €, belongs to S¢(R™), for every
a € T'. Hence, the hypothesis Op(a) = 0 implies

— p(Op(a)(ga)(@)) = —

(2m)n/2 /R e p(a(x, €) ea) (&) d,

for all g € S(R™), z € R™ and every continuous linear functional p on C. But then injectivity
of the map b — Op(b) for scalar-valued symbols b € B(R™) [23, p. 220] proves that the map
(x,€) — pla(x,§) eq) must be identically zero, for every continuous linear functional p on C.
Therefore, by Hahn-Banach’s Theorem we obtain a(z, ) e, = 0, for every fixed (z,£) € R?™ and
a € T, so taking the limit in a shows that @ must be identically zero, as wanted. As a corollary, since
Op((axb) x c—ax (bxc)) =0, for all a,b,c € BC(R?"), it is also true that (a x b) x c = a x (bx c),
for all a, b, c € B(R?").

We can also use a similar argument to obtain the associativity of Rieffel’s deformed product,
which we show next. In fact, as noted in the remark following Equation (3.11), if J is a fixed skew-
symmetric linear transformation on R", then every operator Ly, for f € B¢(R™), may be written
as Op(f), where f(x,€) := f(z — JE/(2m)), for all z,& € R” (note that the map *: f — f depends
on the fixed J). Therefore,

AN — L ] 212)-N(1 _ N
(Fx @) =g [ [ =R a-ay)
{@+13) 70 = 2)M [ 1z = T(€ = m)/@m) g(z — = J&/(2m)] }dz dn,

which shows that (i) (f x §)(x,£) = (f % 9)(& — JE/(2m)) = (f X ¢) &, €) and, in particular, (ii)
(f x 9)(,0) = (f x5 9)(x) = (f % g)(x,0), for all f,g € B¢(R"), z,& € R™. Note that for all
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f,9 € B(R") and ¢ € S°(R™) we have the equality

(F %7 9) % 6 = Lyx9(6) = Op(f % 9)(®) = Op(f x 9)(¢)
= [Op(f) 0 Op(9)/(¢) = [Ly 0 Lgl(¢) = [ <1 (9 X1 &)
(since J is arbitrary, this incidentally gives an alternative proof for the relation (3.6)). Hence, since
for all f,g,h € B°(R") and ¢ € S¢(R"™) we have f x ;g € BS(R") and h x ; ¢ €~SC(R") (the former

relation follows from (ii), while the latter is a consequence of the equality Op(h)(¢) = h X 5 ¢), we
obtain

Lifx,gyxsn(@) = [(f X1 9) x5 hl x50 = (f x59) x5 (hx50)=Ffxslgxs(hxs0)]
=fxsllgxsh) x50l =1[f x5(gxsh)] x50 =Ly, (gx;n) (D)

Since J and ¢ are arbitrary and the map Op is injective, we have obtained the desired result. We
note that, although the formulas in these final two paragraphs will not be used as tools to derive
any of our main results, they have been included here to provide a more transparent link between
Rieffel’s deformed product and the composition of pseudodifferential operators.

The algebra BG(R™).

For every pseudodifferential operator Op(a), a € B¢(R?"), and every a, 3 € N" one has
(322)  029[(AdU)(a,b)(Op(a)] = (~1)**V(AdU) (. b)(OP(970;a),  abeR™
Indeed, by Theorem 3.2 we have the estimate

(3.23) [Op(a)]| < C ax sup {l070¢a(z,&)|lc : w,6 e R"},

where C' > 0 is independent of a (see also [29, Corollary 4.7, p. 34] for a particular version of these
inequalities adapted for the operators L, f € Bg(R”)) Therefore, denoting by e; the ;' element
of the canonical basis of R", the equalities

p 2

a((z, &) + h(ex,0)) —a(z, &) — . (7,€) = h2/ / 33% ((=,&) + tsh(eg,0))ds dt,

and

a((z,€) + h(0, ex)) — alz, £) — h _ hz/ / g2 ((0:6) +tsh(0,ex))ds

h € R, 1 < k < n, combined with the estimate (3.23), give (3.22) in the case |a| + |5| = 1. The
equality for general «, 8 € N” follows from an iteration of this procedure. It shows that the operator
Op(a) belongs to the *-algebra C°°(Ad U) of smooth elements for the representation Ad U, for every
a € BC(R?"). In particular, every element of BS is contained in C*°(AdU), so we may equip BS
with the subspace topology induced by the usual Fréchet topology of C°°(AdU), which will be
denoted by TiC o - Also, injectivity of the map L: f — L allows us to equip BG with a Fréchet
space topology 75 induced by the natural topology of the function algebra BS(R™) defined by the
family (3.4) of *-norms. Then (3.23) combined with (3.22) shows that

(3.24)  pm(Op(a)) < C| ‘ ‘r(;r‘lgx+ sup {HBJ@?@(LQHC :z,{ €R"}, a € BS(R?™), m € N,
V1,18 <ntm '
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for the same constant C' above (for the definition of p,,, see (3.8)). When specialized to the operators
Ly (and to functions f defined on R™, instead of R?*") this gives

3.25 pm(Ly) < Cp, max sup{||0)f(x)|c:xeR"}, fEB?R",mEN,
f J

[v|<n+m

which implies that 73 is finer than TiC o (note that Cn depends also on the linear transformation
J). ‘
It is not clear that BY, when equipped with T5¢ o=, is a closed subspace of C>*(AdU). To see
that this is indeed the case, we are going to resort to the “symbol map” S constructed in reference
[23]. Consequently, we will need to temporarily assume that C is a unital C*-algebra. We make
the important observation that the results of [23, Section 2] which will be invoked, in what follows,
are valid for any unital C*-algebra, and do not require the separability assumption made in that
reference. For a more explicit discussion on this issue, we refer the reader to Appendix C, where in
particular we show that Fa, can be identified with an interior tensor product E, @ E,, (see Lemma
C.1); this is used in the definition of the map S described next.
Consider the surjective map [23, Theorem 1]

S: C®(AdU) — B°(R?™)
given by
(3.26) S(A)(,€) = (2m)"*(u - 1e, {(D [(AdU) (=2, =&)(A)]) F 1) @ I, } v-1c)pan,

for all A € C*°(AdU) and (z,£) € R*", where D := [[= (1 + 02,)?(1 4+ 9¢,)? and u and v are
(fixed) suitable scalar-valued functions belonging to L?(R?")N L*(R?"), which are independent of A
(for the definitions of u and v, see the statement of Lemma C.2; for a description of the embedding
L?(R") < E,, see Appendix D). Then the composition S o Op is the identity operator on B¢ (R?")
so that, in particular, S(Ls) = f, where f(z,&) := f(z — J&/(27)). Applying the Cauchy-Schwarz
inequality for Hilbert C*-modules to (3.26) yields an estimate in the opposite direction of the
one given by the Calderén-Vaillancourt-type inequality (3.23), namely, for all A € C*°(AdU) and
a=S(A),

(3.27) sup {[la(z, €)lle : 2, € R"} < (21)"2Julz||vll2]| D [(AdU) (—, —€)(A)]|o=e=oll,

where we have used that ||F~!|| = 1 and that AdU is a representation by *-automorphisms on
Le(Ey). So just as the estimate (3.23) gives a bound for the operator norm of Op(a) in terms of
sup-norms of derivatives of a, the estimate (3.27) provides a bound for the sup-norm of a = S(A)
in terms of operator norms of derivatives of A. Using (3.22) after substituting A = Op(b) on (3.27),
where b := Bgﬁga, 7,6 € N" a € B¢(R?"), gives
(3.28) '

sup {[|0302a(z,€)|c : z,& € R"} < (21)"/2Jull2||v]|2]| (8702 D) [(Ad U)(~z, —£) (Op(a))]la=¢—ol.

Noting that L; = Op(f), (3.28) with § = 0 immediately implies

(3.29) |max sup {||0Y f()|lc : x e R"} = ‘H|12<1X sup {||8;f(33,0)||c (X € R"}
m y|<m

<

- (3.28) .
< max sup { |0} f(z.)llc : 2.€ €R"} "< B ponim(Ly),

[vI<m
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for all f € BS(R™), m € N and some constant £ > 0 which does not depend on f or J (indeed,
we may choose E = 16™(27)™?||ul|2||v||2), showing that 75 is coarser than Tpe o Therefore, we
conclude that 75 = Tc oo

Remark 3.4. Note that there is a certain “uniformity” aspect in the estimate (3.29): the constant
FE that shows up does not depend on the seminorms under consideration.

Having proved the equality of the topologies 75 and TRC ooy WE are in a good position to define
an appropriate differential norm on BG(R") (see Definition 2.8):

Theorem 3.5. Let C be a unital C*-algebra and J be a skew-symmetric linear transformation on
R™. The topologies of the pseudodifferential operator algebra BS- and the function algebra Bg (R™)
are generated by differential norms. In particular, they are Arens-Michael x-algebras.

Proof. 1t is clear that defining

1
(330  ToLp):=lLsl, Tully)= g5 D 6%l Ly € Bj k>1, e N,

" lal=k
where the §%*’s are the monomials in the generators of the representation Ad U, yields a differential
norm T': Ly — (Tj(Lf))ken on BS which generates the Fréchet topology e o = TB. Moreover,
the family (8;,)men of submultiplicative #-norms defined in Equation (2.2) generates this same
topology. Since the above differential norm on BS- may be pulled back to a differential norm on
BS(R™) by the #-isomorphism L: BS(R"™) — BY, all of the conclusions just stated for BS are also
true for BG(R™). O

Remark 3.6. Assume C is a non-unital C*-algebra. Since there exists a canonical inclusion BG(R") <
Coo- But the sub-

space topology defined by the norms in (3.4) is complete, so BG(R™) is also an Arens-Michael
x-algebra in this case.

Bg(R"), we can equip B5(R™) with the subspace topology induced by 75 = e

Before proving Theorem 3.8, we recall the concept of closure under the holomorphic functional
calculus:

Definition 3.7. [34, p. 582] Let B be a x-subalgebra of a C*-algebra A. B is said to be closed under
the holomorphic functional calculus of A if, for every element b of B and every holomorphic function
J on an open neighborhood V' C C of ¢ 4(b), one has f(b) € B.

The next theorem shows some advantages of dealing with a topology which is generated by a
differential (semi)norm:

Theorem 3.8. Let C be a unital C*-algebra and J be a skew-symmetric linear transformation on
R™. Then the algebras BS- and Bg(R") are spectrally invariant and closed under the C>* and
holomorphic functional calculi of their respective C*-completions (which are clearly x-isomorphic).
They also share the same K-theory of their C*-completions — more specifically, the inclusion maps
induce K-theory isomorphisms. Finally, there exists only one C*-norm on each one of the algebras

BS and BS(R™).

Proof. Spectral invariance follows from [4, Theorem 3.3 (iii)] with 2, = BS(R") and ¢ being the
identity map, noting that the locally convex topology of Bg (R™) is already complete, while closure
under the C*°-functional calculus follows from [4, Theorem 3.4]. Therefore, as a consequence of
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Theorem 2.5, the Fréchet x-algebra BS(R™) can be equipped with only one C*-norm, namely, | - || BS

while the only C*-norm on BS is the operator norm || - || of Lc(E,) (see Definition 3.1). By [34,
Lemma 1.2], spectral invariance of these algebras in their completions is equivalent to being closed
under the holomorphic functional calculus. To prove the statement about the isomorphism of K-
theories of B := BS(R") and A := B5(R"), first note that the group Inv(B) of invertible elements
of B coincides with Inv(A) N B, as a result of the spectral invariance claim. Moreover, since the
Fréchet topology T coe OLL B is finer than the one induced by the C*-topology of A, the inclusion
map ig: B < A is continuous. Therefore, since Inv(B) is the inverse image of the open set Inv(.A)
of A under ig, it is open in B. Consequently, it follows from [36, Proposition 2, p. 113] that the
inversion map on Inv(B) is continuous with respect to the (induced) Fréchet topology of B. These
arguments show that B is a Fréchet algebra with a continuous inversion map on the open set Inv(B)
(thus, a “bonne algébre de Fréchet”, according to [6, A.1.2, p. 324]), so the existence of the K-theory
isomorphism follows from [6, Théoréme A.2.1, p. 328]. The conclusion for BS is obtained in the

same way. (I

We now extend the uniqueness result regarding C*-norms on Bg (R™) to any C*-algebra C (unital,
or not).

Theorem 3.9. Let C be a C*-algebra (unital, or not) and J be a skew-symmetric linear transformation
on R™. Then the algebras BS and BG(R™) admit only one C*-norm.

Proof. 1t suffices to prove the result for BS. We begin by noting that BS(R™) is an ideal in B§ (R™):
write the function f € BS(R") as @ — (fo(x), A(x)), where fo(-) and A(-) have ranges in C and
C, respectively. Then by the definition of the C*-norm of C, the inequality

2(|0%f(@)ll¢ = max {[|6 fo(x)llc, |0 A(z)[}

holds, for all z € R™ and a € N", so fo and X belong to BS(R") and BS(R"™), respectively. Thus
for every g € BG(R™) and = € R™ we have

(Fxsa@) = [ [ Has Tugta s o) @ dod
:/n /n(fo(:c—l—Ju),)\(:c—i—Ju)) (g(z +v),0) 2™ dy du
:/n /n(fo(:c—l—Ju)g(:c—l—v)—|—)\(:c—i—Ju)g(x_kv),o)ezmu»vdvdu,

so. f X g indeed belongs to Bg (R™) (analogously for g x s f). Therefore, BS- is indeed an ideal in
BE.

Now let || - ||o be any C*-norm on BS. Since we know that BS is an ideal in Bg, the maps
(3.31) I lle: Ly — sup {ILs 0 Lallo : Ly € B |ILyllo < 1}
and
(3.32) |-l Ly — sup {llLg o Lyllo: L, € B, | Lllo < 1}

are well-defined on Bg. Let us show that ||L¢||r = ||Ly|g, for all Ly € Bg. We will give a
proof that adapts the strategy of [27, Lemma 2.1.4, p. 38|, which concerns basic facts about the
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norm of a double centralizer on a C*-algebra. For every Ly € B and Ly, L, € BY, we have that
[(Lg o Lf) o Lnllo < [ Lgllol|L | &l Lnllo, so

ILg o Lillo = sup {|[ Ly o (Ly o Ln)llo : Ly € BY, | Lyrllo < 1} < [[Lsl[r|I Lallo,
which implies the inequality || Ls||z < ||Lf||r. Similarly, |Lgo (Lo Li)llo < | Lgllol|Lfllzl|Lnllo, so
we obtain

ILg o Lyllo = sup {|[(Lg o Ly) o Lllo : L € BF, [ Lurllo < 1} < [ILgllolI Lyl
and, consequently, |Lf||r < ||Ls||z. Therefore, |L¢|r = ||Lf||r. Now, we will show that the map

Ly — || Lfll = | Ly||r is a C*-norm on BC To see that the involution is isometric with respect
to || - |z, note that [[L7] < [[Lsllr = ||Lf||L and ||Lyllz = [[(L7)" )2 < [[L7Ir = 1L}z, for

every Ly € BJ. On the other hand, to obtain the C*-property for || - ||, first note that taking the
supremum on

1Ly o Lgllg = I(Ly 0 LF) o (Ly © Lg)llo < I LgllolI(LF © L) 0 Lgllo
over all L, satisfying L, € BS and ||Lylo < 1, gives || L¢|2 < ||L* oLy|p, for all Ly € BC;, for
the reverse inequality, note that submultiplicativity of || - || implies ||[L} o L¢[|r < [[L}[L|Lsllz =
ILs||2. This proves that || - ||, is indeed a C*-norm on BS.
By the uniqueness result proved in Theorem 3.8 (applied for BS) we have that
ILsll = I1Lslle < I Lglo, Ly € BS.
Moreover, if 0 # Ly € BS is fixed, then substituting L, by L3/ Lsllo in Equation (3.31) yields

ILsll = IIL¢llo- Therefore, |[Ly|| = ||Lfllz = ||L¢llo, for all Ly € BS. But || - |lo is arbitrary,
so this shows that the only C*-norm on BY is obtained by restricting the operator norm || - || of
Lc"(En)-

The algebra S§(R™).

We first prove uniqueness of the C*-norm for SG(R"™), for any C*-algebra C (unital, or not).
Then, we prove the spectral invariance property for SG(R™) for a unital C.

Theorem 3.10. Let C be a C*-algebra (unital, or not) and J be a skew-symmetric linear transfor-
mation on R™. Then there exists only one C*-norm on SS(R").

Proof. Let || - ||o be a C*-norm on S§(R™) and || - |s¢ be the (unique) C*-norm of BS(R™). As
in the proof of Theorem 3.11, the strategy will be to make good use of the corresponding result
already obtained for the algebra BS(R™). Just as in Theorem 3.9, define two maps on BS(R") by

I+ llzs f e sup {|If <7 gllo: g € S7R™), [lgllo < 1}
and

I lIr: f—sup {llg xs fllo : g € SFR™), lgllo < 1}
(note that || - || and | - ||r are well-defined because SG(R™) is an ideal in BG(R™)). Then a
repetition of the arguments in Theorem 3.9 shows that the map f —— | f|lL = || f]|r is a C*-norm
on BS(R™). Therefore, by the uniqueness result for C*-norms on BS(R") proved in Theorem 3.9
we have, in particular, || f|lze = [ fllz = [[fllo, for every f € SY(R™). This proves that restricting
|| - llsc is the only way to obtain a C*-norm on SS(R™). In other words, | - ||s¢ is the only C*-norm
on S§(R™). O
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Theorem 3.11. Let C be a unital C*-algebra and J be a skew-symmetric linear transformation on
R™. Then the algebra SG(R™) is spectrally invariant in its C*-completion S§(R™).

Proof. As a consequence of [29, Proposition 5.2, p. 40], the completion A := S§(R") is a non-
unital C*-algebra, so the proof of spectral invariance of B := SY(R™) in A := SG(R™) amounts to
showing that B is spectrally invariant in A. First note that, by the discussion in Appendix A, the
unitization of BG(R") is spectrally invariant in the unitization of BS(R™): in fact, if C is unital,
then BS(R™) has a unit element which coincides with that of its C*-completion (see also Appendix
B). If (f, 1) € B is invertible in A, where f S%(R™) and 0 # p € C, then spectral invariance of
BS(R™) in its respective C*-completion shows that the inverse (f, 1) ~! is equal to an element g in
the unitization of BS(R™) given by x — (go(x), '), with go € BG(R™) and 0 # p/ € C. Hence,
go = —p H(f X7 g0) — u2f. But because SG(R") is an ideal in BS(R™), this shows that g actually
belongs to the unitization of SG(R™). This establishes the result. O

Remark 3.12. Clearly, the above two results remain valid if we substitute SS(R™) by the operator
algebra 85.

Other applications.

We begin with another consequence of Theorem 2.5.

Theorem 3.13. Let A be a C*-algebra (unital, or not), G be a finite-dimensional Lie group with
Lie algebra g and a: g — o4 be a strongly continuous representation of G implemented by *-
automorphisms on A. Then the x-algebra

C®(a):={ac A:G>g+—> a4(a) is of class C}

of smooth elements for the representation o admits only one C*-norm, which is the restriction of
|- lla to C*(a).

Proof. Fix an ordered basis B := (Xj),¢;<, for g and denote by dx the infinitesimal generator
of the one-parameter group ¢ — exptx, (exp denotes the exponential map of the Lie group G).
Suppose, for the moment, that A is unital. Equip C*°(«) with the topology defined by the sequence
(Tk)ken of seminorms given by
d
1
To(a) :=|la]|la and Ti(a):= Z 7 10i, ... 0i alla, where k=1, a€ C%®).
Then T: a — (Ti(a))ken is a differential norm on C*°(«) [4, Example 6.2 (i), (ii)], and turns it
into a Fréchet x-algebra. Therefore, since C*°(«) is dense in A, we conclude just as in Theorem 3.8
via an application of [4, Theorem 3.4] that C*°(«) is closed under the C*-functional calculus of A.
But then Theorem 2.5 tells us that the restriction of || - ||.4 is the only C*-norm on C*°(«).
If A is non-unital, then a: g — a4 extends to a strongly continuous representation & of G' by
s-automorphisms on the unitization (A, || - || 5), where ay((a, \)) := (ay(a), ), forallg € G, a € A

and X\ € C. Since we already know that the only C*-norm on C*°(&) is the restriction of || - ||A= the
result follows at once from a repetition of the arguments of Theorem 3.9, by observing that C'*(«)
is an ideal in C*°(&) = C*°(«) ® C. O

Example 3.14. In the scalar case C = C, when E,, is the usual Hilbert space L?(R™), H.O. Cordes
proved [8] [9, Chapter 8] that a bounded operator A on L?(R™) is a smooth vector for the canonical
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action of the (2n + 1)-dimensional Heisenberg group by conjugation if, and only if, A = Op(a) for
some a € B(R?"). A similar result for the n-dimensional torus T" := R"/(27Z)" is also available in
the scalar case [7, Theorem 2]: if for each y € T", T}, denotes the translation operator on L?(T™),
then a bounded operator A € £(L?(T")) is such that the map T" > y — T, AT, is smooth if,
and only if, A = Op(a;) for some function (a;);ez» of order zero, meaning that a; € C*°(T"),

1 o ~ o

Au(z) = @ Z a;(x)e’q;,  with T = /n NI D),
JEL™

for all uw € C*°(T™), € T, and that, for every multiindex o € N, we have the finiteness condition

sup {|0“a;(x)];j € Z",x € T"} < +00. Therefore, as a consequence of Theorem 3.13, the algebras

{Op(a) : a € B(R*")} and {Op(a;) : (a;)jez~ has order zero}, above, admit only one C*-norm.

Consider the x-algebra BS(R"), with J = 0; in other words, BS(R") is just the space B(R™)
equipped with the usual pointwise product and involution. We now prove a corollary of Theorem
3.9 which relates the “sup norm” (see (3.4)) || - |[gco: f = sup,egn ||f(2)[lc and the “operator
norm” | £g¢ = |[ L] on BS(R™).

Proposition 3.15. Let C be a C*-algebra (unital, or not). Then the “sup norm” and the “operator
norm” coincide on BS(R™).

Proof. The norms || - |[ge o and || - ||pe are both C*-norms on BS(R™), so by Theorem 3.9 we must
have || fllse,0 = I fllsg, for all f € BF(R™). 0

Next, we apply our results to give an alternative proof to propositions [29, Proposition 4.11,
p. 36], [29, Proposition 5.4, p. 41] and [29, Proposition 5.6, p. 42] in a unified manner:

Theorem 3.16. Let C be a C*-algebra (unital, or not) and J be a skew-symmetric linear transfor-
mation on R™. Then for every Ly € BS we have the following properties:
(1) L4l = sup {IL g gl + 9 € SCRM), L) < 1),
(2) IfC is a C*-subalgebra of the C*-algebra A, so that f can be seen as an element of B7(R™),
then ||Ls||€ = ||L¢||A, where || - ||€ and || - | denote the corresponding operator norms.
(8) If A is a C*-algebra and 0: C — A is a x-homomorphism, then ||Lgs||* < ||L¢||€, where
Of)(x) :=0(f(x)), for all x € R™. If 6 is injective A, then an equality holds.

Proof. The supremum on the right-hand side of equation (1) and the map associating the number
|Ls||** to the element L; € BS are both C*-norms on BY, so (1) and (2) follow from Theorem 3.9.

To see that (3) also holds, first consider the (unique) #-homomorphism 6:C — A between
the unitizations of C and A which extends # and sends 15 to 1. The map Ly |\L9~f|| is a

C*-seminorm on Bg, so Proposition 2.1 combined with Theorem 3.8 imply the estimate ||L§f|\“‘.l <

||Lf||é7 forall Ly € Bg. In particular, if L; belongs to the x-subalgebra BY, then || Laos||* < || Lf||°,
which proves our claim. If § is assumed to be injective, then L — || Lgy||** is actually a C*-norm
on Bg, so the desired equality follows again from Theorem 3.9. O

APPENDIX A. A REMARK ON SPECTRAL INVARIANCE

When viewing a unital algebra as “not necessarily unital”, by forgetting about its unit, we
face an apparent consistency problem, since two different possible definitions of spectrum seem
to be available: the spectrum with respect to the algebra itself or with respect to its unitization.
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Fortunately, it turns out that they “almost” coincide. More specifically, suppose that A is a unital
algebra; then even though there is in this case no compelling reason to do so, we can still consider
its unitization A, which becomes isomorphic to the direct sum of algebras A & C, the isomorphism
A — A®C being given by (a, a) — (al4+a, ). Using this fact, it is then easy to see that the two
spectra of an element a of A, that in A and that in A, are related by 0 j(a) = ca(a)u{0}. Asaresult,
the spectral radius of an element a of A is independent of which version is used: 7 ;(a) = r.4(a).
Moreover, a is invertible in A if, and only if, (a—1.4, 1) is invertible in fl, their inverses being related
by (a —14,1)7! = (a=! — 14,1) and, similarly, (a,«) is invertible in A if, and only if, a # 0 and
al + a is invertible in A, their inverses being related by (a,a) ™ = ((ala +a)™! —a 1 4,a71).

We will now show that there is no ambiguity when dealing with the concept of spectral invariance.
Let A be an algebra and B be a subalgebra of A. If A and B happen to be unital algebras such
that the inclusion of B into A takes the unit of B to the unit of A, both denoted by 1, then we have
in fact two potential definitions of spectral invariance and should check that they agree. Indeed, let
us prove that B is spectrally invariant in A if, and only if| B is spectrally invariant in A:

(a) If (b,8) € B is invertible in A, then 8 # 0 and 81 + b € B is invertible in A, so if B is
spectrally invariant in A, (81 + b)~! belongs to B and hence (b, 3)~! = ((81 +b)~! — 3711,571)
belongs to B, proving that B is spectrally invariant in A.

(b) If b € B is invertible in A, then (b—1,1) € B is invertible in A, so if B is spectrally invariant
in A, (b—1,1)"' = (b= —1, 1) belongs to B and hence b~ belongs to B, proving that B is spectrally
invariant in A.

There remains one other situation where some kind of ambiguity might arise, namely when A
is unital, but its unit 1 does not belong to B. In this case, even if B has a unit of its own, we
shall discard it and regard B as a not necessarily unital algebra, but need to understand that its
unitization B now admits two different unit-preserving embeddings: one embedding mapping the
unit (0,1) of B to the unit (0,1) of A, and another embedding mapping the unit (0,1) of B to the
unit 1 of A, whose image we shall denote by B. Note that B is just the subalgebra of A generated
by B and the unit 1 of A. We claim that B is spectrally invariant in A if, and only if, (i) B is
spectrally invariant in A and (ii) no element of B is invertible in A. First of all, it is clear that
spectral invariance of B in A implies condition (ii), because if there were any element b of B with an
inverse in A, spectral invariance would force this inverse to belong to B. This, in turn, would imply
1 € B, contradicting the hypothesis that 1 ¢ B. As for condition (i), suppose that (b, 8) € BC Ais
invertible in A. Then B #0and fl1+b€ B is invertible in A, so if B is spectrally invariant in A,
(81 +b)~! belongs to B, which means it can be written in the form (81 +b)~' = §/1 + ¥ for some
B € C, V' € B; but multiplying this equation by 81+b gives 1 = 83’1+ 8b'+ 5'b+bb’, implying that
B =71, and hence (b,8)"1 = ((B1+b)"1 —=3711,871) = (¥, 37 !) belongs to B. This proves that
B is spectrally invariant in A. For the converse, suppose that 81 + b € B is invertible in .A. Then
B # 0, due to condition (ii), and (b, 8) € B C A is invertible in A, so if B is spectrally invariant in
A, (BL+b)"t —B711,871) = (b, B)~! belongs to B. Hence, (81 +b)~! belongs to B, proving that
B is spectrally invariant in A.

APPENDIX B. WHEN ARE RIEFFEL ALGEBRAS UNITAL?

The main goal of this section is to discuss conditions under which the algebra BG(R™) is unital.
As a byproduct, we show that SG(R") can never be unital. We will need, however, a version of
the Fourier Inversion Formula for functions in BG(R"), which we quickly derive in what follows:
let f be a function in B¢(R"), 0 < ¢ < 1 be a compactly supported smooth function on R"
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which equals 1 on a neighborhood of 0 and define, for each m € N\ {0} and = € R", the function
fm(z) = ¢(x/m)f(x), x € R™. Then for each m € N\ {0} the formula

(Qi)n / e f () dudv = fin () = / 2T £ (2 4+ v) dudv

holds, and integration by parts on the right-hand side integral combined with an induction argument
[29, p. 3] gives

1 (%
= lgsza(u,v)a f(@ +v) | dudo,

/627riu-vfm($ 4 ’U) dudv = /e2ﬂ'iu-v
where k is an integer greater than n/2, each B, is a bounded function and the term between brackets
is just the development of [(1 — A/472?) Mg ]*(f), with My being the multiplication operator by the
function K (u,v) := (1 +u?+v?)"%F and A := Zﬁgl(a/aj)? Therefore, taking the limit m — +oo
together with an application of the Dominated Convergence Theorem gives

, 1
_ : 2miu-v [
fl)= lim [e eSS QIZ:% Ba(u,v) 0% frm (2 +v) | dudv

:/62”“'” (;k Z Bo(u,v) 0% f(xz +v) | dudv ::/62”“'” f(x+v)dudv,

24 .2
1+u?+0?) o<k

for every fixed x € R™, by the definition of oscillatory integrals on page 3 of the monograph [29].
This establishes our result (see also [29, Corollary 1.12, p. 9]).

Lemma B.1. The algebra Bg(R") is unital if, and only if, the C*-algebra C is unital.

Proof. If C is unital, then an application of the generalized Fourier Inversion Formula derived above
shows that the constant function 1: z — 1¢ satisfies 1 x; f = f, for all f € Bg(R"). Applying
the involution on both sides of this equality yields f x ;1 = f, for all f € Bg (R™), so 1 is the unit
of BG(R™).

Conversely, suppose that BS(R™) is unital, with unit element U: 2 — U(z) € C. Let us begin
by showing that U must be a constant function. Fix an approximate identity (e, )aer for C and
consider the constant functions f,: x — eq, for all @« € T'. Then by the generalized Fourier
Inversion Formula we obtain

ea = fo(x) = (fa x;U)(z) = ea/e%m'v U(x +v)dudv =e, Ul(x),

for all x € R™ and « € I". This shows that the limit e := lim, e, exists and that e = U(z), for all
x € R™. Therefore, U is the constant function U: x — e. But if ¢ € C is fixed and f. denotes the
constant function x — ¢, we may use the generalized Fourier Inversion Formula again to obtain
¢ = fo(x) = (fe xgU)(x) =ceand c = fo(x) = (U x; fe)(x) = ec, for all x € R™, which proves
that e is indeed the unit element of C. (]

Remark B.2. We note that the proof of Lemma B.1 shows that the algebra S(R™) can never be
unital, for any C*-algebra C. In fact, if S§(R™) were unital, with unit element U: z — U(z) € C,
then a repetition of the argument above would force C to be unital. Moreover, U would have to be
the constant function x — 1¢, which does not belong to S§(R").
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APPENDIX C. A FEW REMARKS REGARDING NON-SEPARABILITY

In this section, we direct our efforts to give explicit proofs for two key lemmas found in [23,
Section 2], in order to show that they still remain valid if we drop the requirement of separability
on the C*-algebra C (the reference [23] deals only with the Hilbert C*-module E,, over a separable
unital C*-algebra C). The first lemma, below, contains the proof of a non-separable version of [23,
Lemma 1]. Also, we do not make the assumption that C is unital.

Lemma C.1. Let C be a C*-algebra (unital, or not). For every A € Lc(E,) there exists a unique
operator AQI € Lc(Eay,) satisfying the property that (AQI)(f®g) = (Af)®g, for all f,g € S¢(R™).2

Proof. First, let us fix some notations. Denote by A the Lebesgue measure on R", and by C2°(R", C)
the space of C-valued compactly supported smooth functions on R" (when C = C, we write simply
C(R™)).

We begin by showing that the algebraic tensor product C°(R™,C) ®alz C°(R™,C) is dense in
L?(R?",C) in the L2-topology, via an adaptation of the proof of [14, Lemma 1.2.31, p. 29]. If f
belongs to L?(R?™,C), then f can be approximated by A-simple functions in the L2-norm [14, Lemma
1.2.19 (1), p. 23], so it suffices to prove that the indicator function 15 of a fixed Borel-measurable
subset B of R?" with finite measure can be L?-approximated by an element in C2°(R™)®,1, C2°(R™).
Since there exists a cube C := H?Zl [¢j,dj), ¢j,d; € R, which properly contains B, we may consider
the (restricted) Borel o-algebra A on C and the subsequent algebra B C A of finite unions of cubes
of the form H?Zl[aj, bj), aj,b; € R, which generates A. But, then, given any € > 0, an application
of [14, Lemma A.1.2, p. 502] shows that there exists a set B’ € B which satisfies A(BAB') < ¢,
where BAB' is the symmetric difference BAB’ := (B U B')\(BN B’) = (B\B’) U (B’\B). This
shows that 15 can be approximated by indicator functions 15/ in the L?-norm, where B’ € B. On
the other hand, since the indicator function of an interval [a,b), a,b € R, can be L?*-approximated
by a function in C°(R), it follows that every indicator function of a cube in R?", being a product of
indicator functions of real intervals, can be L2-approximated by a function in C°(R") ®,1, C2°(R™).
This proves the desired claim that C°(R",C) ®a, C°(R",C) is dense in L?(R?",C) implying, in
particular, that S€(R™) ®,1, S¢(R") is dense in S (R?") in the L2-norm.

Now, we treat the tensor product issue. If ¢: C — L¢(F,) is a *-homomorphism, we denote
by E, ®¢ E,, the interior tensor product of E,, with itself [19, p. 41], which is a Hilbert C*-module
over C: let N be the vector space N := {z € E, ®ag Ey, : (2,2)¢ = 0} [19, Proposition 4.5, p. 40];
then the tensor product E, ®, E,, is the Banach space completion of the quotient (E, Qag Ey)/N
equipped with the C-valued inner product acting on equivalence classes of simple tensors as

([f1 ®aig 1], [f2 ®arg 92])¢ = (91, {{f1, f2)E. } 92)E,.-

For our purposes, we take ¢ as the x-homomorphism which sends an element ¢ € C to the left-
multiplication operator ¢(c)(f) := ¢ f, where f € E,, (note that, indeed, ¢(c) belongs to L¢(Ey)).
We will now show that the map

v (SC(R™) ®atg SE(R™), (-, ) Ba) — ((SC(R™) ®alg SC®R™)/N, (-, -)s),  o(f) =1/,

2We note that, as opposed to what is done in [23, Lemma 1], we do not impose the hypothesis that A € L¢(En)
must leave S (R™) invariant; in fact, we cannot impose such a restriction since, in the definition of the map S, in
Equation (3.26), it is not clear that the operator D [(AdU)(—z, —£)(A)] F~! leaves S¢(R™) invariant.
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extends to a linear isomorphism 7: Es, — E,, ®4 E,, which preserves the right C-module structure
and satisfies (7(21),7(22))¢ = (21, 22) B, for all z1, z9 € Eg,. First, note that the calculation

([f1 ®atg 91], [f2 ®alg 92])p = /Rn g1(s)” ( . F1(t)" f2(t) dt) g2(s)ds

= </ (f1(t)g1(s))" f(t) g2(s) dt d5> = (f1 Ralg 91, f2 Palg 92) Bs,, »

R2n

which holds for all fi, g1, f2, g2 € S¢(R™), shows that ¢ preserves the C-valued inner product, so it
is an isometry. In the previous paragraph we have proved, in particular, that S¢(R") ®a14 S¢(R™)
is dense in S¢(R?") with respect to the norm || - ||2, 50 S¢(R") ®a1g SC(R™) is || - ||2-dense in Eay,.
On the other hand, ([S¢(R") ®a; S¢(R™)] is dense in (E, ®ag En)/N with respect to the norm
II - |l¢ induced by the C-valued inner product (-, - )4, since an application of the Cauchy-Schwarz
inequality for Hilbert C*-modules gives

I1(f =) @ hllE = I{(f = 9) @ h. (f = 9) @ )glle = [Kh. {LU(f = 9). (f =)} M), e
<If-9glE, 1%, f.g,h€E,

(an analogous estimate holds for elements of the form [f ® (¢ — h)], f,g9,h € E,). Therefore, the
map 7 is defined by a standard extension-by-limits argument, so the conclusion of the lemma follows
from the calculation in [19, (4.6), p. 42]: it shows that, for any given A € L¢(E,), there exists a
unique operator A® I € L¢(E, ®4 Ey) satisfying the property that (A® I)(f ® g) = (Af) ® g, for
all f,g € E,. ]

Let 71 and ~3 be the (scalar-valued) functions on R defined by

{et, ift>0 {tet, ift>0

7 (t) = and Y2 (t) =

0, ift<0 0, if t < 0.

Then it is clear that (1 + d/dt)y; = & and (1 + d/dt)*y, = §; [11, Theorem 10.1, p. 351] [9,
Proposition 2.3, p. 253]. The functions v; and 7, will play a central role in the following lemma. It
provides, in particular, a proof for [23, Lemma 2].

Lemma C.2. Let C be a C*-algebra (unital, or not). For every b: (x,&) — b(z,€) in BS(R?), there
exists a unique a € BS(R?) such that D(a) = b, where D := (1 + 0¢)?(1 + 8,)?* is considered as an
(everywhere defined) operator on Bg(RQ). Moreover, such a is given by the formula

(1) ale,€) = / W) €°tb(s + 2.t + €) v(t, ) ds di dn,
]R3

where u(s,n) = (14 0p)[(1 — in)*v2(—=s)v2(=n) "] and v(t,n) == v (t —n)/(1 +it)*, for all
(r,€) € R2.

Proof. An application of Fubini’s Theorem shows that the integrand on the right-hand side of (C.1)
is Bochner integrable on R3. If we define

(C.2)
a(z,§) := /]R? Y2 (8) 2 (t) b(x — s,& — t)dsdt = e e / (x —5) (€ —t)ee' b(s,t)dsdt,

(—00,] X (—00,¢]
a straightforward calculation shows that D(a)(z,&) = b(x,§), for all (z,£) € R?, and that a €
BS(R?). This establishes that D is a surjective operator on BG(R?).
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To prove the injectivity of D, let us first show the injectivity of 1+ J, as an operator on BS- (R?).
Fix a continuous linear functional ¢ on C and suppose that (1+9,)(f) = 0 for some f € B5(R?), so
that (14 95)(¢o f) = ¢[(1 4 92)(f)] = 0. Then multiplying both sides by the exponential function
x — e” and integrating from 0 to = gives (¢ o f)(x,&) = e “g(&), for a certain function g defined
on R and all (z,£) € R%. But if g(&) # 0, for some & € R, then taking the limit # — —oo on
both sides of (¢ o f)(x,&) = e "g(&) implies that lim,_, (¢ o f)(z,&) = 400, contradicting
the boundedness of ¢ o f. Therefore, ¢ o f must be identically zero which, by a corollary of Hahn-
Banach’s Theorem, implies that f must also be identically zero. Since the same proof applies for
the operator 1 + 0: we have established, in particular, that D is injective. Hence, D is a bijective
operator on BS(R?).

Finally, to prove formula (C.1), consider the vector space of bounded continuous C-valued func-
tions f on R whose lateral derivatives exist but fail to match on at most a finite number of points
of R. Then 1+ d/ds sends this space into the space of all C-valued functions on R in an injective
way (we make the convention that d/ds associates the right lateral derivative of f on all of the
points): indeed, if (1 4 d/ds)(f) = 0 for such a function and ¢ is a continuous linear functional on
C, we can adapt the argument of the previous paragraph to conclude that, if {z;}, <j<k 18 the set of
real points (ordered in an increasing manner) where the lateral derivatives of f fail to match, then
there exist constants {Cj}, ;¢ such that (¢ o f)(z) = e™"C}, for each 0 < j < k and all z € I,
where Iy := (=00, 21], Iy := [k, +00) and, when k > 1, I; == [zj,zj41], 1 < j < k—-1-1if fis
everywhere differentiable, then (¢ o f)(z) = e=*Cy, for some constant Cy and all x € R; but then
repeating the boundedness argument of the previous paragraph yields Cy = 0, and the continuity
of f forces C; = 0, for every 1 < j < k. Therefore, the identity

f) = [ rdafeds= [ erdeds  rer

holds for all such functions f, as can be seen by applying the (injective) operator 1+ d/dz to both
sides of the equality. We can use this identity to obtain

/RU(S’ n)v(t,n)dn = % /R(l + O)[(L+in)? y2(—n) e "*"y1 (t — n) dn

= ) —is —is
:%-(1+2t>272(—t)6 b= o (—8) ya(—t) e, steR

which, when substituted in Equation (C.2), gives
a(z, &) = / [Yo(—=8)y2(—t) e b(x+s,E+1) et ds dt = / u(s,n)v(t,n) b(z+s,E+t) e dnds dt,
R? RS

for all (z,¢) € R2. This is exactly what we wanted. O

APPENDIX D. THE RELATIONSHIP BETWEEN L?(R",C) AND E,,

In this final section of the Appendix we will give a quick proof of the fact that L?(R" C) is
continuously embedded in F,, as a dense subspace. The proof of the lemma below was taken from
[24, Proposicao 3.9].

Lemma D.1. Let C be a C*-algebra (unital, or not). There exists a continuous injective linear map

I: L3(R",C) — E,, such that I(f) = f, for all f € S¢(R™).
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Proof. We shall denote the usual L?-norm on L?(R",C) by || - ||zz. Analogously as in Lemma
C.1, it can be proved that S¢(R"™) is dense in (L?(R",C),| - |lz2). Therefore, the identity map
i: (SC(R™), || - |lz2) — (SC(R™), ]| - ||2) extends by continuity to a map I: L*(R",C) — E,, such
that || I(g)|l2 < |lg|/z2, for all g € L2(R™,C), and I(f) = f, for all f € S¢(R").

We will now show that I is injective. Suppose I(f) = 0, for a fixed f € L?(R",C), and let
(fm)men be a sequence in S¢(R™) converging to f in (L2(R",C),|| - |/z2). An application of
Holder’s inequality shows that

[ =ty @ (o) do

</ I(f = fm)" (@) g(@)llc dz < || f = fmllz2 lgll 2,
¢ Jn

for all g € L2(R™,C) and m € N. This implies, in particular, that

(D.1) ((fm, e, = - fm(2)* g(x) dw) converges to - f(x)" g(z)dx

meN

in C, for all g € S¢(R™). But continuity of I implies the convergence of (f)men to I(f) =0 in
(En, || - ||2), so the estimate ||{fm, 9) &, lc < ||fmll2[lgll2, for all m € N and g € S¢(R"), shows that
iy, 100 (fm, 9) &, = 0, for each fixed g € S(R™). Combining this fact with (D.1) (substituting g
by fm, m’ € N), we obtain

f(@)" for(z)dx =0, m' € N.
]Rn

Then another application of Holder’s inequality gives us

f@)" f(x)de = lim (2)* frr(z) dx = 0,
R™ m’—+o00 Jpn
from which it follows that f = 0. This establishes the injectivity of I. O

Remark D.2. If C is a unital C*-algebra, then the space L?(R™) is continuously embedded in E,, as
a subspace: in fact, the map J: L3(R") — L?(R",C), J(f) := f-1¢, embeds L*(R") isometrically
into L?(R",C), and the composition I o J is an isometric embedding of L*(R") into E,.
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