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THE NUMBER OF REAL ZEROS OF ELLIPTIC POLYNOMIALS

NHAN D. V. NGUYEN

ABSTRACT. Let Np(a,b) denote the number of real zeros of Gaussian elliptic polyno-
mials of degree m on the interval (a,b), where a and b may vary with n. We obtain
a precise formula for the variance of N,(a,b) and utilize this expression to derive an
asymptotic expansion for large values of n. Furthermore, we provide sharp estimates for
the cumulants and central moments of N, (a,b). These estimates are instrumental in es-
tablishing sufficient conditions on the interval (a, b) for N, (a,b) to satisfy both a central
limit theorem and a strong law of large numbers. In the second part of the paper, we
extend our analysis to nondegenerate Gaussian analytic functions, including well-known
examples such as the Gaussian Weyl series and Weyl polynomials.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Background. Consider a positive integer n and a nonempty interval (a,b) C R,
where a and b may depend on n. Let pg,p1,...,p, be polynomials defined on (a,b), and
let wo, w1, ...,w, be jointly independent copies of a real random variale w with zero mean
and unit variance. The linear combination

P,(z) = Z w;p;(z)
§=0

is an example of a random polynomial. Various choices for the polynomials p;(z) give
rise to distinct classes of random polynomials. Notable classes, of significant interest in
probability theory and subjects of research attention in mathematical physics, include

(1) Kac polynomials (i.e., pj(z) = 27); and more generally, hyperbolic polynomials

(ie., pj(z) = \/%:ﬂ for L > 0);
(2) elliptic polynomials or binomial polynomials (i.e., pj(z) = / (’;) 29);

(3) Weyl polynomials or flat polynomials (i.e., p;(x) = ﬁxj);

(4) orthogonal polynomials (i.e., pj(x) form a system of orthonormal polynomials with
respect to a fixed compactly supported measure); and
(5) trigonometric polynomials (i.e., p;(x) are trigonometric polynomials).

Let Np(a,b) denote the number of real zeros of P,(z) inside (a,b). Then, Ny,(a,b) is
a random variable taking values in {0,1,...,n}. A key problem in the theory of random
polynomials is understanding the behavior of this random variable, with n tending to
infinity. During the past 90 years, most studies have been concerned with the estimation
of Ny (a,b), the expectation E[N,(a,b)], the variance Var[N,(a,b)], and the distribution
of Ny(a,b) in the large n limit. These problems also naturally arise in different branches of
physics because random polynomials serve as a basic model for eigenfunctions of chaotic
quantum systems (see, for example, Bogomolny, Bohias, and Lebceuf [16,17]).

Earlier investigations focused on Kac polynomials, with seminal contributions from
Bloch and Pdlya [15], Kac [34,35], Littlewood and Offord [39-41], and Erdés and Offord
[28]. Classical results, accompanied by numerous references on the subject, are available
in the books by Bharucha-Reid and Sambandham [10] and Farahmand [29]. We emphasize
that when w follows a normal distribution, the expected number of real zeros can be ex-
plicitly computed using the Kac-Rice formula (see [34], [48], or [8, Chapter 3]). Edelman
and Kostlan [27] provided an elementary geometric derivation of the Kac-Rice formula,
showing that E[N,,(a,b)] is simply the length of the moment curve x — (po(z), ..., pn(x))
for x € (a,b), projected onto the surface of the unit sphere, divided by 7. In non-Gaussian
scenarios, the universality method is crucial. It employs a replacement principle, en-
abling the comparison of correlation functions between two random functions when their
log magnitudes closely match in distribution and meet specific non-concentration bounds
(see, for example, Nguyen and Vu [46], Tao and Vu [51]). Implementing this principle
transforms the computation of zero distributions and interactions into a Gaussian frame-
work. Currently, one can determine E[N, (a, b)] for various classes of random polynomials,
considering different choices for p;(x) and under very general assumptions for w (see Do
[21], Do, H. Nguyen and Vu [23], Do, O. Nguyen and Vu [24,25], Nguyen and Vu [46], and
the references provided therein).

Estimating the variance, however, has proved to be a much more difficult task and it is
evident that this problem still awaits rigorous treatment. Despite a large number of prior
studies, only a few are about Var[N,(a,b)]. For Kac polynomials, Maslova [43] proved
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that if P({w = 0}) = 0 and E[Jw|***] < oo for some & > 0, then

Var[N,(R)] = % (1 - i) logn + o(logn) as n — oo.
Beyond Kac polynomials, investigating the asymptotics of Var[N,(a,b)] for other models
of random polynomials has been extensively considered since the 1990s and has emerged
as an active area of research in recent years. Utilizing the Kac-Rice formula and the
universality method, the leading asymptotic terms for the variances of the real zeros were
established for elliptic polynomials (see Bleher and Di [12], Dalmao [20]), Weyl polynomials
(see Do and Vu [26], Schehr and Majumdar [49]), orthogonal polynomials (see Lubinsky
and Pritsker [42]), and for trigonometric polynomials (see Bally, Caramellino, and Poly
[9], Do, H. Nguyen and O. Nguyen [22], Granville and Wigman [32]). It is essential to
note that most works focus on the case where w is Gaussian and the second terms in the
variance asymptotics for these random models remain unknown.

Establishing the limiting law of N, (a,b) presents a more intricate challenge. We say
that Ny (a,b) satisfies the central limit theorem (CLT) if the following convergence in
distribution holds:

Nn(a,b) — E[Ny(a, )] 4 N(0,1) as n— oo
Var|N,(a,b)] 7 7

where N(0,1) denotes the standard normal distribution. In 1974, Maslova [44] proved
the CLT for Kac polynomials. Nearly four decades later, CLTs were extended to other
classes of random polynomials. Granville and Wigman [32] and Azais and Ledn [6] studied
the CLT for Gaussian Qualls’ trigonometric polynomials using different methods. Azais,
Dalmao, and Ledn [5] extended this result to classical trigonometric polynomials. Dalmao
[20] achieved the same for elliptic polynomials, with Ancona and Letendre [1] recently
generalizing this result using the method of moments. The primary tool employed in [5],
[6], and [20] is an L? expansion of the number of real zeros. CLTs for Weyl polynomials
and Weyl series were obtained by Do and Vu [26] using the cumulant convergence theorem.
In 2022, Nguyen and Vu [47] established the CLT for random polynomials with coefficients
of polynomial growth. Their proof adapted the universality method and the argument in
Maslova [44], approximating the number of zeros through a sum of independent random
variables.

This paper is dedicated to establishing a full asymptotic expansion for the variance,
along with sharp estimates for the cumulants and moments, of the number of real zeros
of certain Gaussian processes. These findings are essential in comprehending the behavior
and the limiting law of the real zeros. Our exploration begins with Gaussian elliptic poly-
nomials, which arise when considering the quantum mechanics of a spin S system whose
modulus S is conserved (see Bogomolny, Bohias, and Lebceuf [16]). These polynomials are
highly relevant for applications in quantum chaos and have been extensively studied in the
mathematical literature (see Ancona and Letendre [1], Bleher and Di [12,13], Dalmao [20],
Edelman and Kostlan [27], Flasche and Kabluchko [30], Nguyen and Vu [46], Schehr and
Majumdar [49], Tao and Vu [51]). Additionally, our investigation extends to nondegener-
ate Gaussian analytic functions, leading to the establishment of new findings concerning
the Gaussian Weyl series and Weyl polynomials. These random analytic functions are also
objects of considerable interest in probability theory and mathematical physics (see Do
and Vu [26], Edelman and Kostlan [27], Flasche and Kabluchko [30], Nazarov and Sodin
[45], Nguyen and Vu [46], Schehr and Majumdar [49], Tao and Vu [51]).
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1.2. Real zeros of Gaussian elliptic polynomials. Let N,(a,b) denote the number
of real zeros on (a, b) of the elliptic polynomial

Py(x) = jzn%wg‘\/@wj,

where w; are i.i.d. normalized Gaussian random variables. In 1995, Edelman and Kostlan
[27] showed that

I 1
E[Nyn(a,b)] = 7T/a 1 \_{iz dr = ;\/ﬁ(arctanb — arctana). (1.1)
In 1997, Bleher and Di [12] determined the leading term in the large n expansion of the
variance Var[N,(a,b)] for fixed a and b. Specifically, defining

2 2 2 2
e 521 — 5% —e) 1—e —s%e®

Bofs) = S ) = e

2
1—e%" — 52

fo(s) = (\/1 — 02(s) + do(s) arcsin50(3)> Yo(s) — 1,

it was shown in [12, §6] that
Var[N,(a,b)] = (1 + ko + 0(1))E[N,(a,b)] as n — oo, (1.2)

and

where o oo
Ko 1= 77/0 fo(s)ds (1.3)

and (1 + ko) ~ 0.5717310486. In [20], Dalmao obtained the same result for Var[N, (R)].

Notably, for fixed a and b, (1.1) provides an exact formula for E[N,(a,b)], while (1.2)
offers an asymptotic bound with a less precise error term o(y/n). The precise characteri-
zation of the error term in Var[V,(a, b)] remains an open challenge, requiring a nontrivial
and highly technical endeavor. Additionally, the determination of the second asymptotic
term in the variance expansion for the number of real zeros across all classes of random
polynomials in Section 1.1 is yet to be accomplished, presenting ample opportunities for
further improvement.

Our interest extends to establishing a complete asymptotic expansion for the variance
of real zeros in the large degree limit. As a crucial first step, we aim to derive an exact and
accessible formula for Var[N,(a,b)]. To formulate our results, we introduce the functions

gz (L4 8*)[1 = (145*)7"] — ns?
1—(14s2)™—ns?2(1+ %)’
1— (148%™ —ns?(1+s%)™"

[n(s) = [1—(1+ s2)—n3/2 ’

Fo(s) = (\/1 T A2(s) + An(s) arcsin An(s)> To(s) — 1,
along with the integrals

Vila@d)| f (s/
Kooty o 2 /0 Fuls/v) |

Au(s) = (1+ )

™

1+ s%/n %

vile(ad)| po(o/ /m
L,(a,b) := 732/0 M\/ﬁarctan(s/\/ﬁ)ds,
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where a(a,b) := (b—a)/(1+ ab), for —oo < a,b < oo. For brevity, we will use K,, and L,
instead of K, (a,b) and Ly,(a,b) if v/n|a(a,b)| is replaced by oo.

Theorem 1.1 (Exact variance formulas).
(1) If a(a,b) > 0, then

Var|N,(a,b)] = (1 + Ky(a,b))E[Ny(a,b)] — L,(a,b). (1.4)
(2) For a(a,b) =0, one has (a,b) =R and
Var [N, (R)] = (1 4 K)E[Nn(R)]. (1.5)

(3) When a(a,b) <0, it holds that
Var[N,(a,b)] = (1 + K,)E[N,,(a,b)]
+ (Kn = Kn(a,)) (E[Na(a,b)] = v/n) — Ln(a, ).

By leveraging Theorem 1.1 and rigorously applying Taylor expansions, we derive pre-
cise asymptotic expressions for the variance Var[N,(a,b)] in the large n limit. The key
advantage of Theorem 1.1 is its applicability to cases where the interval (a,b) depends on
n. Specifically, we establish a complete asymptotic expansion for Var|[N,(a,b)], provided
that the interval (a,b) does not contract too rapidly as n — oo.

(1.6)

Theorem 1.2 (Variance asymptotic expansions). Write ay, = /naf(a, b).

(1) Assume first that |oy,| — oo as n — oo. Let

i — {a% + 310g|ozn|J 7 (1.7)
logn
where |-| denotes the integer part. Then
Var|[N,(a,b)] = <1 + dZ" Rk) E[N,(a,b)] — dzn b + O(ate™n) (1.8)
h k=0 nt e k=0 ¥ ! ’

in which kg and £y are real constants independent of n, a, and b. In particular, kg
is defined as in (1.3) and

by = % /OO sfo(s)ds.

™ Jo

Therefore, if a%/logn — oo as n — oo, then Var[Ny,(a,b)] admits a full asymp-
totic expansion of the form

Var[N,(a,b)] ~ <1 +> Z,’j) E[Ny(a,b)] = b (1.9)
k=0

k=0

(2) Assume now that |o,| = O(1) as n — oo. If an, = ¢ > 0, then

Var|[N,(a, b)] ~ <1 +3° ””C,f) E[N,(a,b)] = fn: (1.10)
k=0 k=0

n
in which K.y and L.} are real constants. In particular,

2 [€ 2 [¢
Keo = / fo(s)ds and L.o= 2/ sfo(s)ds.
T Jo ™ Jo
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For o, = —c < 0, we have

Var|N,(a, (1 + Z ”’“) (a,b)]

o / -, (1.11)
R — %C,k’ n c ek
‘(an>wamnﬁ—2nk'
k=0 =0
(3) Finally, assume that a,, = o(1) as n — oo. If oy, > 0, then
1 L o L 3 5 ap 2 a4
VarlNo(e.b)] = Zon = on + e ~ oy F g, TO0ln) (112)
If ay, <0, then
Un K 2 043 Un K
Var[Ny(a,b)] = (1 + k) v+ = <an - n) 3ok
n 7T 3n n
= k=0 (1.13)
1 L o L 3 1o} 2 ot 5
F o T O T T T gy T gy 1 Ol
where
1 510g|an\ 10g|an\
e I and vy :
2 logn logn

If, in addition, v, — o0 as n — 0o, then

Var[N,(a, (1 + i ””“) NG (1.14)
)l

n

For a,, = 0, we have (a,b) = R and Var[N,(R

of the form
Var[N,(R)] ~ (1 +3 Z,’z) Jn. (1.15)
k=0

In Section 2.3, we provide exact definitions for xy, Kk, €x, and £, along with some
detailed numerical computations (see Table 1).

has a full asymptotic expansion

Remark 1.3. While determining the second-order term in the variance asymptotic expan-
sion for the number of real zeros remains challenging and largely unexplored for other
classes of random polynomials listed in Section 1.1, it becomes more tractable for ellip-
tic polynomials, thanks to the exact variance formulas provided in Theorem 1.1. In the
next subsection, we extend our analysis to encompass other classes of Gaussian processes,
establishing precise expressions for cumulants of the number of real zeros (as detailed in
Theorems 1.15 and 1.24). These expressions form the foundation for deriving second-order
terms or even full asymptotic expansions for all cuamulants, central moments, and moments
of the number of real zeros of these processes (as outlined in Remark 1.16, Theorem 1.21,
Remark 5.1, and Remark 5.2).

Here and throughout, for a positive integer k and a random variable X, let sx[X] and
pi[X] denote the kth cumulant and kth central moment of X, respectively.
Our next objective is to explore the asymptotic behaviors of the cumulants si [Ny, (a, b)].

Theorem 1.4 (Asymptotics of cumulants). For each positive integer k, there exists a
finite constant By, independent of n, a, and b, such that

sk[Nn(a,b)] = BE[Ny(a,b)] + O(1) as n — oo. (1.16)
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Remark 1.5. Since s1[Ny(a,b)] = E[N,(a,b)], (1.16) is trivial for k¥ = 1, where 51 = 1.
Utilizing Theorem 1.2 and recognizing that s3[Ny(a,b)] = Var[N,(a,b)], we establish the
validity of (1.16) for k = 2, with 82 = 1 + ko. It is worth noting that when studying the
gap probabilities for elliptic polynomials, Schehr and Majumdar [49, Appendix E] proved
that
s3[Np(a,b)] ~ BsE[Ny,(a,b)] as n — oo,

under the assumptions that fs is well-defined and E[N,,(a,b)] ~ /n in the large n limit.
They expected a similar mechanism to hold for higher values of k (see [49, Equation 93]).
Accordingly, our theorem provides a fuller treatment.

Using the asymptotics in (1.16), we establish the asymptotic normality of Ny, (a,b).

Theorem 1.6 (Central limit theorem). Let o, be defined as in Theorem 1.2. If either
an <0 or a, — 00 as n — oo, then Ny(a,b) satisfies the CLT.

Remark 1.7. In 2015, Dalmao [20] established the CLT for N,(R) using the Wiener-
It6 expansion and the fourth-moment theorem. Ancona and Letendre [1] independently
validated Dalmao’s finding in 2021 using the method of moments. In our current study, we
utilize the asymptotic behaviors of cumulants, as described in Theorem 1.4, to establish
sufficient conditions on (a,b) for Ny(a,b) to satisfy the CLT. These conditions essentially
imply that the interval (a,b) should not shrink too rapidly as n — co.

Next, we can apply Theorem 1.4 to derive the asymptotics of the central moments
Lk [N (a, b)].

Corollary 1.8 (Asymptotics of central moments). Fiz k > 1. As n — oo, it holds that

(2k)!8%
F12F

pi2k[Nn(a, b)] = (E[Nn(a,b)))* + O((E[Nn(a, b)])* ) (1.17)

and
(2k + )15~ 53
(k — 1)126-13]
Remark 1.9. Ancona and Letendre [1] previously examined the asymptotics of py [Ny (R)]
and showed that, as n — oo,
k[N (R)] = kN (0, D]BS 20/ 4 O(n5=1/4 logk (n)), (1.19)

where p;[N(0,1)] denotes the kth moment of the standard normal distribution. However,
since pok 1[N (0,1)] = 0, formula (1.19) does not provide the leading asymptotics for
t2k+1[Nn(R)]. Therefore, our results in Corollary 1.8 not only fill this gap but also offer
an improvement of (1.19), as our error terms are only O(n(¥/21=1)/2),

p2k+1[Nn(a, )] = (E[Na(a,b)))* + O((E[Na(a, b)))* ). (1.18)

By employing the asymptotics of central moments provided in (1.17), reinforced by a
Borel-Cantelli type argument, we establish a strong law of large numbers for N, (a,b).

Theorem 1.10 (Strong law of large numbers). If either o, < 0 or Y o0 o,k < oo for
some positive constant k, then

Nn(a7 b) a.s.
E[Nn(a,b)]

Remark 1.11. Similar considerations may apply to the linear statistics Ny (¢), defined as

Na(¢) = > dla),

IEZ’n

1 asn— oo.
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where Z,, is the real zero set of the elliptic polynomial P,(x) and ¢ satisfies suitable
assumptions. Further details on this topic can be found in [1], where Ancona and Letendre
considered the leading asymptotics of the central moments, the CLT, and the strong law
of large numbers for these linear statistics. Note that N, (¢) reduces to N, (a,b) if we set
¢(x) = 1(4p)(7), denoting the indicator function of the interval (a,b).

In concluding this subsection, we identify potential directions for future research in the
realm of elliptic polynomials.

To begin, for Gaussian elliptic polynomials, it follows from (1.1) that E[N,(R)] is pre-
cisely y/n for all n. In [13], Bleher and Di, among other significant findings, extended this
result to non-Gaussian counterparts.

Theorem 1.12 ([13]). Assume there exist positive constants ¢ and C such that the char-
acteristic function ¢(s) of w satisfies the conditions

1 & o(s) .
< . =1,2 R.
’(IO(S)’ — (1"‘0’8’)67 dS] — (1+C|S|)6, .7 I 737 SE
Then, as n — o0,
E[N,(R)] = v/n + o(n'/?). (1.20)

The same result, without the assumption on ¢(s), was established in a recent work
by Flasche and Kabluchko [30]. In [51, Theorem 5.6], Tao and Vu demonstrated the
universality of this result, extending it to scenarios where the random variable w has zero
mean, unit variance, and finite (2 + ¢)-moments. A more refined quantitative version of
(1.20) was recently provided by Nguyen and Vu [46, Corollary 6.4]:

E[N,(R)] = vn + O(n*/?7¢), ¢ >0.
Considering the Gaussian elliptic polynomials, we infer from (1.2) that
Var[N,(R)] = (1 + ko)v/n + o(n'/?) as n — oco. (1.21)

A natural question arises: Is (1.21) still valid if w has zero mean, unit variance, and finite
(2+¢)-moments? More broadly, there is an interest in generalizing all the aforementioned
results to a non-Gaussian setting.

Additionally, it could be intriguing to extend the findings of this paper to the number of
real zeros of a square system P = (Py,..., P;,) of m polynomial equations in m variables
of common degree n > 1,

0
Py(z) = Z w§. )2t
lil<n
where

° J: (jl,,jm) € N and |J| :E;cnzljk;

° wg.é) = w](-f?._jm eR,(=1,...,m, |j| <n, and the coefficients w](.e) are independent

centered normally distributed random variables with variances

0y n) B n! _
Varjw:’|=1| .| = - - Ve
] (J g1t gm!(n = |3])!

ez = (z1,...,2,) and ¥ = [}, xfg’“

Such a system, also referred to as a Kostlan-Shub-Smale system, was initially introduced
and investigated by Kostlan [36] and further developed by Armentano et al. [3,4], Azals
and Wschebor [7], Bleher and Di [13], Edelman and Kostlan [27], Shub and Smale [50],
Wschebor [52]. Accordingly, we hope that the concepts and techniques of this paper may
stimulate further research in this fascinating area.
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1.3. Real zeros of nondegenerate real Gaussian analytic functions. Let
(@)
Q(z) =Y wjg;(2)
=0

be a real Gaussian analytic function (real GAF) on C; that is, w; are i.i.d. normalized
Gaussian random variables and g; are analytic functions on C such that » 22 |g;(2) > < oo
uniformly on any compact subset of C (see Do and Vu [26]).

Let k > 1 be an integer. For z = (z1,y1, ..., Tk, Yr) € R?* let L? be the linear functional
defined as

L*QE) = Y [5Q&) + 4@ (&), &= (&,...&) € RE.
1<j<k

Moreover, for any subset I C {1, ..., k}, the linear functional L7 is defined by summing over
j € I instead of the full range. For further insights into the concept of linear functionals,
we refer the reader to Do and Vu [26] and Nazarov and Sodin [45].

For & = (&1,...,&) € RF and a nonempty subset I C {1,...,k}, we define &7 = (& )icr,
and express the distance between the configurations &7 and £; as

d€r.&s) = nf & —§l.

Define ¥y, as the set of all non-increasing functions ¢ : [0,00) — [0, 00) such that

/OO Y(z)z* e < oo,
0

and let ¥, = ﬂzozl W;. The inclusion chain W; D Wy D --- D W, follows immediately.
Define A as the set of all real GAFs @ satisfying the following three hypotheses:

(H1) Q is 2k-nondegenerate.
(H2) For each x € R, there exists a deterministic function @, : R — (0, 00) such that

ElQz(1)Q(t + 2)Qx(s)Q(s + x)] = E[Q(1)Q(s)], t,5 €R.

(H3) There exist finite positive constants ¢ and 7, along with a function ¢ € ¥y, such
that the following holds: For any z = (21,91, ..., Tk, y) € R?*, &€ = (&1,..., &) € RF,
and any partition {1,....,k} = T U J, with d := d(€;,€7) > 27k, we have

E[LFQENLFQE))]| < exp(d — 7) (B LFQ(ED)I?] + B LZQ(£)1%).
Furthermore, let A = (N Ak-

Remark 1.13. We refer the reader to [26, §9] for the precise definition of nondegenerate
real GAFs, which serves as the real counterpart to the complex nondegeneracy notion
introduced in [45]. For instance, if Q(z) = >°72, wjc;z?, where real constants c; satisfy
Z;C:)o 0]2 < oo and cg,c1,...,C96—1 # 0, then @ is a 2k-nondegenerate GAF. Hypothesis
(H1) ensures the local boundedness of the k-point correlation function py for the real zeros
of @ (see Lemma 3.2).

Assumption (Hj) further asserts that the distribution of the real zeros of @ is invariant
under translations on R. Specifically, if @) is stationary, then (H2) holds with Q, = 1.

Hypothesis (H3) introduces a clustering property for py, indicating that if the variables
in R* can be divided into two well-separated clusters, the correlation function py, closely
approximates the product of the corresponding factors (see Lemma 3.3).

If @ is 2k-nondegenerate and m € {1, ..., k}, it is also 2m-nondegenerate. Additionally,
when (Hjs) holds for k£ > 1, it extends to all positive integers m < k. This establishes the
inclusion chain Ay D Ay D --- D As. Moreover, if Q € A; and m is a positive integer
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such that m < k, the m-point correlation function p,, for the real zeros of @) is uniformly
bounded on R™ (see Lemma 3.4).

Example 1.14. For the Gaussian Weyl series, defined as W(z) = 372 wj\j—% with w;
being i.i.d. normalized Gaussian random variables, we have W € A..

Indeed, according to Remark 1.13, W is 2k-nondegenerate for any k£ > 1. For each
x € R, let Wy(t) = e—wt=a?/2, Then, for any t,s € R, we have

EW,(t)W (t 4+ )Wy (s)W (s + z)] = e~ Tt=2?/2 —ws—a?/2 (t+7)(s+2)

— ets

=E[W ()W (s)],
showing that W satisfies hypothesis (Hz). Finally, it follows from [26, Lemma 18] that W
satisfies hypothesis (H3) for any k& > 1 with ¢(¢) := e t/2 e .
Theorem 1.15 (Precise expressions for cumulants). Fiz k € NU {oco} and let Q € Ay.

Given R > 0, let Ng(R) denote the number of real zeros of Q on [0, R]. For any positive
integer m with m < k, there are bounded functions 9,6% and )\Qn :[0,00) = R such that

sm[No(R)] = ROZ(R) + \2(R). (1.22)

Furthermore, there exist finite constants 9%00, )\;%,oo, and a function ¢ € Yy, independent
of R, satisfying, as R — oo,

09(R) =62 + 0 ( /R h ¢(:U)9:m_2da:) , -
1.23

A (R) = )\%OO +0 </ w(:c)a:mldx> :
R
Remark 1.16. If ¢ € Wy, then as R — oo,

/ ()b Lde = o(1).
R
Consequently, from (1.22) and (1.23), as R — oo,
smINQ(R)] = RO oo + A oo + o(R"7F),

where m and k are positive integers with m < k, Q € Ay, and 67%00 and /\%,oo are finite
real numbers independent of R. Furthermore, if Q € A, and m is any positive integer,
then s,,[Ng(R)] has a full asymptotic expansion of the form

sm[Ng(R)] ~ ROS o + A% .

Remark 1.17. In [31], Gass investigated cumulant asymptotics for random models with
slowly decreasing covariance functions. Gass’s approach refines recent works by Ancona
and Letendre [1,2], which established the convergence of the kth central moment of the
number of real zeros, suitably scaled, to the kth moment of a Gaussian random variable.
These investigations assume that the covariance functions and their derivatives belong to
certain Lebesgue spaces. For instance, as shown in [31, Theorem 1.5], if @ is a stationary
Gaussian process with C*° paths and its covariance function and derivatives belong to
LF(R) for all k > 1, then for any positive integer m,
smNQ(R)] _ o

lim —=—%>= =40 )
ey R 11,00
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In comparison to this limit, under the assumptions of fast decorrelation and analyticity,
the outcomes in Remark 1.16 provide a more thorough and detailed characterization.

By combining Example 1.14 and Theorem 1.15, we derive precise expressions and as-
ymptotic behaviors for the cumulants of the number of real zeros of the Gaussian Weyl
series.

Corollary 1.18 (Real zeros of the Gaussian Weyl series). For R > 0, let Ny (R) denote
the number of real zeros of the Gaussian Weyl series W on [0, R]. For any positive integer
k, there exist bounded functions 6}/ AV : [0,00) — R such that

sk[Nw (R)] = ROy (R) + A (R).

Furthermore, there exist constants GIZVOO, )\kWOO, and c > 0, which are independent of R
and satisfy, as R — oo,

QI?/(R) = 9}?’/00 + O(ka?ne*CkR?) and )\E/(R) = )\KOO + O(Rk72efckR2)'

Specifically, H,ZVOO = %Bk, where By, is as in Theorem 1.4. Consequently, 05 _ > 0 and

2,00
Nw (R) follows the CLT as R — co.

Remark 1.19. For a nonzero, compactly supported, and bounded function ¢ : R — R,
define N%(R) =2 sez(w) @(z/R), where Z(W) represents the multiset of real zeros of W.

In [26], Do and Vu established the asymptotic normality result for N{,@(R) by employing
the cumulant convergence theorem (see [33]) and demonstrating that

. Var[Nj,(R)]
lim —————— =10,

R0 R|4ll3 ’
and

sk [Niy (R)]| < Co iR

where Cy . is a positive constant depending only on ¢ and k. These findings were motivated
by related results for the complex zeros of W by Nazarov and Sodin [45]. Choosing
¢(t) = Ljo,)(t) implies NI?{,(R) = Ny (R). Consequently, the CLT also applies to Ny (R).
However, it is worth noting that Corollary 1.18 provides much more precise estimates for
sk[Nw (R)].

Now, we broaden the scope of Theorem 1.15 to include a wider range of Gaussian
processes, such as random polynomials. To this end, fix a positive integer k and let
Q € Ag. For n > 1, let Z, C R be an interval whose endpoints may depend on n and
let £, > 0 be such that ¢, — 0 as n — oo. Define .Ag(In,sn) as the set of all smooth
centered Gaussian processes {Qn(x) : © € Z,,} that satisfy the following hypothesis:

(H4) For any z = (21,91, ..., Tk, yx) € R?* and &€ = (&1, ..., &) € IF, we have
(1 = e)E[[ LZQE)’] < E[IL*Qn(€)’] < (1 + en)E[ L*QE)[].
If Q € Ao and hypothesis (H,) holds for all k > 1, we write Q,, € AL (T, en).

Remark 1.20. For € = (&1,...,&) € RF, let A(€) and A, (€) be the covariance matrices
of (Q(gl)vQ/(gl)vaQ(gk)aQ/(ék)) and (Qn(§1)>Q4L(£1)77Qn(§k)vQ;1(§k))7 respeCtiVGIY'

Through elementary computation, for any z = (x1, y1, ..., Tk, Yx) € R%* we have

(zA(€),2) = E[|IL*Q(&) ). (1.24)
Therefore, hypothesis (H,) implies that
(1—en)A€) < An(€) < (1 +e0)AE), €€y (1.25)
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Using the Kac-Rice formula (see, for example, [8, Chapter 3]) and (1.25), we deduce that
the correlation functions for the real zeros of ), on Z,, closely approximate those of Q. It
is worth noting that @), may not meet the criteria for a real GAF.

Alternatively, we can establish (1.25) by examining the covariance functions of ¢ and

Qn, defined as r(z,y) = E[Q(x)Q(y)] and r,(z,y) = E[Qn(2)Qn(y)]. In this context,

r (&, &) Qy(fl,ép )
) a8

Brn
where ij <Brn (&7&“]) 8m6y(§“§7)

Therefore, assuming that there exists a positive constant ¢,, with lim, ., €, = 0, such
that for all i, j € {0,1} and (z,y) € Z2, we have
8i+jrn oitip

we can then obtain (1.25).
Note that when @, represents the nth partial sum of @), the partial derivatives

Ag) = (Aij)f,jzl’ where A;; = (

and

M) = (A9

ij=1

oiti T
OxtOyJ

on any compact subset of R?. In this scenario, it suffices to

converge uniformly to Zl 7

determine the rate of convergence ¢, and verify (1.26) for the case sup,, |I,| =

Theorem 1.21 (Asymptotic cumulants). Let k € NU{oo}, Q € Ay, and Q,, € Ag(In, En).
For a finite interval I,, C I,,, we define Ng, (I) as the number of real zeros of @, on Ip,.
For any positive integer m such that m < k, one has

sm[NQ, (In)] = [1n 052 (| 1)) + A2 (| Tul) + O(enlIn[™), (1.27)
where 97% and )\% are bounded functions provided in Theorem 1.15. Furthermore, as
n — 00, if |In| — oo and ep|I,|™ — 0, then

sm NG, (In)] = |Tn|053 o + A oo + 0(1). (1.28)

Corollary 1.22 (Strong law of large numbers). If Q, € .Agﬂ(l'n,en) and I, C Z,, with
|In| < oo and Y7 | max(|I,|”™,ell") < oo for some finite positive constant m < k, then
NQn (I’I’L) a.s.
E[Nq, (In)]

1 asn — oo.

Consider the Gaussian Weyl polynomial, W, (2) = >°7_ wj;—%, where w; are ii.d.
normalized Gaussian random variables, serving as the nth partial sum of the Weyl series
W (z). It is well-known that the majority of real zeros of the Weyl polynomial W,,(z) lie
within the interval [—/n 4+ n'/%, \/n — n'/%] (see, for example, [26] and [51]).

Our focus is on the subinterval Z,, = [—e1y/n,e2y/n], where 0 < 7 < g3 < 1 and
e = max(e1e9e! 9122 £2¢1793) < 1. Under these conditions, W, € AW (Z,,e,) with &, =
e™/y/n. To establish this, we only need to verify the estimates in (1.26), where r(z,y) =
E[W ()W (3)] and ra(z, y) = E[W(z)Wa(y)].

Through elernentary computation, we find that r(x y) = e and r,(z,y) = en(zy),
where e, (z) =Y Notably, the relationship -4 Zen(x) = ep—1() allows us to estimate

o J=0 J'
85;2;" (z,y) by focusing solely on the estimation of e, (xy). Proving (1.26) is then simplified

to demonstrating
en(nt) = e"(1+ 0(g,)), t € [—e1e9,63],
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which immediately follows from Buckholtz [18] and Stirling’s formula.

Therefore, by synthesizing insights from Theorem 1.21, Corollary 1.18, and Corollary
1.22, we establish the large n asymptotic behaviors of cumulants, the CLT, and a strong
law of large numbers for the real zeros of W, on I,, C Z,.

Corollary 1.23 (Real zeros of the Gaussian Weyl polynomials). Let 0 < g1 < e9 <1 be
such that & = max(e1e0e' 512 e2e13) < 1. For a nonempty interval I, C [—e1y/n, £23/7),
let Ny, (I,) denote the number of real zeros of the Gaussian Weyl polynomial W,, of degree
n. For any positive integer k, we have

swwuunzmm?wm+wywm+0(jgmﬁ,

where 9,‘?/ and )\,‘;V are defined as in Corollary 1.18. Consequently, as n — oo, if |I,| — oo,
then

sk [Nw,, (1n)] = [ 1|0} + Mo + 0(1)
and hence, Ny, (I,,) satisfies the CLT. Furthermore, if there exists some positive constant
m such that 307 | |I,|”™ < oo, then

Nw. (1,
Mis—)l as n — 0o.

1
7
Finally, we propose an alternative approach to extending Theorem 1.15 to encompass
more general Gaussian processes.

Theorem 1.24 (Real zeros of composition of functions). Fiz k € NU{co} and let Q € Ay.
For U = (—u,u) C R, let p: U — (0,00) be an integrable function. We set po(x) =
Jo p(t)dt and introduce a new process P(x) = Q(o(x)) defined on U. For (a,b) C U, let
Np(a,b) denote the number of real zeros of P on (a,b). For any positive integer m with
m < k, it holds that

s Np(a,b)] = ( / b p(t)dt) 69 ( / bp(t)dt) 429 ( / bp(t)dt) S (129

where 9;6,% and )\762,21 are bounded functions defined as in Theorem 1.15.

Remark 1.25. It is worth noting that the Gaussian processes {P(x) : © € U} discussed in
Theorem 1.24 might not possess analytic properties, and the distribution of the real zeros
of P may lack translation invariance. Additionally, if {z;} are the zeros of P(x), then
{zj = o(x;)} are the zeros of Q(z). Therefore, if p represents the density of real zeros z;
of P(x), so that

b
BNp(a b)) = [ plt)at,

then z; = o(x;), referred to as the straightening of z;, are uniformly distributed on
o(U). This observation, coupled with Theorems 1.21 and 1.24, provides a framework for
studying the cumulants of real zeros of random functions through the examination of their
straightened zero distribution. Exploiting these invariance properties offers substantial
advantages through this approach.

Consider, for example, the Gaussian Kac polynomial P,(z) = Z?:o wjz’ on (—1,1).
By the Kac formula [34], the limit of the density function of the real zeros of P, is given
by

1

o) =~y 1ELD),
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For the real zeros z; € (—1,1), define the straightening of x; as

x 1 1
zj = o(x;), where Q(SU)Z/ p(t)dtzlog‘lw ‘
0 — X

In the limit as n — oo, the straightened zeros z; are uniformly distributed on the real line.
Furthermore, it was shown in [12, Theorem 1.2] that the limit k-point correlation function
oi of the straightened zeros z; = p(x;) of the Kac polynomial is given by

1 _1
Qk(é.) _ 27 H tanh4 7T(§z . fg) /Rk ’771 .. 77k\€ 2(17A(5)777>d771 .. dnk’

1<i<j<k

where & = (&1, ..,&k), N = (1, ..., M), and the matrix A(£) is defined as
1

A(&) = (coshﬂ'(fifgj)>

Remarkably, the function gg(£€) is translation-invariant. While it is possible to estimate

the cumulants of the number of straightened zeros, we will not delve into this topic further
here.

k

ij=1

Remark 1.26. Extending the insights from Theorems 1.15, 1.21, and 1.24 by relaxing the
constraints on () opens up intriguing avenues for exploration. One promising direction
involves building upon the techniques delineated in [1] and [31].

1.4. Organization of the paper and notational conventions. In Section 2.1, we
revisit the Kac-Rice formula, crucial for proving Theorem 1.1 in Section 2.2. Section
2.3 then utilizes asymptotic expansions of K, (a,b) and L,(a,b) to establish Theorem 1.2.
Moving to Section 3.1, we provide a concise review of correlation and truncated correlation
functions, emphasizing their role in computing moments and cumulants. Section 3.2 offers
estimates for the correlation functions of real zeros of real GAFs, playing a pivotal role in
proving Theorems 1.15, 1.21, and 1.24 in Sections 3.3, 3.4, and 3.5. Section 3.6 analyzes
correlation functions of real zeros of Gaussian elliptic polynomials, contributing to the
establishment of Theorem 1.4 in Section 3.7. Section 4 focuses on asymptotic normality
results, presenting the proof of Theorem 1.6. In Section 5.1, we establish the asymptotics
of central moments, as stated in Corollary 1.8, while the proof of a strong law of large
numbers is provided in Section 5.2.

In this paper, we employ the standard asymptotic notation A = O(B) or A < B to
indicate the bound |A| < ¢B, where ¢ is independent of B. For any I C R, we denote |I|
as the length of I if I is an interval, or the cardinality of I if I is a finite set. Given I C R
and a positive integer k, we define I* = I x --- x I € R¥. The constants ¢; and Cj may
depend on k£ and can vary across different contexts.

2. VARIANCE OF THE NUMBER OF REAL ZEROS

Our primary tool for computing the variance is the Kac-Rice formula (see [8, Chapter
3]). It is very general and allows one to obtain an integral formula for the variance of the
number of real zeros of a smooth Gaussian process.

2.1. The Kac-Rice formula. Let G = {G(z),z € I}, I an interval on the real line, be
a non-degenerate, centered Gaussian process having C! paths. We normalize G so that
the covariance kernel defined by r(x,y) = E[G(x)G(y)] satisfies r(x,z) = 1. A trivial
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verification shows that

E[G(2)G (z)] = E[G(y)G'(y)] = 0,

E[C(2)C()] = 2r(z,y) = role,u),

ox
BIG(2)G' ()] = 5 r(e.9) = ror(,0),
BIC ()0 ()] = 5o rle) = )
Let p1(z) = 1y/r11(z,z) and
(o) = 25 (VI= G + ol seesinplo ) —ZE0— (1)
where

ri1(z,y) + T(x,y)gl_()ﬁgi?;)’;())l(m,y)

p(,y) = — .
¢ (rua(e,2) - 255225 (rilyy) - 125225

o(a.y) = \/ (rutea) = 22N () - (2L,

The following lemma is standard (see, for example, [12] and [42]), and we include a proof
here for the convenience of the reader.

Lemma 2.1. Let N(I) denote the number of real zeros of G on I. One has

VarlN(D)] = [ (pa(e.9) = pr(o)pr )] duda + [ pr(a)da, (22)
Proof. We first write
Var[N(1)] = E[V(T)(N(1) ~ 1)] - (BIN(D])? + EIN(D)]. (2.3
By the Kac-Rice formula,
E[N(I)] = /1 p1(z)dz. (2.4)
As a consequence,
ENDY? = [ pr()on(s)dyde. (25)

The Rice formula for the second factorial moment now asserts that

E[N(I)(N(I) - 1)] = /12 E[|G'(z)G'(y)| | G(x) = 0,G(y) = 0]ps4(0,0)dydz,
where p, , is the joint density of (G(z),G(y)), so

1
om/1—r2(x,y)

Observe that conditionally on C := {G(z) = 0,G(y) = 0}, G'(x) and G'(y) have a joint

Gaussian distribution. Utilizing regression formulas, we derive the following expressions

px,y(07 0) =
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for expectations, variances, and covariances:
E[G'(z) | C] =E[G'(y) | €] =0,
2
Var[G'(z) | €] = rix(z, 7) — — 102 Y)

1 —r? (.CL', y) 7
T2 x,
Varl6/() | €] = () - 250
BIG (2)6'(5) | €] = ru(a.y) + "0 ),

Therefore,

E[G'(z)G'(y) | C]
\/Var[G’(:c) | C] Var|G'(y) | C]

Applying [38, Corollary 3.1] leads to

E[|G(2)C'(y)| | C] = (\/1— (2,9) + ple,y) arcsin p(z, ) ) (2, y).

Combining this with (2.1), we derive

BN = 1] = [l y)dyde. (2.6)

Substituting (2.4), (2.5), and (2.6) into (2.3), we obtain (2.2) as required. O

— p(z,y) and /Var[G'(z) | C] Var|G'(y) | C] = o(a,y).

Remark 2.2. Tt is worth suggesting that, by leveraging Lemma 2.1 and conducting a
thorough analysis, we can deduce the leading terms in the asymptotics of Var[N,(a,b)]
for random polynomials described in Section 1.1, with w being Gaussian.

2.2. Proof of Theorem 1.1. Let us now apply Lemma 2.1 to the Gaussian elliptic
polynomial P,(z). Using the binomial theorem we see that the covariance function of

x)/+/ Var[P,(z)] is given by

o) E[m( > A0 N ()
’ VVar[P,(2)] Var[Pu(y)] /(1 +22)"(1+y2)"
A straightforward calculation reveals that
_ (y — )
riol@y) = (@) G Sy
_ (z—y)
o) = Ty
_ 1 n(z —y)*
e =wen) (15 ~ s AT

Using a(z,y) = (y — 2)/(1 + zy) and (1 + 2?)(1 + y?) = (1 + 2y)? + (z — y)?, expression
(2.1) can be reformulated as

n
1+22)(1+¢?)

palar) = =57 (Fula(, ) +1).

Together with
1 n

pr(@)pi(y) = — (1+a22)(1+y?)’
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we deduce from (2.2) that
Var[N,(a,b)] = I, 2(a,b) + E[N,(a,b)], (2.7)

where

b b n
Lna(a,b) = % / /a g Pl )y (2.8)

The proof of Theorem 1.1 now falls naturally into three following lemmas.
Lemma 2.3. If a(a,b) > 0, then

I 2(a,b) = Ky(a,b)E[Ny(a,b)] — L,(a,b). (2.9)
This gives (1.4) when substituted in (2.7).

Proof. If a(a,b) > 0, then ab > —1 and hence, 142y # 0 foralla < z,y < b. Fixx € (a,b)

b an a(%y))

and make the change of variables s = \/na(x,y) for the integral f Ty

that JRa(ed)
d na(@b) g
ey - L [V [ Fuls/ i) |
’ 7r2 o 1+2% ) fa(za) 1+ 1+s2/n
Using Fubini’s theorem, the identity
arctan a(s/v/n,a) = arctan a — arctan(s/v/n),
and (1.1), we find that
b Jds /0 Fa(s/yi) /0 Fuls/ V) | / Jda
ao(z,a) a(s/vn,a)

a 1—|—l‘2 1—|—s2/n fa(ba) 1+82/n 1—1—1‘2

dy, we see

77 2
= 5 Ku(a,b)E[N, (a, b)]—?Ln(avb)'

Similarly,
b\/ﬁda? Vna(zb) @ (S/\F) 7T2 2
— —Ly(a,b).
[Es [ R = R BN h) - T Lu(a)
Combining these we obtain (2.9) as required. O
Lemma 2.4. Equation (1.5) follows from the fact that
L2(R) = K,/n. (2.10)
Proof. Starting from (2.8), we have
,y))
I, dy. 2.11
2( 772/ / 1+x2 1+y)y (2:11)
Fix z € (—00,0) and substitute s = fa (z y we see that
L[ Vi [ Fas/V) v
—|—ac2 1+y 1—1—1’2 oo 1+32/n 2 "
Slmllarly,
(z,9)) vn
dy = ~—K,.
7r2/ / 1+$2 1+y)y 2
Substituting these results into (2.11) yields (2.10) as claimed. O

Lemma 2.5. If a(a,b) <0, then

102(0,5) = KnBIN(a,)] + (K — Kn(a,8)) (E[Na(a,8)] — v1) — La(a,),  (212)
which implies (1.6) when combined with (2.7).
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Proof. If a(a,b) < 0, then ab < —1 and either a or b is finite. Thus, a < —=1/b< —1/a < b
and the equation 1+ xy = 0 has a solution (x,—1/x) only if x € (a,—1/b) U (—1/a,b).
Write

Vb ndx 7Y /nF,(az
In,2<a,b>:1/1 fd/l ViFa(a(,y)

w2 1+ 22 1+y2
L1 /‘1/” Vide (" i (o(y)
w2 a 1+ a2 —1/z 1+ y2 Y
L7V nde (P y/nF(a(z,y))
= 2 2 dy
™ J-1/b L+ J, I+y

1" Vnde /l/z ViE(a(z,y)) |
2 ) 10 1+ 2% ), 1+ y? 4
1 [ ndz [* nF,(a(z,y))
T3 2 74y

T 71/a1+x —1/x I+y

We now proceed analogously to the proof of Lemma 2.3. Using the substitution s =
vna(z,y), Fubini’s theorem, and the facts that

arctany — arctan x if 14+xy>0,
arctan a(x,y) = } arctany — arctanz — 7 if 1+ 2y <0and y >0,
arctany — arctanz +7 if 1+zy<0andy <O,

and
+7/2 if x>0,

arctan x + arctan(l/z) = { /2 i x<0
- if =<0,

we conclude that

Lna(a,b) = %(Kn + Kon(—1/a,b))(E[Nn(a, b)] — v/ /2) — %Ln(—l/a, b)
5 (K = () (B[N (0,5)] = V) + 5 (L — Ln(a, )
Y Ky (<10 B)(EIN, (0.D)] ~ V1/2) - L+ Lo(~1/a.)
4 5 (K — K, D)EIN(a,b)] — V1) + 5(Ln — Ln(a, 1)
4 3 (Ko + Ka(-1/a,0)(EINu(a,D)] ~ vi1/2) — 5 Lu(~1/a,b)
= K,uE[Ny(a,b)] + (Kn — Kn(a,b))(E[Nn(a,b)] — \/ﬁ) — Ly(a,b),
which gives (2.12). O

2.3. Proof of Theorem 1.2. Before proving Theorem 1.2, let us introduce some lemmas
that will be crucial to the proof. Notably, Theorem 1.1 enables us to derive the large
n expansion of Var[N,(a,b)] using the expansions of K,(a,b) and L,(a,b). In order

1+s2/n
and Ffii/g‘//f) Vv/narctan(s/y/n) can be transformed into series consisting of terms that are
powers of 1/n.

to expand K,(a,b) and L,(a,b), we initially demonstrate that the functions
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Lemma 2.6. Given 0 < ¢, < \/n, one has

Fo(s/v/n) ka

1—|—52/n

uniformly for s € [0, ¢y,

where fi(s) have continuous extensions to [0,00) such that, as s — 0,
—1+%s+0(s®) if k=0,
fr(s) = —£s+s2+0(33) if k=1,
O(s?) if k>2,
and, as s — 00,

1
fils) = ok+1L|

S4k+4€—s2 + O<84k+26_52), k> 0.
Proof. The proof will be divided into four steps.
Step 1. Expand A, (s/v/n).

Observe that

2\ " (14 2 )1 — (1+s2/n)""] — 2
Anls/v/n) = (1+n) 1—(14s?)(1+s%/n)™™ ’
If s € [0, ¢,], then s?/n < 2 /n < 1. Hence, for any ¢ > 0,

qr(

—cnlog(14 s%/n) = —cs* + ¢ Z uniformly for s € [0, ¢,],

n

in which qi(s) = (—s2)*T1k!/(k 4+ 1). But then
2\ " 2 2 een(s)
1 2 — ,—Cs 1 S
( - n) e ( - ; sl B

k
er(s) = 15 30 By (aa(s), o i1 (9))

Jj=1

where

with By ; denoting the exponential partial Bell polynomials (see [19, §3.3]).

formulas for these polynomials are as follows

ol k—j+1 (—s2)r+\ ™
Bkyj(ql(s),...,ka—j—i—l(s)):Zmlg... 1 H (1~+1> ’

Me—j+1° r=1

where the sum is over all solutions in non-negative integers of the equations
my +2mo + -+ (k—j+ 1)mp_j11 =k,
my+mg+ -+ M1 = J.
Combining (2.17) with (2.18) yields
(=D 2k+2 2k+4
€ck()_{ o} + O(s ) as s—0,

k

1R st 4 O(s*2) as s — 00.

With (2.16) and a bit of work, we can write

§2\ T2 = u (3
(145) M- ar -2 =30

nk
k=0

19

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Explicit

(2.18)

(2.19)
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in which
4 6 4
3
UO(S) = 6*52/2 (1 _ 82 _ 6—52> , u1(s) — 6732/2 82 + SZ _ i _ 6732 <82 + 8>:| ,
and, for k > 2,

ug(s) = e [5261/2,k—1(5) + (1 - 82)61/2,k(8)] — e/ les/2,6(s) + 5263/2,k—1(3)] .

Notice that

1.4 6
_ )3 + O(s°) as s — 0, 590
uo(s) {—826_82/2—1—0(6_52/2) as s — 00, (2.20)
1
_)as —|—O( 6) as s —0, 591
() {—43 6e=5°/2 L O(s*e*"/2) as s — o0, (2.21)
and, by (2.19), for k > 2,
O(s%+2) as s—0,
ug(s) :{ L gtht2e—s 22 L O(s%e=/2) as s — oc. (2.22)
For s € (0, cy], one has 0 < (1 + s2)(1+ s?/n)~" < 1, and so
=1 1
=+t /m) Z +e) < n)
=1+ ) (1+s)me (1+Zemk )
m=1
2 vp(s)
2
k=1
Clearly,
s)=1+ i(l + 82)m€7m82 = 1 o
1—(14s2)es
which gives
2571+ 0(s72) as s—0,
= 2.23
vols) {1 +O0(s%e")  as s — o00. (223)

For k > 1, vi(s) can be expressed in terms of the polylogarithm functions (see [37]) defined
by

m

=z
Llj :Z—J

m=1
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Indeed, by definition of vg(s) and (2.17),

vg(s) = Z (1+ SQ)meimSQ(Em’k(S)

In particular,
2

sj (14 s2)e*
2 (= (1+ e P

vi(s) = Bia(qi(s)) Li1((1 + s%)e™") =

Since, for 1 < j <k,

) _ j120t1g—40HY a5 5 — 0,
Li_:((1+s%)e Y ~
i ) ) {(1 + 32)6_32 as s — 00,

it follows that

2574+ 0(s72) as s — 0,
vE(s) = 2.24
k() {2,3k!s4k+2e_52 + O(S4k€_32) as 8§ — 00. (2.24)

Next, by the Cauchy product, for s € (0, ¢;],

(i <>) (i <>> |y ls)
nk nk nk ’

k=0 k=0 k=0

where

Ok(s) == wuj(s)vp—j(s), k=>0.

.
I Mw
o

In particular,
6_82/2(1 — 52— 6_82)
1— (14 s2)e s’
she—5°/2 (1— 2 — 6752)(1 + 32)6*52
2 (1 — (1 + s2)e=5*)2

n e=s/2 2, st 6 2 (2 35
s+ ————e s+ — .
1—(1+s2)e s 4 4

(50(8) =

)

51 (8) =

We check at once that

—1+0(s?) as s—0,
5 _ 2.25
0(5) {_826—52/2 4 0(6_82/2) as s — oQ. ( )

Using (2.22), (2.23), and (2.24), we see that, for £ > 1,

{uo(s)vk(s) +up(s)vg_1(s) + O(s?) as s—0,

5 — 2
k(s) ug(s)vo(s) + O(s¥+4e=35°/2) as s — oo.
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Together with (2.20) and (2.21), we arrive at

O(s?) as s—0
1) = ’ 2.26
k() {—4,3k! stht2e=52/2 L (st e=357/2) a5 5 . (226)
This implies that the functions i (s) extend by continuity at s = 0. Hence,
= Ok (8) :
A, =3 formly f el 2.2
(s/+/n) 2 i uniformly for s € [0, ¢ (2.27)

Step 2. Expand h(A,(s/y/n)), where h(z) := /1 — 22 + z arcsin x.

For s > 0, we see that —1 < A,(s/y/n) < 1. Thus, by (2.27) and Faa di Bruno’s
formula (see [19, §3.4]),

© pm)
n(aals/vi) = h) + 3 O sy
m=1 ’
2. hlm) > S 2 z(s
:1+th§0> (Z‘S’;(k)) s 2<k>,
m=1 k=0 k=1
where o )
) =1+ 3 W) = han(s)),
m=1
and, for k > 1,

k
(5) = 13 D2 A Go(9) By (51 (5), o (5 = 5 + 1)1 (s)).
2

In particular,
21(s) = B11(81(5))h' (80(s)) = d1(s) arcsin(dp(s)).
By (2.25) and the asymptotic behaviors of h(z) as x — 0 and as  — —17T,

T/2+ O(s%) as s —0,
= 2.28
20(s) {1 + %846752 +0(s2¢7") as s — oo. (2.28)

Note that h'(z) = arcsin z, so

_1+
W () = 0(1) as x — —1T,
r+0(2®) as x—0,
and, for j > 2,
x) = ;
# + O(2?) as x — 0.

Together with (2.25), we see that

o(1) as s — 0,
—s%e5/2 4 O(s%e35/2) as s — o0,

W (So(s)) = {

and, for j > 2,
O(s3727) as s — 0,

B (8(s)) = {H(m

5+ O(s'e™") as s— oco.
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Thus, using (2.26) and the fact that 1+ Bga(1,...,1) = 271 we get

2 2
s s e + O(s%2e) as s — oo,

aa(s) = {0(32) as s — 0, (2.29)

Summarizing, we have

h(A,(s/v/n)) = Z 2(5) uniformly for s € [0, ¢;,)]. (2.30)

Step 3. Expand I';,(s/y/n).
For this purpose, let us consider the function x — gs(x) given by

1—(1+s%)x
gs(x) = W, x € (—1, 1)
For s > 0, we have 0 < (14 s?/n)™" < 1 and

1= (141 + s /)
1= (1+s2/n)n)3/2

Tn(s/v/n) =gs (1 +5°/n)7").

Therefore,

n

©  (m) g2\ ~Mn
(o) =0+ 30 20 (142
m=1

o (m) 0
— 14+ Z gs m'(O) efms2 Z em,k(s)

Y
m=1 k=0

om0 e (= A0) e 1

=1+ Z ml e + Z Z Te €m7k(8) ﬁ
m=1 k=1 \m=1

o(s) + i Tk (5)

In particular,

1= (14 s2)e
o (1 —e—s")3/2

oo (m)

S 0 —ms -8

() = 14 3 E O g (o)
m=1 )

To determine ~k(s), for k > 1, we utilize the following identity (see [19, §5.1]), for m > 1
and 1 < j <k,
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where S(7,7) are the Stirling numbers of the second kind, and (m), are the falling factorials
defined by (m), = m(m —1)---(m —r + 1). This implies

i) = 3 L Wemte ()

— m!
gs (0) —ms? j
= Z o e E Zm]Bk),j(ql(s)) "'7Qk‘—j+1(8))
m=1 ’ ’ Jj=1

k J

1 : —rs T —S
= 5 0 Brg(@(s): gy () Y SGr)e gD (e ),
pa

r=1

In particular,

ste=5%(1 — 252 — s2)e—5"
71(s) = Bia(ar(s)S(1, e gl (™) = (14@2— 6—8%52 ),

A trivial verification shows that

o(s) = {23+O( 3) as s — 0,

231
1—s% 5 +0( %) as s— oo, (2:31)
1 3
_ 55+ O(s”) as s — 0, 5 39
m(s) {— Lsbe=" L O(se™") as s — oo (2:32)

Notice that

( 732) 1—(1+s¥)e 35+ 0(s%) as s —0,
e — =
95 (1 —e—5%)3/2 1+ 0(s2¢°) as s — o0,
2),—s2 r—1 2
(r) —s2\ 2" 1—(1+3 )6 r2 1+s
9s (6 )_

2r + DI (1 — e=52)@r3)/2  (2r — 1)1 (1 — e—*)2r+1)/2
_ (gfrzi s~ L O(s~=1)) a5 s —0,
(gf 1),3 +O(1) as s — 00.

Combining with (2.18) yields, for k > 2,

O(Szk—l) as s—0,
o) = 2.33
o {+0() w5 oo .

Therefore,

Ih(s/v/n) = ’YZ(? uniformly for s € [0, ¢;). (2.34)
k=0

Step 4. Expand 1:(;95/2‘//;) )

Combining (2.30) with (2.34), we have

- (S () -E o
k=0 k=0
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uniformly for s € [0, ¢,], in which

k
ap(s) = z0(s)y(s) —1 and ak(s sz 8)Yk—; kE>1.
=0

On account of (2.28), (2.29), (2.31), (2.32), and (2. 3), we have

(s) —1+4+ Zs+ 0(s?) as s — 0,
ag(s) =
0 %846_52 +O(s%e™") as s — 00,

—Zs+0(s?) as s — 0,
ar(s) =415 6,—s2
75°e77 +0(s%e™) as s — o0,
and, for k > 2,
an(s) = O(s%) as s — 0,
F 2,Hllk!s‘“l”‘lefs2 + O(s%+2e75%) as s — o0.
Since
1 B > (—52)k
1+s2/n nk

it follows from (2.35) that

F,.(s/v/n > ax(s L (—s2)k > s
11;92@ ’Z(k)> (Z(nk) >22f2<k>

k=0

uniformly for s € [0, ¢,,], where

k
:Z sakJ s), k=>0.

Jj=

As shown above, fi(s) have continuous extensions to [0,00) such that

fols) = —14+ Zs+ 0(s?) as s — 0,
0 2846_52 +O0(s%e") as s— o0,

—Ts4+ 524+ 0(s3 as s—0,
fils) =91 5 i
187 4+ 0(s% %) as s — o0,

and, for k > 2,
fuls) = O(s%) as s —0,
F 2k+11k!s4k+46732 + O(s%+2e=5")  as s — 0.
Thus, Lemma 2.6 is verified. U

Recall that
fo(s) = h(o(s))y0(s) — 1
and
f1(s) = h(do(s))71(s) + d1(s) arcsin(So(s))70(s) — 5° fo(s),
where explicit formulas for h(x), do(s), 01(s), v0(s), and ~1(s) are provided. This means

that one can also obtain explicit formulas for both fy(s) and fi(s). In Figure 1, we show
plots of fo(s) and fi(s) for s € [0, 5].



26 NHAN D. V. NGUYEN
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FIGURE 1. Plots of fy(s) and fi(s).

Note that, for =1 < s/y/n <1,
o0 k 2k-+1
-1 1
Vnarctan(s/y/n) = kzo (213:—i1nk
Together with Lemma 2.6, we obtain the following lemma.

Lemma 2.7. Given 0 < ¢, < \/n, one has

M\/ﬁarctan(s/\/ﬁ) = i 9(5) uniformly for s € [0, c,],

2 K
1+s2/n = n
where
k . .
(_1)JS2J+1
= ~ 2 fp k>0.
gr(s) ;0 511 fi—j(s), k>0

Furthermore, gi(s) have continuous extensions to [0,00) such that, as s — 0,
—s+ s>+ O(s?) if k=0,
gr(s) = ¢ —Fs* + %s?’ +0(sY if k=1,
O(s%) if k>2,
and, as s — 00,

1
gk(s) = 2k+1k!

2 2
S4k+56—s + O(S4k+3€—s )’ k > 0.

(2.36)

(2.37)

(2.38)

Note that explicit formulas for gg(s) and g1 (s) can be obtained from go(s) = sfo(s) and
g1(s) = sfi(s) — %fg(s). Plots of go(s) and g¢1(s) for s € [0,5] are included in Figure 2.

We can now define, for £ > 0 and ¢ > 0,

2 [ 2 [°
Kl 1= / fr(s)ds, Kek -= / fu(s)ds,
™ Jo ™ Jo
Uy = 2/00 (s)ds VRS 2/0 (s)ds
=y 9k ; ok T3 9k :

The continuity of fx(s) and gi(s), along with the asymptotic behaviors given in (2.14),
(2.15), (2.37), and (2.38), justifies the definitions of ki, ¢k, Kk, and £, k. Explicit formulas
for fi(s) and g(s) allow for the numerical computation of sy, , ke i, and £, for k = 0,1,
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! .
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FIGURE 2. Plots of go(s) and g1(s).

and ¢ > 0. Table 1 lists some numerical values, where the integrals were numerically
evaluated using MATLAB.

TABLE 1. Numerical values of kg, x, K1, and £ for k=0, 1.

k Kk O K1k Ok
0 —0.4282689510 —0.0580365252 —0.3955313789 —0.0505415303
1 —0.1522064957 —0.0082122652 —0.1093878905 —0.0138350833

We emphasize that the expansions provided in (2.13) and (2.36) enable us to express
K, (a,b) and L,(a,b) as series of terms that are powers of 1/n, under the condition |a,| <
v/n. Our subsequent objective is to estimate |K,, — K, (a,b)| and |L,, — L, (a, b)| when |a,,|
is arbitrarily large.

Lemma 2.8. Suppose |ay,| > 2. There exists a positive constant ng such that for all

n > no,
[ = Kula,D)] < lan® (1+02/m) ™" (2.3
™
4 —n
Ly, — Ly(a,b)] < =vnlow* (L+a2/n) . (2.40)
™
Proof. Observe that
[Eals/Vn)l
K, - K, <
| (a/ b)| W/an| 1+82/n

|Ln, — Ly(a,b)| < /| | ’}i fé;/f)‘\/ﬁarctan(s/\f)

7T

Since 0 < arctan(s/y/n) < § for s € [|ay|,00), it follows that (2.40) is a consequence of
(2.3732.now prove (2.39). Choose ng > 0 such that for n > ng and s > 2, we have

20482 /m) <
Then, for n > ng and s > 2,

_ 1+s?/n)[1— (1 +s?/n)""] — s
|Ap(s/vn)| = (1+s°/n) 1—(1+s2/n)" —s2(1+ s2/n)"
Let s, := 25%(1 4+ s2/n)~"/2. Then, 0 < s, < 1/2 and

22
1<h(z)=V1—2?2+zarcsine <14+ ————, 1 € [—$p, Sy

24/1 —52

< 25%(1 + s%/n) ™2,
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This gives

52 52
1 < h(A, <14 —2=__ <1+ 2.
< B(An(s/ Vi) S 1+ gt <1 2L
Together with
_ 1—(1+s%/n)™™—s?(1+s%/n)™"
1-2s2(14s%/n)™"<T, =
S ( +5 /TL) — (S/\/’ﬁ) [1 _ (1 +82/n),n]3/2

1 2 -n
S Ao s/

we deduce that

|Fa(s/v/n)| = [h(An(s/v/n))Tn(s/vn) = 1| < 53 = 4s* (1 + 5% /n) 7",

hence, for n > ng and s > 2,

[En(s/v)l _

T2/ S 45 (1 + s*/n)~" L, (2.41)

—n/2

For |ay,| > 2 and n > ng, the function s — s* (1 + 52/ n) achieves its maximum value

on [|ay|,0) at s = |ay|, and therefore

00 §2\ " 1 —n/2 s2 —n/2—1
/ 4% (1 + ) ds < 4|ay, |3 (1 + ) / (1 + ) ds
o | n n Joun | n
a2\ "
= 4|a,|? (14—”) .
n

Combining with (2.41) yields (2.39) as required. O

We can now formulate the asymptotic expansions of Ky (a,b) and L, (a,b).

Lemma 2.9. Asn — oo, if a2 /logn — oo, then

(o]
Kp(a,b) ~ % (2.42)
k=0
o
(
Ln(a,b) ~ > TT]’Z (2.43)
k=0
Consequently, as n — oo,
o0
Kk
Kpr~ > 5 (2.44)
k=0
Ny}
k
Ly ~ kz_o - (2.45)

Proof. We first prove (2.42). If a2 > n, one has

o] (14 a2 /n) " <0227

But then (2.39) implies that the integral = 2 f e Ff +‘1/2\//;) ds is negligible. Thus, it suffices
to assume that a2 < n. By (2.13),

X (2 [lonl 1
Ko (a,b) = o<” /O fk(s)ds> = (2.46)

k=
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We now show that

— (2 [~ 1 2, o4
E ( fk(s)ds> — < \anlge_o‘nJran/?”. (2.47)
0 n
k=0 o |

In fact, since |ay,| — 0o as n — oo, we see that, for any fixed k£ > 0 and all n sufficiently

Ak+3,—s%/2

large, the function s +— s achieves its maximum value on [|a,|,00) at s = |ay,|.

This implies

o< 00 S4k+4e—s2d _ ‘an‘4k+3e—a%/2 —32/2d ‘a ’4k+3
= Jian| 2k+1[| 5> 2k+1[1 o] - 2k+1[|

Therefore,

o0 9 [ 84k+46752 |04n‘3 —a2+ad /2n
(2 et 7
7r 2k+1 nk 7r
k=0 lown |

which gives (2.47) when combined with (2.15). Next, in view of (2.46) and (2.47), the
series on the right-hand side of (2.42) converges and

Z —+0 (]an]:ge*O‘%Jrai/zn) i

Since O(|ap|3enten/2n) is negligible when a2 /logn — oo, we get (2.42).
Similarly, (2.43) follows from applying Lemma 2.7 and (2.40).
Finally, by Lemma 2.8, (2.44) and (2.45) follow from (2.42) and (2.43), respectively. O

Note that if a2 does not grow faster than logn, then \an\?’e*a%*o‘ﬁﬂ” > n~¢ for some
constant ¢ > 0. In this case, we are thus looking for finite expansions of K, (a,b) and
L,(a,b).

Lemma 2.10. As n — oo, if |a,| — oo and a2 = O(logn), then for d, given by (1.7),

we have
dn K 2 dn Ek 2
Ko(a,b) =Y == + O(JayPe % d Ly(a,b) =) — +0(ate ).
(@8) =3 5+ Ollanl’e™) and Lufab) = 3 T +Olane ™)

Proof. Since a2 = O(logn), d,, is bounded. A slight change in the proof of Lemma 2.6
actually shows that, for s € [0 lan ],

BN 50 o (28

It follows that
d
n (9 rloml 1 |y [0+
Kp(a,b) = = ds| —+0 (= ——
(a,0) = > <7T/0 Ti(s) 3) ok ( ndnt1 )

d
n K n 92 00 1 ‘an|4dn+1
Analysis similar to that in the proof of (2.47) shows
dn

2 [ 1 1+d _ _
Z <W/| fk(s)ds) F < p. %oy |3e o« |y |Pe™n

k=0 an|
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This clearly forces

dn

Kk —a2
Kn(a,b) =Y ot O(|anPe ).
k=0
The term L, (a,b) can be handled in much the same way. O

Next, we establish the asymptotics of K, (a,b) and L, (a,b) when a,, = o(1).

Lemma 2.11. As n — oo, if ay, = o(1), then

2 1 1a2 2 |a,?

Kn(aab) = —;|Oén| + Za% - ZJ g ; +O(Oéi), (248)
1 o 1, 5 1o 2 aof 5

Ly(a,b) = —pan+67| nl R Qﬁ"‘oﬂaﬂ )- (2.49)

|own |
Ky(a,b) = 2/0 [—1 + sy % <—Es + 32)] ds + O(ah)

s 4 4
2 1 1a2 2 |ay
= ——|an| + 10172@ - Zﬁ T3 7: +0(ay),
and (2.48) is proved. Similarly, (2.49) follows from applying Lemma 2.7. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. The proof relies on the asymptotic behavior of «, as n becomes

large.

(1)

(2)

Assume first that |a,| — 0o as n — oo. Then (1.9) is a consequence of Theorem
1.1 and Lemma 2.9, while (1.8) follows from Theorem 1.1, the relation (2.44), and
Lemma 2.10.

If ay = ¢ >0, then

E[Ny(a,b)] = \:rﬁ arctan %

Thus, using (1.4), Lemmas 2.6 and 2.7, we deduce (1.10). For o, = —e¢, (1.11)
follows from (1.6), (2.44), Lemmas 2.6 and 2.7, along with the fact that

E[N,(a,b)] = vn+ \{Tﬁ arctan ——.

Vn
Suppose that a,, = o(1) as n — oco. If a,, > 0, then

n 3
E[N,,(a,b)] = \7( arctan a(a, b) — % <an - 32) + 0@,

Hence, (1.12) follows from (1.4) and Lemma 2.11. Next, for a,, < 0, we see that

Combining this with (1.6), Lemma 2.11, and the facts that v/n/n% = O(|ay,|*) and
an /1" = O(|a|?), we establish (1.13). If additionally, v, — oo, implying u, — oo
and o = o(n*””/ 4), which is negligible, then (1.14) follows as a consequence of
(1.13). Finally, substituting (2.44) into (1.5) yields (1.15).

O
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3. CUMULANTS AND THEIR ASYMPTOTICS

In this section, we thoroughly explore the computation and asymptotic analysis of
cumulants related to the number of real zeros of GAFs. Additionally, we provide proofs
for Theorems 1.15, 1.21, 1.24, and 1.4.

3.1. Correlation functions. To compute the cumulants of the number of real zeros of
GAFs, we employ the concept of correlation functions and truncated correlation functions,
as outlined below (see Do and Vu [26] and Nazarov and Sodin [45] for additional details).

Let Z be a random point process on R. For k > 1, the function pj, : R¥ — R is called the
k-point correlation function of Z if, for any compactly supported C™ function f : R¥ — R,
it holds that

E [Z f(xla"'axk)] = /]Rk f(glavfk)pk(glaagk‘)dgl dgk"

where the sum is taken over all possible ordered k-tuples (z1, ..., zx) of distinct points in Z.
The k-point correlation function is symmetric and locally integrable on R*. Furthermore,
if there is € > 0 such that p is locally L'T¢ integrable, then for any interval U C R, it
holds that

E[Nz(U)(Nz(U) = 1)+ (Nz(U) =k +1)] = /

- pk(glv 7£/€)d£1 e dgk’

where Nz(U) = |Z N U] (see, for example, [26, §7]).

It is important to note that the k-point correlation function does not always exist.
Within the scope of this paper, the presence of correlation functions directly derives from
the Kac-Rice formula (see, for example, [8, Chapter 3]). For instance, if Z denotes the
multiset of real zeros of a smooth, non-degenerate, centered Gaussian process G, the k-
point correlation function pg(§) is well-defined for € = (&1, ..., &) of distinct points in R,
and it is given by

€)= [l D) -

where y = (0,41, ...,0,4:) € R?* and Dy (y;&) is the probability density of the Gaussian
vector (G(&1),G'(&1), ..., G(&k), G'(&k)). This density can be more explicitly expressed as

e_%<y(r(£))7lvy>

(2n)k\/det T(€)’

where I'(§) is the covariance matrix of (G(&1),G'(&1), ..., G(&k), G'(&k))-

We define II(k) as the set of all unordered partitions of the set {1,...,k} into disjoint
nonempty blocks, and II(k, j) as the set of all unordered partitions of the set {1,...,k}
into exactly j disjoint nonempty blocks. For a partition « in II(k, j), we denote the blocks
as {71,...,7;} with an arbitrarily chosen enumeration and the lengths of the blocks as
li = |yl for 1 <i <j. For § = (&1,...,&) and v; C {1,...,k}, let £, stand for (§;)icn;-

The function pg, defined as

Dy(y;€) =

k
PO =D (1= D puEn) -y, (3.1)

j=1 eI (k,j)

is called the truncated k-point correlation function of Z.
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We can verify that p] (&1) = p1(&1), p3 (&1, &) = p2(&1,&2) — p1(&)p1(&2),

P (€1,€2,€3) = ps3(€1,£2,83) — p2(&1,€2)p1(&3) — p2(&2,&3)p1(&r) — p2(&1,€3)p1(&2)
+2p1(61)p1(62)p1(€3),

and so on. Moreover, the inversion of (3.1) takes the form

pe©) = D &) ol (&) (3.2)

yeIl(k)

The computation of the kth cumulant s;x[Nz(U)| necessitates knowledge of m-point
truncated correlation functions p! for all m € {1, ..., k}.

Lemma 3.1. Let k > 1. If pL. € LY(U™) for all m € {1,...,k}, then

sl = 3 [ o€,

y€EIl(k)

where || is the number of blocks in the partition v and d§ is the Lebesgue measure on

uhl,

For detailed proofs, we refer the reader to, for example, [26, Appendix B]| or [45, Ap-
pendix].

3.2. Estimates for correlation functions of real zeros of real GAFs. In what
follows, let k > 1 be an integer and ) be a real GAF. Let p; and p;{ denote the k-point
and truncated k-point correlation functions for the real zeros of (), respectively. The proofs
in this subsection adhere closely to the approach in [26], building upon arguments from
[45].

The following lemma asserts that if @ is 2k-nondegenerate, then pg is locally bounded
(see [26, §10.1] for a proof).

Lemma 3.2 ([26]). If Q is 2k-nondegenerate, then for any M > 0, there exists a finite
positive constant Cg n e such that, for all &y, ..., & € [-M, M], one has

H & — &l < pr(&rs s &) < Co ok H & — &l

1<i<j<k 1<i<j<k

The next result illustrates a clustering property for px when @ fulfills hypothesis (Hs).

Lemma 3.3. Suppose that Q satisfies hypothesis (Hs). There exist positive constants Cy,
and Dy, such that the following holds: For any € = (&1, ...,&k) of distinct points in R and
any partition & =€ UEy with d = d(&1,€7) > Dy, we have

‘ k(&)
pin(€n)pn€r)

Proof. For ¢y, 1k, and ¢ as in (Hs), let € = 2¢xp(d — 71) > 0. Since lim,_, ¥ (z) = 0, we
can choose Dy > 2 such that € < 1. Let Cx > 0 be such that

- 1’ < Cpip(d — ).

1—e\” 1+e\*
0<1—Ck¢(d—7'k)§ T+ e and 1 Sl—i—Ckw(d—Tk).

The proof is completed by showing that

k
(1 —6> o1 (€n)pg(€r) < pr(é) < <1-~-6

k
1— 6) P €n)pn () (3.3)

1+e¢
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By (Hs3),
EL5QENTIQEN < e (EILQENS) + EIL5QENP)
which implies
(1 - ) (BILFQENP) + EIL5QENP]) < EIL*QE))
< (1+ ) (EIL5QENI) + B L5QEN) )

Let A(€) be the covariance matrix of (Q(&1), Q' (&1), ..., Q(&k), Q' (&x)). Similarly, we can
define the covariance matrices A;(€;7) and Aj(€s). We set

Ar€r) 0
s = (M)

By (1.24), we deduce that
(1=e)Ars(8) <AE) < (1+€e)Ar(6).
This yields
det A(€) > (1 —e)*  det A s (&) = (1 — €)*  det A(€7) det Ay(€5),

and hence, applying the Kac-Rice formula, we derive

1 . -
) = o A A E) /R [y1 - yile”2 @Oy, - dy,
(1- 9" — s WAL (©) ")
S |y1yk|€ 2(1+e€) ) ) dyldyk;
(2m)k/det A1 ;(§) Jrr
1+e\*
=\1=¢) A€o Es),

where y = (0,41, ...,0, yx) and the last equality is obtained by changing variables and using

the fact that
1 (A& 0
(Ars(€) " = ( 0 (AJ(sJ))1> '

Similarly, we have

n® = (155) mlnma(e)

and (3.3) is proved. O

Lemma 3.3 demonstrates that when variables in R* are partitioned into two well-
separated clusters, the correlation function pj closely approximates the product of the
corresponding factors. Hypothesis (H3) ensures translation invariance of p,,, (1 < m < k).
Complementing the local estimates derived from Lemma 3.2, we establish the following
uniform estimates for pg.

Lemma 3.4. If Q € A, there exists a positive constant C), such that

Ci H min(1, [& — &) < pr(&1s-os &) < Ck H min(1, |§; — &1).

k<ici<k 1<i<j<k
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Proof. We proceed with induction on k. The base case k = 1 is evident, with p; being
a constant. For any k£ > 2, assuming the lemma holds for m-point correlation functions
with m < k — 1, we aim to prove it for k-point functions. We consider two scenarios.

If £ = (&1,...,&) € R¥ can be split into two groups &7 and &7 with d(&7,€5) > Dy,
then employing Lemma 3.3, we obtain

(1= Cxp(d — 7))o () p1a)(€) < pr(§) < (1 + Crp(d — 71))py11(€r)pyg1(€0)s
and the result follows from the induction hypothesis.
If no such splitting exists, then diam(£) = maxi<j<j<k |& —&;| is bounded. In this case,
the result follows from the local bounds in Lemma 3.2 and translation invariance due to
(Ha). O

By combining Lemma 3.3 and Lemma 3.4, we readily obtain the following additive
version of the clustering property.

Lemma 3.5. If Q € Ay, there exist positive constants Cy, and 71, such that the following
holds: For & = (&1,...,&) € RF and any partition € = €1 U€y with d = d(&7,€5) > 27, we
have

k(&) — Py (€0 P (€0)] < Crtp(d — 7).

The asymptotic factorization of k-point correlation functions, as stated in Lemma 3.5,
results in the asymptotic decay of truncated k-point functions as the variable’s diameter
increases.

Lemma 3.6. Assuming Q € Ay, there exist finite positive constants ¢, and C) such that
for any € = (&1, ..., &) € RE, the following inequality holds

|0k (€)] < Crib(cy, diam(£)), (3-4)

where ¢ = min(1,+) and diam(§) = maxi<;<j<i [& — &j| is the diameter of €.

Proof. For k = 1, (3.4) is obvious since p! = pj, which is a constant. For k > 2,
we aim to show that there exist finite positive constants ¢ and C} such that, for any
€= (&,...,&) € R* and any partition {1,...,k} =TU.J,
10k (€)] < Crip(crd(€r.€))- (3.5)

Since for any & € RF, there exists a partition {1,...,k} = I U J such that d(£7,&;) >
5 diam(€), it follows that (3.5) implies (3.4).

We prove (3.5) by induction on k. For k = 2, it follows from the clustering of py and
the uniform boundedness of p; and ps that

103 (&1,&)] = |p2(&1, &) — p1(&1)p1(&2)] < Cmin(1, ¥(c|é — &))).

Let k > 3. Fix a partition {1,...,k} = I U J and define II(Z, J) as the set of non-trivial
partitions of {1, ..., k} that mix IUJ; that is, it contains partitions with at least two blocks
such that there exists a block intersecting both I and J. By the inversion formula (3.2),

we have
pk©) — P €D €N = pE (€) + D &) ol (&),
eI, J)
which implies
10k €)] < 1ox(&) = €D EDI+ D ok &) ol (€5)]-
~vell(1,J)

Therefore, by employing Lemma 3.5 and the induction assumption, we can assert that
there exist positive constant ¢; and C}, such that (3.5) holds. O
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It is noteworthy that in [14, §5], Bleher, Shiffman, and Zelditch derived analogous
estimates for correlation functions and truncated correlation functions utilizing the Wick
formula, subject to the condition min;.; [ — &;| > ¢ > 0.

3.3. Proof of Theorem 1.15. Applying Lemma 3.1, we express s, [Ng(R)] as
Sm = / Py (€x)dE,
~eTl(m 0,R]I

where || is the number of blocks in the partition v and d€, is the Lebesgue measure
on [0,R]". Our goal is to establish, for each j € {1,...,m}, the existence of bounded
functions 6; and A; : [0,00) — R such that

| A€ = Roy(R) + (R, (3:6)
[0,R]7
Assuming (3.6), we obtain (1.22) with
Z é\’Y\(R) and )\Q Z )\|’Y| (37)
~€EII(m) ~€eIl(m)

Clearly, (3.6) holds for j = 1, where 61 (R) = p1(0) and A;(R) = 0. Now, consider the case
where j7 > 2. Due to translation invariance,

/[OR PJ §)d€ = / dﬁj/[oR 71 =&y &1 — &5, 0)dE - dEa.

Through a change of variables and application of Fubini’s theorem, we see that

R
/[OR]J_ PJT(f)df = /0 d&j/[ I pJT(tl, o tjo1,0)dty - - dtj
’ =& 185

j—1

=1
R 7—1
— dtr - dti_ Tty . ti1,0 1y m 1 (£:)dES
/[R7R}jl 1 J 1/0 p] ( 1 7—1 )Zl_{ [—t:,R tz](f]) 5]

R}ﬂj_ldt1...dtf_lpgktl,“wtj_lyo)

X [R — rnax(tl, ...,tj_l, 0) + min(tl, ...,tj_l, 0)}

=R / Pl (¢,0)dt — / pl (t,0) diam(t,0)dt,
[-R,R}i—1 [-R,R)i—1

I
—

where t = (t1,...,tj_1), dt = dt;---dt;_1, and diam(t,0) is the diameter of the configura-
tion (t1,...,tj—1,0). This implies (3.6) with

0;(R) = / p]T(t,O)dt and A;(R) = —/ p]T(t,O) diam(¢, 0)dt.
[-R,RJi-1 [-R,R) 1
We deduce from Lemma 3.6 that

0;(R)| < /[_R . o] (£,0)|dt < / ¥(ck diam(t, 0))dt.

[—R,R]771
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Similarly,

I\ (R)| < / ¥ (¢ diam(¢, 0)) diam(t, 0)dt.
[—R,R)i—1

Hence, the boundedness of éj and 5\j follows from the subsequent lemma and the fact that
(o)
/ Y(x)z* tdr < oo,
0

Lemma 3.7. For any ¢ € W, and R > 0, it holds that
R 2R
k:/ Y(x)*Lda S/ Y (diam(§,0))d€ < 2’%/ Y(x)z* tdx. (3.8)
0 (—R,R)k 0

Assuming Lemma 3.7, we can define

000 = / pj (t,0)dt and Xjoo =~ / pT (t,0) diam(t, 0)dt.
Ri—1 Ri—-1
Moreover, there exists a function ¢ € ¥y such that, as R — oo, we have
|éj(R) — éj,oo] < / 1/1(3;)3;1*26133 and |5\J(R) — 5\j,oo| < / lp(m)xj’ldx,
R R

Substituting these estimates into (3.7), we deduce

80 =6+ 0 ([T wteram2ar) and A3 =20 ([T v tas).
R R

where

97?17002 Z 9‘7‘700 and )‘gn,oo: Z )‘|'y|,o<>'
Y€EIl(m) Yy€EIl(m)

Thus, (1.23) is verified. It remains to prove Lemma 3.7.

Proof of Lemma 3.7. We begin by noting that
| wam@ondg < [ w(diamg0)dg <2 [ p(diam(€,0))dg.
(0,R)k (=R,R)k (0,2R)*

For £ € (0, R)*, we have diam(£,0) = max(£1, ..., &) := max&. Hence, (3.8) will be proved
once we show that

R
/ P(max€)d€ = k:/ Y(z)zb td. (3.9)
(0,R)* 0
For & = (&1, .., §k—1,&k), let €1 = (&1, ..., Ek—1). Applying Fubini’s theorem, we have
R
| wtmaxgyie = s [ dlmaxg)dsy
(0,R)* (0,R)k—1 0

max§y_1 R
- /(O,R)“ 01 ( | v as+ [ . w@k)dgk)

R
:/ d€i—1 <¢(maX€k—1)maX§k—1+/ w(fk)l(maxgkl,R)(fk)d§k>
(0,R)F~1 0

R
_ / (max 1) maxEpydEp_ + / D(En)eldey
(0,R)+—1 0
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By repeatedly applying this argument, we obtain

k (R
= k=1 ¢
/( oy X E)E = ]Z; /0 ()8} g,
which gives (3.9). ]

3.4. Proof of Theorem 1.21. For each j € {1,...,m}, let p,; and pij denote the j-
point and truncated j-point correlation functions for the real zeros of @),, respectively.
According to the Kac-Rice formula,

1

(27)i\/det An (@)

1 _
pnj(€) = /R [y yyle” 2 WA E T W dy, -y,
J

where § = (&1, ...,§;), An(§) is the covariance matrix of (Qn(&1), @), (1), - @n (&), @ (&),
and y = (0,91, ...,0,y;). Note that hypothesis (/) implies

(1 —en)A€) < An(§) < (1+en)A(E),

where A(§) is the covariance matrix of (Q(&1), Q'(&1), ..., Q(&5), @' (&5)). Analysis similar
to that in the proof of Lemma 3.3 shows that

(3 ‘5")jpj<§> < png®) < (3 +€">jpj<s>.

1—¢e,

Combining this with (3.1) and the uniform boundedness of p;, we deduce that

L&) = pl ()| <en, j=1,..,m.

Consequently, by employing Lemma 3.1 and the fact that p? is translation-invariant, we
derive

|$m[NG, (In)] — sm[No([In])]| < enlln]™.
According to Theorem 1.15,

sm[No(IIu))] = [Ial63 (| 1n]) + AZ (L)),

and hence (1.27) follows.
As n — oo, if |[I,| = oo and e,|L,|™ — 0, then (1.28) is a consequence of (1.27) and
(1.23).

3.5. Proof of Theorem 1.24. For each j € {1,...,m}, let p; and ﬁf denote the j-
point and truncated j-point correlation functions for the real zeros of P(z) = Q(o(z)),
respectively, where o(z) = [ p(t)dt. Given (z1,..., ) € R™, (Azy, ..., Azy) € R™, and
je{l,...,m}, let

x;+Ax;
& = ola;), A& = ole; + Axy) — ola;) = / plt)dt,

Ty

and denote by Ng(&j,&; + AE;) the number of real zeros of @ between &; and &; + Ag;.
Note that P has a real zero between z; and z; + Ax; if and only if @) has a real zero
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between &; and &; + A¢;. This implies
E[Np(ajl, xr1 + Aa:l) e Np((]?j, r; + Ax])}

pi(T1, . xy) = N - Ber- Ay
g E[NQ(&1, 61 + A&) --- No(§5, &5 + AE))]
= 1m
Azxy,...,Az;—0 ‘Awl R A$J’
o A& AGIENG(6 &+ AG) - No(§, &+ AG)]
Azy,...,Az;—0 |A$1 s ACL'j| |A£1 s A§]|

= p(xl) ce p($j)pj(€1a '--a’fj)v

where p; is the j-point correlation function of the real zeros of ). Together with (3.1), we
deduce that

Py (w1, i) = plar) -+ p(x)p] (0(x1), - 0(x5)), G =1,..,m.

Therefore,
/(b)ﬁ]r(%h---wj)dxl"'dﬂ?j—/( b),ﬂ(afl)"'P(%)P;"F(Q(xl)a~--,Q(9Cj))d$1'”dxj
a, J a, J

/ T (€ &) - dE
(o(a),o(b))

J

= / 'p}ﬂ(gl —o(a),....,&§ — o(a))d&; - - - d§;
(o(a),o0(b))7

:/( ] (61 )6 - dE

’R)J

where R := o(b) — o(a) = ff p(t)dt and we used (3.6) and the fact that pf is translation-
invariant. According to Lemma 3.1, we have

smINp(a.b)] = D[RO, (R) + A (R)] = ROZ(R) + AZ(R),
y€EIl(m)
which establishes (1.29).

3.6. Correlation functions of real zeros of elliptic polynomials. We denote by p,,
and pgk the k-point and truncated k-point correlation functions for the real zeros of the
Gaussian elliptic polynomial P, (x), respectively. As shown in [12], for any & = (&1, ..., &)
of distinct points in R, it holds that

k

Jj=1

) /Rk [y1 - Yr| D i (Y5 €)dyr - - - dy, (3.10)

where y = (0,1, ...,0,y%) € R* and D, x(;€) is a Gaussian density with the covariance
matrix

in which

() _ (1 4 a2(6 £.0) "/ 1 —vna(&; &)
Zij _(1+ 2(§2>€j)) 2<\/ﬁa(§i7§j) 1+(1_n)a2(&’§j)>- (3.11)
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In particular,

n
pra(&1) = pna(&1) = 7r(1\f§%)
For k > 2, to find a scaling limit of pgk, let us make the change of variables
= Vna(¢1, &) = fﬁj &1 j=2 ..k, (3.12)
1+&¢&°
so that
Oz({i,fj) Z(X(ti/\/’ﬁ,tj/\/ﬁ), i,j 22,...,k. (3.13)

Fort = (t1,...,tx), let tg = (0,2, ..., t1). Then the integral g |y1 - yi| Dok (y;€)dyr - - - dyg
appeared in (3.10) can be interpreted as a function of ty. More precisely, by letting ¢; = 0,
we deduce from (3.11) and (3.13) that

/Rk ly1 - Y| Dok (y; €)dyr - - - dyp = /Rk Y1 - Ykl dn k(Y5 to)dyn - - - dyg,

in which d,, 1(-;t) is a Gaussian density with the covariance matrix

inj=1
where
A\ -2 1 _ Jna <L La)
tit :
o — <1+a2 (% v )) v vn . (3.14
¢ i Vi Vo (4, 2) 14 -mar (2, 4) | O

For ~; C {1,...,k} with [; = |y;| > 1, let us introduce the [;-point functions

@n,lj (t’Yj) = /]Rl' |y1 e yl]- |dn,lj (y’Yj;t’Yj)dyl e dylj7
J

where y,, = (0,91, ...,0,y;,) and t,, = (t;)ie,,. We also consider the corresponding trun-
cated functions

k
Z J 1]_1 Z Gnh 71 ) Gn,lj(t%)'

Jj=1 ~vell(k,5)

Put this way, one has

k
T _ Vn T
Pni(§) = jl_I1 T+ O, (to)- (3.15)

Lemma 3.8. For k > 1, let @,7; denote the truncated k-point correlation function for the
real zeros of the Weyl series W. Asn — oo, O (t) converges pointwise to ©L(t) on R,
Furthermore, if 0 < ay, < y/n, it holds uniformly that

o7 4(t) = OF (1) + 0(a2/n), t e [~an anlt. (3.16)

Proof. For any t = (1, ...,t) € R¥ it holds that

t;
pu— ;s — > <. .< .
T}gg()f@(\f \F) ti—ti, 1<i,j<k

Combining this with (3.14) leads to
lim Q,(t) = Q(¢), (3.17)

n—oo
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where

Q(t) = ()7

o1 with Ql-j:e—<tf—ti>2/2< 1 _(tj_t")2>. (3.18)

ti—t; 1—(tj—t)

Let © denote the k-point correlation function for the real zeros of the Weyl series .
Since W (t) = e **/2W (t) and W () have the same real zeros, it follows that O}, is also the
k-point correlation function for the real zeros of W. Applying the Kac-Rice formula and
(3.18), we verify that

Or(t) = /Rk ly1 - - - yeldi(y; t)dyy - - - dyy,

where di(-;t) is a Gaussian density with the covariance matrix (t). Therefore, (3.17)
implies
lim ©,x(t) = O(t), tcR"

n—oo

Together with (3.1), we deduce that
lim ©F ,(t) =01 (), teR",

n—o0

as required.
For t = (t1,...,t5) € [—an, ay]¥, since

e

> = (t; —t)(1 +O0(a2/n)), 1<i,j <k,

it follows that
0, (t) = Q) (1 + O(a /n)),

and consequently,
Oni(t) = Or)(1+0(a2/n)), t€ [—an,ay”
By (3.1) and the uniform boundedness of ©; on R7, for j = 1,..., k, we establish (3.16). O
Henceforth, for t = (t1,ts, ..., tx) € R*  define
Gg,k(t)
M+ /)

Lemma 3.9. For a,, > 0, let U, = (—an, )" ! and A, = min(ay,, v/n). Asn — oo, if
ay, — 00, then

61 (t) = (3.19)

OF ,(to)dto = . OF (to)dty + o(1/A,), (3.20)
Un Rk—

where tg = (0, ta, ..., t;) and dty = dto - - - dty.

Proof. Let Uf = Rk_l\Un. By Lemmas 3.6, 3.7, and 3.8, there exist positive constants cj
and C}, such that

‘éT (to) ’dt() <Oy efck(diam(to))g dto
n,k
Uc Ue

n n

o0 2
< / ek R 2y
Qn

= O(affge*cko‘i).
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Assume first that a,, < logn, so af™!/n = o0(1/A,). By (3.16),
/ &7 4 (to)dto = / o7 (to)dto + O(ak* /)
Un Un

= OF (to)dto + O(ak3en) 4 O(ak*1 /n),
kal

which implies (3.20).
Now, let us suppose a, > logn. Define V,, = (—logn,logn)*~! and V! = U,\V,.
Utilizing the aforementioned estimates, we obtain

OF ,(to)dto = | ©OF i (to)dto + / OF . (to)dty
Un, Vn 1%

- —Ck 10 2’n
= s ®£(t0)dt0 + O((lOg n)k—l—l/n) + O((log n)k 3 « log )’
establishing (3.20). .

Remark 3.10. Similarly, for any polynomial p(tg), we have
[, 18Tttt dto = O(1)
Rk—1

3.7. Proof of Theorem 1.4. Our proof commences by recalling the relationship between
$k[Nn(a,b)] and truncated correlation functions pzvj, where j € {1,...,k}. According to
Lemma 3.1, we have

S5 Na(a, )] = 3 /( o P 6 (3.21)

Yy€EIl(k)

where |y| is the number of blocks in the partition v and d€, is the Lebesgue measure

on (a, b)'”'. The subsequent step involves the estimation of the integrals present on the
right-hand side of (3.21).

Lemma 3.11. For k > 1, we have, as n — oo,

| € = 0B[N, (ab) + O(1) (3.22)

)

where 01 = 1 and for k > 2,

Op = O7F (to)dto.
Rk—1

Note that Theorem 1.4 immediately follows from applying Lemma 3.11 and (3.21).
More precisely, by substituting (3.22) into (3.21), we obtain (1.16), where

B = Z 0, = TO} .-
vyell(k)

For k = 1, Lemma 3.11 is trivial. Assume now that k > 2. Making the change of
variables (3.12), we see that

Vn 1 .
———df; = ———dt; =2,...k.
1+ ~ Lm0 T
Combining this with (3.15), we derive
n ~
P o (€)dE = v O7 1 (to)dé1dto, (3.23)

1+¢&
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where (:);ak is given by (3.19), tg = (0, ta, ..., tx), and dty = dty - - - dity,
To prove Lemma 3.11, we consider three cases of o, = y/na(a,b). For brevity, let
U, = (*|Oln|7 |an|)k_1 and In,k(aa b) = f(a,b)k Pg,k@)dg

Claim 1. If a;, > 0, then (3.22) holds.
Proof. Using (3.23), we obtain
b \/7

I k(a,b) = e
a 1

—3d& / OF 1. (to)dto,
Un (61 )
where

Un(£1) = {(tz, o) € (@, D)L Vna(€r, a) < ta, ot < \/ﬁa(fl,b)}.
By Fubini’s theorem,
51,2‘:2’...7 )
Li(a,b) 7, (to)dt déy,
k(a, / (to) o/ Vn—"T— 1+ &1

where

k
G(&ta, o tr) =[] <1(an,o)(tj) (a(t;/via)d) (€1)  10.00) (E) L (@a(t, /v/mb) (51))
j=2

For k > 2, let IIa(k) denote the set of all ordered pair (v1,72) of disjoint subsets of
{2,...,k} such that v U~y = {2,...,k}. For each v = (v1,72) € Il2(k), we introduce the
function

G’Y(§17t27 ..-, H 1 —an,O a(t /\/ﬁa ),b) 51 H 1(0 an) )l(a,a(ti/\/ﬁ,b))(&)
Jj€m i€72
so that
_ fl,tg,...,tk)
Lg(a,b) = @ K(to)dto > \F : dé;.
€M (k) + 51
2
For each v = (v1,72) € Il2(k) and (t2,..., 1) € RF— 1, let
if =0 if =
tﬂm _ 0 . 1 7 " and t,r;;ax _ 0 1 Yo
minjey, t; it 1 # 9, maxie,, t; if 2 # 9.
By a direct computation, we obtain
~(&1sta, o ty)
d
/ \f g 51 &1
=7 [T 10,0 ®) [T L. (t)ENa(a, )]
JEM €72
+ H 1(_an t] H 1(0 Oén n (a’rCtan tj;/11i1 — arctan t:/n/;aj(> .
JEM i€y2 n n

For any fixed (ta, ..., 1) € RF™!, we have

R0 NG NG

tmin max
: 71 2 __4min __ jymax
lim \/n | arctan arctan =t —
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Therefore, using Remark 3.10, we deduce that, as n — oo,

Iy i (a,b) = <7r ég}k(to)dto> E[Ny(a,b)] + O(1).
Un
Since a;, > 0, we have

E[Ny,(a,b)] = vn arctan a—\/ﬁ < min (O;:L’ \/ﬁ> < Ay

T n 2

Combining this with Lemma 3.9, we deduce that
I i(a,b) = <7r OF (to)dty - - - dty, + o(l/An)> E[Ny(a,b)] + O(1),
RE-1

and (3.22) follows.
Claim 2. The asymptotic formula (3.22) holds for ay, = 0.

Proof. If o, = 0, then (a,b) = R. Using (3.23) and Lemma 3.9, we have

La®) = [ 7 51 Ve, / O, (to)dt

™ @ik(to)dt()) E[N,(R)]

Of (o)t + o(1/V) ) EIN, ()
@{(to)dt()) E[N,,(R)] + o(1),
which yields (3.22).

Claim 3. If a, < 0, then (3.22) occurs.

Proof. We first write

~1/b
I (a,b) 2/ dgl/( b)kflpzvk(g)d&mdg’“

—1/a
+ / at, / oL (€)dEs - dej, + / de, / e -
-1/b (a,b)k—1 1/a (ab

y (3.23) and Fubini’s theorem,

fl,tg,...,t )
I, 1(a,b) = 67 (o)t TRLT Tk e
k(a,b) s (to) 0/ vn 1+ 1

- d&y.
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where
k

H(&1,t2, o tk) = Lia—1/8)(§1) H( —cosan) (t) Y (@,a(t, /b)) (§1)

+ Ln/an,0) )L (a(t, /v/ma),—1/5) (§1) + 1(0,@(%‘))
k
+ 1 -1yw@) ] (1(oo,n/an)(tj)l(a(tj/\/ﬁ,a),l/a) (&1)

j=2
+ L0/, —njan) ) + 1 njan,00) E) L (<1 /b0t /v/mb) (51)>

k

+ 1 1an @) ][] (1(—00,0) (t5) + L0,~n/an) E)L(<1/a,0(t; b)) (§1)
j=2

+ 1~ an.00) (t)(at, /) 0) (fl)) :

We may now estimate I, (a,b) using the same method as in the proof of Claim 1 to
conclude that

Imk(a, b) = (7[' éZk(tO)dtO) E[Nn(a, b)] + O(l),
REk-1 ’
which establishes the asymptotic formula (3.22) when combined with Lemma 3.9. O

4. ASYMPTOTIC NORMALITY

In this section, we briefly discuss the CLTs for the number of real zeros of Gaussian
processes. Drawing on the method of moments (see, for example, [11, §30]), we deduce
that if {X,} is a sequence of random variables such that, as n — oo,

s1[Xn] = 0, s2[X,] — 1, and si[X,] =0 (k>3),
then X, 4N (0,1). Utilizing this insight for the normalized number of real zeros allows

us to deduce the CLTs outlined in Sections 1.2 and 1.3. Since the proofs are analogous,
we only present the proof of Theorem 1.6.

Proof of Theorem 1.6. Let

X, — Ny (a,b) — E[Ny(a,b)]
Var|[N,(a,b)]

bl i

We show that as n — oo, X, N N(0,1), provided that either o, < 0 or ay, — 00 as
n — oo.

Notably, s1[X,] = E[X,] = 0 and s2[X,,] = Var[X,,] = 1. To complete the proof, we
show that for k > 3, sx[X,] — 0 as n — oo. Utilizing the semi-invariance property, one

has
sk[Nn(a, b)]
(Ve[ Ny (a, D)) F/2
If either o, <0 or vy, — 00 as n — oo, then E[N,(a,b)] — co. By Theorem 1.4,
BrE[Nn(a, b)] + O(1)
(B2E[Na(a,b)] + O(1)F72

sp[Xn] =

sp[Xn] = —0 as n— oo,
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and Theorem 1.6 is proved. ]

5. ASYMPTOTICS OF MOMENTS AND STRONG LAW OF LARGE NUMBERS

In this section, we use the asymptotics of cumulants to deduce corresponding results for
central moments and moments, ultimately establishing the strong law of large numbers.

5.1. Asymptotics of moments. It is well-known that we can express the kth central
moment in terms of the first £ cumulants. Here, for the reader’s convenience, we briefly
explain how to obtain this explicit expression using Faa di Bruno’s formula (see [19, §3.4])
and the exponential partial Bell polynomials (see [19, §3.3]), both of which are tools utilized
in Section 2.3. More precisely, consider the cumulant- and central moment-generating
functions of a bounded random variable X given by

K(t) = log ]E[etX] and C(t) = [}3[615()@155[)(])]7
respectively. Then
dk

s+l X] = 7

K(t) and  pi[X] = —

t=0 t=0

Since C(t) = eXO=EX] it follows from Faa di Bruno’s formula that

dk
,uk[X] _ 76K(t)—tE[X]

dtk

k
= Bi(0, 52[X], ..., sp—j1 [X]).
t=0 j=1

Recall that, for 1 < j <k,
k—j+1

k! Ty Mr
Brj (w1, s k1) = D ! ! I1 (7) ’
ml.---mk_j+1. el T

where the sum is over all solutions in non-negative integers of the equations
m1+2m2+~-'+(k—j+1)mk_j+1:k,
mi +mo + -+ Mp_ji1 = J.

Note that m; > 1 whenever j > k/2, so By (0,22, ...,x5—j41) = 0 for all j > k/2.
Therefore, for k > 2,

Lk/2]
/Lk[X] = E BkJ‘(O,SQ[X],...,Sk_j+1[X]). (51)
j=1

When X represents the number of real zeros of Gaussian processes considered in this
paper, it is safe to employ (5.1) since all mentioned quantities are finite.

Proof of Corollary 1.8. By (5.1), it holds for £ > 2 that
[k/2]
pk[Nn(a, b)) = > Bi;(0,52[Nn(a, b)), ..., sk j11[Nu(a, b)]).
j=1

Together with (1.16), we obtain

pak[Nn(a, b)) = Boy, (0, 82[Nin(a,0)]; ..., sk11[Nn(a, b)]) + O((E[Ny(a, b)])* )

_ (2K)! <82[Nn(a, b)]
] 2!

k
) + O((E[Na(a, D)),
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which yields (1.17). Similarly,
pot+1 [Na(a, b)) = Boges1,1(0, 52[Na(a, b)], -, s1e2[Na(a, b)]) + O((E[Ni(a,0)])* 1)

k—1
:<(2:_+11)>!! <82[Ngga’b>1> 83W§§a’bﬂ+o<<[ N (a, b))k,

which implies (1.18). O

Remark 5.1. Utilizing (5.1) and Theorem 1.15, we can derive a precise expression for
the central moment p;[Ng(R)] whenever @ € Ay. Consequently, if @ € A, then from
Remark 1.16, it follows that for each positive integer £ > 2, as R — oo, ux[Ng(R)] admits
a full asymptotic expansion of the form

Lk/2]

e[ NQ(R)] ~ D7 Bij(0,ROZ .+ XS RO 1 o+ AL ji100):
7j=1
When £ is even, the right-hand side is a polynomial of R of degree k/2. When k is odd,
it is a polynomial of R of degree at most (k —1)/2.
Similar conclusions apply to Ny (R), Ng, (In), and Ny, (I,).
We emphasize that in [2, Theorem 1.6], Ancona and Letendre investigated a broader
context; nonetheless, our estimates prove more precise in specific instances.

Remark 5.2. We also have an explicit expression for the kth moment E[( Ng(R))*] in terms
of the first & cumulants s;[Ng(R)] for 1 < j < k, as follows (see, for example, [45, Equation
26]):

k
E[(No(R)]=3_ > sulNo(R)]-s,[No(R)].

J=1~el(k,j)

Combining this with Theorem 1.15, we obtain an exact formula for E[(Ng(R))*] whenever
Q € Ap. Furthermore, Remark 1.16 implies that if Q € A, then, as R — oo,

E[( Z Do (ROE AN L) (RO? AP,

Jj=1 yell(k,j)

where the right-hand side is a polynomial of R of degree k. Note that this full asymptotic
expansion specifically applies to the Gaussian Weyl series W.
In [26, Theorem 6], Do and Vu demonstrated that

E[(Nj} (R)"] < Cy 1 RE.
Choosing ¢ = 1|y g implies
E[(Nw(R))"] < CyR".

In this particular case, our estimate is more precise.

5.2. Strong law of large numbers. In this subsection, we aim to establish a strong
law of large numbers for the number of real zeros using asymptotics of central moments,
reinforced by a Borel-Cantelli type argument. Only the proof for Theorem 1.10 is provided
here, as the proofs for other results follow a similar approach.

Proof of Theorem 1.10. The given assumption implies

1
2 BN @ o) <>
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By Corollary 1.8, this leads to

./ Ny(a,b) Pl pok[Nala, b)) 1
B Z(HNn(a,b)] 1) _Z(ETNn(a,bﬂ)% B Z(E[Nnm,b)])’“ = o

n=1

Therefore, almost surely,

n=1
yielding
Nn(a, b) a.s.
-1 0 asn — oo,
E[Nn(av b)]
and the theorem is proved. ]
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