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EQUIVARIANT VECTOR BUNDLES ON DRINFELD’S
HALFSPACE OVER A FINITE FIELD

SASCHA ORLIK

ABSTRACT. Let X C IE”Z be Drinfeld’s halfspace over a finite field k and let £ be a
homogeneous vector bundle on ]P’z. The paper deals with two different descriptions
of the space of global sections H(X,€) as GLg41(k)-representation. This is an
infinite dimensional modular G-representation. Here we follow the ideas of [O2] OS]
treating the p-adic case. As a replacement for the universal enveloping algebra we
consider both the crystalline universal enveloping algebra and the ring of differential
operators on the flag variety with respect to £.

INTRODUCTION

Let k be a finite field and denote by X Drinfeld’s halfspace of dimension d > 1
over k. This is the complement of all k-rational hyperplanes in projective space P¢,
ie.,

x=pi\J P(H).

This object is equipped with an action of G = GLgy1(k) and can be viewed as

Hgderl

a Deligne-Lusztig variety, as well as a period domain over a finite field [OR]. In
particular we get for every homogeneous vector bundle £ on P¢ an induced action of
G on the space of global sections H°(X, £) which is an infinite-dimensional modular
G-representation.

In [O2] we considered the same problem for the Drinfeld halfspace over a p-adic
field K. We constructed for every homogeneous vector bundle £ a filtration by closed
GLg11(K)-subspaces and determined the graded pieces in terms of locally analytic G-
representations in the sense of Schneider and Teitelbaum [ST1]. The definition of the
filtration above involves the geometry of X being the complement of an hyperplane
arrangement. In the p-adic case H(X,€) is a ”bigger” object, it is a reflexive K-
Fréchet space with a continuous G-action. Its strong dual is a locally analytic G-
representation. The interest here for studying those objects lies in the connection to
the p-adic Langland correspondence.
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In his thesis [Ku] Kuschkowitz adapts the strategy of the p-adic case to the situation
considered here.

Theorem (Kuschkowitz): Let € be a homogeneous vector bundle on P¢. There is a
filtration
EX)Y DX D DEX)T D (X)) = HYPYE)

on £(X)° = HYX,E) such that for j = 0,...,d — 1, there is an extension of G-
representations

G
0= Indg,,,, ,(Hp

777777

Here the module UIC;Y(HM 7777 b is a generalized Steinberg representation corresponding
to the decomposition (j + 1,1,...,1) of d 4 1. Further P; = P a41-j) C G is the
(lower) standard-parabolic subgroup attached to the decomposition (j,d + 1 — j) of
d+ 1 and Styyq_; is the Steinberg representation of GLg4i1_;(k). Here the action of
the parabolic is induced by the composite

Par1-j) = Liari—j) = GL;j(k) x GLay1-;(k) = GLat1-;(k).
Finally we have the reduced local cohomology
Y (P, €) = ker (H (B €) — H (B, €))
which is a P11 4—j-module.

In the p-adic setting the substitute of the LHS of this extension has the structure
of an admissible module over the locally analytic distribution algebra. Here we were
able to give a description of the dual representation in terms of a series of functors

FS: 0" x RepX®™(P) — Rep(Q)

alg

0o, adm

where OF consist of the algebraic objects of type p in the category O, Repj ™ (P)

alg
is the category of smooth admissible P-representations and Repi%(G) denotes the

category of locally analytic G-representations.

In positive characteristic Lie algebra methods do not behave so nice. E.g. the local
cohomology groups are not finitely generated over the universal enveloping algebra
of the Lie algebra of GL4.; so that the same machinery does not apply. Our goal in
this paper is to concentrate on the latter aspect and to present two candidates for a
substitution in this situation. The first approach considers the crystalline universal
enveloping algebra U(g) (or Kostant form) which coincides with the distribution alge-
bra of G, cf. [Ja]. The action of g extends to one of U(g), so that H°(X, £) becomes

(Hp " (B, E)@Stass ) = EXY/EXYT —f | @H"I(PY,E) — 0.
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a module over the smash product k[G]#U(g). We define a positive characteristic ver-
sion of F5 and prove analogously properties of them as in the p-adic case, e.g. we
give an irreducibility criterion, cf. [OS].

The second approach uses instead of U (g) the ring of distributions D¢ on the flag
variety with respect to £. The important point is that the natural map U (g) — D¢
is in contrast to the field of complex numbers not surjective as shown by Smith [Sm].
We will show that the above local cohomology modules are finitely generated leading
to a category Ope where we can define similar our functors F§.

Notation: We let p be a prime number, ¢ = p” some power and let k = F, the
corresponding field with ¢ elements. We fix an algebraic closure F := F, and denote
by P¢ the projective space of dimension d over F. If Y C P¢ is a closed algebraic
F-subvariety and F is a sheaf on P4 we write H;- (P4, F) for the corresponding local
cohomology. We consider the algebraic action G x P¢ — P§ of G on P¢ given by

9-lgo:qd =mlg,[qo: - :qa) = [QOi"'iqu]g_l-

We use bold letters H to denote algebraic group schemes over F,, whereas we use
normal letters H for their F,-valued points. We denote by Hy := H xp_F their base
change to F. We use Gothic letters b for their Lie algebras (over ). The corresponding
enveloping algebras are denoted as usual by U(h).

We denote by Gz a split reductive algebraic group over Z. We fix a Borel subgroup
Bz C Gz and let Uz be its unipotent radical and U, the opposite radical. Let
T, C Gy be a fixed split torus and denote the root system by ® and its subset of
simple roots by A.

Acknowledgments: 1 am grateful to Georg Linden for pointing out to me the paper
of Smith [Sm]. This research was conducted in the framework of the research training
group GRK 2240: Algebro-Geometric Methods in Algebra, Arithmetic and Topology,
which is funded by the DFG.

1. THE THEOREM OF KUSCHKOWITZ

In this section we recall shortly the strategy for proving the theorem of Kuschkowitz.
Here we consider for G the general linear group GLgy; and for B C G the Borel
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subgroup of lower triangular matrices and T the diagonal torus. Denote by T its
image in PGLy,1. For 0 < i < d, let ¢, : T — Gy, be the character defined by
ei(diag(ty, ..., ta)) =t;. Put a; j :== €;—¢; fori # j. Then A := {o; ;11 | 0 <i < d—1}
are the simple roots and ® := {«a;; | 0 < i # j < d — 1} are the roots of G with
i,) be the
i) its unipotent radical and

.....

respect to T C B. For a decomposition (i1,...,4,) of d + 1, let P,
corresponding standard-parabolic subgroup of G, Uy,
L

.....

1,..ip) 1ts Levi component.

Let £ be a homogeneous vector bundle on PZ. Our finite group G stabilizes X.
Therefore, we obtain an induced action of G on the F-vector space of global sections
E(X). Further £ is naturally a g-module, i.e., there is a homomorphism of Lie algebras
g — End(€). For the structure sheaf O = Ops with its natural G-linearization we
can describe the action of g on O(X). Indeed, for a root a = o ; € @, let

La = L(i,j) € ga

be the standard generator of the weight space g, in g. Let 1 € X*(T) be a character of
the torus T. Write 4 in the shape p = Z?:o m;€; with Z?:o m; = 0. Define 2, € O(&X)
by

Eu(qo, - qa) = 0" g™
For these functions, the action of g is given by
(11) L(%]) . El/« =my - E}H‘Oéi,j
and

t-S,= (D mits) S tet
Fix an integer 0 < j < d — 1. Let
PL =V (Xji1,...,Xq) CPL

be the closed subvariety defined by the vanishing of the coordinates X1, ..., X4. The
algebraic local cohomology modules H]f»% (P4, &), i € N, sit in a long exact sequence

oo HTU PR\ Py, F) — Hy, (Pg, F) — H'(Pg, F) — H'(P \ Py, F) = -

which is equivariant for the induced action of P (j11.4_j x U(g). Here the semi-direct
product is defined via the adjoint action of P11 4—j on g. We set

A9 (P, €) = ker (H (B, €) — H' (B4, €))

which is consequently a P (j;1.4-j) X U(g)-module.
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Consider the exact sequence of F-vector spaces with G-action
0— H'(PE,E) — HY(X,E) — Hy(PE, E) — HY(PE,E) — 0.

Note that the higher cohomology groups H'(X, ), i > 0, vanish since X is an affine
space. The G-representations H°(P¢, F), H'(P4, F) are finite-dimensional algebraic.
Let i : Y — (P4) denote the closed embedding and let Z be constant sheaf on ).
Then by [SGA2, Proposition 2.3 bis.], we conclude that

Ext*(i.(Zy), £) = Hy(PLE).

The idea is now to plug in a resolution of the sheaf Z on the boundary and works as
follows.

Let {eg,...,eq} be the standard basis of V = F?*!. For any a; € A, put

Vi=EPF-¢; and V; =P(V))

J=0

For any subset I C A with A\ I ={a;, < ... <}, set Y7 = P(V;,) and consider
it as a closed subvariety of PZ. Furthermore, let P; be the lower parabolic subgroup
of G, such that I coincides with the simple roots appearing in the Levi factor of P;.
Hence the group P; stabilizes Y;. We obtain

(1.2) Y=g Vavau

geG

Consider the natural closed embeddings
(I)g,l : gY:T — y
and put

Ly = (Pg,1)(Pg,1 Z).

We obtain the following complex of sheaves on Y :

O—>Z—>@ @Zg71—>@ @ZQ,I—>---—>@ @ZQ,I—w--

ICA ICA IeA
\anajey 9ECG/Pr AR, 9€G/Pr JGA 9GPy
(1.3)
o D D Zu— D Zw—o
ICA
‘A\I‘C:(H 9€G/Pr geG/ Py

which is acyclic by [O1].
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In a next step one considers the spectral sequence which is induced by this complex
applied to Ext™(i.(—), &). Here one uses that for all [ C A, there is an isomorphism

Ext*(i,( €D Ze1).€) = O Hyy, (BLE).

gEG/P[ gEG/P[

By evaluating the spectral sequence Kuschkowitz arrives in [Ku| at the theorem

mentioned in the introduction.

2. FIRST APPROACH

In this section we replace U(g) by its crystalline version and transform the results
of JOS] to this setting,.

Let Gz be a split reductive algebraic group over Z and let gc be the Lie algebra of
Gz(C). On the other hand let D(Gp) be the distribution algebra of Gr = Gz xz F.
We identify D(Gy) with the universal crystalline enveloping algebra (Kostant form)
U(g). Thus U(g) = U(g)z @ F where U(g)y is the Z-subalgebra of U(ge) generated
by the expressions

"/n!, a € T neN

alt = g fnl, yln = yn

and <}:‘), a€AneN,

where T, € ga,Ya € §_o are generators and h, = |24, Yo for all @« € A. We have a
PBW-decomposition
U(g) =Uu) @p U(t) @p UuT)

where the crystalline enveloping algebras for u, u™ and t are defined analogously.
We mimic the definition of the category O in the sense of BGG.

Definition 2.1. Let O be the full subcategory of all #(g)-modules such that
i) M is finitely generated as U(g)-module
ii) U(t) acts semisimple with finite-dimensional weight spaces.

iii) ¢ (u) acts locally finite-dimensional, i.e., for all m € M we have dim U (u) -m <
0.

Remark 2.2. In [Habl Def. 3.2] Haboush calls ¢(g)-modules satisfying properties
i) and ii) admissible. The category O has been also recently considered by Andersen
[An] and Fiebig [Fi] (even more generally for weight modules) discussing among others
the structure of these objects.
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Similarly, for a parabolic subgroup P C G with Levi decomposition P = Lp - Up
(induced by one over Z), we let OF be the full subcategory of @ consisting of objects
which are direct sums of finite-dimensional U ([p)-modules. We let (’)alg be the full
subcategory of O such that the action of U (t) is induced on the weight spaces by
algebraic characters X*(7F) of Ty. Finally we set

OP

alg :

= O, NOP.

As in the classical case there is for every object M € (’)zlg some finite-dimensional al-
gebraic P—representation@ W C M which generates M as a U (g)-module, i.e., there is
a surjective homomorphism I (9)®z,'1(p) W — M. Again there is a PBW-decomposition
U(g) =U(up) @r U(Ip) ®r U(up) such that the latter homomorphism can be seen as
a map U(up) @ W — M.

According to [Hab] there is the notion of maximal vectors, highest weights, highest
weight module etc. and we may define Verma modules, cf. Def. 3.1 in loc.cit. In fact
let A be a one-dimensional (t)-module. Then we consider it as usual via the trivial
U(u)-action as a one-dimensional ¢ (b)-module Fy. Then

M(X\) =U(g) Dri(e) Fa
is the attached Verma module of weight A. As in the classical case Theorem of [Hul,
1.2] holds true for our highest weight modules. In particular it has a unique maximal
proper submodule and therefore a unique simple quotient L(\), cf. [Hab, Prop. 4.4],
[An, Thm 2.3], [Fi, Prop. 2.3].

Proposition 2.3. The simple modules in O, are evactly of the shape L(\) for
A€ X*(Th).

Proof. We need to show that every simple object in Oalg is of this form. But by
[Habl, Thm 4.9 i)] simple admissible highest weight modules are of the form L(\) for
a one-dimensional 2/ (t)-module \. The algebraic condition forces X to be an algebraic
character A € X*(T). O

We also consider the full subcategory Mg © for all U (g)-modules which satisfy con-

dition ii) in the definition of O. For any such object M we define a dual object M’
(the graded dual) following the classical concept: consider the weight space decom-
position M = @, M, where ) is as above a one-dimensional /(t)-module. Then the

IMeaning that we restrict an algebraic P-representation to the its rational points P.
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underlying vector space of M is the direct sum @, Hom(My, K). The U(g)-structure
on it is given by the natural oneﬁ. Clearly one has (M') = M.

We consider the natural action of up on O(Up-p). This extends to a non-
degenerate pairing

(2.1) Uup) ® O(Upy) — F

such that O(Up- ) identifies with the graded dual of U (u3). Moreover we pull back

via this identification the action of P on (U(g) ®y,) 1)’ to O(Up- r). By construction
we obtain the following statement.

Lemma 2.4. There is an isomorphism of PxU(g)-modules O(Upy) = (U(g)@wp)l)’.
O

The pairing (2.1]) extends for every algebraic P-representation W to a pairing

(2.2) Uup) W) @ (O(Upy) @ W) — T
such that O(Up ) ® W becomes isomorphic to Uup) @ W' as P x U(g)-modules.

Let F[G, g = F[G]#U(g) be the smash product of ¢(g) and the group algebra
F[G] of G. Recall that this F-algebra has as underlying vector space the tensor product
F[G] @ U(g) and where the multiplication is induced by (g1 ® 21) - (g2 ® 22) = g1g2 ®
Ad(g2)(21) 7 for elements g; € G,z € U(g),i = 1,2.

Definition 2.5. i) We denote by Modg-,[G o be the full subcategory of all IF‘[G, gl-

modules for which the action of U(t) is diagonalisable into finite-dimensional weight
spaces.

ii) We denote by M od]’-;fédg} be the full subcategory of M odg,[ .l which are finitely

generated.

For an object M of M od%[ aq Ve define the dual M’ as the graded dual of the

underlying U (g)-module together with the contragradient action of G.

Let M be an object of (’)zlg. Then there is a surjection

p:UuUp) W = M

2Without the composition with the Cartan involution.
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for some finite-dimensional algebraic P-module W. Let 0 := ker(p) be its kernel. Then
set
FE(M) := Ind3((O(Upg) @ W)°)
where (O(Up ) ® W)? is the orthogonal complement of d with respect to the pairing
(22). The latjcer submodule can be interpreted as the graded dual of M. In particular
we get
FS(M) = IndS(M).

Lemma 2.6. Let M be an object of (’)glg. Then FS(M) is an object of the category
Modg[G o Its dual FS(M)' is an object of the category Mod]];?édg}.

Proof. 1t suffices to show the second assertion. As G/P is a finite set, we need only
to show that F5(M)' has a decomposition into finite-dimensional weight spaces. Let
M = @, M,. We write F5(M) = @D cc/p 6y x M where 6, x M is the U(g)-module
with the same underlying vector space but where the Lie algebra action is twisted
by Ad(g). We consider the Bruhat decomposition G/P = ey, UpwwP/P where
Upw=UnNnuwU ~“w~! and take the obvious representatives for G/ P. Thus we have
FEM) = P P 6w M.
weWe uevy

In the case of 6, w € W, the grading of §,, x M is given by €@, M. In the case of
du, u € Up,, the grading is given by €, u- M, (Note that we have an action of U on
M). In general we consider the mixture of these cases. a

Let V' be additionally a finite-dimensional P-module. Then we set
FE(M, V) :=IndE((O(Upz) @ W) @ V).

This is an object of M od]‘-iF[ Gl by a slight generalization of the above lemma. In this
way we get a bi-functor

J—“,?:O"

alg

x Rep(P) — Mod%[G o

By the following statement the dual FS(M, V)" is an object of M odﬁ;f’édg].

Lemma 2.7. The dual of FS(M,V) is given by
‘F]g(Mv V), = F[Gv g] ®]F[P,g} (M ® V,)

Proof. We have FS(M,V) = IndG(M' @ V) = IndG((M') @ V') = Ind%(M @ V).
O
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Proposition 2.8. The functor FS is exact in both arguments.

Proof. We start to prove that the functor is exact in the first argument. Let 0 —
My, — Ms; — M3 — 0 be an exact sequence in the category (’)zlg. Then the sequence
0 — Ind$M; — IndGM, — IndGMs — 0 is also exact. But the graded dual of this
sequence is exactly 0 — F§(M3) — FS(My) — FS(M;) — 0.

As for exactness in the second argument let 0 — V; — V5, — V3 — 0 be an exact
sequence of P-representations. As

FE(M,V) := Indp((O(Up) @ W) @ V)
and Ind$ is an exact functor we see easily the claim. O

Now let Q D P be a parabolic subgroup and let M &€ Oglg. Then we may consider

P

it also as an object of @alg.

Proposition 2.9. If Q D P is a parabolic subgroup, M an object of Oglg and V a

finite-dimensional P-module, then

FE(M, V) = F§ (M, Ind(V)).

Proof. We have
FEM, V) = Ind§(M' V) =Ind5(Ind2(M' @ V))
= Ind3(M' ® IndP(V)) = F5 (M, Ind3(V))
by the projection formula. Hence we deduce the claim. O

As in [OY] a parabolic Lie algebra p is called mazimal for an object M € OF if
there does not exist a parabolic Lie algebra q 2 p with M € On,

Theorem 2.10. Let p > 3. Let M be an simple object of Oglg such that p is mazimal
for M. Then FS(M) is a simple F|G, g]-module.

Proof. The proof follows the idea of loc.cit. and is even simpler. We start with
the observation that by duality FS (M, V) is simple as F[G, g]-module iff FS(M, V)’
is simple as F[G, g]-module. We consider again the Bruhat decomposition G/P =
Uwew, Up.wB/B and the induced decomposition

FEM) = P P 6w M.

weWp uely
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We denote (with respect to &, * M) for elements 3 € U(g) and m € M the action
of 3 on m by 3 -yw m. Now each summand d,,, * M is simple since M is simple. Thus
it suffices to show that the summands are pairwise non isomorphic as ¢(g)-modules.
Suppose that there is an isomorphism ¢ : 6, « M — 6, x M for some elements g, h as
above. We may suppose that h = e. Write ¢ = v~ 'w. Then such an isomorphism is
equivalent to an isomorphism ¢ : d,, *x M — o, x M = M. The latter isomorphism is
given by the mapping m — u=!-m.

We show that this can only happen if w € Wp. Let A € X(T)* be the highest
weight of M, i.e. M = L()\), and P = Py is the standard parabolic subgroup induced
by I ={a € A| (\aY) € Zsp}, cf. [Hu|. Suppose w is not contained in W; = Wp.
Then there is a positive root 3 € &\ &} such that w™'f < 0, hence w™(—p3) > 0.
Consider a non-zero element element y € g_g, and let v € M be a weight vector of
weight A. Then we have for n € N, the following identity

gy v = Ad(w ) (Y - ot = 0

as Ad(w™Y)(y") € g_,-15 annihilates v*. We have ¢(v*) = v for some nonzero
v € M. And therefore

0= QS(y[n} “w 'U+) — y[n] . ¢(U+) — y[n] -

But y is an element of u,, hence we get a contradiction by Proposition 2.13] since n
was arbitrary. O

Theorem 2.11. Let p > 3. Let M be an simple object of @glg such that p is mazimal
for M and let V be an irreducible P-representation. Then FS(M,V) and its dual
FS(M, V) are simple as F|G, g]-module.

Proof. Again by duality it is enough to check the assertion for F5 (M, V). So let U C
FS(M,V) be a non-zero G-invariant subspace. Recall that F§ (M) = D, ca/pdy *
L(\) so that
FEM V)= @ 6, *L(\) @ V.
yeG/P

Considered as U(g)-module F§ (M, V) is isomorphic to (D,cc/p 9+ L(N))®V. Hence
by the simplicity of M and since the summands d,x L(\)’ are pairwise not isomorphic
the U(g)-module U is equal to

P o, +LO @ Vs,

veG/P
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with subspaces, V., 7, of V. Here 6; x L(A\) @ V1 = L(A\) @ V} is a IF‘[P, g]-submodule
of L(A) ® V. Since V ist irreducible the latter object is irreducible, as well. Hence
Vi = V. But since G permutes the summands of U we see that U = FS(M, V). O

In the following statement we merely consider elements in a root space by the very
definition of U(g).

Lemma 2.12. Let p > 3. Let x € g, some element for v € ®. Let M be a U(g)-
module and v € M.

(i) If = acts locally ﬁmtelgﬁ on v (i.e., the K-vector space generated by (x11.v);5¢ is
finite-dimensional), then x acts locally finitely on U(g).v.

(i1) If x.v =0 and [z, [x,y]] = 0 for some y € gp, where B € O then

Proof. (i) The idea is to apply Lemma 8.1 of loc.cit. which gives in characteristic 0
the formula

kl . . .
k 3 ? in Tn
"z 2y = g ﬁ[x(l),zl]m..-[x( ),zn]x L
et Ties—k 10 gt

Here the expression [2(*), 2] means ad(z)'(z). We may rewrite this as

1 : . .
k n n
¥ TR1R2. .- 2 = E ﬁ[l‘(”)vzl] [SL’(Z ),Zn]x[z +1l,
. - 29 ... 1p:
i1+...F+int+1=k

Indeed we consider the PBW-decomposition U(g) = U (u) ® U(t) @ U(u) and assume
that the elements z; lie without loss of generality in one of these factors. For any
element 2 in some root space it follows from [Hul 0.2] that [z*), 2] = 0 for all k& > 4.
Since we avoid the situation p = 2,3 we my divide my the denominators 2! and 3!.

Now in contrast to loc.cit. we have again to consider z; as elements of U(g) instead
of elements in g. Let d; be the order of the differential z;. Then [#(1), 2] .- [2(") 2]
is an differential of order less than 4(d; + ... + d,). In particular we can conclude
as in loc.cit. that the term lies in a finite dimensional vector space which gives now
easily the claim.

ii) In characteristic 0 we have the formula z"y".v = n! - [z, y]"v, cf. [OS, Lemma
8.2 ii)]. We only have to divide two times by nl. O

3Note that this definition is stronger than the one in characteristic 0.
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Proposition 2.13. Let p > 3. Let p = p; for some I C A. Suppose M € O is a
highest weight module with highest weight \ and

I:{OZEA|<)\,CYV>EZZQ}.

Then no non-zero element of a root space of w, acts locally finitely on M.

Proof. The proof is in principal the same as in the case of characteristic 0 [OS], Cor.
8.2]. However we have to modify some technical ingredients of the necessary lemmas
due the different characteristic.

let y € (u,), for some root 7. Let v™ be a weight vector with weight \. Write

Y = Y aen Ca (With non-negative integers c,). We show by induction on the height

ht(7) of v (Recall that ht(y) = >, ca Ca) that y, can not act locally finite. For this
[n]

it suffices by weight reasons to show that y;".0" # 0 for infinitely many positive
integers n.

If ht(y) = 1, then v is an element of A\ /. Rescaling y, we can choose z, € g,
such that [z,,y,] = h, and [h,, z,| = 22, and [h,, y,] = —2y,. Then by [Habl, 5.2] we
get

A(h 1 ,
(2.3) x%”]yﬂy"}.fr = ( (nA{)) ot = o H((A,yv) —i)ot.
T i=0

As I = {a € A | (\aY) € Zsy}, it follows that (A\,7") ¢ Z>( and the term on
the right of does not vanish for infinitely many n. In particular, y7.v* # 0 for
infinitely many n > 0.

Now suppose ht(y) > 1. Then we can write v = o+  with a € A and g € ®7.
Clearly, not both « and [ can be contained in ®;. We distinguish two cases.

(a) Let 8 — o ¢ ®. Then we get for o ¢ I by Lemma 2.12}

2y ot = [, o) 0t
where x5 is a non-zero element of gg. We conclude by induction that [zg, y,] Myt #£0

for infinitely many n > 0.

For a € I we have by Lemma [2.12)

n]

zlr y,[yn].er = [Ta, yo M 0T

where x, be a non-zero element of g,. Again we conclude by induction the claim.
And thus y,[yn].vJ’ # 0 for infinitely many n > 0.
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(b) Let f — v is in ®. Then we have v — ka € T for 0 < k < ko (with kg < 3, cf.
[Hu, 0.2]), and v — ka ¢ ® U {0} for k > ky. This implies [zg),yy] =0 for i > ky. By
Lemma we conclude as in loc.cit.

x([l ko]y«,-v—l— = Z ﬁ[l’gl)ayv] Tl [Ig{n)ayv]’v—l_
. - 11+ ... 0p!
i1+...+in=nko

which can be rewritten as (the corresponding term vanishes if there is one i; > ko)

1 k n
o el
Thus we get
1
[nkol, [n] ,+ — (ko) ] ot
Lo yfy v (k‘()')n [xa ay’Y] v

If v — ko is not in @7 we are done by induction. Otherwise we necessarily have o ¢ I.
In this case, if we choose some xg € gg \ {0} and deduce as in loc.cit that

:cgl}yﬂy"}.f = [x5,y,)" 0T,
As we are now in the case of height one, we can thus conclude again. O

Remark 2.14. Unfortunately objects in the category @ do not have finite length
in general. This holds in particular for the local cohomology modules H]fff ‘P4, 0)
as discussed in [Ku|. However in loc.cit. it was pointed out that one can consider
composition series of countable length in the sense of Birkhoff [Bi]. In this way
one can use similar to the p-adic case [OS] the functors F§ for a description of the

composition factors of the terms Ind?;w f[gf I(P", €)@ Stgy1_;) appearing in the

1,d—j) (
Theorem of Kuschkowitz.

3. SECOND APPROACH

This section is inspired by the theory of D-modules. Here we carry out the theory
presented in the previous section for the rings of differential operators on the flag
variety X := Bp\Gry.

Let Dpq (P4) be the space of global sections of the D-module sheaf Dpa on the
projective variety PZ. For a homogeneous vector bundle £ on P, set

D§y = E£(P§) ® Dpa(Pg) © £ (P§).
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Then ng acts naturally on £(X) and the filtration appearing in Kuschkowitz’s the-
F

orem. Instead we consider (which become clear later) the space of global sections

D = Dx(X) of the differential operators on X and

Df =E8(X)®D®E(X)

for any homogeneous vector bundle £ on B\G. There is an action of D¢ on all the
above objects as well. We consider further the Beilinson-Bernstein homomorphism

7 U(g) = Df

which is not surjective (for £ = Ox) in positive characteristic as shown by Smith in
[St].

Consider the covering X = J,cy B\BU w by translates of the big open cell
B\BU™. Let D' = D(B\BU™). Thus D! is the crystalline Weyl algebra

D'=F[T,|acd |y |aecd ,neN).
By the sheaf property we see that D coincides with the set
(3.1) {6 € D' | 6(O(B\BU w)) C O(B\BU w) Yw}.
For any prime power ¢ = p" we let D; be the differential operators which are F[T? |

a € ®7]-linear. Then we have D = J,, Dy». The next statement is a generalization
of [Sml lemma 3.1]. We set for a > 0, T,, := T .

Lemma 3.1. Let © € D}. Then © € D iff
i)O(1) el
and

i) O([aeo- Too) € V i= Docjocq aco- T for all tuples (in)o with 0 < iy <
q— 1.

Proof. =: The first item follows from the sheaf property ([B.I]) since O(B\G) = F.
Now let © € DﬂD;. Let wy € W be the longest element and f = [],_, T’ as above.
Then g = f-[],.0 79 € O(B\BU wy). But then

a>0 T«

o(f) = (] 19He(g) € (][ Ti-0)O(B\BU ws) NO(B\BU™) C V.

a<0
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<: We show that @( (B\BU~w)) C O(B\BU w) Yw € W. We consider the
element f = [Jsc,a- Zﬁ € O(B\BU w). Write

;= H o I =11 & 1T 7=

Bew(®™) BeEw(®) Bew(®™) BeEw(®)
B<0 B>0 B<0 B>0

For each > 0 let mg be the integer with mgq < ig < (mg + 1)g. On the other
hand, for each § < 0 let mg be the integer with mgq < ig < (mg + 1)¢. Then
HBEEJE(};*) T, = HBEES}*) TﬁmﬁqTZf_mBq. Putting this together we get by assumption

(i)

@( T m5+1 q—ig H TZ[; mgq
BEW(®T) BEW(PT)
B>0 B<0
Thus O(/) € [Toeyr T\t [oevin-y TV © O(B\BU w). O
>0 <0

We fix the same setup as in the previous section. l.e. P C G is a parabolic
subgroup, Up its unipotent radical and Uy its opposite unipotent radical. Moreover
we have fixed as before lifts Py etc. inside Gz. We consider the following subalgebras
of D in terms of generators:

D(P)=(T™ -y e D|m <nfory, €pnb=,m>nfor L_, € u).
D(Up) = (Ty)™ -y € D | m > n, L_, € up).
D(UR) = (To)™ -yt € D | m < n,ya € up).
D(Lp) = ((T)™ -yl € D|m < nfor ys € [pNb~,m>n for L_, € [pNu).
D(T) = {(T,)" - yf" € D |m=n,a € A).
Remark 3.2. i) Note that D(T) is for p # 2 nothing else but 7% (U(t)) as Taya =

m(2h,,) for all @ € A. Hence if A € X*(T), it induces a D(T')-module structure on F
which we denote by F,.

ii) By Lemma 31 one checks that D(Up) = 7% (U(up)) since T2y, = n(L_o)Va €
o

Lemma 3.3. There is for alln € N and o € A the identity ( O‘y“) Ty .

Proof. This is left to the reader. O
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We set D(P) = £(X)®@D(P)®E*(X) etc. Then there is a product decomposition
D¢ = D¢(P)D¢(Up) (an almost PBW-decomposition).

Again we mimic the definition of the category O in the sense of BGG. Let Ogg be
the category of Df-modules such that

i) M is finitely generated as a D®-module
ii) As a Df(Lp)-module it is a direct sum of finite-dimensional modules.

iii) D€ (Up) acts locally finite-dimensional, i.e. for all m € M the subspace D¢ (Up)-
v is finite-dimensional.

Remark 3.4. For £ = Ox this category corresponds in analogy to the classical case
to the principal block.

We define the algebraic part of Of  ~as usual, i.e. we denote by Op. . the
full subcategory of Ogg consisting of objects such that the action of U (t) on the
weight spaces is given by algebraic characters A € X*(T'). Note that axioms ii) and
iii) induce together with the map 7€ : U(g) — D¢ an algebraic P-module structure
on any object in Ogg,alg'

As in the classical case we see that the axioms imply the existence of a finite-
dimensional D¢(P)-module N which generates M as a D®-module. Further there are
similar definitions. E.g. a vector in an Df-module M € Ope is called a maximal
vector of weight A\ € t* if v € M, and D(Up) -v = 0. A Df-module M is called
a highest weight module of weight A if there is a maximal vector v € M) such that
M = D? -v. By the very definition such a module satisfies M = D¢(Uy) - v. For a
one-dimensional (t)-module \ we consider it as usual via the trivial D¢ (Up)-action
as a one-dimensional D®(B)-module Fy and set M () = D® ®pep)Fy. More generally
we may define for every finite-dimensional D¢(P)-module W the generalized Verma
module M (W) = D* @p(p) W. Note that we have surjections D®(Uy) ® Fy — M())
and D¢ (Up) @ W — M(W). We see by the above surjections that [Hu, Thm. 1.3]
holds true in our category, i.e. if M(A) # 0 then it has a unique simple quotient L(\).
Moreover these modules form a complete list of simple modules in the ”union” of our
categories Ope.
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Consider the local cohomology module ﬁ[gf I(P?, 0). For d — j > 2 this coincides
with the vector space of polynomials

@ IF-X[)‘O---X;J’X;ﬁT---ng

cf. [O2]. In general there is some finite-dimensional P j 1 4—j-module V' such that
I:Igj_j(IPd,E) is a quotient of @ ng..n;z0 F- Xg°-- XWX X1 @ V.

J J
i1 ..mg<0

> n;=0

Proposition 3.5. Let £ be a homogeneous vector bundle on PL. Then lflﬂfj_j (P4, &)
Pli+1,a-3)

is an object of O )2

Proof. The non-trivial aspect is to show that f]gj_ j(IP)d,é' ) is finitely generated. We
will show this for £ = O. We claim that

D XN

is as in characteristic 0 a generating system of Hﬂfj_ 1(P?, 0). Indeed, as in the latter
case we can apply successively the differential operators L, € u;(jﬂ ) to obtain all
expressions X° - - -X;LjX;ﬂl -+ X} such that |n;| <p for all i > j + 1. In order to
obtain those where n; = —(p + 1) for some i > j + 1 we can apply y@jﬂ)

the desired denominators. However, we do not get all possible nominators. But in

to get

our algebra D we have in contrast to U(g) the differential operator T; (’; ;%L%ib) with
j+1 < a< b < dat our disposal. Applying these operators we can realize all
nominators. For |n;| > p+ 1 in particular for |n;| = rp+ 1,7 > 2 we use the same
method as above etc.. O

Proposition 3.6. The object flﬂij (P1, O) is a simple module isomorphic to L(s; - -+ s1-
0).

Proof. In characteristic 0 we gave a proof in [OS, Prop. 7.5]. Here we can argue
with the differential operators at our disposal in the same way. Note that for general
A € X*(T) the simple module L(\) is an avatar of the characteristic 0 version. O

We let
A%, = F[G]#D*
be the smash product of the group algebra F[G] and D¥?.
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Let M be an object of Ogg,alg and let V' be a finite-dimensional P-module. Then
we set
FE(M, V) :=F[G) @pp (M V).
Note that F§(M,V) = Ind%(M ® V). This is a AS-module. In this way we get a
bi-functor
FE : Ope g X Rep(P) — Mod sz .

The proof of the next statement is the same as in Propositions 2.8 and

Proposition 3.7. a) The bi-functor FS is exact in both arguments.

b) If Q@ D P is a parabolic subgroup, M an object of Ogs alg” then

FS(M,V) = F§(M,Ind2(V)),

where Indg(V) denotes the corresponding induced representation. O

Theorem 3.8. Let M be an simple object of Op alg Such that P is mazimal for M

and let V be a simple P-representation. Then FS(M,V) is simple as A -module.

Proof. The proof follows the strategy of Theorems 2,10 and .11l Note that Propo-
sition [2.13] does also hols true for our objects L(\) as avatars of their character zero
versions. O
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