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A set of multipartite orthogonal product states is strongly nonlocal if it is locally irreducible in
every bipartition, which shows the phenomenon of strong quantum nonlocality without entangle-
ment. It is known that unextendible product bases (UPBs) can show the phenomenon of quantum
nonlocality without entanglement. Thus it is interesting to investigate the strong quantum nonlo-
cality for UPBs. Most of the UPBs with the minimum size cannot demonstrate strong quantum
nonlocality. In this paper, we construct a series of UPBs with different large sizes in da ® dp ®dc and
da®dp ®dc ®dp for da,dp,dc,dp > 3, and we also show that these UPBs have strong quantum
nonlocality, which answers an open question given by Halder et al. [Phys. Rev. Lett. 122, 040403
(2019)] and Yuan et al. [Phys. Rev. A 102, 042228 (2020)] for any possible three and four-partite
systems. Furthermore, we propose an entanglement-assisted protocol to locally discriminate the
UPB in 3®3®4, and it consumes less entanglement resource than the teleportation-based protocol.
Our results build the connection between strong quantum nonlocality and UPBs.
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I. INTRODUCTION

It is known that a set of nonorthogonal states cannot be perfectly distinguished, and a set of mutually orthogonal
states can be always distinguished by performing a global measurement [1]. However, when the composite quantum
system is distributed among several spatially separated parties, it is not always possible to distinguish the states by
performing local operations and classical communications (LOCC). These states are said to be locally indistinguish-
able. The local indistinguishability plays an important role in quantum data hiding [2-5] and quantum secret sharing
[6-8]. Bennett et al. first showed the phenomenon of quantum nonlocality without entanglement by constructing a
locally indistinguishable orthogonal product basis in a two qutrit system [9]. Consequently, the nonlocality here (or
the local distinguishability based nonlocality that we call) is very different from the most well-known form of quantum
nonlocality also known as Bell nonlocality [10, 11] which can only arise from entangled states. This leads us to explore
this kind of nonlocality. After that, locally indistinguishable sets have been widely investigated [12-30]. Unextendible
product bases (UPBs) are special kinds of locally indistinguishable sets [31, 32]. A UPB for a multipartite quantum
system is an incomplete orthogonal product basis whose complementary subspace contains no product state. The
UPBs can be used to construct positive-partial-transpose (PPT) entangled states and Peres sets [31, 33]. It is also
connected to bound entangled states, fermionic systems, Bell inequalities without quantum violation [12, 31, 34—
37]. Most of the constructions for UPBs are about UPBs with the minimum size [9, 12, 38-41]. It is interesting to
investigate UPBs with large sizes in multipartite systems.

Recently, Halder et al. proposed a strong form of nonlocality based on the concept of local irreducibility of quantum
states [42]. An orthogonal product set (OPS) is locally irreducible means that it is not possible to eliminate one or
more states from the set by orthogonality-preserving local measurements. Under this definition, a locally irreducible
set must be a locally indistinguishable set, while the converse is not true in general. Therefore, constructing locally
irreducible set of orthogonal quantum states is an efficient way to show the local distinguishability based nonlocality.
An OPS is said to be strongly nonlocal if it is locally irreducible in every bipartition. For further study this kind
of nonlocality, it is interesting to investigate the locally irreducibility and the strong quantum nonlocality for OPSs.
Halder et al. constructed two strongly nonlocal OPSs in 3 ® 3 ® 3 and 4 ® 4 ® 4 respectively, which shows the
phenomenon of strong quantum nonlocality without entanglement [42]. In addition, there were several results about
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strongly nonlocal OPSs. A strongly nonlocal OPS in d®d®d, d®d® (d+1), 3®3®3®3 and 404®4®4 ford > 3
was given in [43]. The authors in [44] constructed a strongly nonlocal OPS in dy ® dg ® d¢, da ® dp ® de ® dp, and
da ®dp ®dec ®@dp ® dg for da,dp,dc,dp,dg > 3. Both of Refs. [42, 43] propose an open question: whether one
can find strongly nonlocal UPBs? Specially, Ref. [43] indicates that most of the previous UPBs with the minimum
size cannot be used for building strongly nonlocal UPBs. In [45], the authors show that a strongly nonlocal UPB
with large size in d ® d ® d exists for d > 3, where the UPB was constructed from [46]. However, we still do not
know whether there exist strongly nonlocal UPBs in multipartite systems with non-equal local dimensions. So it is
interesting to consider strongly nonlocal UPBs in general systems, like any possible three and four-partite systems.
Further, some strongly nonlocal orthogonal entangled sets were shown in [47, 48]

When a set of orthogonal states is not locally distinguishable, entanglement can be used as a resource for dis-
tinguishability of such states. This is called the entanglement-assisted discrimination, which was first proposed by
Cohen. In [49], Cohen showed that the tile UPB in 3®3 can be perfectly distinguished by using a two-qubit maximally
entangled state. Since then, entanglement-assisted discrimination has attracted a lot of interest [47, 49-57]. Since
a strongly nonlocal UPB is locally indistinguishable in any bipartition, a perfect discrimination of this set needs a
resource state that must be entangled in all bipartitions. In case of the teleportation-based protocol [58], any set of
orthogonal states in m ® n (m < n) can be perfectly distinguished by using an m ® m maximally entangled state.
Then the teleportation-based protocol can perfectly distinguish the strongly nonlocal UPB in 3 ® 3 ® 4 by using
3 ® 3 maximally entangled states shared between any two pairs. Since entanglement is a costly resource in quantum
information, it is important to find a protocol using cheaper resources.

In this paper, we focus on the construction of strongly nonlocal UPBs in any possible three and four-partite systems.
The construction of strongly nonlocal UPBs is more difficult than the construction of strongly nonlocal OPSs, since it
is not easy to check that an OPS is a UPB usually. Thus, new method is required. By using the relation between OPSs
and grid representations, we successfully construct a series of UPBs with different large sizes in three and four-partite
systems. That is, for any 0 < s < LdAz_?’J, there exists a UPB of size dydpdc —8(s+1) in dy ® dp ® d¢ and a UPB
of size dadpdedp —16(s+ 1) in dy ® dp @ de ® dp for 3 < dy < dp < dc < dp. We also show that these UPBs
are strongly nonlocal by using the techniques from [45]. Further, we propose an entanglement-assisted protocol for
local discrimination of the strongly nonlocal UPB in 3 ® 3 ® 4, which consumes less entanglement resource than the
teleportation-based protocol.

The rest of this paper is organized as follows. In Sec. II, we introduce preliminary knowledge. In Sec. III, we
construct tripartite UPBs and show that these UPBs are strongly nonlocal. In Theorem 3 of supplementary material
[59], we show a series of strongly nonlocal UPBs in four-partite systems. In Sec. IV, we consider the entanglement-
assisted discrimination for the strongly nonlocal UPB in 3 ® 3 ® 4. Finally, we conclude in Sec. V.

II. PRELIMINARY

In this section, we introduce the preliminary knowledge and facts. Throughout this paper, we do not normalize
states and operators for simplicity, and we consider only pure states and positive operator-valued measure (POVM)
measurements. For any positive integer n > 1, we denote Z,, as the set {0,1,--- ,n — 1}. Assume that {|i)};cz,, is
the computational basis of an m-dimensional Hilbert space. A bipartite state i) in m ® n can be expressed by

) = Z Z ai,jli) alj) B (1)
/LEZ’”L jeZ7l
Then |¢)) corresponds to an m X n matrix,
M = (@i j)ictm,jcln- (2)

Note that |¢) is a product state if and only if rank(M) = 1. Assume that [¢);) in m ® n corresponds to an m x n
matrix M; for i = 1,2, then the inner product

(¥1[pa) = Tr(M{Ms,). (3)

An unextendible product basis (UPB) for a multipartite quantum system is an incomplete orthogonal product basis
whose complementary subspace contains no product state. For example, the SHIFTS UPB in 2 ® 2 ® 2 is as follows
[31],

lvo) = [0)al)Bl+)e, 1) = [1)al+)Bl0)c,
lb2) = [+)al0) 1), [¥s) =|=)al-)Bl-)c,



where |+) = (|0) £ [1))/V/2.

A local measurement performed to distinguish a set of multipartite mutually orthogonal states is called an
orthogonality-preserving local measurement, if the postmeasurement states keep being mutually orthogonal. Spe-
cially, a measurement is trivial if all the POVM elements are proportional to the identity operator. In [42], the
authors proposed the concept of strong quantum nonlocality. An orthogonal product set (OPS) is said to be strongly
nonlocal if it is locally irreducible in every bipartition. Note that an OPS is a locally irreducible set means that it
is not possible to eliminate one or more states from the set by orthogonality-preserving local measurements. There
exists an efficient way to check whether an OPS is strongly nonlocal [45]. Assume that an OPS {|¢)} C @I Ha,.
Let B1 = {A2A3An}, B2 = {Ag...AnAl},Bg, = {14414,”141142}7 == {Al n 1} If the party B can
only perform a trivial orthogonality-preserving POVM for any 1 < < n, then the OPS {|w>} is strongly nonlocal.

In this paper, we show a series of strongly nonlocal UPBs in d4 ® dp ® d¢ and dy ® dp ® do ® dp for any
da,dp,dc,dp > 3 respectively. Without loss of generality, we always assume that 3 < dsy < dg < d¢ < dp. In
[44], the authors gave a decomposition for the outermost layer of 3,4-dimensional hypercubes, and our construction of
UPBs in this paper is inspired by this decomposition. Since any OPS in 2 ® n is locally reducible [12, 33], a strongly
nonlocal UPB in dy ® dp ® do and dy ® dp ® do ® dp must satisfy da,dp,dc,dp > 3. Our construction achieves
the minimum quantum system necessary for the existence of such a UPB.

Next, we introduce two basic lemmas from [45], which are useful for showing strong quantum nonlocality. Let H,, be
an n-dimensional Hilbert space. Assume that the computational basis of H,, is {|0), |1),--- ,|n—1)}. For any operator
E on H,,, we denote the matrix F as the matrix representation of the operator F under the Computatlonal basis. In
general, we do not distinguish the operator E and the matrix E. Given any n x n matrix E := /" s i 0 a; ;19) (j1
for S, 7 C {|0),[1),--- ,|n — 1)}, we define

skr = Z Z as,t|s)

s)eS |tyeT

It means that sF7 is a submatrix of F with row coordinates S and column coordinates 7. In the case S = T, we
denote Es := sEs for simplicity. Given a set S C {|0),|1),---,|n — 1)}, an orthogonal set {|1;)}icz, is spanned by
S, if for any i € Zj, |¢;) is a linear combination of the states from S.

Lemma 1 (Block Zeros Lemma [45]) Let an n x n matric E = (a; ;)i jez, be the matriz representation of an
operator E = MTM wunder the basis B = {|0),|1),...,|n — 1)}. Given two nonempty disjoint subsets S and T of
B, assume that {|v:)}icz,, {|¢5)}iez, are two orthogonal sets spanned by S and T respectively, where s = |S|, and
t=|T| If (Wi|E|¢;) =0 for any i € Zs and j € Zy, then sE7 =0 and 7Es =0

Lemma 2 (Block Trivial Lemma [45]) Let an n x n matrizc E = (a; j): jez, be the matriz representation of an
operator E = MTM under the basis B = {|0),[1),...,|n —1)}. Given a nonempty subset S := {|ug), |u1), ..., |us_1)}
of B, let {|Y;)}jez, be an orthogonal set spanned by S. Assume that (;|El;) =0 for any i # j € Zs. If there exists
a state lug) € S, such that {1 Es\{ju,)y = 0 and (us|p;) # 0 for any j € Zs, then Es < Is.

IIT. STRONGLY NONLOCAL TRIPARTITE UPBS

In this section, we construct strongly nonlocal tripartite UPBs. In Example 3, we show a UPB in 3 ® 3 ® 4. Then
we generalize this UPB to the space d4 ® dp ® d¢ in Proposition 4, and prove its strong quantum nonlocality in
Proposition 5. In fact, we show a series of strongly nonlocal UPBs of different sizes in d4 ® dp ® d¢ in Theorem 6.

Let w, = ¢~%— be the n-th unit root, and let sum(M) be the sum of all entries of the matrix M.
First, we consider a simple example in 3 ® 3 ® 4. Let

Ar = |1 (i, k) = €0 al0)Blmk) o = (i, k) € Zo x Zs \ {(0,0)}},

Ao = {|v2(i,5)) = &) alnj)BI3)c + (4,)) € Za x Zz \ {(0,0)}},

As = {[¥s(j, k) = |12)4l&) Blne) o © (G, k) € Zo x Z3 \ {(0,0)}},

Ay = {Jta) = 12) 4l2)B|3) ¢},

By = {l¢1(i, k) = [ni) al2) B|€k)c + (i, k) € Za x Z3 \ {(0,0)}}, (4)
By :={|¢2(1, 7)) = [n:) al&;) B10)c = (i,7) € Za x Zz \ {(0,0)}},

Bs = {|¢3(j, k)) = 0)aln;)slék)c = (4, k) € Za x Zs \ {(0,0)}},

By == {|¢4) = 10)410)5[0)c},
F = {lp(k)) = [1)all)BlBr)c : k € Za\ {0}},



2 2 3
|s>::( |z->) S (zm),
=0 A \j=0 k=0 C

B

where [15)x = [0)x + (=1)*[1)x, [&)x = [1)x + (=1)*|2)x for s € Zo, X € {A, B}, [n)o = Xi_gwi'lt)e, |&)e =
Sy wstt 4+ 1) for s € Zs and |Bs)o = [1)o + (—1)%[2)¢ for s € Zo.

The state |S) is called a “stopper” state. It is easy to see that U3_;(A; UB;) UF U{|S)} is an OPS, and U3_,; (A; U
B;) U F U, {|1:(0,0)),]0:(0,0))} U {|wa)} U {|¢a)} U {|p(0))} is a complete orthogonal basis in C* @ C3 @ C*. The
nine subsets A;, B; (i = 1,2,3,4) and F in A|BC bipartition correspond to the nine blocks of 3 x 12 grid in Fig. 1.
For example, A; corresponds to the 2 x 3 grid {(1,2) x (00,01,02)}. Moreover, A; is symmetrical to B; for 1 <1i < 4.
If we delete Ay, By, and add the “stopper” state |S), we can obtain a UPB in 3 ® 3 ® 4.

A 1 8 F _
yir) D1
0 B4 ‘233

00 01 02 03 13 11 12 10 20 21 22 23

BC

FIG. 1: The corresponding 3 x 12 grid of A;, B; (i = 1,2,3,4) and F (Eq. (4)) in A|BC bipartition. For example, A;
corresponds to the 2 x 3 grid {(1,2) x (00,01,02)}. Moreover, A; is symmetrical to B; for 1 < i < 4.

Example 3 In 3® 3 ®4, the set of states Us_; (A; UB;) UF U{|S)} given by Eq. (4) is a UPB of size 28.

Proof. Let H be the space spanned by the states in U?_, (A; U B;) U F U {|S)}. For any state |¢)) € H*, we only
need to show that |1)) must be an entangled state. We prove it by contradiction. Assume there exists a product state
|y € HE. Let Hy be the space spanned by the states in U3_;(A; U B;) UF. Since H; C H, we have Ht C Hi.
Moreover,

H% = Span{W)l(Oa 0)>7 W)Q(Ov 0)>’ ‘1/)3<07 0)>’ ‘1/}4>a |¢1(070)>7 |¢2(0a 0)>7 |¢3(07 0)>7 ‘¢4>7 |SD(O)>}
Then |¢) can be expressed by

1) = aol¥1(0,0)) + bo|t2(0,0)) + co[t3(0,0)) + do[tha) + a1]$1(0,0)) + b1|$2(0,0)) + c1|d3(0,0)) + di|¢a) + e[ (0)),

where ag, by, co, do, a1, b1,c1,d1,e € C. By assumption, |¢) is a product state, and (S|y) = 0.
Next, we consider the matrix form of |¢) in A|BC bipartition. It corresponds to the 3 x 12 matrix M in A|BC
bipartition, where

Qg Ay Ay by by ¢y €y Co Co Co Co do| 2
=|Qg g Qg bo boe e b1 bl a a; aq 1 A
dy ¢ ¢ ¢ ¢ ¢p g by by oag ag ag o

00 01 02 03 13 11 12 10 20 21 22 23

BC
and
rank(M) = 1. (5)
Note that M has a similar structure as Fig. 1. It means that x( is symmetrical to x; for x € {a,b,c,d}. The state

|S) corresponds to the matrix S in A|BC bipartition, where

S = , Tr(STM) = sum(M) = 0. (6)

[
—

1
1
1

—
— =

1
1
1

e
— =

1
1
1

—
—
—



Every element of M has coordinate (A, BC'). For example, dy has coordinate (2,23). If we consider AB|C biparti-
tion, then we can rearrange the first row of M to a 3 x 4 matrix, denoted by My through (AB,C) coordinates. For
example, dy has coordinate (22,3) in Ms. Similarly, we can rearrange the last row of M to a 3 X 4 matrix, denoted
by My through (AB,C) coordinates. Thus we obtain My and M)y, where

co Cco Co do 22 by a1 a1 a;| 02
M,= [Co Co Co bg 21 aB ' My= |by ¢1 ¢1 1 01 AB.
ap ap ap bg| 20 dicqy ¢1 ¢1| 00
012 3 012 3
c c
Since |1)) is seperable in AB|C bipartition, we must have

rank Mo =0 or 1, (7)
rank Mo =0 or 1. (8)

Assume ag # 0. Since rank(M) = 1, we have ¢; = d;, and ¢y = e = by = a1 = dp.
(i) If ¢g = 0, then by = 0 by Eq. (7), and ¢; = 0 by Eq. (8), which is impossible by Eq. (6).
(ii) If cg # 0, then cg = ag = by by Eq. (7), and ¢g = ¢; by Eq. (8), which is impossible by Eq. (6).

Thus we have ag = 0. By the symmetry of M, we must have a; = 0.

Assume by # 0. Since rank(M) = 1, we have ¢; = d; =0, and ¢g = ¢ = by = a1 = dp = 0. This is impossible by
Eq. (6). So we must have by = by = 0.

Assume d; # 0. Since rank(M) = 1, we have e = ¢g = dy = 0. By Eq. (8), we obtain ¢; = 0. This is impossible by
Eq. (6). So we must have dy = dy = 0.

Assume ¢; # 0. Since rank(M) = 1, we have e = ¢y = 0. This is impossible by Eq. (6). So we have ¢g = ¢; = 0.

Since sum(M) = 0, we must have e = 0, which contradicts rank(M) = 1.

Thus |¢) must be an entangled state, and the set of states U3_; (A; UB;) UF U{|S)} is a UPB. |

Next, we generalize the above UPB to the space d4 ® dp ® do. Let

Ap = {l€)al0) k) (i,k) € Zay—1 X Zag—1 \ {(0,0)}},

Az = {|&) alnj)Blde — Vet (i,5) € Zay—1 X Zay—1\ {(0,0)}},
Az = {lda = D) al&)slm)c = (4. k) € Zag—1 X Zag -1\ {(0,0)}},
Ay :={|da — 1) aldp — 1)pl|dc — 1)c},

By = {n)alds — pl&)e : (i k) € Za,—1 X Zae—1 \ {(0,0)}},
By :={|n:)al&)B|0)c : (4,7) € Zay—1 X Zaz—1 \ {(0,0)}},

By = {|O>A|77]>B‘§k>c : (]ak) € ZdB—l X ch—l \ {(070)}}’ (9)
By :={|0)4]0)5]0)c},
F:={1B8:)alBj)BlBr)c : (i,7,k) € Zay—2 X Zay—2 X Za,—2 \ {(0,0,0)}},
da—1 dg—1 dc—1
|S) = (Z |i>> > i) (Z Ik>> )
i=0 A\ 7=0 B k=0 c
where [ng)x = S3¢% % wil, i [t)x, and [&)x = Y352 wil, [t + 1)x for s € Zay—1, and X € {4, B,C}, |B,)x =

dx 3 wi olt+1)x for s € Zyy 2, and X € {A, B,C}.

Note that {[ns)x }seza, 1s {€s)x }seza, 1> and {|Bs) x }sez,, , ave three orthogonal sets, X € {A, B, C'}, which are
spanned by {|t) x }7*72, {|t)x }9*71, and {|t)x }9X2, respectively. This extends the definitions of states in 3®3®4 in

Eq. (4). The nine subsets A;, B; (i = 1,2,3,4) and F in A|BC bipartition correspond to the nine blocks of d4 x dgdc
grid in Fig. 2. Then we have the following proposition.



(dc—1) (dp—1) (dpg—1)(dc-1) 1

c/q,3 c/q4_

(da—1) A A
1 2 F

B, B,

1 |By B3

FIG. 2: The corresponding d4 x dpdc grid of A;,B; (i = 1,2,3,4) and F (Eq.(9)) in A|BC bipartition. Moreover,
A; is symmetrical to B; for 1 < i < 4.

Proposition 4 In dy ® dg ® dc, 3 < da < dp < dc, the set of states U?_;(A; U B;) UF U{|S)} given by Eq. (9) is
a UPB of size dadpdc — 8

The proof of Proposition 4 is given in Appendix A. Next, we consider the strong quantum nonlocality for UPBs.

Proposition 5 In dy ®dg ®dc, 3 <da <dp < dc, the UPB U}_,(A; UB;) UFU{|S)} given by Eq. (9) is strongly
nonlocal.

Proof. Denotel := U_, (A;UB;)UFU{|S)}. Let B and C come together to perform a joint orthogonality-preserving
POVM {E = MTM}, where E = (@ij, )i keZay, jbezq, - Then the postmeasurement states {Ix @ M|y) : [¢) € U}

should keep being mutually orthogonal. Assume that |11)a|¥2)B|¢s)c, |¢1)ale2)Bles)c € U. Then

A(h1|B (Y2l (Psla @ Elp1) alp2)Bles)c = (Y1lp1) a(s(Y2lc(¥s|Elp2) Bles)c) = 0. (10)

If (1]p1)a # 0, then p{ws|c(Ws|E|p2)B|es)c = 0. By using this property, we need to show that E oc I. If we can
show that E o I, then it means that BC can only perform a trivial orthogonality-preserving POVM. Since the nine
subsets A;,B; (i = 1,2,3,4), F in any bipartition of {A|BC,C|AB, B|C A} correspond to a similar grid as Fig. 2,
this implies that any of the party {BC, AB,CA} can only perform a trivial orthogonality-preserving POVM. Then
we obtain that the UPB U is strongly nonlocal. More details for showing E I are given in Appendix B. a

Note that the states in A; or B; (i = 1,2,3,4) in Eq. (9) are defined by the outermost layer of a d4 x dg X d¢ cube,
and the states in F are just defined by all inner cells. By observing this, we can construct more strongly nonlocal
UPBs in dg ® dp ® d¢ by continuing to decompose F in Fig. 2 by the similar tiling method. Suppose we are on the
n-th layer from outside to inside, 0 < n < [%J Let X, :=dx —2n for X € {A, B,C}. Then we can define the
following states,

AT = {1 aln)slni”) e ¢ (i k) € Za,—1 % Zo,—1 \ {(0,0)}},

AT = {leMyaln{™ ) Blde — 1= n)e t (i,§) € Za,—1 % Zp, -1\ {(0,0)}},
AT = {lda — 1= n)ale™)sln)e (k) € Zp,—1 % Ze,—1 \ {(0,0)}},
A = {Jds =1 = n)aldp — 1 —n)plde — 1 —n)el,

B = {In") aldp — 1 = n)ple )+ (i,k) € Za,—1 % Zo,—1 \ {(0,0)}},
BYY = {|n\") ale}"™) BIn)c
B = {|n)aln{™) 5l€)c -
B{Y == {|n)aln) sln)c},
FO = {185 al BV 518) ¢ ¢ (i1, k) € Za,—2 X Zp,—2 % Ze,—2\ {(0,0,0)}},

S>=(AZ_¢>> S ) (Zk>)
A 7=0 C

%] ) € ZAn—l X ZBn_l \{(070)}}a (11)

(@
(k) € Zp, 1 X Ze, -1\ {(0,0)}},

i=0 5 \ k=0
where [n{") x = Xntn—2 t_n)|t>X, and |y x = 30X tn2 wi((i_f{)\t—i— 1)x, for s € Zx, -1, and X € {A, B,C},

|ﬁs")>X: Xntn—3 S(t n)|t+1> for s € Zx, 2, and X € {4, B,C}.

t=n



7

Note that {|n§n)>X}sezxn71, {|§§”>>X}Sezxﬁ, and {\ﬁgn)b(}sezxrz are three orthogonal sets, X € {4, B,CY,
which are spanned by {|t)x }in 72, {|t) X}f&nﬁﬁfl, and {|t) X}tX:"nt_"fa respectively. This extends the definition of
states in Eq. (9) from n = 0 to general n. Specially, AEO)7 BEO) (i=1,2,3,4), FO are A;, B; (i = 1,2,3,4), F of Eq. (9)
exactly, which correspond to Fig. 2 in A|BC bipartition. Next, when d4 > 5, AE—O)7 BEO), Al(-l), BED (i=1,2,3,4), FV
correspond to Fig. 3 in A|BC bipartition. Then we have the following theorem.

AD A9
D a *
(0) (0 €h) €)) . .
A A A A 1
1 2 1 2 :F() B B51) B;O) Bgo)
B, B’
B B

FIG. 3: The corresponding d4 X dgd¢ grid of Al(-o), BZ(O), A§1)7 Bgl) (i=1,2,3,4), F1 (Eq. (11)) in A|BC bipartition,
where d4 > 5.

Theorem 6 In dy ®dg @dc, 3<da <dp <dg, for any 0 <n < [d“;?’J, the set

Un = Uio(ULy (A UBY) U F™ U {]5)}
given by Eq. (11) is a strongly nonlocal UPB of size dadpdc — 8(n + 1).

The proof of Theorem 6 is given in Appendix C. By now, we have shown strongly nonlocal UPBs exist in any three-
partite systems. For four-partite systems, strongly nonlocal UPBs are shown to exist in Supplementary material [59]
by using the similar method. In [44], the authors gave a decomposition of the 5-dimensional hypercube, which may
be used for constructing strongly nonlocal UPBs in any five-partite systems. However, it requires more calculations.
We leave this as an open question.

IV. ENTANGLEMENT-ASSISTED DISCRIMINATION

In this section, we investigate the local discrimination of the strongly nonlocal UPB in 3 ® 3 ® 4 in Example 3 by
using entanglement as a resource. In a protocol of local quantum state discrimination, a multipatite quantum system
is prepared with a state which is secretly chosen from a known set, and the purpose is to determine in which state the
system is by using LOCC only. If the set of states is locally indistinguishable, then additional entanglement resources
can assist for perfect discrimination. This process is called entanglement-assisted discrimination [49].

Alice

(P, [®(d1))) 2. (4, [®(d2)))a.c

Bob Charlie
(r, |®(d3)))B,c

FIG. 4: Entanglement-assisted discrimination. A strongly nonlocal tripartite UPB is shared by Alice, Bob and
Charlie. Their aim is to distinguish these states in the UPB by using LOCC only. For perfect discrimination of the
UPB, an amount p of the maximally entangled state |®(d1))a p is shared by Alice and Bob; an amount ¢ of the
maximally entangled state |®(d2))a,c is shared by Alice and Charlie, and an amount r of the maximally entangled
state |®(d2)) B,c is shared by Bob and Charlie, where |®(d))x y = ZZ;(l) |k)x|k)y for X, Y € {A, B,C}. It consumes
plogs di + qlogy da + 1 log, d3 ebits of entanglement resource.



Assume a strongly nonlocal tripartite UPB is shared by Alice, Bobs and Charlie. Since a strongly nonlocal
UPB is locally indistinguishable in any bipartition, a perfect discrimination of this set needs a resource state
that must be entangled in all bipartitions. The configuration of entanglement resources can be described by
{(p,|12(d1))) a,B, (¢, |®(d2))) a,c, (r,|®(d3))) B.c} [47, 55]. Here, (p,|®(d1)))a,p means that an amount p of the maxi-
mally entangled state |®(d;)) is shared by Alice and Bob; (g, |®(d2)))a,c means that an amount ¢ of the maximally
entangled state |®(dz)) is shared by Alice and Charlie; (7, |®(d3))) ,c means that an amount r of the maximally entan-
gled state |®(d3)) is shared by Bob and Charlie, where |®(d)) x,y = ZZ;(I) |k)x|k)y for X, Y € {A, B,C}. It consumes
plogs di +qlog, da+1log, ds ebits of entanglement resource. See Fig. 4 for this configuration of entanglement-assisted
discrimination. Now, we give a discrimination protocol for the strongly nonlocal UPB given by Eq. (4).

Proposition 7 In 3 ® 3 ® 4, the strongly nonlocal UPB U?_;(A; U B;) UF U{|S)} given by Eq. (4) can be locally
distinguished by using {(1,|®(2))) 4,5, (0, |®(d2)))a,c, (1,|2(2)))B,c} for any positive da, which consumes 2 ebits of
entanglement resource.

The proof of Proposition 7 is given in Appendix D. If we only use the teleportation-based pro-
tocol [55, 58], the strongly nonlocal UPB given by Eq. (4) can be locally distinguished by using
{(1,1®2(3)))a,B, (0,|®(d2))) a,c, (1,|®(3))) B,c}, which consumes 2log, 3 ebits of entanglement resource. Thus the
protocol in Proposition 7 consumes less entanglement resource than the teleportation-based protocol.

V. CONCLUSION AND DISCUSSION

In this work, we have constructed a series of strongly nonlocal UPBs of different sizes in any possible three and
four-partite systems. We have also proposed an entanglement-assisted protocol for local discrimination of the strongly
nonlocal UPB in 3 ® 3 ® 4. All of our UPBs of large sizes can be used to construct PPT entangled states with small
rank. For example, in Proposition 4, for a normalized UPB {|¢i>}f§f3dc_8 indg ®dg ®de for 3<da <dp <dg,
the mixed state

dadpdc—8

LD DR )

i=1

is a PPT entangled state with rank 8. Further our UPBs of large sizes can be also used for low-rank noisy bound
entangled states which satisfy the range criterion [60]. Bipartite noisy bound entangled states that satisfy the range
criterion were shown in [61]. There are some open questions left. Whether UPBs with the minimum size can show
strong quantum nonlocality? Whether one can generalize our constructions on d; ® do ® - -+ ® d,, for n > 57
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Appendix A: The proof of Proposition 4

Proof.  For the same discussion as Example 3, we can assume that |¢) is a product state in the complementary
space of the space spanned by the states in U?_, (A; U B;) UF U {|S)}. Then we consider the matrix form of |¢) in
A|BC and AB|C bipartitions. First, we consider A|BC' bipartition. We have

ao ao “en ao bo PP bO CO PN CO CO o CO CO “ee CO dO
ag ag --- QGg bO .. bO e .- e bl e bl a; -+ ap ap

M=1: : o SRR : ) (A1)
ag Qg -+ Qg bo cen bO e .- e b1 PPN bl ay -+ ap ap

dl cy +++ €1 €1 - €1 C -+ C bl PPN bl ap -+ ap ap



and
rank(M) =1, sum(M)=0. (A2)

Then we consider AB|C bipartition. We can rearrange the first row of M to the dp x dc matrix M, _1) through
(AB, () coordinates of M, and rearrange the last row of M to the dg x d¢ matrix My through (AB, C) coordinates
of M, where

[co co - co doT
Cop Cop - (O bo
Mg,—y=1|: + .t |, rank(Mg,—1)) =0 or 1, (A3)
Cop Cop -+ (O bo
Lag ag -+ ag bol
and
by a1 -+ a1 a1]
by ¢1 -+ ¢
My=|: + .t |, rank(My)=0 or 1. (A4)
by ¢1 -+ ¢
ldi ¢1 -+ a1

For the same proof as Example 3, we can show that M do not exist by Eqgs. (A2), (A3) and (A4). Thus |¢) must be
an entangled state, and U?_, (A; U B;) UF U {|S)} is a UPB. |

Appendix B: The proof of Proposition 5

Proof. First of all, we need to introduce some notations which have been introduced by [45]. Let & =
{|®1) altp2) B|t3) } be a tripartite orthogonal product set. Define

S(l¥)a) =AY BlYs)o : [¥)alte)slYs)c € S}

Moreover, define S = {|j)plk)c : Jj,k € Z,} as the support of S(|1))4) which spans S(|¢)a). For ex-
ample, in Eq. (4), A1 := {[&)al0)slnj)e = (i,4) # (0,0) € Zy x Zs}. Then Ai(|&1)a) = {[0)alnj)o}jezs,
AN = {10)5(0)c, [0) 5|1, [0)512) ¢}, and Ap (&) ) is spanned by A Actually, A B (i =1,2,3,4), FA
in Eq. (4) can be easily observed by Fig. 1. They are the projection sets of A, B; (i=1,2, 3 4), F in BC party in
Fig. 1. Now, we give three steps for the proof.

Step 1 Since (&1|m)a # 0, applying Block Zeros Lemma to any two elements of {A1(|€1)4), A2(|€1)4), Ba(|m)a),
Bi(|m)a)}, we obtain

E

.A;-A> - 0 EBch) - 0, B](CA)EBEA) - 07 BI(CA)EAEA) - 0, (Bl)

AEA) ) 'AEA)

for 1 <i#j<2 1<k#{¢<2 Notethatif dqa =3, |5;)a must be |Sy)a in F. So we can not apply Block Zeros
Lemma to F(|B1)a) and A;(|€1)4). In order to obtain z)E ) = 0, we consider As(|da — 1)4) and A;(|€1)4).
1

Then for (j, k) € Zgy—1 X Zde—1 \{(0,0)}, and i € Zg4._1, we have
dB 2 dc 2 dc 2
5(&lc(ml E0)slm)c = B < > w?h (t+ 1|> ( > wykt > E|0)p ( ST wifsJts) ) =0. (B2
t1=0 to=0 t3=0 C

We have shown that g(j + 1|c(0|E|0)p|i)c = 0 for j € Zay—1, % € Zg,—1, and p(dp — 1|c(k + 1|E|0)pg|i)c = O for
k,i € Zg., -1 by Eq. (B1). Then Eq. (B2) can be expressed by

dp—3 dc—2 dc—2
(Z wd]tl t1+1|> (Z ’wdth tgl) E|0 (Z wfitc‘?’ 1‘t3 ) :07
c

t1=0 to=1 t3=0
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i.e.
dp—3dc—2dc—2 ) )
SN N wtwgwil it + 1ot El0)slts)e = 0,

t1=0 to=1 t3=0
forany 0<j<dp—3,1<k<dc—2,0<i<dc—2. It means that

[H] @ H} ® H3)X =0,

where

. 2 (de—2)
1 1 (dl N Wde—1 wdcfl wd(cfl )
1 wgp—1 - wy 2 2 4 oo gpldo—2

B— dp—1 Wgo—1  Wgo-—1 Wao—1

Hl = - ) H2 = . . . P

(dp—3) (dp—3)° (de—2)  2(dc—2) (de—2)?

1 Wy~ q Wy Wy ot s wg

Hs; = (wzljcq)i,jEchq and X is a column vector,
X = (p(t1 + 1c(t2|E|0) B|t3)c ) fo<t, <dp—3, 1<ts<dc—2, 0<ts<dc—2}-
Since Hy, Ho, H3 are all full-rank matrices, it implies that H}L ® H2T ® Hj is a full-rank matrix. Then X = 0, i.e.
Bty + e {ta|E|0)plts)e =0, for 0<t; <dp—3, 1<ty<dc—2, 0<t3<dc—2.
It also means that
]:(A)E-AgA) =0. (B3)
By using As(]da — 1)4) and Az(|€1) 4), we can also show that

s E =0 (B4)

A
by the similar discussion as above. Further, by the symmetry of Fig. 2, we can also obtain that
]:(A)EBYA) =0, f(A)EBéA) =0. (B5)
Thus, by Egs. (B1), (B3), (B4) and (B5), E is a block diagonal matrix. It can be expressed by
E = EAgA) (&) EA(QA) D E]:(A) D EBEA) D EBEA). (BG)

Step 2 Considering |S> and {‘BO>A|/6j>B‘/Bk>0}(j,k)€Zdsz><Zd072\{(0,0)} C F, where do > 4, then by Eq. (Bﬁ), we
have

dp—1 do—1 dp—2 de—2
B ( Z <i1|> c ( Z <i2|> E|B;)BlBk)c = B < Z <i1|> c (Z <i2|> E|B;)B|Bk)c =0,
=0 i2=0 in=1 ia=1

for (j, k) € Zay—2 X Zae—2 \ {(0,0)}. Moreover, we have

<§: |i1>> (Z Z'2>> =150)B|Bo)c-
B C

=1 is=1
Therefore, by using the states in {[S)} U {|80) alB;)B|Br)c}(jk)ezay, 2x7ap > \ {(0,0)}, we obtain

B{(Bilc (B E|Bk)BlB)c =0,  for (i,j) # (k,{) € Zay—2 X L —2- (B7)
By Eq. (B7), there exists a real number e, (ET = E) for (s,t) € Zg,—2 X Zq,—2, such that

dp—3dc—3

Era =Y 3 e

s=0 t=0

Bs)B(Bs| @ |Br)c(Bel. (B8)
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Note that Eq. (B8) also holds for dc = 3 (in this case, Exa) = ep0|Bo)B{Bol ® |Bo)c(Bol, and |Bo)x = |1)x for
X € {B,C}). Next, by using the states in A;(|£1)4), we have

B(0lc(mi|E[0)snj)c =0, fori+#j€ Zao—1.
Then there exists a real number a, for s € Zg,_1 such that

dc—2

E =Y asl0)5(0] @ |ns)c (nsl.

s=0

In the same way, there exist real numbers a, by, ¢, dy, €5+ such that the operator

do—2 dp—2 dp—3dc—3
E=Y" as0)5(0| @ |ns)c(ns| + Z bslns) B(ns| @ lde — Doldo =1+ Y > estlB)n(Bsl @ |Br)c (Bl
s=0 s=0 t=0 (Bg)
dp—2 dc 2
+ Z ctl&t) B(&t| © [0) (0] + Z dildp — 1) p({dp — 1| @ [§1) (&t l-
t=0
By using those states {|O>A‘77i>B|§j>C}(i,j)eZdB_1dec_l\{(O,O)} = B3, we can show that
B(mklc(&elEmi)slE)c =0, for (k,€) # (i,5) € Zay—1 X Zac—1\{(0,0)}.
Assume k =0,¢ #0,i # 0,7 = 0. By Eq. (B9), we have
0 =p(nolc(&elElni)Bléo)c
dC 2 dB 3dc 3
= Z as(10]0) B (0I:) B(&elns)emsléo)e + D> Y esa(nolBs) 5(Bslni) B{&el B) o (Biléo) e
s= s=0 t=0 (BIO)
dc—2
= as(&lns)cmsléo)e + whe 1 (ds — 2)(de — 2)e 0.
s=0
There are three cases for the terms in the summation of the last equality.
(a) If s =0, then
dc—2
—(n—1)¢
(&lmo)c(mléo)o = (do —2) Y wyl"7V = —(de — 2wl ;.
n=1
(b) If s = ¢, then
dc—2
(&elne) e (neléo) e Z Whe—1 = —(do — 2)wh, ;.
(c) If s # 0,4, then
dc—2 dc—2
e _ ¢
(€lns)emaéo)e =— 3wy T wi, Z wi " = wh .
n=1
Thus by Eq. (B10), we have
de—2
Z as — (de — 1)(ag + ag) + (dp — 2)(dc — 2)ego = 0. (B11)
Since ¢ # 0 € Zg.—1, we must have a; = ag = -+ = aq,—2. Then Eq. (B11) can be expressed by

— (dC — 2)&0 —a1 + (dB — 2)(dc — 2)60’0 =0. (B12)
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Further, by using the states |S), |0) a|m)5|€) € Bs and Eq. (B9) we obtain

dp—1 dp—1
B ( > <i1|> c ( > <i2|> Elm)slé)c = (de = 1)(dc — 2)ao — (dp — 2)(dc — 2)*e0,0 = 0,

i1=0 i2=0
ie.
(de — 1)ag — (dp — 2)(dc — 2)eg,0 = 0. (B13)
Then, by Egs. (B12) and (B13), it implies ap = a;. Thus ap = a1 = ... = ag,—2 = k. It means that the operator
de—2

A<A>—k2 10) (0] @ [n5)c(ns.

which is equivalent to

E

o = K (B14)

A).
AR

Step 3 Considering |S) and {|0>A|77i>B‘fj>C}(z‘,j)eZdBfldecfl\{(O,O)} = Bs. By using Egs. (B6) and (B14), we have

dp—1 do—1 dp—2 do—1
B <Z <i1> c <Z <i2> Eln)Bl&)e =B <Z <i1|> c (Z <i2|> Elni)l&;)e = 0.

i1=0 i2=0 11=0 i2=1

(Zw) (Zm) ~ o} sléo)c
31=0 B 10=1 C

Therefore, by using the states {[S)} U {|0)a|n:) 55)c }ij)ezay, 1 xZa 1\{(0,0)} We have

Moreover, we have

B(Mklc(&lEni)BlE)c =0, for (k,£) # (i,]) € Lap—1 X Lge—1-

For any |j)glk)c € AW A B(A), we have 5y 1y 1 F = 0 by Egs. (B6) and (B14). Applying Block
1 3 {liYBlk)c}

. BSO\{11) 51k c)
Trivial Lemma to {[n:) B[§;)c}ij)e2a), 1 xZa 1> We have

Egn = killgoa. (B15)

Since A N BYY £ 0, it implies k = ky. Thus, by Eqs. (B14) and (B15), we obtain

E

AL UBW =kl

A A).
AP UBEY

By the symmetry of Fig. 2, we can obtain E = kl. Thus, F is trivial. a

Appendix C: The proof of Theorem 6

Proof. First, we need to show that U/ is a UPB. For the same discussion as Proposition 4, we can obtain the
matrices,
ao ao DY ao bO DR bo CO DR CO co ... CO CO DR CO do
aO ao DEEY aO bO DY bo bl ... bl al DY al al
MO =0 e ]
aO aO PR ao bO PRI bO bl ... bl al ... al al

d1 cp -+ Cp Cp -+ C1 C1 C1 bl bl ay ... a1 aj
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a(()l) a(()l) a(()l) b(()l) b((Jl) cél) cgl) cél) cgl) cél) C((]l) dél)
aél) aél) a(()l) bél) b(()l) bgl) bgl) agl) a(ll) agl)
M= r M=) N E
a((Jl) a(()l) a((Jl) bél) b((Jl) bgl) bgl) agl) agl) agl)
R AR = e T (o R St SO e
a(()e) aés) a(()s) b(()s) bés) C(()s) C(()s‘) C(()e) C(()e) Cés) Cés) d(()s)
TN O RN O RS O RS C S SRR B O BRI O ORISR ORI
M(dA_QS) = . . . . . . . . . . . . . . ,
0 ol o Q) B B ) ) B ) G L gl
dgs) cgs) cgs) cgs) cgs) cgs) cgs) bgs) bgs) ags) ags) ags)

where M(44=29) is similar to M of Eq. (A1) in Proposition 4. Next, we have

rank(M(44)) =1, sum(M(44)) = 0. (C1)

Then we consider AB|C bipartition. We can rearrange the first row of M(?4) to the dp x dc matrix Mg, 1) through

(AB,C) coordinates of M(@4) and rearrange the last row of M(?4) to the dp x dc matrix My through (AB,C)
coordinates of M(44) where

co co -+ co do
Cop Cop -+ (O bo
M(dAfl) = e ]y, rank(M(dA,l)) =0 or 1, (02)
Cop Cop - C bo
ap ag -+ ap by
and
b1 ay -+ a1 ap
bl cp -+ C1 C1
My=|: + .t |, rank(My)=0 or 1. (C3)
bp a1 -+ 1
dl cT -+ C1 C1

For the same proof of Example 3, we can show that ag = a3 = by = by = ¢p = ¢; = dyp = dy = 0 by Egs. (C1), (C2),
and (C3). Then we obtain that

rank(M(@472) =1, sum(M@4=2) = 0. (C4)

We can rearrange the second row of M(?4) to the dg X d¢ matrix M4, —2) through (AB,C) coordinates of M(da)
and rearrange the last but two row of M(?4) to the dp x d matrix M; through (AB, C) coordinates of M(?4) where

(0 0 o --- 0 0 O]
0 D D D g
0 D D g
M(dA—2): : : .. : : s rank(MdA_Q):O or 1, (05)
0D W D D
0 ald ol ol 5D 0
00 0 -~ 0 0 o
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and
0 0 0 0 0 0]
0 80 ol o o ) o
0 bél) (()1) . C5)1) (()1) 0
M, = : , rank(M;)=0 or 1 (C6)
0D () D g
0 dl ) D D g
00 0 - 0 0 0

Similarly, we can also show that a(l) agl) = b(()l) = bgl) = c(()l) = cgl) = d(()l) = dgl) = 0 by Egs. (C4), (C5), and (C6).
Repeating this process s times, then we obtain that

rank(M(@4729)) = 1, sum(M(?a=2)) = 0. (C7)

Since M (44725 is similar to M of Eq. (A1) in Proposition 4, and we can show that a( ?) = (s) b(() ) = b(s) = c(()s) =

§5) = d(()s) = dgs) = ¢(®) = 0 by the proof of Proposition 4. Thus we obtain that M(?4) is a zero matrix, and it is
impossible for rank(M(@4)) = 1.

We can obtain that U is strongly nonlocal by induction on ¢t along with Proposition 5. O

Appendix D: The proof of Proposition 7

Proof. We denote |®(2))a.p as |®(2))ap,, and |P(2))p.c as |P(2))p,,c. Assume that |$(2)),s, is distributed
between Alice and Bob, and |®(2)), . is distributed between Bob and Charlie. The initial states are

[¥)4,8,(10)al0)6, + [1)al1)5,)(10)6,[0)c + [1), [1)e), (D1)
for [Yapc € UL (A U B) UF UI{|S)}, where a is the ancillary system of Alice, b; and by are
the ancillary systems of Bob, and c¢ is the ancillary system of Charlie.  Denote P[li)a] = [i)i|a,

Pl(lix), lig), - siv)a; (1), [G2), - - [s)) s ([Fa), [R2), - s [Re)) o] = ([ia)(n ] +i2)ia |+ - -+ )i |) a @ (1511 [+]72)d2]+
A 1s)Ts e ® (k1) k1| + |k2)ka| + - - - + |ke)ke|) - Now the discrimination protocol proceeds as follows.
Step 1. Alice performs the measurement {M; := P[(]0),[1))4; [0)a] + P[|2) 4; |1)a], M7 := 1 — M;}. Charlie performs
the measurement {L; := P[([1),]2),]3))c;]0)e] + P[|0)c; [1)e], L1 := 1 — Li}. If My and Ly clicks (it means that the
operators M; and L; act on the states in Eq. (D1)), the resulting postmeasurement states are

),
[%1(0,1)) =11) 410)8[0)c0)a|0)6, [1)s, [1)e + [2) 410) B|0)c[1)al )b, [1)p,[1)e
+11)4l0) 5 (ws]1) + w3|2))c10)al0)s, |06, [0)c +12) 410) 5 (w3 (1) + w3 |2))c[1)al1)e, [0)5,[0)e,
)
)

191(0,2)) —[1) 4]0)B|0)c[0)al0)p, [1)p,[1)c + 12) 410) BIO) & [1)al1)p, [1)6, 1) e

+ (1) 4]0) 5(w3]1) + ws]2))c10)al0)s, 0)6,0)e + [2) 410) (w5 [1) + ws]2))c[1)al1)6, 105, 0)e,
[91(1,0)) —=[1)4]0)B|0)c[0)al0)p, (1), [1)e — [2) 410) BIO) & [1)al1)p, [1)6, 1) e

+11)4l0)5(11) +12))c10)al0)5,10)5,0)c — [2)4]0) 5(|1) + [2))c[1)al1), 0)5,]0)e,
[91(1,1)) —=[1)4]0) 50)c10)a]0)5, [1)6,11)e — [2)4]0) 510)c[1)al1)s, [1)5,]1)c

+ (1) 410) 5 (ws|1) + w3]2))c[0)al0)s, [0)s,[0)e — [2) 4]0} B (ws|1) + w3]2))c|1)al1)e, [0)6,0)c,
1¥1(1,2)) —(1)4]0)5|0)c[0)a]0)p, [1)p,11)e — [2) 4]0) B0} [1)alL)by [1)bs 1) e (D2)

+11) 4]0} 5 (w3]1) + w32))c10)al0)s, 0)5,10)e — [2) 4]0} 5 (w3]1) + w3|2))c|1)al1)s,10)s,10)c,
¥2(0,1)) =[1)a(10) — 1)) B13)c(0)al0)s, [0)6,]0)c + [2) (10} — 1)) BI3)c[1)al1)s, [0)6,]0)c,
[12(1,0)) =[1)4(|0) + 1)) 5[3)c[0)al0)s, [0)s, [0)e — [2) 4(10) + 1)) BI3)c1)al1)p, [0)p,10)c,
[¥2(1,1)) =[1)a(|0) = 1)) B13)c(0)al0)s, [0)6,]0)c — [2)a(10) — [1))BI3)c(1)alL)s, [0)6,]0)c,
[¥3(0,1)) =12)a(11) + 12)510)cL)alDs, [1)p[L)e + [2)a(11) +12)) 5 (ws[1) + wi]2)c[1)al1)s, 0}, [0)e,
[95(0,2)) =12)a(11) +12)5l0)c1)al1)s, [1)5[1)e + 12)4 (1) + [2) 5(w3]1) + ws|2))c|1)al1)s,10)s,10)c,
[¥3(1,0)) =12)a(11) = 12))Bl0)c[1)al1)s, )6, [1)e + [2)a(11) = [2)) (1) +[2))c[1)al1)5,0)5, [0},
[93(1,1)) =12)a(11) = 12))810)c|1)al )6, [1)6, [1)e + [2)a(11) = [2)) 3(ws|1) + w3]2))c[1)al1)s, [0)6,]0)e,
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93(1,2)) =12)a(11) = 12) 810)c[1)al )6, (1), [1)e + [2)a(11) = 12)) 3(w3]1) + ws]2)) 1) al1)s, [0)6,0)e,
|61(0,1)) =(10) + 1)) a[2) 5(11) + w3[2) + w3[3))c10)al0)e, [0)s,|0)e,
|61(0,2)) =(10) + (1)) 4[2) 5(|1) + w3]2) + w33))c|0)al0)s, 0)1,10).,
91(1,0)) =(10) = 1)) a|2)B(I1) + 12) + [3))10)a[0}6, [0)5,[0)e,
|61(1,1)) =(10) = 1)) 4[2) 5(|1) + w3]2) + w53))c]0)al0)s, 0)1,10).c,
|61(1,2)) =(10) = [1))a[2) 5(|1) + w3|2) + w33))c[0)al0)e, [0)s, |0).,
|62(0,1)) =(10) + [1)) a(]1) = [2)) 810)c[0)al0)5, 1), [1)e
|92(1,0)) =(10) = [1) a(11) + 12)) 810)c[0)al0)5, [1), [1)e
|92(1,1)) =(|0) = [1) a(I1) = 2)) B10)c[0)al0)6y [1)b,[1)e,
|#3(0,1)) =10)4(10) + 1)) 5(|1) + w3]2) + w3|3))c]0)al0)s, 0)1,10).c,
|63(0,2)) —=10)4(10) + 1)) 5(|1) + w3]2) + w3]3))c|0)al0)s, 0)1,10).,
|95(1,0)) =10)a(10) = [1))B(I1) +12) + [3))10)a|0)6, [0)5,]0)e,
|65(1,1)) —=[0)4(10) = 1)) B (1) + ws]2) + w3[3))c0)a]0),0)5,10)c,
|#5(1,2)) =10)4(10) = [1))5(|1) +w3|2) + w33))c[0)al0)e, [0)s, |0)e,
(1)) = 1) al1)5(11) = 12))c10)a]0)6, [0)5,]0)e,
18) —=(10) + [1)) (10} + [1) + 12)) 510)c[0)a]0)s, [L)bz[1)e + 12) 4(10) + 1) + 12)) 5[0)c|L)alL)b, [L)ss 1)+
(10) +11))a(10) + 1) + [2)) (1) + [2) + 13))¢10)a]0)5, |0)5,]0)
+12)4(10) + 1) + [2) (1) +12) + 3))c[1)al1)6,0)5, |0

Step 2. Bob performs the measurement {Ms 1 = P[|2)5;]0)s,;[0)s,], M2 2 := P[(|1) —12))B;|0)s,; [1)p,], M2z :=
PI(|11) + 12))B; 0)p, 5 [1)p,], M2 := 1T — 2221 My ;}. If My clicks (it means that the operator M 1 acts on the states
in Eq. (D2)), then the postmeasurement states are {|¢1(i,7))}(,j)#(0,0)ezax2zs, and |S) — (|0) + [1))al2)B(|]1) +
12) +13))c10)4]0)5,10)5,10)c. Then Alice performs the measurement {Msz 1,1 := P[(|0) — |1))a], M211 =1— Ma11}.
If M1, clicks (it means that the operator My 1 acts on the states {|¢1(i,7))}ij)2(0,0)ezoxzs and [S)), then
the postmeasurement states are {|¢1(1,7))}jez,, which are locally distinguishable; if My ;1 clicks, then the post-
measurement states are {|¢1(0,7))};20ez, and |S) that are locally distinguishable. Next, if My, clicks, then
the postmeasurement states are {|@2(%,1))}iez, that are locally distinguishable; if Mj g clicks, then the postmea-
surement states are |¢2(1,0)) and |S) — (|0) + |1))a(|1) + |2))5|0)c]0)a|0)s, [1),]1). that are locally distinguish-
able; if M, clicks, then the postmeasurement states are {|w1(z’,j)>}(l, £(0,0)€Z5 X Zs 5 {2 (4, ])>}(l,])¢(0,0)€22><227
{1vs(i, 5 oy 20,0)ez:x25, {1D3(6,0))} i j)£0,00ez2x255 [9(1)) and [S) = (|0) + [1))4]0) 5[0)c[0)a]0)6, [1)5,|1)e +
12)4(10) + |1) +12))B0)c D) al1)e, [, [L)e + (10) + [1) a(10) + [1)) (1) + 12) + [3))c10)al0)s,0)5,[0)c + [2)4(]0) +
1) +12)5(11) + 12) + [3))c[1)al1)6, [0}, 0)c-

Step 3. Alice performs the measurement {Ms;

POyl D5 = I — Ms}). If Ms clicks
(it means that the operator Mjs acts on the states {\1/}1(2'7j)>}(”)¢(0 0)eZaxZss  UW2(8,9)) }(5,5)%(0,0)€Z2 x 22
{1031, 5)) } i,y #0,0) €2 x 25> UP3(8,9)) Fi.)2(0,0)€z2 25> |9(1)) and |S)), then the postmeasurement states are
{l3(i,9))} (i.5)# (0,0 €22 x25 and [S) = 10) 4]0) B|0)c[0)a]0)s, [1)5,[1)e +10) 4(10) + 1)) 5(11) +12) +13)) 10)a]0)5, [0)5, |0,
which are locally distinguishable; if Mj clicks, then the postmeasurement states are {|¢; (4, 9)) }(5,5)%(0,0)€Z2 x 23
(6200, 1)} 6.0 2oz, {0300 9) b 2000622200 (D), and [S) — [1)4]0)510)c 1000 0os [ D T + [2)a(10) +
1)+ 12050}l 1) L 192 [Le + 1) 4(I0)+ 1) (110 + 12) & 3)) [0 0}, [0 0} + [204(0) + 11) + 1205 (1) + 2} +
30 Lyal 1, 0, 0)e. o

Step 4. Charlie performs the measurement {My := P[|3)¢],My = I — My}. If My clicks (it means that the
operator M, acts on the states {[11(i,7))}(i.j)(0,0)ezox2ss 125 5))}i,5)2(0,0)eZax 2o UV (5, )) }(0.5)#(0,0)€22x 23
lo(1)) and [S)), then then the postmeasurement states are {t2(i,7)} @ j)£(0,0)ezsxz,, and [S) — [1)a(]0) +
11)513)c10)al0)5,10)5,10)c + 12)4(10) + |1) + [2))5I3)c|1)all)s,[0)s,]0)c, which are locally distinguishable; if My
clicks, then the postmeasurement states are {[11(, 7))} (i,5)2(0,0)eZs xZs+ 1¥3(5,7)) }(5.5)£(0,0)ez2x 25> |(1)) and [S) —
11),410) 510} 100 0}, 1) 1 +12).4(10) + 19+ 12) 510} Lo 1) | T 111 4 (10) 4 115) 3 11) +129)e10} 2 00 [0} 0) e+
12)4(10) + 1) + 12) 5(11) + 12D)c 1 al 1), 0, 0).. -

Step 5. Bob performs the measurement {M; := P[|0)g], M5 =1 — Ms}. If Mj; clicks (it means that the operator
M acts on the states {|¥1(4,7))}(5,5)£(0,0)€z2x 25> 1¥3(4, 7)) }(5,5)£(0,0)€22x 75> |2(1)) and |S)), then the postmeasure-
ment states are {[t1(4,)) }(i.5)(0,0)ez2x7, and |S) = [1)4[0) 5 >C|0> 10)6, [1)6, [1)e +12) 4[0) 80) o[ 1) al1)p, [1)5, [1)e +
11)410) 5(11) 4+ 12))c0)al0)5,0)5,]0)c + [2) 4|0) 5(|1) + |2))c|1)al1)5,]0)s,|0)c. Then, Alice performs the measurement
{M5,1 := P[(|0) + |1))a], M51 = P[(|0) — |1)),]}. Bob performs the measurement {Ms o := P[(|0) + |1))p,], M52 =
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P[(|0) — [1))s,]}. If Ms; and Mjo clicks (It means that the operators Mp; and Mso act on the states
{1¥1(4,5)) } 5,5y #(0,0)ez, x 2, and |S) ), then the postmeasurement states are

+(11) = 12)410) B (w3 1) + w32))c (10) +[1))a(|0) + [1))5,]0)1.]0)c,
[15) =(11) +12))410) 810)c(10) + [1))a(10) + [1))5, [1), 1
+ (1) +12))410)5(11) + [2)) o (10) + [1))a(]0) + 1

)

)
[11(1,2)) = (11) = 12)) 4l0) B[0)c (10) + [1))a(10) + [1))6,11)e,[1)e

)

)

[11(0,1)) =(11) +12)) 4|0} 5]0)c(|0) + [1))a([0) + [1))5, [1)6,[1)e
+ (11) + [2)) 4]0) B (ws|1) +w312))c(10) + [1))a(l0) + [1))5,10)6,]0)c,
[11(0,2)) =(11) +2)) 4|0} 5]0)c(|0) + [1))a([0) + [1))5, [1)6,[1)e
+ (1) +12)) 410) (w3 1) + w3]2)) o (10) 4 1)) (|0) + [1))6, 05, |0)e,
[¥1(1,0)) = (1) —2)) 4|0} 5]0)c(|0) + [1))a([0) + [1))5, [1)6, [1)e
)110)6,10)c,
[¥1(1,1)) =(11) —[2)) 4|0} B]0)c(|0) + [1))a([0) + [1))5, [1)6, [1)e
+ (1) = 12)) 410) B (ws|1) + w3]2))(|0) + 1)) (|0) + [1))p, 05, |0)e,
)
)
)
)

)

)

(

)

(

) — 1
+ (1) = 12))al0) 5(11) +12))c(10) + [1))a(|0) + |1

) — 1

(

) —

(

)

(

)b1 |0>b2‘0>07

which can be easily locally distinguished. All other cases obtain a similar protocol. If Mjy clicks, then the postmea-
surement states are {|13(i, /) }(i,j)£(0,0)ez2x2s [9(1)) and |S) = 2)a(|1) +12)) 5l0)c[L)al L), [Lba 1)+ 1) a[1) B(I1) +
12)610) 1005, 006,10} + 1204(11) + 12D (1) £ 12) 1)L, [0)5, 0)c.

Step 6. Alice performs the measurement {Mg := P[|0)4], Mg = I — Mgs}. If Mg clicks (it means that the
operator Ms acts on the states {|v3(4,7))}(,j)£(0,0)ez2x75> |¢(1)) and |S)), then the postmeasurement states are
{3(4,3) }(i,j)#(0,0)ez: xz, and |S) that are locally distinguishable. If Mg clicks, then the postmeasurement state is

p(1))
All other cases in step 1 obtain a similar protocol. This completes the proof. a
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