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We outline the general framework of machine learning (ML) methods for multi-scale dynamical
modeling of condensed matter systems, and in particular of strongly correlated electron models.
Complex spatial temporal behaviors in these systems often arise from the interplay between quasi-
particles and the emergent dynamical classical degrees of freedom, such as local lattice distortions,
spins, and order-parameters. Central to the proposed framework is the ML energy model that, by
successfully emulating the time-consuming electronic structure calculation, can accurately predict
a local energy based on the classical field in the intermediate neighborhood. In order to properly
include the symmetry of the electron Hamiltonian, a crucial component of the ML energy model
is the descriptor that transforms the neighborhood configuration into invariant feature variables,
which are input to the learning model. A general theory of the descriptor for the classical fields
is formulated, and two types of models are distinguished depending on the presence or absence of
an internal symmetry for the classical field. Several specific approaches to the descriptor of the
classical fields are presented. Our focus is on the group-theoretical method that offers a systematic
and rigorous approach to compute invariants based on the bispectrum coefficients. We propose an
efficient implementation of the bispectrum method based on the concept of reference irreducible
representations. Finally, the implementations of the various descriptors are demonstrated on well-
known electronic lattice models.

I. INTRODUCTION

Machine learning (ML) is emerging as a new paradigm
for scientific research and engineering [1–14]. In partic-
ular, ML methods are increasingly employed in recent
years to drastically speedup various computational tasks
in quantum chemistry and materials science [15–23]. A
ML model can be viewed as a complex high-dimensional
function with numerous tunable parameters. Highly ef-
ficient methods have been developed to optimize these
model parameters from large number of training dataset.
Among the various ML models, deep neural networks
(NN) [24, 25] represent the most powerful and versa-
tile tools, which, in principle, can approximate any con-
tinuous function with arbitrary accuracy [26–28]. One
of the most remarkable applications along this line is
the development of ML models that can emulate the
time-consuming first-principles electronic structure cal-
culations based on, e.g. the density functional theory
(DFT), thus significantly surpassing the size and time
scales accessible to such accurate methods. Notably, the
advent of interatomic potentials based on ML models has
made it possible to perform large-scale molecular dynam-
ics (MD) simulations with the accuracy of DFT and be-
yond [29–41].

The success of ML methods in quantum chemistry
and quantum MD simulations has motivated similar ap-
plications in condensed-matter physics. For example,
the utilization of ML model to emulate the complicated
many-body calculation could potentially offer the tanta-
lizing potential for accurate multi-scale dynamical mod-
eling of interacting electron systems. A particularly im-
portant application is the large-scale simulations of the
spatio-temporal dynamics of complex patterns that are

prevalent in correlated electron materials [42–52]. The
intriguing nanoscale textures in such systems are be-
lieved to arise from the nontrivial interplay between
quasi-equilibrium electrons and emergent classical fields
or bosonic degrees of freedom whose dynamics is much
slower than the relaxation of electrons. An example of
such slow dynamical variables is the magnetic moments
associated with localized d or f electrons immersed in
the Fermi sea of fast-moving conducting electrons in the
s-d or double-exchange model [53–57]. Another repre-
sentative case is the order-parameter fields which cou-
ple to equilibrium quasi-particles in a symmetry-breaking
phase [58–62]. The well separated time scales in such
electron models is similar to the Born-Oppenheimer ap-
proximation underlying the ab-initio molecular dynam-
ics methods [63, 64]. Instead of the atomic dynamics,
the goal then is to model the adiabatic time evolution of
slow dynamical variables such as local spins and order-
parameter fields under the influence of the fast electron
degrees of freedom.

Conventionally, an empirical or effective energy model
as a function of the classical fields, such as an effective
classical spin Hamiltonian or Ginzburg-Landau energy
functional, is employed for large-scale dynamics simula-
tions [65, 66]. Special care is taken to properly incorpo-
rate the symmetry of the original quantum Hamiltonian
into the effective model. However, while the classical
energy models coupled with phenomenological dynamics
capture some universal features qualitatively, such em-
pirical approach lacks the predictive power. Moreover,
the effective classical energy, which can be viewed as in-
tegrating out the electrons beforehand, fails to describe
the subtle interplay between the electron and the classical
degrees of freedom during the dynamical evolution.
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In order to more accurately simulate the dynamics of
the classical fields, one needs to integrate out the fast
electrons or quasi-particles on the fly. This means that
the fermionic Hamiltonian, characterized by the instan-
taneous classical fields, needs to be solved at every time-
step of the dynamical simulations. Compared with the
classical energy model discussed above, this quantum dy-
namical approach is similar in spirit to the quantum MD
methods in which the atomic forces are obtained by solv-
ing, e.g. the self-consistent Kohn-Sham equation at ev-
ery time-step [63, 64]. Naturally, the huge computational
overhead due to the repeated electronic structure calcu-
lations significantly limits the system size and simulation
time accessible by such quantum approaches. For elec-
tron systems with e.g. Hubbard-type interactions, more
sophisticated, hence more time-consuming, many-body
methods such as the dynamical mean-field theory [67, 68],
density-matrix renormalization group [69, 70], or quan-
tum Monte Carlo [71], are required to properly include
the strong electron correlation effects.

As mentioned above, the modern ML methods of-
fer a promising solution to this computational diffi-
culty in multi-scale quantum dynamical modeling of
classical fields, as demonstrated by the ML-based in-
teratomic potential for quantum MD simulations. In-
deed, recent works [72, 73] have demonstrated the use of
deep-learning NN models to enable large-scale quantum
Landau-Lifshitz-Gilbert dynamics simulation of phase
separation phenomena in a correlated electron system
known as the double-exchange model [53–56]. Moreover,
ML energy model was used to achieve large-scale quan-
tum kinetic Monte Carlo simulations which reveals unex-
pected phase ordering dynamics in the Falicov-Kimball
model [74], another canonical example of correlated elec-
tron systems [75, 76]. The classical degrees of freedom
in the former case are local magnetic moments, while
they are equivalent to a classical lattice gas mode used
to describe the heavy f electrons in the latter case. In
both applications, the electronic subsystem is described
by quadratic fermionic Hamiltonians, which can be ex-
actly diagonalized. These pilot studies, however, demon-
strate the plausibility of applying ML methods to lattice
models with strong electron-electron interactions, such as
the Hubbard-type models. The general framework of the
ML energy model for multi-scale dynamical simulations
is discussed in Sec. II.

It is worth noting that the ML approach to the multi-
scale modeling discussed above is essentially to develop
a classical energy model based on the superb approxima-
tion power of modern learning models such as the NN.
Large-scale dynamical simulations are possible mainly
because of the efficiency of computing forces based on
the classical effective energy. However, even with the
general approximation capability of ML methods, it is
not guaranteed that the symmetry of the original electron
Hamiltonian can be properly included in the effective ML
model. In order to ensure the symmetry properties of
energy model, one needs to first construct a proper rep-

resentation of the classical field configuration to be used
as input to the learning models. A good representation
is invariant with respect to transformations of the sym-
metry group of the classical fields as well as those of the
lattice point group. This crucial step of the ML model,
namely the construction of the proper representation, is
often referred to as feature engineering and the resultant
feature variables, also called the generalized coordinates,
are termed a descriptor [77–79].

Similar issues have also arisen in the context of ML
interatomic potentials for quantum MD simulations.
There, a proper descriptor of the atomic configuration
should be invariant under rotational and permutational
symmetries, while retaining the faithfulness of the Carte-
sian representation. Over the past decade, a number
of descriptors have been proposed together with the
learning models based on them [15, 29, 30, 35, 77–
87]. The bond-order parameters, originally developed to
characterize short-range structural order in liquid and
glasses [80], are one example. A relatively simple ap-
proach is to use the ordered eigenvalues of the correlation
matrix, such as the Coulomb or Edward sum matrices,
as the descriptor [15]. Another example, which is physi-
cally intuitive, is the atom-centered symmetry functions
(ACSFs) built from the two-body (relative distances)
and three-body (relative angles) invariants of the atomic
configurations. Because of its simplicity and flexibility,
the ACSF descriptor is widely used in various learning
models [29, 81]. The group-theoretical method, on the
other hand, offers a more controlled approach to the con-
struction of atomic representation based on the power-
spectrum and bispectrum coefficients [30, 78]. In addi-
tion to these relatively well-established methods, other
notable descriptors include moment tensor potential [82],
atomic cluster expansion [83], and deep-potential repre-
sentation [35]. It is worth noting that the research of
atomic descriptor is an active ongoing field.

In this paper, we develop a general theory of the de-
scriptors for the classical fields in condensed matter sys-
tems, with a special focus on the lattice models. Sev-
eral specific approaches are also presented; some are mo-
tivated by and generalized from the atomic descriptors
discussed above. Our main focus, however, is on the
group-theoretical method, which can in principle pro-
vide a faithful representation of the local classical fields.
The resultant descriptor in terms of the bispectrum co-
efficients of the irreducible representations (IRs) of the
lattice point group is rigorous, but over-complete and
cumbersome to implement. We next discuss the concept
of the reference IRs which can significantly simplify the
implementation of the bispectrum descriptor. The pro-
posed descriptors are then applied to lattice models with
varying symmetries and complexity of the classical fields.

The rest of the paper is organized as follows. In Sec. II,
we outline the framework of utilizing ML energy model
to achieve multi-scale dynamical modeling of condensed
matter systems. We also discuss the similarities and dif-
ferences between descriptor for ML-based quantum MD
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methods and that of classical degrees of freedom in lattice
electronic models. Sec. III presents a general formulation
of the descriptors for the dynamical classical fields. While
the majority of the discussion is on the group-theoretical
method for the bispectrum coefficients, we also present
other physically intuitive descriptors motivated by the
studies of ML-based interatomic potentials for MD sim-
ulations. In Sec. IV, we demonstrate the bispectrum de-
scriptor, together with the idea of reference IRs, to lattice
models with a simple scalar classical field representing
local breathing-type lattice distortions. Sec. V discusses
the case of cooperative Jahn-Teller coupling which is an
example of doublet classical field that transforms simul-
taneously with the point group. Sec. VI is devoted to
the systems with a classical vector fields such as the lo-
cal magnetic moments in double-exchange models. We
demonstrate how to properly account for the global ro-
tation symmetry on top of the discrete lattice symmetry.
We conclude our work in Sec. VII.

II. GENERAL FRAMEWORK

The rich and complex behaviors of several correlated
electron systems arise from the emergence of slow classi-
cal degrees of freedom which couple to the electron liq-
uid with a relatively short relaxation time. These classi-
cal variables could arise from the local lattice distortions
or displacements which couples to electrons through de-
formation potential in, e.g. adiabatic Holstein or Jahn-
Teller models. They could also correspond to local mag-
netic moments associated with localized core electrons in
the double-exchange system [53–56]. The classical field
can also represent the collective degrees of freedom such
as order parameters of symmetry breaking phases [58–
62], or amplitudes of slave bosons in Gutzwiller theory of
Mott metal-insulator transitions [88–90].

In the following, we denote these emergent classical
fields by an array of classical variables associated at every
sites of the lattice:

Φ(ri) = Φi = (Φi,1,Φi,2, · · · ,Φi,M ) (1)

We then consider the following general fermionic Hamil-
tonian characterized by the classical fields:

Ĥ =
∑

mn

∑

αβ

tmα,nβ({Φi})ĉ†mαĉnβ (2)

+
∑

mnkl

∑

αβγδ

vmα,nβ,kγ,lδ({Φi})ĉ†mαĉ†nβ ĉlγ ĉkδ,

where ĉ†i,α is the creation operator of electron with quan-
tum number α at site-i. In the following we use the latin
letters i, j, k, · · · to denote the lattice sites, and the Greek
letters α, β, · · · for internal degrees of freedom, such as
spins and orbitals, of the electrons. t and v are electron
hopping and interaction coefficients that depend on Φi.
Finally, there is in general also a “classical” potential en-
ergy V({Φi}) for the classical fields, which is independent
of the electrons.

Here we are interested in the adiabatic dynamics
of such lattice fermion systems with mixed quantum
(electron) and classical degrees of freedom. The adi-
abatic approximation, which is similar to the Born-
Oppenheimer approximation in quantum molecular dy-
namics (MD) [63, 64], is based on a well separation of
time scales for the electrons and the classical variables.
It assumes that the relaxation of electrons is much faster
than the dynamical evolution of the classical variables.
As a result, the time evolution of the classical Φi field
is determined by the quasi-equilibrium electronic state
of the instantaneous Hamiltonian. Specifically, this elec-
tronic state is represented by the many-body density ma-
trix

ρ̂e ({Φi}) = exp
[
−βĤ ({Φi})

]
/Z, (3)

where β = 1/kBT is the inverse temperature, and

Z = Tre−βĤ is the instantaneous partition function
of the electrons. The evolution of the classical fields
is governed by dynamical equations ranging from phe-
nomenological relaxational and Metropolis/Glauber-type
dynamics to Newton/Langevin equation of motion or
Landau-Lifshitz-Gilbert (LLG) equation. For example,
one of the simple pure relaxation equation is the time-
dependent Ginzburg-Landau (TDGL) equation [65, 66],
also known as the model-A dynamics [91]:

∂Φi

∂t
= −λ ∂E

∂Φi
, (4)

where λ is a dissipation constant, and the effective energy
is obtained from the expectation value of the instanta-
neous Hamiltonian,

E = 〈Ĥ
(
{Φi}

)
〉 = Tr

(
ρ̂eĤ

)
. (5)

In general, the dynamics of the classical fields is deter-
mined by the “forces”, which is the derivative of the ef-
fective energy with respect to the classical variables. An
example is given by the right-hand side of the TDGL
equation (4). Given this electron density matrix, one can
then compute the generalized electronic forces acting on
the classical variables:

F i = −∂〈Ĥ〉
∂Φi

= −∂Tr
(
ρ̂eĤ

)

∂Φi
. (6)

It is worth noting that these forces have to be computed
at every time-step of the dynamical simulations. Finally,
the “classical” potential energy V({Φi}) also contributes
to the force −∂V/∂Φi, which can be easily computed and
included in the equation of motion.

Compared with dynamical simulations based on an
empirical energy model, the quantum dynamical ap-
proach here is to obtain the effective energy as well as
forces by integrating out the electrons on the fly. How-
ever, the calculation of these effective forces is highly
time-consuming, and could be prohibitively expensive for
large systems. For example, for lattice models without
electron-electron interactions, i.e. v = 0, the calcula-
tion of the effective forces only requires diagonalizing a
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FIG. 1. Numerical framework of the machine-learning force-field model for dynamical simulations of condensed matter systems.
At the center of this approach is the ML energy model which takes the local neighborhood Ci of a given site as the input, and
predicts a local energy εi. The generalized force F i is given by the derivative of the total energy E =

∑
i εi. The ML energy

model consists of two major and roughly independent components: the descriptor and the learning model.

quadratic fermionic Hamiltonian. The time complexity
of direct diagonalization for a system of N sites scales as
O(N3). Even though linear-scaling techniques, such as
the kernel polynomial method (KPM) [92], have been
developed for computing the density matrices of such
quadratic Hamiltonians, since the electronic problem has
to be solved at every time-step of the dynamical simu-
lation, sophisticated implementations, including for ex-
ample GPU programming, are often required in order to
meet the required efficiency.

For models with electron interactions v 6= 0, such as
the Hubbard-Kanamori-type interactions, more sophisti-
cated many-body methods are needed to solve the lattice
electron model. One popular and widely used approach
is the self-consistent methods which include the well-
known Hartree-Fock mean-field for symmetry-breaking
phases and the Gutzwiller/slave-boson methods for Mott
transitions. The central idea of this approach is to re-
duce the many-body problem into an effective single-
particle or quadratic Hamiltonian, which can then be
solved by either exact diagonalization or KPM. How-
ever, the requirement of self-consistency means that so-
lution of the quadratic Hamiltonian has to be computed
multiple times through iteration until a convergence is
reached. And this iteration has to be performed again
at every time-step, which introduces an extra time com-
plexity even with efficient techniques such as the KPM.
The computational overhead is even more demanding for
more advanced methods such as the dynamical mean-
field theory and quantum Monte Carlo simulations.

As discussed in Section I, ML methods offer a promis-
ing solution to this computationally difficult problem.
The central idea is the principle of locality, also called
the nearsightedness of electronic matter [93, 94], which
assumes that local properties such as the on-site forces
F i only depends on classical fields in the neighborhood
of the i-th site. This approach is similar to the Behler-
Parrinello (BP) formulation which is fundamental to

the ML potential for ab-initio MD simulations [29, 30].
Specifically, the total energy Eq. (5) is first partitioned
into local energies associated with individual sites:

E =
∑

i

εi. (7)

Importantly, the local site-energy εi is assumed to de-
pend only on the classical fields in the local environment
through a universal function εi = ε

(
Ci
)
, where Ci de-

notes the local configuration of the classical variables. In
practical implementations, this is often defined as the Φi

variables with a given cutoff radius Rc:

Ci =
{
Φj

∣∣Rij = |rj − ri| ≤ Rc
}
. (8)

With this partitioning, the calculation of the total elec-
tron energy can now be significantly simplified by prop-
erly grouping the classical variables Φi and substituting
into the universal function ε(Ci). Crucially, this com-
plex function can now be accurately approximated by
ML models, especially the deep-learning NN, thanks to
their unprecedented expressive power. Practically, the
ML model is derived through a training process based on
solutions of the particular many-body method on small
systems. Once this universal function is determined, the
ML potential thus provides an effective energy model in
terms of the classical fields

E
(
{Φi}

)
=
∑

i

ε(Ci) (9)

The effective forces Eq. (6) acting on the classical fields
can now be efficiently computed from the derivatives of
this classical energy. The general framework of the ML-
based force field model for dynamical simulation is sum-
marized in Fig. 1. For ML models based on the neural
network, the forces can be readily obtained through the
automatic differentiation. Importantly, the ML model
offers the efficiency of classical energy model, yet with
the accuracy of the many-body techniques employed for
generating the training dataset.
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III. DESCRIPTOR

The ML energy model in Eq. (9) naturally needs to
preserve the symmetry of the original Hamiltonian, which
includes both the symmetry of the dynamical variables
and that of the underlying lattice. Nonetheless, despite
the universal approximation capability of ML models, the
symmetry of the original electron Hamiltonian is not au-
tomatically captured. Since the training of ML model is
essentially an optimization process with randomly chosen
datasets, the symmetry of the model can only be statisti-
cally approximated even with a large amount of training
data. As discussed in Sec. I, a proper representation of
the classical fields is required to ensure that the sym-
metry of the electron Hamiltonian is built into the ML
model. A good representation, or descriptor, of the local
environment must be invariant with respect to symmetry
transformations of the system.

For condensed matter systems defined on a lattice, the
ML energy model ε(Ci) must be invariant under the dis-
crete transformations of the point group, denoted as GL,
associated with the center site-i. Moreover, for classical
fields with a complex structure, one also needs to take
into account the symmetry associated with transforma-
tions among the multiple components Φi,1,Φi,2, · · · at
the same site. We classify the classical fields into two
types depending on whether these two symmetries are
entangled to each other or not. Examples of these two
types are illustrated in Fig. 2. For models of the first
type, the internal symmetry of the classical variables is
coupled to the lattice symmetry. Examples of type-I clas-
sical variables include on-site displacement vector fields
ui = (uxi , u

y
i , u

z
i ) [95–97], where the transformation of

the 3 components of the displacement vector is coupled
to the discrete rotations of the point group. Another ex-

ample is the Jahn-Teller doublet Qi = (Qx
2−y2

i , Q3z2−r2

i )
characterizing local structural distortion [98, 99]. The
only relevant symmetry group for such type-I models is
the on-site point group GL. Under the symmetry opera-
tion ĝ ∈ GL, the rearrangement of the classical fields at
different lattice sites coincides with the transformation
of the various components. Noting that Φj,α = Φα(rj)
with α = 1, 2, · · · ,M being the index of the various com-
ponents, the transformation of the classical fields is de-
scribed by

Φ̃α
(
O(ĝ) ·Rij

)
=Mαβ(ĝ)Φβ(Rij), (10)

where Rij = rj − ri is the relative position vector of
site-j, Mαβ(g) is the M -dimensional matrix represen-
tation of the symmetry operation ĝ, and O(ĝ) is the
3-dimensional orthogonal matrix transforming site-i to
site-k, i.e. Rik = O(ĝ) ·Rij .

For type-II models, the classical fields are character-
ized by an independent internal symmetry group, which
will be denoted as GΦ. The most representative exam-
ple, perhaps, is the models with local classical spins Si
as illustrated in Fig. 2(b). For spins with n-component,
the symmetry group of the system is a direct product of

(a)

<latexit sha1_base64="uisob7i4iOjYdopSQz2jtXjMVJg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CD5OAS8eI5oHJEvoncwmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqihr0FjEqh2gZoJL1jDcCNZOFMMoEKwVjG5nfuuJKc1j+WjGCfMjHEgecorGSg9lPO8VS27FnYOsEi8jJchQ7xW/uv2YphGThgrUuuO5ifEnqAyngk0L3VSzBOkIB6xjqcSIaX8yP3VKzqzSJ2GsbElD5urviQlGWo+jwHZGaIZ62ZuJ/3md1IRX/oTLJDVM0sWiMBXExGT2N+lzxagRY0uQKm5vJXSICqmx6RRsCN7yy6ukWa14F5Xr+2qpdpPFkYcTOIUyeHAJNbiDOjSAwgCe4RXeHOG8OO/Ox6I152Qzx/AHzucPiYONTA==</latexit>
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ri

rj

ri

rj

rk rk

FIG. 2. Classical fields with different symmetry properties.
An example of type-I case is the local Jahn-Teller distortion
Qj as shown in panel (a). The lattice rotation/reflection is
accompanied by a simultaneous transformation of the Jahn-
Teller phonons. Panel (b) shows the type-II case exemplified
by local spins Sj . The global rotation symmetry of spins
is independent of the discrete point-group symmetry of the
lattice.

the lattice group GL and the internal symmetry group
GΦ = O(n) describing the global rotation symmetry of
the spins. The most general symmetry operation con-
sists of the lattice rotation/reflection ĝ ∈ GL, and the

transformation ĥ ∈ GΦ:

Φ̃α
(
O(ĝ) ·Rij

)
=Mαβ(ĥ)Φβ(Rij), (11)

Note that Mαβ(ĥ) is the matrix representation of the
group GΦ, which is independent of the lattice point
group. It is important to note that, for type-II models,
the ML potential energy ε(Ci) must be invariant under

the general combined symmetry transformation ĥ⊗ ĝ.
It is worth noting that while our focus is on the lattice

models which are prevalent in condensed matter physics,
most of the analysis presented in this work can be gen-
eralized to the off-lattice models or disordered systems
if the point group GL is replaced by the continuous 3-
dimensional rotation group O(3), of course, assuming the
system possesses such a global rotation symmetry. This
means that our analysis can also be applied to electron
models defined on an amorphous system or an atomic
liquid state. In fact, the latter case can be viewed as
a molecular dynamics system with an array of classi-
cal variables Φi associated with every atom. A particu-
lar interesting application would be the Gutzwiller MD
method where the classical fields Φi corresponds to the
slave-boson amplitudes [100].

Having discussed the general symmetry transforma-
tions for the two types of classical fields, we next de-
scribe a concise vector representation of the neighbor-
hood Ci with its center at site-i, as defined in Eq. (8).
We first consider the type-I models; the case of the type-
II model will be discussed in Sec. III C. For convenience,
the site-indices of lattice points within Ci are labeled as
jr, where r = 1, 2, · · · , L = |Ci|. Essentially, the inte-
ger r offers an ordered list of lattice sites in the neigh-
borhood. Under the symmetry operation ĝ of the point
group, the lattice point jr is mapped to js if and only if
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(rjs − ri) = O(ĝ) · (rjr − ri). Consequently, ĝ can be rep-
resented by a L×L permutation matrix P, which means
the nonzero matrix elements are Psr(ĝ) = 1 if the two
sites jr and js are related by ĝ. Next we introduce a vec-

tor ~U whose components are given by the classical fields
in the neighborhood:

Ur,α = Φα(rjr), (12)

It is easy to see that ~U offers a vector representation
of dimension L ×M for the point group GL. And the
corresponding matrix representation T of the symmetry
operation ĝ ∈ GL is given by

Ũr,α = Trα,sβ(ĝ)Us,β = Prs(ĝ)Mαβ(ĝ)Us,β . (13)

Also importantly, the matrix T provides an orthogonal
matrix representation of the point group, i.e. T †T =
T T † = I, where I is the L × M -dimensional identity
matrix. Next we present two descriptors based on this
vector representation of the neighborhood.

A. Correlation matrix

The idea of correlation matrix is similar to the so-
called Weyl matrix [101] for characterizing the local en-
vironment of a single-species molecular system. Specif-
ically, for L atoms within a cutoff radius in the neigh-
borhood of atom-i, the Weyl matrix is defined as Σjk =
(rj − ri) · (rk − ri). Since the matrix elements are given
by scalar products of relative position vectors, the Weyl
matrix remains the same under rotation, reflection, and
translation operations. However, Σjk is not a suitable
descriptor because permutations of atoms change the
order of rows and columns. On the other hand, such
permutation operations correspond to a unitary or or-
thogonal transformation of the Weyl matrices. Conse-
quently the eigenvalues {λm} of the Σ-matrix are invari-
ant under permutation and can be used as a descrip-
tor. A generalization of the Weyl matrix, which can also
treat multiple atom-species, is the Coulomb matrix [15]:
Mij = ZiZj/|ri − rj | for i 6= j, where Zi is the nu-
clear charge of atom-i, and Mii = const × Z2.4

i . The
“Coulomb” interaction form of the off-diagonal matrix
elements partly accounts for the Coulomb repulsion be-
tween the nuclei, which also highlights the importance of
taking into account the atomic pair distances in the de-
scriptor. Other forms of the pair correlation, such as Ed-
ward sum or sine-matrices, have also been proposed [79].

Motivated by Weyl and Coulomb matrices, we propose
a descriptor given by the ordered eigenvalues of the fol-
lowing correlation matrix of the classical fields

Crα,sβ =

{
g(Ur,α) (rα) = (sβ)
f
(
rjr , rjs

)
Ur,α Us,β otherwise

(14)

where g(·) and f(·) are two functions depending on the
model under consideration. For example, one can choose
a Coulomb interaction f(r1, r2) = 1/|r1−r2|. It is worth

noting that this correlation matrix is not invariant under
symmetry operations of the point group GL. Instead,
from Eq. (13), the C matrix transforms as

C̃ = T (ĝ)C T †(ĝ). (15)

Nonetheless, since T is an orthogonal matrix, the eigen-
values of the correlation matrix remains invariant with
respect to symmetry operations ĝ of the point group. As
a result, the ordered list of eigenvalues λm of the correla-
tion matrix C can be used as a descriptor that preserves
the symmetry of the system. In practical implementa-
tions, only a finite number of the largest eigenvalues are
used as feature variables. Unlike the Coulomb matrix
used for fitting the atomization energies of molecular sys-
tems, there is no physical basis for the choice of the pair
function f(R). An example of descriptor based on corre-
lation matrix is given in Sec. IV below.

B. Bispectrum coefficients

In this Section, we present a more systematic method
for constructing a descriptor based on the group-
theoretical method. Specifically, the feature variables
are given by the so-called bispectrum coefficients com-
puted from the expansion coefficients of irreducible rep-
resentations of the point group [102–104]. The bispec-
trum coefficients, which are invariant under the symme-
try operations of the point group, are in a sense similar
to the scalar triple product of three vectors which is in-
variant under arbitrary rotations. It is also worth noting
that similar group-theoretical methods, with important
modifications to simplify the implementation, have been
proposed as descriptor for ML interatomic potentials in
quantum MD simulations [30, 78].

In order to compute the bispectrum coefficients, the
first step is to obtain the irreducible representations of

the neighborhood. As discussed above, the vector ~U , de-
fined in Eq. (12) provides a L×M -dimensional represen-
tation of the local environment Ci. This high-dimensional
representation can then be decomposed into irreducible
representations (IRs) of the point group GL following the
standard procedures [105, 106]. Specifically, we use Γ to
label the different IRs in the decomposition, and denote
the corresponding basis vector of IR-Γ as

~ΥΓ =
(
~ΥΓ

1 ,
~ΥΓ

2 , · · · , ~ΥΓ
nΓ

)
, (16)

where nΓ is the dimension of corresponding IR. Note that

each “component” ~ΥΓ
µ = {ΥΓ

µ;r,α} is itself a (L × M)-
dimensional vector. The neighborhood vector is then de-
composed as

Ur,α =
∑

Γ

nΓ∑

µ=1

fΓ
µ ΥΓ

µ; r,α. (17)

The expansion coefficients fΓ
µ of the IR, play a role sim-

ilar to the Fourier coefficients for the translation group.
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Using the orthogonality of the basis vectors of different
IRs, the expansion coefficients are given by

fΓ
µ = ~ΥΓ†

µ · ~U =

L∑

r=1

M∑

α=1

ΥΓ∗
µ, rα Urα. (18)

For convenience, we can group the expansion coefficients
of a given IR into a vector:

fΓ =
(
fΓ

1 , f
Γ
2 , · · · , fΓ

nΓ

)
. (19)

In terms of the classical fields, see e.g. Eq. (12), the
expansion coefficients are

fΓ
µ =

L∑

r=1

M∑

α=1

ΥΓ∗
µ; rα Φα(rjr). (20)

Under symmetry operations ĝ of the point group GL, dif-
ferent IRs transform independently of each other. Con-
sequently, the transformation of the vector fΓ of a given
IR is described by an nΓ × nΓ unitary matrix DΓ as

f̃ Γ
µ =

∑

µ′

DΓ
µµ′(ĝ) fΓ

µ′ , (21)

or the more concise vector equation: f̃ Γ = DΓ ·fΓ. From

the transformation relation Eq. (13) for the vector ~U , the
transformation matrix DΓ can be explicitly computed.

DΓ
µµ′(ĝ) = ~ΥΓ†

µ · T (ĝ) · ~ΥΓ
µ′ . (22)

It is worth noting that the transformation matrices of a
given IR have been tabulated for most point and dou-
ble groups. Similar to the ordinary Fourier analysis, we
define the power spectrum for a given IR as

pΓ ≡ fΓ† · fΓ =

nΓ∑

µ=1

∣∣fΓ
µ

∣∣2 (23)

Since the transformation matrices are unitary D†D = 1,
it is easy to see that the power spectrum is invariant
under symmetry operations:

p̃Γ = f̃ Γ† · f̃ Γ = fΓ†DΓ†DΓfΓ = fΓ†fΓ = pΓ, (24)

This indicates that the amplitude of each IR can be used
as the descriptor for the local environment Ci. However,
the power spectrum pΓ is not a complete descriptor of
the neighborhood function, since it neglects the weight
distribution within each IR. Neither does it account for
the relative phases between different IRs.

A more complete description, which consists of a larger
set of invariants, is given by the bispectrum of the IRs. To
this end, we first consider the tensor product of coefficient
vectors fΓ1 ⊗fΓ2 , which can be viewed as the expansion

coefficients of the tensor-product ~U ⊗ ~U of the vector

representation with a tensor-product basis ~ΥΓ1
µ ⊗ ~ΥΓ2

ν .
Under a symmetry operation, according to Eq. (21), the
tensor-product transforms as

fΓ1 ⊗ fΓ2 →
(
DΓ1 · fΓ1

)
⊗
(
DΓ2 · fΓ2

)

=
(
DΓ1 ⊗DΓ2

)
·
(
fΓ1 ⊗ fΓ2

)
. (25)

As is well established in the representation theory of finite
groups, the direct product of two IRs can be decomposed
into a direct sum of IRs. This indicates the following
decomposition of the direct-product matrices:

DΓ1 ⊗DΓ2 =
(
CΓ1,Γ2

)†
[⊕

Γ

DΓ

]
CΓ1,Γ2 , (26)

where ⊕ means direct sum over the IRs of the direct
product. We note that IR of the same dimension and
symmetry could appear more than once in the direct sum.
The CΓ1,Γ2 is a unitary matrix of dimension nΓ1 × nΓ2 ;
its matrix elements are known as the Clebsch-Gordan
coefficients of the symmetry group under consideration.
Explicitly, we have

DΓ1

µµ′(ĝ)DΓ2

νν′(ĝ) (27)

=
∑

Γ

∑

κ,κ′

(
CΓ;Γ1,Γ2
κ,µν

)∗
DΓ
κκ′(ĝ)CΓ;Γ1,Γ2

κ′,µ′ν′

As mentioned above, the sum over Γ could include mul-
tiple IRs of the same transformation properties. To con-
struct the bispectrum coefficients, we first consider the
following vector:

vΓ1,Γ2 = CΓ1,Γ2 · (fΓ1 ⊗ fΓ2) (28)

Since the Clebsch-Gordan matrix is essentially a trans-
formation of basis, vector v is thus the expansion co-
efficients of the irreducible basis for the tensor-product
~U ⊗ ~U . This can also be seen from the transformation of
the v vector. Substitute Eq. (26) into (25), and multiply
the resultant expression by the CΓ1,Γ2 matrix from the
left, we see that under symmetry operation ĝ, the vector
vΓ1,Γ2 transforms according to

ṽΓ1,Γ2 =

[⊕

Γ

DΓ(ĝ)

]
· vΓ1,Γ2 (29)

This result thus also indicates we can decompose v into
a direct sum of vectors each of which corresponds to an
irreducible representation:

vΓ1,Γ2 =
⊕

Γ

uΓ;Γ1,Γ2 (30)

Each vector transforms under symmetry operation as

ũΓ;Γ1,Γ2 = DΓ(ĝ) · uΓ;Γ1,Γ2 . (31)

From this equation and Eq. (21) for the transformation
of the vector f belong to the same IR-Γ, it is straightfor-
ward to see that the following “inner product” is a scalar
invariant under any symmetry operation:

bΓ,Γ1,Γ2 = fΓ † · uΓ;Γ1,Γ2 , (32)

These coefficients are called the bispectrum of the expan-
sion coefficients of the IRs. Using Eq. (28) to express the
u vectors, we obtain the following explicit formula for
the bispectrum coefficients

bΓ,Γ1,Γ2 =
∑

κ,µ,ν

CΓ;Γ1,Γ2
κ,µν fΓ∗

κ fΓ1
µ fΓ2

ν . (33)
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The above expression shows the similarity of the b co-
efficients with the scalar triple of three O(3) vectors.
It should also be noted that the power spectrum pΓ is
part of the bispectrum coefficients. In fact, while for-
mally the bispectrum coefficients are built from product
of three IR-amplitudes, they can also be used to describe
invariants consisting of two IR-coefficients. This corre-
sponds to the case when the decomposition of the di-
rect product representation Γ1 ⊗ Γ2 includes the trivial
one-dimensional representation, denoted as Γ0 for con-
venience. By setting the corresponding coefficient to be
a constant, e.g. fΓ0 = 1, we see that the resultant bis-
pectrum coefficient bΓ0,Γ1,Γ2 is nonzero only if the two
IRs Γ1 and Γ2 transform in exactly the same way under
symmetry operations, hence have the same dimension.
Consequently, we can define the following generalization
of power spectrum

pΓ1,Γ2 = fΓ1† · fΓ2 =
∑

µ

fΓ1∗
µ fΓ2

µ . (34)

The standard power spectrum Eq. (23) of a given IR-Γ
corresponds to the case Γ1 = Γ2 = Γ.

Importantly, since the bispectrum coefficients are in-
variant under symmetry operations of the point group,
they serve as proper descriptor to be combined with the
ML models. Moreover, it can be shown that the bis-
pectrum provides a faithful representation of the original
configuration in the sense that the vector U can be rigor-
ously reconstructed from all bispectrum coefficients [102–
104]. For practical applications, however, there are a
large number of the bispectrum coefficients for most mod-
els and point groups. For example, let N be the number

of IRs from the decomposition of ~U , which is roughly of
the order of N ∼ (L×M), the number of bispectrum is of
the order of N3, which in general is a rather large number.
Moreover, as will be demonstrated in explicit examples in
Sec. IV, the bispectrum is an over-complete representa-
tion with redundant information. Consequently, further
simplification is often required for practical implementa-
tions.

As an application of the bispectrum method, here we
briefly review its application to represent the atomic en-
vironment for ML interatomic potentials. The bispec-
trum method is often combined with the Gaussian ker-
nel potential learning model and the so-called smooth
overlap of atomic positions (SOAP) technique, which
approximates atoms in the neighborhood by Gaussian
functions of a finite width [30, 78]. For MD simula-
tions, the local atomic configuration is described by the
charge density ρ(r) with the origin r = 0 correspond-
ing to the center atom. The symmetry group of three-
dimensional free space is GL = SO(3), and the corre-
sponding irreducible representations are labeled by an
integer ` = 0, 1, 2, · · · , which is essentially the angular
momentum quantum numbers [107]. Indeed, the basis
function ΥΓ

µ for the SO(3) group is simply the spherical
harmonics Y`,m. Choosing a proper radial basis gn(r),

the atomic neighborhood density is expanded as

ρ(r) =

∞∑

n=0

∞∑

`=0

∑̀

m=−`

fn`m gn(r)Y`m(θ, φ), (35)

Note that there is an additional integer index n for
the expansion coefficients due to the radial dependence.
The bispectrum coefficients are then labeled by six inte-
gers [78]:

b`;`1,`2n;n1,n2
=

∑

m,m1,m2

f∗n`mC
`;`1,`2
m;m1,m2

fn1`1m1
fn2`2m2

, (36)

where C`;`1,`2m;m1,m2
are Clebsch-Gordan coefficients of the

SO(3) group [107]. For a given set of radial indices
(n, n1, n2), the bispectrum coefficients are nonzero only
when ` = `1 + `2 due to conservation of angular mo-
mentum. However, there are still an infinite number of
the b coefficients, and some cutoff `max has to be intro-
duced for practical implementation. To further simplify
the calculation, one can consider only coefficients with
n1 = n2 = n. This, however, implies that rotations
of different radial basis are decoupled, thus introducing
a spurious symmetry. Nonetheless, some simplifications
can be achieved through special designs of the radial ba-
sis functions [78].

Instead of dealing with the natural SO(3) group for
the three-dimensional space, an alternative approach is
to project the atomic environment within a cutoff Rc
onto the surface of the four-dimensional sphere S3 [30,
78]. Specifically, this means that the center-atom is at
the north pole, while the cutoff radius, i.e. the 3-sphere
specified by |r| = Rc, is mapped to the south pole of
the S3. Next assuming an approximate SO(4) symmetry
for the projected atomic density, one can then use the
resultant bispectrum coefficients as the descriptor. As
the IR of the SO(4) group is again labeled by an integer j,
the bispectrum coefficients are indexed by three integers
bj,j1,j2 . It should be noted that although the projection
to S3 implicitly assumes a spurious SO(4) symmetry, a
most crucial advantage of this approach is the absence of
the need for radial basis.

C. Internal symmetry

As discussed above, the type-II models are character-
ized by an internal symmetry group GΦ, independent of
the lattice point group, that governs the transformation
of the classical fields Φi. The feature variables for the
ML models need to be invariant with respect to transfor-
mations of both symmetry groups. As the multiple com-
ponents of the local classical vector Φi do not transform
simultaneously with the lattice symmetry operations, the
method described in Sec. III B cannot be directly applied
to the type-II models.

One solution is to treat each of the M components of
the classical fields Φi = {Φi,α} (α = 1, 2, · · · ,M) as
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independent. We then view the neighborhood config-

uration ~Uα = (U1,α,U2,α, · · · ,UL,α) as M independent
L-dimensional representations of the neighborhood Ci.
Each component is then decomposed into the IRs of the
lattice group (c.f. Eq. (17) for the type-I case)

Ur,α =
∑

Γ

nΓ∑

µ=1

fΓ
µ,α ΥΓ

µ;r, (37)

Note the basis function Υ of the IR now only depends on
the site-index r. The coefficients of the IRs are similarly
obtained based on the orthogonality of the basis functions

fΓ
µ,α =

L∑

r=1

ΥΓ∗
µ;r Ur,α =

L∑

r=1

ΥΓ∗
µ;r Φα(rjr). (38)

For each of the IR Γ in the decomposition (with respect to
point group), there are M components indexed by α. As
each can be viewed as a M -dimensional representation of
the internal symmetry group, it can be decomposed into
the IR of GΦ labeled by K:

fΓ
µ,α =

∑

K

nK∑

m=1

FΓ,K
µ,m YK

m,α. (39)

Here YK
m is the basis function of the K-th IR whose dimen-

sion is nK. Using the orthogonality of the basis functions,
the expansion coefficients are given by

FΓ,K
µ,m =

M∑

α=1

YK∗
m,α f

Γ
µ,α =

M∑

α=1

L∑

r=1

YK∗
m,α ΥΓ∗

µ;r Φα(rjr). (40)

Here we have used Eq. (38) in the second equality to ex-
press FΓ,K

µ,m in terms of the classical fields. It is worth
noting that this mixed expansion coefficients, expressed
as a special combination of the classical fields, have well
defined transformation properties, indicated by the IR
indices Γ and K, under both the point group of the site-
symmetry and the internal symmetry group. However,
since the two set of symmetry transformations are inde-
pendent of each other, one cannot obtain simultaneous
bispectrum coefficients with respect to both symmetry
groups. To proceed, we can first “trace out” the point
group indices µ by forming the bispectrum coefficients of
the point group first

BΓ,Γ1,Γ2

K1,l;K2,m;K3,n
=
∑

κ,µ,ν

CΓ;Γ1,Γ2
κ,µν FΓ,K1∗

κ,l FΓ1,K2
µ,m FΓ2,K3

ν,n . (41)

These coefficients with three indices l, m, n can be viewed
as a tensor-product representation K ⊗ K1 ⊗ K2 of the
internal symmetry group GΦ. Next we decompose this
tensor-product representation into a direct sum of IRs
of the group GΦ. For convenience of the discussion, we
denote the coefficients of the IR in the direct sum as FKq .
Then invariants with respect to the internal symmetry
are given by the bispectrum coefficients from the “triple”
product of these FKq coefficients. Importantly, these bis-
pectrum coefficients are now invariant with respect to

both the lattice and internal symmetry groups. Since
the FKq coefficients themselves are already triple product
of the field variables, the final invariants in general are
composed of 9 classical variables; although some of them
can be reduced. Since the number of the coefficients in-
creases even more dramatically with the cutoff radius Rc
for type-II models, further approximations are necessary
to simplify the implementation of the descriptor.

A second approach, which is physically more intuitive
and transparent, is to start from the symmetry of the
classical fields and first construct building blocks that
are already invariant under the transformations of the
internal symmetry group. The group-theoretical method
discussed in Sec. III B is then applied to these building
blocks for the lattice symmetry. To this end, we again
note that the classical fields Φj = {Φj,α} at every sites
in the neighborhood Ci is obviously an M -dimensional
representation of the internal symmetry group, and can
be decomposed into IRs of the GΦ group:

Φj,α =
∑

K

nK∑

m=1

fKj,m YK
m, α, (42)

It is worth noting that the expansion coefficients fKj,m ac-
quires a site index j. Again, using the orthogonality of
Y, we have

fKj,m =

M∑

α=1

YK ∗
m, α Φj,α. (43)

If the decomposition in Eq. (42) includes the trivial rep-
resentation K0 which is by definition a one-dimensional
IR, then the coefficients fK0

j are automatically invariant
with respect to the internal symmetry group and are part
of the building blocks for the lattice group.

Other invariants of the internal symmetry group are
provided by the generalized power spectrum Eq. (34)
and the bispectrum coefficients. The crucial difference
here is that these invariants are to be built from different
sites, thus also serving as many-body correlation func-
tions. First, we consider the generalized power spectrum
obtained from a pair of sites (jk)

p
K1,K2

jk =
∑

m

fK1 ∗
j,m fK2

k,m, (44)

Again, the generalized power spectrum coefficient is
nonzero only if the two IRs K1 and K2 have the same
transformation properties. Similarly, one can build in-
variants of internal symmetry from a triplet (jkl) of lat-
tice sites based on the bispectrum coefficients

b
K,K1,K2

jkl =
∑

l,m,n

C
K;K1,K2

l;m,n fK ∗j,l f
K1

k,mf
K2

l,n . (45)

where C
K;K1,K2

l,m,n are the Clebsch-Gordan coefficients of the
internal symmetry group GΦ. Fig. 3 shows examples of
the atomic pairs (jk) and triplets (jkl) related by the
lattice rotation and reflection in the neighborhood of the
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FIG. 3. Examples showing the atomic pair (jk) and triplet
(jkl), which are related by the lattice rotation and reflection
symmetries, in the neighborhood of the center site on a square
lattice.

center site. As mentioned above, these quantities p and
b also encode the two-body and three-body correlations,
respectively, of the neighborhood. Also importantly, they
remain unchanged under operations of the internal sym-
metry group and can be used as building blocks for con-
structing the invariants of the lattice point group. To this
end, we arrange them, including the single-site trivial IR,
into a vector of dimension N :

~U = (U1,U2, · · · ,UN ) =
(
fK0
j , pK1,K2

jk , bK,K1,K2

jkl

)
. (46)

Here we use UJ to denote the components of this vector,
where the index J is used to label either a site j, a pair
(jk), or a triplet (jkl). The dimension N is dominated
by the number of atomic pairs and triplets in the neigh-
borhood. For a neighborhood consisting of L sites, these
two number scale as L2 and L3, respectively. Moreover,
one also needs to take into account the number of dif-
ferent IRs. As the total classical degrees of freedom is
L × M , the set of all f, p, and b invariants obviously
is an over-complete representation of the neighborhood.
Practically, one needs to introduce further constraints in
order to reduce this number, for example, by restricting
distances between the pairs or triplets to be smaller than
another cutoff, or to avoid too many overlaps of the pairs
and triples.

Irrespective of the approximations, by keeping all sym-
metry related pairs and triples, as shown in Fig. 3, in

Eq. (46), the vector ~U forms an N -dimensional represen-
tation of the lattice point group GL. We next apply the
same group-theoretical method discussed in Sec. III B to
obtain the bispectrum coefficients of the point group. We

again decompose ~U into the IRs

UJ =
∑

Γ

nΓ∑

µ=1

fΓ
µΥΓ

µ;J . (47)

where ΥΓ
µ;J are the appropriate basis functions. It is

worth noting that the IRs of the single sites, pairs, and
triplets are decoupled from each other. The expansion

coefficients are then obtained separately as

fΓ
µ =





∑
j ΥΓ∗

µ;j f
K0
j

∑
(jk) ΥΓ∗

µ;jk p
K1,K2

jk

∑
(jkl) ΥΓ∗

µ;jkl b
K,K1,K2

jkl

(48)

Given these IR coefficients, Eqs. (33) and (34) can then
be used to compute the generalized power spectrum and
bispectrum coefficients, respectively, which are invariant
with respect to both the internal and the lattice symme-
try groups of the type-II systems.

D. Atom-centered symmetry functions

The building blocks introduced in Eqs. (44) and (45)
above also offer the basis for a descriptor which can be
viewed as the generalization of the atom-centered sym-
metry function (ACSF) originally proposed to describe
the atomic configurations [29, 36]. Unlike the group-
theoretic methods, the ACSF approach is physically more
intuitive and relatively simple to implement. On the
other hand, it is more difficult to control the errors due
to the ad hoc parameterizations of the symmetry func-
tions. Nonetheless, ACSF has been successfully applied
to the ML interatomic potential for a wide range of ma-
terials. We first briefly review the basic features of ACSF
using the example of mono-atomic systems. For a given
atomic configuration {rj} in the vicinity of a center atom-
i, the fundamental invariants that are invariant under
rotations and reflections of the O(3) group are the dis-
tancesRij = |rj−ri| from the center atom, and the angles
θijk = arccos[(rj − ri) · (rk− ri)/RijRik]. Based on these
quantities, two kinds of symmetry functions are intro-
duced. The first type is the two-body (between atoms j
and the center atom-i) symmetry function

G2({ξm}) =
∑

j 6=i

F2(Rij ; {ξm}), (49)

where F2(R; ξm) is a user-defined function, parameter-
ized by {ξm} to extract atomic structures at certain dis-
tances from the center atom. One popular choice, pro-
posed in the original work [29], is a Gaussian with a soft
cutoff at radius Rc

F2(R; {ξm}) = e−(R−ξ1)2/ξ2
2 fc(R). (50)

Here fc(r) = 1
2

[
cos( πrRc

) + 1
]

for R ≤ Rc and zero other-
wise. The two parameters ξ1 and ξ2 speficiy the center
and width, respectively, of the Gaussian function. The
3-body symmetry functions are defined as

G3({ξm}) =
∑

j,k 6=i

F3(Rij , Rik, Rjk, θijk; {ξm}), (51)
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An example of the three-body envelop function charac-
terized by three parameters is [29, 36]

F3(R1, R2, R3, θ; {ξm}) = 21−ξ1(1 + ξ2 cos θ)ξ1 (52)

× exp
[
−(R2

1 +R2
1 +R2

3)/ξ2
3

]
fc(R1)fc(R2)fc(R3).

We note that generalizations to take into account the dif-
ferent atom species have also been made [79]. Moreover,
depending on the problems at hand, it might be more
convenient to use different F2 and F3 functions, and sev-
eral variants of these functions have been proposed [79].

Next we present a generalization of the ACSF for
condensed-matter systems, where each atom is now asso-
ciated with a dynamical classical field Φj . We emphasize
that the formulation presented here can also be used for
disordered systems, where the “lattice” point group is
replaced by the 3D rotation group SO(3). Moreover, for
applications to MD simulation of liquid systems with a
dynamical classical fields, the generalized ACSF provides
a convenient descriptor for ML energy models for both
the atomic dynamics and the classical fields. In order
to incorporate the internal symmetry, our approach is to
define a set of symmetry functions based on the building
blocks in Eq. (46). We start with the two-body symme-
try functions that include the coefficients of the trivial
IR at every sites:

G2a({ξm}) =
∑

j 6=i

fK0
j F2(Rij ; {ξm}), (53)

This is the direct generalization of the original two-body
symmetry functions that incorporates the on-site classi-
cal fields. Another way to build the 2-body symmetry

functions is to use the invariants pK1,K2

ij between the cen-
ter site-i and a neighboring site-j:

GK1,K2

2b ({ξm}) =
∑

j 6=i

p
K1,K2

jk F ′2(Rij ; {ξm}), (54)

The envelope function F ′2(R) is not necessarily the same
as the one for G2a. A three-body symmetry function
based on single-site invariants is

GK1,K2

3a ({ξm}) =
∑

jk 6=i

fK1
j fK2

k

×F3(Rij , Rik, Rjk, θijk; {ξm}), (55)

The pair-wise invariants can also be combined with the
center atom to define a three-body symmetry function:

GK1,K2

3b ({ξm}) =
∑

jk 6=i

p
K1,K2

jk

×F ′3(Rij , Rik, Rjk, θijk; {ξm}), (56)

A second type of 3-body symmetry functions is obtained

from the invariants bK,K1,K2

ijk that involves the center atom

GK,K1,K2

3c ({ξm}) =
∑

jk 6=i

b
K,K1,K2

ijk

×F ′′3 (Rij , Rik, Rjk, θijk; {ξm}), (57)

Finally, several four-body symmetry functions can be de-
fined based on the fundamental invariants of the inter-
nal symmetry group. For example, combining the triplet
(jkl) with the center site, we have

GK,K1,K2

4 ({ξm}) =
∑

jkl 6=i

b
K,K1,K2

jkl

×F4(Rij , Rik, Ril, · · · ; θijk, θikl, · · · ). (58)

It is worth noting that most of the symmetry functions
also depend on the IR indices K of the internal symmetry
group. We also note that since the relative angles θijk are
pre-defined constants for models on a regular lattice, the
dependence of the F functions on these angles is trivial.
More importantly, these F functions are used to select
the more relevant pairs or triplets to be included in the
symmetry functions.

In particular, the symmetry functions can be simplified
to a sum over the symmetric-IR for lattice models. Take
G3b as an example, we first divide all atomic pairs (jk)
in the neighborhood into inequivalent classes such that
pairs within the same class are related by the point group
symmetry. Moreover, since pairs belong to the same class
are related by rotations or reflections that preserve the
distance from the center site, they share the same value
of the F3 function; see Fig. 3(a) for an example of the
symmetry-related pairs on a square lattice. Using π to
denote the inequivalent classes of pairs, we then have

GK1,K2

3b ({ξm}) =
∑

π

F ′3(π; {ξm})
∑

ĝ

p
K1,K2

π(ĝ) . (59)

Here π(ĝ) denotes atomic pairs (jk) related to a reference
pair in the class π by the symmetry operation ĝ. The sum
over ĝ, which is the symmetric sum of the pair-wise in-
variants p, corresponds to the 1D trivial IR of the lattice
point group. Consequently, the symmetry function G3b

is manifestly an invariant of both the internal and lattice
symmetry groups.

To briefly conclude this Section, we have formulated a
general theory of descriptors for characterizing dynami-
cal classical fields in condensed matter systems, and pre-
sented various different, yet related, approaches for com-
puting the invariant feature variables. By generalizing
the concept of the Weyl matrix for atomic environment,
we show that the ordered eigenvalues of a correlation ma-
trix can be used to characterize the classical fields in a
local neighborhood. The group-theoretical method offers
a rigorous and systematic approach to derive a descriptor
based on the bispectrum coefficients. Finally, we discuss
a descriptor that incorporates the symmetry of the clas-
sical fields into the atom-centered symmetry functions.
Explicit implementations of these descriptors are demon-
strated for well-studied correlated electron systems in the
following sections.
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IV. EXAMPLE: ADIABATIC DYNAMICS OF
CLASSICAL SCALAR FIELD

We first discuss descriptors for the simplest classical
field: a dynamical scalar variable Qi = Q(ri) associated
with every lattice sites in a square lattice. Physically,
such dynamical scalar field can be viewed as describ-
ing the local isotropic structure distortion, for example,
the breathing mode of the MO6 octahedron in transition
metal oxide. Specific example is given by the Holstein
model [109] with spinless electrons:

Ĥ = −t
∑

〈ij〉

(
ĉ†i ĉj + h.c.

)
− g

∑

i

Qin̂i (60)

where ĉi/ĉ
†
i is the annihilation/creation operators of spin-

less electron at site-i, and n̂i = ĉ†i ĉi is the corresponding
number operator. The first-term describes electron hop-
ping between nearest-neighbor sites 〈ij〉, t is the nearest-
neighbor hopping coefficient. The second term denotes
phonon-electron interaction with a coupling constant g.
The Hamiltonian is supplemented by the classical poten-
tial energy that describes the elastic energies of the local
structural distortion,

V({Qi}) =
K0

2

∑

i

Q2
i +K1

∑

〈ij〉

QiQj . (61)

where K0 and K1 are the effective spring constants.
Inclusion of electron-electron interaction leads to the
Holstein-Hubbard model [110] with spinful electrons

Ĥ = −t
∑

〈ij〉

∑

σ=↑,↓

(
ĉ†i,σ ĉj,σ + h.c.

)
(62)

+U
∑

i

n̂i,↑n̂i,↓ + V
∑

〈ij〉

n̂in̂j − g
∑

i

Qin̂i,

Here n̂i,σ = ĉ†i,σ ĉi,σ is the number operator of electron
with spin-σ, and n̂i = n̂i,↑+n̂i,↓, the U term describes the
well known on-site Hubbard repulsion, and V represents
short-range Coulomb interactions.

The Holstein models in which the lattice degrees of
freedom are treated quantum mechanically are used to
study phenomena related to electron-phonon coupling,
such as polaron physics and superconductivity. On the
other hand, Holstein models with classical phonons also
serve as simple model systems to investigate the effects
of structural distortions on the electronic properties. In-
deed, the Jahn-Teller model, which is the multi-orbital
generalization of the Holstein model, plays an important
role in the physics of colossal magnetoresistance effect.
In particular, as discussed in Sec. I, complex inhomoge-
neous states can arise from the interplay between the fast
electron and slow classical lattice dynamics.

Here we are interested in the adiabatic dynamics of
these models and treat the lattice distortions as classical

dynamical variables. Their time evolution is then gov-
erned by the Langevin equation

µ
d2Qi
dt2

+ λ
dQi
dt

= − ∂V
∂Qi

− ∂〈Ĥ〉
∂Qi

+ ηi(t). (63)

where µ is the effective mass and λ is the dissipation con-
stant, and ηi(t) represents the stochastic thermal forces.
The first term on the right hand side describes the classi-
cal elastic restoring force, while the second term is due to
the electron-lattice coupling. Explicit calculation gives

F elec
i = −∂〈Ĥ〉

∂Qi
= g〈n̂i〉, (64)

The electron force is proportional to the on-site electron
density. Similar to the Born-Oppenheimer approxima-
tion in ab initio or quantum MD simulations, the elec-
trons are assumed to quickly reach quasi-equilibrium of
the instantaneous Hamiltonian. For a given classical
field, the Holstein model describes a quadratic fermionic
Hamiltonian, which can be solved by, e.g. exact diagonal-
ization. In the presence of Hubbard interaction U , many-
body methods such as the real-space Gutzwiller/slave
boson [87], or DMFT are required to solve the electron
Hamiltonian and compute the electron force. As dis-
cussed in Sec. II, these are time-consuming computations
for large system sizes, and ML methods can be employed
to achieve large-scale dynamical simulations. In the fol-
lowing, we implement the descriptors discussed in Sec. III
to the Holstein-type models.

A. Correlation matrix

We first discuss the descriptor based on the correlation
matrix. Since here we are dealing with a scalar field,
there is no internal index. Using the notations intro-
duced to label the neighborhood sites in Sec. III, we ar-
range the lattice distortions into a vector U with elements
Ur = Qjr = Q(rjr). The matrix index r = 1, 2, 3, · · · , L,
where L is the total number of sites in the neighborhood.
We reserve r = 1 for the center site, i.e. j1 = i. For
convenience, we also define Rrs = |rjr − rjs |. The explicit
definition of the correlation matrix is (c.f. Eq. (14))

C11 = U2
1

Crr = U2
r /R

2
1r (r 6= 1)

Cr1 = C1r = U1 Ur/R2
1r (r 6= 1)

Crs = Csr = Ur Us/R1rR1sRrs (r, s 6= 1, r 6= s)

(65)

The dimension of the correlation matrix is given by the
number of lattice sites L in the local neighborhood, which
in our implementation contains a total of L = 89 sites (up
to the 14th neighbors). Since this is a relatively small
number, all eigenvalues of the C matrix are used for the
descriptor.

We integrate the correlation-matrix descriptor with a
neural network (NN) learning model to predict the elec-
tron force. As a proof of principle, we consider the Hol-
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FIG. 4. (a) Electron forces predicted from ML model with
the correlation-matrix descriptor versus exact solutions for
test dataset of the Holstein model with g = 1.5t. Here the
forces are normalized by the coupling constant g, hence are
the same as the on-site electron density ni. (b) Histogram of
the force error δ = (FML − Fexact)/g.

stein model Eq. (60) without electron-electron interac-
tion. By exactly diagonalizing the quadratic Hamilto-
nian, the electron force, which is proportional to the on-
site electron density, is obtained from the eigenvectors.
A six-layer NN model is trained from 2000 snapshots
of a 30 × 30 system. Fig. 4 shows the ML predictions
versus the exact forces. Here we plot the dimensionless
forces normalized by the coupling constant g, which is
the same as the on-site electron density. The histogram
of the prediction error exhibits a small standard devia-
tion σ = 0.023, indicating very good accuracy of the ML
predicted forces.

A remark about the ML model. The results shown in
Fig. 4 were obtained from an ML energy model based on
the BP scheme shown in Fig. 1. The output of the NN
is the local energy εi, and the force is obtained via auto-
matic differentiation of the total energy. Since the scalar
force is simply proportional to the electron density, one
can apply the supervised learning to build a NN which
directly predicts the on-stie density 〈n̂i〉 from the lattice
distortions {Qj} in the neighborhood. Interestingly, we
found that the accuracy of this direct approach is worse
than that based on the BP method. As already noted
in previous works, the BP method ensures that the pre-
dicted forces are conservative as they are given by the
derivative of an effective energy. The more constrained
supervised learning in the BP scheme also helps with the
prediction accuracy.

B. Bispectrum

Next we discuss the bispectrum descriptor of the
Holstein-type models based on the group-theoretical
method. The site-symmetry of the square lattice is de-
scribed by the D4 point group. As discussed above, the
collection of on-site lattice distortions {Qj} in the neigh-
borhood forms a high-dimensional representation of the
D4 group, which can be decomposed into the five irre-
ducible representations: A1, A2, B1, B2, and E; see Ta-
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2

<latexit sha1_base64="DNGeUqRnEQEsSa5XofbWkWvFfEA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSszoold2KuwBZJ15OypCjMSh99YcxSyOUhgmqdc9zE+NnVBnOBM6K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1aue3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDeuSMsQ==</latexit>

2

<latexit sha1_base64="DNGeUqRnEQEsSa5XofbWkWvFfEA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSszoold2KuwBZJ15OypCjMSh99YcxSyOUhgmqdc9zE+NnVBnOBM6K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1aue3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDeuSMsQ==</latexit>

2

<latexit sha1_base64="DNGeUqRnEQEsSa5XofbWkWvFfEA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSszoold2KuwBZJ15OypCjMSh99YcxSyOUhgmqdc9zE+NnVBnOBM6K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1aue3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDeuSMsQ==</latexit>

2

<latexit sha1_base64="DNGeUqRnEQEsSa5XofbWkWvFfEA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSszoold2KuwBZJ15OypCjMSh99YcxSyOUhgmqdc9zE+NnVBnOBM6K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1aue3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDeuSMsQ==</latexit>

3

<latexit sha1_base64="X1maPotTgKDGP04VhpQAAKGWSK4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW1FvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipcdUvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpXbRrVc8/I4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfGiMsg==</latexit>

3

<latexit sha1_base64="X1maPotTgKDGP04VhpQAAKGWSK4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW1FvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipcdUvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpXbRrVc8/I4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfGiMsg==</latexit>

3

<latexit sha1_base64="X1maPotTgKDGP04VhpQAAKGWSK4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW1FvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipcdUvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpXbRrVc8/I4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfGiMsg==</latexit>

3

<latexit sha1_base64="X1maPotTgKDGP04VhpQAAKGWSK4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokW1FvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipcdUvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpXbRrVc8/I4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfGiMsg==</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

4

<latexit sha1_base64="7DNcD79S1JzjXCLD37YFbqJ8HTA=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpWG8FLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S1vbO7V953Dw6Pjk8q7mlHJ5li2GaJSFQvpBoFl9g23AjspQppHArshtO7hd99RqV5Ih/NLMUgpmPJI86osdJDfVipejVvCbJJ/IJUoUBrWPkajBKWxSgNE1Trvu+lJsipMpwJnLuDTGNK2ZSOsW+ppDHqIF8eOieXVhmRKFG2pCFL9fdETmOtZ3FoO2NqJnrdW4j/ef3MRI0g5zLNDEq2WhRlgpiELL4mI66QGTGzhDLF7a2ETaiizNhsXBuCv/7yJulc1/x67bba9IswynAOF3AFPtxAE+6hBW1ggPACb/DuPDmvzseqseQUE2fwB87nDxOIi4k=</latexit>

5

<latexit sha1_base64="Y25nNMW7PcmT5XE7BS8lE8AIj+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkot4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmpf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYqdS+PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/f3CMtA==</latexit>

5

<latexit sha1_base64="Y25nNMW7PcmT5XE7BS8lE8AIj+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkot4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmpf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYqdS+PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/f3CMtA==</latexit>

5

<latexit sha1_base64="Y25nNMW7PcmT5XE7BS8lE8AIj+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkot4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmpf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYqdS+PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/f3CMtA==</latexit>

5

<latexit sha1_base64="Y25nNMW7PcmT5XE7BS8lE8AIj+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkot4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmpf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYqdS+PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/f3CMtA==</latexit>

6

<latexit sha1_base64="lsbNmapUhqIppvHZHf9jQwm+2WU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWal72yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVr1plmr1L08jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AID0jLU=</latexit>

6

<latexit sha1_base64="lsbNmapUhqIppvHZHf9jQwm+2WU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWal72yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVr1plmr1L08jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AID0jLU=</latexit>
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<latexit sha1_base64="lsbNmapUhqIppvHZHf9jQwm+2WU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWal72yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVr1plmr1L08jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AID0jLU=</latexit>
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<latexit sha1_base64="lsbNmapUhqIppvHZHf9jQwm+2WU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWal72yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVr1plmr1L08jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AID0jLU=</latexit>
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<latexit sha1_base64="8ANd2QoYeNA17/8XCpGcNOzOxh0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdvm9eVupfHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgniMtg==</latexit>
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<latexit sha1_base64="8ANd2QoYeNA17/8XCpGcNOzOxh0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdvm9eVupfHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgniMtg==</latexit>
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<latexit sha1_base64="8ANd2QoYeNA17/8XCpGcNOzOxh0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdvm9eVupfHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgniMtg==</latexit>
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<latexit sha1_base64="8ANd2QoYeNA17/8XCpGcNOzOxh0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdvm9eVupfHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgniMtg==</latexit>

7

<latexit sha1_base64="8ANd2QoYeNA17/8XCpGcNOzOxh0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdvm9eVupfHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgniMtg==</latexit>
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<latexit sha1_base64="8ANd2QoYeNA17/8XCpGcNOzOxh0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdvm9eVupfHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgniMtg==</latexit>
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<latexit sha1_base64="8ANd2QoYeNA17/8XCpGcNOzOxh0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdvm9eVupfHUYQzOIdL8KAGdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPgniMtg==</latexit>
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<latexit sha1_base64="ajSVP9XI8I2jPrJBDAiHjUf3nVg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu3zetK3cvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPg/yMtw==</latexit>
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8
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<latexit sha1_base64="Izjj0LJNLFS7kOaXzi/wl281n2w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZm1QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rqXVdrzetK3cvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPhYCMuA==</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

10

<latexit sha1_base64="dpBdDCKeg/OoGIeuu01JhfwaYf0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXjuoFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6qerXqzX2t0vDyOIpwBudwCR7UoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+c1jOo=</latexit>

11

<latexit sha1_base64="a9I33/ioSCWliIxPFXfLDcEQX4c=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoN4CXjxGMQ9IljA7mU2GzM4uM71CCPkDLx4U8eofefNvnCR70MSChqKqm+6uMFXSou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmd+60kYKxP9iONUBDEbaBlJztBJD5T2yhW/6s9BVgnNSQVy1Hvlr24/4VksNHLFrO1QP8VgwgxKrsS01M2sSBkfsYHoOKpZLGwwmV86JWdO6ZMoMa40krn6e2LCYmvHceg6Y4ZDu+zNxP+8TobRdTCROs1QaL5YFGWKYEJmb5O+NIKjGjvCuJHuVsKHzDCOLpySC4Euv7xKmhdVelm9ub+s1GgeRxFO4BTOgcIV1OAO6tAADhE8wyu8eSPvxXv3PhatBS+fOYY/8D5/AOi5jOs=</latexit>

11

<latexit sha1_base64="a9I33/ioSCWliIxPFXfLDcEQX4c=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoN4CXjxGMQ9IljA7mU2GzM4uM71CCPkDLx4U8eofefNvnCR70MSChqKqm+6uMFXSou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmd+60kYKxP9iONUBDEbaBlJztBJD5T2yhW/6s9BVgnNSQVy1Hvlr24/4VksNHLFrO1QP8VgwgxKrsS01M2sSBkfsYHoOKpZLGwwmV86JWdO6ZMoMa40krn6e2LCYmvHceg6Y4ZDu+zNxP+8TobRdTCROs1QaL5YFGWKYEJmb5O+NIKjGjvCuJHuVsKHzDCOLpySC4Euv7xKmhdVelm9ub+s1GgeRxFO4BTOgcIV1OAO6tAADhE8wyu8eSPvxXv3PhatBS+fOYY/8D5/AOi5jOs=</latexit>

11

<latexit sha1_base64="a9I33/ioSCWliIxPFXfLDcEQX4c=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoN4CXjxGMQ9IljA7mU2GzM4uM71CCPkDLx4U8eofefNvnCR70MSChqKqm+6uMFXSou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmd+60kYKxP9iONUBDEbaBlJztBJD5T2yhW/6s9BVgnNSQVy1Hvlr24/4VksNHLFrO1QP8VgwgxKrsS01M2sSBkfsYHoOKpZLGwwmV86JWdO6ZMoMa40krn6e2LCYmvHceg6Y4ZDu+zNxP+8TobRdTCROs1QaL5YFGWKYEJmb5O+NIKjGjvCuJHuVsKHzDCOLpySC4Euv7xKmhdVelm9ub+s1GgeRxFO4BTOgcIV1OAO6tAADhE8wyu8eSPvxXv3PhatBS+fOYY/8D5/AOi5jOs=</latexit>

11

<latexit sha1_base64="a9I33/ioSCWliIxPFXfLDcEQX4c=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyIoN4CXjxGMQ9IljA7mU2GzM4uM71CCPkDLx4U8eofefNvnCR70MSChqKqm+6uMFXSou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmuGjwRCWmHTIrlNSigRKVaKdGsDhUohWObmd+60kYKxP9iONUBDEbaBlJztBJD5T2yhW/6s9BVgnNSQVy1Hvlr24/4VksNHLFrO1QP8VgwgxKrsS01M2sSBkfsYHoOKpZLGwwmV86JWdO6ZMoMa40krn6e2LCYmvHceg6Y4ZDu+zNxP+8TobRdTCROs1QaL5YFGWKYEJmb5O+NIKjGjvCuJHuVsKHzDCOLpySC4Euv7xKmhdVelm9ub+s1GgeRxFO4BTOgcIV1OAO6tAADhE8wyu8eSPvxXv3PhatBS+fOYY/8D5/AOi5jOs=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

12

<latexit sha1_base64="IPlirCY/IPSRosJuoA3h2fGKE2c=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXi1QbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UYXvuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2revXqzX290vDyOIpwBudwCR5cQQPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+o9jOw=</latexit>

0

<latexit sha1_base64="fNx4i601uBhuG+YrZdobw3WswKE=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0ikUHsrePHYgm2FNpTNdtKu3XywuxFK6C/w4kERr/4kb/4bt2kEFX0w8Hhvhpl5fiK40o7zYZXW1jc2t8rblZ3dvf2D6uFRT8WpZNhlsYjlrU8VCh5hV3Mt8DaRSENfYN+fXS39/j1KxePoRs8T9EI6iXjAGdVG6jijas2xmznIijTqBWm6xLWdHDUo0B5V34fjmKUhRpoJqtTAdRLtZVRqzgQuKsNUYULZjE5wYGhEQ1Relh+6IGdGGZMglqYiTXL1+0RGQ6XmoW86Q6qn6re3FP/yBqkOLr2MR0mqMWKrRUEqiI7J8msy5hKZFnNDKJPc3ErYlErKtMmmYkL4+pT8T3oXtlu3m516reUWcZThBE7hHFxoQAuuoQ1dYIDwAE/wbN1Zj9aL9bpqLVnFzDH8gPX2CU0WjUI=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

13

<latexit sha1_base64="Hx6vm87mrDLJ0YgbRuRuiWWeVWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg3fRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrepfVm/tape7lcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+shjOs=</latexit>

FIG. 5. Partition of lattice sites in the neighborhood Ci into
groups (nearest neighbors, 2nd nearest neighbors, and so on)
depending on their distance to the center site. Lattice sites
belong to the same neighboring group are also related by sym-
metry operations of the point group.

ble I for the character table of the point group D4. The
first four are singlet IRs, while E is a doublet represen-
tation. The task of the decomposition is made easier by
noting that the {Qj} of same radius from the center form
invariant blocks under the symmetry operations, i.e. the
matrix representation of symmetry operations of D4 are
block-diagonalized with each block corresponding to a
given radius; see Fig. 5.

In fact, direction examination shows that there are
only two kinds of invariant blocks, one of size 4 and
the other 8, illustrated in Fig. 6(a) and (b), respec-
tively. Consequently, one only needs to decompose the
resultant 4- and 8-dimensional reducible representations.
The decomposition of the 4-site blocks in Fig. 6(a) is
4 = A1 ⊕B1 ⊕ E, with the following coefficients:

fA1 = Qa +Qb +Qc +Qd,

fB1 = Qa −Qb +Qc −Qd, (66)

fE1 = Qa −Qc, fE2 = Qb −Qd.
The decomposition of the 8-site block shown in Fig. 6(b)

D4 E 2C4(z) C2(z) 2C
′
2 2C

′′
2 Linear func Quadaratic func

A1 +1 +1 +1 +1 +1 – (x2 + y2), z2

A2 +1 +1 +1 −1 −1 z –

B1 +1 −1 +1 +1 −1 – x2 − y2

B2 +1 −1 +1 −1 +1 – xy

E +2 0 −2 0 0 (x, y) (xz, yz)

TABLE I. Character table for point group D4. Also shown
are the linear and quadratic function representations of the
various IRs.
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a

<latexit sha1_base64="eq63uIpB4oiGA+f6ry67dL8JVZs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJXr1TyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBwm2M4Q==</latexit>

b

<latexit sha1_base64="rZ7IOr39EBXPsznfnz6uLzApgrA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSMxiUym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbIo2BG/15XXSrla8WuW2WSvXq3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDw/GM4g==</latexit>

c

<latexit sha1_base64="6/E2oYQjgR65mduo9vpRABt3PZg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw1KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJXr1TyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxXWM4w==</latexit>

d

<latexit sha1_base64="KaaJqLD5Xs03O70xcYNDrMC3T/0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyYecUWOlZjgold2KuwBZJ15OypCjMSh99cOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6uEZBgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeaoY3fsZlkhqUbLlomApiYjL/moRcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1auV/M4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHxvmM5A==</latexit>

(b)

<latexit sha1_base64="8TeiBv/eASGMwO9XdZ8sUEW4Gl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CMZbwIvHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfy0UwS9CM6lDzkjBorPZSDy36x5FbcBcg68TJSggyNfvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLU2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NWHNn3KZpAYlWy4KU0FMTOZ/kwFXyIyYWEKZ4vZWwkZUUWZsOgUbgrf68jppVSveVeXmvlqq17I48nAG51AGD66hDnfQgCYwGMIzvMKbI5wX5935WLbmnGzmFP7A+fwBim6NSw==</latexit>

a

<latexit sha1_base64="eq63uIpB4oiGA+f6ry67dL8JVZs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJXr1TyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBwm2M4Q==</latexit>

b

<latexit sha1_base64="rZ7IOr39EBXPsznfnz6uLzApgrA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSMxiUym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbIo2BG/15XXSrla8WuW2WSvXq3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDw/GM4g==</latexit>

c

<latexit sha1_base64="6/E2oYQjgR65mduo9vpRABt3PZg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw1KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJXr1TyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxXWM4w==</latexit>

d

<latexit sha1_base64="KaaJqLD5Xs03O70xcYNDrMC3T/0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyYecUWOlZjgold2KuwBZJ15OypCjMSh99cOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6uEZBgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeaoY3fsZlkhqUbLlomApiYjL/moRcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1auV/M4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHxvmM5A==</latexit>

e

<latexit sha1_base64="MzvRrITj9NIQk5gh8QBCZg60l5s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSEwelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxWvVrlt1sr1ah5HAc7hAq7Ag2uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AyH2M5Q==</latexit>

f

<latexit sha1_base64="wFLVzTnlb4sUQ4ybD1ZGGOx7ZI4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSMxyUym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbIo2BG/15XXSrla8WuW2WSvXq3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDygGM5g==</latexit>

g

<latexit sha1_base64="jn8/AUlIOyGl1BSxNBLpodcfOlA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSczQold2KuwBZJ15OypCjMSh99YcxSyOUhgmqdc9zE+NnVBnOBM6K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1auV/M4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHy4WM5w==</latexit>

h

<latexit sha1_base64="jzUsl/q53vCUNN6d8kXdzdQJhgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSczwold2KuwBZJ15OypCjMSh99YcxSyOUhgmqdc9zE+NnVBnOBM6K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1auV/M4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHzQmM6A==</latexit>

(a)

<latexit sha1_base64="rTHPC6yDRVJuf6PVh30vx1Hk/eA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CMZbwIvHiOYByRJ6J7PJkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49u5335iSvNYPppJwvwIh5KHnKKx0kMZL/vFkltxFyDrxMtICTI0+sWv3iCmacSkoQK17npuYvwpKsOpYLNCL9UsQTrGIetaKjFi2p8uTp2RC6sMSBgrW9KQhfp7YoqR1pMosJ0RmpFe9ebif143NWHNn3KZpIZJulwUpoKYmMz/JgOuGDViYglSxe2thI5QITU2nYINwVt9eZ20qhXvqnJzXy3Va1kceTiDcyiDB9dQhztoQBMoDOEZXuHNEc6L8+58LFtzTjZzCn/gfP4AiOmNSg==</latexit>

FIG. 6. The two basic types of neighboring groups with (a) 4
and (b) 8 sites. These groups form invariant blocks in the
representations of the neighborhood classical field.

is: 8 = A1 ⊕A2 ⊕B1 ⊕B2 ⊕ 2E. Importantly, there are
two doublet E IRs. The corresponding coefficients are

fA1 = Qa +Qb +Qc +Qd +Qe +Qf +Qg +Qh,

fA2 = Qa −Qb +Qc −Qd +Qe −Qf +Qg −Qh,
fB1 = Qa −Qb −Qc +Qd +Qe −Qf −Qg +Qh,

fB2 = Qa +Qb −Qc −Qd +Qe +Qf −Qg −Qh,
fE1 = Qa −Qe, fE2 = Qc −Qg
fE
′

1 = Qb −Qf , fE
′

2 = Qd −Qh. (67)

Since for most point groups, the dimension of the IRs
is often very small, and IR of the same transforma-
tion properties appears many times in the decomposi-

tion of the vector ~U representation of the neighborhood,
we label the IR index as Γ = (T, r), where T denotes
the symmetry type of the IR, and r enumerates the
multiple occurrence of this symmetry in the decompo-
sition. Using the above formulas for the different neigh-
borhood blocks, we thus decompose the {Qj} variables

into five different IRs f (A1,r), f (A2,r), f (B1,r), f (B2,r), and

f (E,r) = (f
(E,r)
1 , f

(E,r)
2 ).

Now that we have all the IR components, we can now
use Eq. (33) to compute the bispectrum coefficients. To
this end, we first list in Table II the decomposition of
tensor product for the D4 group. The nonzero Clebsch-
Gordan (CG) coefficients of the tensor products can be
found in, e.g. Ref. [108]. The bispectrum coefficients can
be classified according to the tensor-product table. First,
we list the coefficients involving only the singlets:

b
(A1,A1,A1)
r,r′,r′′ = f (A1,r)f (A′1,r

′)f (A′′1 ,r
′′), (68a)

b
(A1,A2,A2)
r,r′,r′′ = f (A1,r)f (A2,r

′)f (A2,r
′′), (68b)

b
(A1,B1,B1)
r,r′,r′′ = f (A1,r)f (B1,r

′)f (B1,r
′′), (68c)

b
(A1,B2,B2)
r,r′,r′′ = f (A1,r)f (B2,r

′)f (B2,r
′′), (68d)

b
(A2,B1,B2)
r, r′, r′′ = f (A2,r)f (B1,r

′)f (B2,r
′′). (68e)

There are four different types of bispectrum coefficients
involving the doublet. Their expressions can be simpli-

A1 A2 B1 B2 E

A1 A1 A2 B1 B2 E

A2 A1 B2 B1 E

B1 A1 A2 E

B2 A1 E

E A1 ⊕A2 ⊕B1 ⊕B2

TABLE II. Direct products of irreducible representations of
the D4 point group.

fied using the Pauli matrices σ1,2,3:

b
(A1,E,E)
r,r′,r′′ = f (A1,r)

(
f

(E,r′)
1 f

(E,r′′)
1 + f

(E,r′)
2 f

(E,r′′)
2

)

= f (A1,r) f (E,r′) · f (E,r′′), (69a)

b
(A2,E,E)
r,r′,r′′ = f (A2,r)

(
f

(E,r′)
1 f

(E,r′′)
2 − f (E,r′)

2 f
(E,r′′)
1

)

= f (A2,r) f (E,r′) · (−iσ2) · f (E,r′′), (69b)

b
(B1,E,E)
r,r′,r′′ = f (B1,r)

(
f

(E,r′)
1 f

(E,r′′)
1 − f (E,r′)

2 f
(E,r′′)
2

)

= f (B1,r) f (E,r′) · σ3 · f (E,r′′), (69c)

b
(B2,E,E)
r,r′,r′′ = f (B2,r)

(
f

(E,r′)
1 f

(E,r′′)
2 + f

(E,r′)
2 f

(E,r′′)
1

)

= f (B2,r) f (E,r′) · σ1 · f (E,r′′), (69d)

While bispectrum provides a complete description of the
neighborhood within a cutoff, a formal descriptor based
on bispectrum requires a large number of b coefficients,
which makes it infeasible practically. Besides, the vari-
ous coefficients b are not independent of each other. To
simplify the calculation, our approach here is to use the
power spectrum pΓ

r supplemented by some of the bis-
pectrum coefficients to obtain an equivalent, but more
efficient, descriptor.

C. Reference coefficient for irreducible
representations

The bispectrum provides a systematic method to ob-
tain invariants which contain crucial information regard-
ing the relative “phases” between different IRs. However,
the set of all bispectrum coefficients listed in Eqs. (68)

is obviously over-complete. For example, since f
(A1)
r is

already an invariant itself, the b
(A1,A1,A1)
r,r′,r′′ is redundant.

Here we propose a novel method to retain the phase in-
formation based on the idea of reference coefficients for
irreducible representations of the site-symmetry group.
Importantly, this method allows us to significantly reduce
the number of feature variables required to reconstruct
the environment configuration module the site symmetry.

To demonstrate the idea of reference coefficients, we
consider bispectrum b(A1,Γ,Γ), where Γ = A2, B1, or B2

is one of the singlet IR. For convenience, we define the
phase of the singlet coefficient as

f (Γ,r) =
√
pΓ
r η

Γ
r , (70)
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C1

<latexit sha1_base64="W/Kv0+cA61/r71AYTpRetdZxX08=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wacz9zhPXRsTqEacJ9yM6UiIUjKKVHhoDb1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVb1a9fa+VqnX8jiKcAbncAkeXEMd7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QO6jY1p</latexit>

C2

<latexit sha1_base64="VsXICiCTrcMdd7gMCJYfGZ1C1pY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VevFY0dZCG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTjolTzXibxTLW3YAaLoXibRQoeTfRnEaB5I/BpDn3H5+4NiJWDzhNuB/RkRKhYBStdN8c1Ablilt1FyDrxMtJBXK0BuWv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5NOrerVqzd39UqjnsdRhDM4h0vw4AoacAstaAODETzDK7w50nlx3p2PZWvByWdO4Q+czx+8EY1q</latexit>

C3

<latexit sha1_base64="twrcsbOagdzfngjt0aMYNizkOWY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KvXisaD+gDWWznbRLN5uwuxFK8Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTxszvPKLSPJYPZpqgH9GR5CFn1FjpvjG4HJQrbtWdg6wSLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCn0r9VGNC2YSOsGeppBFqP5uf+kTOrDIkYaxsSUPm6u+JjEZaT6PAdkbUjPWyNxP/83qpCa/9jMskNSjZYlGYCmJiMvubDLlCZsTUEsoUt7cSNqaKMmPTKdkQvOWXV0n7ourVqjd3tUq9lsdRhBM4hXPw4ArqcAtNaAGDETzDK7w5wnlx3p2PRWvByWeO4Q+czx+9lY1r</latexit>

C4

<latexit sha1_base64="XxsY/UJEgMfoYAI5pVZm7h/g1tI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wacz9zhPXRsTqEacJ9yM6UiIUjKKVHhqD2qBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnq16u19rVKv5XEU4QzO4RI8uIY63EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8we/GY1s</latexit>

C5

<latexit sha1_base64="hu88NlH2FyTZxshPe6AlC1+Yzic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkot4KvXisaD+gDWWznbRLN5uwuxFK8Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTxszvPKLSPJYPZpqgH9GR5CFn1FjpvjG4HJQrbtWdg6wSLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCn0r9VGNC2YSOsGeppBFqP5uf+kTOrDIkYaxsSUPm6u+JjEZaT6PAdkbUjPWyNxP/83qpCa/9jMskNSjZYlGYCmJiMvubDLlCZsTUEsoUt7cSNqaKMmPTKdkQvOWXV0n7ourVqjd3tUq9lsdRhBM4hXPw4ArqcAtNaAGDETzDK7w5wnlx3p2PRWvByWeO4Q+czx/AnY1t</latexit>

C6

<latexit sha1_base64="+TMaAtXFbDY74duok+ln0J673CY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HEL5OIxonlAsoTZSW8yZHZ2mZkVwuInePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMGjO/84hK81g+mGmCfkRHkoecUWOl+8bgclCuuFV3DrJKvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJfCr1U40JZRM6wp6lkkao/Wx+6hM5s8qQhLGyJQ2Zq78nMhppPY0C2xlRM9bL3kz8z+ulJrz2My6T1KBki0VhKoiJyexvMuQKmRFTSyhT3N5K2JgqyoxNp2RD8JZfXiXti6pXq97c1Sr1Wh5HEU7gFM7Bgyuowy00oQUMRvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AwiGNbg==</latexit>

C7

<latexit sha1_base64="xkQezHRy8S6pQcxHO1sVvw/1ktM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokUqrdCLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0beJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeYNOZ+54lrI2L1iNOE+xEdKREKRtFKD41BbVAquxV3AbJOvJyUIUdzUPrqD2OWRlwhk9SYnucm6GdUo2CSz4r91PCEsgkd8Z6likbc+Nni1Bm5tMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06RRuCt/ryOmlfV7xq5fa+Wq5X8zgKcA4XcAUe1KAOd9CEFjAYwTO8wpsjnRfn3flYtm44+cwZ/IHz+QPDpY1v</latexit>

C8

<latexit sha1_base64="ccFvEtrw3GJvh6ZoHPbjTlA6Mh0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokUrLdCLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0beJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeYNOZ+54lrI2L1iNOE+xEdKREKRtFKD41BbVAquxV3AbJOvJyUIUdzUPrqD2OWRlwhk9SYnucm6GdUo2CSz4r91PCEsgkd8Z6likbc+Nni1Bm5tMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjU/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadog3BW315nbSvK161cntfLdereRwFOIcLuAIPbqAOd9CEFjAYwTO8wpsjnRfn3flYtm44+cwZ/IHz+QPFKY1w</latexit>

B1

<latexit sha1_base64="a37DXosofX+zRe27vEB4i6/mDvQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw03f65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHq16vV9rVKv5XEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8we5B41o</latexit>

B2

<latexit sha1_base64="cL24sDtDQYL3Rdx8JoK6dQNqv10=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7q/7tX654lbdOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz0My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtWtWrV6/u6pVGPY+jCCdwCufgwQU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz+6i41p</latexit>

B3

<latexit sha1_base64="oBWGfJFwqqQCbPU5MgH6Soepbxs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rp/3i9X3Ko7B/lLvJxUIEejX/7sDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUpOrDIgYaxsSUPm6s+JjEZaT6LAdkbUjPSyNxP/87qpCS/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWX/5LWWdWrVa/uapV6LY+jCEdwDKfgwQXU4RYa0AQGQ3iCF3h1hPPsvDnvi9aCk88cwi84H9+8D41q</latexit>

(b)

<latexit sha1_base64="Lle48hfv0bpDEmLhoZGNH8+qcrI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CD5OAS8eI5oHJEuYncwmQ2Znl5leIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5BIYdB1v53c2vrG5lZ+u7Czu7d/UDw8apo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrczv/XEtRGxesRxwv2IDpQIBaNopYdycN4rltyKOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+alTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+ROhkhS5YotFYSoJxmT2N+kLzRnKsSWUaWFvJWxINWVo0ynYELzll1dJs1rxLirX99VS7SaLIw8ncApl8OASanAHdWgAgwE8wyu8OdJ5cd6dj0VrzslmjuEPnM8fiwiNTQ==</latexit>

(a)

<latexit sha1_base64="uisob7i4iOjYdopSQz2jtXjMVJg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CD5OAS8eI5oHJEvoncwmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqihr0FjEqh2gZoJL1jDcCNZOFMMoEKwVjG5nfuuJKc1j+WjGCfMjHEgecorGSg9lPO8VS27FnYOsEi8jJchQ7xW/uv2YphGThgrUuuO5ifEnqAyngk0L3VSzBOkIB6xjqcSIaX8yP3VKzqzSJ2GsbElD5urviQlGWo+jwHZGaIZ62ZuJ/3md1IRX/oTLJDVM0sWiMBXExGT2N+lzxagRY0uQKm5vJXSICqmx6RRsCN7yy6ukWa14F5Xr+2qpdpPFkYcTOIUyeHAJNbiDOjSAwgCe4RXeHOG8OO/Ox6I152Qzx/AHzucPiYONTA==</latexit>

FIG. 7. Construction of the reference irreducible repre-
sentations from (a) a particular neighboring group, and
(b) symmetry-related clusters.

Since the A1 part is already invariant under symmetry
operations, the invariance of b(A1,Γ,Γ) is equivalent to the
invariance of the following product

f (Γ,r) f (Γ,r′) =
√
pΓ
r p

Γ
r′ η

Γ
r,r′ (71)

where we have defined the relative phase of two expansion
coefficients as

ηΓ
r1,r2 = ηΓ

r1 η
Γ
r2 . (72)

In addition to the power spectrum coefficients pΓ, the
relative phase ηΓ

r1,r2 is a crucial invariant encoded in the
bispectrum. However, the relative phases are not inde-
pendent of each other. Indeed, from its definition it is
straightforward to show that

ηΓ
r1,r2 η

Γ
r2,r3 η

Γ
r3,r1 = 1. (73)

To derive the set of truly independent phase coefficients,
we introduce the phase ηΓ

∗ of a reference expansion coeffi-
cient f (Γ,∗) of IR-Γ, and define the relative phase between
a given coefficient f (Γ,r) and the reference one as ηΓ

∗,r.
The relative phase between two expansion coefficients of
the same IR Γ is then given by

ηΓ
r1, r2 = ηΓ

∗, r1 η
Γ
∗, r2 . (74)

This relation thus allow us to reconstruct all the b(A1,Γ,Γ)

bispectrum coefficients.
It is worth noting that the purpose of the reference

coefficient of a given IR is to construct invariants which
retain the relative phase between a given expansion co-
efficient and the reference one. Consequently, the ampli-
tude of the reference representations is completely irrel-
evant, as long as it is nonzero. Also importantly, there is
no unique procedure to obtain these reference expansion
coefficients f (Γ,∗). Fig. 7 shows two examples of com-
puting the reference coefficients from the neighborhood
configuration. One approach is simply to use the decom-
position of a particular 8-site neighbor block, e.g. the
B2 neighbors in Fig. 7(a), as the reference. However,

the small size of such an 8-site block might result in the
undesirable situation of vanishing expansion coefficients
for some IRs. While there is no general method to avoid
such pathological situation, one can try to minimize such
probability, which is already very small in most cases, by
using weighted results from several neighbor blocks to
derive the reference expansion coefficients.

Another approach, shown in Fig. 7(b), is based on
symmetry-related clusters built from the neighborhood
sites. First, a cluster of sites, say C1, is introduced either
based on geometrical consideration, or simply randomly.
Applying symmetry operations of the point group to C1

then generates all clusters CK that are related to C1 by
the site symmetry. Next we define the average of dynam-
ical variables for each cluster: QK = (1/M)

∑
i∈CK

Qi,
where M is the number of sites in each cluster. Ob-
viously, these cluster-based variables {QK} form an 8-
dimensional reducible representation. Its decomposition
using Eq. (67) thus gives rise to a set of references coef-
ficients f (Γ,∗) for all five IRs of the D4 group.

As discussed above, the amplitude of the reference ex-
pansion coefficients is unimportant for the descriptor, as
the essential information is carried by their phase. In
the following, we use the phase of the reference coeffi-

cients to define a new set of feature variables {g(Γ,r)
r }

which are manifestly invariant under symmetry opera-
tions. Importantly, these coefficients supplemented by a
few additional normalized bispectrum factor form a com-
plete descriptor such that the local environment can be
faithfully reconstructed from them. First, since expan-
sion coefficients of the A1 IR is already an invariant, we
define g(A1,r) = f (A1,r). For other singlet IRs Γ = A2, B1,
and B2, the new coefficient is defined as

g(Γ,r) = f (Γ,r) ηΓ
∗ =

√
pΓ
r η

Γ
∗,r (75)

where ηΓ
∗,r is the relative phase introduced in Eq. (74).

This coefficient is obviously an invariant of the symme-
try group. Importantly, the bispectrum coefficients in
Eq. (68a)–(68d) can be readily expressed in terms of these
invariant g coefficients:

b
(A1,Γ,Γ)
r,r′,r′′ = g(A1,r)g(Γ,r′)g(Γ,r′′), (76)

where Γ = A1, A2, B1, B2. We still need to consider the
special bispectrum b(A2,B1,B2) in Eq. (68e), which en-
codes the relative phases between expansion coefficients
of the three 1D IRs. However, it is easy to show that
expression in Eq. (68e) can be expressed as

b
(A2,B1,B2)
r,r′,r′′ = g(A2,r)g(B1,r

′)g(B2,r
′′)b

(A2,B1,B2)
∗ , (77)

where we have introduced a normalized reference bispec-
trum

b
(A2,B1,B2)
∗ = η

(A2)
∗ η

(B1)
∗ η

(B2)
∗ , (78)

It can be readily checked that this normalized bispec-
trum of the reference coefficient is invariant under sym-
metry operation. Eqs. (76) and (77) indicate that all
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bispectrum coefficients of Eq. (68) can be restored using

invariant coefficients g(Γ,r) and b
(A2,B1,B2)
∗ .

Next we consider the bispectrum coefficients in
Eq. (69) that involve the doublet E IRs. We define a
similar normalized doublet vector ε∗ = (εx∗ , ε

y
∗) from the

reference coefficients of the doublet IR:

εx∗ = f
(E,∗)
1 /

∣∣f (E,∗)
1

∣∣, εy∗ = f
(E,∗)
2 /

∣∣f (E,∗)
2

∣∣. (79)

The x and y components have amplitude |εx,y∗ | = 1. It
can be readily checked that this 2-component vector ε∗
transforms as a doublet IR under the D4 group. Con-
sequently, ε∗ can be used to build invariant coefficients
using the the bispectrum formula in Eq. (69). Specifi-
cally, for any given doublet vector f (E,r), we introduce

two invariant coefficients g(E,r) = (g
(E,r)
1 , g

(E,r)
2 ) defined

as

g
(E,r)
1 = ε∗ · f (E,r)/

√
2

=
(
εx∗f

(E,r)
1 + εy∗f

(E,r)
2

)
/
√

2, (80a)

g
(E,r)
2 = η

(B1)
∗ ε∗ · σ3 · f (E,r)/

√
2

= η
(B1)
∗

(
εx∗f

(E,r)
1 − εy∗f (E,r)

2

)
/
√

2. (80b)

This can be readily inverted to give

f
(E,r)
1 = εx∗

(
g

(E,r)
1 + η

(B1)
∗ g

(E,r)
2

)
/
√

2, (81a)

f
(E,r)
2 = εy∗

(
g

(E,r)
1 − η(B1)

∗ g
(E,r)
2

)
/
√

2. (81b)

By substituting the above expressions for f
(E,r)
1,2 into

Eqs. (69), we can express the bispectrum coefficients in
terms of the invariant g coefficients

b
(A1,E,E)
r,r′,r′′ = g(A1,r) g(E,r′) · g(E,r′′), (82a)

b
(A2,E,E)
r,r′,r′′ = b

(A2,B1,B2)
∗ b

(B2,E,E)
∗

×g(A2,r) g(E,r′) · (−iσ2) · g(E,r′′), (82b)

b
(B1,E,E)
r,r′,r′′ = g(B1,r) g(E,r′) · σ1 · g(E,r′′), (82c)

b
(B2,E,E)
r,r′,r′′ = b

(B2,E,E)
∗ g(B2,r) g(E,r′) · σ3 · g(E,r′′). (82d)

Here we have defined another important normalized ref-
erence bispectrum coefficient

b
(B2,E,E)
∗ = η

(B2)
∗ εx∗ε

y
∗. (83)

which encodes the relative phase between the reference
B2 and E coefficients.

To summarize, a complete description of the local en-
vironment is given by the following set of invariant coef-
ficients:

{
g(A1,r), g(A2,r), g(B1,r), g(B2,r), g(E,r),

b
(A2,B1,B2)
∗ , b

(B2,E,E)
∗

}
. (84)

We integrate this descriptor with a six-layer NN to de-
velop a ML energy model following the framework shown
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(a)
<latexit sha1_base64="X/qnRvMwhjWbXpmRy4/PIWPyG6U=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq/S83654tbcOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdr3kXtfpdvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8weJWY1M</latexit>

(b)
<latexit sha1_base64="+ztJnr+tGUTNHl6HB1D2mRcIYE0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq8G5/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuavW7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+K3o1N</latexit>

<latexit sha1_base64="ROu+pif5hVFRVcA6MARljJU/uhM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1TmjS8=</latexit>

0.0

<latexit sha1_base64="mZZt6LVkjIwjS2SoraIHjJ10wbw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle8+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdX7o0x</latexit>

0.2

<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4

<latexit sha1_base64="Lsm88rr/p0fWAOAjZqH6rX4Ds0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNd/o01</latexit>

0.6

<latexit sha1_base64="uBS7FhFXB/AdfOf5P0MklXP/on4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZqBpMuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Kvby/rNRu8jiKcAKncA4+XEMN7qAODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNhBo03</latexit>

0.8

<latexit sha1_base64="tPveg5Rv5nWmh5lcp/CI0kqqHtU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWbI0w</latexit>

1.0

<latexit sha1_base64="ROu+pif5hVFRVcA6MARljJU/uhM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1TmjS8=</latexit>

0.0
<latexit sha1_base64="mZZt6LVkjIwjS2SoraIHjJ10wbw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle8+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdX7o0x</latexit>

0.2
<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4
<latexit sha1_base64="Lsm88rr/p0fWAOAjZqH6rX4Ds0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNd/o01</latexit>
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FIG. 8. (a) Electron forces predicted from ML model with the
bispectrum descriptor versus exact solutions for test dataset
of the Holstein model with g = 1.5t. Here the forces are
normalized by the coupling constant g, hence are the same
as the on-site electron density ni. (b) Histogram of the force
errors δ = (FML − Fexact)/g.

in Fig. 1. The NN is trained from exact solution of the
Holstein model Eq. (60) on a 30 × 30 square lattice.
The ML predicted normalized forces, shown in Fig. 8,
agree very well with the exact values, as evidenced by
the rather small standard deviation from the histogram
of prediction errors.

It is worth noting that, thanks to the regularity of the
lattice geometry and the simplicity of the scalar classical
field, decent force prediction can be obtained using a ML
model even without a descriptor, namely directly using
an array of the scalar variables {Qj} in the neighborhood
as the input. However, the site symmetry is an approx-
imate symmetry in such naive approaches, though the
accuracy of the symmetry could be improved by increas-
ing the size of the training dataset. On the other hand,
the employment of the lattice descriptor ensures that the
ML force field model preserves the lattice symmetry.

V. EXAMPLE: DYNAMICS OF COOPERATIVE
JAHN-TELLER COUPLING

As a second example of the type-I models, we consider
the Jahn-Teller (JT) coupling between the eg electrons
and the distortion modes of local MnO6 octahedron in
maganites. The JT-coupling, along with the DE mech-
anism, are important for the physics of colossal magne-
toresistance and polaron liquids [98, 99, 111, 112]. Here
the local distortion of the tetrahedron is characterized
by three modes. The symmetric breathing mode Q1

i is
essentially the same as the Holstein phonons discussed
in the previous Section IV. Here we are interested in the
dynamics of the asymmetric normal modes that are de-
scribed by a eg doublet Qi = (Qxi , Q

z
i ). Here the Qxi

component has the symmetry of (x2 − y2), and Qzi has
the symmetry of (3z2 − r2). Here we consider the two-
orbital electron Hamiltonian with the JT coupling on a
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square lattice [98, 99]

Ĥ = −
∑

〈ij〉

∑

αβ=a,b

(
tαβij ĉ

†
iαĉjβ + h.c.

)
(85)

−g
∑

i

[
Qxi

(
ĉ†iaĉib + ĉ†ibĉia

)
+Qzi

(
ĉ†iaĉia − ĉ†ibĉib

)]
,

Here ĉ†iα/ĉi,α are creation/annihilation operators of elec-
tron at site-i with an eg orbital-index α = a, b, cor-
responding to orbitals dx2−y2 and d3z2−r2 , respectively.
The superscript x, z indicates that the corresponding Q-
mode couples to the x and z pseudo-spin of the orbitally
degenerate eg electrons Because of the orbital degrees of
freedom, the electron hopping coefficients are anisotropic:
taaij = −

√
3tabij = −

√
3tbaij = 3tbbij = t for 〈ij〉 along the x-

direction, and taaij =
√

3tabij =
√

3tbaij = 3tbbij = t for 〈ij〉
along the y-direction.

The adiabatic dynamics of the JT phonons is described
by a similar Langevin equation

µ
d2Qi

dt2
+ λ

dQi

dt
= − ∂V

∂Qi
− ∂〈Ĥ〉

∂Qi
+ ηi(t). (86)

Here µ is the effective mass, λ is the dissipation coeffi-
cient, and ηi(t) represent stochastic thermal forces. We
have also included the classical elastic energy V of the
JT phonons [98, 99]. Again, the time-consuming part,
which has to be carried out at every time-step, is the
calculation of the electron forces:

Felec
i = −∂〈Ĥ〉

∂Qi
(87)

= g
(
〈ĉ†iaĉib + ĉ†ibĉia〉, 〈ĉ

†
iaĉia − ĉ†ibĉib〉

)
.

The two components of the force are given by the on-

site two-point correlation function ρiα,iβ = 〈ĉ†i,β ĉi,α〉,
which can be obtained by exact diagonalization for the
JT Hamiltonian above. Next we outline the bispectrum
descriptors for the JT doubles, which can be combined
with a learning model to develop an effective classical en-
ergy, as outlined in Fig. 1 for the adiabatic dynamics of
the JT phonons.

First, we note that the JT doublet Qi has the trans-
formation property of an eg doublet under the cubic
point group, e.g. Oh. Since here we consider the two-
dimensional model, which is relevant for applications of
CMR manganites, the two components of Qi transform
independently of each other under the in-plane D4 point
group of the square lattice. As shown in Table I, while the
Qzi mode transforms with the A1 symmetry, the Qxi mode
behaves as the B1 IR. Consequently, the Qzi components
are essentially a scalar field, and their decomposition can
be obtained following exactly the same procedure for the
Holstein model outlined in Sec. IV B, and the correspond-
ing coefficients are given by Eqs. (66) and (67). On the
other hand, the fact that the Qxi mode transforms as an
B1 IR mixes the transformations of the lattice sites with
those of Qx amplitude. Take the four-site neighboring
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0.2
<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4
<latexit sha1_base64="Lsm88rr/p0fWAOAjZqH6rX4Ds0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNd/o01</latexit>

0.6
<latexit sha1_base64="zQrKFtR7dUo67SBourxA7Wr8Dko=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyEpoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuZcP9VrjtoijDCdwCufgwzU04B6a0AICY3iGV3hzhPPivDsfi9aSU8wcwx84nz/A8Y1m</latexit>

-0.2
<latexit sha1_base64="8qyWCtzMrmoCiVmzN/SvA1/rQ+Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSSlqMeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3PpDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/D+Y1o</latexit>

-0.4
<latexit sha1_base64="2s3TAnHImVvY+weGVm2fDlwfd8A=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRFqseiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfXr7tVDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/HAY1q</latexit>

-0.6

<latexit sha1_base64="2s3TAnHImVvY+weGVm2fDlwfd8A=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRFqseiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfXr7tVDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/HAY1q</latexit>

-0.6

<latexit sha1_base64="8qyWCtzMrmoCiVmzN/SvA1/rQ+Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSSlqMeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3PpDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/D+Y1o</latexit>

-0.4

<latexit sha1_base64="zQrKFtR7dUo67SBourxA7Wr8Dko=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyEpoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuZcP9VrjtoijDCdwCufgwzU04B6a0AICY3iGV3hzhPPivDsfi9aSU8wcwx84nz/A8Y1m</latexit>

-0.2

<latexit sha1_base64="ROu+pif5hVFRVcA6MARljJU/uhM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1TmjS8=</latexit>

0.0

<latexit sha1_base64="mZZt6LVkjIwjS2SoraIHjJ10wbw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle8+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdX7o0x</latexit>

0.2

<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4

<latexit sha1_base64="Lsm88rr/p0fWAOAjZqH6rX4Ds0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNd/o01</latexit>
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<latexit sha1_base64="ROu+pif5hVFRVcA6MARljJU/uhM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1TmjS8=</latexit>

0.0
<latexit sha1_base64="mZZt6LVkjIwjS2SoraIHjJ10wbw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle8+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdX7o0x</latexit>

0.2
<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4
<latexit sha1_base64="Lsm88rr/p0fWAOAjZqH6rX4Ds0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNd/o01</latexit>

0.6
<latexit sha1_base64="zQrKFtR7dUo67SBourxA7Wr8Dko=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyEpoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuZcP9VrjtoijDCdwCufgwzU04B6a0AICY3iGV3hzhPPivDsfi9aSU8wcwx84nz/A8Y1m</latexit>

-0.2
<latexit sha1_base64="8qyWCtzMrmoCiVmzN/SvA1/rQ+Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSSlqMeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3PpDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/D+Y1o</latexit>

-0.4
<latexit sha1_base64="2s3TAnHImVvY+weGVm2fDlwfd8A=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRFqseiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfXr7tVDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/HAY1q</latexit>

-0.6

<latexit sha1_base64="2s3TAnHImVvY+weGVm2fDlwfd8A=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRFqseiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfXr7tVDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/HAY1q</latexit>

-0.6

<latexit sha1_base64="8qyWCtzMrmoCiVmzN/SvA1/rQ+Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSSlqMeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm59UGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3PpDrdq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/D+Y1o</latexit>

-0.4

<latexit sha1_base64="zQrKFtR7dUo67SBourxA7Wr8Dko=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyEpoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuZcP9VrjtoijDCdwCufgwzU04B6a0AICY3iGV3hzhPPivDsfi9aSU8wcwx84nz/A8Y1m</latexit>

-0.2

<latexit sha1_base64="ROu+pif5hVFRVcA6MARljJU/uhM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1TmjS8=</latexit>

0.0

<latexit sha1_base64="mZZt6LVkjIwjS2SoraIHjJ10wbw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle8+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdX7o0x</latexit>

0.2

<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4

<latexit sha1_base64="Lsm88rr/p0fWAOAjZqH6rX4Ds0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNd/o01</latexit>

0.6
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<latexit sha1_base64="8MUQ0zF675PA7px2Jog6pO5ZH3w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJR6jyU=</latexit>

�

<latexit sha1_base64="ydrRNamCB3vCayMXemOeNk5JJbU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyEpoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz/UG15rneHGiV+AWpQYHmoPrVH8YkFVQawrHWPd9LTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Eh+Msvr5J23fWv3MuHeq1xW8RRhhM4hXPw4RoacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO4Q+czx+/bY1l</latexit>

-0.1
<latexit sha1_base64="ntyh4b5eg1BB9rxmSPoZKKW9Qpk=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4sewWv45FLx4ruG2hXUo2zbah2eySzAql9Dd48aCIV3+QN/+NabsHbX0Q8nhvhpl5YSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZZtxniUx0K6SGS6G4jwIlb6Wa0ziUvBkO76Z+84lrIxL1iKOUBzHtKxEJRtFK/rlbcS+7pbL9ZiDLxMtJGXLUu6WvTi9hWcwVMkmNaXtuisGYahRM8kmxkxmeUjakfd62VNGYm2A8W3ZCTq3SI1Gi7VNIZurvjjGNjRnFoa2MKQ7MojcV//PaGUY3wVioNEOu2HxQlEmCCZleTnpCc4ZyZAllWthdCRtQTRnafIo2BG/x5GXSqFa8q8rFQ7Vcu83jKMAxnMAZeHANNbiHOvjAQMAzvMKbo5wX5935mJeuOHnPEfyB8/kDM/GNow==</latexit>

-0.05
<latexit sha1_base64="SwMINTMlSfhlUNhi8p7OOABTgrA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9WLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe2eMuw==</latexit>

0
<latexit sha1_base64="wrdOHzQmL2Rj8GVueABnxUqEFW0=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqswUX8uiG5cV7APaoWTSTBuaZIYkI5Shv+DGhSJu/SF3/o2Z6Sy09UDI4Zx7ufeeIOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcv87hNVmkXy0cxi6gs8lixkBJtMcuvu5bBas18OtEq8gtSgQGtY/RqMIpIIKg3hWOu+58bGT7EyjHA6rwwSTWNMpnhM+5ZKLKj203zXOTqzygiFkbJPGpSrvztSLLSeicBWCmwmetnLxP+8fmLCGz9lMk4MlWQxKEw4MhHKDkcjpigxfGYJJorZXRGZYIWJsfFUbAje8smrpNOoe1f1i4dGrXlbxFGGEziFc/DgGppwDy1oA4EJPMMrvDnCeXHenY9Fackpeo7hD5zPH8oQjWw=</latexit>

0.05
<latexit sha1_base64="U6XAhXzWVb4k6j7u0xKQaYsVSGk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8/1e+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTSrrn/pXtxXK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBVyo0u</latexit>

0.1

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

<latexit sha1_base64="Z1eWTJZFJ10LLMR4O6YzJu1NUzU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tgjPg=</latexit>

10

<latexit sha1_base64="0WGnVbPYr50G6YZM7DAKBY0/HSc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg3fRK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P68UrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH/L0jP0=</latexit>

15

<latexit sha1_base64="7LLke21eBGd3U/++Douw7WnsCvY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3dfcfrniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+zljPk=</latexit>
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(b)
<latexit sha1_base64="+ztJnr+tGUTNHl6HB1D2mRcIYE0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq8G5/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuavW7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+K3o1N</latexit>

(a)
<latexit sha1_base64="wnCYp9k7ym6+w2psvUSlSiCYxy4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZZEG0tMBIxwIXvLAhv29i67c0Zy4V/YWGiMrf/Gzn/jAlco+JJJXt6bycy8IJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QNFGiGW+wSEb6PqCGS6F4AwVKfh9rTsNA8lYwup76rUeujYjUHY5j7od0oERfMIpWeih3kD9hSien3WLJrbgzkGXiZaQEGerd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2cXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0/dJT2jOUI4toUwLeythQ6opQxtSwYbgLb68TJrVindWqd6el2pXWRx5OIJjKIMHF1CDG6hDAxgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP06ykK0=</latexit>

<latexit sha1_base64="RD88VG1BkWJCL6LJSVMcSHtu1lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjgONUw==</latexit>

(c)
<latexit sha1_base64="I9M6MGu2rfTQStdyGIK9wwS1tiM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY9OKxov2AdinZbLYNzSZLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdG1nzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETqEKHlxBA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDj4iNVA==</latexit>

(d)

<latexit sha1_base64="8MUQ0zF675PA7px2Jog6pO5ZH3w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJR6jyU=</latexit>

�
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FIG. 9. Electron forces predicted from ML model with the
bispectrum descriptor versus exact solutions for test dataset
of the Jahn-Teller model with g = 1.5t for the (a) Qx and
(c) Qz components. Here the forces are normalized by the
coupling constant g, hence are the same as the on-site elec-
tron density ni. The corresponding histograms of the force
errors δ = (FML − Fexact)/g are shown in panel (b) and (d),
respectively.

group in Fig. 6(a) as an example, under the C4(z) rota-
tion, the four Q2 modes acquire an additional −1 sign in
addition to the lattice rotation:

Qxa → −Qxb , Qxb → −Qxc
Qxc → −Qxd , Qxd → −Qxa

To account for this additional −1 sign, the expansion
coefficients of the corresponding IRs are given by

fA1 = Qxa −Qxb +Qxc −Qxd ,
fB1 = Qxa +Qxb +Qxc +Qxd , (88)

fE1 = Qxa −Qxc , fE2 = Qxd −Qxb .
Similar expressions can be obtained for the 8-site neigh-
boring block.

fA1 = Qxa −Qxb −Qxc +Qxd +Qxe −Qxf −Qxg +Qxh,

fA2 = Qxa +Qxb −Qxc −Qxd +Qxe +Qxf −Qxg −Qxh,
fB1 = Qxa +Qxb +Qxc +Qxd +Qxe +Qxf +Qxg +Qxh,

fB2 = Qxa −Qxb +Qxc −Qxd +Qxe −Qxf +Qxg −Qxh,
fE1 = Qxa −Qxe , fE2 = Qxg −Qxc
fE
′

1 = Qxb −Qxf , fE
′

2 = Qxh −Qxd . (89)

Given the expansion coefficients of both the Qx and
Qz phonons, bispectrum coefficients, with contribu-
tions from both modes, can be obtained as outlined in
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Sec. IV B. The implementation can similarly be simpli-
fied using reference IR method. Combining the descrip-
tor with a neural network, an effective energy model is
trained by datasets from exact diagonalization of the JT
Hamiltonian on 30×30 lattices. The ML predicted forces
for both components versus the exact values are shown in
Fig. 9 along with the histograms of the prediction errors.

VI. EXAMPLE: ADIABATIC DYNAMICS OF
ITINERANT MAGNETS

As a final example, in this Section we demonstrate the
descriptors for the spin dynamics of itinerant magnets,
which are a representative example of the type-II mod-
els. Explicitly, we consider the following single-band s-d
model [56, 57]

Ĥ = −t
∑

〈ij〉

(
ĉ†iαĉjα + h.c.

)
− J

∑

i

Si · ĉ†iασαβ ĉiβ , (90)

where ĉ†iα/ĉi,α are creation/annihilation operators of
electron with spin α =↑, ↓ at site i, 〈ij〉 indicates the
nearest neighbors, t is the electron hopping constant,
JH is the local Hund’s rule coupling between electron
spin and local magnetic moment Si due to the local-
ized d or f electrons. Here repeated indices α, β im-
ply summation. The s-d Hamiltonian offers a funda-
mental description of the electron-spin interaction; it
has been widely used to model the dynamics of mag-
netic textures, such as domain-walls and skyrmions, un-
der the influence of conducting electrons. The strong
coupling J � t limit of the s-d Hamiltonian, also known
as the double-exchange model, exhibits intriguing phase-
separated states in which ferromagnetic clusters with low
electron density are mixed with half-filled antiferromag-
netic domains [56]. Such electronic phase separation is
crucial to the emergence of novel material functionalities
such as colossal magnetoresistance and high-Tc super-
conductivity.

The adiabatic dynamics of the classical spins is gov-
erned by the stochastic Landau-Lifshitz-Gilbert (LLG)
equation [113, 114]

dSi
dt

= γSi ×
(∂〈Ĥ〉
∂Si

+ ηi

)
− λSi ×

(
Si ×

∂〈Ĥ〉
∂Si

)
, (91)

where ηi(t) is a stochastic local field of zero mean, and λ
is the damping coefficient. The computational overhead
is dominated by the calculation of the electron contribu-
tion to the exchange forces:

Helec
i = −∂〈Ĥ〉

∂Si
= Jσαβ〈ĉ†iαĉiβ〉. (92)

As demonstrated in Fig. 1 and in previous works [72,
73], the calculation of this electronic force can be speed
up with the use of ML energy models. Here we present
details of the descriptors for the case of dynamical spins,
or the vector field.

The local spins in the standard s-d model are often
assumed to have a fixed length. On the other hand,
Eq. (90) can also be viewed as an effective Hamiltonian
for the spin-density wave (SDW) obtained from a mean-
field treatment of the interacting electron Hamiltonian.
In the case of the SDW, the spin length itself is a dynam-
ical variable, and the Gilbert damping in Eq. (91) has
to be replaced by a Langevin-type dissipation force [62].
Here we consider the general case of descriptor for a vec-
tor field S(ri) = (Sxi , S

y
i , S

z
i ) with variable spin lengths.

The internal symmetry of the vector field is the SO(3)
rotation group, which is locally isomorphic to the SU(2)
group. The IRs of the rotation group is labeled by the
angular momentum quantum number j which can be ei-
ther integers or half-integers. The 3-component vector
S = (Sx, Sy, Sz) is already an IR of dimension 3 of the
rotation group, which is equivalent to the angular mo-
mentum j = 1 representation. In order to construct the
bispectrum coefficients of the SO(3) group, we consider
the tensor product of two spins Sj ⊗ Sk in the neighbor-
hood. Since this can also be viewed as the tensor product
(j = 1) ⊗ (j = 1), from the theory of angular momen-
tum addition, it can be decomposed to a direct sum of
j = 0 (scalar), j = 1 (vector), and j = 2 (rank-2 traceless
symmetric tensor).

The scalar component (j = 0) is simply the inner prod-
uct of the two vectors

pjk = Sj · Sk, (93)

This scalar invariant is the same as the generalized power
spectrum coefficient Eq. (44) in Sec. III, which is a spe-
cial case of the bispectrum coefficients obtained from the
trivial representation and two j = 1 IRs. The invariants
pjk with j 6= k represents the rotation-invariant spin-spin
correlation, sometimes also called a bond variable. For
the case of SDWs, one also needs to consider the on-
site invariant pjj = |Sj |2, which corresponds to the spin
length.

The j = 1 IR in the decomposition of Sj ⊗ Sk is the
vector product Sj × Sk, which can be combined with a
third vector to form a scalar invariant under rotation

bjkl = Si × Sk · Sl. (94)

These are the bispectrum coefficients Eq. (45) con-
structed from three j = 1 IRs of the SO(3) group. This
scalar invariant bjkl, also called the scalar spin chirality,
provides a measure of the non-coplanarity of the triplet
spins. Importantly, according to the bispectrum theory
of group representations, the collection of all scalars pjk
and bjkl provides a faithful representation of the neigh-
borhood that is invariant with respect to SO(3) rotations.
On the other hand, this is obviously an over-complete
representation. For example, the relative orientation be-
tween three spins (ijk) can be completely specified by
three bond variables pij , pik, and pjk; consequently, the
scalar chirality bijk is redundant. This also means that
an equally faithful description of three spins can be at-
tained from pij , pik, and bijk. However, the effectiveness
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of the descriptor depends on the choice of the feature
variables, and we find that explicit inclusion of the scalar
chirality is very efficient for describing magnetic states
with non-coplanar spins.

A. Atom-centered symmetry functions

As a first example, we discuss the symmetry functions
based on the rotation-invariant building blocks discussed
above. Following Eqs. (53)–(56) in Sec. III D, we de-
fine the following symmetry functions associated with a
center spin at ri. First, since there is no on-site singlet
(trivial) IR fj for the spin model, there is no G2a. The
only nontrivial two-body symmetry function is

G2b

(
{ξm}

)
=
∑

j 6=i

F ′2
(
Rij ; {ξm}

)
(Si · Sj). (95)

And there are also two 3-body invariants involving a pair
of spins (jk) along with the center site-i:

G3a

(
{ξm}

)
=
∑

jk 6=i

F3

(
Rij , Rik, Rjk; θijk)(Sj · Sk), (96)

G3b

(
{ξm}

)
=
∑

jk 6=i

F ′3
(
Rij , Rik, Rjk; θijk)(Si · Sj × Sk). (97)

We note that these symmetry functions can also be ap-
plied to describe local spin environment in disordered
atomic systems. For example, it could be used to develop
a ML model for the dynamics of spin glasses, as exem-
plified by the dilute magnetic alloys such as CuMn. The
interaction between the randomly distributed magnetic
atoms in spin glass is mediated by conducting electrons
of the metallic matrix. Conventionally, this effective spin-
spin interaction is modeled by integrating out electrons
beforehand, giving rise to the Ruderman-Kittel-Kasuya-
Yosida (RKKY) pair interaction at weak coupling. The
above magnetic ACSF descriptor combined with a learn-
ing model can provide large-scale dynamical simulations
of spin-glass alloys with a better accuracy even for strong
electron-strong coupling. Another application is to com-
bine the magnetic ACSF descriptor with molecular dy-
namics for the simulations of magnetic molecules in, e.g.
ferrofluids [115, 116].

Here we apply the descriptor to the case of s-d model
on a square lattice. A two-parameter function of the
form Eq. (50)is used for both F2 and F ′2. Specifically
we use F2(R; d,w) = exp[−(R − d)2/w2] to extract spin
correlations at lattice sites in a ring of width ∼ ξ2 at
a distance ξ1 from the center site; a hard cutoff at Rc
is used. On the other hand, since all triplet angles θijk
are pre-defined on a lattice, we ignore the angular depen-
dence of the F3 function. Instead of Eq. (52), we use the
following parameterization:

F3(Rij , Rik, Rjk) = e−
(Rij−d)2+(Rik−d)2

w2 e−
(Rjk−d′)2

w′2 .

In both 2- and 3-body symmetry functions, a finite width
w is used to ensure overlaps between consecutive rings,
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FIG. 10. (a) Exchange forces predicted by the ML model with
the ACSF descriptor versus the exact solution from the exact
diagonalization for the s-d model with exchange coupling J =
6t. (b) Histogram of the force prediction error.

thus avoiding the spurious symmetry due to indepen-
dence of rings. Combining the ACSF descriptor with a
NN model for the s-d model, Fig. 10 shows the ML pre-
dicted exchange forces versus the exact values. Although
the ML prediction overall agrees well with the exact cal-
culation, a rather large error was obtained with the ACSF
descriptor, especially compared with the prediction error
of the ML model with the bispectrum descriptor and the
same NN structure to be discussed below. This is partly
due to the fact that, from the representation theory point
of view, the ACSF descriptor is mostly dominated by the
fully symmetric A1 representation, as also discussed in
Sec. III D. Contributions from other nontrivial IRs could
be implicitly included in ACSF of higher order. For ex-
ample, consider the 4-body symmetry functions (not in-
cluded in our implementation)

G4 =
∑

jkl 6=i

F4(Rij , · · · )(Si · Sj)(Sk · Sl). (98)

This is a summation of the A1 IR of four-spin variables.
As shown in II, this could result from the direct product
of two-spin IR of either A2, B1, B2, or E symmetries,
which cannot be captured by either of the two-spin sym-
metry functions in Eq. (95) and (96).

B. Bispectrum

Compared with the ACSF, the bispectrum coefficients
based on the group-theoretical method provides a more
systematic approach to build the descriptor. Follow-
ing the discussion in Sec. III C, we consider a vector
~U = {pjk, bjkl} consisting of the bond and scalar chi-
rality variables. which are already invariant with respect
to the internal SO(3) rotations. This vector, which is a
high-dimensional representation of the point group asso-
ciated with a given center site, is then decomposed into
the IRs. As discussed above, the collection of all such
variables is an over-complete representation. A proper
downsizing to avoid too much overlap is required, also
for practical reasons. To this end, we restrict ourselves
to three types of invariants shown in Fig. 11: (i) bond
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FIG. 11. Examples of (a) bond variables pjk and (b) spin
scalar chirality bijk that are related by the point group sym-
metry of the lattice. These 2-spin and 3-spin correlations
are also invariants of the internal SO(3) symmetry, and are
building blocks for computing the bispectrum coefficients of
the point group.

variables pij between center site and another site-j in the

neighborhood, (ii) bond-variables pjk between two sites

that are different from the center, and (iii) scalar chirality
variables from triplets (ijk) that include the center spin.
Notably, they correspond to those used in the symmetry
functions G2b, G3a, and G3b, respectively, discussed in
the previous subsection.

Even with this simplification, there are still a large
number of these local variables. Fortunately, as dis-

cussed above, the vector representation for ~U is block-
diagonalized with each block consisting of spin-pairs or
triplets with a fixed distance from the center site. For
the case of square lattice, that means each block has a
dimension of 4 or 8; there are also 12-member block, but
these are trivial union of the dim-4 and dim-8 blocks. Ex-
amples of these blocks that are close on themselves under
lattice rotation/reflection are shown in Fig. 11. The de-
composition of these blocks is similar to that discussed
in Sec. IV B for the scalar field. For the dimension-4
blocks, such as the four scalar chirality variables shown
in Fig. 11(b), we have 4 = A1 ⊕B1 ⊕ E:

fA1 = bA + bB + bC + bD,

fB1 = bA − bB + bC − bD, (99)

fE = (bA − bB , bC − bD).

And the decomposition of a dim-8 block is illustrated by
the eight off-center bond variables in Fig. 11(a): 8 =
A1 ⊕ A2 ⊕ B1 ⊕ B2 ⊕ 2E. The corresponding expansion
coefficients are

fA1 = pA + pB + pC + pD + pE + pF + pG + pH ,

fA2 = pA − pB + pC − pD + pE − pF + pG − pH ,

fB1 = pA − pB − pC + pD + pE − pF − pG + pH ,

fB2 = pA + pB − pC − pD + pE + pF − pG − pH ,

fE = (pA − pE , pC − pG),

fE
′

= (pB − pF , pD − pH). (100)

Applying these decompositions to all blocks in the neigh-
borhood, one obtains the coefficients of all IRs {fΓ} from
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<latexit sha1_base64="SwMINTMlSfhlUNhi8p7OOABTgrA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9WLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe2eMuw==</latexit>

0

<latexit sha1_base64="qSpzUkzdCXl+4hWUGa4t3Zk1HiM=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVJIi6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768Ttr1mn9Vu6w2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxSdi5U=</latexit>

2

<latexit sha1_base64="g2uF1NoCWCGWFfRwhFZUsyh0YBE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNiql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIF3jL8=</latexit>

4

<latexit sha1_base64="U5tcSsYh/vEI1Egig9ZsRNSKXuo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fNSql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIR/jME=</latexit>

6

<latexit sha1_base64="heVzgS/mGWffRwXwKMgYC2eQ3dI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRF1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF7tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0qxWvMvKxX21XLvJ4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifP+e0jPQ=</latexit>

-2

<latexit sha1_base64="lg40+4h3OGonTc+xIfChmeoIFnM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbgnoMevEYxTwgWcLsZDYZMju7zPQKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPVxUe8WSW3bnIKvEy0gJMtR7xa9uP2ZpxBUySY3peG6C/oRqFEzyaaGbGp5QNqID3rFU0YgbfzK/dErOrNInYaxtKSRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IlSSIldssShMJcGYzN4mfaE5Qzm2hDIt7K2EDammDG04BRuCt/zyKmlWyt5luXpfKdVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfqvIz2</latexit>

-4

<latexit sha1_base64="Si3sf2thG0Hb0xlqSIkfGZfmxts=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktoh6LXjxWtB/QLiWbzrah2eySZIWy9Cd48aCIV3+RN/+NabsHbX2Q8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg1t1++WK/ecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n81Wn5MwqAxLGyj5pyFz93ZHRSOtJFNjKiJqRXvZm4n9eNzXhtZ9xmaQGJVsMClNBTExmd5MBV8iMmFhCmeJ2V8JGVFFmbDolG4K3fPIqadWq3mX14r5Wqd/kcRThBE7hHDy4gjrcQQOawGAIz/AKb45wXpx352NRWnDynmP4A+fzB1RGjS0=</latexit>

0.0

<latexit sha1_base64="7AW5vfUvb/pTy0q1yTywD0h/cv4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/SvbivVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFXTo0v</latexit>

0.2

<latexit sha1_base64="4U2eXuN3fza79xYmsjb3bmpOQcE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle8+t9coVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uWqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdaVo0x</latexit>

0.4

<latexit sha1_base64="250jTBEZ6rhkrQRsWNyo1bfuWUA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkmR6rHoxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+dWe6Wy53pzkFXi56QMOeq90le3n7As5gqZpMZ0fC/FYEI1Cib5tNjNDE8pG9EB71iqaMxNMJmfOiXnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrl91L+8r5dpNHkcBTuEMLsCHK6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBdXo0z</latexit>

0.6

<latexit sha1_base64="WpOsfA5t4gdFBfhtV2pU+OjVgRA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR7bHoxWNF+wFtKJvtpF262YTdjVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmGnuLu3f3BYOjpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Nxqr1T2XG8Oskr8nJQhR71X+ur2E5bFKA0TVOuO76UmmFBlOBM4LXYzjSllIzrAjqWSxqiDyfzUKTm3Sp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMVA0mXKaZQckWi6JMEJOQ2d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgL7+8SpoV179yL+8r5dpNHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gBgZo01</latexit>

0.8

<latexit sha1_base64="oHmooELbGv/cV/FLXq7A318wlJY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTSrrn/pXtxXK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBVzI0u</latexit>

1.0

<latexit sha1_base64="NPkajLMusZfQzF8efxroZoBykQk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmlWXf/SvbivVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFY1I0w</latexit>

1.2

<latexit sha1_base64="SwMINTMlSfhlUNhi8p7OOABTgrA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9WLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe2eMuw==</latexit>

0
<latexit sha1_base64="Mk3jNQ5mgY5Xl5x0fY0TTJd7sl8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9WLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfOuMvA==</latexit>

1
<latexit sha1_base64="rMpaMwTpI2kUyat72ZxBgZl08D4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHcGJLia1l047KCfUAbymQ6aYfOTMLMRCihv+DGhSJu/SF3/o2TNgttPXDhcM693HtPmHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOvfcy36l6rneDGiZ+AWpQoFGv/LVG8QkFVQawrHWXd9LTJBhZRjhdFrupZommIzxkHYtlVhQHWSzW6fo1CoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpiW6CjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Yh+IsvL5NWzfWv3IuHWrV+W8RRgmM4gTPw4RrqcA8NaAKBETzDK7w5wnlx3p2PeeuKU8wcwR84nz/FfY1p</latexit>

-0.5
<latexit sha1_base64="eBp1OBYyFFOaDrE4UEzlpv6HzQY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRF1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3mXl4r5art3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+YwjPM=</latexit>

-1
<latexit sha1_base64="rMpaMwTpI2kUyat72ZxBgZl08D4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHcGJLia1l047KCfUAbymQ6aYfOTMLMRCihv+DGhSJu/SF3/o2TNgttPXDhcM693HtPmHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcOvfcy36l6rneDGiZ+AWpQoFGv/LVG8QkFVQawrHWXd9LTJBhZRjhdFrupZommIzxkHYtlVhQHWSzW6fo1CoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpiW6CjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Yh+IsvL5NWzfWv3IuHWrV+W8RRgmM4gTPw4RrqcA8NaAKBETzDK7w5wnlx3p2PeeuKU8wcwR84nz/FfY1p</latexit>

-0.5
<latexit sha1_base64="8MUQ0zF675PA7px2Jog6pO5ZH3w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJR6jyU=</latexit>

�

(b)
<latexit sha1_base64="+ztJnr+tGUTNHl6HB1D2mRcIYE0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq8G5/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuavW7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+K3o1N</latexit>

(a)
<latexit sha1_base64="wnCYp9k7ym6+w2psvUSlSiCYxy4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZZEG0tMBIxwIXvLAhv29i67c0Zy4V/YWGiMrf/Gzn/jAlco+JJJXt6bycy8IJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QNFGiGW+wSEb6PqCGS6F4AwVKfh9rTsNA8lYwup76rUeujYjUHY5j7od0oERfMIpWeih3kD9hSien3WLJrbgzkGXiZaQEGerd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2cXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0/dJT2jOUI4toUwLeythQ6opQxtSwYbgLb68TJrVindWqd6el2pXWRx5OIJjKIMHF1CDG6hDAxgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP06ykK0=</latexit>

<latexit sha1_base64="OnHnvz3JxrdCSPP/uC1bwDWLL3E=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbJHoMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh4tqr1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61fHlfKdVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wftxIz4</latexit>
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FIG. 12. (a) Exchange forces predicted by the ML model
with the bispectrum descriptor versus the exact solution from
the exact diagonalization for the s-d model with exchange
coupling J = 6t. (b) Histogram of the force prediction error.

the reducible representation of bond and scalar chirality

variables ~U = {pjk, bjkl} within the cutoff radius. Here
the basis functions of a given irrep are arranged into a
vector fΓ = (fΓ

1 , f
Γ
2 , · · · , fΓ

nΓ
), where Γ labels the sym-

metry of the IR, and r enumerates the multiple occur-

rence of Γ in the decomposition of ~U .
Feature variables that are invariant under the point

group symmetry are given by the bispectrum coeffi-
cients computed from these expansion coefficients. De-
tails of the calculation of the bispectrum with the aid
of the reference IRs can be found in Sec. IV B for the
case of square lattice. Here we outline the procedure
from a different perspective. First, the power spectrum
pΓ = |fΓ|2 is obviously invariant under discrete sym-
metry operations of the point group. However, power-
spectrum descriptor contains spurious symmetries since
it does not take into account the fact that different IR
need to transform consistently, instead of independently,
under symmetry operations. For example, the angle
cos θ12 = (f (E,1) · f (E,2))/|f (E,1)| |f (E,2)| between the
vectors of two doublet IR characterizes the relative orien-
tation of the two doublets, and is also an invariant of the
point group. Consequently, the relative phases between
different IRs should also be included in the descriptor in
addition to the power spectrum [87].

The reference IR f (T,∗) discussed in Sec. IV C offers a
way to properly incorporate the “phase” of the IRs into
the descriptor. These reference coefficients are computed
by averaging large blocks of bond and chirality variables,
such that they are less sensitive to small changes in the
neighborhood spin configurations. We then define the rel-
ative “phase” of a irrep as the projection of its basis func-
tions onto the reference basis: ηΓ ≡ fΓ · fΓ

ref/|fΓ| |fΓ
ref |.

The feature variables of the descriptor are then the col-
lection of power spectrum coefficients and the relative
phases: {pΓ , ηΓ}. The various steps in the process of
obtaining the descriptor are summarized in the following

Ci → {pjk, bjkl} → {fΓ} → {pΓ , ηΓ}

The invariant feature variables characterizing the neigh-
borhood spins, are then forwarded to the neural network
which produces the local energy at its output node. This
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means the local energy associated with spin Si depends
on its neighborhood through the effective coordinates:
ε(Ci) = ε({pΓ, ηΓ}), which obviously preserves both the
SO(3) spin-rotational symmetry and the discrete lattice
symmetry.

A six-layer NN model is constructed and trained us-
ing PyTorch [117–122]. The training dataset consists of
3500 snapshots of spins and local exchange forces, ob-
tained from exact diagonalization of a 30 × 30 lattice.
Fig. 12(a) shows components of local exchange forces Hi

predicted by our trained NN model versus the exact re-
sults on test datasets. The difference δ = HML −Hexact

is well described by a Gaussian distribution with a rather
small mean-square error of σ2 = 0.035, as shown in
Fig. 12(b). Interestingly, the histogram of the deviation
δ implies that the statistical error of the ML model can
be interpreted as an effective or artificial temperature in
Langevin dynamics.

VII. SUMMARY AND DISCUSSION

In this work, we present a numerical framework of uti-
lizing machine learning methods for multi-scale dynami-
cal modeling of condensed matter systems with emergent
dynamical classical fields. These classical degrees of free-
dom could arise from the coupling to lattice dynamics,
or magnetic moments of localized d or f electrons. They
could also represent the collective electron behaviors, as
exemplified by the order-parameter field in a symmetry
breaking phase, of interacting electrons. The slow adi-
abatic dynamics of the emergent classical fields is often
dominated by the electrons or quasi-particles, which are
assumed to be in quasi-equilibrium of the instantaneous
Hamiltonian parameterized by the classical variables. As
in the quantum or ab initio molecular dynamics meth-
ods, accurate simulation of the dynamical classical fields
requires solving the electronic structure problem at ev-
ery time-step. Motivated by the success of ML-enabled
large scale quantum MD simulations, we propose a simi-
lar approach for condensed matter systems in which the
complex dependence of the local energy on the neighbor-
hood classical field is encoded in a ML energy model.

The two important components of the ML energy
model are the descriptor for characterizing the local clas-
sical field configuration, and the learning model used to
encoded the dependence on the local environment. Sev-
eral learning models developed in the context of quantum
MD can also be used for the effective energy model of the
condensed-matter systems. Among the various ML mod-
els, the deep-learning neural network (NN) is perhaps the
most versatile and accurate. The descriptor is crucial
for properly incorporating symmetry of the system into
the ML energy model. The so-called feature variables,
which are input to the learning model, must be invariant
with respect to symmetry transformations of the electron
Hamiltonian. While a large number of descriptors have
been proposed for ML-MD methods, the theory of de-

scriptor for classical fields of condensed matter models
has yet to be developed.

We discuss common features of the descriptor of clas-
sical fields of electronic lattice models, and formulate a
general theory by first distinguishing two types of models
depending on the absence or presence of an internal sym-
metry for the classical fields. Several specific approaches
to derive a descriptor have been discussed. First, a gen-
eral descriptor is given by the ordered eigenvalues of the
correlation matrix of the neighborhood classical fields,
which is similar in spirit to the Weyl or Coulomb ma-
trix descriptor used to characterize the atomic environ-
ment. Another approach, also motivated by ML-models
for quantum MD simulation, is the generalization of the
atom-centered symmetry functions which incorporates
the internal symmetry of the classical fields.

The majority of our effort focuses on the group the-
oretical method which offers systematic and controlled
approach to build fundamental invariants of the symme-
try group. In this approach, the local classical fields,
which form a high-dimensional representation of the site-
symmetry point group, is first decomposed into the ir-
reducible representations. Fundamental invariants are
given by the bispectrum coefficients of three IRs, which
are similar to the scalar or triple product of three vectors.
To cope with the issue due to the large number of the
over-complete bispectrum invariants, we propose a sim-
plification method based on the concept of the reference
IRs. Instead of keeping all the bispectrum coefficients,
both the amplitude and the relative “phase” of each IR
can be faithfully retained via an inner product with the
reference IR.

Finally, we demonstrate the implementation of the var-
ious descriptors on well-known lattice models including
the Holstein and Jahn-Teller model, and the s-d Hamil-
tonian for itinerant magnets. The classical field in the
former case corresponds to local structural distortions.
In particular, the scalar field in the Holstein-type mod-
els offers the simplest example to illustrate the working
of the lattice descriptor. On the other hand, the s-d
model characterized by a vector classical field is used to
demonstrate the construction of a descriptor with an in-
dependent internal symmetry.

Our work laid the foundation for applying ML methods
to multi-scale dynamical modeling in condensed matter
systems. Contrary to ML-based MD methods which is
an ongoing active research field by itself, the goal here is
to model the adiabatic dynamics of classical fields un-
der the influence of quasi-equilibrium electrons. The
capability of going beyond empirical methods for large-
scale dynamical simulations of such classical fields has
numerous implications in condensed matter physics. For
example, one particularly important application is the
accurate dynamical modeling of topological defects of
multi-component classical fields, which are prevalent in
condensed matter systems. Notable examples include
vortices in superconductivity and skyrmions in itinerant
magnetism.
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Moreover, complex inhomogeneous electronic states
are ubiquitous in correlated electron systems. Not only
are these mesoscopic textures of fundamental importance
in correlated electron physics, they also play a crucial
role in the emergence of novel macroscopic functionali-
ties. For example, complex mixed-phase states are preva-
lent in colossal magnetoresistant materials and several
high-Tc superconductors also exhibit intriguing stripe or
checkerboard patterns. Accurate modeling of these com-
plex nanoscale textures is thus of paramount importance
in the engineering of these novel material functionalities.
However, large-scale simulations of such electronic tex-
tures so far are based on empirical or phenomenological

models, mostly because of the extreme difficulty for the
multi-scale dynamical modeling of such systems. We be-
lieve that the ML force field approach along with the
proper descriptor outlined in this work will be an indis-
pensable tool to enable large-scale dynamical simulations
of complex patterns in correlated electron materials.
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[90] N. Lanatá, Y. Yao, X. Deng, V. Dobrosavljević, and G.
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