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Abstract

We study the exact solution of quantum integrable system associated with the A§2)
twist Lie algebra, where the boundary reflection matrices have non-diagonal elements
thus the U(1) symmetry is broken. With the help of the fusion technique, we obtain the
closed recursive relations of the fused transfer matrices. Based on them, together with
the asymptotic behaviors and the values at special points, we obtain the eigenvalues and
Bethe ansatz equations of the system. We also show that the method is universal and
valid for the periodic boundary condition where the U(1) symmetry is reserved. The

results in this paper can be applied to studying the exact solution of the Ag)—related
integrable models with arbitrary n.
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1 Introduction

Since the pioneer work of Sklyanin [I], the quantum integrable systems with open bound-
ary conditions draw many attentions. The open boundary conditions are characterized by
the reflection matrices. The integrability of the system requires that the reflection matrix
satisfies the reflection equation. If the reflection matrix is diagonal, the conventional Bethe
ansatz methods including the coordinate [2] and algebraic [3H5] ones can be applied to solve
it successfully. However, if the reflection matrix has some non-diagonal elements, the U(1)
symmetry is broken and these traditional methods do not work because of lacking the vac-
uum/reference state. Then many interesting methods such as the g-Qnsager alegebra [6-9],
the separation of variables [I0HI3], the off-diagonal Bethe ansatz (ODBA) [14l[15], and the
modified algebraic Bethe ansatz [16-19] have been proposed.

Recently, the study of quantum integrable systems with high ranks becomes a hot topic
due to the many applications in the quantum field theory, AdS/CFT correspondence in
string theory and high energy physics. The most typical and simple case is the integrable
models associated with A-series Lie algebras. The model with periodic or diagonal open
boundary conditions have been studied extensively [20-24]. Then the results of the system
with non-diagonal boundary reflections are necessary. The exact solution of ¢-deformed
su(n + 1) invariant quantum spin chain, which is connected with the AV Lie algebra, has
been obtained by using the nested ODBA [25]. The next task is to study the quantum
integrable models associated with the A twist Lie algebra. For the simplest case, the exact
solution of Izergin-Korepin model [26], which is connected with the Aéz) Lie algebra, with
generic integrable open boundary condition has been obtained [27]. However, the results
with n > 3 are still missing. We shall note that the generic integrable boundary reflection
of quantum integrable models related with other twist Lie algebra such as D is also an
interesting issue [28H31].

In this paper, we study the exact solution of the Agf) model with open boundary condition
where the reflection matrices have non-diagonal elements. We use the fusion technique
[32H38]. We find that the fusion properties of present system are quite different from the
AS) case. In the latter case, only the anti-symmetric fusion is used. For the present case, the
R-matrix has two degenerated points. Based on this fact, we obtain two projectors. These

two projectors give different fused behaviors. With the help of fused transfer matrices, we



find that the fusion processes can be closed. From the analyzing of polynomials, instead of
constructing the eigenstates, we obtain the eigenvalues of the system, where the asymptotic
behaviors and special points are used. Then we obtain the energy spectrum of the model
Hamiltonian. In order to show the universality of this method, we also give the corresponding
results of the system with periodic boundary condition.

The paper is organized as follows. In section 2, we give the description of the model,
where the transfer matrix, Hamiltonian, R-matrix and reflection matrices are introduced. In
section 3, we study the fusion properties. In section 4, the closed recursive fusion relations
among the fused transfer matrices are given. In section 5, by constructing the inhomogeneous
T — @ relations, we obtain the eigenvalues and the corresponding Bethe ansatz equations
of the system with non-diagonal boundary reflections. In section 6, the results associated
with the periodic boundary condition are given. The summary of main results and some
concluding remarks are presented in section 7. Some detailed calculations are given in

Appendix A.

2 Associated conserved quantities

For the open boundary condition, the one-dimensional quantum integrable systems associ-

ated with the A§2) twist Lie algebra is generated by the transfer matrix ¢(u)

t(u) = tro{ Ky (u)To(u) Ky (u)To(u)}, (2.1)
where u is the spectral parameter, try means the trace in the four-dimensional auxiliary
space Vo, K (u) is the reflection matrix at one end and is defined in the auxiliary space Vj,
K (u) is the dual one at the other end, Ty(u) is the monodromy matrix and the Tj(u) is the

reflecting one. Ty(u) and Ty(u) are constructed by the R-matrices as [I]

To(u) = R(]l(u — el)Rog(u — ‘92) ce RON(U — ‘9]\[), (22)
T()(U) = RN()(U‘l'QN)"'Rgo(u+92)R10(U+91). (23)
Here {6;|j = 1,---, N} are the inhomogeneous parameters and N is the number of sites.

The subscript j means the four-dimensional quantum space V;. Thus the physical space is

®N.,V;. The R-matrix defined in the tensor space V4 ® V5 is the 16 x 16 matrix [39)]

Ris(u) = a(u) Y[l ® el + () Y [e] @ [e]]

aFta! a#£B,p’



Hew) D e Y Heliolal+ > aswlal @ ey, (24)
a,B8

a<Ba£p a>B,a#p

where o, 3 =1,--- 4,0’ =5 —a, f' =5~ 3, [ex]§ is the 4 x 4 Weyl basis of the space V.
The matrix elements in Eq.(24]) are

a(u) = 2sinh (5 — 1) cosh (5 —2n), b(u) = 2sinh g cosh (% —2n),

e(u) = —2e~7 sinh ) cosh (5 —2n), eé(u) =e"e(u),

) =
) =
os(u) = 2sinhne? [:F eF2ta=B)m sinh% — o cosh (g - 277)} ,if as B,

(u) = 2 sinth - 3 cosh (5 —n), if a=p8a#d, (2.5)

where 7 is the crossing parameter, @ = o + % fl<a<2anda=a-— % if 3<a<4. The
R-matrix (2.4]) has the properties

unitarity :  Rip(u)Ra1(—u) = p1(u) x id = a(u)a(—u) X id,
crossing unitarity : Ryo(u)" My Ry (—u + 81 4 2im)" M *
= Rip(u)? My " Ryt (—u + 8n + 2im)"? My = py(u — 4n — im),
regularity :  Ry5(0) = p1(0)27Pa, (2.6)
where M), is the 4 x 4 diagonal matrix My = diag(e®",1,1,e72"7), Py is the permutation
operator with the matrix elements [7712]2‘:{ = 0a50sy, ti denotes the transposition in the

k-th space, Rai(u) = PiaRia(u)Pr2. Besides, the R-matrix (24]) satisfies the Yang-Baxter

equation
ng(u — U)ng(u)Rgg(U) = Rgg(’U)ng(u)ng(u — U). (27)

The integrability of the system requires that the boundary reflection matrix K~ (u) sat-

isfies the reflection equation
Ris(u —v) Ky (u)Roy(u 4 v) K5 (v) = K5 (v)Ryz(u + v) Ky (1) Roy (u — v), (2.8)
while K" (u) satisfies the dual one

Ria(—u + v) K (u) My Ryy (—u — v + 8n + 2im) My K (v)
= Ky (V)M Ryp(—u — v + 81 + 2im) M, K (u) Roy (—u + ). (2.9)



The general solution of reflection equations (2.8))-(2.9) for the AP vertex model has been
constructed by Lima-Santos et al [40], Malara et al [41] and Nepomechie et al [23], where the
reflection matrices could have the non-diagonal elements. Here, we focus on the non-diagonal

boundary reflections. Without losing the generality of our method, we chose

e " 0 0 e“sinh u
K (u) ’ i Y ! (2.10)
p\u) = — sinh(u—n) ) .
Q 0 sinh n . 0
T 0o

where € is the boundary parameter at one side. The dual reflection matrix K+ (u) is obtained
by the mapping
K (u) = MK, (—u+ 4n +i7) | o, (2.11)

and € is the boundary parameter at the other side. It is easy to check that the matrices
K~ (u) and K*(u) cannot be diagonalized simultaneously for generic values of ¢ and €.
Although the U(1) symmetry is broken, the integrability of the system is still held.

From the Yang-Baxter equation (2.7)), reflection equation (2.8) and dual one (2.9)), one
can prove [I] that the transfer matrices with different spectral parameters commute with
each other, i.e., [t(u),t(v)] = 0. Thus, expanding t(u) with respect to u, all the coefficients
are the conserved quantities. The Hamiltonian is constructed by taking the derivative of the

logarithm of the transfer matrix
Olnt(u)
H = ——|,—001=
5y lu=0.46,1=0

N-1

_ 8R]J+1() Ky(0)  tro{ K§ (0)Hyo}
Z KL 0) T oK (0)

+ constant,  (2.12)

_ u=0

where Hyg = Pio 8R1° )| ,—o. We shall note that because the R-matrix (Z4) reduces to the
permutation operator at the point of u = 0, the interaction in the bulk is the nearest neighbor

one.

3 Fusion procedure

3.1 Fusion of R-matrices

The next task is to exact diagonal the transfer matrix (2.I]). According to the definition, we

know that ¢(u) is an operator-valued polynomial of e with degrees 4N + 4, up to an overall
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factor e72V*=2¢ Thus t(u) can be completely determined by 4N + 5 constraints. In order
to obtain these constraints, we adopt the method of fusion.

It is easy to check that the R-matrix (2.4 degenerates into the projectors at some special
points. For examples, the R-matrix degenerates into an one-dimensional projector P1(21) if
u = 4n + im, and a six-dimensional projector Pl(26) if u = 2. These conclusions are achieved

by the facts
Rig(4n + im) = Py S1y),  Ria(20) = P51, (3.1)

where Sg) and Sg) are the irrelevant constant matrices omitted here, P1(21) and P1(26) are the
projectors

6

Py =lwo)(Wol, P ="l (@il. (3.2)

i=1

The basis vectors of the related projectors are

) = oo (€ 7"114) + [23) + [32) + 7l41),
01 = e H12) = ), ) = ——(e 1) — ).

bs) = m(smhmza + sinhn|32) + [14) — [41)),

00) = e H23) = e2[32). J0n) =~ (e H2) — e 42).

00) = (e H34) = e 143)), (3.3)

Exchanging two spaces V; and V5, we obtain P2(11) and Pz(f), where the bases are

Vo) (kylikys | Pi)ms—n, (k)= |1k) - (3.4)

where {|k),k=1,--- 4} and {|l),l = 1,--- ,4} are the orthogonal bases of four-dimensional
linear space V7 and V5, respectively.

From the Yang-Baxter equation (2.7)) and using the properties of projector, we obtain

PY) Rys(u)Rus(u + 4n + im) PY) = a(u)c(u + 4n + im) PY), (3.5)
PV Rag(w) Rgy (u + 4n + im) PY) = a(u)e(u + 4y + im) Py, (3.6)
PL3) Rys(u) Ras(u + 2n)PL3) = fo(u) Ruzys(u + 1), (3.7)
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P Ray(u) Ray (u+ 2n) Py = po(u) Razy (u + 1), (3.8)

where c(u) = 2sinh % cosh(% — 7), po(u) = sinh “+” cosh “5 and the subscript (12) denotes
the six-dimensional fused space Viioy = V5. From Egs.(3.5)-([3.6), we see that the fusion
with one-dimensional projectors gives an one-dimensional vector. From Egs.(3.7)-(B.8), we
know that the fusion with six-dimensional projectors gives a new fused R-matrix Ri,(u),
whose matrix elements are given in Appendix A (see (AI)-(A.2) below). Moreover, we have
checked that Rj,(u) also satisfies the properties

unitarity :  Rio(u)Roi(—u) X id = po(u) = a1 (u)ai(—u) x id,
crossing unitarity : Ris(u)" MRyt (—u + 81 + 2im)" 1 My

= Riy(u)? My ' Ryi(—u + 81 + 2im) " My = pa(u — 4n — im),
periodicity : Ris(u + im) = —ViRyy(u)V; ", (3.9)

where a; (u) = 2 sinh(u—3n), Mj is the diagonal matrix M7 = P1(26)M1M2P1(2 = diag(e*", e*"

1,1,e %" e727) and V; is a 6 x 6 matrix with the form of
1 = . (3'10)

The above properties are very useful later for us to derive some important polynomial prop-
erties of the associated transfer matrices #(u) given by (3.25) and £® (u) given by (6.1)).
It is remarked that the fused R-matrix Riy(u) becomes a 4 x 4 matrix at the point of

u =3
4
Ria(3n) = Pi(;l) 12 ) I( Z (3.11)

where S%) is an irrelevant constant matrix omitted here, and PI(;l )is a 4-dimensional projector

with the basis vectors

lp1) = (v/coshn|13) — v/coshn|22) — esTn|41>),
\/QCoshn—l—e?”?

1 n n
|p2) = (e”24/coshn|14) — coshn|32) — sinhn|42) + e24/coshn|51)),
v1+2cosh2n




1
lp3) = (e~ 2 /coshn|24) — cosh7|33) 4 sinh 7[43) + e% /cosh7|61)),
v 1+ 2cosh2n

|pa) = ! (v/coshn|62) — 1/coshn|53) + 6_37”|44>). (3.12)

V/2coshn + e=31

Exchanging the two spaces Vi and V5, we deduce another 4-dimensional projector Pz(% ) with
the bases [©;)y——n k)—ik), Wwhere {|k),k =1,---,6} and {|l),l =1,---,4} are the orthogo-
nal bases of six-dimensional linear space V; and four-dimensional linear space V5 respectively.

Starting from the Yang-Baxter equation
Ria(u — v)Riz(u) Raz(v) = Ros(v) Riz(u) Ria(u — v), (3.13)

and using the properties of projector, we have

Pi(g)R%(U)R a(u+ 377)P(4) = p1(w)Sagy Ry (u + 2n + fm)S(_i;> (3.14)
P;;l)R:gz(u)R i(u+ 37})]3(4 = p1(w)Sa2) Ray (u + 21 + m)S(};> (3.15)
where pi(u) = —4sinh(% + n)cosh(¥ — 27), the subscript (12) denotes the fused four-

dimensional space V(ig), and Sy is a diagonal matrix

sinh n n sinh n
1,-1 —
sinh3778(n)’ € s1nh3778( 77))’

NS

Sagy = diag <—e_

s(n) = /(1 + 2 cosh 21))(e37 4 2 cosh 7). (3.16)

From Egs.([3.14) and (3.15), we see that the fused R-matrices R9y3(u) and Rgiq) (u) differ
from the fundamental ones only by a similar transformation up to a constant. By introducing
the one-to-one correspondence, we can map the fused space Vij9 into V. Then the fused
R-matrix Rjg)3(u) becomes the fundamental R-matrix Ri3(u) given by (2.4). Then we

conclude that the fusion processes of R-matrices are closed.

3.2 Fusion of monodromy matrices

From the fused R-matrices (3.7)-(3.8), we construct the fused monodromy matrices

T()(u) = Rm(u — 91)R()2(u — «92) c -R()N(u — «9]\/), (3.17)

o(u) = Ryo(u+0n) - Rog(u + 02) Ryg(u + 61). (3.18)

We should note that the fusions are taken in the auxiliary space, thus all the quantum spaces

of To(u), Ty(u), Ts(u) and Ty(u) are the same.
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From the Yang-Baxter equations (27) and (3.I3]), we can prove that the monodromy

matrices satisfy the Yang-Baxter relations

ng(u — ’U)Tl(U)TQ(U> = Tg(U)Tl (u)ng(u — ’U), (319)
Ris(u — 0)T1(u)T5(v) = T5(0)T1(u) Biz(u — v). (3.20)

By using the fusion identities (3.3]), (37) and (814, we obtain

N
Py T (w)To(u+ 4y + im) Py = Py T alu — 6))c(u — 6, + 4n + ir) x id,
7=1

N
P Ty(u)Ti (u + 2n) Ply) = Hﬁ (u —0;)Taz) (u+n),

=T

PR Ty(w)Ti(u+ 3n) Py = T 1w = 0,) S0 Tz (u + 27 + im)S 13, (3.21)

<.
Il
-

The reflecting monodromy matrices satisfy the Yang-Baxter relations

Ro1(u — 0) Ty (w)Ty(v) = Ty(v)T1(u) Ror (u — v), (3.22)
Riz(u —v)T3(0)T1(w) = T1(u)T5(v) Ri(u — v). (3.23)
From Egs.([3.6), (3.8)) and (B.13]), we obtain the fusion identities among the reflecting mon-

odromy matrices

N
P1(21)T1 (u)Ty(u + 4n + z'7r)P1(21) = Pl(zl) H a(u+6;)c(u+6; +4n +ir) x id,
j=1
N
P Ty (w) Ty (u+ 2n) Py = T o1 (u+ 0;) Tz (u + ),
N
Py Ty(u) Ty (u+ 3n) Py = ] v+ 0;)S i Taoy (u + 27 + im)S - (3.24)

3.3 Fusion of reflection matrices

Using the fusion technique [37,138], now, we need to connect the fusions of monodromy
matrices and those of the reflecting ones, which gives the fusion behavior of the reflection

matrices. We first define the fused transfer matrix

A

t(u) = tro{ K (u)To(u) K (u)To(u)}, (3.25)

9



where the trace is taken in the fused auxiliary space 0 and Kéi(u) are the fused reflection

matrices. Then, we calculate the quantities

t(w)t(u+ A) = pr (2u + A — 4y — in)trio{ K (u + A)My ' Rip(—2u + 81 + 2im — A)
X My K (u) Ty (u) Ty (u 4 A) K7 (1) Ry (2u + AV K3 (u+ ATy (w)To(u + A)}, (3.26)

tu)t(u+ A) = p3'(2u+ A — 4y — im)tris{ K (u + A) My Riz(—2u + 8n + 2im — A)
X My K (u) Ty (u)Ta(u + A) K7 (u) Ray (2u + A) K5 (u+ ATy (w)Ta(u + A)}, (3.27)
where A is the shift of spectral parameter. From the fusion of monodromy matrices, we
know that A should be chosen as 41 + im, 21 in Eq.(3:26) and as 37 in (3:27), which gives

the fusion relations of reflection matrices.

The A = 4n+im in Eq.(B.26]) corresponds to the fusion with one-dimensional projectors.

According to Eq.(3.20) and using the reflection equations (2.8)-(29) and the properties of

projector, we obtain

P KT (u)Roy (2u + 4n + im) Ky (u + 4n + im) P

1
= ——— sinh(u + 4n) sinh(2u + 2n) sinh(u — 77)P1(21)> (3.28)
sinh” 7
PR K (u+ 4n + im) My Rip(=2u + 4n + i) My K (u) Py
1
= ———— sinh(u — 4n) sinh(2u — 27) sinh(u + n Py (3.29)
sinh®n

We shall remark that the inserted R-matrices with fixed spectral parameters in Eqgs.(3.28])
and ([B:29) is to reserve the integrability of the system. The fused results are the one-
dimensional vectors.

The A = 2n in Eq.(3:20]) corresponds to the fusion with six-dimensional projectors. From
Eq.([3:26]), we obtain that the fused reflection matrices should be constructed as

P K5 (u)Rys(2u + 20) K7 (u + 27) PYY

sy Cosh (v — ) sinh(u = n) sinh(u + ) sinh(u + 20) Ky (u +0), - (3.30)

PO K (u+ 20) My Ryy (—2u + 6n) My K5 (1) P

2
= . cosh(u — n) sinh(u —n) sinh(u — 3n) sinh(u — 47])K<J§2> (u+mn),(3.31)

where K (1) (u) is the 6 x 6 fused reflection matrix defined in the fused space Vjj9y with the

10



matrix form of

0 0 0 0 e 0
0 0 0 0 0 e
0 0O —mm 0 00
Ky (u) = 32
az) () 0 0 0 L o 0| (3.32)
sinhn
and K7, (u) is the dual one

With the definition Vi = V}19), the fused reflection matrices satisfy the reflection equations

Ris(u — v) K7 (u)Roi(u +v) Ky (v) = Ky (v) Ria(u + v) K7 (u) Roi(u — v), (3.34)
Riy(—u+ v) K (w) M; " Ryg (—u — v + 8n + 2im) M K (v)
= K5 (v)MiRya(—u — v + 8y + 2im) My ' K (u) Ryt (—u + v). (3.35)

The A = 31 in Eq.(821) corresponds to the fusion with four-dimensional projectors.
According to Eq.(3.27), the fusion of reflection matrices are

PO Ky (u) Ryy(2u + 30) K5 (u + 3n) P
4 . _ o
= . cosh(u) sinh(u — 1) S2) K 75 (u + 21 + ZW)S(I;)’ (3.36)
P& K (u + 30) M: ' Ryg (—2u + 51) My K (u) Py

4 1 . —
=~y Coshu ) sinh(u = 40)Siaz) Ky (1 + 20 + im) Sy (3.37)

With the same one-to-one correspondence as used in the fusion of R-matrices, the fused
reflection matrices K <ii2> (u) become the original ones given by Egs.(2.10)-(2.11). Thus the
fusion processes of reflection matrices are also closed.

The fusion does not break the integrability. From the fused Yang-Baxter equation (B.13)
and the fused reflection equations (B.34])-(B8.33]), one can prove that the transfer matrices t(u)

and t(u) commutate with each other, i.e.,
[t(u), t(u)] = 0. (3.38)
Thus ¢(u) and #(u) have common eigenstates.
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4 Closed operators identities

From the definitions of R-matrices (2.4)), (3.9) and reflection matrices (Z10)), ([3:32]), we know
that the t(u) (resp. t(u)) is an operator-valued polynomial of e* with degree 4N + 4 up to

—2Nu—2u

an overall factors e ( an operator-valued polynomial of e** with degree 2N up to

2Nu pegpectively). Denote the eigenvalues of ¢(u) and #(u) acting on a

an overall factor e~
common eigenstate as A(u) and A(u), respectively. Then the eigenvalue A(u) (resp. A(u))
is a polynomial of e* with degree 4N + 4 (is a polynomial of e** with degree 2N) up to an
overall known factor. Therefore, A(u) and A(u) can be completely determined by the values
of them at 6/N + 6 points. The next task is to find these complete constraints.

From Egs. ([3.26)- (3:27), we see that for arbitrary values of spectral parameter u, the fusion
relations among the transfer matrices ¢(u) and #(u) are not closed. However, we find that
at the inhomogeneous points {6;}, the fusions of ¢(u) and #(u) can be closed. The detailed
derivation is as follows. From the Yang-Baxter relation (3.19) at the points of {u = 0;,
v =A{0; +4n +im, 0; + 2n}}, (B.20) at the points of {u = 0;, v = 6; + 3n} and using the

properties of projectors, we obtain

Ty(0;)T5(0; + 4 + im) = PYDTy(0;)To(0; + 4n + im),

Ty(0;)T3(0; + 20) = P13 To(6;)Ta (0 + 20),

To(0,)T(0; +3n) = P To(0,)T1(0; +3n), j=1,---, N, (4.1)
We see that we can obtain three projectors by the suitable choices of spectral parameters
in the monodromy matrices. The role of introducing inhomogeneous parameters {6;} is to
generate the projectors. The generated projectors allow us to taken the fusion, which is

valid for arbitrary u and the only requirement is the shift A. Substituting Eq.([@1]) into
([3:26)-([3.27) with u = 6;, we obtain one set of fusion relations between ¢(u) and ¢(u). The

Yang-Baxter relation ([3:22) at the points of {u = —0;, v = {—0; + 4n + im, —0; + 2n}} and
([3:23) at the points of {u = —6;, v = —0; + 3n} give

TI(_Hj>T2(_Hj + 47] + Z7T) = Pfé)Tl(—Qj)Tg(—Qj + 47] + i?T),

(
To(—6;)T1(—6; + 3n) = POTy(—0,)T1(—6; +3n), j=1,---,N. (4.2)
We see that three projectors can also be generated in this situation. Substituting Eq.(Z.2l)

12



into ([3.20)-([B.27) with u = —6;, we obtain another set of fusion relations between ¢(u) and
t(u).

Now, we are ready to seek the closed fusion relations among the transfer matrices. Sub-
stituting Eqs.(3210), (24), B28)-B31), B.30)-B31), [@I)-(@2) into Eq.([326]) and con-
sidering the cases of {u = £6;, A = 4n +in} and {u = £60;, A = 2n}, and into Eq.([327)
with {u = £6;, A = 3n}, we arrive at
sinh(£26; — 2n) sinh(£26; + 2n) sinh(+6; — 4n) sinh(£6; + 47)

t(£0;)t(£0; + 4n +im) =
(£6;)¢(£8; n+im) 4sinh4nCOSh(:l:9j — 2n) cosh(£6; + 2)

N

X H a(£6; — 0,)c(£60; — 0, + 4n + im)a(£0; + 0,)c(£0; + 6, + 4n +im) x id,
=1

sinh®(426; — 2) sinh(£6; + 2n) sinh(+6; — 4n)

H+0.)E(£0, + 2n) =
(£0;)t(£0; + 2n) 4 sinh® 5 cosh(+£0;) cosh(£6; — 2)

—1=

x | | Po(£0; — 01)po(£6; + 61)1(£6; + n),

l

Il
—

7 2 cosh(+6;) sinh(£26; — 2n) sinh(+60, — 4
(0, (20, + ) — 2COREy) Smh(E26; = 2n) sinh(£6; — )
sinh” 7 sinh(£26; + 27) sinh(426; — 4n)

—1=

pi(£0; — 01)p1 (£0; + 6)t(£0; + 2n +im), j=1,--- N (4.3)

N
I
—_

We shall note that the recursive equations (4.3]) are closed, which give the 6 N constraints of
t(u) and (u) at the inhomogeneous points.
Besides, from the direct calculation, we also obtain the values of #(u) and t(u) at some

special points

N N
t(0) = 4 cosh? 7 H p1(—0;) x id, t(4n+ iw) = 4cosh®n H p1(—0;) x id,

=1 j=1

cosh? _
t2n) i), (4.4)

~ 2cosh 2n(1 + 2 cosh 2n)

In the derivation, we have used the relations
tr[KT(0)K~(0)] = 4cosh®n, tr[KT(4n + i) K~ (4n + im)] = 4 cosh®n,
tri{ M5 Ri5(6n + 2im) My K (0)Ra1(2n)} = 4 cosh 2n(1 4 2 cosh 27) sinh? 21 x id.
The asymptotic behaviors of ¢(u) and #(u) read
t() |ustoo = QeI L H () |ystoe = Qi N 4o (4.5)

13



where Q4 and Q. are the conserved quantities

1 e~ e _— T
Qs = T I IT N + e T ]
e T BT + e TR
1 € —e T~ e—e’ T~
Q- = T AT T + e T ]
T + T BIT )},
_ 1 A
@ = sinh?n

+HL BT + (LT + e ([TTLE + [T

{eren (LB + LT3)
|

L femeen (Bt + (71907 2)

_s1nh2
FJ3+ [T+ e e (TR B+ (TR ) ) (46)

A

1>

HIZ[T-]3 +

Here [T:]3, [Ti]g, [T+]% and [fi]g are the operators acting on the quantum space V; ® Vo ®

-+ ® Vi with the explicit expressions

4

Te)s = > RGN RG e IRV,

{62-}:1;1{%-}:1
Te)s = > RNINe R ooy - [RES,

{6:i}= 4{ vi}=1
s = Y RGO RG M [REJIER

{6i}= 14{%} 1
Tyls = >0 RGBS ey R (4.7)

{o:}=1{ni}=1
where the repeated indicators should be summarized, and R(()j[) and R(%) are the leading
terms of e Ro;(u)|u—+00 and ™" R () |u—+o0, respectively. The detailed calculation shows
that the eigenvalues of conserved quantities Q+ and Q. can be characterized by a quantum

number m (an integer |m| € [0, N]). Then we obtain the asymptotic behaviors of A(u) and

A(u) as

2 u+2u— —
A(u)|ystoo = I T smhZ g [cosh(e — —2n)+ cosh(2mn)] eEENut2u=dNy=dn) 4
A(w)|us oo = Snh? [2 cosh(e — € — 2n) cosh(2mn) + 1} eE@Nu=AN) 4 (4.8)

14



5 Inhomogeneous T-Q relations

Acting the operator identities (4.3]) on a common eigenstate, we obtain the functional rela-
tions among the eigenvalues A(u) and A(u) as

sinh(426; — 2n) sinh(426; + 2n) sinh(£6; — 47n) sinh(£6, + 4n)
4 sinh” 1) cosh(£6; — 2n) cosh(£6; + 2n)

A(£0;)A(£60; + 4n +im) =
N
X H a(£0; — 6))c(£0; — 0, + 4n + im)a(£6; + 0))c(£6; + 6, + 4n + im),
=1
sinh?(426; — 2n) sinh(460; + 21) sinh(46; — 4n)
4 sinh? 1) cosh(£6;) cosh(+6; — 27)

A(£0;)A(£6; +2n) =

N
x || Ao(£0; — 61)po(£0; + 6)A(£6; + n),

=1

- 2 cosh(£ h(£26; — 2n) sinh(+60,;, — 4
A(d6;) R0, + 3n) cosh(=%0;) cosh(£26; — 2n) sinh(£6; — 4n)

sinh? 1) sinh(£26; + 2n) sinh(£26; — 47)

N
=1

According to Eqs.([#4) and (&5]), we also have other seven constraints of A(u) and A(u) as

N N
A(0) = 4cosh2an1(—9j), Adn +im) = 4cosh277Hp1(—6’j), (5.2)

j=1 j=1

cosh® 7 -

Al2n) = 2 cosh 2n(1 + 2 cosh 277)/\(77)- (5:3)

The 6N function relations (5.1]) and 7 constraints (4.8) and (5.2)-(5.3]) allow us sufficient
information to determine the values of A(u) and A(u), which can be expressed in terms of

inhomogeneous T — @) relations as

Adu) = sinh(u — 4n) sinh(2u — 27) ﬁ a(u — 0;)a(u + 0, )Q (u + 2n)
2 sinh? 7 cosh(u — 27) e QW (u)
N sinh(u) sinh(u — 4n) H b(u — 60,)b(u + 0,) [sinh(2u —2n)

sinh? 7 sinh (2u — 4n)
QW (u — 27)Q® (u + 277) QW (u —im)Q® (u — 21)
QW (u)Q® (u) QW (u—2n —im)QP (u)

sinh (u) sinh(2u — 67) 1 QW (u — 4n — im)
) L et =tnet+ 0 o ==

+ sinh(2u — 6n)

2 sinh? 5 cosh(u — 2n)

15



al sinh u sinh(u — 417) QMW (u — 217)QW (u — i)

+hjl:[1 b(u — 60;)b(u + 0;) i B0 . (54)
_ al sinh(u — 3n)
Alw) smh2 { 1:[ ar(u uth) sinh(u — 1)
sinh(2u) QP (u+3n) | QW (u+n)QW(u+n—im)Q®(u—1n)
: Lmh@u —4) QO+ n) QU — ) QD (u—n— im)QO(u+ n)}
al sinh(u — n)

sinh(2u — 817) QP (u—3n) QW (u —3n)Q"M (u — 3n — im)Q® (u + n)
% [sinh(?u —4n) Q@ (u —n) + QW (u—n)QW(u—n—ir)Q®(u—n) ]
QU (u+ QW (u - 3y — i)
QW (u —n)QW(u—n —ir)

QW (u+n—im)QW (u — 3n)
QW (u —n)QW (u—n — i)

—i—Hq )er(u+6;)

—i—Hcl(u —0; —im)er(u+ 05 —im)

Jj=1

cosh(u — n) sinh(u —
sinh(2u — 4n)

QW (u+n)QW(u+n—im)

+h

3n) H ar(u—0;)ay(u+6;)

cosh(u — 3n) sinh(u — n)

+h

Q3 (u+n) sinh(2u — 4n)
QW (u — 37)QW (u — 3y — i)
bel w—0,)by(u + 6)) T } (5.5)
where h is a parameter to be determined later (see (5.9) below), the Q-functions are
= 1
=] [sinb U= pt — 1) sinh gut =),
Lo
QP (u) = [ sinh(u — uf? — 2n) sinh(u + i — 27),
k=1
ai(u) = 2sinh(u — 3n), by(u) = 2sinh(u —n),
1 1
¢1(u) = 4sinh Q(u — 3n) cosh Q(u —n). (5.6)

Ly is the number of Bethe roots {,ul(l)} and Ls is the number of Bethe roots {,u,(f)}. The
regularities of eigenvalues A(u) and A(u) require that the Bethe roots {,ul(l)} and {,u,(f)}
satisfy the Bethe ansatz equations (BAEs)

QU <u<” +37)Q® <u§” +n) __sinh(y” +n)

QWG = mQ® (" +3m)  sinh(y” ~n)
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N . 1 : 1
y H sinh 5(:“1( Y- 6;) smh%(ul( Y+ 6,)
sinh %(,ul(l) —n — 0;)sinh %(,ul(l) —-n+6,))

j=1
sinh(2u1” + 21) QP () + 4n)
sinh(2u”) QM (1 + 2m) QW (g + 29 — im)
. 2 2
sinh(2y;” — 2n) QY (1)

=—h, k=1,---,Ly. (5.8
sinh(2u”) QW ()W (1 — ir) > (58]

From the degree analysis of polynomials A(u) and A(u), we obtain that the numbers of Bethe
roots {ul(l)} and {u,(f)} should be the same, i.e., L; = L,. According to the asymptotic

behaviors of A(u) and A(u), the value of h is determined as
h= (—1)L14L1{2 cosh(e — ¢ — 25) — 2 cosh[2(L; + 1)n]}. (5.9)

Meanwhile, the quantum number m is related with the number of Bethe roots as m = Ll—NH.

Here we present the numerical solutions of the 7" — @ relation (5.4]) with BAEs (B.1)-
(B8) for the N = 2 case in Table [l The eigenvalue calculated from (5.4]) is the same as
that from the exact diagonalization of the transfer matrix ¢(u) (2.I) with open boundary
conditions. Numerical solutions with random choice of v and 7 for some small size imply
that the solution (5.4]) indeed gives the complete solutions of the model. We further remark
that for L = 0, the T — @ relation will give the same eigenvalue as the L = 4 in the Table.

31f m < 0, we have 0 < L; < N. When m > 0, we have N < L; < 2N.

17



81

Table 1: Solutions of BAEs (B.7)-(5.8) for the T — @ relation (54), N =2, v = 0.2, n = 0.4, {#;} =0, e = ¢ = 0. The
numbers of the two sets of Bethe roots are the same L = L; = Ly. The symbol n indicates the number of the spectrum A(u).

1
iy

1
i

1
7

1
7

2
g

2
7

2.8213 — 7.38241
—1.8106 — 5.58331
—1.1119 — 3.1416¢
—1.1119 + 3.14163
—12.8331 4 0.7576¢
—0.7650 + 1.20914

0.0751 — 0.3828¢

8.5971 + 2.8481:
—0.0751 — 0.3828:
—0.0751 + 5.9004¢

0.0051 + 0.45914

0.1816 — 1.3704¢

0.0000 — 0.0000z
—0.0393 + 0.00007

0.0393 + 0.0000z
—0.0000 — 1.6458¢

2.8566 — 11.7923¢
—0.6073 — 3.35821
—12.7134 + 2.2785:
—0.0000 — 3.14163
—0.7650 — 1.2091:

0.0751 — 0.3828:
8.8382 + 6.7463¢
—0.0676 + 1.49344
—0.0175 — 0.46661
—14.0480 + 2.8382:
8.6900 — 0.06241
—0.0000 + 0.0049:

2.6075 — 9.63281
—9.6710 — 14.67961
—12.7134 — 4.0046¢

—8.5971 + 0.293517

—8.8382 + 8.96161

8.6901 — 3.2040¢

—15.4519 + 9.55551
—1.7855 — 0.78851

5.7360 — 20.1799¢
8.1575 — 2.9733i
1.7606 + 0.0000z
13.5955 + 4.0046¢
20.7772 — 1.50182
10.3808 + 0.9039:
—0.7428 — 2.63511
—9.1416 + 0.60801
0.7428 + 0.50641
—9.3827 4 2.9929:
9.3206 — 0.50541
—9.1912 — 0.4531%
22.9513 — 2.7003¢
0.4925 — 0.0000z
—9.2346 + 2.889517
—0.4919 — 0.0000:

—15.9439 + 3.2723¢
—10.2358 — 11.4398¢
1.7606 — 3.1416¢
20.9923 — 0.1902:
1.0705 — 1.5708¢

—0.7428 + 6.78961
—0.7428 4+ 12.0599:
—9.0327 + 0.63144
—9.3950 + 2.4425i
22.9864 — 1.7707¢
9.2346 — 0.3770¢
7.3047 — 1.4074¢

(2)

)

Hs3 Hyq A(w) L n
—5.7344 + 12.84844 | —5.7362 + 5.5171¢ | 0.6400 — 0.0000¢ 4 1
9.4903 + 3.1677i —8.0876 —4.9070: | 0.6400 — 0.00007 4 2
— — 0.6884 — 0.00007 1 3
—12.9204 + 5.42017 — 0.6884 — 0.00007 3 4
— — 0.7049 — 0.0000: 2 5

— — 0.7782 — 0.00007 2 6

— — 1.7412 — 0.32311¢ 1 7

9.1416 + 3.1626¢ — 1.7412 — 0.32314 3 8
— — 1.7412 + 0.32312 1 9
—9.3827 + 5.50551 — 1.7412 + 0.32314 3 10
— — 1.7907 — 0.00007 2 11

— — 1.7907 — 0.00007 2 12

— — 6.0819 — 0.00007 2 13

— — 6.2595 — 0.00007 1 14

0.4925 — 3.1416¢ — 6.2595 — 0.00007 3 15
— — 6.9792 — 0.00007 2 16




We shall give some remarks about the obtained eigenvalues. The BAEs (5.7]) are homo-
geneous while the BAEs (5.8)) are inhomogeneous. This is because that the non-diagonal
boundary reflections break the U(1) symmetry of the system. Due to the present form
of reflection matrix (ZI0), which is diagonal in a 2 x 2 subspace, the Bethe roots in this
subspace satisfy the homogeneous BAEs. The existence of one sets of homogeneous BAEs
consists with the fact that there is only one good quantum number m. Another things we
should mentioned is that during the construction of T'— () relation, the BAEs obtained from
the regularities of A(u) and A(u) should be the same. It is easy to check that A(u) and
A(u) satisfy the functional relations (5.1) and the additional constraints (5.3). Therefore, we
conclude that the analytical expressions (0.4]) and (5.5]) are the eigenvalues of the transfer
matrices ¢t(u) and #(u), respectively. It is noted that the eigenvalues and associated BAEs
have the well-defined homogeneous limit.

Based on the exact solution (54) and (B.7)-(58) of A(u), we can obtain the energy
spectrum of the Hamiltonian (2.12I)

Oln A(u)
E - TM:O’{%}:O. (510)

6 Periodic boundary condition case

We shall note that the above method is universal, which is also valid for the quantum
integrable systems with U(1) symmetry. For this purpose, we consider the exact solution of
the Ai(f) model with the periodic boundary condition.

In the periodic case, the transfer matrix ¢ (u) and the fused one £®) (u) are defined as
t® (u) = troTo(u), 19 (u) = troT(u), (6.1)

where the monodromy matrices Ty(u) and T5(u) are given by (Z2) and (B3I7T), respectively.
From the Yang-Baxter equations (2.7)) and (3.13]), we can prove that the transfer matrices

t®)(u) and ™ (u) satisfy the commutation relations
[t®)(w), 1) (0)] = [tP (u), #¥)(v)] = 0. (6.2)
Taking the partial trace of Eq.(3.21]) in the auxiliary spaces and using the relation (4.1]), we

obtain the operator product identities

t®)(0,) P9, + 4n + i) = H a(0; — 6)c(0; — 6, + 4n +im) x id,
=1
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t®(6;) 17 (6; + 21)

N
L1500 — 087 (0 +n),
=1

pr(0; — 0t (0; + 2n+im), j=1,--- N.  (6.3)

I
—=

t?(6,) 1% (6; + 3n)

=1

From the definitions (6.1]), we obtain the asymptotic behaviors of fused transfer matrices

] =

0 (1) |y oo = N0 N[ 4

a=1

6
O R D (M (6.4)

a=1
where 20 [T1]® and 3°°_,[T]2 are the conserved quantities. From the direct calculation,
we find that the eigenvalues of 3¢ _ [T]2 and Y20 | [T4]% can be quantified by two quantum
numbers m; and my as 2'7[cosh(mn) + cosh(man)]eT?N" and 2{1 + cosh[(m; + ma)n] +
cosh[(my — mg)n] e respectively, where m; € [0, N] and 0 < |my| < N —m;. Then the
asymptotic behaviors of transfer matrices ¢ (u) and £ (1) on some subspace which can be

parameterized by two integers m; and ms read

£®) (1) s 200 = 2 Vcosh(myn) + cosh(mgn)]eE Ve =20

)

tP) (1) ] yosroo = 2{1 + cosh[(my + my)n] + cosh[(m; — mg)n]}ei(N“_zév:lgj_zN") + -+ .(6.5)

Suppose the eigenvalues of t®)(u) and P (u) as A® (u) and AP (u), respectively. From
Egs.(6.3) and (6.5), we obtain that A® (u) and A® (u) should satisfy the constraints
(

N
AP (0;) APY(0; + 4n + i) = [ [ a(6; — 6)c(0; — 6, + 4n + im),
=1

AP (0;) AP(0; + 2n) = HPO 0; = 00) AV (0; + 1),

AP (0)AP(6; + 3n) = H,al(ej —0) AP (9, +2n+im), j=1,--- N,

1=1
AP (1)] 4100 = 217 N]cosh (mqn) + cosh(mgn)]ei(N“_Z;'\;l 02N 4

/_\(p)(u)|u—>ioo = 2{1 + cosh[(my + m2)n| + cosh[(m; — m2)n|}
s eE(Nu=iLi 05=2Nm) (6.6)

The eigenvalues A®) () (resp. AP (u)) is a polynomial of e with degree 2N (a polynomial
of e?* with degree N respectively) up to an overall factor eV, Therefore, A®) (u) and AP (u)
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can be completely determined by at least 3N + 2 constraints. Then we arrive at that 3N
functional relations together with 4 asymptotic behaviors (G.6]) can determine the eigenvalues

AP (u) and A®)(v), which are expressed by the T' — @ relations as

Q) u+2n (1)(u—2n)Qp (u+ 2n)
AP (y) = a(u —0; 0 + b(u
) ]1:[1 ( o Q5 (u H { W (w)QS (u)

(1) (1)
(u—m)Qp (u—2 ) (u—4 —z7r)
ey A | Skl

N (2) (1) .
x Qp (u + 377) Qp (u + U)Qp (U +n— W)Qp (u - 77)
AP = .y

o = Hote=0) [ Ot QPP g mQP(w+n)

S [@p (u—3n) <”<u—3n>c2p (u—3n —im)Qy (u+n)
Q) (u—n) b (=)@ (w—n — im) Q) (u —n)

Qfo”(u + n)@é”(u — 31 — im)
+ cilu — Hj
j[[l ( ) ( _W)Qp (u—mn—in)

(1) (1)
11 : (utn— W)Q (u — 3n)
cilu — 9]' — T D - )
+j:1 ( ) ( (u— )Qp (u—mn —im)

where the definition of the functions ai(u), by(u), and ¢;(u) is in (B.0]), and

u—2n — )’

(6.8)

Lo

QP (u Hsmh u—p? —n), QP (u) = [[sinh(u—p? —21).  (6.9)

k=1

The regularity analyses of the T' — @ relations (6.17)-(6.8) lead to that the Bethe roots
{,ul(l)} and {,u,(f)} should satisfy the BAEs

N . 1
(D 1 3) (2)(:Uz() Hslnh% (u" + 1 —6;) =1L, (6.10)
2 = Qs (! +3n o sinh g (g =1 — 6;)
(1) @\HD),(2)
- 4
()8 (1 m)@w 4(-2)7” =1, k=1L,  (6.11)

D 7 + 200 I + 20— im) QP )
where L; < N and Ly < L;. We shall note that the BAEs (6.10) and (6.11]) are homogeneous,

because the periodic boundary condition does not break the U(1) symmetry. The quantum
numbers m; and my characterizing the conserved quantities S0 [T4]% and Y20 _ [T1]® are

related with the numbers of Bethe roots as
my = N — Ll, mo = L1 - 2L2 (612)
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The eigenvalues (6.7)-(6.8) and associated BAEs (6.10)-(6.11]) have the well-defined homoge-
neous limit. These results with the constraint {#;} = 0 are coincide with the previous ones

obtained by using the functional or nested algebraic Bethe ansatz [20121].

7 Discussion

In this paper, we have studied the exact solution of quantum integrable model associated with
the A§2) twisted Lie algebra. We give a detailed analysis of the fusion properties, including
the open chain and the periodic one. We obtain the closed recursive fusion relations and
additional constraints among the fused transfer matrices. Based on them and with the help
of polynomials analysis, we obtain the eigenspectrum and related Bethe ansatz equations of
the system. The results provided in this paper can be generalized to the Ag) model with

arbitrary n and integrable models with the other twisted Lie algebras.
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Appendix A. Expression of the R-matrix Ri,(u)

In this appendix, we give the explicit expression of the R-matrix Riy(u) define in ([B71) as

1
1
D) T T T
() r ! 5 9 0 1 12
1
7 T2 s —T10
(&1
'l T ) T T9 —T11 712
13 13 3
T14 T4 T15 T9
14 T4 T —T15 e 9 s
Riz(u) = T —
16 16 T's
ri7 —Tis Te —TIn
-7 15 Te 711
s —T'10 10
18 14 —TIir ()
r1
13 —T16 T2 r 7
T18 T14 T17 T2
13 16 7 T2 "
r1
(A.1)

1 1
r1 = 2sinh(u — 37), ro = 2sinh(u — 1), r3 = 4sinh §(u — 3n) cosh i(u —n),

1 1
ry = 2(sinh(u — 2n) + sinh 2nsinh n), r5 = 4sinh Q(u — 1) cosh Q(u —3n),

re = 2(sinh(u — 2n) — sinh 2nsinhn), r; = —2sinh 27,

u 1
rg = —4e” 2 sinh 774/ cosh 7 sinh §(u —3n), 19

N 1
—4e~ 2 sinh nv/cosh n cosh 3 (u—mn),

u 1 u 1
r10 = 4e” 2 sinh n4/cosh 1 cosh §(u —3n), ri1 = 4e” 2" sinh 7/ cosh 7 sinh §(u —n),

r1o = 2eTsinh 2n, i3 = —€"rs, r1ia = " 2y, r15 = —2sinh 7 sinh 27,

e = e“rlo, 17 = —e“_2"r11, rig = 2¢" sinh 27]

(A.2)

The above expression allows us to derive the very properties (3.9]) of the resulting fused

R-matrix Ris(u).
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