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In the present work, we consider a spin 1/2 paramagnetic dimer embedded in a magnetic tunnel junction driven out
of equilibrium by means of an applied voltage and an applied temperature gradient, in the presence of an external
magnetic bias, which can be turn on/off. Here, we derive the spin excitation spectrum for a two spin 1/2 system
analitically and show that an external magnetic field is required to lift the degeneracy in the triplet state, whether both
spin units experience the magnetic field in the same direction or in opposite staggered directions. We show that an
applied bias voltage in the absence of a magnetic field, transfers the magnetization from the magnetic leads into the
spin units embedded in the molecule, hence breaking a symmetry and lifting the triplet degeneracy in the absence of
external magnetization. From this theoretical demonstration, we then propose two schemes of magnetic driving to lift
spin degenracy in the spin excitation spectrum, which we named PMD (Parallel Magnetic Driving) and AMD (Anti-
Parallel Magnetic Driving). We argue that a symmetry breaking is then required to project the spin configuration of a
dimer into quantum transport measurements, and hence propose different schemes to detect the spin triplet state and
the spin singlet state using differential conductivity measurements in the non-degenerate non-symmetric configuration
of the spin dimer, and compare our results with the ones reported in the literature.

I. INTRODUCTION

Single and few magnetic atoms on surface have been inves-
tigated in recent years as a versatile physical system for tailor-
ing nanomagnets through engineering symmetric1–6 and chi-
ral anti-symmetric exchange interactions7,8, for engineering
and customizing single ion magnetic anisotropy9–12, improv-
ing spin filtering effects13,14 and realizing magnetically doped
topological insulators15,16, among others, typically, within ex-
perimental contexts related to scanning tunneling microscopy
and spectroscopy1,17, inelastic spin flip spectroscopy18 and
electron spin resonance spectroscopy19–21. From the exper-
imental ground, it has been demonstrated that, by atomic
scale resolution positioning of individual magnetic dopants in
metallic thin films, different types of exchange interactions
can be engineered3, for instance, symmetric and isotropic ex-
change interactions (RKKY like), chiral anti-symmetric ex-
change interactions (Dzyaloshinskii-Moriya like)7, and by en-
gineering the adsorption site, single ion anisotropy can be
engineered22, as well as by the application of an electric field
using a scanning tunneling probe23. For each different type
of magnetic configuration engineered in the reported exper-
iments by J. Wiebe et.al3,7,8, the single atom magnetometry
has been performed as a function of an applied external mag-
netic fields and the corresponding conductance measurement
has been done using scanning tunneling spectroscopy (STS),
showing clear signatures of the magnetization of the cluster
of adsorbed magnetic atoms on surface. From the theoreti-
cal perspective, there are two dominant approaches reported
in literature to determine the spin excitation spectrum, hence
the molecule magnetization and its effect on the single mag-
netic atom conductivity in scanning tunneling spectroscopy
set ups. First, J. Fransson proposed a theory for spin polarized

scanning tunneling spectroscopy on spins adsorbed on surface
and spin inelastic tunneling spectroscopy on a single spin ad-
sorbed on surface24, showing the signatures of the spin ex-
citation spectrum in the differential conductivity. Moreover,
the same author studied the itinerant electron mediated dy-
namical exchange interaction between individual impurities25

extending the previous work to several spin units, from where
it was found that its components decay similarly to the decay
trend present in the RKKY interaction, which was generalized
in26,27 to include Dzyaloshinskii-Moriya like and symmetric
anisotropic contributions. Both of these approaches for equi-
librium and nonequilibrium conditions, hence, defining a volt-
age and temperature dependent effective spin Hamiltonian,
from where the nonequilibrium excitation spectrum can be
obtained and hence, its effect on quantum transport as inves-
tigated in28–31. Secondly, the work by Markus Ternes makes
use of third order perturbation theory to determine the spin
excitation spectrum17 with the differentiating factor that, the
spin Hamiltonian is independent of voltage and temperature in
contrast to J. Fransson’s approach where the exchange interac-
tions that define the Hamiltonian are tuned through a nonequi-
librium drive whether voltage bias or temperature gradient.
While Ternes approach has been found to be very precise in
reproducing the experimental trends in differential conductiv-
ity experiments performed in the context of scanning tunnel-
ing spectroscopy7,8, Fransson’s approach is ideal to determine
the effect of other degrees of freedom such as vibrations on
the exchange interactions and anisotropies12 and hence in the
way the latter affects the quantum transport.
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II. CONTRIBUTION OF THIS PAPER

In this work we consider a spin 1/2 paramagnetic dimer,
placed in between two ferromagnetic leads in a spin molecu-
lar junction contribution and we study the molecular magneti-
zation, spin-spin interactions and its effect on quantum trans-
port. Here, we show analitically the impossibility of molecu-
lar moment formation in the absence of an external magnetic
field or transferral of magnetization by proximity from ferro-
magnetic leads, which is a fundamental part of spin selective
quantum transport in molecular junctions with spin degrees of
freedom, in contrast to what is argued in29. Moreover, here
we show that in the absence of external magnetic fields, it is
enough to project the magnetization of ferromagnetic leads by
proximity into the molecule using a bias voltage in the junc-
tion, hence, inducing a voltage dependent symmetry breaking
in the molecule. Finally, we propose two schemes for driv-
ing magnetically the molecule with external fields, one being
parallel magnetic driving (PMD) and the other one being anti-
parallel magnetic driving (AMD), which in turn have different
effects of the RKKY-Like interaction between spin units in the
dimer and hence have different electric differential conductiv-
ity responses.

III. METHODOLOGY AND MATHEMATICAL MODELS

In previous theoretical work by H. Hammar and J. Fransson
et.al a paramagnetic coupled spin pair was shown to switch
its magnetization as a function of an applied bias voltage
and hence it exhibited voltage induced switching dynamics
in the I-V curve, and in a complementary theoretical work by
J.D Vasquez Jaramillo and J. Fransson, we showed that this
voltage induced switching dynamics produced a commuta-
tion between zero, low and high thermal conductivity regimes
through a metallic junction with the former paramagnetic cou-
pled spin pair embedded within it, and hence producing dif-
ferent regimes of Peltier heating shown in the evaluation of
the nonequilibrium Seebeck coefficient as a function of tem-
perature gradient across the junction and as a function of ap-
plied bias voltage, this, in addition to the proposal of an anal-
ogous Seebeck coefficient associated with the heat current.
This work considered a metallic tunnel junction with a mag-
netic molecule consisting of two spin units embedded within
it. Both metallic contacts can be either normal of ferromag-
netic metals, and the magnetic molecule couples through tun-
neling to both of these metals. The model Hamiltonian for the
system of study shown in figure 1 is given by:

H = Hα +Hβ +HT +Hmol , (1)

Hα = ∑
kσ

εkσc
†
kσ
ckσ , Hβ = ∑

qσ

εqσc
†
qσcqσ , (2)

HT = ∑
kσ

v(a)kσ
c†
kσ
daσ + v(a)∗kσ

d†
aσckσ +∑

qσ

v(b)qσc
†
qσdbσ + v(b)∗qσ d

†
bσ
cqσ , (3)

Hmol = ∑
σ

εaσd
†
aσdaσ +∑

σ

εbσd
†
bσ
dbσ +JaSa ·∑

σσ ′
d†

aσσσσ ′daσ ′ +JbSb ·∑
σσ ′
d†

bσ
σσσ ′dbσ ′ + γ12 ∑

σ

(
d†

aσdbσ +d†
bσ
daσ

)
, (4)

where Hα and Hβ are the Hamiltonians corresponding to
the ferromagnetic/metallic leads labeled with α and β , Hmol
is the Hamiltonian describing the energetics of the magnetic
molecule which includes hoping and Kondo interaction terms
and HT is the tunneling Hamiltonian, which encodes the en-
ergetics of electrons in the left lead tunneling to and from site
a of the molecule or of electrons tunneling to and from site
b of the same molecule. For the left ferromagnetic/metallic
lead the wave vector of the electrons is labeled as k, the spin
is labeled as σ , and operator c†

kσ
(ckσ ) creates (annihilates)

a single particle state at the energy band labeled as εkσ . For
the right ferromagnetic/metallic lead, the wave vector is la-
beled as q and the spin is labeled as σ as there are no spin
flip processes, whereas all the other variables and parameters
c†
qσ ,cqσ ,εqσ are as defined for the left lead. Operators d†

aσ

(daσ ) and d†
bσ

(dbσ ) create (annihilate) a single particle in the
energy level εaσ and εbσ respectively, which hybridize with
an interaction strength γab hence allowing for particle hop-
ping. The Kondo interaction strength appearing in the molec-
ular Hamiltonian is labeled as Ja and Jb respectively for site a

and b, which couples the localized spin moment Sa (Sb) with
the spin of conduction electrons in energy level εaσ (εbσ ) de-
noted by the spin operator given by s(e)a = ∑σσ ′ d

†
aσσσσ ′d

†
aσ

(s(e)b = ∑σσ ′ d
†
bσ
σσσ ′d

†
bσ

).
Following references25–27, an effective first order and secon-
der action can be defined for spin moments driven out of equi-
librium which are given by:

δS(1) =
∫

dt ∑
m
Bm,e f f (t) ·Sm(t), (5)

δS(2) =
∫

dtdt ′∑
mn

J R
mn(t, t

′)Sm(t) ·Sn(t ′)

+T R
mn(t, t

′) ·Sm(t)×Sn(t ′)+Sm(t) · IR
mn(t, t

′) ·Sn(t ′), (6)

where Bm,e f f (t) is the effective magnetic field acting on the
spin moment Sm(t) which is created by the spin polariza-
tion of the surrounding electronic background, J R

mn(t, t
′),

T R
mn(t, t

′) and IR
mn(t, t

′) are the isotropic, anti-symmetric
anisotropic and symmetric anisotropic components of the
retarded effective magnetic susceptibility27,32,33 respectively
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FIG. 1. Paramagnetic Dimer Embedded in a Ferromagnetic Tunnel Junction: A magnetic molecule consisting of two molecules with spin
units Sa and Sb Kondo coupled to electrons in with energies εaσ and εbσ through interaction constants Ja and Jb respectively. γab is the
hopping parameter between the energy levels and parameters Γ

(L)
aσ and Γ

(R)
bσ

denote the coupling of levels εaσ and εbσ to the left and right
ferromagnetic/metallic leads respectively. The junction in the figure has a bias protocol symmetric with respect to µ0 such that the chemical
potentials in the left and right lead respectively depend on the bias voltage as µl = µ0 + eVDS/2 and µR = µ0− eVDS/2.

in the rotated Keldysh space34, which resemble the micro-
scopic theory of spin magnetism derived by Toru Moriya35.
These components of the effective spin action to first and
second order are given in terms of the nonequilibrium charge
and spin Green’s functions G</>(t, t ′) and G</>(t, t ′) (note
that G has components Gx, Gy and Gz.) as specified in
reference28, where in turn, in coincidence with reference26,
shows that in the time invariant case:

Symmetric Isotropic Effective Exchange Interaction:

J R
mn =

JaJb

2

∫ ∫ (G>
mn(ε)G

<
nm(ε

′)−G<
mn(ε)G

>
nm(ε

′)

ε− ε ′

+
G>

mn(ε) ·G<
nm(ε

′)−G<
mn(ε) ·G>

nm(ε
′)

ε− ε ′

)dε

2π

dε ′

2π
(7)

Anti-Symmetric Anisotropic (Chiral) Effective Exchange In-
teraction:

T R
mn =

JaJb

4

∫ (
G<

mn(ε)G
>
nm(ε)−G>

mn(ε)G
<
nm(ε)

−G<
mn(ε)G

>
nm(ε)+G

>
mn(ε)G

<
nm(ε)

)dε

2π
(8)

Symmetric Anisotropic Effective Exchange Interaction:

IR
mn =

JaJb

2

∫ ∫ (G>
mn(ε)G

<
nm(ε

′)−G<
mn(ε)G

>
nm(ε

′)

ε− ε ′

+
G>

nm(ε
′)G<

mn(ε)−G<
nm(ε

′)G>
nm(ε)

ε− ε ′

)dε

2π

dε ′

2π
(9)

where the Green’s functions used in the evaluation of ex-
pressions 7, 8 and 9 have been calculated using the Keldysh
equation36,37 given by:

G</>
mn (ω) = ∑

i j
GR

mi(ω)Σ
</>
i j (ω)GA

jn(ω), (10)

from the knowledge of GR(ω) which can be calculated from
the equation of motion method as detailed in chapter 8
of reference30, and from the knowledge of the self-energy

Σ</>(ω) which accounts for the coupling of the electron sea
hosting the spins with the external field driving the nonequi-
librium interactions, and is often for the case of electronic
reservoirs given in the wide-band limit36 by:

Σ
</>(ω) = (±i) ∑

κ=L,R
fκ(±ω)Γ(κ), (11)

where fκ(ω) is the occupation function of the reservoir la-
beled as κ which drives the system of interest. For the spe-
cific case of the Hamiltonian given by expressions 1, 2, 3 and
4, Γ(L) and Γ(R) are given by:

Γ
(L) =

[
Γ
(L)
aσ 0
0 0

]
; Γ

(R) =

[
0 0
0 Γ

(R)
bσ

]
, (12)

giving the following expression for Σ</>(ω):

Σ
</>(ω) = (±i)

[
fL(±ω)Γ

(L)
aσ 0

0 fR(±ω)Γ
(R)
bσ

]
, (13)

The quantities in expressions 7, 8 and 9 defined the parame-
ters for an effective spin Hamiltonian from the second order
effective spin action given by expression 6, leading to:

Hspin = ∑
mn

J R
mnSm ·Sn +T

R
mn ·Sm×Sn +Sm · IR

mn ·Sn,

(14)

where for the case of a spin dimer rather reads:

Hspin = J R
abSa ·Sb +T

R
ab ·Sa×Sb +Sa · IR

ab ·Sb. (15)

The effective Hamiltonian given by expression 15 yields zero
expectation value for both spins Sa and Sb, for vanishing spin
orbit torques T R

ab and Symmetric Anisotropic Exchange IR
ab.

IV. RESULTS AND DISCUSSION

Here, we are interested in showing that, a symmetry break-
ing interaction in required to induced finite local magnetiza-
tions on single/individual spin units in magnetic molecules
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or quantum dots driven out of equilibrium. First, let’s un-
derstand the voltage dependent eigenvalue problem presented
here, and what is the voltage induced switching mechanisms
in the isotropic and chiral exchange interactions as a function
of magnetic driving, and then, let’s argue why magnetic driv-
ing is necessary for local magnetization emergence.

A. Voltage Dependent Parameters

Departing from the Hamiltonian given by expression
15, herein we consider two possible cases for its voltage
dependent parameters given by expressions 7 and 8, parallel
magnetic driving (PMD) which is the case where both units
of the spin dimer are magnetized in the same direction and
with the same strength, and anti-parallel magnetic driving
(AMD) where both spin units are magnetized with the same
strength in opposite directions, that is, the magnetic fields
magnetizing the dimer are staggered. Notice that for the case
of a spin half dimer, the voltage dependent parameter given
by expression 9 does not contribute to the total energy of the
spin Hamiltonian. Here, to break the spin state symmetry of
the Hamiltonian, a magnetic field is required. In the absence
of external magnetic fields, an effective magnetic field given
by expression 5 is generated when the spin asymmetry from
the leads is transfer by a given mechanism into the dimer. For
the case of staggered magnetic fields (AMD), the effective
magnetic field shows an asymptotic behavior shown in fig. 2:
where the dotted lines represents the effective magnetization

-15 -12 -8 -4 -2 0 2 4 8 12 15

Bias Voltage [mV]

-1

-0.5

0

0.5

1

B
(z

)

e
ff
 [

T
]

FIG. 2. Effective Magnetic Field (Bird Shape): in the illustration we
can appreciate the asymptotic behavior of the effective magnetic field
induced in each units of the dimer. The dotted lines represents the
magnetization of the left spin unit and the continuous lines represent
the magnetization of the right spin unit. The dark blue represents
the zero external magnetization condition. The red lines represent
external magnetic fields of magnitud 1T , the black the purple and the
light blue represent correspondingly magnetic fields of magnitudes
3T , 4T and 5T .

of the level coupled to the left lead, and the continuous lines
represent the effective magnetization of the level coupled to

the right lead. Despite the asymptotic behavior of the mag-
netic field, the total magnetization is not zero as required for
a paramagnetic dimer and as argued in29,38. The parameters

-10 -5 0 5 10

Bias Voltage [mV]
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0
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J
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b
 [

e
V

]

FIG. 3. Isotropic exchange as a function of external magnetizations
for PMD protocol. The blue curve represents the zero external mag-
netization condition, while the red, yellow and purple represent the
external magnetization strengths of 3T , 4T and 5T respectively.

of the spin Hamiltonian can be analyzed for both driving
protocols. For the case of parallel magnetic driving, the
isotropic exchange as a function of different external magne-
tization conditions is shown in fig. 3. The chiral exchange

-10 -5 0 5 10

Bias Voltage [mV]

-300

-200

-100

0

100

200

300

T
a

b
 [

e
V

]

FIG. 4. Chiral Anisotropic exchange as a function of external mag-
netizations for PMD protocol. The blue curve represents the zero ex-
ternal magnetization condition, while the red, yellow, purple, green
and light blue represent the external magnetization strengths of 3T ,
4T , 5T , 7T and 8T respectively.

interaction within the (PMD) protocol is shown in fig. 4,
Where we can appreciate the commutation between positive
and negative chirality for large magnetic fields to finally
vanish for even larger magnetic fields. Notice the difference
in units of the exchange interactions presented here (µeV )
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with the ones presented in26, a fact that is basically due to the
proper normalization of the nonequilibrium Green’s function
in the numerical evaluation of the exchanges. For the case
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20
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J
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e
V

]

FIG. 5. Isotropic exchange as a function of external magnetizations
for AMD protocol. The blue curve represents the zero external mag-
netization condition, while the red, yellow, purple and green rep-
resent the external magnetization strengths of 3T , 4T , 5T and 7T
respectively.

of AMD, the isotropic and chiral anisotropic exchange are
respectively shown in figs 5 and 6. A fundamental difference
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T
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e
V

]

FIG. 6. Chiral Anisotropic exchange as a function of external mag-
netizations for AMD protocol. The blue curve represents the zero
external magnetization condition, while the red, yellow, purple and
green represent the external magnetization strengths of 3T , 4T , 5T
and 7T respectively.

between both driving protocols is that, at large voltage bias
the PMD protocol produces constant exchange, and locks
the magnetic state of the molecule to a singlet configuration,
while the AMD protocol produces zero exchange at large bias
yielding a four fold degeneracy and a notable Kondo like peak
for large enough magnetic fields. In the chiral anisotropic

exchange interaction one can see that under AMD protocol,
the chirality of the molecule is more stable as a function of
bias voltage as compare with the PMD protocol. At the end
the choice of protocol will depend more on the asymptotic
behavior of the effective magnetic field which will produce a
zero net magnetization in the molecule, for such reason we
will stick to AMD protocol.

B. Local Magnetizations of Individual Spin Units

We consider the thermal average of individual spins in the
dimer. The thermal expectation value of an arbitrary spin op-
erator in an arbitrary direction is given by:〈

S
(λ )
j

〉
=

Tr
(
e−βHspinS j

)
Z

. (16)

To evaluate expression 16, one must define the eigen-basis
|φn〉 and the corresponding eigen-energies. In the present case,
the eigen-basis are chosen as the eigenstates of the Hamil-
tonian Hspin, that is, |0〉 = χs, |1〉 = χ

(1)
t , |2〉 = χ

(2)
t and

|3〉 = χ
(3)
t , and with corresponding eigen-energies given by:

E0 = −3JAB and E1,2,3 = JAB. Now, the partition function
Z can be evaluated as follows:

Z = Tr
(

e−βHspin
)
= ∑

n
〈n|e−βHspin |n〉= ∑

n
e−βEn ,

= e−βE0 + e−βE1 + e−βE2 + e−βE3 = e3βJAB +3e−βJAB .
(17)

Moreover, to evaluate
〈
S

(z)
a

〉
and

〈
S

(z)
b

〉
, we evaluate the

following traces: Tr
(

e−βHspinS
(z)
a

)
and Tr

(
e−βHspinS

(z)
b

)
.

First let’s evaluate the thermal trace with respect to S(z)
a :

Tr
(

e−βHspinS
(z)
a

)
= ∑

n
〈n|e−βHspinS

(z)
a |n〉

= ∑
n

e−βEn 〈n|S(z)
a |n〉 ,

= e−βE0 〈0|S(z)
a |0〉+ e−βE1 〈1|S(z)

a |1〉

+ e−βE2 〈2|S(z)
a |2〉+ e−βE3 〈3|S(z)

a |3〉 .
(18)

The terms 〈0|S(z)
a |0〉, 〈1|S(z)

a |1〉, 〈2|S(z)
a |2〉 and 〈3|S(z)

a |3〉
in expression 18 can be evaluated in the following form:
where the propertiesS(z)

a | ↑ (↑,↓)〉= h̄/2 | ↑ (↑,↓)〉 andS(z)
a | ↓

(↑,↓)〉 = −h̄/2 | ↓ (↑,↓)〉 have been used. Replacing expres-
sions B1, B2, B3 and B4 from the supporting information in
expression 18, the above mentioned trace reads:

Tr
(

e−βHspinS
(z)
a

)
= e−βJab

(
h̄
2

)
+ e−βJab

(
− h̄

2

)
= 0,

(19)
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therefore the expectation value
〈
S

(z)
a

〉
vanishes:

〈
S

(z)
a

〉
=

h̄
2

e−βJab − e−βJab

e3βJab +3e−βJab
= 0. (20)

To induce finite values for
〈
S

(z)
a

〉
, a symmetry must be broken

such that the eigen-energies corresponding to the eigenstates
|2〉 and |3〉 should be different, that is, E2 6= E3, which gives
the following value for

〈
S

(z)
a

〉
:

〈
S

(z)
a

〉
=

h̄
2

e−βE2 − e−βE3

e3βJab +3e−βJab
. (21)

For the case of the expectation value of the second molecular
spin,

〈
S

(z)
b

〉
, it can be straightforward seen that expressions

B1, B2, B3 and B4 also apply to this case, hence giving:〈
S

(z)
b

〉
=

h̄
2

e−βJab − e−βJab

e3βJab +3e−βJab
= 0, (22)

and in the presence of axial symmetry breaking (magnetic
fields), it rather gives:〈

S
(z)
b

〉
=

h̄
2

e−βE2 − e−βE3

e3βJab +3e−βJab
. (23)

for the particular case of the PMD protocol, in which the
eigenvalues E2 and E3 are given by expression 36, the expec-
tation values

〈
S

(z)
a

〉
and

〈
S

(z)
b

〉
:

〈Sa
(z)〉=

h̄sinh
[

∆Bz
2kBT

]
(

1+2cosh
[

∆Bz
2kBT

]
+ eβJab

) ,
〈Sb

(z)〉=
h̄sinh

[
∆Bz

2kBT

]
(

1+2cosh
[

∆Bz
2kBT

]
+ eβJab

) , (24)

where it can be notice that, for finite spin expectation values
it is required to have finite magnetic induction fields and rel-
atively low temperature compare to the Zeeman energy (See
that by Taylor expanding the hyperbolic functions, Curie’s law
is retrieved). For details see supporting information.

C. Breaking Time Reversal Symmetry: The Zeeman
Energy

For the case in which magnetic fields are present in the
geographical vecinity of the molecule, the spin Hamiltonian
reads:

Hspin = HHeiss +HZeeman, (25)

where HHeiss is the Hamiltonian we considered in the pre-
vious section, which is SO3 invariant hence producing zero
net magnetic moment, and HZeeman is the Hamiltonian cor-
responding to the Zeeman energy of each of the spins repre-
sented, and the latter and the former are given by:

HHeiss = JabSa ·Sb, (26)
HZeeman =−gaµBBa,e f f ·Sa−gbµBBb,e f f ·Sb, (27)

where the constants gi and µB are respectively the giromag-
netic ratio for i = a,b and the Bohr’s magneton. Bi,e f f is the
effective magnetic field acting on spin Si for i = a,b, which
is a combination of the externally applied magnetic field and
the magnetic field created by the spin polarization surround-
ing molecule i. For the specific case in which the magnetic
fields on molecules a and b are pointing along the z− direc-
tion, the Zeeman energy is the represented by the following
Hamiltonian:

HZeeman =−gaµBB(z)
a,e f fS

(z)
a −gbµBB(z)

b,e f fS
(z)
b . (28)

In matrix form, S(z)
a = S(z)a ⊗ I2×2 and S(z)

b = I2×2 ⊗ S(z)b ,
which explicitly reads:

S
(z)
a =

 1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 ; S
(z)
b =

 1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 ;

(29)

from where the Zeeman energy term given by expression
28 is of diagonal form, and its matrix elements are given by:

H
(11)

Zeeman =−gaµBB(z)
a,e f f −gbµBB(z)

b,e f f

H
(22)

Zeeman =−gaµBB(z)
a,e f f +gbµBB(z)

b,e f f

H
(33)

Zeeman = gaµBB(z)
a,e f f −gbµBB(z)

b,e f f

H
(44)

Zeeman = gaµBB(z)
a,e f f +gbµBB(z)

b,e f f (30)

In this paper we consider two magnetization protocols in
the paramagnetic dimer. One is a protocol in which both
molecules are externally magnetized in the same direction,
with the same strength, and we will refer to this mode of oper-
ation as parallel magnetic driving (PMD, B(z)

a,e f f =B(z)
b,e f f ). The

second protocol namely anti-parallel magnetic driving (AMD,
B(z)

a,e f f = −B(z)
b,e f f ), consists in magnetizing both molecules in

opposite directions with equal strengths. To generalize both
protocols, we impose the relation B(z)

b,e f f = ξ B(z)
a,e f f = ξ B(z)

b,e f f ,
where ξ = 1 for PMD and ξ = −1 for AMD, from where,
the Zeeman Hamiltonian can be written more compactly by
defining γ±(ξ ) = ga±ξ gb:
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FIG. 7. Magnetic moment per spin unit in a molecular dimer and the total spin moment of the molecule under Parallel Magnetic Driving
(PMD) Protocol at T = 4K.

FIG. 8. Magnetic moment per spin unit in a molecular dimer and the total spinmoment of the molecule under Anti-Parallel Magnetic Driving
(AMD) Protocol at T = 4K.

HZeeman(ξ ) =


−γ+(ξ )µBB(z)

e f f 0 0 0

0 −γ−(ξ )µBB(z)
e f f 0 0

0 0 γ−(ξ )µBB(z)
e f f 0

0 0 0 γ+(ξ )µBB(z)
e f f

 . (31)

Finally, the spin Hamiltonian can be written in matrix form by replacing expression 31 into expression 25, giving:

Hspin(ξ ) =


Jab− γ+(ξ )µBB(z)

e f f 0 0 0

0 −Jab− γ−(ξ )µBB(z)
e f f 2Jab 0

0 2Jab −Jab + γ−(ξ )µBB(z)
e f f 0

0 0 0 Jab + γ+(ξ )µBB(z)
e f f

 . (32)
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The two cases of interest are ξ = 1 for PMD and ξ = −1 for AMD, which give the following two spin Hamiltonians:

Hspin(ξ = 1) =


Jab−2gµBB(z)

e f f 0 0 0
0 −Jab 2Jab 0
0 2Jab −Jab 0
0 0 0 Jab +2gµBB(z)

e f f

 , (33)

Hspin(ξ =−1) =


Jab 0 0 0

0 −Jab−2gµBB(z)
e f f 2Jab 0

0 2Jab −Jab +2gµBB(z)
e f f 0

0 0 0 Jab

 . (34)

Moreover, we are interested in determining the spin excitation
spectra for models given equations 33 and 34. For expression
33 (PMD protocol), the following eigenvalue (E ) problem is
required to be solved (with ∆= 2gµB, see details in supporting
information):

|Hspin(ξ = 1)−E I|= 0, (35)

yielding the following eigenvalues:

E0 =−3Jab; E1 = Jab;

E2 = Jab +∆B(z)
e f f ; E3 = Jab−∆B(z)

e f f ; (36)
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FIG. 9. Spin excitation spectra in the absence of symmetry breaking:
Here, the voltage dependent spin occupations from the Heisenberg
Hamiltonian are plotted, where it can be clearly distinguished the
triplet degenerate and the singlet regimes

Now we proceed with the solution of the eigenvalue prob-
lem corresponding to expression 34:

|Hspin(ξ =−1)−E I|= 0, (37)
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FIG. 10. Spin Excitation Spectra for Parallel Magnetic Driving
(PMD): Here, the voltage dependent spin occupations from the
Heisenberg Hamiltonian are plotted in the presence of a symmetry
breaking field, hence, showing the lifting of the triplet degeneracy,
allowing for perfect distinction between the magnetic projections of
each eigenstate of the spin Hamiltonian

from where the eigenvalues corresponding to states |↑↑〉 and
|↓↓〉 are given by:

E0 = E1 = Jab, (38)

and the eigenvalues E2 and E3 read:

E2,3 =−Jab±
√

4J 2
ab +

(
∆B(z)

e f f

)2
, (39)

corresponding to states:

|χs〉=
1√
2
(|↑↓〉− |↓↑〉)

|χt〉=
1√
2
(|↑↓〉+ |↓↑〉)
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|χt〉= |↑↑〉

|χt〉= |↓↓〉

for small effective magnetic fields B(z)
e f f , expression 39 can be
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FIG. 11. Spin Excitation Spectra for Anti-Parallel Magnetic Driv-
ing: Here, we plot the voltage dependent spin occupations of the
Heisenberg Hamiltonian in the presence of staggered magnetic fields
applied to each spin unit. It can be clearly seen that the entangled
states are mainly non-degenerate

approximated by a first order Taylor expansion as follows:

E2 ≈Jab +

(
∆B(z)

e f f

)2

4Jab
, (40)

E3 ≈−3Jab−

(
∆B(z)

e f f

)2

4Jab
. (41)

In relation to the voltage dependent spin excitation spectra,
from figure 9, it can be clearly observed that an applied volt-
age does not lift the spin degeneracy, in the particular case
where the electrodes are not ferromagnetic. Around zero bias,
a spin triplet is formed as a consequence of the negativity
of the nonequilibrium magnetic exchange, and the occupa-
tion for spin singlet is zero. In the case in which the abso-
lute value of the bias voltage is far larger than zero, a spin
singlet will be occupied with unit probability, and hence, the
spin triplet will not be occupied at all. For very large abso-
lute values of the bias voltage, where the nonequilibrium ex-
change vanishes, there will be a four fold spin degeneracy. To
lift the spin degeneracy, we consider ferromagnetic electrodes
and the PMD protocol, where the source of magnetization can
be external or by proximity, and in figure 10, it is clearly seen
that this symmetry breaking lifts the triplet degeneracy in the
zero bias region and for larger absolute values of the voltages,
even, lifting the four fold degeneracy. The spin degeneracy in
the states with maximum and minimum spin projections re-
mains in the presence of the application of the AMD protocol,
though, the state for s = 1 and ms = 0 has its spin degeneracy
lifted under this protocol as it can be appreciated in figure 11.

D. Numerical Evaluation of Local Magnetizations and
Quantum Transport

From the previous analysis we can see that for both magne-
tization protocols PMD and AMD respectively, the local spin
expectation value is finite, and hence one must expect the total
magnetization to not vanish. For AMD, in fig. 2 is shown that
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FIG. 12. Total Molecular Magnetization Under PMD: here the〈

S(z)a +S(z)b

〉
is ploted in dashed lines and in continues lines

〈
S(z)a

〉
=〈

S(z)b

〉
is being plotted. The convenctions are: blue for 1K, red for

2K and green for 3K.

the asymptotic divergence with respect to the zero external
magnetization condition of the effective local magnetization
does not mean that the net magnetization is zero, mainly due
to the spin asymmetry in the junction, possibly except for the
zero external magnetization condition.
To just illustrate the effect of PMD on the total molecular mag-
netization we evaluate the local expectation values on each
spin of the dimer and add them to gain understanding on how
the total magnetization will behave, and clearly it does as a
ferromagnet as shown in fig. 12, at least in the temperature
range 1K− 10K. In fig. 13, we illustrate the spin expecta-
tion value of each spin unit under the AMD protocol, show-
ing an asymptotic behavior that yields zero total moment, re-
sembling the argument that was originally given in38. Basic
quantities for assessing quantum transport can be evaluated
from the Jauho-Meir-Wingren formalism36. Here in use an
alternative version of this formalism derived in30, where the
charge current injected from any of the metallic leads in to the
molecule is given by:

J(c)α (V,∆T ) =
ie
h̄

∫ +∞

−∞

dε

2π
Γ
(α)
nmσσ (ε)

(
G>

mn,σσ (ε) fσ (ε)

+G<
mn,σσ (ε) fσ (−ε)

)
,

(42)

where Γ
(α)
nmσσ (ε) is the molecule-lead coupling matrix ele-

ment in the site and spin space, G</>
mn,σσ (ε) is the lesser/greater



Voltage Dependent Symmetry Breaking in Spin-1/2 Paramagnetic Molecular Junctions Driven Out of Equilibrium 10

-15 -10 -5 0 5 10 15

Bias Voltage [mV]

-0.6

-0.4

-0.2

0

0.2

0.4

0.6
S

p
in

 E
x

p
e

c
ta

ti
o

n
 V

a
lu

e
 <

S
>

FIG. 13. Illustration of the spin expectation value of each unit which
diverges asymptotically from the zero (black dotted line). For the
spin unit coupled to the left lead, the spin expectation value is posi-
tive as the local applied magnetic field is in the positive z-direction.
For the spin unit coupled to the right lead, the spin expectation value
is the negative because of the direction of the local applied mag-
netic field. As such, the AMD protocol produces equal but opposite
in sign individual spin expectation values, hence yielding zero total
magnetization. The different plots resemble different temperatures:
for TR = 1K blue, for TR = 2K red and for TR = 3K green.

Green’s function depending on the spin dependent energy
band in the continuous limit ε , and fσ (ε) stands for the
spin-resolved Fermi-Dirac distribution and this expression
is completely consistent with reference39. Note the depen-
dence on the bias voltage V and the Temperature difference
∆T of the charge current due to the Fermi-Dirac distribu-
tion. Here, the effect of the spin expectation values evaluated
from expressions 24, comes in the retarded Green’s functions
GR

mn,σσ (ε) which is related to the lesser/greater Green’s func-

tions G</>
mn,σσ (ε) through the Keldysh equation given by ex-

pression 10. See supplementary material for details.
In figure 14 the current defined in expression 42 is being

plotted against bias voltage for ∆T = 2.9K. In the absence
of symmetry breaking interactions (ferromagnetic contacts
and/or external magnetic induction fields), the charge current
is plotted as a dotted red line. For a finite external magnetic in-
duction B = 4T under a PMD protocol and in the presence of
ferromagnetism in both metallic leads spin polarized at 50%
with their magnetizations oriented along the z− direction for
both of them, the current is plotted as a continuous blue line.
As compare to the results published in references29,38, note
that the zero bias behavior shown in figure 14 is consistent
with the one reported in these references, in the sense that
the conductivity around zero bias in the absence of symme-
try breaking interactions is relatively large, and when the spin
expectation values are taken into account the spin dimer is
configured in a spin singlet (see figures 3), which localizes
the electronic wave functions hence achieving low differen-
tial conductivity (change in current with respect to a change
in bias voltage), exactly as shown in figure 15.

Note that for the case of a four-fold degeneracy of the spin
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FIG. 14. Illustration of the particle current for finite spin expectation
value in each individual spin unit (blue, continuous line) and of the
particle current with no spin moments (bare current) (red, dashed
line).
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FIG. 15. Differential conductivity of a magnetic tunneling junction:
Red dotted line for the case in which no symmetry breaking interac-
tion is considered. Continuous blue line for the case of a magnetized
tunneling junction, here specifically with the PMD protocol

Hamiltonian eigenvalues the differential conductivity is again
zero due to the fact that the charge current becomes stationary
with voltage (this will change when considering higher order
contributions to the quantum transport with respect to the tun-
neling parameter).

V. DISCUSSION AND CONCLUSIONS

The work presented here, is intended to contribute in three
different aspects to the problem of magnetized spin molecular
junctions:

• Demonstrate, that contrary to what was reported in
references29,38, completely paramagnetic molecular
junctions do not exhibit individual spin magnetic mo-
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ments, and hence, no spin structure signatures are ob-
served in quantum transport quantities.

• Investigate the conditions under which the spin asym-
metry can be induced in the molecule, that is, what are
the circumstances under which external magnetization
is transferred into the molecule.

• Propose different mechanisms that allow for spin asym-
metry to be transferred into the molecule. In the present
work, we have proposed and investigated two magne-
tization protocols at the molecule level: Parallel Mag-
netic Driving (PMD) and Anti-Parallel Magnetic Driv-
ing (AMD).

With respect to the impossibility of a paramagnetic ex-
change couple dimer to exhibit finite moments for individual
spin units, we have analytically demonstrated a well known
result of statistical mechanics in expression 24, which is, that
in the absence of a magnetic induction field, each individual
unit has zero moment, as it can be appreciated from figures
7 and 8. This perspective, can be extended to more than
two spins, for instance, a trimer of spins as considered in
reference40 (See the results for a spin trimer in the supporting
information, where the each individual spin moment is
plotted as a function of the exchange couplings giving finite
total moment). In the case which is particularly consider in
this work, we identify two important mechanisms to break
a symmetry that will make the spin moments in each unit
different than zero, being one of them transferring the spin
asymmetry from the ferromagnetic leads into the molecule,
which becomes a nonequilibrium effect driven by the bias
voltage as shown in figure 2, and the second mechanism,
which is the more conventional one, being the application of
an external magnetic field. Breaking this symmetries will then
produced finite spin moments which is then projected into the
retarded Green’s function (See Supporting Information). In
this particular way, the spin moment information in included
in the nonequilibrium Green’s functions which are defined
in terms of the retarded and advanced Green’s functions
through the Keldysh equation given by expression 10, and of
particular interest is the signatures of the spin structure in the
transport, which become then spin dependent when the spin
moments are finite at low temperatures and finite effective
induction fields. In figures 14 and 15 we can appreciate
the difference when spin structure is reflected in quantum
transport quantities (continuous blue line) and when is not
(dotted red line). With respect to investigating the conditions
under which the magnetization can be transfer into the
molecule, we have shown in figure 1 that even in the absence
of external magnetic induction fields, there is a finite effective
magnetic induction field which depends on the applied bias
voltage in the junction. We also show that this effective field
is anti-symmetric around zero bias through the junction as
expected since it resembles a Zeeman energy derived from
nonequilibrium field theory in reference30 as a first order
correction to the spin action given by expression 5. We as
well show that for large absolute value of the bias voltage,
the magnitude of the effective magnetic induction field is

independent of the value of the external magnetic induction.
With regards to the magnetization protocols, that is PMD
and AMD, we have shown as well that it influences quite
notoriously the nonequilibrium induced symmetric exchange
coupling and the nonequilibrium induced anti-symmetric
chiral anisotropic exchange coupling. For instance, in figure
3 we can appreciate that external magnetic induction fields
applied to the molecule using the PMD protocol, induced an
asymmetry around zero bias and as well produces non-four-
fold degenerate spin states at large bias voltages, which was
the case in the absence of external induction fields. With
respect to the spin excitation spectra, it was clearly observed
that in the absence of external and induced magnetization,
there is a triplet degeneracy that makes three of the our
quantum states indistinguishable. To lift this degeneracy,
symmetry breaking is required, and here we use external
magnetization and induced magnetization by proximity. The
latter, lifts the triplet degeneracy, hence, making all states
distinguishable and accesable electrically. This particular ob-
servation, notoriously contrasts with the simulations reported
in29,38, as in this previous cases, the quantum transport at
large bias voltages, was dominated by the fact that the spin
states were four-fold degenerate and the molecular junction
will behave like a Landauer type transport channel. In the
case presented here, as appreciated from figure 15, there is a
variety of trends in the differential conductivity that were not
presented in the previous references which is purely due to
the magnetization protocol. For the nonequilibrium induced
anti-symmetric chiral anisotropic exchange interaction when
the junction is magnetically driven using the PMD protocol,
as expected, the applied magnetic induction competes with
the chirality, and in fact, large magnetic induction reverses the
chirality as it can be seen from figure 4. For the case of AMD,
in figure 5 it can be observed, that in the nonequilibrium
induced symmetric and isotropic exchange coupling, there is
a Kondo like zero bias anomaly, though, for the parameter
space considered in this simulation, there is no shift in the
nature of the exchange coupling between spins (For instance
in reference41, we consider the effect of the Aharonov-Bohm
phase in the exchange coupling which is, that the nature of
the alignment between spins shifts from ferromagnetic to
anti-ferromagnetic not only as a function of the phase but also
as a function of the induction field).

The work presented in this article well establishes the
correct methodology to map the spin structure of a molecule
into quantum transport measurements, and in that way
setting the bases for the correct methodology to implement
spin resolved scanning tunneling spectroscopy SR-STS on
molecules with spin degrees of freedom. This work also
establishes two novel protocols to drive magnetic molecular
junctions and deeply accounts for the relevant features and
trends in the molecular magnetism that rely upon each of the
protocols.
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Appendix A: Retarded Green’s Function in the Presence of
Spin

From reference29 and in reference30, the retarded Green’s
function for a spin dimer can be written as follows:

G(ω) =

[
h̄ω− εaσ −Ja〈S(z)

a 〉+ iΓaσ

2 −γab

−γab h̄ω− εbσ −Jb〈S
(z)
b 〉+

iΓbσ

2

]−1

(A1)

With:

Γaσ = Γ
(L)
aσ +Γ

(R)
aσ , Γbσ = Γ

(L)
bσ

+Γ
(R)
bσ

(A2)

Here the parameters are as defined previously in figure 1.
Note that the spin moments renormalizes each energy level,
and hence, affects the number of electrons allow through each
transport channel. This is the very cornerstone of the spin

structure signature in the quantum transport quantities.

Appendix B: Evaluation of Matrix Elements For the Spin
Moments in the Singlet-Triplet Basis

〈0|S(z)
a |0〉=

1
2

(
〈↑↓ |S(z)

a | ↑↓〉−〈↑↓ |S(z)
a | ↓↑〉−〈↓↑ |S(z)

a | ↓↑〉+ 〈↓↑ |S(z)
a | ↓↑〉

)
= 0, (B1)

〈1|S(z)
a |1〉=

1
2

(
〈↑↓ |S(z)

a | ↑↓〉+ 〈↑↓ |S(z)
a | ↓↑〉+ 〈↓↑ |S(z)

a | ↓↑〉+ 〈↓↑ |S(z)
a | ↓↑〉

)
= 0 (B2)

〈2|S(z)
a |2〉= 〈↑↑ |S(z)

a | ↑↑〉=
h̄
2
, (B3)

〈3|S(z)
a |3〉= 〈↓↓ |S(z)

a | ↓↓〉=−
h̄
2
, (B4)

Appendix C: Evaluation of the Expectation Value of the
Spin Units and the Partition Function for the case of a
Molecular Paramagnetic Dimer

Now let’s evaluate the average j− th magnetic moment
from:

〈Sj
(z)〉= 1

Z
Tr
[
e−βHspinSj

(z)
]
, (C1)

where Z is the partition function and it can be evaluated as
follows:

Z = Tr
[
eβHspin

]
=

3

∑
n=0
〈n|[eβHspin |n〉=

3

∑
n=0

e−βεn

= e−β

(
J
4

)
+ e−β

(
J
4 + ∆Bz

2

)
+ e−β

(
J
4 −

∆Bz
2

)
+ eβ

(
3J

4

)
= e−

βJ
4 + e−

βJ
4 e−

β∆Bz
2 + e−

βJ
4 e

β∆Bz
2 + e

3βJ
4

= e−
βJ

4 + e−
βJ

4

(
e

β∆Bz
2 + e−

β∆Bz
2

)
+ e

3βJ
4

= e−
βJ

4

(
1+2cosh

[
β∆Bz

2

]
+ eβJ

)
, (C2)
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giving:

〈Sj
(z)〉= 1

Z
Tr
[
e−βHspinSj

(z)
]

=
Tr
[
e−βHspinSj

(z)
]

e−
βJ

4

(
1+2cosh

[
β∆Bz

2

]
+ eβJ

) (C3)

Now, let’s see how to evaluate Tr
[
e−βHspinSj

(z)
]
:

Tr
[
e−βHspinS1

(z)
]
=

3

∑
n=0
〈n|e−βHspinS1

(z)|n〉= h̄
2

e−βε3 − h̄
2

e−βε2

=
h̄
2

(
e−β

(
J
4 −

∆Bz
2

)
− e−β

(
J
4

∆Bz
2

))
=

e−
βJ

4 h̄
2

(
e

β∆Bz
2 − e−

β∆Bz
2

)
= h̄e−

βJ
4 sinh

[
β∆Bz

2

]
. (C4)

and replacing in the expression for the spin expectation value
we arrive at expression 24.

Appendix D: Solving Eigenvalue Problems

For the PMD protocol:

|Hspin(ξ = 1)−E I|=

∣∣∣∣∣∣∣∣∣
Jab−∆B(z)

e f f −E 0 0 0
0 −Jab−E 2Jab 0
0 2Jab −Jab−E 0
0 0 0 Jab +∆B(z)

e f f −E

∣∣∣∣∣∣∣∣∣ ,
=
(
Jab−∆B(z)

e f f −E
)[

(Jab +E )2
(
Jab +∆B(z)

e f f −E
)
− (2Jab)

2
(
Jab +∆B(z)

e f f −E
)]

,

=
(
Jab−∆B(z)

e f f −E
)(

Jab +∆B(z)
e f f −E

)[
(Jab +E )2−4J 2

ab

]
,

=
(
Jab−∆B(z)

e f f −E
)(

Jab +∆B(z)
e f f −E

)
(−Jab +E )(3Jab +E ) = 0, (D1)

Giving:

E0 =−3Jab; E1 = Jab.

E2 = Jab +∆B(z)
e f f ; E3 = Jab−∆B(z)

e f f (D2)

For the AMD protocol, we have instead:

|Hspin(ξ =−1)−E I|=

∣∣∣∣∣∣∣∣∣
Jab−λ 0 0 0

0 −Jab−∆B(z)
e f f −λ 2Jab 0

0 2Jab −Jab +∆B(z)
e f f −λ 0

0 0 0 Jab−λ

∣∣∣∣∣∣∣∣∣ ,
= (Jab−λ )

[(
−Jab−∆B(z)

e f f −λ

)(
−Jab +∆B(z)

e f f −λ

)
(Jab−λ )− (2Jab)

2 (Jab−λ )
]
,

= (Jab−λ )2
[(

Jab +∆B(z)
e f f +λ

)(
Jab−∆B(z)

e f f +λ

)
− (2Jab)

2
]
,

= (Jab−λ )2
[
(Jab +λ )2−

(
∆B(z)

e f f

)2
− (2Jab)

2
]

= (Jab−λ )2
[

λ
2 +2Jabλ −

(
∆B(z)

e f f

)2
−3J 2

ab

]
= 0, (D3)

Giving the eigenvalues E0 and E1 as follows:

E0 = E1 = Jab

and for eigenvalues E2 and E3 these are given by expression
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39 and an approximate ones in expressions 40 and 41. Appendix E: Extension to the Case of Three Spins

The case of a spin trimer is been considered in reference40,
where we can see the effect of the temperature and the external
magnetization in the spin moment of individual spin units and
and in the total spin moment. Note that for the spin trimer all
spin units are exchange coupled.
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FIG. 16. Spin moment on each of the spin units of the spin trimer and
the total spin moment of the molecule in the case of PMD between
each spin unit. The temperature consider here as T = 0.1K
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FIG. 17. Spin moment on each of the spin units of the spin trimer and
the total spin moment of the molecule in the case of PMD between
each spin unit. The temperature consider here as T = 0.1K and we
fix the exchange coupling of two units to J = 2.3meV
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