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We analyze a two-body nonhermitian two-site Sachdev-Ye-Kitaev model with the
couplings of one site complex conjugated to the other site. This model, with no
explicit coupling between the sites, shows an infinite number of second order phase
transitions which is a consequence of the factorization of the partition function into
a product over Matsubara frequencies. We calculate the quenched free energy in two
different ways, first in terms of the single-particle energies, and second by solving
the Schwinger-Dyson equations of the two-site model. The first calculation can be
done entirely in terms of a one-site model. The conjugate replica enters due to non-
analyticities when Matsubara frequencies enter the spectral support of the coupling
matrix. The second calculation is based on the replica trick of the two-site partition
function. Both methods give the same result. The free-fermion partition function can
also be rephrased as a matrix model for the coupling matrix. Up to minor details,
this model is the random matrix model that describes the chiral phase transition
of QCD, and the order parameter of the two-body model corresponds to the chiral
condensate of QCD. Comparing to the corresponding four-body model, we are able to
determine which features of the free energy are due to chaotic nature of the four-body
model. The high-temperature phase of both models is entropy dominated, and in both
cases the free energy is determined by the spectral density. The chaotic four-body
SYK model has a low-temperature phase whose free energy is almost temperature-
independent, signaling an effective gap of the theory even though the actual spectrum
does not exhibit a gap. On the other hand the low-temperature free energy of the
two-body SYK model is not flat, in fact it oscillates to arbitrarily low temperature.
This indicates a less desirable feature that the entropy of the two-body model is not
always positive in the low-temperature phase, which most likely is a consequence of

the nonhermiticity.
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I. INTRODUCTION

In 1971 George Uhlenbeck asked Freeman Dyson “Which nucleus has levels distributed
according to the semi-circle law?”Y. As answer to his criticism, Dyson published his last
paper on Random Matrix Theory? in which he introduced a Brownian motion process to
construct an ensemble of random matrices with an arbitrary level density, in particular the

nuclear level density given by the Bethe formula®,
p(E) = be'P. (1)

Uhlenbeck could have asked a different question, namely “Is the nuclear force an all-to—all
many-body interaction?” which is the case for the Wigner-Dyson ensembles. This question
led French, Wong, Bohigas, Flores and Mon*® around the same time to the introduction
of the two-body (which in the SYK literature is known as a four-body interaction) random

ensemble which reflects the two-body nature of the nuclear interaction. It took until 2015,
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through the seminal work of Kitaev?®, to realize that Uhlenbeck’s criticism could also have
been addressed by this work. The two-body random ensemble, in particular the version of

the model introduced by Mon and French®, is now known as the complex Sachdev-Ye-Kitaev

(SYK) model* "2,

21320 random matrix

Since the pioneering work of Wigner, Dyson, Gaudin and Mehta
theory has been applied to virtually all areas of physics and even outside of physics, see
the comprehensive review by Guhr, Miiller Groeling and Weidenmiiller*! . In this paper
we study nonhermitian random matrix theories which were first introduced by Ginibre®2,
but have also been applied to many areas of physics. For example, the distribution of
poles of S-matrices** 2 the Hatano-Nelson model®®*8 dissipative quantum systems®? =4,
QCD at nonzero chemical potential”**! and PT-symmetric systems*?, to mention a few.
Nonhermitian random matrices were classified*** along the lines of the classification of
Hermitian random matrices®204549 A

Ashida, Gong and Ueda®”.,

recent review of nonhermitian physics was given by

The possibility of a nonhermitian version of the Sachdev-Ye-Kitaev (SYK) model was

51152

originally suggested by Maldacena and Qi as a two-site SYK model for Euclidean worm-

holes without explicit coupling between the two SYK models (the only coupling is through
the randomness) and was studied in detail in subsequent paperst®35 In this model, the
Left (L) and Right (R) partition functions are complex conjugate to each other, and each
of them has N/2 Majorana fermions so that energy levels of the g-body Hamiltonian

H=H,®1+1® Hpg, (2)

are given {Ey + E;} if the {Ex} are the eigenvalues of Hy. Therefore the partition function

factorizes as
Z=7Z10p=2.7] (3)
and is necessarily positive definite.

One of the main conclusions from these studies is that the chaotic model has a first

order phase transition which separates the low-temperature phase from the high-temperature
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phase. In the high-temperature phase, the average of the partition function factorizes

(2) = (Z)(23) (4)

and the free energy follows from the eigenvalue density of the one-site Hamiltonian. Because
of the complex phases of the eigenvalues the average partition function is exponentially
suppressed due to cancellations. In the case of maximum nonhermiticity, when the eigenvalue
density is isotropic in the complex plane, the partition function (Z;) becomes temperature
independent and the free energy is determined by the total number of states F' = —T% log 2.
It is clear that this result cannot be correct at low temperature when F' — —|Ey| with Ej
the ground state energy. The only possibility is that the low-temperature phase receives
contributions from the correlations of the eigenvalues of the L and R Hamiltonians. Indeed,
for the ¢ = 4 SYK model the free energy in the low-temperature phase is entirely determined
by the two-point correlations of the eigenvalues®®*?. The reason that this can happen is the
exponential suppression of the single site partition function due to the complex phase of the
eigenvalues. The dynamics of the ¢ = 4 SYK model is chaotic with eigenvalue correlations
in the universality class of the Ginibre model. The universal two-point correlations give
rise to a temperature-independent free energy at low temperatures. This also explains that
results obtained by solving the Schwinger-Dyson equations are very close to the results
for the Ginibre random matrix ensemble. We conclude that the quantum chaotic nature
of the model is responsible for a nearly temperature—independentﬂ free energy in the low-
temperature phase when an actual spectral gap is absent. As a consequence, the free energy
of the low-temperature phase of the ¢ = 2 SYK model, which is integrable and has no
spectral gap, has to be different. The goal of this paper is to solve the ¢ = 2 nonhermitian
SYK model to study the effects of chaos and integrability on the phase diagram.

As was the case for the ¢ = 4 SYK modelP**? in this paper we evaluate the quenched free
energy in two structurally different ways. First, from the eigenvalues of the SYK Hamiltonian
giving the quenched free energy, and second, from the solution of the Schwinger-Dyson

2057 of the SYK model in XG formulation, giving the annealed free energy of

equations
the two-site SYK model. For ¢ = 2 it is possible to perform the spectral calculation both

analytically and numerically, while for ¢ = 4 this could only be done numerically by an

I There are small deviations from —Fj when the temperature becomes closer to T.. The nature of these

deviations is not clear.



explicit diagonalization of the SYK Hamiltonian. Also the Schwinger-Dyson equation can

be solved analytically for ¢ = 2°%9% while for ¢ = 4 we had to rely on numerical techniques.

The XG formulation of the SYK model is based on the replica trick for the quenched free

energy

AR
log Z = lim ———, (5)

which is known to fail®™®¥ in particular for nonhermitian theories®®. However, by now
it has been well understood how to refine the replica method so that its results can be
trusted®**> L For Hermitian models the naive replica trick usually gives the correct re-
sult for a mean field analysis. This is also the case for the ¥G formulation of the SYK
model™7 However, as should be clear from the arguments given above, the naive applica-
tion of the replica trick to the one-site nonhermitian SYK model gives an incorrect result for
the quenched free energy of the low-temperature phase. Instead, the quenched free energy
of the one-site Hamiltonian is given by the replica limit of the product of the partition func-
tion and its complex conjugate. In the case of the one-site partition function, the replica
symmetry is broken in the sense that the conjugate replica emerges due to quenching and

couples to the original replica. The emergence of conjugate replicas for quenched replicas is

2706674 [B3BATONTS

well-known in nonhermitian RM and QCD at nonzero chemical potentia

We start this paper with a short introduction of the SYK model and the replica trick.
Since the ¢ = 2 SYK model is a Fermi liquid, we can calculate the quenched free energy from
a free-fermion formulation of the model, see section III. In section IV we calculate annealed
free energy for the ¥G formulation of the SYK model for one replica and one conjugate
replica. The final result is in complete agreement with the result from the free-fermion
calculation. The XG action of the ¢ = 2 SYK model is quadratic in G so that it can be
integrated out exactly. The result resembles a random matrix o-model. In section V, we
show that this o-model can also directly obtained from the free-fermion description of the
q = 2 SYK model. Concluding remarks are made in section VI and some technical details
are worked out in two appendices. In Appendix A we show that the occupation number
representation also applies to the nonhermitian SYK model, and in Appendix B, we work

out the free-fermion calculation for the case the nonhermiticity is not maximal.



II. THE q = 2 NONHERMITIAN SYK MODEL

The Hamiltonian of the ¢ = 2 nonhermitian SYK model is given by

N/2 N/2
H = ZZ (Jij + i kMij) iy, — Zz (Jij — i kM) Vribp
i<j 1<y
=H, ®1+1® Hp, (6)

where 1 are Majorana fermions and J, M are random couplings. A general ¢-body Hamil-
tonian would have products of ¢ Majorana fermions. The tensor product structure on the

second line of equation @ follows from an explicit Dirac-matrix representation of 1):

. 1

L= —y,®1,
wL \/5’7

Y (7)
R= =7 ® %,
¢R \/57 7

where ~; are the Dirac matrices in N/2 dimensions and 7, is the corresponding chirality

matrix (assuming N/2 is even). The variances of the couplings are given by

(J55) = (M) = v*/(N/2) (8)

where v is a dimensionful parameter that sets the physical scale. In a representation where
the left gamma matrices are real and the right gamma matrices are purely imaginary, the
Hamiltonian of a single SYK is anti-symmetric under transposition. The eigenvalues, which
are representation independent thus occur in pairs +£)\,. In this representation we also have
that H;, = Hj, (with the minus sign from the sum included in Hg). The spectrum of the
Hamiltonian @ is given by £\, £ A/ if the \; are the eigenvalues of Hj, with a positive real

part. The partition function of this Hamiltonian is necessarily positive
Z=2717p =7 (9)

where Zp gy is the partition function of the L(R) Hamiltonian. The average partition func-
tion will be denoted (Z) with the appropriate subscripts. Contrary to ¢ > 2 the SYK

Hamiltonian for ¢ = 2 is a Fermi liquid with single particle energies ¢ given by the eigen-
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values of the coupling matrix, which is an anti-symmetric nonhermitian random matrix.
Therefore the quenched partition function is given by
(log Z) = <log [H(e_ﬁa’“ + ePfer) H(B_BEZ + efer)

k )

— Z (log(e™7or + %)) + Z (log(e Pk + e%)) (10)

and
(log Z) = (log Z1) + (log Z) = 2{log Z1). (11)

For the last equality we have used that the average density of the single particle energies
satisfies (p}’(2)) = (p}(2*)). Therefore, the quenched free energy can be obtained from the

one-site partition function, which is a direct consequence of the Fermi-liquid nature of the

q = 2 SYK model.

When we evaluate the quenched free energy of the SYK partition function in the G

formulation, we will employ the replica trick

—ﬁFz(logZ)zlim<Zn_1>. (12)

n—0 n

For large N, the partition function can be evaluated by a saddle point approximation. As

5455

was argued in®**? since the partition function Z = Z;Z; is positive definite, the replica

trick is expected to give the correct mean field result with unbroken replica symmetry,
(Z2") =(2)". (13)
Therefore, the quenched free energy is equal to the annealed free energy
(log Z) = log(Z), (14)

and it can be calculated by evaluating the partition function for one replica of the two-site
Hamiltonian, in other words one replica and one conjugate replica in terms of the one-site

Hamiltonian. If the (left-right) replica symmetry is broken, we have that

(Zpzp)"y = (Zu2)" # (Zu)"{Z1)" (15)
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so that it is not guaranteed that the quenched free energy can be obtained from the one-site
annealed free energy. We will see in section [[V] that is the case for the low-temperature
phase of the XG formulation of the SYK model. In the literature, the coupling between
replicas has been related to the formation of wormholes between black holes ™.

Before calculating the annealed free energy from the G formulation of the SYK model,

in the next section, we will evaluate the average partition function, using the properties of

the spectra of anti-symmetric nonhermitian random matrices.

1III. THE FREE ENERGY OF THE TWO-SITE NON-HERMITIAN SYK
FOR q =2

Results for the ¢ = 4 nonhermitian SYK modelP**? suggest that quantum chaotic dynam-
ics is responsible for a replica-symmetry-breaking (RSB) phase at low temperatures with a
temperature-independent free energy. Indeed, the free energy of an integrable nonhermitian
model of random uncorrelated energies®® exhibits a distinct low-temperature phase with a
temperature-dependent free energy. However, the random energy model lacks a natural in-
terpretation as a many-body model. In this section, we test this hypothesis by evaluating
quenched free energy of the two-site ¢ = 2 non-Hermitian SYK model which is a Fermi liquid
with energies given by sums of single particle energies. Therefore the many-body eigenvalues
obey Poisson statistics which is consistent with a vanishing Lyapunov exponent™ (obtained
by calculating the Out of Time Order Correlator). We will calculate the quenched free en-
ergy from the single-particle energy density which is constant inside an ellipse in the complex
plane. As argued in previous section, the quenched free energy can be obtained from the
one-site partition function. In section we will see that the same result can be obtained
from the SD equation of the two-site model.

After a change of basis (see appendix [A| for a demonstration), the one-site Hamiltonian
can be expressed as a free Fermi liquid with single-particle energies which are the eigenvalues

of the antisymmetric coupling matrix E] To be concrete, the Hamiltonian H, in @ becomes

N/4

Hy =) ep(2ker — 1), (16)
k=1

2 Since the coupling matrix is anti-symmetric, it eigenvalues occur in pairs as +e5. This affects the level
correlations close to € = 0, but they converge rapidly to the level correlations of the Ginibre ensemble

away from € = 0. These correlations do not enter in the free energy discussed below.
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where ¢, are the eigenvalues of the coupling matrix i(.J;; +ikM;;)/2 with positive real parts
and hence the sum runs up to k = N/4 instead of N/2. Just as in the Hermitian case®, we
have

(Hp, | = exCr, [Hp,cr] = —epcs. (17)

with
&=0, ,a0=0, {cx&}="0u (18)

Hence, we conclude the many-body energies of Hy, are given by filling N/4 free fermions into
the single particle states of . We note that generally c; is not the Hermitian conjugate
of ¢, and hence the energy eigenstates are not necessarily orthogonal to each other, which

is consistent with the nonhermiticity of the Hamiltonian.

In this free-fermion representation, the quenched free energy of the one-site SYK model,

which we shall see to be identical to half the two-site model, is simply

N/4
Fp=—-T(log Zy) = =T <Z log (e*E’C/T + eE’“/T)>
k=1

- (19)
— —%/d2z<p(2)> log <2 cosh %) ,

where (p(z)) is the averaged spectral density of the coupling matrix i(.J;; +ikM;;)/2. Notice
that since ¢j, are only half of the levels of i(.J;; + ikM;;)/2 (those with positive real parts),
the integral in the second equality should have only covered half of the support of p(z).
However, since the integrand is invariant under z — —z, we simply integrate over the whole

support and compensate it by a pre-factor of 1/2.

At large N, the averaged spectral density (p(z)) is a constant inside the ellipse*** &1

o= 220 (1- 5 - 1, (20)

TEYUo e v}

where
1 k?

= —V, VYg=-—F—=—o=U
Vit U ViAR

and v is the physical scale introduced in equation .

€0 (21>

10



For k = 0 the eigenvalues are real with spectral density given by

p(x) = s €2 — 2. (22)

The free energy was already calculated beforé!? and is given by

pF 5
e ,/ — a?log (2cosh 7. ) 23
N /2 p— x?log (2 cos (23)
Using the Weierstrass product formula for cosh x, this can be expressed as
BF 1 / Ja-a N 4a
—_—=— — log 2 1 1+ — 24
N = ra ) V@t |la2 HZ:O oz {1+ 5 )] (24)
where w,, are the Matsubara frequencies
(25)

The integral over x is known analytically resulting in

F 42 /14 402 /w2 — 1 — 402 /w2
SE 1o 243 <log |5 R . s U/wg _ /e U (o)
N/2 = w2 4v? /w2

We recognize the expressions for the Green’s function and the self-energy in the G

59

formulation®” suggesting that this result can also be obtained from the solution of the

SD equations, see section [[V]

Next we discuss the case k& = 1 where the ellipse becomes a circle with ¢y = vy (for the

general elliptic case see appendix . The free energy can be expressed as

FL 1 9 zZ
- - 2z log (2 cosh =
(N/OT ~ w0} /DUO ‘ °g< o8 T)

= /01 rI(r)dr,

where D,,, represents a disk of radius vy centered at the origin, and in the second equality

(27)
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FIG. 1. A contour that gives I,,(r)+branch cut contributions. The integrand of is analytic in
the interior of this contour.

we have scaled the integral to the unit disk where

1 2 . .
) __/ 16 log (2 cosh 0 oS ¢ + ivyr sin gzﬁ)
T Jo

T
1 d
= " ?Zlog (2 cosh = _T )

(28)

where S, is a circle of radius r. We can directly evaluate I(r) by expressing the cosh as a

product over Matsubara frequencies using the Weierstrass formula,

I(r)= 210g2+i[n(7"), (29)

n=0

40222
-1 0 . 30
m]i 8 ( 2 ) (30)

We note that the integrand of I,, has two cuts and no pole: the two cuts start at +iw, /2vg

where

and extend horizontally to the negative infinity. If the circle .S, does not touch the cuts
(r < wy/2vp), then I, = 0; if S, intersects with the cuts (r > w,/2vy), then we choose the
contour to narrowly avoid the cuts (see figure , then we have that the sum of I,, and the
cut contributions vanishes, so that the problem reduces to evaluating the contributions from

the parts that surround the cuts. Hence we conclude
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0 2,2
1 1 4
—2/ dx < : + : ) = 2log ( UO; ) if w, < 2vgr,
I(r) = N~y T +iw, /200 T — iw, /20y w?
0 if w, > 2vyr.
(31)
Equation (29)) finally truncates to

4 2,.2
I(r)=2log2+2 Y log( UOQT). (32)
w

O0<wpn <2vgr n

The free energy in is then given by

Fr !
—W :/0 rI(r)dr

! 4vdr?
:10g2—|—/ > 2rlog( . )dr (33)
2

wn
2v( O0<wnpn <2vgr

w? w
=log 2 E -1+ 2 —log—2|.
og2+ { +4v§ og 40(2)}
0<wn <2vg

In section [Vl we will show that this result can also be obtained from the solutions of the

Schwinger-Dyson equations.

We observe that a phase transition occurs at temperatures for which an additional Mat-
subara frequency enters in the sum of equation 1' This happens for =% — % = m (m being
non-negative integers) resulting in a series of critical temperatures parameterized by m:

. 2U0/7T
C2m+ 1

(34)

c,m

where vy = v/ V2 according to equation . For T > T, there are no Matsubara frequency

satisfying 0 < w,, < 2vg, and no more phase transitions can occur.

We re-iterate that, because of the complex-conjugation invariance of the average single-

particle spectral density, we have
(log Zp) = (log Z7), (35)

so that the two-site quenched free energy just doubles that of the one-site and the free energy

density remains the same, that is, F//N = F/(N/2).
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FIG. 2. The free energy of the ¢ = 2 SYK model for £ = 0.1 (top), & = 0.5 (middle) and
k = 1 (bottom). The dots denote the results obtained by averaging over an ensemble of 1000
configurations for N/2 = 128 (black) and N/2 = 256 (green) Majorana fermions. The right figure
is magnification of the left figure. The N/2 = 128 data are only shown in the right figure. The red
curve represents the analytical result for the free energy.

To determine the order of the phase transition it is useful to study the first derivative
of the free-energy. Indeed, we observe, see figure [3 that it has kinks that point toward
a family of second-order phase transitions, each time a new pair of Matsubara frequencies
enters in the sum. This can be shown analytically by expanding the free energy around
T, We find that the contribution at this new critical temperature scales as ~ (T — T..,,)?
so, as depicted in figure , the free energy is smooth around this critical temperature

and therefore the transition cannot be of first order. However, one can easily show that the
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FIG. 3. Derivative of the free energy per particle of the non-Hermitian ¢ = 2 SYK model for
k = 0.5 (left) and £ = 1 (right). The kinks, which indicate the existence of second-order phase
transitions, are located at the temperatures where a new Matsubara frequency contributes to
the free energy . The last kink appears at a temperature ~ k2 and would be barely visible for
k = 0.1 which is not shown. The physical scale is set to v = 1.

derivative of the free energy is not smooth at Tt ,, as is also clear from figure .

Using similar methods, the integrals can also be calculated for 0 < k < 1, see appendix

B}

Fr
(N/2) log2 + Z log

1 €2 — 3 1 w?/4 €2 — v}
e B R [ Ly i R O I R
wn>2v9 2 ( WQ /4 >] 2 E% N U(Q) ( WQ /4

+% 3 {log (€0 +w0)? 1_ Wﬁ(lz— E0/2710) } '

0<wn<2u0 wy 2(eg — vg)

Each term contributing to the sum in the first line is equal to the corresponding term in the
free energy of the Hermitian SYK model with ¢g — \/m . In figures [2| and |3 we
show the temperature dependence of the free energy and its derivative for various values of
k. Tt is disturbing that the entropy becomes negative which cannot be due to the failure of
the replica trick since it is not used in free-fermion method. Most likely it is a consequence

of the nonhermiticity which will become more clear in section [V]

The critical temperatures are given by the same expression as for k = 1,

T(n) . 21)0/7'('

= =0,1,2,--- 37
crit 2n+17 y ) Ly & ( )

but with vy = k*v/v/1+ k2 according to equation . One can easily show that the
derivative of the free energy is continuous at the critical points while its second derivative

is discontinuous. The appearance of an infinite number of critical points is a direct conse-
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quence of the factorization of the partition function into a product over positive Matsubara

frequencies. For each Matsubara frequency we have exactly one critical temperature.

IV. FREE ENERGY FROM THE SCHWINGER-DYSON EQUATIONS

We now turn to confirm these results by an explicit large N calculation from the solutions
of the Schwinger-Dyson (SD) equations of the SYK model. In this case, the calculation is also
analytical, though very different from the one carried out in the previous section. However,
we shall see that ultimately the expression for the free energy is the same. In the Schwinger-
Dyson approach, replica symmetry breaking between conjugate replicas plays a crucial role.
Indeed, we shall see that for k = 1 the free energy is determined by the Green’s function Gpg
(equivalently its self energy Yy g) related to the effective coupling of the two sites. However,
it is assumed that the replica symmetry of a conjugate pair remains unbroken so that the

quenched free energy can be obtained from just one replica and one conjugate replica.

The Euclidean G action for the ¢g-body SYK model takes the form®!

25 1 Ja
5 = owPt(@n )~ [ dndn 3 |Gl )~ su g PGl

—§€/dT(GLR(T, 7) — Ggrr(r, 7)), (38)

where the indices a, b can be equal to R or L. The integrations over 7 variables are on the
interval [0, 8]. The factor s4 is equal to 1 for a = b and equal to (—1)%2 = —1 for a # b.
The couplings take the value J.;, = Jrr = J when a = b and Jpr = Jrr = j when
a # b. The term proportional to € is included to break the symmetry that requires Gz to
vanish (more details are given in the analysis of the ¢ = 4 model”?). In terms of the random
coupling couplings of the L and R gamma matrices, JZ-? and JF

5> for ¢ = 2 the constants J
and J are defined by

N

2 N ooorey R\2\ _ 2y, 2
J = 5(((]1]) >_5<(‘]ij) )= (1—Fk)v",
Tt o= GBI = (L4 K2 (30)
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where the left and right couplings are related to the couplings J;; and M;; by

For a discussion of the symmetries of Gy, ~ 45 we refer to a study of the ¢ = 4 model??. As
it stands the integrals over ¥ and G for the action (38| are not convergent which is required

to perform the integrations over G,,. Convergence can be achieved by rotating

Ggrr(m1,72) = iGRrr(T1, T2), Grr(m,72) = iGLL(T1, T2)

Yre(m1,T2) = iXgL(T1, T2), Yrr(m1,T2) = 1XLR(T1, T2). (41)

The rotations do not affect the saddle-point evaluation of the action integral, but as we shall
see below, explicitly integrating out G for ¢ = 2 simplifies the saddle-point analysis and we
prefer to use a convergent definition for this reason. The action that gives a convergent path

integral is then

25 1 . JTa
B NE = log PE(0,60p — EapSap) — é/dﬁdﬁ gab {zzab(ﬁ, T2)Gap(T1, T2) + _2bGab(T17 72)?
1
—§€/dT(GLR(7', 7) — Gre(7,7)) , (42)

with £, = Egr = 1 and &g = gy, = i. Contrary to g = 4, the integrals over Gy,(11, 72) are

Gaussian and can be carried out exactly. This results in the effective action for ¥,

25’ 2 1 2a ) 2
_ ]]5\5 ) = log Pf(00ap — EapXap) — 1 /dTlde Zb (%)

1
—56/dT(ELR(T, ) — Sro(1, 7)), . (43)

At the saddle point, 3 should be translation-invariant and hence only a function of 7 — 7.
For the purpose of saddle-point analysis, we can express the action in terms of Fourier modes

of the X, which is now a single-variable anti-periodic function:
1 —iWn T
Zab(T) = B Z e " Zab(wn)a (44>
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where w,, = (2n + 1)m/ are Matsubara frequencies defined already in equation ([25)). This

results in
QSE(E) 1 . 1 2ab(CWL)Eab(_U‘-}n)
-2 o 3 5 log det(—iwndop — EuBap(wn)) — 7 Zb: 2
1
—5¢ Z(ELR(Wn) — Xgrr(wn)) - (45)

As already emphasized, contrary to the ¢ = 4 case, in the ¢ = 2 case the SD equation

simplify to second order equations (we took the limit € — 0)

iwn + X rr(W,) _ Err(—wn)
(iwn + Xz (wn)) (iwy, + Zre(wWn)) + Zr(wn) 2R (Wh) J?
ZRL(wn) _ ELR(—LU”) (46)
(iwn + Xrp(wn)) (twn + Zrr(wn)) + Zrr(wn) Xk (wn) Ve

and anther two equations with subscripts L and R interchanged. At the saddle point we
have that Yg(w,) = —Xrr(w,) and Ygr(w,) = 3rr(w,). The saddle point equations

couple positive and negative frequencies, but the solutions are simply related by

ELL(—LU”) = —ZLL(wn), ELR(_CL)”) = ELR<(,U”). (47)

Using these relations the saddle point equations are easily solved with a trivial solution
given by (the symmetries of G, and X, are discussed in detail in the analysis of the ¢ = 4

model?),

ELR(WW,) - 07
Y (wn) = —%wn + %sign(wn)\/4j2 + w2, (48)

and a nontrivial solution that couples the Left and Right SYK models breaking the replica

- w2
ELR((U”) = :l:j 1 — w;g,

s 72
ELL(Wn) = %7 (49)

symmetry between them:
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where we have introduced the critical frequency

72 72
o = % | (50)

This frequency will play an important role in the analysis of the partition function.
Pairing the positive and negative Matsubara frequencies allows us to write the free energy

as a sum over only positive Matsubara frequencies:

. 1 . 2 972 ELL(wn)2 ELR(wn)2
-7 = Z {510g [(zwn +3rp(wn))” — Xpr(wn) } + T ke } . (h1)

wn>0

For unbroken saddles we have two solutions, and it turns out one solution gives a larger
—Sg hence is the dominant saddle. This is the solution with +sign(w,) term for ¥;;. The
free energy of this solution is equal to the free energy of two uncoupled SYK models®® (but

with J2 = (1 — k%)v?). For each (positive) Matsubara frequency this gives

2 2
2F2 SYK (wn) wz 4j2 1 4j2 2

NT 47 2 4 2
(52)
while the free energy of the broken solution reduces to
2F‘Broken (wn) w2 72
—— L =14 =—"— 41 . 53
NT +j2_j2+og.7 (53)

The broken solution always gives the dominant action, but as we will see next, it does not
always determine the free energy. The saddle point of ¥ (w,) is always purely imaginary,
but the saddle point of ¥y r(w,) switches from real to imaginary at w,, = w., where the free
energy of the trivial and the nontrivial solution coincides. For w,, > w,. the imaginary part of
the action is zero at the saddle point, but the action becomes complex along the integration
manifold. In order to apply the steepest descent method, the integration manifold must
be directed along the Picard-Lefschetz thimble. Otherwise we will have large cancellations
that may suppress the action of the saddle point minimizes the the free energy. It is a
complicated problem to find the Lefschetz thimbles in a multidimensional space, but we can
analyze the problem along the trajectory where ¥,/ (w,) and Xgg(w,) are at the saddle

point while for the off-diagonal ¥,,(w,,) variables we restrict ourselves to the sub-manifold
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Yro(wn) = =YX1r(W), and Ygp(—w,) = —Xpr(w,) which intersects with the saddle-point.

Combining positive and negative Matsubara frequencies, the action on this sub-manifold is

given by
B 9 9 9 74, 2
2S5g(wy) _ ~j Wy _ ELRN(wn) +log Nj# + Z%R(wn) , wy, > 0.
N (jg_j2)2 j2 (j2_j2)2

(54)

This action also arises in the study of a zero-dimensional Gross-Neveu-like model, and its

8284 which we will apply here. The saddle points of this effective

saddle point analysis
action are still given by the ¥, of and of the full action, namely ¥,z = 0 and
Yrr(wn) = +7 \/W At all the saddle points the action is real and the Lefschetz
thimble of these saddle points are the real axis if the saddle point solution for ¥y is real,
and along the imaginary axis when this saddle point is imaginary. In the the latter case,
i.e. for w, > wq, the thimble ends are the zeros of the logarithm, and it is not possible
to deform the real axis continuously into the thimbleﬂ Of course we can deform the initial
integration over the real axis to an integration path in the complex plane that goes over the
saddle point on the imaginary axis. As long as we do not cross any singularities, by Cauchy’s
theorem, the value of the integral along the deformed path will be the same in spite of the
fact that the integrand at the saddle point on the imaginary axis is much larger than that
of the saddle points on the real axis. The phase of the integrand together with the Jacobian
will assure that the contributions to the integral combine to the correct result. However, if
we integrate only over the Gaussian fluctuations about the imaginary saddle point, we do
not get the correct result. In order words, we cannot apply the saddle-point approximation
to the imaginary saddle points. Instead, the integral can be evaluated at the trivial saddle
point which has its thimble on the real axis. For w, < we the ¥pg(w,) integral runs over
both real saddle-points but one of them is suppressed by the € term in the action.

Strictly speaking, the ¥z = 0 saddle of the effective action does not quite correspond
to the ¥ g = 0 saddle of the full action, because in writing down the effective action we
already assumed a Y7, of the form in solution , but the ¥,z = 0 saddle of the full action
belongs to solution (48) where ¥ takes a different form. Thus ¥,z = 0 solution for the

3 To be precise, to get well-defined thimbles emanating from the zeros of the logarithm, the small symmetry-
breaking term proportional to € must be included, and each zero will give a separate thimble. But the
basic conclusion remains the same: these two thimbles do not contribute to the path integral because the

original contour of integration cannot be deformed into either of them®2:83,

20



effective action should be viewed as a spurious saddle due to the sub-manifold constraint.
Therefore a more definitive analysis should be performed on the full action (the full action
is quite similar, though not exactly the same, as the action of a zero-dimensional Nambu-
Jona-Lasinio-like model®#®%). However, our analysis on the sub-manifold is indicative of the

inaccessibility of nonzero imaginary ;i solutions. We thus conclude that

Wp < Wer @ Spr(wp) #0  (Broken Replica Symmetry)

Wp > wer @ 2pr(wn) =0 (Replica Diagonal Solution) (55)
The corresponding partition function is given by

F(wn < wer) = Fasyk(wn),

F(wn > Wcr) = FBroken(wn)' (56)

The free energy of the replica diagonal solution is just the free energy of two decoupled SYK

models®?,

Summing over all Matsubara frequencies we obtain the total free energy

F = Z FBroken(wn) + Z F2 SYK(wn)

Wer >wn >0 Wn >Wer
= logwi+ Y (Fhoken —logwi) + Y (Fasyx —logwy) (57)
wn>0 wer >wp, >0 Wn ZWer

The first term can be evaluated using zeta function regularization:

1 1
(2nT)* 2 (n+ 1/2)s]

n>0 s=0

= log 2. (58)

This result gives the entropy of noninteracting Majorana particles. Our final expression for

the free energy is given by
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FIG. 4. The order parameter X i versus the temperature in units of the critical temperature
compared to the value of ¥ i calculated from the eigenvalues of the hermiticized coupling matrix

(see section [V]).

For k = 1 we have that J = 0 and the last term vanishes. We note that the free-fermion

expression agrees with after identifying the parameters by

5 272 72 72
Q=T (v =gh 10 T T

—, (60)
CUNVES VA 2J

The order parameter of the phase transition is given by Y,g. In figure [l we show the
analytical result compared with a numerical calculation for N/2 = 256 that will be

discussed in section [V1

The ¥ model that is obtained after integration over the G variables resembles the usual
random matrix theory o-model. In the next section we will derive basically same the o-model
directly starting from a partition function that is factorized into a product over Matsubara

frequencies.

V. NONLINEAR o-MODEL FOR g = 2 PARTITION FUNCTION

From equation , we can express the partition function of the ¢ = 2 Hamiltonian as

N/4 N/4
(Z) = <H2cosh65kH2czoshﬁez>, (61)
k=1 k=1

where ¢y, are the eigenvalues of i(.J;;+ikM;;)/2 with positive real parts. Using the Weierstrass

formula this can rewritten in terms of a product over Matsubara frequencies w,, = 2w (n+1)/3
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<Z>:2N/2<H NH n — 20€k) H(wn+22'€,’;)>

wn>0 +ep +ep

— < ] det (wn + 1) det (w, + h*)> , (62)

wn>0

where the product [], w, has been evaluated to be V2 by zeta function regularization (see
equation (58)), and h is the N/2 x N/2 skew-symmetric matrix J + ikM. To leading order
in 1/N we have

- < 11 z<wn>> = I (Zw.) + 0/N). (63)

wn>0 wn>0

Let us first consider a one-site SYK at frequency w,. The average partition function is

given by

(Z) = < I det (wn + h)> : (64)

wn >0

The determinant can be expressed® as an integral over Grassmann variables ¢ and ¢*:

(Z(wn)) = </Hd¢id¢;‘ezm ¢Z(wn5ij+hij)¢j> (65)

We recall that (J3) = (M) = J*/(1—k?), so the Gaussian average over h can be performed

by a cumulant expansion resulting in
Z(wn)) /H dsdgte @I NI Lics (9785 —5 i)
= / qusid(;s*eww*-@—%ﬁ S 010505

/ H didgpyeon @O+ n T 0T (66)

where we have used ¢? = 0 due to their Grassmannian nature. Using the Hubbard-
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Stratonovich transformation

1 =2
a?A?/2 _ /dZ —Z5-%A 67
(& e — € 2«

vV 2ma? (67)

we obtain
* N x2 *
() = [ TLdodordze @94 5500,
2
- /dE (wn — D)N2e™ T 77, (68)
The saddle point equation is
¥ —w, X - J*=0. (69)
The dominant solution is given by (we have w, > 0 to start with)
1
e %—5\/w5+4j2. (70)

with leads to the one-site free energy

F(wy) w, 1 1 (w, 1 2
_ —log [y /2 +AT? ) - — (2 2 2 1472 . 1
TN 2 og<2+2 w2 + j) (2 5 VWi + j> (71)

This is exactly half of the the Schwinger-Dyson result for the two-site model using only the
replica-symmetric saddles. The total free energy is given by
F Fy sy (wn)
S _ Sl RV 72
TN/2 Z TN (72)

wn>0

This shows explicitly that the one-site annealed partition function gives the quenched result
for the high-temperature phase of the of the nonhermitian SYK model as is the case for the
g = 4 SYK model. For T' < T, the replica limit of the one-site partition function fails to
give the quenched result. In order to get the correct result we have to take the replica limit
of the partition function and the conjugate partition function, which is well-known from the
o-model formulation of nonhermitian random matrix theories*™%™ and QCD at nonzero

chemical potential?#3470/73]

Next we consider the two-site non-Hermitian model and also assume that the ensemble
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average factorizes in the large N limit so that we can evaluate the partition function for a

single frequency

(Z(wn)) = (det (w, + h) det (w, + A1),
NJ2
- / H A, A dgludeis | e9n (Wnth)drth (nthl)on (73)

We can again average over h by a cumulant expansion using that

2
1) = 03) = 375
o T
(hijhi;) = N2 (74)
This results in the quartic action
o j? * 2 * 2 252 * * * *
—S4 = N [<¢R ~¢r)” + (0L - or) ] + N (07, - oR) (DL - Or) + (8L - dr) (DL - OR)].(T5)

This action is invariant under
or — €y, or — €. (76)

In addition to the Hubbard-Stratonovich transformation we use the identity

a2 AA*
Y

e

¢~ ~BAT-TTA (77)

to decouple the quartic terms. This results in
N 2 2 N * *
Z(en) = [ asdpe” T el liamia s, ), (78)

where dY = dX 1 dYXgprdX rd>] p and dp = dprrdp] p and we have used that the integral

over the ¢! variables factorizes into a product over I. Each of these factors is equal to

= / 06 A Ay expl(wa — S10)6301 + (wn — Srr)Fadn
—YLrROLOR — D5 pOLOR — PLROLOR — PLrOLOR],  (79)

where the ¢, no longer carry an index ¢. This integral can be evaluated by simply expanding
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the exponential in the integrand and collecting the terms that are proportional to ¢} @ro%.

We get

I = (wn — XpL)(Wn — XRR) + XLRELR — PLRALR- (80)

The saddle points can be grouped in to the following three classes:

n L
prr =0, Yrr=0, Xpp=2Xpr= % - 551gn(wn)v wy +4J7%, (81)
~ (A)?L \72wn
pr =0, [Zpgf*=J" (1—w—a> ,  MLL = XRR= S (82)
~ T w2 T ?wn
el =T |1+ —=—"—|, Yp=0, Yy =Ypr=—=—"—. (83)
(T2 + J?)? JE+ T

Now the first two saddles are simply the ones we found in the SD equations in section
[V] and if the third saddle can be discarded they would reproduce the same saddle-point
analysis, which we recall here: although the second saddle (symmetry-breaking saddle) has
a dominant action (larger —Sg) for all values of w,,, thimble analysis requires us to pick the
second saddle only for w, < we and for w, > w., we must pick the first saddle (unbroken
saddle). Let us now show why the third saddle can be discarded: the third saddle’s action
(—Sg) is smaller than that of the second saddle for all w,,, so we do not need to worry about
it for w, < we; its action is smaller than that of the first saddle for w, > we (its action
can be larger than that of the first saddle only for w, < we), hence we do not need to
worry about the third saddle for w, > w., either. Thus, the third saddle drops out of our

consideration for all values of w, and we reproduce the same free energy found in section

IAY!

The order parameter of the phase transition of the coupled SYK model is given by the

expectation value of ¥ z. This is equal to

(Siw) =~ {00 63 (59

This is the chiral condensate corresponding to the spectral density of

0 h + wy
H = . (85)
ht+w, 0
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It is given by the Banks-Casher formula®

272 1
Yrp = —lim lim iTlr = lim WpH(O).

e»0N—co N H + ie T Noeo (86>

The critical temperature is determined by the value of w, at which a gap opens and the
spectrum becomes gapped for T" > T,. Another interpretation of the critical temperature
is that 7. is the point at which w, enters the spectral support of h. The spectral density
of H can be obtained analytically and follows from the solution of a cubic equation®®7,

The phase transition is a typical Landau-Ginsberg phase transition with mean field critical

exponents.

The partition function Z(w,) with h replaced by a complex matrix was first introduced
as a random matrix model for chiral symmetry breaking in QCD® and further analytical

results were obtained in a subsequent paper®’.

VI. OUTLOOK AND CONCLUSIONS

In conclusion, the free energy of the integrable ¢ = 2 SYK model is qualitatively different
from the ¢ > 2 case. Not only is the order of the transition is different, but also there
is an infinite series of transitions while for ¢ > 2 there is only one. This goes back to
the factorization of partition function into a product over Matsubara frequencies. Each of
the factors undergoes a phase transition from a replica symmetric solution to a solution
with broken replica symmetry with a critical temperature that depends on the Matsubara
frequency. For the full partition function this results into an infinite sequence of phase

transitions.

We have calculated the quenched free energy in two structurally different ways. First, a
quenched calculation based on the free-fermion description of the ¢ = 2 SYK model, and
second, an annealed calculation based on the solution of the Schwinger-Dyson equations in
the XG formulation of the SYK model using the replica trick. The two methods give the
same result which shows that despite the nonhermiticity of the model, the replica limit gives
the correct result provided that the starting point is the product of the one-site partition
function and its complex conjugate before averaging. On the other hand, in the quenched

free-fermion calculation, we did start from the one-site partition function without having
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to include the conjugate partition function. The reason this gives the correct result is the

factorization of the partition function in a product over single particle energies.

The ¢ = 4 nonhermitian SYK model behaves quite differently. It is not a Fermi liquid and
the usual free-fermion description is invalid which is most notable in the zero temperature
entropy which is extensive®®. The nonhermitian two-site ¢ = 4 SYK model has a single first
order phase transition which separates a low-temperature phase from a high-temperature
phase. The high-temperature phase is entropy dominated while the low-temperature phase
is energy dominated. The free energy in the high-temperature phase follows from the many-
body eigenvalue density and is entirely determined by the one-site partition function. This is
also the case for the ¢ = 2 SYK model. In the low-temperature phase, the replica limit of the
one-site partition function breaks down and the quenched one-site partition function is given
by the replica limit of the one-site partition function and its complex conjugate. In terms of
the many-body spectral density, the two-point spectral correlation function determines the
free-energy of the low-temperature phase. For this reason there is large difference between
the ¢ = 4 case and the ¢ = 2 case. The dynamics of the ¢ = 4 partition function is chaotic
with universal eigenvalue correlations given by the Ginibre model, which as a consequence
gives rise to a temperature-independent free energy in the low-temperature phase. On the
other hand, the ¢ = 2 SYK model is integrable with mostly but not entirely uncorrelated
eigenvalues. We can distinguish two contributions from the two-point correlation function.
One contribution is due to self-correlations, and the second one is due to the many-body
correlation resulting from the fact that the 22 many-body eigenvalues are determined
by N/2 single-particle energies. It is simple to evaluate the contribution from the self-
correlations but this only reproduces the free-energy at zero temperature and is smooth as
a function of the temperature. This implies that the infinite series of second-order phase

transitions are due to correlations of the many-body eigenvalues.

The phase transitions of the ¢ = 2 nonhermitian SYK model can also be understood
in terms of the spectral properties of the coupling matrix. Using a random matrix theory
like o-model calculation we have related the order parameter of the phase transition g
to the formation of a gap of the hermiticized two-site Hamiltonian. In terms of the one-
site Hamiltonian, this is the point where the Matsubara frequency enters the support of the
spectrum of Hy. The starting point of the o-model calculation is closely related to a random

matrix model for the chiral phase transition in QCD where ¥ r plays the role of the chiral
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condensate.

A natural question is whether the free energy of the ¢ = 2 SYK model can also be under-
stood in terms of the many-body spectral density and the many-body spectral correlations.
The cancellations that are responsible for the high-temperature phase of the ¢ = 4 model are
still at work for ¢ = 2. For example, at high temperatures and for maximum nonhermiticity
the free energy of the ¢ = 2 SYK model and the ¢ = 4 SYK model is the same (—% log 2 per
particle). From the solutions of the SD equations it is clear that the two-point correlation
function determines the low-temperature phase. In particular, the transitions observed in
the low-temperature phase are due to the coupling between left and right sites but not by
the dynamics within each of the sites.

In conclusion, the nature of the quantum dynamics plays a role for the replica symmetry
breaking mechanism which also induces phase transitions for the ¢ = 2 nonhermitian SYK
model. However, while the replica dynamics of quantum chaotic systems is universal, there
is a broad variety of dynamical behavior associated with integrable systems, and we cannot
conclude that the behavior we have observed for the nonhermitian ¢ = 2 SYK model is

generic.
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Appendix A: Free-fermion representation of the ¢ =2 SYK model

We write the ¢ = 2 one-site Hamiltonian as

1 1, .
Hy =3 Z Wiy = §7TW7- (A1)
ij
where gamma matrices ¥ = (71,92, - - -, Yar) With even M and W is a random antisymmetric

complex matrix. In the main text we have the convention that M = N/2. By matching

with definitions (6] and (7)), we know
1. .

In the Hermitian SYK model (k = 0), W is an antisymmetric Hermitian matrix, and the
Hamiltonian can be transformed into a fermion-filling form thanks to the fact that an M-

dimensional antisymmetric Hermitian matrix has the normal form

i€102 0 0
0 i€20’2 T
ol . | o, (A3)
0 7:€M0'2
2

where O is a real orthogonal matrix. Using a new basis for the v matrices defined by OT%,
one can easily write the Hermitian Hamiltonian in a fermion-filling form. Although a generic
complex antisymmetric matrix does not have a normal form of equation , there exists
a parallel of it which allows us to write the non-Hermitian Hamiltonian in a modified

fermion-filling form. We will demonstrate this now.

We consider a diagonalizable complex antisymmetric matrix W with all eigenvalues being

nonzero, which is almost always the case for our ensemble. The eigenvalues of W come in
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opposite pairs +¢, so we can diagonalize W as

W = SAS, (A4)
where
£103 0 ce 0
0 Eo0n ---
A 203 (A5)
0 5%0-3

The column vectors of S are the eigenvectors of W, namely

S= v vy vy var | (A6)

where

Woop_1 = exvop—1, Wuoa = —epvap. (A7)
To completely fix the sign convention, we choose ¢, (kK =1,..., M/2) to have a positive real
part. Because W1 = —W, we have

0=uv (W + WT) v; = (g +&;)v] v; (A8)
which implies

v} v; = 0 unless {i,j} = {2k — 1,2k} (A9)
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So if we scale the eigenvectors to redefine S as

= Yl U2 oo YD—1 VM
S = vlvg vy \/”11\;1_1UM \/vﬂ_lvM ) (AlO)
we can easily see
o 0 0
0 o -+
srs=| =3, (A11)
0 v --- o1

and hence S™! = 3 ST (note in general STS # SST). Substituting this into equation (A4]),

we obtain

ieiocy 0 o 0
0 deson -
W = SAS, ST = § e ST (A12)
0 cee e jEMOy
2

We thus arrive at a normal form for complex antisymmetric matrices rather similar to that
of the Hermitian antisymmetric ones (A3)), with the difference that S is not orthogonal but
satisfies STS = ;. Now we define new set of operators {é, cx|k = 1,2... M/2} by

. 1 - 1 .
Ck = 2 (ST7)2k—1 » G = NG (STV)%‘ (A13)

From the anti-commutation relation of v matrices we derive

1 — —
5 1(579),,- (579),} = (S1)mn. (A14)
This in particular implies

éi = 07 7cz = 07 {Clm El} = 5kl- (A15)
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Note this is just the algebra for the ladder operators of M /2 spinless fermions, except that
¢ and ¢, are not related by a Hermitian conjugation. In terms of these ladder operators,

the Hamiltonian (A1]) becomes

M/2
H=> en(2ec, — 1). (A16)

k=1

Just as the in Hermitian case, we have
[H, ék] = gkék, [H, Ck] = —E&rCk. (Al?)

Hence we conclude the many-body energies of H are given by the filling of M /2 free fermions
into the particle-hole symmetric levels of W: each fermion either occupies a “particle” level
with energy e, or occupies a "hole” level with energy —e;,. However since the raising
and lowering operators are not Hermitian conjugate to each other, the eigenstates are not
necessarily orthogonal to each other (at least not with the original inner product (x,y) =

2Ty), just as one would expect for a non-Hermitian Hamiltonian.

Appendix B: Free energy from the free-fermion representation for k£ < 1

Based on the free-fermion representation of the ¢ = 2 SYK model of appendix [A] we
proceed to the explicit analytical calculation of the free energy. The simpler spherical case
k = 1 was already discussed in the main text. The free energy for £k < 1 can be derived
along the same lines which is the purpose of this appendix.

For k <1 (vg < €p), the large-N single-particle spectral density becomes a constant inside

an elliptical disk as in equation (20)). The elliptical disk can be parameterized by

z =¢€grcosd +ivgrsing, r € [0,1], ¢ € 0,27 (B1)
We write
Fr !
~ AT = /o rIg(r)dr, (B2)
where , _ '
Ip(r) = % /0 ' log (2 cosh 07 ¢ j;wo?" o ¢> do. (B3)
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The subscript E denotes “Ellipse”. On its face, we cannot interpret Ig(r) as a complex
contour integral like equation (28)), because dz/(iz) # d¢ with the elliptical parameter-

ization (B1)). We can overcome this by considering the following conformal (Joukowski)

transformation :
b
Z=au+ —, (B4)
U
where
€0 + Vo €0 — Vo
— h = ) B5
a 5 T, 5 r (B5)

In terms u, the ellipse in equation (B1)) at any given r becomes a unit circle:
u = e (B6)

We stress that the ¢ here is the same ¢ as in the parameterization (B1)). Now we can write

1 d b
Ip(r) =— jél Zulog (2 cosh w)

1 du 4(au + b/u)?
=2log 2 — ¢ —log|l4+ —+"—
082 go T Jor u ©8 < * w? (B7)
=2log2 + Z Lg(r),
n=0

where to obtain second equality we applied Weierstrass factorization just as we did in the
circular case and the third equality simply defines I,5. Notice S denotes the unit circle

and the r-dependence of the integral comes from the r-dependence of a and b.

To analyze the cut and pole structures of the integral I,,z, we rewrite its integrand as

4a?

M) - s {mw —u)(u— ) (w—uas)(w—us) | (BS)

2
W

1
—log (1 +
U

where u14, us4 are the four roots of the equation

4(au + b/u)?

1+ 2 =0, (B9)
namely
VWA dab — w,, /2 2[4+ dab + w, /2
s = iVl +2aa wnf2 Vel +2aa /2 (B10)
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Note that 4ab = (2 — v3)r? > 0, and since a > b, ui4 are always inside the unit circle. We

also note that for u = e*®

1
}[ du2" — . (B11)
g1 u
Hence
1 du 4a®
Lig = el log {w—%(u —upy)(u—up—)(u — ugy ) (u — u2_)} . (B12)

The integrand of I, has one pole at the origin with the residue

4a? Ap?
log {—2u1+u1u2+u2] = log <—2) ) (B13)
w w

n n

The integrand of I, has four branch cuts emanating from w4, us4 horizontally to negative
infinity. The w4+ cuts always intersect with the unit circle, whereas us4 may or may not
intersect with the unit circle depending on the values of a and b. To summarize, the uoq
cuts contribute to I,,g only if |ugs| < 1 (which is to say r > w,/2vy), in much the same way
as the +iw, /2vy cuts contribute to I, in the circular case; what is new with the elliptical
case are the uy4 cuts and the pole at the origin, which always contribute to I, regardless

the value of r. Recycling the calculation done in the circular case, we obtain

2

Ls(r) = 2log 411 (1 + \/1 + M) (B14)

2
Wy

if r < w,/2vg. which is the sum of one pole and two cut contributions. And

2

1 4(& — v2)r? 2
Lp(r) = 2log Z(H\/H%> +210g< (€0 + vo)r ) (B15)

Wy, + \/wfl +4(e2 — v)r?

if r > w,,/2vy, which is the sum of one pole and four cut contributions. With these results,
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we arrive at

Fr
— —log2+ /r[nE
T e 2
i 2 2 7] 2/ 9 9 2
1 €5 — v w= /4 €5 —
=log?2 log |~ |1 1420 — 1—4f14 22
0g2+ Y {log 4<+ +wg/4> Eg_v(%( o

€ — U
0<wnp <2v9 0 0 n

2w? /4 €2 — 2 w2 /4 €2 — 2
— Z 5 5 1+ w2/4 +log m 1+ 1+ /4

4 Z 2w 60/4

0<wn <2u0 o UO Yo
2 2\ 2 2/ 2 2\ 2
1 € — U wy /4 € —
=log 2 log [~ 1 1+ 220 - 1— /14 22
R Z sl ty T w2 /4 € —vd * w2 /4
wn,>2v0 n 0 0 n
€0+U0> w%(l —EQ/U())
f T T e )
0<wn<2vg n 0 0
(B16)
The result on the last line exactly matches with the SD calculation provided that
2 .2 2 2 _ 42 €0 2«72 J? - J?
€ —Uy=J" (e+w0) =T, v ; Vo i (B17)
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