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Noise affects the coherence of qubits and thereby places a bound on the performance of quantum
computers. We theoretically study a generic two-level system with fluctuating control parameters
in a photonic cavity and find that basic features of the noise spectral density are imprinted in the
transient transmission through the cavity. We obtain analytical expressions for generic noise and
proceed to study the cases of quasistatic, white and 1/fα noise in more detail. Additionally, we
propose a way of extracting the spectral density for arbitrary noise in a frequency band only bounded
by the range of the qubit-cavity detuning and with an exponentially decaying error due to finite
measurement times. Our results suggest that measurements of the time-dependent transmission
probability represent a novel way of extracting noise characteristics.

A main threat to large-scale quantum computation is
the decoherence of the qubit state [1] which can be in-
duced by a noisy environment [2]. Common noise sources
include fluctuating electromagnetic fields that arise from
noisy control parameters such as gate voltages as well
as the interaction with the environment, e.g., 1/f noise
due to two-state fluctuators in the material [3], the nu-
clear spin bath in semiconductor quantum dots [4–6], and
magnetic flux noise, quasiparticles, and two-level fluctua-
tors in superconducting circuits [7–10]. Noise even affects
spin qubits in isotopically purified materials that suffer
neither from the hyperfine interaction with the host nu-
clei nor directly from the gate voltages. This is because
gate operations often rely on the spin-orbit interaction
which couples the spin to the charge degree of freedom,
thus introducing charge noise to the system [11, 12].
Relevant examples are hole spins in germanium where
the spin-orbit interaction and hence possible spin-photon
couplings are particularly strong [13–20].

With quantum error correction still a long way off,
the suppression of noise is of the utmost importance in
intermediate-scale quantum devices [21]. As a first step,
it is necessary to characterize the noise present in a given
system [22, 23]. In this paper, we propose a novel way of
extracting noise characteristics from the cavity transmis-
sion which we analyze using input-output theory [24, 25].
The transmission through a cavity in the steady-state
has been used for the dispersive readout of the quantum
state of superconducting qubits [26, 27], cavity photons
[28], and spin qubits [29], as well as for the determina-
tion of system parameters such as valley splittings [30, 31]
and to detect signatures of the strong coupling regime of
cavity quantum electrodynamics [29, 32–35]. Here, we
go beyond the steady-state case and demonstrate that
fluctuations affecting the qubit leave a clear trace in the
transient transmission. Our model makes few assump-
tions on the form of the two-level system and the noise
and is thus generally applicable to a wide range of cavity-
coupled qubit systems. In particular, it is well suited for
describing the effects of fluctuating voltages on supercon-
ducting qubits and semiconductor charge qubits as well
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FIG. 1. A two-level system (qubit, shown in blue) with en-
ergy splitting ωq is affected by noise δωq (red) and is placed
inside a single-mode electromagnetic cavity with frequency
ωc. Partially transparent mirrors allow for the interaction of
the qubit-cavity system with external modes. An input field
bin(t) enters at port 1, causing an output field bout(t) that
leaves the cavity at port 2, thereby creating a time-dependent
transmission through the system from left to right.

as fluctuating (effective) magnetic fields on spin qubits.
We study a single mode of an electromagnetic cavity

with frequency ωc interacting with an infinite number of
external modes. A qubit affected by noise is placed inside
the cavity and interacts with the cavity mode (Fig. 1). In
a frame co-rotating with the probe field at frequency ωp
and within the rotating wave approximation, the cavity-
coupled two-level system is described by the Hamiltonian
H = [ωq + δωq(t)−ωp]σz/2+∆a†a+ g(aσ+ +a

†σ−), where
∆ = ωc − ωp is the cavity-probe detuning, σz the Pauli
Z matrix, a the photon annihilation operator and σ− a
ladder operator acting on the qubit. The qubit energy
separation is affected by noise, ωq + δωq(t), and the fluc-
tuating component may be written to leading order as
δωq(t) = λδX(t), where δX(t) is the dynamical noise
which couples to the qubit control parameter X with
strength λ = ∂Xωq ∣δX=0. The qubit-cavity coupling can
also be affetced by noise, and we will take this into ac-
count further below. As is shown in the supplementary
material (SM), the system is well described by the quan-
tum Langevin equations for the expectation values of the
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operators σ− and a,

d⟨σ−⟩
dt

= −i [ωq + δωq(t) − ωp] ⟨σ−⟩ −
γ

2
⟨σ−⟩ + ig⟨σz⟩⟨a⟩,

d⟨a⟩
dt

= −i∆⟨a⟩ −
κ

2
⟨a⟩ − ig⟨σ−⟩ +

√
κ1⟨bin(t)⟩, (1)

where γ is the total noise-independent qubit decoherence
rate [36], and κ = κ1 + κ2 is the total cavity loss rate
given by the sum of the rates κj at port j ∈ {1,2}. ⟨σz⟩
can depend on time but knowledge of its specific form is
not required for computing the transmission within the
perturbative approach presented below. The bath input
field at port 1 is chosen to be a plane wave and hence a
constant in the rotating frame, ⟨bin(t)⟩ = ⟨bin⟩, while we
assume no input field to be present at port 2.

By solving the system of coupled differential equa-
tions (1), one may obtain the cavity transmission am-
plitude by employing input-output theory [24, 25, 37],

A(t) =
⟨bout(t)⟩

⟨bin(t)⟩
= −

√
κ2⟨a(t)⟩

⟨bin(t)⟩
. (2)

An exact solution of the equations of motion cannot be
obtained for generic noise, and one must resort to per-
turbation theory. Working in the regime where the qubit
cavity coupling is small compared to the dominant en-
ergy scale, ∣g∣ ≪ η ≡ max{∣δ0∣, ∣κ − γ∣} with the unper-
turbed qubit cavity detuning δ0 = ωc − ωq, we may solve
the system of differential equations (1) to leading order
in g/η,

A(t) =

√
κ1κ2

i∆ + κ/2
(e−i∆t−κt/2 − 1)

−

√
κ2

⟨bin⟩
e−i∆t−κt/2 [⟨a(0)⟩ − ig⟨σ−(0)⟩I(t)] ,

I(t) = ∫
t

0
eiδ0t

′+(κ−γ)t′/2−iλX(t′)dt′.

(3)

Here, ⟨σ−(0)⟩ and ⟨a(0)⟩ are initial conditions, and we
introduce the noise integral I(t) containing the stochas-
tic phase X(t) = ∫

t
0 δX(t′)dt′. There are a few remarks

in order here: (i) Even though we treat g perturbatively,
this does not mean that our approach does not contain
strong coupling cases with ∣g∣ > κ, γ. In such cases the
approximation remains sound if the qubit cavity detun-
ing is large enough, ∣g∣ ≪ ∣δ0∣. (ii) To leading order in
perturbation theory the long time solution is unchanged
in the presence of noise, and only the transient transmis-
sion allows for a determination of noise characteristics.
(iii) Even at this point we can see the role of the initial
qubit state. For ⟨σ−(0)⟩ to be non-vanishing, we need
the qubit to be initialized in a coherent superposition of
its energy eigenstates, and in the following we assume
⟨σ−(0)⟩ = 1/2. Moreover, we assume that ⟨a(0)⟩ = 0, e.g.,
the cavity may initially be empty. (iv) There are two
quantities in (1) that are affected by finite temperature

effects: the qubit level population ⟨σz(t)⟩ and the deco-
herence rate γ. The former appears in the expansion of
⟨a(t)⟩ only at higher orders in perturbation theory, and
the latter is only altered in magnitude at increased ther-
mal energies, while the form of the Langevin equations is
unchanged (see SM). As a result, Eq. (3) also describes
the noisy transmission at finite temperature. Remark-
ably, temperature does not wash out the noise traces in
the transient cavity transmission in magnitude. How-
ever, an increased γ can lead to a quickly decaying noise
signal, hence requiring small measurement times.

Averaging over the noise is possible once we consider
an observable quantity, such as the transmission prob-
ability ∣A∣2 that will be investigated here. We remark
that since the zeroth order term in (3) is not affected by
noise one has ⟪∣A∣2⟫ = ⟪∣A∣⟫

2 to first order in g/η, and
hence the variance of ∣A∣ vanishes. In general, the kth
central moment of ∣A∣ can become non-zero only at order
k or higher in g/η, implying ⟪∣A∣k⟫ = ⟪∣A∣⟫

k
+O((g/η)2)

(a proof is given in the SM). In present-day two-level
systems one may expect the decay rate γ to be of the
same order as the cavity loss rate and the qubit photon
coupling constant, γ ∼ κ ∼ g ∼ MHz [29]. For the pertur-
bative approach to be valid we then must consider the
dispersive regime, ∣δ0∣ ≫ ∣g∣. Assuming symmetric mir-
rors κ1 = κ2 = κ/2 and choosing ⟨bin⟩ to be real, we obtain
up to leading order in the qubit-cavity coupling strength,

⟪∣A(t)∣⟫ = ∣A∞∣
√
ξ0(t) + ξ1(t), (4)

Here, ∣A∞∣ = κ/
√

4∆2 + κ2 is the Lorentz shaped trans-
mission through an empty cavity at long times κt ≫ 1,
and we introduce the quantities

ξ0(t) = 1 + e−κt − 2e−κt/2 cos ∆t,

ξ1(t) =
ge−κt/2

√
2/κ⟨bin⟩

[F (t)Re⟪I(t)⟫ +G(t)Im⟪I(t)⟫ ],

F (t) =
2∆

κ
(cos ∆t − e−κt/2) − sin ∆t,

G(t) = cos ∆t − e−κt/2 +
2∆

κ
sin ∆t. (5)

ξ0(t) describes the transient signal of an empty cavity,
while ξ1(t) is a correction term due to the interaction
with the noisy qubit. The latter features the averaged
noise integral (ANI),

⟪I(t)⟫ = ∫

t

0
eiδ0t

′+(κ−γ)t′/2
⟪e−iλX(t

′)
⟫dt′, (6)

where ⟪. . .⟫ denotes the average over many measure-
ments. In order to neglect the g2 term when expand-
ing the absolute value squared of the transmission am-
plitude (3) while still suppressing higher orders in the
perturbation expansion, we require

√
κ/⟨bin⟩ ∼ 1. This

restriction, however, is not severe as the amplitude ⟨bin⟩
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FIG. 2. Change in the noise-averaged cavity transmission
probability ⟪∣A(t)∣⟫ = ⟪∣⟨bout(t)⟩/⟨bin(t)⟩∣⟫ in first order of
the coupling g to a noisy qubit as a function of time. We com-
pare the cases of a noise-free (green) and noisy (blue/orange)
qubit placed inside the cavity. Solid lines are drawn accord-
ing to Eqs. (5) (blue) and (8) (orange). Squares are nu-
merical results obtained by averaging over 103 exact solu-
tions of the full system of differential equations for ⟨a⟩ and
⟨σ−⟩ (Eqs. (1)) and ⟨σz⟩ (see SM) assuming normally dis-
tributed quasistatic noise with zero mean and standard devi-
ation δXrms = 0.05δ0. (a) The complete first order transient
curve for the case g = 0.1κ = 0.1γ = 0.01δ0 at ∆ = 0. The av-
erage transmission probability follows from ξ1, ξ′1, and ∣A∞∣
via Eq. (4). We find excellent agreement between the ana-
lytical and numerical results, even in the presence of a fluc-
tuating coupling constant as can be seen from the magnified
section of the plot in panel (b). (c) The initial first order
transient curve for the strong coupling case g = κ = γ = 0.01δ0
at ∆ = 0. (d) The first order transient curve for g = κ = 0.01γ
at δ0 = ∆ = 0.1γ with δXrms = γ. The remaining parameter
values used are ⟨σz(0)⟩ = 0, λ = 0.9, λ′ = −0.1, ωq/T = 1 and√
κ/⟨bin⟩ = 1.

of the probe field may be tuned externally and indepen-
dently of the remaining parameters. The expression in
Eq. (4) is one of the main analytical results of this paper.
It describes the transmission amplitude for quite gen-
eral systems and without any specifications of the noise
δX(t) or the corresponding stochastic phase X(t), and
it is shown for exemplary parameter settings in Fig. 2.
By recording the noisy part of the transmission via com-
parison with the transmission through an empty cavity
for two distinct detunings ∆1 and ∆2, one may extract
the real and imaginary part of the ANI for any δ0 up to
a desired maximum time tm by choosing ∣∆2 −∆1∣tm < π
(see SM).

Up to this point the linearized noise has been treated
exactly. In many realistic systems, however, noise affect-
ing the qubit energy separation will also affect the qubit
photon coupling constant g. Writing g → g+δg(t), where
to leading order δg(t) = λ′δX(t) with λ′ = ∂Xg∣δX=0, we
may work to first order in perturbation theory in this

additional noisy qubit photon coupling and integrate by
parts to obtain an additional term in the averaged trans-
mission (see SM),

⟪∣A(t)∣⟫ = ∣A∞∣
√
ξ0(t) + ξ1(t) + ξ′1(t), (7)

where ξ0(t) and ξ1(t) are as given in Eq. (5) and

ξ′1(t) =
λ′

λ

e−κt/2
√

2/κ⟨bin⟩
F(t) (8)

with

F(t) = e(κ−γ)t/2 ⟪e−iλX(t)⟫ [G(t) cos δ0t − F (t) sin δ0t]

+G(t) [δ0Im⟪I(t)⟫ −
κ − γ

2
Re⟪I(t)⟫ − 1]

+ F (t) [δ0Re⟪I(t)⟫ +
κ − γ

2
Im⟪I(t)⟫] . (9)

While we must treat the noise in g perturbatively, this is
not a severe restriction since the relative fluctuations in
g are expected to be bounded by the coupling itself, δg =
λ′δX < g. The effect of noise in the energy separation and
the qubit photon coupling on the averaged transmission
can be clearly seen in Fig. 2(b). At the double resonance
∆ = δ0 = 0 the term ξ1 vanishes identically, and for weak
coupling ξ′1 is the dominant contribution.

The proposed model is general in the sense that it de-
scribes any two-level system with fluctuating energies and
coupling constants to first order in the noise parameter.
For instance, for charge qubits the eigenenergy separation
is determined by the dot detuning ε and the tunnel cou-
pling tc, ωq =

√
ε2 + 4t2c , while the qubit-photon coupling

strength scales as g ∝ tc/
√
ε2 + 4t2c [37]. If the detuning

has a fluctuating component δε(t), one finds

λ =
∂ωq

∂ε
∣
δε=0

=
ε

ωq
, λ′ =

∂g

∂ε
∣
δε=0

= −
gε

ω2
q

. (10)

For biased dots, ε ≠ 0, a charge qubit affected by fluc-
tuating gate voltages represents a prime example of a
system described by our model. Note that the ratio
∣λ′/λ∣ = ∣g∣/ωq can be reduced by increasing the dot detun-
ing, and at large ε Eq. (4) is a good approximation. Addi-
tionally, higher-order noise terms δXn⩾2 in the expansion
of δωq couple with strength λ(n) = ∂nωq/∂εn∣δε=0 ∼ 1/εn+1

and are hence suppressed in this regime. For lower dot
detunings, Eq. (8) can be taken into account to provide
accurate corrections for λ′δX ≲ g.

Having obtained an expression for the measurable av-
erage transmission probability for generic longitudinal
qubit noise affecting the energy separation and the cou-
pling constant, we proceed to study the averaged phase
(AP) ⟪e−iλX(t)⟫ and the ANI ⟪I(t)⟫ in more detail. The
stochastic phase X(t) is defined as the time integral over
the noise δX(t) which is assumed to have zero mean in
the remainder of this paper. When the autocorrelations
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⟪δX(0)δX(τ)⟫ decay on time scales τc which are small
compared to the time of integration, the random phase
is a sum of many independent random variables. In this
situation the central limit theorem guarantees that the
probability distribution of X(t) is Gaussian, and we may
write for the AP [38, 39]

⟪e−iλX(t)⟫ = exp [−
λ2

2π
∫

∞

0

sin2
(ωt/2)

(ω/2)2
S(ω)dω] , (11)

where S(ω) is the noise spectral density, given by the
Fourier transform of the noise auto correlator. Since the
lower integration bound is zero, the Gaussian approxima-
tion is not expected to hold at measurement times t that
are of the same order as the noise correlation time τc.
Instead, the condition τc ≪ t must be met for Eq. (11) to
accurately describe the stochastic phase in the transient
cavity transmission. On the other hand, δX(t) itself may
be the sum of many uncorrelated microscopic modes. In
this case X(t) will follow Gaussian statistics regardless
of the integration time t. If none of the above conditions
are met, one must go beyond the Gaussian approxima-
tion [40].

There are two prominent special cases for which the
ANI in the Gaussian approximation may be explored fur-
ther analytically, quasistatic noise and white noise. We
first consider the case of quasistatic noise [41]. Assuming
the total integration time t to be smaller than the time
scale on which the quasistatic noise changes, the ANI
becomes a Gaussian and may be evaluated,

⟪I(t)⟫qs =

√
π

2

eY
2

λδXrms
[erf (Y ) + erf(

λδXrmst
√

2
− Y )] ,

(12)

where Y = [iδ0 +(κ−γ)/2]/
√

2λδXrms, δXrms =
√

⟪δX2⟫

is the root mean square of the noise, and erf denotes the
error function. We now turn to the case of white noise,
where S = S0 is constant. The exponential of the AP
becomes linear in time, yielding the exact expression for
the ANI,

⟪I(t)⟫w =
eiδ0t+(κ−γ)t/2−λ

2S0t/2 − 1

iδ0 + (κ − γ)/2 − λ2S0/2
. (13)

For S0 = 0, Eq. (13) is the ANI in the noise-free case [42].
As white noise describes a Markovian process, it only
renormalizes the qubit decoherence rate γ stemming from
the Lindblad formalism, γ → γ + λ2S0.

Next, we investigate generic noise. In real measure-
ments, data cannot be acquired over an infinitely broad
frequency band. This can be taken into account by in-
troducing an ultraviolet (UV) cutoff in the integral ap-
pearing in Eq. (11), i.e., by shifting the upper integration
bound from infinity to the UV cutoff frequency ωuv. For
sufficiently small measurement times where ωuvt≪ 1, the

sine function in (11) may be expanded around zero. Tak-
ing into account the leading term in the expansion, the
exponential in the AP becomes quadratic in time and the
ANI may be evaluated,

⟪I(t)⟫ =
π

√
2P

eZ
2

λ

⎡
⎢
⎢
⎢
⎢
⎣

erf (Z) + erf
⎛

⎝

√
P

2π
λt −Z

⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

, (14)

where Z =
√
π/2P [iδ0 + (κ − γ)/2]/λ and P = ∫ S(ω)dω

is the noise power in the positive frequency band [0, ωuv]

under consideration. As noise in quantum computation
must be considered over a large bandwidth correspond-
ing to gate operation times, the noise power P provides
a practical figure of merit for the comparison of quantum
information platforms [43]. Realistically, the condition
ωuvt≪ 1 can be fulfilled for power spectral densities dom-
inated by low frequencies such as 1/fα noise [44], which
is ubiquitous in solid-state systems [3, 45, 46]. In these
cases an additional infrared cutoff ωir is needed to regu-
larize the power integral [47, 48], justified, e.g., by finite
data acquisition times [49]. For instance, for S = C/ω
one has P = C ln(ωuv/ωir).

Finally, we consider arbitrary detunings δ0. Trunca-
tion of the perturbation expansion is valid in the regime
g ≪ ∣κ − γ∣, which is often realized through γ ≫ κ ∼ g for
long-lived coherence in solid-state qubits. Suppose that
the ANI has been characterized for at least three val-
ues of the noise coupling strength λ which is controllable
by external parameters [e.g., via the detuning or tunnel
coupling in charge qubits, cf. Eq. (10)]. One may then
consider the second derivative of the ANI,

d2⟪I(t, δ0)⟫

dλ2
∣
λ=0

= eiδ0t+(κ−γ)t/2ζ(t)

+
16

π(κ − γ + 2iδ0)
∫

∞

0

S(ω)

(κ − γ + 2iδ0)2 + 4ω2
dω,

(15)

where ζ(t) is a function that is upper bounded by a
quadratic scaling in t (SM). Hence, the relative error
caused by neglecting the first term is upper bounded by
the scaling ∣κ−γ∣2t2e(κ−γ)t/2, and for measurement times
t with κt ∼ 1 ≪ (γ − κ)t it can be safely neglected, while
the effect of the noise on the transmission is still visible
[Fig. 2(d)]. By employing a partial fraction decomposi-
tion and using the symmetry of S(ω) = S(−ω), the non-
vanishing part of Eq. (15) may be rewritten as (see SM
for details)

d2⟪I(δ0)⟫

dλ2
∣
λ=0

=
16

(κ − γ + 2iδ0)2
C(δ0), (16)

where C(δ0) = (S ⋆K)(δ0) denotes the convolution of the
spectral density S with the kernelK(δ0) = (κ−γ+2iδ0)

−1.
After Fourier transforming the kernel analytically, we
may apply the convolution theorem to obtain the spectral
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density for arbitrary noise,

S(δ0) = −4∫
∞

0
C̃(τ) cos(δ0τ)e

(γ−κ)τ/2dτ, (17)

where C̃(τ) denotes the Fourier transform of the mea-
surable convolution. Hence, the spectral density can be
obtained by extracting C(δ0) and its Fourier transform
from the average of the transient cavity transmission and
evaluating (17).

In conclusion, we investigate the effect of noise in two-
level systems on the cavity transmission and derive an
analytical expression for the averaged transmission am-
plitude which depends on the type of noise present. To
leading order in perturbation theory the noise signature
is only visible in the transient but not in the long time
transmission, depends on a true quantum mechanical ini-
tial qubit state, and is not limited by temperature. We
investigate relevant types of noise and find that the tran-
sient cavity transmission carries information on charac-
teristic features of the associated spectral density. This
includes the root mean square of quasistatic noise, the
amplitude of white noise and the power P of noise types
with low enough UV cutoff frequencies such as 1/fα

noise. Finally, we propose a novel way of extracting the
spectral density for arbitrary noise in a frequency band
bounded only by the range of the qubit-cavity detunings
and with an exponentially decaying error due to finite
measurement times. Our results allow for the determi-
nation of noise characteristics in a wide variety of sys-
tems including cavity-coupled superconducting, charge
and spin qubits.
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