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Semiconductor quantum dots have proven to be a useful platform for quantum simulation in the
solid state. However, implementing a superconducting coupling between quantum dots mediated
by a Cooper pair has so far suffered from limited tunability and strong suppression. This has
limited applications such as Cooper pair splitting and quantum dot simulation of topological Kitaev
chains. In this work, we propose how to mediate tunable effective couplings via Andreev bound
states in a semiconductor-superconductor nanowire connecting two quantum dots. We show that
in this way it is possible to individually control both the coupling mediated by Cooper pairs and
by single electrons by changing the properties of the Andreev bound states with easily accessible
experimental parameters. In addition, the problem of coupling suppression is greatly mitigated.
We also propose how to experimentally extract the coupling strengths from resonant current in a
three-terminal junction. Our proposal will enable future experiments that have not been possible

so far.

Introduction—Semiconductor quantum dots [1-3]
have proven to be a useful platform for quantum sim-
ulation in the solid state [4-6]. Controlling dot levels
and the transfer of single electrons between dots [7-10]
allows to engineer synthetic Hamiltonians such that the
desired functionality is achieved, for example allowing for
spin qubit operations [11-16], or simulating the Fermi-
Hubbard model [17-19] or exotic magnetism [20-25].

Adding a superconducting coupling between quantum
dots, i.e., a coupling mediated by a Cooper pair instead
of single electrons only, would extend the range of pos-
sible Hamiltonians tremendously. Examples include op-
erations on Andreev qubits [26-30], or implementing ex-
otic superconducting systems such as a topological Ki-
taev chain [31-33], which might be utilized to implement
topological quantum computation [34-41].

The basic building block for such a simulation is the
coupling between two quantum dots. In fact, the cou-
pling between two quantum dots mediated by a Cooper
pair is of an intrinsic interest for fundamental physics
itself: Used as a Cooper pair splitter, the electrons of
the Cooper pair are separated in space while maintain-
ing quantum entanglement [42-47], which can be used to
perform the Bell inequality test [48-50] and has poten-
tial applications in quantum teleportation [51] and quan-
tum cryptography [52, 53]. Despite much experimental
progress [54-70], the splitting efficiency of Cooper pair
splitters nowadays is still not high enough for the Bell
inequality test. In addition, a sufficient control of the
superconducting coupling between two quantum dots,
the prerequisite for quantum simulation, has not been
demonstrated experimentally. To proceed, a method of
controlling superconducting and single electron coupling
independently is dearly needed.

In most of the existing proposals and experiments,
the couplings between quantum dots are mediated by
the quasiparticle continuum of the superconductor [31,
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FIG. 1. Left: (a) Schematic of the device. Two sepa-
rate quantum dots are connected by a short semiconductor-
superconductor hybrid nanowire, which hosts Andreev bound
states. Right: (b) Schematic of cross Andreev reflection
and (c) elastic co-tunneling between quantum dots. The red
(black) horizontal line denotes the Andreev bound state (dot
level), and the grey line represents the Fermi energy of the
superconductor.

42, 44, 46, 71]. The disadvantage of this approach is
the limited tunability, as the electronic properties of the
superconducting continuum cannot be controlled experi-
mentally. Moreover, the coupling strengths between dots
are strongly suppressed when using metallic supercon-
ductors.

In this Letter we propose to mediate tunable effective
couplings via Andreev bound states in a semiconductor-
superconductor nanowire connecting two quantum dots,
based on the fact that control over hybrid nanowires
has been demonstrated experimentally, e.g., by tuning
a nearby electrostatic gates [72]. We show that in this
way it is possible to individually control both the cou-
pling mediated by Cooper pairs and by single electrons
by changing the properties of the Andreev bound states
with easily accessible experimental parameters. In ad-
dition, the problem of coupling suppression is greatly
mitigated. Finally, we propose how to experimentally
extract the coupling strengths from resonant current in



a three-terminal junction, allowing for an experimental
verification of our theory [73].

Model and Hamiltonian.—The system consists of
two quantum dots connected by a semiconductor-
superconductor nanowire, as shown in Fig. 1(a). The
Hamiltonian is

H=Hs+ Hp + Hsp,
Hs ~ Eyyim + Exvde,

Hp = &ydf, diy + €,d} 5 dro,

Hsp = —tich ,diy — trcl ,dro + He.. (1)

Here Hg is the Hamiltonian for the hybrid nanowire
of length L = z, — x;. In the short-wire limit where
the level spacing is larger than the superconducting gap,
we consider only two normal states closest to the Fermi
energy (which form a Kramers’ pair in the presence of
time-reversal invariance). With an induced s-wave pair-
ing, the normal states are gapped and become two An-
dreev bound states defined as 'y;r = vas:mi[ui(ms)cis +
v;(x8)cys], where the wavefunctions and excitation ener-
gies are obtained by solving the Bogoliubov-de Gennes
equation hpgg(z)(ui,v;)T = Ei(ui,v;)T. Hp describes
two quantum dots. In the limit of strong Zeeman split-
ting and Coulomb interaction, i.e.,

€l,r < gdotiBB,U,  gdottiBB < dEqgot, (2)

each quantum dot accommodates only a single spin-
polarized level near Fermi energy [3, 74], with the the
polarization axes of the two dots being the same and par-
allel to a globally applied magnetic field. Here a large dot
level spacing guarantees that adjacent levels are spin-up
and -down states from the same orbital. The spin indices
7,0 in Eq. (1) can be either 1 or |, but no summation is
taken on them because the dots are in the spin-polarized
regime. Hgp describes the spin-conserved electron tun-
neling between the dot levels and the ends of the hybrid
nanowire at r = xj .

Such setups of two normal dots coupled by a prox-
imitized nanowire segment, i.e. a proximitized central
quantum dot, have been studied before experimentally
and theoretically in the context of Cooper pair splitting,
e.g. in Refs. [65, 75]. In contrast, our focus will be on
using the Andreev bound state in the central segment to
control the effective coupling of the outer dots.

Effective couplings between dots.—In the tunneling
limit ¢;, < A, we can apply a Schrieffer-Wolff transfor-
mation to obtain an effective Hamiltonian for the coupled
quantum dots. That is, Heg = Hp + Hinterdot, With

(1-P) 5 /A2
o g, HspP + 0L, /A%)

— CAR ;t ECT jf
= Iy Ad) df, — TP d) dyo +Hee.  (3)

Hintcrdot = *PHSD

Here P is the projection operator onto the ground state
of the uncoupled dot-superconductor system. Fng and
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FIG. 2.  Energy and angle dependence of P® for a time-

reversal invariant hybrid nanowire. (a) CAR (orange) and
ECT (blue) profiles as a function of the normal-state energy z.
The grey line denotes the excitation energy E,, /A = /22 + 1
of the Andreev bound states (for better visual effect we shift
Em/A — En/A —1/2). Right panels: angle dependence of
P*® in favorable (b) and unfavorable (¢) channels, with 6 the
angle between the spin-orbit field in the hybrid nanowire and
the global magnetic field. Here, ¢* = sin®(ks,L) characterizes
the spin-procession through the nanowire due to spin-orbit
interaction.

are the Andreev bound states-mediated effective
couplings between two spin-polarized dot levels, with

ECT
o

[CAR _ tity U (T11) 0, (21:0) — U (r0) vy, (217)
ne A E../A ’

m=1,2

tit, U (i), (210) — Vg (Tr0) 0%, (217)
FECT _ m m
ot )=

(4)

Here FgﬁR is a superconducting effective coupling, and
physically is induced by a coherent crossed Andreev re-
flection (CAR) process, where an incoming electron with
spin-o from the right dot is reflected nonlocally into a
hole with spin-n in the left dot [Fig. 1(b)]. On the
other hand, I‘EET is a normal effective coupling, and
is induced by elastic co-tunneling (ECT), where a sin-
gle electron hops from the right dot to the left via the
Andreev bound states [Fig. 1(c)]. Equation (4) is the
most general expression. In what follows, we will de-
fine Pg, = [%,A/(tit,)]* to characterize the coupling
strength, and analyze its dependence on the physical
parameters of the Andreev bound states. As we will
see, Py, is proportional to the experimentally measur-
able current I, .

Energy and angle dependence.—We first consider a
time-reversal invariant hybrid nanowire. Physically, this
corresponds to a situation where the induced Zeeman
splitting in the hybrid segment is negligible compared
to the spin-orbit interaction or induced superconducting
gap. The excitation energies of the degenerate Andreev
bound states are F1 5 = E,, = /& + A? with &, =
€n — p being the normal-state energy. The Bogoliubov-

m=1,2



de Gennes wavefunctions are uj(xo) = ugt,(x0),v; =
vy, and us = —ug¥Pm,v2 = Vo1, wWhere 1,1y are
the normal-state wavefunctions, and v = 1 — v} =
1/2 + &, /2F,, are coherence factors. From Eq. (4), we
then obtain

P = Co(&n /D) [Wn(wim)tn(w,0) — (2,0 tm(zim)|?,

PEUCT = & (&n /D) Y0 (zin)y, (xr0) + wﬁ(xln)¢%(x7'0)‘25
()
(22 + D72 &(2) =
2

(ﬁ;ﬁ) = 2%(2% + 1)7% with z = &,/A. Equation (5)
shows that P® has a separable dependence on the energy
&, and on the wavefunctions 1, 7 of the bound states. In
particular, the energy dependence is universal because it
only depends on the coherence factors uy and vy. This is
a consequence of time reversal symmetry and holds for
any hybrid structure, thus not only for one-dimensional
wires. As shown in Fig. 2(a), Co(z) of crossed Andreev
reflection has a single peak centered at z = 0 (&, = 0)
and decays as 2% at large |z|, while & (2) of elastic co-
tunneling has double peaks located at z = +1, and de-
cays as 2”2 at large |z|. Interestingly, £(z) has a dip at
z = 0 due to destructive interference between two vir-
tual paths with a w-phase shift. The strikingly different
profiles of Cy(z) and &y(z) is the first main finding in
this work, which indicates that one can vary the rela-
tive CAR and ECT amplitudes by changing the chemi-
cal potential of the Andreev bound state. For the wave-
function part in Eq. (5), time-reversal invariance, i.e.,
Yr(xo) = Tn(vo) = —ioyy (x0o), gives the following
symmetry relations between different dot-spin channels

Pl = P, (6)

for both CAR and ECT. Thus, we will focus on only two
spin channels 71 and 1 in the following discussions.

If spin-orbit field is the only spinful field in the hy-
brid nanowire and has a constant direction, we can
find the angle dependence in P® explicitly. In the spe-
cific case of a one-dimensional Rashba spin-orbit inter-
action with strength ap [76], the wavefunctions take the
form of 9, (7) = ¢, (x)e 0270 (1,0)T, where ¢, (v) is
the eigenfunction in the absence of spin-orbit interac-
tion, kso = mag/h? is the spin-orbit wave-vector, and
Oso = cosfo, + sinfo, is the spin-orbit field which has
an angle 6 from the magnetic field. Here, without loss of
generality, we fix the magnetic field (i.e., dot spin axis)
along z and rotate the spin-orbit field in the zz-plane.
Plugging the wavefunctions into Eq. (5), we obtain

PEAR = Co(2) - g(0), PN =Col2) - £(0),
PECT = &0(2) - £(0), PRTT =&o(2)-9(0), (T)

where Co(z) = (QEZ%)Z =

Py = Pp,

where f(6) = p? 4+ ¢*>cos? 6 and g(f) = ¢*sin®6. Here
p = cos(ksoL) and g = sin(kgo L) characterize the amount
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FIG. 3. Effects of Zeeman spin splitting on CAR (orange) and
ECT (blue) profiles in equal-spin (a) and opposite-spin (b)
channels. ﬁ%AR7 ﬁﬁAR, and ]BTEfT all increase with Ez, with
their profiles remaining symmetric about z = 0. The profile
of IBTETCT becomes asymmetric when Ez > 0, with one peak

being liited and the other suppressed. Green dots indicate
where PYAR = PECT for particular values of §. Here we
choose ¢> = 0.2 and § = /2, corresponding to the realistic

device investigated in Ref. [73].

of spin precession through the nanowire due to spin-orbit
interaction, with p? + ¢ = 1. Note that in Eq. (7), we
have defined a renormalized ﬁ;a = Py /|02 () ()]
The details of the orbital wavefunction ¢, (x)(and thus
e.g. details of the potential landscape or disorder) de-
termine the overall coupling strengths but do not affect
the relative CAR and ECT amplitudes. As a result, the
renormalized P relies only on the general properties of
Andreev bound states, i.e., coherence factors ug, vg, spin-
orbit coupling ks, and induced Zeeman spin splitting Ez.
As shown in Figs. 2(b) and 2(c), P* has a sinusoidal de-
pendence on the angle #. In particular, CAR-T] and
ECT-11 are more favorable channels with f(6) > p®. By
contrast, CAR-11 and ECT-1| vanish at # = 0 or m due
to spin conservation. Hence, in order to have CAR and
ECT couplings simultaneously finite in a particular dot
spin channel, it is crucial to have a finite spin-orbit field
misaligned with the magnetic field. More surprisingly, al-
though Pj, has a strong energy dependence, the ratio of

angle-averaged P in unfavorable and favorable channels
depends only on the amount of spin precession, i.e.,

<ﬁ%AR> _ <ﬁTE¢CT> _ sin2(ksoL) (8)
(PGAR) — (PECT) 2 —sin® (ks L)’

with (é;ﬁ,) = (2m)! fo% deﬁgg(e). This provides a new
way to extract the strength of induced spin-orbit coupling
in the hybrid nanowire.

Effect of Zeeman spin splitting.—We now consider the
effect of induced Zeeman splitting in the hybrid segment.
This relaxes the assumption of time-reversal invariance,



provides an additional experimentally accessible param-
eter to tune the profiles of CAR and ECT, and allows
for an additional comparison between experiment and
theory. The direction of the Zeeman field is parallel to
the spin-polarization axis in dots, i.e., Fz0,, because we
have assumed a globally applied magnetic field in the
system. However, the magnitude of the Zeeman energy
may be different between dots and the hybrid segment
because of renormalization effects due to the metallic su-
perconductor [77] We also assume weak spin-orbit inter-
action kgoL < 1 and Ez < A. Under these assump-
tions, the energies of the Andreev bound states become
FEi5 ~ /& + A% £ Ez, while the wavefunctions re-
main the same as those in the time-reversal invariant
scenario [74]. We thus obtain

PEAR(S) = PEAR(S) = (22 +1 - 6%)? - ¢*sin? 0,
PEAR(S) = PEAR(8) = (22 +1 - 6%)72 - (p* + ¢* cos? 0),
(pz — 8")2 + q*cos? 0 - (z — 6)?

PECT(5) = PFCT(-0) =

(22 +1—62)2 ’
2.2 | 522 2
~no — q*z* + 6% cos? 0 - (1 —p) )
PTEi T(9) Pﬁr T(6) = CENEEIE -sin? 6,

9)

where § = Ez/A < 1, and ¢ = §(pcos? 0 + sin?6). As
shown in Fig. 3, IBTCTAR, ﬁﬁAR, and ]B,EST all increase
with Ez, with their profiles remaining symmetric about
z = 0, while PﬁCT becomes asymmetric, with one peak
being lifted and the other suppressed. In addition, the
green dots in Fig. 3 show where PCAR = PECT for par-
ticular values of 8, corresponding to the sweet spots in a
minimal Kitaev chain. Such a sweet spot can be found
in general because ECT is larger than CAR at large |z|
and goes to zero near z = 0, guaranteeing the crossing of
the two curves in most experimentally relevant parameter
regimes.

Extracting T'* experimentally—To reach the optimal
parameter regime for the desired application, it is neces-
sary to be able to extract the strengths of the effective
interdot couplings experimentally. For this purpose, we
propose a three-terminal junction, where two quantum
dots are now connected with two external normal elec-
trodes, respectively [Figs. 4(a) and 4(b)]. The strengths
of TCAR/ECT can be extracted from resonant current.

Our considerations and calculations follow the same
spirit as those in Refs. [42, 43], which focused on the
current due to crossed Andreev reflection in a similar
setup. Compared to the previous works, the differences
made in our calculations include: (1) We now consider
Andreev bound states instead of quasiparticle continuum
in the superconducting segment. (2) Spin-orbit interac-
tion in the hybrid segment breaks spin conservation. (3)
Currents become spin-selective. (4) We generalize the
calculations to elastic co-tunneling scenarios.

The total Hamiltonian for the three-terminal junc-
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FIG. 4. (a) and (b) Schematic for the three-terminal junc-
tions. (c) and (d) Resonant current in the (g, e,)-plane. The
currents have a Breit-Wigner resonance form, with the broad-
ening width being the dot-lead coupling strength I'pr,. CAR
and ECT current assumes the maximum value I.. when
€, = =e,, respectively. The strengths of the effective cou-
plings can be extracted by I'* = \/I¢..I'prh/e

tion, as shown in Fig. 4, is Hyets = H + Hy + Hpy.
H is the dot-superconductor-dot system introduced by
Eq. (1). H = Ek (ek — ) ajknalkn"‘(fk — fir) aikaa”w
are the normal leads, which are conventional Fermi lig-
uids with electrons filled up to the Fermi energy u; .

Hprp=>, (—t;dzrna”m — t;digarkg> +H.c. describes the
dot-lead tunneling. The relevant parameter regime for

generating resonant current is [42, 43]

FDL,kBT < 5u < AagdotﬂBBa U,
eer I'sp <T'pr. (10)

Here du is the applied bias voltage, with oy = ug —
prr > 0 for generating CAR current [Figs. 4(a)], and
/2 = pr — ps = ps — > 0 for ECT [Figs. 4(b)].
Bias voltage is smaller than the induced gap A, dot
charging energy U, and dot Zeeman splitting gqotpinB,
such that undesired processes such as local Andreev re-
flection and inelastic co-tunneling would be suppressed,
and that the current become spin-selective. On the
other hand, the bias voltage window should be large
enough to include the full width of the broadened dot
states, i.e., ou > I'pr = mv(|t)> + |t1]?) with v be-
ing the lead density of states. The dot-lead coupling
should be stronger than the superconductor-dot coupling
Tpr > Tsp = tipten/A, such that the quick interdot
tunneling process maintains coherence. Additionally, dot
energies need to be tuned close to the superconducting
Fermi energy to make dot levels on resonance. Once all
these criteria are met, resonant current will flow between
source and drain leads.

The resonant currents are calculated using the rate
equation altogether with the T-matrix approach [42, 43,
74, 78]. When us > py,, Cooper pairs from the su-



perconducting lead would split into two electrons, which
flow to two separate normal leads via dots, respectively,
giving the following spin-selective CAR current

e Th, e
" h (El + ET‘)Q + FQDL FDL

(1)

with TSR being the effective coupling defined in Eq. (4).
As shown in Fig. 4(c), in the (g,e,)-plane CAR cur-
rent has a Breit-Wigner resonance form with broaden-
ing width I'pr, and reaches the maximum value along
€; = —¢&, due to energy conservation. In exactly the same
setup but with a different bias voltage: u; < pus < o,
now a single electron flows from one to the other normal
lead, giving the spin-selective ECT current

o Th, P
h (€l—€r)2+F%L I'pr

ECT _
L (12)

where I‘EET is defined in Eq. (4). The ECT current has
the same Breit-Wigner form, but now assumes the max-
imum value when &; = ¢,, as shown in Fig. 4(d). Equa-
tions (11) and (12) indicate that resonant current is pro-
portional to the square of the corresponding interdot cou-
pling strength. Thus, experimentally one can extract the
strengths using the formula T'* = /12, T'prh/e, where
T'py is read off from the resonance broadening width in
gate voltage times the lever arm, and I}, is the current
value along ¢; = —¢,. for CAR and ¢; = ¢,. for ECT.
Discussions—We have given a proposal for mediating
tunable superconducting and normal couplings of quan-
tum dots via Andreev bound states. This provides an ex-
perimentally accessible method for fine-tuning the phys-
ical system into the desirable parameter regime. In par-
ticular, the Cooper pair splitting efficiency now can be
enhanced by tuning the energy close to z = 0 in Fig. 2(a),
where the crossed Andreev reflection is strengthened and
simultaneously the unwanted elastic co-tunneling pro-
cesses are strongly suppressed. On the other hand, a
minimal Kitaev chain, which is comprised of two spin-
polarized dots, now becomes tunable and can host Ma-
jorana zero modes when the superconducting and nor-
mal couplings are equal in strength, e.g., where CAR
and ECT curves cross each other within the range of
—1 <z < 1in Fig. 3(a). In practice, this tuning proto-
col can be implemented by controlling the electrostatic
gate near the semiconductor-superconductor segment to
change the chemical potential therein, eliminating the
need of non-collinear magnetic fields [32]. This makes
our proposal especially appealing, since all the necessary
ingredients, i.e., spin-polarized quantum dots [79], gated
hybrid nanowire with spin-orbit interaction [72, 80], are
within reach of existing materials and technologies. We
thus expect that our proposal will enable future exper-
iments that have not been possible so far. In fact, in a
recent experiment we and our co-workers have already

shown a record high Cooper pair splitting efficiency en-
abled by coupling through Andreev bound states [73].
Also, a tunable Kitaev chain of two sites has been exper-
imentally realized [81], providing an exciting platform for
studying topological superconductivity and non-Abelian
statistics.
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Supplemental Material for “Tunable superconducting coupling of quantum dots via
Andreev bound states in semiconductor-superconductor nanowires”

I. EFFECTIVE HAMILTONIAN FOR QUANTUM DOTS

The microscopic Hamiltonian for a quantum dot with conventional Coulomb interaction is

1 . 1 . .
Hpicro = <€n + 59#33 - U) g + <5n - ig,UJBB - H) ny + UTLT”@ (S_l)

where €, is the energy of the orbital in the absence of magnetic field, % gupDB is the Zeeman spin splitting induced by
an externally applied magnetic field, giving rise to two spin-polarized states denoted by n4 and n|, i is the chemical
potential in the quantum dot, which can be tuned by a nearby eletrostatic gate, and U is the Coulomb interaction.
Here we assume the quantum dot to be in the few-electron regime, and that the level spacing is large, such that there
is only a single orbital near the Fermi energy, i.e.,

g/LBB < 5Edot' (8—2)

Figure S1 shows the many-body energy diagram for such a quantum dot. Red (blue) lines denote two spin-polarized
levels as a function of magnetic field with (without) interaction effect. When the applied magnetic field is as large as
B = B*, and the chemical potential is set p = p (B*) + 0y = €, — %guBB* + dp, the energies of the four possible
states in the occupation number basis are

Eqoo = 0, Eo = —5/1,
Eiw =gupB*, Eun=gupB*+U —dpu. (S-3)

where the bases are defined as |nq,n;). In the regime of
op << gupB,U, (S-4)
we have
Eoo, Eoy < Eno, Enr. (S-5)

Thereby |00) and |01) span the low-energy subspace, where the spin-down state can be vacant or occupied while the
spin-up state is always vacant. In the excitation picture, we have the following effective Hamiltonian

1
HE & —opdldy, when i~ i (BY) = 20 — 3o B’ (5-6)
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to describe the transition between |00) and |01) states. It goes to Eq. (1) in the main text once we change the notion
by —0p — €1y, er,. A similar analysis can be applied to the scenario when the Fermi energy is adjusted to a different
value p = pp(B*) = e, + %guBB* + U + du. The energies for the four possible states are

Eo =0, FEio=-U—dp,
Eoy = —gupB* —U —dp, En =—gupB* —U - 20, (8-7)

and now we have FEg1, F11 < FEgo, F19. That is, in the low-energy subspace, spin-down state is always occupied. Thus
the low-energy effective Hamiltonian in the excitation picture is for spin-up state only

1
HS ~ —5ud$dT, when p ~ puy(B*) = ¢, + iguBB* +U. (S-8)

between |01) and |11). The above discussions justify the dot effective Hamiltonian used in Eq. (1) in the main text for
a single spin-polarized level, with the spin indices being determined by the gate-tunable dot chemical potential, i.e.,
whether o ~ p (B*) or u ~ pus(B*). The corresponding criteria for this spin-polarized dot level effective Hamiltonian
is

o, [CAR/ECT GdothBB*, U, 6 Eqot,  gdotptBB* < 6 Eqot (S-9)

where —6u — dgj/r in the main text. In a recent experiment [73], the values of these parameters extracted from
measured data are:

dp == 0.3e X 0.5mV x 0.5 = T5ueV, (S-10)

where 0.3¢ is the lever arm between gate voltages and the bare quantum dot, 0.5mV is the full range of window where
spin-selective resonant current is measured, and multiplication of 0.5 is to consider the absolute value of |dpu|.

gupB* =~ 50 x 0.06 meVT ™! x 0.1T = 300ueV. (S-11)

where g = 50 is the g-factor for bare InSb, up is the Bohr magneton, and B = 100 mT is the strength of the applied
magnetic field. The charging energy and level spacing are

U=2meV, 2<d6Ez; <10meV, (S-12)
which are are read from Coulomb diamond diagram. In addition, level spacing can also be estimated from
h? 21\ 2
(SEdot ~ % . (L) ~ 25m€‘/, (S-].?))

being consistent with the value extracted from Coulomb diamond diagram. Here the dot length scale is about 200
nm. As can be seen, the criteria we set for the spin-polarized dot Hamiltonian in Eq. (1) in the main text is well
satisfied by the experimental device in Ref. [73], justifying a direct comparison between experiment and theory.

II. GENERAL FORMULA FOR CAR AND ECT IN A HYBRID NANOWIRE

The Hamiltonian for the hybrid nanowire is

thbrld - sm + Hsc;

= > / dac ( ( ;Z* z_i;[aR(x)az"_azaR(x)]Uso_M(x)+EZUZ> Cor (),

oo =1 oo’
Hye=A / dz c$(x)cj(x) + ci(w)cT(x)). (S-14)

Here the nanowire is along z-axis, m* is the effective mass of the semiconductor nanowire, p is the chemical potential,
Ey is the strength of Zeeman field with its direction o, parallel to the dot spin axis, ag is the strength of the spin-orbit
coupling. Without loss of generality, the spin-orbit field has an angle 6 from the Zeeman field, and lies in the xz plane,
i.e., 050 = cosfo, +sinfo,. A is the induced s-wave superconducting pairing potential in the nanowire. To make our
discussion as generic as possible, we assume disordered amplitude of chemical potential u(x) and spin-orbit coupling
ap(x), while the direction of the spin-orbit field is uniform throughout the nanowire. In the rest of this section, we
will calculate the CAR and ECT couplings in two scenarios, i.e., Ez =0 and Ez > 0.
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Supplementary Figure S1. Energy diagram for a quantum dot with Coulomb interaction and Zeeman spin splitting.

A. Ez=0

In the absence of Zeeman field, the normal Hamiltonian of the nanowire becomes

hanlon > 0.5 = 0) = S (130, + (5] [0, + ko (2)0] — ) — 2D (5-15)
where kg, (z) = m*ar(x)/h? is the local spin-orbit wave-vector. Its eigenfunction is

hsm(ar >0, Ez = 0)¢n () = &nton(x)

n(a) = al)e 0 (1) = ) () O SO (5-16)
where 3(z) = [ kso(2')da’, and ¢, (x) € R is the eigenfunction in the absence of spin-orbit interaction. And the
time-reversed state is ¢m(z) = —ioy 9} (z). From Eq. (4), we immediately obtain

ﬁTCTAR = Co(2) - ¢*sin®(0),

P = Co(2) - [p° + d° cos® ()],

PET = &(2) - [P + ¢% cos*(0)],

PECT = &(2) - ¢* sin®(0), (S-17)

where p = cos(ks,L) and q = sin(ks, L) characterize the spin procession through the nanowire by spin-orbit interaction,
and

kgo = L1 / da'kgo (') (S-18)

1

is the averaged spin-orbit wave-vector. Note that in these expressions, we have neglected a prefactor ¢2(z;)¢?(x,.)
common to all Py,. This non-universal local density of states depend on the details of the orbital wavefunction of
the bound states, and will determine the overall strength of effective couplings via

ty — tl¢(xl)7 t. — tr¢($r)~ (8—19)

By contrast, what remains in ]5;710 is universal and replies only on the coherence factors and spinor part of the Andreev
bound states, with the former being determined by chemical potential p, and the latter by spin-orbit coupling ag
and Zeeman spin splitting Fz. We now define the angle averaged P, i.e.,

27
<P,7CUAR> =(2n)7 ! i POAR(0)df. (S-20)

Thus the ratio between P’s in the unfavorable and favorable channels is
(PSARY  (PECT)  sin®(kaol)
(PGARY  (PECT) 2 —sin’(kso L)

(S-21)
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Supplementary Figure S2. We show CAR (orange) and ECT (blue) profiles at finite Zeeman splitting for various values of 6
and ¢2. The response of these profiles to an increasing Zeeman field is identical to that in the main text.

Note that since Cy or & in the denominator and the numerator cancel, the ratio does not depend on the energy,
instead it depends only on the ratio between nanowire length and the averaged spin-orbit length. The ratio is no
greater than one, i.e., » < 1, and it reaches one (zero) when the nanowire length is half-integer (integer) of the
spin-orbit length. We therefore can extract the averaged spin-orbit coupling strength in a hybrid nanowire using the
above formula.

B. Ez>0

We now consider a finite Zeeman field Ezo, inside the hybrid nanowire, with its direction being parallel to the dot
spin axis. It can be projected into the low-energy subspace spanned by the two normal states ,, and ¥7:

_ <wn|0z|wn> <wn|02‘wﬁ> _
Hzen = Bz <<wn|az|wn> <wﬁ|azwn>> : (5-22)

with
(Ynloz|¢n) = —(Ynlo:|dm) = /de(ﬂ«") [cos? (kso) + sin® (kso) cos(20)] ,
(Unlo|Ym) = (Walo|n)* = /dx¢2(x) [—isin(0) sin(2ksox) + sin® (ksoz) sin(20)] . (S-23)

In the weak spin-orbit interaction k,;,L < 1, the diagonal terms in are much larger than the off-diagonal ones, and
thereby Hz g ~ Ezo0. in the low-energy subspace. We thus have the following low-energy effective Hamiltonian for
a pair of Andreev bound states

Heg = &n(ala, + aTﬁaﬁ) + Ez(ala, — a%aﬁ) + A(ala% + aman). (S-24)

Since the Zeeman effect is diagonal in this projected basis, the eigenenergies and Bogoliubov wavefunctions for the
Andreev bound states are

By =vVE&+ A2+ FEz, ui(zo) =up - Yp(xzo), vi(xzo) =1y Pu(zo),
Ey =&+ A%2—Ez, wuy(zo)=—ug-Ya(xo), wva(xo)=uvg- Yk (zo). (S-25)
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PEAR(8) = PIAR(6) = (22 +1 - 0%)72 - ¢* sin®(0),

PEAR(8) = PEAR(6) = (22 +1 - 0872 [p* + ¢ cos®(0)]

PECT(8) = PIOT(=6) = (2 + 1= 0%) 77 - [(pz — 0)% + ¢* cos®(0)(z — 6)°] ,

PECT(5) = PECT(6) = (2 +1 - 0%)72 - [¢%2% + 6% cos?(0) (1 — p)?] - sin®(0), (S-26)

where § = Ez/A, and §' = §(pcos? 0 + sin?6).

In the main text, we show CAR and ECT profiles in Eq. (S-26) for increasing Zeeman spin splitting in the hybrid
nanowire at § = m/2 and ¢> = 0.2. Now, we show more CAR and ECT profiles for different values of § and ¢*. As
shown in Fig. S2, the features of CAR and ECT profiles at finite £z shown in the main text is general and appear
for other choice of parameters as well. That is, PTCTAR, P%AR, and PﬁCT all increase with Ez, with their profiles

remaining symmetric about z = 0. By contrast, ]STETCT becomes asymmetric, with one peak being lifted and the other
suppressed. At the quantitative level, the profile amplitudes in the unfavorable channels, i.e, CAR-11 and ECT-1]
increase with 6 and strength of spin orbit coupling characterized by ¢? = sin?(ks,L) in the range of 0 < 6 < /2
and g% < 1. By contrast, profile amplitudes in the favorable channels, i.e, CAR-1] and ECT-11 decrease with # and
q®. At 6 =0 in panel (a) of Fig. S2, i.e., spin-orbit field and magnetic field are parallel, CAR-1| and ECT-11 vanish
completely due to spin conservation.

III. NUMERICAL SIMULATIONS OF REALISTIC NANOWIRES

In this section, we numerically calculate CAR and ECT profiles for a semiconductor-superconductor nanowire. The
Bogoliubov-de Gennes Hamiltonian for the hybrid nanowire is

Hpya = < ,u> T, — 10ROy (sinfo, + cosbo,) + EzT,0, + ATy0y. (S-27)

2m* T

Here, physical parameters are chosen according to Refs. [73]. m* = 0.015 m, is the effective mass of InSb nanowire, y
is the chemical potential in the nanowire, ar = 0.12 eVA is the strength of the Rashba spin-orbit coupling, § = 7/2 is
the angle between Zeeman and spin-orbit field, £z = % upgB =~ 0.06 meV is the induced Zeeman spin splitting, with
up the Bohr magneton, g =~ 0.5g1,s, =~ 20 including the hybridization effect between InSb and Al, and the applied
magnetic field is 0.1 T. A = 0.2 meV is the induced pairing potential which is slightly smaller than the parent Al gap.
The length of the hybrid nanowire is L = 200 nm. For this nanowire,

koL ~ 047, ¢* =sin?(kyL) ~ 0.2, (S-28)

putting it in the weak spin-orbit interaction regime.

We then discretize the above continuum Hamiltonian into a tight-binding Hamiltonian matrix with lattice con-
stant ¢ = 5 nm using KWANT [82]. The eigenenergies and eigenfunctions are obtained by diagonalizing the BdG
Hamiltonian. Importantly, we first calculate the bare P*’s using Eq. (4) in the main text. In order to check whether
a single pair of Andreev bound states is a good approximation, we compare results from summation over only two
Andreev bound states as well as those from all Andreev bound states. Then, by dividing the bare P%’s by local
density of states ¢2 (z;)¢2 (x,) of a particular bound states which give the dominant contribution to P%’s, we obtain
the renormalized }sa’s, such that a direct comparison is possible between the analytical results in Fig. 3 in the main
text and the numerical results. Numerically calculated P®’s for a realistic nanowire show excellent agreement with
the analytical results.

Figure S3(a) shows the excitation spectrum for a clean hybrid nanowire, and Fig. S3(b) shows the local density of
states for the bound states at —p ~ —5.1 meV, with ¢2 (z;)¢2 (z,.) = 5.5x 107°. This bound state denoted by the green
dot and that by red dot give the dominant contribution to the CAR and ECT within the range of —6 < —p < —4.
Here, we intentionally choose —u to be the x-axis variable, consistent with z = (g, — pt)/A in the main text. The
solid lines in Figs. S3(c)-S3(f) show the calculated CAR and ECT profiles from only two Andreev bound states above
the Fermi energy, i.e., denoted by the green and red dots in Fig. S3(a). The results agree well with the analytic ones
in the main text at both qualitative and quantitative levels. In addition, the dashed lines show the CAR and ECT
profiles from thirty Andreev bound states above the Fermi energy. Here we choose N = 30 because Ej3q is close to
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Supplementary Figure S3. Numerical simulations of a clean hybrid nanowire. (a) Excitation energies as a function of chemical
potential. (b) Local density of states profile for the normal bound state at p ~ 5.1 meV. (c)-(f) Solid lines: CAR and ECT
profiles mediated by two Andreev bound states closest to the Fermi energy. Dashed lines: CAR and ECT profiles mediated by
thirty Andreev bound states. Here ¢2 (2;)¢2 (x,) = 5.5 x 1076,

hopping amplitude ¢t = h%/(2m*a?), which is a natural cutoff energy in the tight-binding model. Plus, the summation
already converges well for N close to 30. The deviation of ECT is small, and that of CAR is negligible, because CAR
decays faster at large |z| than ECT. The results indicate that a pair of Andreev bound states is a good approximation
for describing CAR and ECT mediated by short nanowires where level spacing is large.

In order to show that P’s depend only on the general features of the Andreev bound states, we also consider a
disordered hybrid nanowire. In particular, the effect of disorder is in the fluctuations of the chemical potential, i.e.,

p— p+op(z), dp(x) € [—pp,ppl; (5-29)

here we choose Up = 10 meV and du is independent for each lattice site. The results are shown in Fig. S4. We see
that now the Fermi energy of the bound state shifts from —y = —5.1 meV in a clean nanowire to —3.5 meV in the
disordered one in Fig. S4(a), and that the wavefunction profile becomes irregular Fig. S4(b) and the corresponding
local density of states is ¢2 (x;)¢2 (z,.) = 1.5x 1076, which is about four times smaller than the clean one. Furthermore,
we consider a nanowire subject to an even more disordered chemical potential, i.e., Up = 20 meV, as shown in Fig. S5.
Regardless of these changes due to disordered chemical potential, the profiles of P’s has negligible difference from
those of the clean nanowire. As explained in the main text, after the details of the orbital wavefunction being absorbed
in the dot-hybrid coupling t;,, and t,,, the renormalized P’s relies only on the general properties of Andreev bound
states, and thus its behavior is universal.

Thus, our numerical simulations show that the analytical results in the main text is applicable to realistic nanowire
devices, and predicts general features of Andreev bound states.

IV. RESONANT CURRENTS

In this section, we give details of how we calculate the resonant current in the normal-dot-superconductor-dot-
normal junction. The methods we use include the T-matrix approach and the rate equation, which are standard for
resonant current calculations [42, 43] in such mesoscopic systems. In terms of the parameter regime for generating
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Supplementary Figure S4. Numerical simulations of a disordered hybrid nanowire with Up = 10 meV. (a) Excitation energies
as a function of chemical potential. (b) Local density of states profile for the normal bound state at p &~ 3.5 meV. (c)-(f) Solid
lines: CAR and ECT profiles mediated by two Andreev bound states closest to the Fermi energy. Dashed lines: CAR and ECT

profiles mediated by thirty Andreev bound states. Here ¢2 ()2 (z) = 1.5 x 107°.
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Supplementary Figure S5. Numerical simulations of a disordered hybrid nanowire with Up = 20 meV. (a) Excitation energies
as a function of chemical potential. (b) Local density of states profile for the normal bound state at p = 1.5 meV. (c¢)-(f) Solid
lines: CAR and ECT profiles mediated by two Andreev bound states closest to the Fermi energy. Dashed lines: CAR and ECT
profiles mediated by thirty Andreev bound states. Here ¢2 (x;)¢2 () = 1.2 x 107".
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resonant current, we consider
AU >6p>Tpr, kT, TUpr>Tsp, & =~e& =pus, (S-30)

which applies to both crossed Andreev reflection and elastic co-tunneling processes.

A. Crossed Andreev reflection

We first consider the CAR current, where two electrons pass from the superconductor via the virtual dot states to
two different leads. The whole tunneling process can be decomposed into two main parts. In the first part, a Cooper
pair breaks up, where one electron tunnels from superconductor to one dot level, leaving behind a quasiparticle
excitation F,, > A in superconductor. Almost simultaneously the second electron of the Cooper pair tunnels from
superconductor to the other dot level before the first electron escapes from the dot to the electrode, because the
relevant time scale is i/A < h/T'pr. Tunneling back to the superconductor is unlikely because I'sp < I'pr. The
amplitude for the transition from the initial to the final state is thus

(FIT(a)li) = (fIT(0)]i) = (f[T2| DD)(DD|Tii), (S-31)

where T(0) = T'(¢; = 0). The initial state is |i) = |0s)|0p)|ui), where the superconducting is in its ground state
with no quasiparticle excitations, both dots levels are vacant and the normal leads are Fermi liquids filled up to its
chemical potential. |DD) = |0g)|1;, 1,)|p) is the intermediate state with dot states being occupied by one electron
each. T7 is the T-matrix for the tunneling process in the first part is of second order in Hgp, with

1 1
in— Hy “Pin— H,

T = Hsp. (S-32)

Thus using the second-order perturbation theory we immediately have

1
DD|Ty|i) = ——————— - TCAR -
(DDITxi) pry s RN (S-33)
with
tit, U (IN)vE, (10) — upm (ro)v, (In)
CAR __ Y 1)U m 7] _
o™ = A = E./A ' (5-34)

Here the spin in the dots are polarized in the o, direction. Since ¢; = ¢, &~ ug = 0, the energy denominator diverges
as 1/n, indicating that the tunneling between dots and leads is resonant. Thus for the second part of the tunneling
process, we must include the tunnel Hamiltonian to all orders, i.e.,

[e%S) 1 2n+1
T,=H ——H S-35
s oy (o) (53

and thus the transition amplitude for the second part is

[e'e] 1 2m
Z —F Hpra Dq ) ( Dq Hpra
m=0 [/ HO

gjo <i77—1H0HDL2>2m pD> <pD DD> }
DD> . (5-36)

DD

\/

(f|IT2|DD) = { (pq ‘HDL1| Dgq) <Dq m

Hpra

H D) { pD —
+ (pq|Hpr2|p ><p W,
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Among all the above terms, the geometrical summation are calculated in a similar manner, and here we only focus

2n
on<DEw2?ﬂ(mL%Hbﬂ ‘DD>JHMhm
1 2 !
Hp. ) |DD
(in — Hy DL) >>

0 1 2n e’}
DD " DD ~1 DD
1
= 2 ) (8_37)
1—<DDKM5%HM) DD>

1 T 1 T 1
DD = - ( DL2 /d&‘k - + DL1 /de’:‘k - >
in— (e1 +¢e2) 2 in— (e1 +¢ex) 2 in— (e +¢g)

1
= (ReX+il'py), (S-38)

€1+ &2 — 1

with

1 2
DD H
< ‘(Wl — Hy DL)

where ReX = In(E./E.2) is a logarithmic divergence with the cutoff energy in the conduction band in the normal
lead, and I'p, = I'pri + I'prr. Note that here we assume that the dominant process is |DD) — |pD) — |DD) or
|DD) — |Dq) — |DD), with |pD) denoting that the left electron is in the lead and the right electron in the dot. So
the geometrical summation is

<DD

The key finding here is that the divergent denominator now becomes the numerator and the new denominator has a
finite imaginary part which is proportional to the dot-lead coupling. Finally the transition amplitude for the second
part is

e’} 1 2n
H
> (g ot

n=0

DD ) = M (S-39)
e1+e—il'pr

mbwm:<ﬂa+%_m b _E2tep i f ) fLter— i
bel + eq— i lpriin— (g1 +&4) "eo+ep,—iprrin—(e1+¢4) ) e1+e2—iI'pyg
€1 +e2—1in
=t - , ) S-40
! T(€1 +€q—ZFDLl)(EQ+€p—lFDL7-) ( )
Plugging it into the formula for CAR current, we have
e )
Toaw = 51 [ degwa [ deylpalZO)1)PoCe, + <)
e 1
= —Tpyl TFCARQ/ds
R Y B e E v 300 [ E R e v
€ I'pr CAR|2
— = . |rm ) (S-41)

oo (e14+e2)2+T%,

So the CAR current has the form of a Breit-Wigner resonance profile, which assumes its maximum value at e1+e5 = 0.

B. Elastic co-tunneling

For the ECT current, a single electron passes from the lead with higher chemical potential via the dot and super-
conductor states to the other lead with lower chemical potential. Here we make three assumptions in our derivation.
First, when calculating the transition rate Wy; between particular initial and final state, we assume that both normal
leads are vacant. Second, the Fermi-Dirac distribution will be taken into account only in the final step for p;. Third,
when the chemical potential in leads are equal, the current flowing in the opposite directions cancel with each other.
Under these assumptions, we first calculate the transition rate, focusing on the scenario of a single electron passing
from the right lead to the left lead. The total tunneling process can be separated into three parts.

(PIT(ei = gq)lq) = (p|T5[1)(1|T2[2)(2[T1]q), (S-42)
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where |I) or |r) means an electron is in the left or right dot. For the first step, we need to include the resonant
tunneling between dot and lead, such that

[e%s} 2n
1
T = H r H T
(rTilq) <7" TLE_:O(Z'TI—HO DL ) 7‘> <7" in — H, DL CI>
t.
= —7. S_43
Er — Eq — iFDLr ( )
And
1 2
UT|r)y = (1 H
1Tl < ‘(nH o) >
FECT
_ et (5-44)
in — (&1 —£4)
with
tit, um (In)uy, (ro) — v (ro)uvy, (In)
rEeT - 2 m me . S-45
[P, Eu/A s
For the third step, we have
[e%s} 1 2n
T311) = (p|Hppri|l) ( 1 - H l
ATsI1) = Gl Hpuil) < S (g om) >
€l —Eqg — 1IN
=¢— 4 7 S-46
l€l*€qleDLl ( )
Therefore we have the transition amplitude and the transition rate to be
T — . T no . ,
<p| |q> (El —Eq—ZFDLl)(ET —Eq—ZFDLT)
Whq = 27| (p|T|q)[*é (e, — £g).- (5-47)
The ECT current now is
e
I= % Z Wfipi
fii
e op/2 )
— o [den [ deyltoiTIOPS, - <)
—op/2
e /5”/2 de Yor1ypre|Ths |2
h) _s5u2 (e - €0)? +7pr1/4(er — ) + F2DLr]
€ I'pr ECT |2
- . T . S-48
s el (5-48)

Note that the integral of the outgoing electron energy ¢, disappear because of the energy conservation. The integral
window of the incoming electron energy &4 is because when 6p = 0 the system is in equilibrium and left-flowing and
right-flowing currents cancel and I = 0. So the net current is due to the window of the biased voltage. The ECT
current is also in the form of the Breit-Wigner resonance, and assumes its maximum value at ; = ¢,..
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