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Abstract

We study some algebraic invariants of ¢—spread ideals, t > 1, such
as the projective dimension and the Castelnuovo—Mumford regularity,
by means of well-known graded resolutions. We state upper bounds
for these invariants and, furthermore, we identify a special class of
t—spread ideals for which such bounds are optimal. |

1 Introduction

Let K be a field and let S = K|z1,...,x,] be the standard polynomial ring
in n variables x1, ..., x, with coefficients in K. The study of the algebraic
invariants of graded ideals in S is a central topic in commutative algebra.
Among the graded ideals, monomial ideals play an essential role. Indeed, for
any graded ideal I of S, if K is a field of characteristic 0, the generic initial
ideal of I, gin([), which is a monomial ideal, preserves the extremal Betti
numbers of I, and consequently, it preserves the projective dimension and
the Castelnuovo-Mumford regularity [§]. On the other hand, a particular
subclass of monomial ideals, the squarefree monomial ideals, are related to
many combinatorial structures such as partial ordered sets, simplicial com-
plexes, graphs and hypergraphs. Thus, to study the extremal combinatorics
of such objects, one can use tools from commutative and homological algebra
and examine the defining squarefree ideals associated to these objects.
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Recently, Ene, Herzog and Qureshi, [13], have generalized the notion of
squarefree ideals. Given an integer ¢ > 1, a monomial u = x;, x4, - - - T,
1 <4y <idp < --- < ig < nis said t-spread if ij41 — i; > ¢, for all
j=1,...,d—1. A t-spread ideal is a monomial ideal of S generated by
t—spread monomials. If ¢ = 1, a t—spread ideal is just a squarefree ideal.
This latter class of ideals has been vastly studied by many authors. One
expects that many of the results which hold for squarefree ideals have “t—
spread” analogues. In this direction, C. Andrei—-Ciobanu has generalized
the classical Kruskal-Katona theorem, [6]. Many other authors, including
the ones of this paper, have examined t—spread ideals, and especially the
class of t—spread strongly stable ideals, discussing some algebraic invariants
[, 2 B 4] 5] 10].

In this paper we focus our attention on the computation of projective
dimension and regularity of t—spread ideals, for ¢ > 1. Section 2l contains ba-
sic notations and terminology from commutative algebra and combinatorics
that will be used in the paper. In Section B if I is a squarefree ideal of S,
we rewrite both a result on an upper bound for the projective dimension
of I [9, Corollary 8] and a result on an upper bound for the regularity of I
given in [I8], Corollary 2.4], via homological tools and handling of monomials
(Theorem [33]). Our techniques are completely different from those in [9] 18]
and we believe that they can be further improved in order to achieve sharper
bounds for both the projective dimension and the regularity of a t—spread
ideal, t > 1. Hence, we obtain a bound for the regularity of a t—spread ideal,
for all t > 1, generalizing the classical bound due to Hochster [19] for the
squarefree case (t = 1). It is n — (¢t — 1) (Theorem [£3)). An example of a
t—spread ideal whose regularity is given by such a value is the Pascal ideal
of type (n,t), where n is the number of the indeterminates of S (Definition
[45). Finally, in Section [5, we provide some applications of the main results
for edge ideals and some related classes of ideals.

2 Preliminaries

Let S = K[x1,...,2,] be a polynomial ring in n variables over a field K
with the standard grading, i.e., each degxz; = 1. For any graded ideal I of
S, there exists the unique minimal graded free S—resolution

ds ds—1 d2 di do

F:0— F; F,_4 Fi F() S/I—)O,

with F; = P S(—4)Pus. The numbers §; ; = £ ;(S/I) are called the graded
Betti numbers of S/I, while 3;(S/I) = _, B,;(S/I) are called the total Betti

2



numbers of S/I. Recall, that the projective dimension and the Castelnuovo—
Mumford regularity of S/I are defined, respectively, as follows:

pd(S/1) = maxc{i - (/1) # 0},
reg(S/I) = max {j —i: f3;;(S/I) # 0, for some i and j}
=max {j : B+;(S/I) # 0, for some i}.

Note that pd(I) = pd(S/I) — 1 and reg(l) = reg(S/I) + 1. More precisely,
the projective dimension pd([) is the length of a minimal graded free reso-
lution of the graded ideal I. Furthermore, the regularity of I is at least the
smallest total degree of a generator of I, and if all the minimal generators
of I lie in the same degree, then I has linear free resolution precisely when
that degree equals reg([) [21, Lemma 5.55].

The invariants above have been generalized in [§] by the notion of ex-
tremal Betti number.

Definition 2.1 An i-th Betti number 3; j(I) # 0 is extremal if Bpq(I) =0
for all p and q satisfying the following three conditions: (i) p > i, (i)
p—q>i—j,and (iii) ¢ > j+ 1.

Now, let I be a graded ideal of the polynomial ring S. I is a (monomial)
squarefree ideal of S if it is generated by squarefree monomials of S.

For a positive integer n, we denote by [n] the set {1,...,n}.
Recall that a simplicial complex A on the vertex set [n] is a family of
subsets of [n], such that

— {i} € Afor all i € [n], and
—if FCA, GCF, we have G € A.

The dimension of A is the number d = max{|F| —1: F € A}. It is well
known that for any squarefree ideal I of S there exists a unique simplicial
complex A on [n] such that I = Ia, where Ia is the Stanley—Reisner ideal
of A, i.e., the ideal of S generated by all squarefree monomials z;, x;, - - - @;,.,
1 <idp <ig < -+ <ip <mn, with {i1,d9,...,%-} ¢ A [I5]. The Stanley—
Reisner ideal, Ia, above defined is a squarefree ideal of S.

The notion of squarefree ideal has been generalized in [13] by the concept
of t—spread ideal.

Given an integer t > 0, we say that a monomial x;, x;, - - - x;, of S with
1<y <idg <--- <ig <nist-spread, ifij41—i; > ¢, forallj=1,...,d—1.



If t > 1, every t—spread monomial is a squarefree monomial. We say that
a monomial ideal I is t-spread if I is generated by t—spread monomials. If
t > 1, every t—spread ideal is a squarefree ideal.

Using the same notations as in [6], we denote by [/;]; the set of all t—
spread monomials of degree j of a monomial ideal I of S and by M, 4, the
set of all t—spread monomials of degree d of the ring S. From [I3, Theorem
2.3, (d)] we have that

Mgt = <n —(d —dl)(t - 1)>.

If T'is a non empty subset of M, 4;, we define the t-shadow of T to be
the set

Shady(T) = {a:,-w :w € Tand z;w is t—spread monomial, i =1, ... ,n}.

Let t > 1. To an arbitrary monomial ideal I of S, one can associate the
following vector of integers:

fild) = (fr,1(D), fro(I), - ),

with
Jrj—1(I) = | My 4| — L], 5 >0.

fi(I) is called the fi—vector of I.

We close the section with the following definitions from [6], [13].

For a monomial u € S, the set supp(u) = {i : ; divides u} is called the
support of u.

Definition 2.2 A non empty subset L of My, 4 is called a t—spread strongly
stable set, if the following property holds: for all u € L, all j € supp(u) and
all 1 <i < j such that x;(u/x;) € M, 44, we have x;(u/z;) € L.

A t-spread monomial ideal I is t-spread strongly stable if [I;]; is a t-
spread strongly stable set for all j.

Let >gex be the usual squarefree lex order [7].

Definition 2.3 A non empty subset L of M, q; is said a t-spread lexseg-
ment set if for all u € L and all v >gex v, v € My, g+, one has v € L.

A t-spread ideal I is called a t—spread lexsegment ideal if [I]; is a t—
spread lexsegment set for all d.



If I is t—spread strongly stable, one can associate to I a unique t—spread
lexsegment ideal, denoted by I*!°%, such that fi(I) = f;(I*'°*) [6, Theorem
2.1]. In general, a t—spread ideal I may not have a t—spread lexsegment
ideal with the same f;—vector [6, Remark 2.5]. Indeed, it is still open the
problem of classifying all t—spread ideals which have an associated t—spread
lexsegment ideal with the same f;—vector.

Set

max(u) = max {i : i € supp(u)}, for u # 1,

and max(u) = 0, if u = 1.
For a t-spread strongly stable ideal I, one has [13]:
pd(I) = max{max(u) — t(deg(u) — 1) = 1:u € G(I)},

reg(l) = max{deg(u) : u € G(I)},

where G(I) is the unique minimal set of monomial generators of I.

3 Projective dimension and regularity

In this section, if S = Klz1,...,x,], we discuss some optimal bounds for
the projective dimension and the regularity of squarefree ideals of S. It is
well-known by a result of Hochster [19] that for squarefree ideals the max-
imum value of the Castelnuovo-Mumford regularity is given by n. Indeed,
x1--- T, is the squarefree monomial of the largest degree in a polynomial
ring in n variables. For t—spread ideals with ¢t > 2 this bound can be refined,
as we will see in the sequel.

Let us start by quoting a result from [12].

Theorem 3.1 [12] Theorem 4.26] Let M be a finitely generated graded S-
module,
F:--o = F = Fy— M — 0,

a minimal graded free resolution of M with F; = @j S(—45)%3, and
G:---=>G—-Gy—M—=0
a graded free S—resolution of M with G; = @j S(—j)bii. Then
Bij(M) < b

for all i and j.



Let I be a squarefree ideal of S with minimal set of monomial generators
given by G(I) = {u1,...,up}.

Set
Ag = {supp(u) tu € G(I)} = {supp(ul), .. ,supp(up)},
i+1
A = { U supp(u;,) : {j1 < j2 < - < ji+1} C [p]}, for i > 1.
=1

The integer

p
s = min {z : forall Ae A4;, A= U supp(ug)}
=1
will be called the support index of I.

One can quickly observe that if the sets in A are pairwise disjoint, then
the support index of I is equal to p — 1 = |G(I)| — 1.

Example 3.2 Let S = Q[z1,...,x11] and consider the following squarefree
ideal I = (xoxy4,x12527, T3x7T9x11) Of S. Setting uy = xoxy, us = T1T527
and ug = x3T7T9T11, We have

Ay = {supp(ul),supp(u2),supp(U3)} = {{2,4},{1,5,7},{3,7,9,11}},

Av = {Usupp(us) : G < g2} < 131}

=1
{{17 27 47 57 7}7 {27 37 47 77 97 11}7 {17 37 57 77 97 11}}7

3
Ay = {ZZUISHPP(U]'Z) i <2 < s} C [3]} = {{1,2,3,4,5,7,9,11}}

3
= { U Supp(w)}-
=1
Hence, s = 2 is the support index of the ideal I.

If one identifies every squarefree monomial u € .S with its support, then
if I is a squarefree ideal of S with G(I) = {ui,...,u,}, one obtains an
equivalent definition of the support index s defined above. More precisely,
let ¢ be the smallest number with the property that for all integers 1 < j; <
Jo < -+ < j¢ < p, one has

lem (g, , wjy, ... uj,) = lem(ug, ..., up).



Such an integer introduced in [18] is called b-cosizeg(l). Hence, the
support index s of I is equal to the integer b-cosizeg(I) — 1. In [9 Corollary
8], the authors proved that the projective dimension of a squarefree ideal I
of S can be bounded by b-cosizeg(I) — 1.

In [I8], the notion of cosize of a squarefree ideal I of S with minimal
system of generators given by {ui,...,u,} has been introduced too. More
precisely, let w be the smallest number ¢ with the property that there exist
1 <71 <jo<--- < je<psuch that

lem(wj,, wj,, ..., uj,) = lem(ug, ..., up),
the number
deglem(uy, ..., up) —w

is called cosize of I and denoted by cosize(I). Moreover, in [I8, Corollary
1.4], the authors proved that reg(l) < cosize([) + 1.

Both the cited bounds were obtained by some results due to Lyubeznik
[20] and applying the Alexander duality. We will show how to compute the
projective dimension and the regularity of squarefree ideals (thus, also for
t-spread ideals) by using only set—theoretic operations. A fundamental tool
will be the Taylor complex, which for each monomial ideal provides a graded
free resolution, but which in general is not minimal [15].

Theorem 3.3 Let I be a squarefree ideal of S = K|x1,. .., x,| with minimal
generating set G(I) = {uy,...,up}. Let s be the support index of I, then

(a) pd(J) < min{s,n} = min{b-cosizes(I) — 1,n},
(b) reg(l) < cosize(l) + 1.
Proof. In order to simplify the notation, we set

Q; =supp(u;), i=1,...,p

and »
Q=]
i=1
Hence,
Ag = {Ql,...,Qp},
" o . . (1)
A; Z{U%i{ﬁ <J2<"'<]i+1}§[P]}aforzzl,---,P—l-

/=1



To get the statements, we use the Taylor resolution. Following the same
notations as in [I5], to the sequence {uy,...,u,} of monomial generators of
1, we associate a complex T of free S—modules defined as follows: let T} be
a free S—module with basis {e1,...,ep}. Then

-1, = /\iT 1. More precisely, T; is a free S—module with basis the
elements

er = ej Nej,--Nej,, F={j1 <jo<---<ji} CIlpl

— the differentials 0; : T; — T;_1, for ¢ = 1,...,p, are defined by

h lem(uj:j € F)
. — E _1\o(Fy) J '
az(eF) ZEF( 1) lc (uj ] c F\{Z}) €r\{i}»

where o(F,i) = [{j € F: j <i}|.

To each basis element ep, with F = {j; < jo < --- < j;} C [p], we assign
degree
deg(er) = deg(lem(u; : j € F)) = [A], (2)

with A = Q;, UQ;, U---UQy, € A;_1. The differentials J; are homogeneous
maps of graded free S—modules and so

o) Op—
T:0-T, 251, 20 2yp %2op s1 40 (3)

is a graded free resolution of I [I5, Theorem 7.1.1]. We can write T; =
&b I (—4)P#, for some positive integers b; ;, and consider the unique mini-
mal graded free S—resolution of [

drfl d3

F:0— F, % F_, B2y 5150,
with F; = EBj S(—4)%3, thus (Theorem [B.1])
Bii(I) <b;j, foralliand j. (4)

(a) Consider the support index s = min {z s forall Ae A, A=_, Q=
Q} of the squarefree ideal I, then

pd(l) =7 <s.

Indeed, by the meaning of s, Ty is a graded free S—module with a basis
whose elements have degrees < ||, whereas T4 is a graded free S—module



with a basis whose elements all have degrees equal to |Q2|. The same reason-
ing holds for all T; with s +1 < 5 < p.

By (), Fs42 is a graded free S—submodule of Ts 9. If Fsio9 # 0, then, by
the minimality of F, im(Fsy2) C mFsyq1, where m = (x1,x9,...,2,). Thus
there exists a basis element of Fyio whose degree is greater than |Q|. An
absurd. Hence, pd(I) < s.

On the other hand, by Hilbert Syzygy’s Theorem, pd(I) < n. Hence,
pd() < min{s,n}.

(b) From (), we have

reg(I) =max {j —i: B;;(I) # 0, for some i and j}
< max{j —i:b;; #0, for some 7 and j}.

From the Taylor resolution (3]), one gets that the number
max {j —i:b;; #0, for some 7 and j}

is determined by the first step of the resolution T in which the free S—module
has at least one direct summand S(—7j) with j = |©2|. More precisely, if 1 <
¢ < pis the smallest integer such that the free S—module Ty = € ;S (—j)Pes
has the property that there exists a direct summand S shifted by j with
j =19 (for some j), then

max {j — i : b;; # 0, for some i and j} = |Q — (¢ — 1) = cosize(I) + 1.
The assertion follows. O

Let us consider Example One can observe that the ideal I has the
following minimal graded free S—resolution

F:0— S(—8) = S(-5)®S(—6)% = S(—2) @ S(-3)®S(—4) = I = 0.
Thus, pd(f) =2 = s and reg(l) =6 = |U§-’:1 supp(u;)| —2 =8 — 2.

Remark 3.4 From Theorem B3] if a squarefree monomial ideal I has p
generators, then s < p — 1.

The following example illustrates Theorem B.3]

Example 3.5 Let S = Q[z1,...,x9], and let I be the following squarefree
ideal

I = (z124, x123%8, T2T4T6, T1L3L5LTLY).



By using Macaulay?2 [14], the Taylor resolution of I is the following one:

T3T8 0 T3T5LT7TY 0
—T2Tg TETTLTY 0 0
1 0 0 T5T7T9

—z5 9
f;z;i‘) 0 —x8 —X2%g 0
g 0 x4 0 ToXx4TE
1 0 0 1 —x8
0= 5(—9) ~—1 75 §(-6)®5(—7) B S(~8) & S(—9)
—ZIoTg —T3T8 0 —X3T5TTTY 0 0
T 0 —X1T3T8 0 0 —X1XT3T5TTTY
0 x4 T2TATG 0 —XT5T7T9 0
0 0 0 T4 xs T2T4T6

S(—4)? @ S(—6)> @ S(-8)

(T174 T2T4TE T1TITS TITZT5TTTY)

S(—=2) & S(=3)?® S(-5) I—0.

Moreover, the sets which allow us to compute the support index s of I
are the followings:

Ao = {{1,4},{1,3,8},{2,4,6},{1,3,5,7,9} },

Ar = {{1,2,4,6},{1,2,3,4,6,8},{1,2,3,4,5,6,7,9},{1,3,4,8},
{1,3,4,5,7,9},{1,3,5,7,8,9} },

Ay = {{1,2,3,4,5,6,7,8,9},{1,2,3,4,5,6,7,9},{1,3,4,5,7,8,9},
{1,2,3,4,6,8}},

As = {{1,2,3,4,5,6,7,8,9}}.

Hence, s = 3 and we obtain that pd(/) < 3 and reg(I]) <9 -2 =T7.
Indeed, in such a case, pd(I) = 2 and reg(I) = 5.

We close the section with an example of a classical squarefree monomial
ideal for which the bounds in Theorem are optimal in some special cases.
More precisely, we consider the squarefree Veronese ideal I,, 4 of degree d > 1

of S = K[z1,...,2,]. It is the squarefree monomial ideal of S generated by
all squarefree monomials of degree d.
If F C [n], let xp the monomial of S = K{[z1,...,2,] defined as follows:
Xp = H xZ;.
1€

Example 3.6 Let us consider the squarefree Veronese ideal I, 4 of degree
d>1in S = K[z1,...,2,]. It is well-known that pd(/,4) = n —d and
veg(Tna) = d.

Let us consider the case d = n — 1. It is clear that in such a case
I = 1I,, 5,1 is the squarefree monomial ideal of S generated by all monomials
X[n)/Ti, i = 1,...,n. Moreover, |G(I)| =n, pd(I) = 1 and reg(I) = n — 1.
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Now we want to compute the support index s of I. Using our methods,
if Q; = supp(xpn)/7;) = [n] \ {i}, for all i = 1,...,n, then

\ {1} : n},
n] \{i}) U ]\{j}):z',jzl,...,n,z'¢j}:{[n]}.
Thus, the support index of I is s = 1 and the bound given in Theorem [3.3]

for the projective dimension is reached.
Let us examine the Castelnuovo-Mumford regularity of I. One has

O —1=n—1=reg(l)

Hence, the bound stated in Theorem B3] for the regularity is optimal.

Now, let consider the general case, i.e., I,, 4, d > 1.
Let A; be the set of all unions of i+ 1 supports of the monomials of G(1, 4).
We prove that the support index s of I, 4 is

s=<";1>. (5)

Indeed, there are ("gl) subsets of the set [n — 1] with cardinality d, and
their union is the set [n — 1]. Thus [n — 1] € A(nﬂ)_l and s > ("1).

d
On the other hand, the set A(n;l) consists of all the unions of (";1) +1

supports of distinct monomial generators of I, 4.
Suppose that at least one of these unions is not [n], i.e., s > (";1). Hence,

there exist ("gl) + 1 distinct monomials uq, ... JU(n1y4 € G(I,q4) and an
d
integer ¢ € [n] such that
("4 ")+
U supp(w) = 0]\ {i}.
i=1

Without loss of generality, we can assume ¢ = n. Thus, there exist (";1) +1
different subsets of cardinality d of the set [n — 1]. An absurd. Therefore
s = (")
Finally, we have pd(l,4) =n —d < (”;1) and the inequality in Theorem
B3] is verified. One can observe that the equality holds if and only if d =
1,n—1,n.
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4 Regularity of t—spread ideals

In this section, we analyze the Castelnuovo-Mumford regularity of ¢t—spread
ideals, t > 1. Moreover, we identify a special class of t—spread ideals for
which the bounds given in Theorem [3.3] are reached.

Firstly, we rewrite a result on squarefree monomial ideals generated by
a squarefree monomial regular sequence [17), 25]. Our techniques are com-
pletely different from the classical ones and manipulate sets of squarefree
monommials.

Theorem 4.1 Let n be a positive integer and let I be a squarefree ideal of
S = K|[x1,...,x,] generated by a squarefree monomial reqular sequence. Set
Ao = {supp(u) : uw € G(I)}. Then

(a) pd(I) = |Ag| — 1,
(b) reg(1) = |Uyea(n supp(w)] — (14| — 1).

Proof. Let G(I) = {u1,...,up}. Set Q; = supp(w;), for i = 1,...,p,
Q= U?:l Q; and A; = {leU' . 'UjSUjS+1 : {]1 <Jo <o K< ji+1} - [p]},
fori=1,...,p— 1. Since [ is generated by a squarefree monomial regular
sequence, then Ay is a partition of the set 2. Moreover, |A4gy| = p.
(a) Since the sequence u = uy,...,u, is a regular sequence on S, by [15]
Theorem A.3.4] the Koszul complex K (u;.S) is a minimal free S-resolution
of S/I =5/(u).
Let F be a free S-module with basis eq, ..., e, such that each element e; has
degree deg(e;) = deg(u;) = |€2;|. Hence, a minimal graded free S—resolution
of I is » o1 .

F:0-NF->/N Fo- a5 NF>1-0
and pd(I) =p—1=|A| — 1.
(b) For each i = 0,...,p — 1, a basis of the free S—module /\HlF in the
resolution [F is given by the wedge products er = ej; A--- Aej, Aej,,,, for
all T = {j1 < j2 < -+ <jit1} € [p]. The basis element er has degree

i+1 i+1 i+1
deg(er) = Z deg(ej,) = Z 1€, | = U Qj,|»
(=1 (=1 =1

where the last equality follows from the fact that Q;,,...,Q
disjoint. Thus

reg(l) = Q[ = (p—1) = [ U---UQp| = (p-1). (6)

jis1 Are pairwise
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O

Example 4.2 Let S = Qzq,...,2s] and consider the following square-
free ideal I = (xg,x122, x324w527) of S. Set Q1 = supp(zs) = {8}, L =
supp(z1ze) = {1,2} and Q3 = supp(xszszsxr) = {3,4,5,7}. Let Ay =
{Q1,Q9,Q3}. With the same notations as in Section B, we have

Ao = {{1,2},{8},{3,4,5,7}},
A = {{1,2,8},{3,4,5,7,8},{1,2,3,4,5,7}},
Ay = {{1,2,3,4,5,7,8}}.

Hence, s = 2 is the support index of the ideal . In such a case, s = |G(I)|—1.
By Theorem 1] pd(I) = |Ag|—1 =2 and reg(]) = |21 UQ2U Q3| — (] Ao| —
)=7-(3-1)=5.

Now, we are in position to prove the bound for the regularity of t—spread
ideals. We assume n > t. Indeed, if n < ¢, then the only t—spread monomials
are simply variables.

Theorem 4.3 Lett > 1 and I a t—spread ideal of S = Klx1,...,xy,] with
n >t. Then
reg(I) < n—(t—1).

Proof. Let us denote by T the class of all t—spread ideals of S = K[x1,...,x,].
The proof consists of two steps.

STEP 1. There exists a t—spread ideal J of S such that reg(J) > reg([), for
all I € T.

STEP 2. reg(J) =n— (t —1).

STEP 1. Let us consider the ideal J € T such that |J,cq(s) supp(u) = [n]
and with the minimum possible number of generators.

Claim 1. |G(J)| =t.

To prove this, we use the least criminal technique [22, Proposition 1.1]. For
n = t, the minimum possible number of generators of a t—spread ideal H for
which the union of the supportsis [n] = [t| is ¢, i.e., G(H) = {x1,z2,..., 2}
Let n > t. Suppose that, for some n, there exists a t—spread ideal H
with less than ¢ generators. Let G(H) = {u1,...,up} with p < t and
UP_, supp(u;) = [n]. Let 7 be the minimal possible integer which satisfies
such a property. We have nn > 1+¢. For all i =1,...,p, let us consider the

monomials
{ w;  if i ¢ supp(u;),
vy =

u;/xm  if 7€ supp(uy).

(7)

13



The ideal H = (v1,...,vp) € K[x1,...,25-1] is such that (J/_, supp(v;) =
[n — 1]. It is an absurd by the meaning of 7. The claim follows.

Claim 2. If uy,us, ..., us are t—spread monomials such that U§:1 supp(u;) =
[n], then

supp(u;) = {£€n]:{=n—(i—1) (mod t)}, (8)
fori=1,...,t.

We proceed by induction on n > t. For n = t, it follows easily.
Suppose n > 1 4+ t. We have to show that condition (8] holds for all i =
1,...,t. Let us consider the t-spread monomials v; described in (7). The t—
spread monomials vy, ..., v are such that supp(vy)U- - -Usupp(vy) = [n—1].
By induction, after a suitable reindexing, we may suppose that

supp(v;) = {{€n—1]:4=n—-1—(i—1) (mod t)},

for i = 1,...,t. For all i, we have supp(u;) = supp(v;) or supp(u;) =
supp(v;) U {n}. The second possibility occurs if and only if u; = v;x, is
t-spread, i.e., if and only if max(v;) < n—t. This is true if and only if i = ¢.
Therefore,

supp(ut) = supp(vy) U {n}

n—1]:4=n-1-(t—1) (mod t)} U{n}
= {ten—-1]:4=n (mod t)} U{n}

= {{en]:{=n (mod t)},

and supp(u;) = supp(v;), for i = 1,...,t — 1. After a suitable reindexing,
the property in (8)) is true for i = 1,...,¢. The claim follows.

Finally, from Theorem 3.3} it is clear that J = (uy,ug, ..., u;) is the ideal of
T with maximum regularity.

STEP 2. Let us consider the ideal J constructed in STEP 1. Setting,
0 = supp(u;), since the sets §2; are pairwise disjoint, i.e., ui,...,u, is
a regular sequence, by Theorem [£.1], we have
reg(J) =[Q - (t—1)=|[n]|-(t-1)=n—-(—-1).
O

Recall that the Alexander dual of a simplicial complex A is the simplicial
complex: AV = {[n] N F: F ¢ A}.
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Corollary 4.4 Let I be a t-spread monomial ideal of S = Klx1,...,zy],
and let A be the unique simplicial complex on [n] such that In = I. If AY
is the Alexander dual of A, then pd(Iav) < n —t and depth(Iav) > t.

Proof. By [23], reg(I) = reg(Ia) = pd(S/Iav) = pd(Iav) + 1. Hence
pd(Iav) < n—t, by Theorem|[£3l Moreover, from the Auslander—-Buchsbaum
formula, we have

pd(Iav) = depth(S) — depth(Iaov) = n —depth(Iav) < n—t.

Finally, depth(Iav) > t. O

We close this section discussing the t—spread ideal J introduced in the
proof of Theorem and some related properties. As we have pointed
out, J is a special t—spread ideal which reachs the upper bound for the
Castelnuovo-Mumford regularity given in Theorem [£.31

Given a pair of positive integers (n,t), with n > ¢, let us consider the
t-spread monomials defined in (8], i.e.,

Xnei = || w,  iell={l....t} (9)
j=i (mod t)
1<j<n
Let us define the following class of monomial ideals.

Definition 4.5 A t¢-spread ideal of S is called a Pascal ideal of type (n,t)
if it is generated by the monomials in ().

We will denote it by Ipascn,t-
Example 4.6 Let (n,t) = (10, 3), then the Pascal ideal of type (10, 3) is

Ipasc,103 = (X10,3,1,X10,3,2,%X10,3,3) = (L12427210, T2T5T8, T3T6T9)-

The name of such an ideal is justified by the next remark.

Remark 4.7 Let I = Ipyscn,t be the Pascal ideal of type (n,t). From the
structure of I, the minimal graded free S—resolution of S/I is given by the
Koszul complex K (xy,+;S) attached to the regular sequence X, = X 11,
Xn,t2y -+ -, Xt generating I, i.e.,

K. (%p4;5):0 — /\tF—> /\t_lF—> o /\OF—>S/I—>0,
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where F' is the free S—-module with basis ey, ..., e;, and deg(e;) = deg(xp+,i),
for all 7. Note that pd(S/I) =t, and

t
i (S/T) = , foralli=0,...,t,
5(5/) <z> oralli=20
i.e., the total Betti numbers of S/I are the entries of the t—th row of the
Pascal triangle.
The next remark will be useful in the sequel.

Remark 4.8 Let n,t > 1. The maximum degree ¢ of a t—spread monomial
in S = KJz1,...,z,] can be determined as follows:

{ = max{dz 0: Myaq:# @}

_ max{dzo: <"_(d_d1)(t_1)> #0}

= max{d>0:n—(d—1)(t—1) >d}
n—1
U

Proposition 4.9 Let (n,t) be a pair of positive integers with n > t. Let
I = Ipasent be the Pascal ideal of type (n,t). Then

(a) S/I is a Cohen—Macaulay ring;

(b) I has only one extremal Betti number. In particular, pd(I) = t —
1, reg(I) = depth(I) =n — (t — 1);

Moreover, if i € [t] is such that n =i (mod t), then

(c) the fi—vector of I is

ft(I) = (ft,vat,ly- .. 7ft7L"T*1J+1)7

with
(G- ifi=0,...,[22] -1,
foj = (n_(j—j;)(t—n) —(t—1d) ifj=[22], (11)
(U=DED) ifj =2+ 1
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(d) the Hilbert series of S/I is

n— ) n— t—1
Atzt-+2"TH Q424 42T

(1—2)"" ;

HﬂbS/I(Z) ==

(e) there exists a t—spread lexsegment ideal L of S such that fi(L) = f:(I)
if and only if i € {1,t —1,t}.

Proof. If n =1t, then I =m = (z1,...,2;) and all the statements follow.

Let n>1+t¢.

(a) Since [ is generated by a regular sequence, then I is complete intersec-
tion and the assertion follows.

(b) From (a), I has a unique extremal Betti number [16, Theorem 2.16]. Fur-
thermore, pd(I) = t—1 (Theorem 1)), and from the Auslander-Buchsbaum
formula and Theorem E.3], we have

depth(I) =n—pd(I) =n— (t — 1) =reg(l).

—_
Since 0 <i—1<t—1, we have

e 2222

g, 5 +t,..., 5+ kt}| if j=1,...,1,

2 ifj=i+1,...,t

One can observe that L

Hence

deg(xpntj) =

—

n—1
t

generator of the Pascal ideal I. Hence, setting r = |[Ix11]¢| and s = |[Ix]¢,
then r +s = ¢t = |G(I)|. Moreover, by the pairwise disjointness of the
supports of these monomials, we have that r(k + 1) + sk = n which is the
number of the indeterminates of S. Solving the linear system

J + 1 is the maximum degree of a monomial

r+s=t rk+1)+sk=n,
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one obtains s = t—r and r+kt = n. Recalling that, by hypothesis, n = i+kt,
with 1 <7 <, one has that r =7 and s =t — 1.

Since Iy = 0, for 0 < /¢ < L"T_lj — 1, and Shad;({xXntit1,-. - Xntt}) = &,
(c) follows.

(d) Since I = (x,4) and Xyt = Xpt1,...,Xntt s a regular sequence, from

(I2) and [I5, Problem 6.2], we have

ey +2z+...+ zdeg(u)—1)

Hilbsyr(z) = TESEE]
I e I R I
(1 _ Z)n—t 9

and (d) holds.
(e) Assume that M, 1+ is endowed with the squarefree lex order. Let i € [t]

such that n = ¢ + kt. We have already noted that k = L"T_IJ

Our aim is to determine a t—spread lexsegment ideal L of S such that fi(L) =

fid).

Assume ¢ = t, then

k k k
I = <H£E1+jt,H$2+jt,---7H$t+jt),
Jj=0 Jj=0 Jj=0
and

k k=1 k=1
L= < H L1+jt> < H $1+jt) Lotkty -+ < H xl—i—jt) ﬂft+kt>
j=0 J=0

j=0
is the t—spread lexsegment ideal we are looking for.
In fact, the Pascal ideal I has exactly ¢ generators of degree k+1 = L"T_lj +1.
Hence, in order to get the desired t—spread lexsegment ideal, we need to take
the greatest ¢—spread monomials of M, ;41 with respect to the squarefree
lex order.

Now, assume 1 < i <t — 1. By (12]), we have that

k k k-1 k-1
I= (H Ll4jty -« H Li+jt, H T(i41)+jtr -+ H xt+jt>~
J=0 Jj=0 j=0 j=0

A possible candidate for L is the following t—spread lexsegment ideal of S:

k—1 k—2 k=2
L= ( H T1+jt, ( H 331+jt>332+(k—1)t, ) ( H 9€1+jt) l’t—z‘+(k—1)t>-
j=0 §j=0

J=0
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As we have observed previously, I has i generators of degree k+ 1 and t — ¢
generators of degree k. In order to have fi(I) = f;(L), we must take into
account the largest ¢t — 7 monomials of M, ;. ;. Since ¢t —¢ < n, then we must
consider all monomials in M, ;. ; obtained starting from H;:é 214t which is
the largest monomial of M, 1. ;. Then one have to fix the first k—1 indetermi-
nates, and replace @y (y_1); with 2, for ¢ € {24+ (k—1)t,...,t—i+(k—1)t}.
One can observe that at least ¢ monomials of degree k + 1 belong to the
shadow of the ones of degree k already built. Proceeding in such a way, we
cover all the minimal generators of the Pascal ideal.

Let us analyze the conditions under which f;(I) = f;(L).
As we have said so far, it is clear that f; ;(L) = f;;(I), forall j=1,... k=

[

Setting V = Shad;(Ly), by (d) and by the definition of fi—vector,

_ (n—k(t-1) ,
frpe (D) = ( P ) — 1,
(13)
(n—k(t-1)
(@) = (") <y
One can quickly verify that V consists of the following monomials:
k—2
H xl-i—jt)xl—i-(k—l)txg-i-ktu = 17 v 7i7
j=0
k—2
( H 1171+jt> Loy (k—1)tTe+kt e=2,...,1,
j=0
k-2
< H 331+jt) Lt it (k—1)tLl4kts C=t—i,...1.
§=0
Therefore
t—i—1
(i—j) ift—i<i,
j=0
V| = (14)
i—1
SS(i—j)  ift—i>i.
j=0
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From [3)), fix+1(L) = frr+1(L) if and only if |V| =i. If t —i <4, from (I4]),
[V|=iifand only if t —i —1 =0, i.e., i =t — 1. Otherwise, if t —i > i,
then |V| = ¢ if and only if ¢ = 1. Finally, (e) holds. O

Remark 4.10 We have pointed out that if I is a t—spread ideal, then [
may not have a t—spread lex ideal with the same f;—vector [6], whereas
if I is a t-spread strongly stable ideal, then there exists a unique t—lex
ideal, I!°%, with the same f;—vector as I [6, Theorem 2.1]. The Pascal
ideal I = Ipasc,n,t is not a t-spread strongly stable ideal but under certain
condition (Proposition [£9] (e)) satisfies such a property. Indeed, with the
same notation as in Proposition B9, L = I*!** in the sense of [6].

Example 4.11 Consider (n,t) = (10, 3), then
I = Ipasc1i03 = (%10,3,1,%10,3,2,X10,3,3) = (L12427%10, T2T5T8, T3TTY).

By Macaulay?2, the Betti diagram of S/I is

0O 1 2 3
Tot : 1 3 3 1
o1

1
— N
1

N O UL W= O
[
| I |
N =
1

One has pd(S/I) =t = 3, reg(S/I) =7, pd(I) =t —1 =2, and reg(I) =
n—(t—1)=28.

Proceeding as in Proposition .9, there exists a t—spread lexsegment ideal
L of S such that f;(I) = f;(L). Tt is L = (z1247, x12478) = 191, Indeed,
i =1 and condition (e) in Proposition 9 is verified.

5 Some Applications

In this section we consider some applications of the previous results. In par-
ticular, we analyze the regularity of {—spread ideals equigenerated in degree
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two by tools from the graph theory.

A simple graph G is an ordered pair of disjoint finite sets (V(G), E(G))
such that F(G) is a subset of the set of unordered pairs of V(G). The set
V(Q) is the set of vertices and the set E(G) is called the set of edges.

If e = {u,v} is an edge of G one says that the vertices v and v are
adjacent.

A walk of length n in G is an alternating sequence of vertices and edges,
written as w = {vg, 21, V1, . -, Un—1, Zn, Un }, Where z; = {v;_1,v;} is the edge
joining the vertices v;—1 and v;. A walk may also be written {vg,...,v,}
with the edges understood, or {z1, 22, ..., 2, } with the vertices understood.
If vg = v, the walk w is called a closed walk. A path is a walk with all its
vertices distinct. A cycle of length n is a closed path {vg,...,v,} in which
n > 3. A forest is an acyclic graph.

To each simple graph G on the vertex set V(G) we can associate a
squarefree ideal I(G) of the polynomial ring S = K|[z1,...,x,], called the
edge ideal associated to G, defined as follows [24]:

I(G) = (xjz; : x; is adjacent to ;) = (z;z; : {1,5} € E(Q)).
We quote the next definition from [24].

Definition 5.1 An induced matching in a graph G is a set of pairwise
disjoint edges e, ..., e, such that the only edges of G contained in \J;_, €;
are e1,...,e.. The induced matching number, denoted by im(G), is the
number of edges in the largest induced matching.

Proposition 5.2 [24, Corollary 7.5.6.] If G is a forest, then
reg(/(G)) = im(G) + 1.
See [24] for detailed information on this subject.

Corollary 5.3 Let n be a positive integer and let G be a simple graph on
[n]. Assume

{ei:{i,i—l—%}:i:l,...,%} if n is even,
E(G) =

{ei: {z’,z’+ L%J } :izl,...,L%J }U{{l,n}} if n s odd.

reg(I(G)) = | 2] + 1.
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Proof. Indeed, in both cases G is a forest and the assertion follows from
Proposition O

Now, we are ready to state and prove the analogous of Theorem [4.3] for
the regularity of t—spread ideals generated in degree two.

Corollary 5.4 Letn,t > 1 withn > 2t and let I be a t—spread ideal equigen-
erated in degree two of S = K|x1,...,x,]. Then

reg(I) < [2]+1.

Proof. We distinguish two cases: n even and n odd.

CASE 1. Let n be even. Following Theorem [4.3], it suffices to find L%J =3
t—spread monomials of degree two, whose supports are pairwise disjoint and
such that their union is [n]. For this purpose, we can consider the graph G
on [n] with

EG) = {ei:{i,i—l—%}:i:l,...,%}.

The ideal I(G) is the t-spread ideal minimally generated by the required

n n

|2| = 2 t-spread monomials. From Corollary 5.3] (see also Theorem E.])
and Theorem (4.3l we have

reg(I) <reg(I(G)) = 2] +1=n— (% —1).

CASE 2. Let n be odd. Let us consider the graph G on the vertex set [n],
with

BG) = {ei={ii+[3]}ri=1.[3] Ju{ttn}.
From Corollary (.3 we have that
reg(1(G)) = | 2| + 1.
On the other hand, since the structure of
I(G) = (xeH'L%J ci=1,...,[2]) + (z1z0),
from Theorem [£.3] it follows that

reg(l) <reg(I(G)) = |5 + 1.
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Corollary 5.5 Let n > 2 and I an edge ideal of S = K[x1,...,2,]. Then
reg(I) < [2]+1.

We close the section with a slight modification of the proof of Corollary
[5.4] that, given three positive numbers n,d,t > 1 such that n > 1+ (d — 1)t,
allows us to obtain an optimal upper bound for the regularity of a t—spread
ideal generated in degrees at most d > 1.

Theorem 5.6 Let n,d,t > 1 withn > 1+ (d — 1)t and let I be a t—spread
ideal of S = K|x1,...,x,] generated in degrees at most d. Then

reg(I) < n+1—max{[2],t}. (15)

Proof. Following Theorem [£3] it suffices to find the minimum possible
number of t—spread monomials of degrees at most d whose supports are
pairwise disjoint and such that the union of their supports is [n]. We prove
that this number is max{[%],t}. We distinguish two cases.

CASE 1. {%] > t. Suppose n = £+ d [%1, 0 < /¢ < d-—1. Using anal-
ogous techniques as in Proposition [£.9] we consider the following t—spread
monomials

xle_i_(%-‘ ---xi+(d_2)( —‘xiﬁ-(d—l)[%—‘ if i = 1,... 767

U; = % ip n
‘TZ‘TH_(%} ...xi+(d—2)[%-| ifi=0+ 1,...,[31 .

Since {%] > t, the monomials u; are t—spread monomials of degrees at

most d. Let us consider the ideal J = (uy, ... U2 ). Since J is the Pascal
ideal of type (n, {%w ), then by Theorem [T],

reg(J) = n—([3]-1) = n+1-[Z%].

Therefore, J is the t—spread ideal generated in degrees at most d with the
maximum possible regularity. Indeed, the minimum possible number of gen-
erators of a squarefree ideal generated in degrees at most d, is [%w

CASE 2. [2] < t. In such case, n < dt, thus 1 + (d — 1)t < n < dt.
Hence, d —1 < 2= < d — %, and so

d—1< |2 <d
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Finally, d < [27| +1 < d+ 1. Therefore, |2]| + 1 = d. By (I0),
(= L";IJ 4+ 1 = d is the maximum degree of a t—spread monomial of
S = Klz1,...,z,], and so the Pascal ideal of type (n,t) gives the maximum
regularity of a t—spread ideal of S generated in degree at most ¢ = d. Since
[2] < t, we have max{[2] ,t} = ¢. Hence, n+1—max{[2] ,t} =n—(t—1)
and the bound given in (I5]) is true. The statement is proved. (]

Remark 5.7 Theorem 5.6l generalizes Theorem 13l Let d be the maximum
degree of a t-spread monomial of S = K[xz1,...,2,], then 5§ < ¢. Indeed,
if 5 > ¢, then n > dt. Hence, n > 1+ dt and x1214¢- - 7114 Will be a
t-spread monomial of S = K[z1,...,x,] of degree d+ 1 > d. An absurd by
the meaning of d. It follows that 2 < ¢. Thus [4] <t and max{[%],t} =¢.
Therefore, by equation (I5), we get the maximum possible regularity of a

t—spread ideal of S, i.e., n + 1 —t, and we obtain again Theorem [£.3l
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