ZERO-SUM PARTITIONS OF ABELIAN GROUPS AND THEIR APPLICATIONS TO
MAGIC-TYPE LABELINGS

SYLWIA CICHACZ! AND KAROL SUCHAN?!

ABsTRACT. The following problem has been known since the 80s. Let I" be an Abelian group of order m
(denoted |I'| = m), and let t and {m;}!_;, be positive integers such that >°!_, m; = m — 1. Determine when
'™ =T\ {0}, the set of non-zero elements of I', can be partitioned into disjoint subsets {S;}!_; such that
|Si| = m; and Zsesi s =0 for every 1 < i < t. Such a subset partition is called a zero-sum partition.

[I(T")] # 1, where I(T") is the set of involutions in T, is a necessary condition for the existence of zero-sum
partitions. In this paper, we show that the additional condition of m; > 4 for every 1 < i < ¢, is sufficient.
Moreover, we present some applications of zero-sum partitions to magic-type labelings of graphs.

1. INTRODUCTION

r 2024

&l 1.1. Preliminaries. For standard terms and notation in graph theory, the reader is referred to the textbook
by Diestel [10] and the monograph by Brandstédt et al. [3]. An introduction to magic- and anti-magic-type

ﬁlabelings can be found in the monograph by Baca et al. [2], and the fundamental results in abstract algebra
that we use can be found in the textbook by Gallian [13].

— Let I be an Abelian group of order m with the operation denoted by +. For convenience, we will denote
Z,’f:l a by ka, the inverse of a by —a, and a + (—b) by a — b. Moreover, we will write ) ¢ a for the sum

Qof all elements in S. The identity element of I" will be denoted by 0, and the set of non-zero elements of I'

by I'*. Recall that any element ¢ € T of order 2 (i.e., ¢ # 0 and 2. = 0) is called an involution. A non-trivial
finite group has an involution if and only if the order of the group is even. We will write I(I") for the set of

Einvolutions of T.

— The fundamental theorem of finite Abelian groups states that every finite Abelian group I' is isomorphic
to the direct product of some cyclic subgroups of prime-power orders [I3]. In other words, there exists a

= positive integer k, (not necessarily distinct) prime numbers {p;}¥_,, and positive integers {a;}%_,, such that

~ : Q1 02 (o7
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O)where m is the order of I'. Moreover, this group factorization is unique (up to the order of terms in the

o_direct product). Since any cyclic finite group of even order has exactly one involution, if e is the number of
() cyclic subgroups in the factorization of I" whose order is even, then |[I(T')| = 2¢ — 1.

Because the results presented in this paper are invariant under the isomorphism between groups (%), we

only need to consider one group in every isomorphism class. Our presentation will be focused on groups of

= “the form Zp‘lll X Zpgtz X ... X Zp:k with prime numbers {p; }¥_; and positive integers {c; }¥_;. For an Abelian

-—group I' = U x H, for a pair (u,v) with v € U and v € H, we will use the notation (u,v) also for the
Xcorresponding element of T'.

Recall that, for a prime number p, a group the order of which is a power of p is called a p-group. Given a
finite Abelian group T', Sylow p-subgroup of T' is the maximal subgroup L of I" the order of which is a power
of p. For example, by the fundamental theorem of finite Abelian groups, it is easy to see that any finite
Abelian group I' can be factorized as I' =2 L x H, where L is the Sylow 2-group of I' and the order of H is
odd.
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Let us denote the number of involutions in I' by |I(I")|. Since any finite cyclic group of even order has
exactly one involution, if e is the number of cyclic components in the factorization of I' whose order is even,
then [I(I")] =2¢ — 1.

Recall that the sum of all elements of a group I' is equal to the sum of its involutions and the identity
element. The following lemma is well known. The readers can consult [9] for a proof.

Lemma 1.1 ([9]). Let I be an Abelian group.
- IfF[I(D)] =1, then 3 cp g = t, where v is the involution.
I £ 1 then Socpg = 0.

1.2. Main Problem. In 1981 Tannenbaum introduced the following problem of partitioning in Abelian
groups.

Problem 1.2 ([22]). Let T’ be an Abelian group of order m. Let t be a positive integer and {m;}:_, an
integer partition of m — 1. Let {w;}._; be arbitrary elements of T (not necessary distinct). Determine when
the elements of I'* can be partitioned into subsets {Si}§:1 (i.e., subsets S; are pairwise disjoint and their
union is I'*) such that |S;| = m; and ) g s = w; for every 1 <i <t.

If a respective subset partition of I'* exists, then we say that {m;}!_, is realizable in T* with {w;}l_,. We
will not indicate I'* or {w;}!_; explicitly when it is clear from the context. Note that realizability of {m;}!_,
implies that Zle w; = der g.

Note that we use sequences {m;}!_, only for ease of presentation, whereas we interpret them as multisets.
In other words, only the values present in the sequence and their multiplicities are relevant for a sequence
to be realizable, not their order.

Since, throughout the paper, we often consider subsets of fixed cardinalities, let us present an abbreviated
notation. Given a set, any of its subsets of cardinality k is called a k-subset.

The case most studied in the literature is the Zero-Sum Partition (ZSP) problem, i.e., when w; = 0 for
every 1 <1i <t. (A respective subset partition of I'* is called a zero-sum partition of I'.)

In general, in the context of any subset Z of I', we will say that {Si}gzl, a partition of Z into zero-sum
subsets with |S;| = m; for every 1 <i <, realizes {m;}!_, in Z.

Note that, by Lemma an Abelian group I' with |I(T')| = 1 does not admit zero-sum partitions (for
every t and {m;}!_;). Moreover, if {m;}!_, is realizable in I'*, then necessarily m; > 2 for every 1 < i < ¢.
It was proved that this condition is sufficient if and only if |I(T")| = 0 [22, 24] or |I(T')| = 3 [24]. L.e., in these
cases, for every positive integer ¢t and integer partition {mi}le of m — 1 with m; > 2 for every 1 < i <'t,
{m;}!_, is realizable in T* (with {w;}!_; where w; = 0 for every 1 < i < t). In [7], we generalized this
condition with the following definition.

Definition 1.3. Let T" be a finite Abelian group of order m. We say that T' has x-Zero-Sum Partition
Property (z-ZSPP) if, for every positive integer t and integer partition {m;}:_, of m — 1 with m; > z for
every 1 < i < t, there exists a subset partition {S;}i_, of T* with |S;| = m; and Y g s = 0 for every
1< <t

For every finite Abelian group I' such that |I(I')] = 0 (equivalently, the order of I" is odd), a stronger
version of 2-ZSPP was proved. Let us give a brief explanation.

In 1957, inspired by Steiner triples research, Skolem posed the following question [20]: For n =1 (mod 6),
does there exist a partition of the set of non-zero elements of the cyclic group Z,, into triples such that the
sum of elements in each subset is congruent to 0 (mod n)?

This question received an affirmative answer [I5] 20], 21] and served as a starting point for a more general
problem posed by Tannenbaum. Namely, we call a 6-subset C' of an Abelian group I' good if C = {¢,d, —c —
d,—c,—d,c+ d} for some c and d in I". Notice that the sum of elements of a good 6-subset is 0. Moreover,
it can be partitioned into three zero-sum 2-subsets or two zero-sum 3-subsets.

The following definition was given by Tannenbaum [22].

Definition 1.4. Let I' be a finite Abelian group of order m = 6k + s for a mon-negative integer k and
s € {1,3,5}. A partition of I'* into k good 6-subsets and (s — 1)/2 zero-sum 2-subsets is called a Skolem
partition of I'*.
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Note that, if I is an Abelian group of order m such that every integer partition {m;}!_; of m — 1 with
m; € {2,3} for every 1 < i < t is realizable in T'*, then also every integer partition {m/}._, of m — 1 with
m;, > 2 for every 1 < i <t is realizable. Similarly, it is easy to see that if a Skolem partition of I'* exists,
then every integer partition {m;}!_, of m — 1 with m; € {2,3} for every 1 < i < t is realizable. So the
following theorem by Tannenbaun indeed offers a stronger version of 2-ZSPP.

Theorem 1.5 ([22]). Let I' be a finite Abelian group such that |I(I')| = 0, then I'* has a Skolem partition.

The following theorem was first conjectured by Kaplan et al. [I6] (they also showed the necessity), and
later proved by Zeng [24].

Theorem 1.6 ([24]). Let T be a finite Abelian group of order m. I' has 2-ZSPP if and only if |I(T")| € {0, 3}.
The above theorem confirms for the case of |I(I')| = 3 the following conjecture stated by Tannenbaum.

Conjecture 1.7 (|22]). Let T be a finite Abelian group of order m with |I(I')] > 1. Let R = T\ I(I).
For every positive integer t and integer partition {m;}._; of m — 1 with m; > 2 for every 1 < i < |R|/2
and m; > 3 for every |R|/2+ 1 < i < t, there is a subset partition {S;}!_; of T* such that |S;| = m; and
Y ses; =0 for every 1 <i <t.

It was shown independently by a few authors that the conjecture is also true for I' & (Zy)™ with n > 1
(notice that in this case I(T') = T'™*, so R = ().

Theorem 1.8 ([4, 11l 23]). Let T = (Z2)"™ with n > 1, then I" has 3-ZSPP.
Note that, in general, even the weaker version of Conjecture posed in [6] is still open.
Conjecture 1.9 ([6]). Let I" be a finite Abelian group with |I(T')| > 1. Then I’ has 3-ZSPP.

For every Abelian group I" with more than one involution and large enough order, first Cichacz and Tuza [§]
showed that it has 4-ZSPP, and later Miiyesser and Pokrovskiy showed that it indeed has 3-ZSPP [18]. This
result was improved by Cichacz and Suchan [7], for every I" of order 2™ for some integer n > 1 such that
I(T") # 1, with the following theorem.

Theorem 1.10 ([7]). Let T' be such that |[I(T')] > 1 and |I'| = 2" for some integer n > 1. Then I' has
3-ZSPP.

Recall that, for every Abelian group I', there exist groups L and H with |L| = 2" for a nonnegative integer
n and |H| = p for an odd positive integer p such that I' = L x H. Moreover, a finite Abelian group I' has
no involutions if and only if its order is odd. So, if n = 0, then I' has 2-ZSPP by Theorem [I.6] On the other
hand, if p = 1, then I' has 3-ZSPP by Theorem [I.10}

Let T" be an Abelian group such that I' = L x H, where |L| = 2" and |H| = p for a positive integer n and
an odd positive integer p, with p > 1. The main contribution of this paper is to show that I' has 3-ZSPP
if (p mod 6) € {1,3}. Moreover, for (p mod 6) = 5, we show that I' has 4-ZSPP. Therefore we improve the
result from [8] and, towards proving Conjecture we leave open only the question if, for (p mod 6) = 5,
I" has not only 4-ZSPP, but also 3-ZSPP. We also show that Conjecture holds only for a group I' with
|[I(T)| = 3 or I' & (Z9)™ with any n > 1. As a complement, we present some applications in irregular,
magic-type, and anti-magic-type graph labeling to illustrate the relations of zero-sum group partitioning to
graph theory.

Our proofs use as base cases zero-sum partitions of ((Zz)? x Zg)*, ((Z2)? x Z5)*, and ((Z2)? x Z7)*. They
were analyzed by a computer program that we created, and sample zero-sum partitions that certify that the
corresponding sequences are realizable are given in the annexes.

2. MAIN RESULT

Let Bij(I") denote the set of all bijections from I" to itself. A complete mapping of a group A is defined as
¢ €Bij(A) such that the mapping 6: g — g~ '¢(g) is also bijective (some authors refer to 6, rather than ¢, as
the complete mapping) [I7]. In the proof of our main result we will use the following property of complete
mappings:
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Lemma 2.1 ([0, 24]). Let T be a finite Abelian group such that |I(T')| # 1. Then there exist ¢, p €Bij(I)
(not necessarily distinct) such that g + ¢(g) + ¢(g) = 0 for every g € I'. In particular, we may assume that

¢(0) = ¢(0) = 0.

In the following, we will consider integer partitions {m;}!_; of m — 1 for some positive integer ¢ with
m; > 3 for every 1 < i < t. Given such a sequence, since m; > 3 for every 1 < ¢ < ¢, we can modify the
sequence {m;}'_; by subdividing each term larger than 5 into a combination of terms 3, 4, and 5. It is easy
to check that if the non-zero elements of a group I' can be partitioned into zero-sum subsets of cardinalities
corresponding to the elements of the new sequence, then the same holds for the old sequence. So we can
focus only on sequences with m; € {3,4,5} for every 1 < i <t.

Let Z be a subset of I'. Let K be a zero-sum subset partition of Z with cardinalities in {3,4,5} and let
a=|{Sek:|S|=3},8=|{SeK:|S|=4} and v = [{S € K: |S| = 5}|. In this context, we say that
K realizes (a, 8,7) in Z. If there exists a family realizing (o, 8,7) in Z, we say that («, 8,7) is realizable in
Z. Note that a triple («, 3,7) can be seen as a compact representation of a sequence {m;}'_; in which «
elements are equal to 3, 3 elements are equal to 4, and v elements are equal to 5. Recall that the quotient
group I' modulo H for a subgroup H of T" is denoted by I'/H.

The following three theorems lead to the main results of the paper, which is given in Corollary that
states that the 4-Zero-Sum Partition Property holds for a finite Abelian group I' if and only if |I(T")| # 1.

Theorem 2.2. Let T' be a finite Abelian group such that T' = L x H, with |L| = 2" for some positive integer
n, |I(L)| > 1, and |H| =1 (mod 6). Then I' has 3-ZSPP.

Proof. By Theorem we can assume that I(L) > 7 and, by Theorem that |H| > 1.
By Theorem [1.5] there exists a partition of H* into good 6-subsets:
|H*|/6
H = {O}U U {biacia_b’i _Civ_biy_ciabi+ci}
i=1

By Theorem L has 3-ZSPP and there exist ¢, p €Bij(L) such that a + ¢(a) + ¢(a) = 0 for every
a € L by Lemma Thus

|H*|/6
= U {(av 0)}U U U {(CL, bl)v (d)(a)a Ci)v (QO((I), —b; — Ci)v (—CL, _bi)v (_¢(a)7 _Ci)7 (—QO(CL), b; + Cl)} )
aceL* acl =1
where the 6-subsets are good. Let M* = Uger+{(a,0)}, note that M* = L* thus it has 3-ZSPP. Let
|[H*|/6
W= U U {(av bl)? (¢(a)v Ci)7 ((P(a)7 —b; — Ci)a (_aa _bi)v (—(]5(&), _Ci)7 (—QD((I), b; + Cl)}
acel =1

We will prove that any triple («, 3,7) such that 3a + 48 + 5y = |I'| — 1 is realizable in I'*. Assume that

Ty sTa = 3, Tatls---sTaty = 0, and Taqyi1,...,7a48+y = 4. Let | be such that Zi;% r; < |L*| and

Zé:l r; > |L*|. Let r) = |L*| — Zi;% ri and 7 = —r). If (r; =0 or 7} > 3) and ] > 2, then the sequence
T1,...,7—1,7] is realized by a zero-sum partition Ay,..., A;_1, A} of M* by Theorem and the sequence
7 TI41, TI42s - - - s Tat B4~ 18 Tealized by a zero-sum partition A}, Aj1 1, Aiyo, ..., Aoyt of W since W is the
union of good subsets and |W| = Z?:lify ri +1/. So we are done. Hence we have to settle the cases where
r/=1orr;=1orr =2.

Case 1 r] =1.

Then [ is even and r4; is odd, since |L*| is odd and |[W| is even (thus |W| — 7} requires at least one odd
term among 741, ..., a+8+~, and all odd terms are put at the beginning of the sequence). Suppose first
r; =3, then r] = 2 and, since |I(L)| > 7 and |L| is even, there is [L*| > 7. This implies that r;_; = r_o = 3.
Note that, because |IW| =0 (mod 3), there has to be v > 1 or § > 2. If v > 1, then (I — 2,0, 1) is realizable
in M* and (v — 1 4+ 2,3,v — 1) is realizable in W. For 8 > 2, the triple (I — 3,2,0) is realizable in M* and
(. =1+ 3,8 — 2,7) is realizable in W. Suppose that r; = 5. If § > 0, then the triple (a,1,] — a — 1) is
realizable in M* and (0,8 — 1,7 + « — [ + 1) is realizable in W.
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Assume now that = 0. If |L*| > 7, then, for a > 2, the triple (o« — 2,0,] — a + 1) is realizable in M*
and (2,0, +«a—1—1) is realizable in W. For a < 1, there is r;_; = 5, and (a+ 3,0,] — o — 2) is realizable
in M* and (1,2, + o — I — 2) is realizable in W. Observe that, in this case, by the construction of W,
the two zero-sum 4-subsets in W can be split into four zero-sum 2-subsets and we obtain a realization of
(o, B,7) in T*. If |[L*| = 7, then a = 1 and L = (Z3)3. Which implies that |I'| = 8|//| = 4 + 5. Therefore,
I = (Zg)? x H with |H| > 13, v = (|[[| — 4)/5 = (8|H| — 4)/5 > 20. Take the following three zero-sum
5-subsets:

{(1307070)7 (0,1,0,0) (Lla]-ao)a (0,0717b1)’ (OaOaOa _bl)}v
{(1,1,0,0), (1,0,1,0), (0,1,1,0), (1,0,0,b1), (1,0,0,—b1)},
{(0,0,1,0), (0,0,1,—-b1), (0,0,0,b7), (0,1,0,b61), (0,1,0,—b1)}.

They cover M* and four inverse pairs of elements from W. W' obtained by the deletion of these 15
elements from W is of the following form (let ig = (0,0,0), iy = (1,0,0), i2 = (0,1,0) and i3 = (0,0,1)):

W' = U {((]5(@),61),(@(@),—()1 _Cl)’(_¢(a>7_01)7(_90(a)7b1 +Cl>}

a€{io,i1,i2,i3}

U U {(avb1>7((b(a)ﬂcl)’((p(a)?_bl _Cl>7(_a’a _b1)7(_¢(a)7_cl)v(_(P(a)7b1 +01)}
a€(Z2)3\{io,i1,i2,i3}
|H*|/6
U U U {(a7 bi)v ((b(a)? ci)? (SO(CL)v —b; — Ci)v (—CL, _bi)? (_¢(a)7 _Ci)a (_(P(a)a b; + C,)}
ae(Z2)3 =2

Note there are 4‘H‘|9:4 , thus we are able to find (y — 2) zero-sum 3-subsets in
W’. The remaining elements of W’ form zero-sum 2-subsets. Thus we can acquire a realization of (1,0,7)
in I'*.

Case 2 r] = 2.

If r; = 3, then we are done as in Case 1. Therefore, we can assume that r; = 5 (for r;, = 4, we get a
contradiction since |W| is divisible by 4). For a > 1, we obtain that (o — 1,0,! — «) is realizable in M*
and (1, 8,7 4+ a — 1) is realizable in W. For § > 1, since |L*| > 7, there exists a realization of (1,1,] — 2)
in M* and a realization of (1,3,7 — 1) in W. By the construction of W, one zero-sum 4-subset in W can
be split into two zero-sum 2-subsets and we obtain a realization of (0, ,) in I'*. The only missing case is
a=p=0.If |[L*| > 7, then actually |L*| > 15 and r;_; = r;_o = 5. Thus (4,0, — 3) is realizable in M*.
Since W is a union of good 6-subsets, there exists a partition into four zero-sum 2-subsets and (y — [ — 1)
zero-sum S-subsets.

Assume now that |L*| = 7 = |I(L)|. But then, as in Case 1, there is I' & (Z3)? x H and we proceed the
same way.

Case 3. r; = 1.

Then [ > 1, and r]’ > 2 is even. Assume first that 7, = 3. Since [W| =0 (mod 3), there is § +~ > 0. If
now S > 0, then there exists a realization of (I —2,1,0) in M* and a realization of (a« — 1+ 2,8 —1,7) in
W. Therefore, we can assume that 8 = 0. If now v = 1, then |[IW| =1 (mod 3), a contradiction. Thus, for
B =0, there is v > 2. If |L*| > 7, then |L*| > 15 and 71 = rj_9 = 13 = 3 and (I — 4,0, 2) is realizable in
M*, and (o — [ + 4,0, — 2) is realizable in W. For |L*| = 7 = |I(L)|, there is ' 2 (Z2)? x H. The set

U {@oyul U {@b).(sa),e1), (p(a), =bi = e1), (—a, =b1), (=¢(a), —c1), (—p(a), by + 1)}

ac((Z2)3)* a€(Zz)3
can be partitioned into 15 zero-sum 3-subsets and 2 zero-sum 5-subsets in the following way:
{(0,0,1,0),(0,0,0,b1),(0,0,1,—b1)}, {(1,0,0,0),(0,0,1,b1),(1,0,1,—b1)},
{(1,1,1,0),(0,1,1,b1),(1,0,0,—b1)}, {(0,1,0,b1),(0,0,0,¢1),(0,1,0,—by —c1)},
{(1,0,1,01),(0,0,1,¢1),(1,0,0, by — 1)}, {(0,1,0,0),(0,1,0,¢1),(0,0,0,—c1)},
{(0,0,0,b1 + ¢1),(0,1,0, —¢1),(0,1,0,-b1)}, {(0,0,1,b1 +¢1),(0,0,1,—c1),(0,0,0, —b1)},
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{(07 17 0) bl + Cl)) (]-a 05 07 _Cl)7 (]-a ]-a Oa _bl)}7 {(1) 0) 07 bl + Cl)) (07 17 ]-7 _Cl)) (]-a ]-7 17 _bl)}a
{(17 07 07 bl)7 (17 17 17 Cl), (07 17 17 _bl - Cl)}, {(17 17 17 bl)) (17 17 07 Cl), (07 07 17 _bl - Cl)}7
{(171a0ab1)7(07171761)7(170717__b1 —-Cl>}, {(170717b1 +'Cl)7(171a07__61)7(07171a__b1)}7
{(0713170)7(17070761)7(171>1)__Cl)}7
{(17 07 1) O)a (17 07 17 Cl)a (0) 17 17 bl + Cl)7 (]-a ]-7 07 _bl - Cl)a (]-7 07 17 _Cl)}a
{(1, 1,0, 0), (1, 1,0,b1 + Cl), (1, 1,1,b61 + Cl), (0, 0,0,—b1 — 01), (1, 1,1,—b1 — Cl)}.

The cases (10,0,5) and (5,0,8) for (Z3)3 x Z; were analyzed by a computer program we created, sample
realizations can be found in the annexes. Thus we can assume that |H| > 13 and the nonempty set
Uae(zayr Uiy * {(a,b1). (8(a), 1), (@), —b; — i), (—a, —bi), (—(a), —¢;), (—p(a), bi +¢;)} is a union of good
6-subsets. Hence we obtain that (a,0,7) is realizable in I'*.

Suppose now that r; = 5. If r;,_; = 5, then let rl 1 =71-1—22>3and r | =2. Let us re-define r] := 3
and 7} :=r; — 3. The sequence rq,...,7_2,7,_y, 7] is realized by a zero-sum partition Aq,..., Aj_2, 4] |, A]
of M - by Theorem and the sequence 7}, 7/, 7141, ..., Tayp4y is realized by a zero-sum partition
Al VAL A, Agy sy of WL Thus r—q = 3. If now 3 > 0, then there exists a realization of (o —1,1,0)
in M* and a realization of (1,8 — 1,~) in W. If |[L*| > 7, then |L*| > 15 and r;_1 = r;_5 = r;_3 = 3. Since
B =0 and v > 2, we obtain that (a — 3,0,2) is realizable in M*, and (3,0, — 2) is realizable in W. Let

|L*| =7 = |I(L)|. Then L = (Z3)3, a = 2 and we proceed as above to obtain a realization of the sequence
(2,0,7). O

We will need now the following lemma (see Lemma 2.4 in [7]):

Lemma 2.3 ([7]). Let I' = A X Zan1 be an Abelian group such that |A| = 4n, |I(A)] > 1, ny € {1,2}, and n
is a positive integer. Let o, 3, v be non-negative integers with 3a+ 48 + 5y = |I'| = 1 and g > (2™ — 1)n.
If there ezists a subset partition IC realizing (o, B — (2" — 1)n,y) in A*, then («a, 3,7) is realizable in T'*.

Theorem 2.4. Let I be a finite Abelian group such that I' = L x H such that |L| = 2" for some natural
number n, |I(L)| > 1 and |H| =3 (mod 6). ThenI' has the 3-Zero-Sum Partition Property.

Proof. By Theorem we can assume that |I(L)| > 7. By Theorem L has 3-ZSPP and there are
¢, ¢ €BIj(L) such that a + ¢(a) 4+ ¢(a) = 0 for every a € L and ¢(0) = ¢(0) = 0 by fLemma [2.1]

Case 1. |H| > 3.

By Theorem there exists a Skolem partition of H™:

(|H*|-2)/6
H ={0,b,—-b} U U {bi; ciy —bi — ciy, —bi, —ci, bi + ci}
=1
Let
(|H*|-2)/6
W = U U {(a’ bl)v ((b(d), Ci)v (SO((L), _bi - Ci)a (—CL, _bi)a (_¢(a)v _Ci)v (_W(a)a bl + Cl)}
a€l =1
and M* = Uaez-{(a,0)}.
Thus
I ={(0,0), (0 —b}U<U{a0 )(()7—5)}>UW
acL*

We will prove that any triple («, 3,7) such that 3a+43 + 5y = |T'| — 1 is realizable in T'*. If a4~ > |L*|,
since (|L*[,0,0) is realizable in U,er+{(a,0), (¢(a),d), (p(a),—b)} and W is a union of good 6-subsets, we
have that (o, 3,7) is realizable in I'*. Thus we assume that o + v < |L*|. Observe that

M* U (U{(a,b),(—a, —b)}) Uw.

a€L
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Since |L*| = 3 (mod 4), M* = L*, the sequence (1, (|L*| — 3)/4,0) is realizable in M*. Note that
|W| = |L|(|JH|—3) > 6|L| > 3(a+y). This implies the existence of a partition of W into (a4~ —1) zero-sum
3-sets and (|L|(|H|—3) —3(a+v—1))/2 zero-sum 2-sets. Furthermore, within the set User{(a,b), (—a,—b)},
there are |L| > v zero-sum 2-subsets. Hence, a realization of («, /3,7) exists in I'*.

Case 2. |H| = 3.

Thus H = Z3 and

" =M"U (U {(a7 1)7 (-CL, 2>}> :
a€l

Assume first that I' = ((Z2)? x Zg)*. By Theorem (Z2)? x Z3 has 2-ZSPP. The triples (a, 8,7) with
B < 3 were analyzed by a computer program we created, sample realizations can be found in the annexes.
Therefore, for A = (Z3)? x Z3 and ny = 1, by Lemma we obtain that every triple («, (3,7) is realizable
in ((22)3 X Zg)*

We will prove now that any triple (o, 3,7) such that 3a + 48 + 5y = |I'| — 1 is realizable in T'* %
((Z2)? x Zg)*. If 3(a+ ) < |L*|, then, for |[L*| —3(av+v) =0 (mod 4), the sequence (a+ 7, (|L*] — 3(a +
7))/4,0) is realizable in M* by Theorem [1.10] We will obtain 7 zero-sum 5-subsets by taking 7 zero-sum
2-subsets from the set Uzer{(a,1),(—a,2)}. Assume now that |L*| — 3(a +v) = 2 (mod 4). But there
is |[L*| = 3(a+v) = [I'*| = 2|L| — 3(aw+ ) = 48 — 2|L| = 0 (mod 4), which yields a contradiction. The
only missing case is 3(a + ) > |L*|. Since L % (Z3)?, there exists a subgroup B of T' such that |B| =
91-2 = || /4, |I(B)| > 1 and T/B 2 Zy x Zg. Since Zs x Zg = {(0,0), (0,2), (0,4)} U{(0,3), (1,3), (1,0)} U
{{(0,1),(1,4),(1,1),(0,5),(1,2),(1,5)}, we can choose a set of coset representatives for the subgroup B in
I', say A, such that

A= {O} U {CL, —CL} U {617 €2, —€1 — 62} U {C’ da —C— d7 —C, _da c+ d}a

where 2e;,2ey € B. Since |I(B)| > 1, there exist ¢, €Bij(B) such that g + ¢(g) + ¢(g) = 0 for every
g € B by Lemma Moreover, without loss of generality, we can assume that ¢(0) = ¢(0) = 0. Note that
|B| = |I'|/12 = |L|/4. If now a + v < |L|/2 — 1, then write

I'*= B*U ( U{a+g,—a—9g)}u U {61+g,€2+¢(g),—6’1—€2+90(9)}>

geB geB

U UB{0+g,d+¢(9),—c—d+¢(g)7—c—g,—d— P(g),c+d— w(g)}> ,
ge

where the latter 6-subsets are good.

If | B*| is divisible by 3, then the sequence (|B*|/3,0,0) is realizable in B* by Theorem and (|B|,0,0)
is realizable in Ugep{er + g,e2 + ¢(g), —e1 — e2 + ¢(g)}. Since |B*|/3 4 |B| = (|L| —1)/3 < a + v, we can
find the remaining o + v — (|L| — 1)/3 < 2|B| zero-sum 3-subsets in

U {e+g.d+(9), —c— d+¢(9), —c — g, —d — $(g), ¢ + d — (9)}
geB

Note that we are left now only with zero-sum 2-subsets, thus we are done.

If |B*| is not divisible by 3, then, since |B*| = 3 (mod 4) and |B*| = 2772 — 1 # 2 (mod 3), there is
|B*| =7 (mod 12). Moreover 3 > 1, because |I'| # 0 (mod 5) and e+~ < |L|/2—1 < (3|L|—1)/5 = |T*|/5.
Thus the sequence ((|B*| —4)/3,1,0) is realizable in B* by Theorem and we proceed as above.

For a +~v > |L|/2 -1, let

"= {a,—a}U ( U {a+g,6(9),—a+e(g)}U U ({e1+g.ea+¢(g),e1 +e2 +<p(g)}>

geB* geB

geB

U<U {C+g,d+¢(9),—c—d+<p(g)7—c—g,—d—¢>(9),C+d—s0(g)}>-
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The sequence (|B| — 1,0,0) is realizable in Ugep={a + ¢,¢(g), —a + ¢(g)} and (|B],0,0) is realizable in
Ugepier +g,e2 + ¢(g),e1 +e2 +¢(g)}. Since |B| — 1+ |B| = |L|/2 -1 < a+ 7, we can find the remaining
a+v—|L|/2 + 1 zero-sum 3-subsets in

U {e+9.d+d(9), —c—d+¢(9), —c — g, —~d — ¢(g), c +d — (9)} -
geB

Note that we are left now only with zero-sum 2-subsets, thus we are done. O

Theorem 2.5. Let I be a finite Abelian group such that I' = L x H such that |L| = 2" for some natural
number n, |[I(L)| > 1, and |H| =5 (mod 6). Then I' has the 4-Zero-Sum Partition Property.

Proof. By Theorem we can assume that [I(L)| > 7. By Theorem the group L has 3-ZSPP and
there exist ¢, ¢ €Bij(L) such that a + ¢(a) + ¢(a) = 0 for every a € L, and ¢(0) = ¢(0) = 0 by Lemma

Let 11 + ...+ 7 = |T'| — 1. Assume that r1,...,rs are all odd and r441,...,r; are all even. Then s is odd
because |I'| is even. We may restrict ourselves to sequences where 4 < r; < 7 for every i. We refine the
sequence 71,...,7s to vy = ... =r. = 3. Note that s < |T'|/5.

Case 1. |H| > 5.

By Theorem [1.5] there exists a Skolem partition of H*:

(|H*|—4)/6
H = {Oaba _ba C, _C}U U {b’iac’ia_b’i _Ci,_bia_ciabi+ci}
=1
Let
(|H*|-4)/6
w=U U {@b) (b)) (pla),=b—c), (—a,=b), (=d(a), —c:), (—p(a), b; + ¢i)}
acl =1

and M* = Uger+{(a,0)}. Thus

I“zwwmub»u(uﬂmwwmmmww,wgu<uﬂm¢<mm>uw
acL* acL

If s > |L*|, then we can realize |L*| zero-sum 3-subsets in Uger-{(a,0), (4(a),bd), (¢(a),—b)}. Since
s < |I'|/5, the remaining s — |L*| zero-sum 3-subsets can be realized in W, and the remaining elements in
I'™* form zero-sum 2-subsets, so we are done.

Assume now that s < |L*|. Note that we can also write I'* in the following way:

r%ﬂWU(U«mw«m—m>u<U«mm«m—m>uw
acL acL

Since |L*| = 3 (mod 4) and L* = Uer+{(a,0)}, the sequence (1, (|L*| — 3)/4,0) is realizable in M*
by Theorem Observe that |W| = |L|(|H| — 5) > 6|L| > 2(3s). This implies that there exists a
partition of W into s — 1 zero-sum 3-sets and (|L|(|H| — 5) — 3(s — 1)) /2 zero-sum 2-sets. Moreover, the set
(Uaer{(a,b), (—a,=b)}) U (User{(a,c), (—a,—c)}) contains 2|L| > 2s distinct zero-sum 2-sets. Thus there
exists the desired subset partition of I'*.

Case 2. |H| = 5.

Thus H =2 Zs and for non-zero b, ¢ € Zs such that b # ¢, b # —c there is

= M*U (U{(a, b), (—a, —b)}) U (U{(a,c),(—a, —c)}> :

acl a€l

Assume first that T' ¢ ((Z2)3 x Z5)". By Theorem ' = (Zy)? x Z5 has 2-ZSPP. The triples (a, 3,7) with
B < 5 were analyzed by a computer program we created, sample realizations can be found in the annexes.
Therefore, for A = (Z3)? x Zs and n; = 1, by Lemma we obtain that every triple («, 3,7) is realizable
in T = ((Z:)® x Zs)".



ZERO-SUM PARTITIONS OF ABELIAN GROUPS AND THEIR APPLICATIONS TO MAGIC-TYPE LABELINGS 9

From now on, we assume that L % (Z)3. If 3s < |L*|, then, for |L*| — 3s = 0 (mod 4), the sequence
(s, (|L*| — 3s)/4,0) is realizable in M* = L* by Theorem We will obtain s zero-sum subsets of odd
cardinality by taking zero-sum 2-subsets from the set (Uger{(a,b), (—a,—b)}) U (User{(a,c),(—a,—c)}). If
|L*| — 3s = 2 (mod 4), then the sequence (s — 1, (|[L*| — 3s — 2)/4, 1) is realizable in M* by Theorem [L.10]
and we proceed as before.

The missing case is 3s > |L*|. Since L % (Z2)3, there exists a subgroup B of I' such that |B| =
21=2 = |L|/4, |I(B)| > 3 and I'/ B = Zy x Z1q. Since Zs x Z19 = {(0,0), (0,5), (1,5), (1,0)}uU{(0,2), (0,8)} U
{(0,4),(0,6)}u{(0,1),(1,3),(1,6),(0,9), (1,7),(1,4) }u{(1,1),(1,2),(0,7),(1,9), (1,8), (0,3)} we can choose
a set of coset representatives for the subgroup B in I', say A, such that

A={a,0,—a} U{b,—b}U{er,ea,—e1 — e2} U | J {es di, —ci — di, —ci, —diy ¢ + di},
i=1,2
where 2e1,2e9 € B. Since |I(B)| > 1, there are ¢, ¢ €Bij(B) such that g+ ¢(g)+¢(g) = 0 for every g € B by
Lemma[2.1] Moreover, without loss of generality, we can assume that ¢(0) = ¢(0) = 0. If now s < |L[/2—1,
then write

I'* = B*U(U{a+g,—a—g}>U(U{b+97—b—9}>

geB geB

geB

U ( U {e1 +g,e2a+0(g), —e1 —e2 + 90(9)}>

U UB {ei +9,di + ¢(g), —ci —di + ©(g), —ci — g, —di — #(g),ci +di — p(9)} |
ge
i=1,2

where the latter 6-subsets are good.

If now |B*| is divisible by 3, then the sequence (|B*|/3,0,0) is realizable in B* by Theorem and
(|B],0,0) is realizable in Ugcp{e1 + g, e2 + ¢(g), —e1 — e2 + ¢(g)}. Since |B*|/3+ |B| = (|L| —1)/3 < s, we
can find the remaining s — (|L| — 1)/3 < 2|B| zero-sum 3-subsets in

U {e1 +9.di+ ¢(9), —e1 — di + 9(9), —e1 — g, —di — 6(g), 1 + di — p(9)}
geB

Note that we are left now only with zero-sum 2-subsets, thus we are done.

If |B*| is not divisible by 3, then |B*| = 7 (mod 12) and the sequence ((|B*| —4)/3,1,0) is realizable in
B* by Theorem and we proceed as above.

For s > |L|/2 — 1, let

geB* geB

"= {a,—a}Uu < U {a+g,¢(g),a+¢(9)}> U ( U {b+g, bg})

U ( U {e1+g,ea+o(g), —e1 —ea + @(9)}>

geB

U UB {ci+g,di+0(9), —ci —di + ¢(9), —¢i = 9, —di = d(9),ci + di — (9)} |,
S5
where the latter 6-subsets are good.
Since |B| = |I'|/20 = |L|/4, the sequence (|L|/2 —1,0,0) is realizable in (Ugep+{a + g,#(9), —a + ©(9)})
U(Ugep{er +g,e2+ ¢(g), —e1 —ea2 +¢(g)}). Since s < |L| and 0 < s —|L|/2+1, we can find the remaining
s —|L|/2+ 1 < |L|/2 = 2|B| zero-sum 3-subsets in

U {ei+9.di + 6(9), —ci — di + 0(9), =i — g, —di = &(9), i + di — 0(9)} -

geB
=1,2
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Note that we are left now only with zero-sum 2-subsets, thus we are done. O

Putting the main results together, we obtain the following corollary. Recall that |I(I")| = 1 if and only if
the factorization of I' contains exactly one finite cyclic subgroup of even order.

Corollary 2.6. Every finite Abelian group T' has the 4-Zero-Sum Partition Property if and only if |I(T')] # 1.

Proof. 1f |I(I')| = 1, then I' does not have z-ZSPP for any x because }_ g # 0.

Assume now that [I(T")| # 1. By the fundamental theorem of finite Abelian groups, the group I' = L x H
such that |L| = 2" for some natural number 7, |I(L)| # 1, and |H| is odd. If n = 0 then we are done by
Theorem since |I(T")] = 0. Assume now that > 0. So |I(L)| > 1, and we can apply Theorems
or O

Corollary 2.7. Let m be an integer with m > 4. Then one of the following cases holds:
(1) m mod 4 =0 and there exists an Abelian group T of order m that has 2-ZSPP.
(2) mmod 4 € {1,3} and every Abelian group I of order m has 2-ZSPP.
(3) m mod 4 = 2 and every Abelian group T' of order m does not have x-ZSPP for any x.

Proof. Note that, given a positive integer m, if m = 2 (mod 4), then every group I' of order m has exactly
one involution and so does not have x-ZSPP for any x. But, if m > 4 and m #Z 2 (mod 4), then there exists
an Abelian group I' of order m that has 2-ZSPP. Indeed, if m mod 4 € {1,3}, then m is odd. In this case,
Zp, has no involutions, thus has 2-ZSPP by Theorem If m mod 4 = 0, then I' = Zy X Z,, 5 has exactly
3 involutions, thus has 2-ZSPP by Theorem [L.6] O

Corollary points in the direction of proving Conjecture On the other hand, let us show that
Conjecture is false in general, and it is only true in the cases covered by Theorems and

Theorem 2.8. Let I' be a finite Abelian group with |I(I')| > 1. Let R =T1%\ I(I"). For any positive integer
t and an integer partition {m;}._, of |T*|, with m; > 2 for all i, 1 < i < |R|/2, and m; > 3 for all i,
|R|/2+1 < i <t, there is a subset partition {S;}i_, of T* such that |S;| = m; and Y g s = 0 for all
1 <i<tifand onlyif |I(T)| € {3, ||}

Proof. By Theorems and |1.8{ we can assume that |I(T")] =2°—1 < |I'| — 1 with e > 3.

Assume first that e is even. Let my,...,mgj2—1 = 2, MR|/2:- -+ s MYR|/24|1(T)|/3—-2 = 35 MYR|/2+|I(T)|/3—1>
mg/2+|1(r)|/3 = 4. Note that ZE'{QHI(FM/S m; = |T'*|. Suppose that there is a subset partition {S;}!_; of
['* such that [S;| = m; and ) g s =0 for all . Then R\ (ijl/%l Si) = {a, —a} for some a € R. Thus
a € S; for some j € {|R[/2,...,|R|/2+ [I(I')|/3} but then }° g s # 0 since I(I') U {0} is a subgroup of
I'. Thus for any t1,t2,t3 € I(I") there is ¢1 + 1o € I(T'), t1 + 12 +t3 € I(T') U {0} but a ¢ I(T') U {0}, a
contradiction.

For e odd we can show analogously that there is no partition of I'* for my,...,mgj2-1 = 2, mgj/2s -,

MR /2+(1(T)|+2)/3 = 3-
3. SOME APPLICATIONS

In this section, we present some applications of Corollary 2.6 to magic-type labelings. Generally speaking,
such a labeling of a graph G = (V, F) is a mapping from only V or E, or their union V U E, to a set of
labels, which most often is a set of integers or elements of a group. Then the weight of a graph element is
typically the sum of labels of the adjacent or incident elements of one or both types. When the weight of
all elements is required to be equal, then we speak of a magic-type labeling; when the weights should be all
different, then we speak of an anti-magic-type labeling.

3.1. Group irregular labeling for digraphs. Let 8 = (V, A) be a digraph on the set of vertices V' with
the set of arcs A. If ¢p: A — T’ is a labeling of arcs of 8 with elements of I' such that ¢, : V' — I' and the
labeling of vertices of 8 with elements of I' defined by

po@)= Y P(y2)— Y vy,
)

yeEN~(z) yEN*(z
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is injective, then we say that 1 is a I'-irregular labeling of 8

Recall that, given a digraph 8 = (V, A), its underlying graph is the graph G = (V| E) in which {z,y} € E
if and only if (z,y) € A or (y,z) € A. Given a digraph G and its underlying graph G, the subdigraph
of GG induced by the vertex set of a connected component C' in G is called a weakly connected component of

&' Thus we have C' = 8[‘/(0)]
We have the following result:

Lemma 3.1 ([8]). A digraph = (V, A) with no isolated vertices has a I'-irregular labeling if and only if
there exists an injective mapping ¢ from V to I such that erv(a) o(x) = 0 for every weakly connected

component 8 of 8

Cichacz and Tuza also showed the following:

Theorem 3.2 ([8]). Any digraph fel of order m with no weakly connected components of order less than 3
has a T-irregular labeling for every T' such that |I'| > 2n +2/n—1/2 — 1.

They also showed the following:

Lemma 3.3 ([8]). Let 8 be a digraph of order n with no weakly connected component of the order less than
3, and let T be a finite Abelian group such that |I'| — |I(T")| > 2n. Then @ has a I-irregular labeling.

By Corollary [2.6] we obtain the following:

Corollary 3.4. Any digraph 8 of order n with no weakly connected components of order less than 4 has a
[-irregular labeling for every T such that |I(T)| # 1 and |T'| > n+ 5.

Proof. Let {81}521 be the weakly connected components of 8 By Lemma there exists a [-irregular
labeling of a digraph 8 with weakly connected components {C';}!_; if and only if there exist in I pairwise
disjoint subsets {S;}!_; such that |S;| = |V(8z)\ and ) g s =0 for every 1 <i<t. Let m; = ]V(Bz)] for

every 1 <i <t and let my11 = [I'™*| — n. Since myy1 > 4, using the sequence {mz}fi%, by Theorem and
Corollary [2.6] we get the result.

If we consider all Abelian groups, then by Corollary 3.4 and Lemma [3.3] one can easily see the following:

Corollary 3.5. Any digraph 8 of order n with no weakly connected components of order less than 4 has a
I-irregular labeling for every T' such that |T'| > 2n + 1.

We think that the results from Corollary can be achieved for all Abelian groups and digraphs with
no weakly connected components of order less than 3, therefore we finish this subsection with the following
conjecture.

Conjecture 3.6. There exists a constant K such that any digraph 8 of order n with no weakly connected
components of order less than 3 has a I'-irreqular labeling for every T' such that |T'| > n + K.

3.2. Magic and anti-magic labeling in graphs with twins. Froncek|[12] defined the notion of a group
distance magic labeling of a graph G = (V, E). In such a labeling, the vertices of the graph are labeled
through a bijection with the elements of an Abelian group I'. The weight of each vertex is computed as the
sum (in I') of the labels assigned to its neighbors. If all weights are the same, then it is a I'-distance magic
labeling. If all weights are different, then it is a I'-distance anti-magic labeling [1].

For ease of presentation of the results in this subsection we will create labelings using only the non-zero
elements of I', and speak of I'*-distance magic labeling, etc. It is easy to see that these results can be amended
to results on labelings with all elements of I by dealing with the 0 element accordingly.

Recall that, in a graph G = (V, E), a set of vertices M C V is a module if for every pair of vertices z,y
with z,y € M there is N(z) \ M = N(y) \ M. In other words, a module M is a set of vertices that share
the same neighbors outside of M. Two vertices x and y are called twins if {x,y} is a module. If additionally
{z,y} € E, then they are true twins, and they are false twins otherwise.
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For ease of presentation, we assume that every vertex z is both a false and true twin of itself (in the
literature, the relation of being twins is usually considered only for distinct vertices). In this context, notice
that the relation of being false twins is an equivalence relation, and the same holds for the relation of being
true twins. So they define equivalence classes corresponding to inclusion maximal sets of (false or true) twins.
Any set of (false or true) twins is a module.

Based on the above observations, we can create I'*-distance magic and anti-magic labelings for groups and
graphs that satisfy certain conditions detailed in the following propositions.

Proposition 3.7. Let G = (V, E) be a graph with a partition of the vertex set into subsets of false twins
{Vi}t_, for a positive integer t. Let m; = |V;| for every 1 <i <t. Let T be an Abelian group of order m such
that Z§:1 m; =m — 1. If the non-zero elements of I' can be partitioned into zero-sum subsets {S;}._; such
that |Si| = m; for every 1 < i <t, then G has a T'*-distance magic labeling.

Proof. Let us assign to the vertices of every V; with 1 <4 < ¢ unique elements of the corresponding S;, as
in the statement of the proposition. It can be done, since |V;| = |S;|. Let us show that, under this labeling,
the weight of every vertex in V is 0.

Take any vertex v € V, for any 1 < a < t. Consider the sum of labels of the neighbors of v. Consider any
b # a with 1 < b < t. Since Vj is a module, either v is adjacent to no vertices in V; or to all of them. In
both cases, the contribution of N(v) NV, to the weight of v is 0.

The only set of neighbors of v left to consider is N(v) N V,. v has no neighbors in V since V, is a set of
false twins. So the contribution of N(v) NV, to the weight of v is also 0. g

Proposition 3.8. Let G = (V, E) be a graph with a partition of the vertex set into subsets of true twins
{Vi}_, for a positive integer t. Let m; = |V;| for every 1 <i <t. Let T be an Abelian group of order m such
that 25:1 m; =m — 1. If the non-zero elements of I' can be partitioned into zero-sum subsets {S;}_; such
that |S;| = m; for every 1 < i <t, then G has a I'*-distance anti-magic labeling.

Proof. Let us do the labeling as in the proof of Proposition [3.7 Like therein, take any vertex v € V, for
any 1 < a <t and consider its weight (the sum of labels of the neighbors of v). Let  be the element of T’
assigned to v.

Like in the proof of Proposition for any b # a with 1 < b < ¢, the contribution of N(v) NV} to the
weight of v is 0. But now V; is a clique. The sum of the elements of I' assigned to the vertices in V, is 0. So
the sum of the labels assigned to N(v) NV, is —, the element of I inverse to ~.

Since the assignment of non-zero elements of I' to the elements of V' is a bijection, by uniqueness of
inverses, the sums of labels of neighbors of the vertices in V' are unique too. O

The following corollaries are direct consequences of Propositions [3.7] and [3:8] Corollary 2.6, and the
properties of twins mentioned above. Note that we say that a vertex has k twins if it has k& twins different
from itself.

Corollary 3.9. Let G = (V, E) be a graph in which every vertex has at least 3 false twins. Let I" be a finite
Abelian group of order |V|+ 1 such that |I(I')| # 1. Then G has a I'*-distance magic labeling.

Notice that Corollary extends the results on I'-distance magic labelings of complete k-partite graphs
presented in [7].

Corollary 3.10. Let G = (V, E) be a graph in which every vertex has at least 3 true twins. Let I be a finite
Abelian group of order |V| 4 1 such that |I(T")| # 1. Then G has a I'*-distance anti-magic labeling.

For the last two results of this subsection, let us recall the definition of a G-join introduced by Sabidussi [19].

Definition 3.11 ([19]). Let G = (V, E) be a graph and {X,}vev a collection of graphs indexed by V. The
Gjoin. of {Xu}ev is the graph H given by V(H) = {(z,0) | € Xp,v € V}, B(H) = {{(z,v), (z/,0))} |
{v,v'} € E, orv="1" and {z,2'} € E(X,)}.

Notice that, given a graph G = (V, E), in the graph H that is a G-join of {X,},ecv, the set of vertices
{(z,v) | x € X,} for every v € V is a module in H. Moreover, if X, is an empty graph, then the vertices of

H in {(x,v) | x € X, } are false twins. If X, is a complete graph, then the vertices of H in {(z,v) | z € X, }
are true twins.
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Recall that X is an empty graph if E(X) = (. In other words, its vertex set is stable. We use K}, to
denote the complete graph on k vertices and K}, for the empty graph on k vertices. The following corollaries
are direct consequences of Corollaries [3.9) and [3.10]

Corollary 3.12. Let G = (V, E) be any graph. Then there exists a G-join H of a sequence of empty graphs
of appropriate orders such that every vertex in H has at least 3 false twins. In particular, H has a I'*-distance
magic labeling for every finite Abelian group I" with |I'| = |V(H)| + 1 and |I(T")| # 1.

Corollary 3.13. Let G = (V,E) be any graph. Then there exists a G-join H of a sequence of complete
graphs of appropriate orders such that every vertex in H has at least 3 true twins. In particular, H has a
I'*-distance anti-magic labeling for every finite Abelian group T with |T'| = |V(H)| + 1 and |I(T)| # 1.

Note that the equivalence classes of twins in a graph can be found in linear time [14]. So, if a respective zero-
sum partition of I'* is given or it can be found efficiently, then we can efficiently compute the corresponding
labeling.

Note that, based on Corollary [2.7, the results presented in this subsection can be made stronger in
particular cases. If the order n of the graph satisfies n +1 > 4 and (n + 1) mod 4 # 2, then it is enough
to only require at least one twin for every vertex. If additionally (n + 1) mod 4 € {1, 3}, then any Abelian
group of order n + 1 can be used for the labeling. If (n + 1) mod 4 = 0, then there exists a particular group
that can be used. In the case of (n + 1) mod 4 = 2, no group with a suitable zero-sum partition exists, but
the graph can be “fixed” by adding an additional twin for one of the vertices, and thus reducing to the case
(n+1) mod 4 = 3.

4. FINAL REMARKS

On the one hand we showed that Conjecture [I.7]is not true in general, but, on the other hand, we have
achieved important progress towards proving Conjecture [I.9] Recall that any group I' can be factorized as
I' 2 L x H, where L is the Sylow 2-group of I and the order of H is odd. In this context, towards proving
Conjecture [I.9] we leave open only the question if I has not only 4-ZSPP, but also 3-ZSPP, in the case where
(|H| mod 6) = 5.

Finally, let us complement Definition Let S be a subset of cardinality m = 6k+s, for a positive integer
k and s € {0,2,4}, of a finite Abelian group I'. A partition of S into k good 6-subsets and s/2 zero-sum
2-subsets is called a Skolem partition of S. It is known that Z,,, for m = 6k 4+ s with any positive integer
k, has a Skolem partition when s € {0,4}, but the situation is slightly different for s = 2. For m = 2 or
8 (mod 24), there exists a Skolem partition, whereas for m = 14 or 20 (mod 24), such a partition does not
exist (see Lemma 4 in [22]). Note that there exist groups I' with |I(I")| > 1 such that the set R =T\ I(T")
has a Skolem partition. For instance, let I" = (Z3)" x H for some natural number n > 1 and |[H| =1 (mod 6).
By Theorem there exists a partition of H* into good 6-subsets:

|H*|/6
H* = U {bi, Ci, —bi — Cj, —bi, —Cy, bi + Ci}.
i=1

Let L = (Z»)". Note that I(I') = L*. By Lemma[2.1] there exist ¢, ¢ €Bij(L) such that a+¢(a)+¢(a) = 0
for every a € L. Thus,
|H*|/6
R= U U {(aa bi)v (¢(a)a Ci)7 (Qp(a)> —b; — Ci)v (_a’v _bi)v (—QS(CL), _Ci)’ (—(,0(&), bi + Cl)}
acl i=1

We intuit these are not the only groups for which the set R has a Skolem partition. This motivates the
following problem.

Problem 4.1. Characterize finite Abelian groups T for which R =T*\ I(T') has a Skolem partition.

As reflected in Proposition , given a graph G = (V, F) with a partition of the vertex set into subsets of
false twins, existence of a zero-sum partition of an Abelian group I' into subsets of corresponding cardinalities
is a sufficient condition for existence of a I'*-distance magic labeling of G. One can easily see that this
condition is not necessary. For example, consider the group Zg. There exists no zero-sum partition of Zg
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as required in Proposition On the other hand, {{1,2},{3},{4,5}} is a constant-sum partition of Zg,
with constant sum 3, which leads to a Zg-distance magic labeling of the complete tripartite graph Ki22. So
far, constant-sum partitions of Abelian groups have been studied only for the case of partitioning into three
subsets (see [5]). It would be interesting to consider constant-sum partitions into more than three subsets.

On the algorithmic side, given a finite Abelian group I' of order m and an integer partition {m;}{_; of
m — 1, it would be interesting to know the time complexity (and an efficient algorithm) of finding a zero-sum
partition that realizes {m;}!_; (if it exists).

5. STATEMENTS AND DECLARATIONS

e Funding. The work of the first author was supported by the program “Excellence initiative — research
university” for the AGH University.

e Competing interests. The authors have no relevant financial or non-financial interests to disclose.

e Availability of data and materials. All data generated or analyzed during this study are included in
this published article.

REFERENCES

[1] M. Anholcer, S. Cichacz, D. Froncek, R. Simanjuntak, and J. Qiu. Group distance magic and antimagic hypercubes.
Discrete Mathematics, 344(12):112625, 2021.
M. Bacéa, M. Miller, J. Ryan, and A. Semanicova-Fenovéikova. Magic and Antimagic Graphs. Springer, 2019.
A. Brandstadt, V. B. Le, and J. P. Spinrad. Graph Classes: A Survey. SIAM, 1999.
L. Caccetta and R.-Z. Jia. Binary labeling of graphs. Graphs and Combinatorics, 13(2):119-137, 1997.
S. Cichacz. On zero sum-partition of Abelian groups into three sets and group distance magic labeling. Ars Mathematica
Contemporanea, 13(2):417-425, 2017.
[6] S. Cichacz. Zero sum partition of Abelian groups into sets of the same order and its applications. The Electronic Journal
of Combinatorics, 25(1):1-20, 2018.
[7] S. Cichacz and K. Suchan. Zero-sum partitions of Abelian groups of order 2". Discrete Mathematics & Theoretical Computer
Science, 25(1):46, 2023.
[8] S. Cichacz and Z. Tuza. Realization of digraphs in Abelian groups and its consequences. Journal of Graph Theory,
100(2):331-345, 2022.
[9] D. Combe, A. M. Nelson, and W. D. Palmer. Magic labellings of graphs over finite Abelian groups. Australasian Journal
of Combinatorics, 29:259-272, 2004.
[10] R. Diestel. Graph Theory, volume 173 of Graduate Texts in Mathematics. Springer, 2017.
[11] Y. Egawa. Graph labelings in elementary Abelian 2-groups. Tokyo Journal of Mathematics, 20(2):365-379, 1997.
[12] D. Froncek. Group distance magic labeling of cartesian product of cycles. Australasian Journal of Combinatorics, 55:167—
174, 2013.
[13] J. Gallian. Contemporary Abstract Algebra. Cengage Learning, 2016.
[14] M. Habib and C. Paul. A survey of the algorithmic aspects of modular decomposition. Computer Science Review, 4(1):41-59,
2010.
[15] H. Hanani. Note on steiner triple systems. Mathematica Scandinavica, 8:154-156, 1960.
[16] G. Kaplan, A. Lev, and Y. Roditty. On zero-sum partitions and anti-magic trees. Discrete Mathematics, 309(8):2010-2014,
2009.
[17] H. Mann. On orthogonal latin squares. Bull. Amer. Math. Soc., 50:249-257, 1944.
[18] A. Miiyesser and A. Pokrovskiy. A random Hall-Paige conjecture. arXiv preprint, 2022. https://arxiv.org/abs/2204.09666.
[19] G. Sabidussi. Graph derivatives. Mathematische Zeitschrift, 76:385-401, 1961.
[20] T. Skolem. On certain distributions of integers in pairs with given differences. Mathematica Scandinavica, 5(1):57-68, 1957.
[21] T. Skolem. Some remarks on the triple systems of Steiner. Mathematica Scandinavica, 6:273-280, 1958.
[22] P. Tannenbaum. Partitions of Abelian groups into sets with zero sums. Congressus Numerantium, 33:341-348, 1981.
[23] P. Tannenbaum. Partitions of Z%. SIAM Journal on Algebraic Discrete Methods, 4(1):22-29, 1983.
[24] X. Zeng. On zero-sum partitions of Abelian groups. Integers, 15:Paper No. A44: 16 pp, 2015.

EHENENS)



ZERO-SUM PARTITIONS OF ABELIAN GROUPS AND THEIR APPLICATIONS TO MAGIC-TYPE LABELINGS 15

Throughout the annexes, the notation “a*x3 b*4 c*5” refers to a subsets of size 3, b subsets of size 4, and ¢
subsets of size 5. In each subset partition, we present one set per line. Each tuple represents one element of the
partitioned set, with the elements of the tuple following the order of the direct product.

A. ZERO-SUM PARTITIONS OF ((Z2)® x Z3)" WITH b < 2

[2, 2, 2, 3]

[5, 2, 0]

L

(fo, o, 1, o1, [0, 1, 0, 01, [0, 1, 1, 011,

(ft, o, o, o1, [0, 0, o0, 11, [1, O, O, 211,

(f1, 1, 1, o1, [o, o, 1, 11, [1, 1, 0, 211,

(o, 1, o, 11, 1, o, o, 11, [1, 1, O, 111,

tco, o, ¢, 21, o, 1, O, 21, [0, 1, 1, 217,

(rt, o, ¢, 11, 1, 1, 1, 11, [1, o, 1, 2], [1, 1, 1, 211,

(rt, o, t, o1, 1, t, o, o1, [0, 1, 1, 11, [0, O, O, 2]]

]

A partition for subsets of sizes: 5*%3 2x4 0%*5

[2, 2, 2, 3]

(6, 0, 1]

[

(o, o, 1, o1, [0, 1, 0, 01, [0, 1, 1, 011,

(f1, o, o, o1, [o, o, o, 11, [1, 0, 0, 211,

cry, 1, 1, o1, [0, 0, 1, 11, [1, 1, O, 211,

tco, 1, o, 11, [1, 0, O, 11, [1, 1, O, 111,

tco, o, t, 21, [0, 1, 0, 21, [0, 1, 1, 217,

(f1, 1, o, o1, [o, 1, 1, 11, [1, 0, 1, 211,

(fa, o, 1, o1, 1, o, 1, 11, [1, 1, 1, 11, [0, O, O, 2], [1, 1, 1, 2]]
]

A partition for subsets of sizes: 6%3 0*x4 1%5

[2, 2, 2, 3]

[3, 1, 2]

L

(o, o, 1, o1, [0, 1, o, o1, [0, 1, 1, 011,

(f1, o, o, o1, [o, 0, 0, 11, [1, 0, 0, 211,

(f1, 1, 1, o1, [0, o, 1, 11, [1, 1, 0, 211,

to, 1, o, 11, [0, 1, 1, 11, [0, O, O, 2], [0, O, 1, 2]],

(fa, 1, o, o1, 1, o, o, 11, [1, 1, 1, 11, [0, 1, O, 2], [1, 1, 1, 211,
(rt, o, t, o1, 1, o, 1, 11, [1, 1, o, 11, [0, 1, 1, 2], [1, O, 1, 2]]
]

A partition for subsets of sizes: 3%3 1x4 25

[2, 2, 2, 3]

(o, 2, 3]

L

cfo, o, ¢, o1, (o, t, o, 01, [1, 0, O, O, [1, 1, 1, 011,

tfs, o, t, o1, [t, 1, o, 0], [0, O, O, 1], [0, 1, 1, 2]],

cfo, o, 1, 11, [o, 1, o, 11, [0, 1, 1, 11, [1, O, O, 1], [1, O, O, 211,
(fa, 1, o, 11, [o, o, o, 21, [0, o, 1, 21, [0, 1, O, 2], [1, O, 1, 211,
(o, 1, 1, o, 1, 0, 1, 11, [1, 1, 1, 1], [1, 1, 0, 2], [1, 1, 1, 2]]
]

A partition for subsets of sizes: O0%3 2x4 3%5
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[2, 2, 2, 3]

[1, 0, 4]

[

(o, o, 1, o1, [0, 1, 0o, 01, [0, 1, 1, 011,

[ft, o, o, oJ, 1, o, t, oJ, 1, t, o, ol, [0, 0, o, 11, [1, 1, 1, 217,
(o, o, 1, 11, (o, 1, o, 11, [0, 1, 1, 11, [1, o0, O, 11, [1, O, O, 211,
rrs, 1, o, 11, [o, o, o, 21, o, o, 1, 21, [o, 1, o, 21, [1, o, 1, 211,
rce, 1, 1, 01, [1, 0, 1, 11, [1, 1, 1, 11, [0, 1, 1, 21, [1, 1, O, 2]]
]

A partition for subsets of sizes: 1*3 0%4 4x5

B. ZERO-SUM PARTITIONS OF ((Z3)? x Z5)* WITH b < 4

[2, 2, 2, 5]

[13, 0, 0]

[

(o, o, 1, o1, [o, 1, o, o], [0, 1, 1, 011,

[ft, o, o, o1, o, o, o, 11, [1, 0, O, 411,

[fe, 1, 1, o1, [0, o, 1, 11, [1, 1, 0, 411,

(o, 1, o, 11, [o, 1, 1, 11, [0, o0, 1, 311,

(ca, o, 1, 11, 1, 1, o, 11, [0, 1, 1, 311,

(o, o, 1, 21, [0, 0, O, 41, [0, O, 1, 411,

[[t, 0, 0, 2], [0, 1, 1, 4], [1, 1, 1, 411,

[ft, o, o, 11, [o, 1, o, 21, 1, 1, 0, 211,

(o, 1, o, 31, 1, 1, 1, 31, [1, 0, 1, 411,

({1, o, o, 31, 1, 1, o, 31, [0, 1, O, 411,

[((e4, 1, 0o, o1, o, 1, 1, 21, [1, 0, 1, 311,

(ry, 1, 1, 11, [0, 0, o, 21, [1, 1, 1, 211,

[ft, o, 1, o1, [1, o, 1, 21, [0, 0, 0, 311

]

A partition for subsets of sizes: 13*3 0*x4 0x%5
[2, 2, 2, 5]

[9, 3, 0]

[

(o, o, 1, o1, o, 1, o, o1, o, 1, 1, 011,

({1, o, o, o1, [o, o, o, 11, [1, 0, O, 411,

[((4, 1, 1, 01, [0, o, 1, 11, [1, 1, 0, 411,

(o, 1, o, 11, (o, 1, 1, 11, [0, O, 1, 311,

[re, o, 1, 11, [1, 1, o, 11, [o, 1, 1, 311,

(o, o, 1, 21, [0, o, 0, 41, [0, O, 1, 411,

[(1, 0, 0, 21, [0, 1, 1, 4], [1, 1, 1, 411,

[((4, 1, 1, 21, [0, 1, 0, 41, [1, 0, 1, 411,

[(rt, o, o, 11, [0, 1, o, 21, [1, 1, 0, 211,

to, o, o, 21, [o, 1, 1, 21, [1, O, O, 31, [1, 1, 1, 311,
(fs, 1, 1, 11, [o, o, o, 31, [0, 1, O, 31, [1, O, 1, 311,
[(1, o, 1, o1, 1, 1, o, o1, [1, o, 1, 21, [1, 1, 0, 311
]

A partition for subsets of sizes: 9*3 3%4 0%b5
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[2, 2, 2, 5]

[10, 1, 1]

[

(o, o, 1, o1, o, 1, o, o1, [0, 1, 1, 011,

[ft, o, o, ol, o, o, o, 11, 1, 0, 0, 411,

[re, 1, 1, o1, [o, o, 1, 11, [1, 1, 0, 411,

(o, 1, o, 11, [o, 1, 1, 11, [o, o, 1, 311,

(ca, o, 1, 11, 1, 1, o, 11, [o, 1, 1, 311,

(o, o, 1, 21, [0, 0, 0, 41, [0, O, 1, 411,

[(f1, o, o, 21, [0, 1, 1, 41, [1, 1, 1, 417,

[re, 1, 1, 21, [0, 1, 0, 41, [1, 0, 1, 411,

[rt+, o, o, 11, (o, 1, o, 21, 1, 1, 0, 211,

crt, 1, o, o1, [0, 0, O, 21, [1, 1, O, 311,

(fs, ¢, 1, 11, (0, 0, O, 3], [0, 1, O, 3], [1, O, 1, 311,
[(fe, o, 1, o1, o, 1, 1, 21, 1, o, 1, 21, [1, 0, O, 31, [1, 1, 1, 31]
]

A partition for subsets of sizes: 10*3 1x4 1x%5

[2, 2, 2, 5]

(6, 4, 1]

[

o, o, 1, o1, o, 1, o, o1, o, 1, 1, 011,

[(f+, o, o, ol, o, o, o, 11, [1, 0, 0O, 411,

(fg, 1, 1, o1, o, o, 1, 11, 1, 1, 0, 411,

(o, t, o, 11, o, 1, 1, 11, [0, o, 1, 311,

[ft, o, 1, 11, 1, 1, o, 11, [o, 1, 1, 311,

(o, o, 1, 21, [0, o, 0, 41, [0, 0, 1, 411,

(o, 1, 1, 21, 1, o, 0, 21, [1, O, 1, 21, [0, 1, O, 411,
tfz, o, o, 11, [0, 0, 0, 31, [0, 1, O, 3], [1, 1, O, 311,
((e4, 14, 1, 11, 1, 1, 1, 21, [1, 0, 1, 31, [1, O, 1, 411,
(s, 1, o, o1, o, 1, 0, 21, [0, 1, 1, 41, [1, 1, 1, 411,
(fs4, o, 1, o1, o, o, o, 21, 1, 1, o, 21, [1, o, 0, 31, [1, 1, 1, 3]1]
]

A partition for subsets of sizes: 6%3 4*x4 1%5

[2, 2, 2, 5]

[7, 2, 2]

[

(o, o, 1, o1, o, 1, o, o1, [o, 1, 1, 011,

({1, o, o, o1, o, o, o, 11, [1, 0, 0, 411,

[((e4, 1, 1, 01, o, o, 1, 11, [1, 1, 0, 411,

(fo, 1, o, 11, [o, 1, 1, 11, [0, O, 1, 311,

(rt, o, 1, 11, [1, 1, o, 11, [0, 1, 1, 311,

(o, o, 1, 21, [0, o, o, 41, [0, 0, 1, 411,

[[1, 0, 0, 21, [0, 1, 1, 41, [1, 1, 1, 411,

[((4, 1, 0, 21, 1, 1, 1, 21, [1, 0, 0, 31, [1, O, 1, 311,
crt, 1, t, 11, [0, O, O, 21, [0, 1, O, 3], [1, O, 1, 411,
(o, ¢, 1, 21, [0, 0o, o, 31, [1, 1, O, 31, [1, 1, 1, 31, [0, 1, O, 411,
(fe, o, 1, o1, (1, 1, o, o1, [1, o, o, 11, [0, 1, 0, 2], [1, O, 1, 21]
]

A partition for subsets of sizes: 7*3 2%4 2x5



18

[2, 2, 2, 5]

[8, 0, 3]

L

tfo, o, 1, o1, [o, 1, 0, 0], [0,
(rt, o, o, o1, (o, 0, o, 11, [1,
(1, 1, 1, o1, fo, 0, 1, 11, [1,
to, 1, o, 11, [0, 1, 1, 11, [0,
(rt, o, 1, 11, 1, 1, o, 11, [0,
(fo, o, 1, 21, [0, 0, O, 4], [0,
({1, o, 0, 21, [0, 1, 1, 41, [1,
(1, 1, 1, 21, [0, 1, O, 4], [1,
(ft, o, o, 11, 1, 1, 1, 11, [0,
(ft, 1, o, ol, [0, 1, o, 2], [1,
(ft, o, 1, o1, (o, 1, 1, 2], [1,
]

A partition for subsets of sizes:
[2, 2, 2, 5]

(4, 3, 3]

L

(o, o, 1, o1, [o, 1, 0, 0], [0,
(f1, o, o, o1, fo, o, o, 11, [1,
(fe, t, 1, ol, [0, o0, 1, 11, [1,
tco, 1, o, 11, [0, 1, 1, 1], [0,
(rt, o, 1, 11, [1, 1, o, 11, [1,
tfo, o, 1, 21, fo, 1, 0, 21, [0,
(f1, o, 1, 21, 1, 1, 0, 21, [0,
(ft, o, o, 11, [0, 1, o, 31, [1,
(o, o, o, 21, 1, 1, 1, 2], [1,
(rt, o, 1, o1, (1, 1, o, 0], [1,
]

A partition for subsets of sizes:
[2, 2, 2, 5]

(6, 1, 4]

L

(o, o, 1, o1, [o, 1, 0, 0], [0,
tf1, o, o, o1, fo, o, 0, 11, [1,
(fe, t, 1, o1, [0, 0, 1, 11, [1,
to, 1, o, 11, [0, 1, 1, 1], [0,
(rt, o, t, 11, (1, 1, o, 11, [0,
(fo, o, o, 21, [o, o, 1, 21, [0,
(f1, o, o, 21, 1, o, 1, 21, [0,
(ft, o, o, 11, [0, 1, o, 31, [1,
(fy, ¢, o, 21, (1, o, 1, 31, [1,
(ft, o, 1, o1, (1, 1, o, 0], [1,
]

A partition for subsets of sizes:

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
M

-
-

O, OO, O OFr O K-
P OO FR,r PR, RFPL,PEFP,LOOF

-
-

8%3

-
-

-
-

-
-

-
-

-
-

-
-

-
M

-
-

P O OO FR,r P, OFKr O
Or OO Fr,r P, P, OO K

-
-

4%3

-
-

. . . v .
[ v e v .

-
.

B B, OO KR, P, OR O

-

P O O0OO0OO0ORrErHr OOR

-

5%3

017,
417,
417,
311,
311,
411,
411,
417,
2],

2],

2],

0x4 3x5

011,
411,
411,
311,
1],
21,
31,
3],
3],
31,

[1, O
[0, O
[0, 1,
[0, O
[1, O
[1, 1

3x4 3x5

011,
411,
411,
311,
311,
21,
31,
3],
3],
1],

(o,
[o,
(1,
(1,
(o,

= = O O

-

1x4 45

(1, 0, 0, 31,
[O’ O’ O, 3])
[1’ 0, 1’ 3]’

-

-

M

.

P P, R, P, OO

-

-

- -

B R RO
M

-
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1, 1, 1, 311,
[O’ 1’ O) 3]],
1, 1, 0, 311

211,

411,

311,

41, [0, 1, 1, 411,
41, [1, 1, 1, 411,
3], [0, 1, 0, 411
411,
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[2, 2, 2, 5]

[1, 4, 4]

L

(fo, o, 1, o1, [0, 1, 0, 01, [0, 1, 1, 011,

(rt, o, o, o1, 1, o, 1, 01, 1, 1, 0, O], [1, 1, 1, 011,

tto, o, o, 11, [0, 0, 1, 11, [0, 1, O, 1], [0, 1, 1, 2]],

tf1, o, o, 11, 1, o, 1, 11, [1, 1, 0, 11, [1, 1, 1, 211,

tto, o, o, 21, fo, o, 1, 21, [0, 1, O, 2], [0, 1, 1, 4]],

tfs, o, o, 21, (1, o, 1, 2], [0, O, O, 3], [0, O, O, 4], [0, O, 1, 4]],
cct, 1, t, 11, [0, 1, O, 31, [0, 1, 1, 3], [0, 1, O, 4], [1, O, O, 411,
(f1, 1, o, 21, [o, o, 1, 31, [1, 1, 0, 3], [1, 1, 1, 3], [1, 1, O, 411,
(o, 1, 1, 11, 1, o, o0, 31, [1, 0, 1, 3], [1, O, 1, 4], [1, 1, 1, 4]]
]

A partition for subsets of sizes: 1%*3 4x%4 4x5

[2, 2, 2, 5]

[2, 2, 5]

L

tco, o, ¢, o1, fo, 1, 0, 01, [0, 1, 1, O],

(f1, o, o, o1, [o, 0, 0, 11, [1, O, O, 411,

crt, 1, t, o1, (o, o, 1, 11, [0, 1, O, 11, [1, O, O, 311,

to, 1, 1, 11, [t, o0, 0, 11, [t, O, 1, 1], [0, 1, O, 2]],

(fa, 1, 1, 11, [o, o, o, 21, [0, O, 1, 2], [0, 1, 1, 2], [1, O, 1, 3]],
(fa, o, o, 21, 11, o, 1, 21, [0, O, O, 3], [0, O, O, 41, [0, O, 1, 411,
crt, o, t, o1, [0, 1, O, 3], [0, 1, O, 4], [0, 1, 1, 4], [1, 1, O, 411,
crt, ¢, t, 21, [0, 1, 1, 3], (1, 1, O, 3], [1, 1, 1, 3], [1, O, 1, 411,
(f1, 1, o, o1, 1, 1, o, 11, [1, 1, 0, 2], [0, O, 1, 3], [1, 1, 1, 4]]
]

A partition for subsets of sizes: 2*%3 2x4 5%5

[2, 2, 2, 5]

[3, 0, 6]

L

(fo, o, 1, o1, [o, 1, o, o1, [0, 1, 1, 011,

(f1, o, o, o1, o, o, o, 11, [1, 0, O, 411,

(rt, 1, t, o1, [0, 0, 1, 11, [1, 1, O, 411,

tco, 1, o, 11, [0, 1, 1, 1], [1, O, O, 11, [0, O, O, 3], [1, O, 1, 411,
(f1, 1, 1, 11, [o, o, o, 21, [0, O, 1, 2], [0, 1, O, 2], [1, O, O, 311,
(fa, o, o, 21, 11, o, 1, 21, [0, 1, O, 3], [0, O, O, 4], [0, 1, 1, 411,
(fa, 1, o, 21, [o, o, 1, 31, [0, 1, 1, 31, [1, O, 1, 3], [0, O, 1, 411,
crt, o, t, 11, 1, 1, o, 11, [0, 1, 1, 2], [1, 1, 1, 2], [1, 1, 1, 411,
(rt, o, ¢, o1, 1, t, o, o1, 1, 1, o, 31, [1, 1, 1, 3], [0, 1, O, 4]]
]

A partition for subsets of sizes: 3*3 0x4 6%*5
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[2, 2, 2, 5]

[0, 1, 71

[

tto, o, 1, 01, [o, 1, o, o1, [t, 0, 0, 01, [1, 1, 1, 011,

[ft, o, 1, oJ, [, 1, o, o1, o, o, o, 11, [o, o, 1, 11, [0, 1, O, 311,
(o, 1, o, 11, (o, 1, 1, 11, [1, o, 0, 11, [0, O, O, 31, [1, O, 1, 411,
rce, 1, t, 11, [o, o, o, 21, o, o, 1, 21, [o, 1, o, 21, [1, O, O, 311,
[(ft, o, o, 21, 1, o, t, 21, o, 1, 1, 31, [0, O, O, 41, [0, 1, O, 411,
(o, 1, 1, o1, (o, o, 1, 31, [0, O, 1, 41, [1, 0, O, 4], [1, 1, 1, 411,
rfe, 1, 1, 23, 1, 0, 1, 31, [, 1, O, 3], [1, 1, 1, 3], [0, 1, 1, 417,
(e, o, 1, 11, 1, 1, 0o, 11, [0, 1, 1, 21, [1, 1, 0, 21, [1, 1, O, 4]]

]

A partition for subsets of sizes: O0%3 1%4 T7x%b5

C. ZERO-SUM PARTITIONS OF ((Z3)* x Z7)* - 2 SPECIAL CASES

[2, 2, 2, 7]

[10, 0, 5]

[

(o, o, o, 11, [o, o, 1, o1, [o, o, 1, 111,

(o, 1, o, o1, [1, o, 0, 01, [6, 1, 0, 011,

(o, t, 1, 11, 1, o, o, 11, [6, 1, 1, 011,

[(t, o, 1, o1, 1, o, 1, 11, [5, 0, 0, 111,

rre, 1, o, 11, [1, 1, 1, o1, [5, 0, 1, 111,

[[2, o, o, o1, [2, o, 0, 11, [3, 0, O, 111,

(2, o, 1, 11, [2, 1, 0o, 01, [3, 1, 1, 111,

(2, 1, 1, o1, 6, 0, 0, 11, [6, 1, 1, 111,

({2, 0, 1, 0], [6, O, O, O], [6, O, 1, 011,

(es, 1, o, o1, (5, 1, 1, 11, [6, 0, 1, 111,

[fe2, 1, o, 11, [4, o, o, o1, [4, o, 1, o1, [5, 0, 1, o1, [6, 1, O, 111,
(4, 1, o, ol, 4, 1, o, 11, 4, 1, 1, o1, [4, 1, 1, 11, [5, 0, O, 011,
[((4, ¢, 0, o1, 1, 1, 1, 11, [3, 1, o, 11, [4, o, 1, 11, [5, 1, O, 111,
(2, ¢, 1, 11, 3, o, o, o1, [3, o, 1, o1, [3, 0, 1, 11, [3, 1, 1, 011,
(o, ¢, o, 11, o, 1, 1, o1, [4, o, o, 11, [5, 1, 0, 01, [5, 1, 1, O]
]

A partition for subsets of sizes: 10*3 0x4 5%5

[2, 2, 2, 7]

[5, 0, 8]

[

(o, o, o, 11, [o, o, 1, o1, o, o, 1, 111,

(o, 1, o, o1, [1, o, o, 01, [6, 1, 0, 011,

(o, t, 1, 11, 1, o, o, 11, [6, 1, 1, 011,

(rt, o, 1, o1, (1, o, 1, 11, [5, 0, 0, 111,

(ry, 1, o, 11, [1, 1, 1, o1, [5, o, 1, 111,

[f2, o, o, o1, [2, o, o, 11, [2, 0, 1, O1, [2, o, 1, 11, [6, O, O, 011,
[f2, t, o, 11, [2, 1, 1, o1, [2, 1, 1, 1], [3, 0, O, O], [5, 1, O, 011,
(s, o, 1, o1, 3, o, 1, 11, 3, 1, 0, o1, [6, O, 1, 01, [6, 1, 1, 111,
(3, t, 1, 11, [4, o, o, ol, [4, o, 0, 11, [4, 0, 1, 11, [6, 1, O, 111,
[4, 1, o, ol, 4, 1, o, 11, 4, 1, 1, o1, [4, 1, 1, 11, [5, O, O, 011,
rge, 1, o, o1, [1, 1, t, 11, [2, 1, 0, o1, [5, 0, 1, o1, [5, 1, O, 111,
r(es, o, o, 11, 3, 1, o, 11, [4, o0, 1, o1, [5, 1, 1, 11, [6, O, O, 111,
(o, ¢, o, 11, o, 1, 1, o1, 3, 1, 1, ol, [5, 1, 1, 01, [6, 0, 1, 1]

]

A partition for subsets of sizes: 5%3 0x4 8%*5
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D. PROGRAM TO CHECK A SUBSET PARTITION

We offer a simple program in Python 3 that allows to check easily if a subset partition is a zero-sum parti-
tion. It can be executed in a terminal (or in an online Python environment like https://www.online-python.com/ or
https://trinket.io/python), with the three elements of the input: description of the group, sizes of the subsets in the
partition, and the partition itself, copied-pasted from the annexes.

import json

group = json.loads(input())
sizes = json.loads(input())
sets = json.loads(input())

ok = True
for set in sets:
sums = [0 for pos in range(len(group))]

for elem in set:
for pos in range(len(group)):
sums [pos] = (sums[pos] + elem[pos]) % group[pos]
if not sums == [0 for i in range(len(group))]:
ok = False
break
if ok:
print("Zero-sum partition")
else:
print ("Not a zero-sum partition")
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