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Abstract

The new concept of a system of hex equations is introduced as an overdetermined system
of six five-point face-centered quad equations defined on six vertices of a hexagon. For a con-
sistent system of hex equations, two variables on neighbouring vertices of the hexagon can
be solved for uniquely in terms of the other four. A consistent system of hex equations has a
well-defined unique evolution in the hexagonal lattice under suitable initial value problems
defined on a single connected staircase of points. Multidimensional consistency for systems of
hex equations is proposed in terms of their consistency on certain polytopes which have both
hexagonal and quadrilateral faces, and specific examples are presented for the hexagonal
prism, the elongated dodecahedron, the truncated octahedron, and the 6-6-duoprism. Con-
sistent systems of hex equations on such polytopes may be constructed from face-centered
quad equations which satisfy consistency-around-a-face-centered-cube, in combination with
regular quad equations that satisfy consistency-around-a-cube.

1 Introduction

The Yang-Baxter equation is an important equation for integrable models and mathematical
physics. One of its main applications is for integrablity of lattice models of statistical mechanics,
where it implies that the transfer matrices of the model commute which can be used to solve
the model in the thermodynamic limit [1]. For Ising-type lattice models with nearest-neighbour
interactions involving discrete spin variables, the Yang-Baxter equation takes a special form
known as the star-triangle relation [2-9].

The quasi-classical limit of such star-triangle relations also contains defining equations for
an entirely different class of integrable models, known as discrete integrable systems. Namely,
the saddle-point equations of the star-triangle relations in the quasi-classical limit have been
shown [9-12] to correspond to equations that arise in the Adler, Bobenko, and Suris (ABS)
classification of integrable quad equations [13,14]. These are integrable two-dimensional partial
difference equations that are defined on vertices and edges of a square (see the diagram on the left
of Figure 1) and evolve in the square lattice. Such difference equations provide integrable discrete
counterparts of well-known integrable soliton equations, such as the Korteweg-de Vries equation,
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where the latter may be obtained through some continuous limits. The quad equations in the
ABS list satisfy a condition of integrability known as consistency-around-a-cube (CAC) [15,16],
which requires the consistency of an overdetermined system of six quad equations for four
unknowns on the cube, and this property in turn implies Lax pairs and Backlund transformations
for the equations. For quad equations there were also found classical counterparts of the star-
triangle relations, independently of the quasi-classical limit, in the form of a closure relation
that was introduced for the concept of Lagrangian multiforms [17,18].
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Figure 1: Variables and parameters of a quad equation (left), a face-centered quad equation (center), and
a system of hex equations (right).

Another type of Yang-Baxter equation for interaction-round-a-face (IRF) models constructed
from the star-star relation [19-21] was used to develop the concept of face-centered quad equa-
tions [22]. A face-centered quad equation may be regarded as an extension of a regular quad
equation, having dependence on five variables assigned to vertices on the face and corners of
a square, and two-component parameters associated to edges (see the diagram in the center of
Figure 1). The face-centered quad equations also evolve in the square lattice, but in a more
complicated manner, requiring initial data that is defined on double staircases [23] in compar-
ison to the single staircases required for regular quad equations [24—26]. An analogue of CAC
was proposed for face-centered quad equations called consistency-around-a-face-centered-cube
(CAFCC), requiring the consistency of an overdetermined system of fourteen equations for eight
unknowns on the face-centered cubic unit cell, and this property has also been shown to imply
Lax pairs of the equations [27,28].

The aim of this paper is to further build on the above ideas to develop the analogues of
integrable quad equations and their properties for systems of equations that evolve in hexagonal
lattices, rather than square lattices. In comparison to the theory of integrable quad equations,
there appears to be only a handful of results for discrete integrable systems in hexagonal lattices
or in hexagonal configurations [29-39], and to the best of the author’s knowledge this paper
offers a different approach and new results for this topic. To begin with, instead of a square, the
equations are to be defined on a hexagonal unit cell and have dependence on six variables assigned
to vertices and three parameters assigned to edges, where the same parameter is assigned to
opposite edges (see the diagram on the right of Figure 1), and under suitable initial value
problems (including for initial data on a single connected path) these equations should have
a unique evolution in the hexagonal lattice. Also, as an analogue of CAC and CAFCC the
equations are to form a consistent system of equations when assigned to polytopes that contain
hexagonal faces.

Such consistent systems of equations on hexagons will be constructed in this paper using
face-centered quad equations as the basic building block. A new form of consistency condition



for face-centered quad equations will be introduced in Section 2, called consistency-around-a-
hexagon (CAH). CAH is a simpler consistency condition than CAFCC, requiring the consistency
of an overdetermined system of six equations for two unknown variables on the hexagon. Since
they are defined on a hexagonal unit cell rather than a face-centered cubic structure, the system
of six face-centered quad equations on the hexagon will be referred to in this paper as a system of
hex equations. For hex equations that satisfy CAH, two unknown variables on the hexagon can
be solved for consistently in terms of four known variables, and this will be enough to uniquely
evolve systems of hex equations in the hexagonal lattice under initial conditions defined on a
single connected staircase of points.

The previously found face-centered quad equations which satisfy CAFCC (specifically type-A
and type-C equations) [22] also satisfy CAH, and thus may be used to define consistent systems of
hex equations. Some general guidelines will be proposed in Section 4 for constructing consistent
systems of hex equations on polytopes in combination with regular quad equations. These
guidelines are based on matching the edges associated to the three-leg and four-leg equations
associated to quad and face-centered quad equations respectively. In particular, the consistency
of equations on the hexagonal prism provides a natural extension of a two-dimensional system
of hex equations in the hexagonal lattice onto the hexagonal prismatic honeycomb, which is
the three-dimensional tessellation obtained by translations of the hexagonal prism. This may
be regarded as the analogue of extending systems of regular quad equations from the lattice
72 to the lattice Z> using their consistency on the cube (a uniform square prism). Besides
the hexagonal prism, explicit examples will be presented for consistent systems of equations
in three dimensions on the elongated dodecahedron and the truncated octahedron, and in four
dimensions on the 6-6-duoprism, which is a polytope whose cells are hexagonal prisms.

2 Integrable quad and face-centered quad equations

This section will provide an introduction to the regular quad equations which satisfy consistency-
around-a-cube (CAC), and the face-centered quad equations which satisfy consistency-around-
a-face-centered-cube (CAFCC), as well as the relevant properties of the two types of equations
and their connections to star-triangle and star-star relations which has motivated this paper.
The face-centered quad equations will play a central role in this paper for the construction of
consistent systems of equations that evolve in hexagonal lattices (see Section 3), while both
types of quad equations will be required to form consistent systems of equations on polytopes
that have both quadrilateral and hexagonal faces (see Section 4).

2.1 Quad equations and star-triangle relations

A quad equation may be written as
Q(:L'aal'bal'c,xd;avﬁ) = 07 (21)
where @ is a multilinear polynomial in four variables x., zp, ., x4, that takes the general form

Q(Tas To, Te, Ta; , B) = K1TaTpTeTd + K2TaTpTe + K3TaToTd + KaTaTeTd + K5TpTelq
FRETaTp + K7TqTe + KST4Tq + K9XTpTe + K10TpXTd + K11XTeTd (2.2)

+K12Zq + K13%p + K14Zc + K1524 + K16-



The coefficients k; = k;(a,3) (i = 1,...,16) depend only on the parameters o and . The
variables and parameters of the quad equation (2.1) may be assigned to the square of Figure
2. Under appropriate initial conditions the quad equations (2.1) can be uniquely evolved in the
square lattice due to the multilinearity of the polynomial Q.

Tq « Ty
B B
T « Td

Q(xav Ty, Le, Xg; Oy B) =0

Figure 2: The quad equation (2.1).

Quad equations of the form (2.1) have been shown [9,11,12,40,41] to arise from the quasi-
classical limit of more general equations for hypergeometric integrals which take the form of
an important equation for integrability of lattice models of statistical mechanics called the
star-triangle relation. The quad equations that are obtained this way may be identified with
equations in the Adler, Bobenko, and Suris (ABS) classification [13,14]. The connection to these
types of star-triangle relations is summarised as follows.

In certain cases, hypergeometric integrals satisfy formulas that may be written in one of the
following two typical forms [12]

/ dooWo, (01,00)Wa, 10, (02,00) W, (00, 03) = RgWo, (02, 53) W, 10, (01, 03) Wa, (02, 01), (2.3)
c

/CdUovel (01,00)Vay+05(02,00) W, (00, 03) = RV, (02, 03)V g, 195 (01, 03) We, (02,01).  (2.4)

Each of Vy(0;,0;),Vo(oi,05), Wy(0i,0), We(0i,0;), are complex-valued functions of o;,0;,0,
and the formulas (2.3) and (2.4) depend on the independent complex-valued variables o1, 09, 03,
and parameters 01, 03. The Ry is a factor that is independent of the variables o1, 09, 03. The func-
tions Vy(oi,04),Vo(oi,05), We(oi,05), Wa(ai,0;), are typically written in terms of the gamma
function or its generalisations [42], with the contours C' chosen to separate infinite sequences
of poles of the integrand that go to zero and/or infinity. Such formulas may be regarded as
generalisations of the Euler beta function in the context of hypergeometric integrals, and gener-
alisations of the Ising model in the context of integrable lattice models of statistical mechanics,
where both of the latter may be obtained in certain limits [11]. For models of statistical mechan-
ics, the functions Vy(0i,0;), Vg(0i,0;), Wa(ai,0;), We(oi,0;), are identified as the Boltzmann
weights of the associated model(s) [9-11].

In a quasi-classical limit, the integrals of (2.3) and (2.4) are written in the respective forms

dirg e (Ear (21,2004 Lay 45 (22,20)+ Lag (@0,25)) +O(1)

)

¢ - - (2.5)
/ dﬂjo eﬁ71 (Aal (-’El ,$0)+Aa1+a3 ($27m0)+£&3 (w07m3)) +O(1)’
C

4



for some parameter s — 0, where each of Ay (z;, z;), Aa(xi, ), Lo(24, 25), Lo(i, z5), are complex-
valued functions of z;,x;, o, which arise as the leading O(R~!) asymptotics of the Boltzmann
weights Vp(z;,7;), V@i, ;), Wo(zi,25), We(xi, ), respectively. The variables and parameters
of (2.3), (2.4), and (2.5), are related by

o; = Fy(z;), i=0,1,2,3,  0;=G(a;), j=1,3 (2.6)

where F;(z) and G(z) are some Mobius transformations that depend on A. The saddle-point
equations of these integrals are given by

9 _ _
dz0 (Lay (@1, 20) + Lay+as (2, 20) + Loy (w0, 23)) =0,

o } (2.7)
Ao (Ao (%1, 20) 4+ Ay +as (T2, T0) + Loy (w0, 23)) = 0.

A discrete integrable equation is typically then obtained directly from these saddle-point equa-
tions, which are identified as the three-leg equations [13, 16] associated to quad equations. A
point transformation

Zaq :f0($0)7 xb:fl(xl)v $c:f2(x2)7 xd:f3($3)v Oz:g(oq), 529(0@)7 (28)

of the variables and parameters should be used that will turn the saddle point equations (2.7)
into equations of the form

a(xa; Lc; /8) —1
aze; xp;a)a(re;zg; f—a)
(2.9)
C(xa; Lc; /8) —1
c(wa; vy @)a(ze; v S —a)
or the form
a(xa; xe; B) — alxe; Tp; ) — alxe; xg; f— o) = 0, (2.10)

c(xa; 2e; B) — c(Ta; T @) — al@a; 2a; B — ) =0,

where the functions a(z; y; o) and ¢(z;y; ) are both linear fractional functions of the variable y.
Typical choices of the functions f; and g for (2.8) are given in Table 1, which depend on whether
the equations (2.3)—(2.7) are elliptic, hyperbolic, rational, or algebraic (also known as classical).
The algebraic cases give equations of the form (2.10), and all other cases give equations of the
form (2.9).

fir) | g(@)

Elliptic p(x) o(zx)
Hyperbolic | e* or cosh(z) | e
Rational x or z2 x
Algebraic x x

Table 1: Typical choices for the changes of variables (2.8), depending on whether the equations (2.3)—(2.7)
are elliptic, hyperbolic, rational, or algebraic. The function p(z) is the Weierstrass elliptic function.



For the equations of the form (2.10), if after combining each term under a common denomi-
nator the numerator of the resulting expression has the form (2.2), then this numerator provides
the desired quad equation.

For the equations of the form (2.9), since a(x;y;«) and c(z;y; ) are linear fractional in y,
these equations have the form

N(xa, xba xC? xd? a? /8)

=1, 2.11

D(xa;xb7x07xd;a75) ( )
where N(xq;xp, Te, xg; a0, f) and D(z4; Tp, Te, T4; @, B) are multilinear polynomials of the three
variables xp, x., 4. Rewriting the equation (2.11) as

N(xa;xbaxwxd; aaﬁ) - D(.Z'a; Tpy Ly Td,s awB) - 07 (212)

the desired multilinear quad equation is then obtained if a factorisation of (2.12) can be found
of the form

f(za; o, B)Q(24, Tp, ey xg; vy B) = 0, (2.13)
where f is some function that is independent of zy, z., x4, and @Q is a polynomial of the form (2.2).
From (2.13) it is seen that the equations (2.9) are satisfied on solutions of the corresponding
multilinear quad equation Q(xg,xp, Tc, xg; v, ) = 0, but there may be some solutions for (2.9)
corresponding to f(x4;a, 8) = 0 that are not solutions of Q(z4, T4, T, T4; @, 5) = 0.

The above procedure for obtaining quad equations from quasi-classical limits has been in-
vestigated [9,12] for different solutions of the star-triangle relations of the forms (2.3) and (2.4)
that arise as hyperbolic/rational/algebraic degenerations of Bazhanov and Sergeev’s solution of
the star-triangle relation [11]. In terms of hypergeometric integrals, the latter star-triangle re-
lation is equivalent to Spiridonov’s elliptic beta integral formula [43]. The quad equations that
were obtained from the quasi-classical limit of these integrals correspond to equations in the
ABS classification [13,14], where the latter classification was made using completely different
methods that are independent of the star-triangle relations. Thus, the quasi-classical limit offers
a different approach to the study of discrete integrable equations.

The equations in the ABS list may be grouped into two main types known as type-Q and
type-H. These equations are listed in Table 2 and are given explicitly in Appendix A. The
type-Q equations may be derived from the quasi-classical expansion of star-triangle relations of
the form (2.3) and the type-H equations may be derived from the quasi-classical expansion of
star-triangle relations of the form (2.4).

Type-Q Type-H
Elliptic Q4 -
Hyperbolic Q?’(l) Q?’(O) H3(1; 1) H3(170), H3(070)
Rational Q2, Ql(l) H2(1), HQ(O)
Algebraic Ql(o) Hl(l), Hl(o)

Table 2: List of type-Q and type-H ABS quad equations grouped according to whether they come from
a quasi-classical expansion that involves elliptic, hyperbolic, rational, or algebraic equations [9,12]. The
equations are given in Appendix A.

Each of the type-Q quad equations in Table 2 satisfy the following symmetries of the square

Q(:Eaa Lhy Ly Xds O 5) = Q($b7 La, Xdy Lcs; A 5)7

(2.14)
Q(‘Taa Tpy Ly Tdsy O 5) = _Q(xth Tphy Ly Las 57 Oé)



If e = 0, the type-H equations H3s,.), H2(), H1(), also satisfy both of the symmetries of
(2.14), while if € = 1 they only satisfy the second symmetry of (2.14).

2.1.1 Three-leg equations associated to quad equations

The three-leg equations (2.9) and (2.10) are each written in terms of three functions, where in the
arguments of the functions the variable z, is paired one of the other three variables xy, z., x4,
assigned to vertices of the square. These are also known as three-leg equations centered at
Zq. As was observed in the original classification result of ABS [13], each of the equations in
Table 2 also have associated three-leg equations that are centered at the other three vertices. The
system of four different type-Q three-leg equations may be expressed in terms of a single function
a(x;; x5; o), but the system of four different type-H three-leg equations is more complicated and
expressed in terms of up to four different functions [44].

Theorem 1. If Q(zq,xp, e, zq;, ) = 0 is one of the elliptic, hyperbolic, or rational type-Q
quad equations from Table 2, then there is a system of three-leg equations of the form

a(xq; s B) _
(Qa) a(xq; s @)a(Ta; Ta; B — ) b
a(y; Tq; ) _
(@-5) a(zp; wq; B)a(wy; ve; o0 — B) b (2.15)
Q.0 a(ze; T4; @) 1 '
' a(ze; Ta; Ba(xe; mp;a — B)

a(xq; e a)a(ry; 2q; f — )

which are satisfied on solutions of Q(xq, Tp, e, xq;r, B) = 0. If Q(z4, xp, Tey xq; 0, B) = 0 is the
algebraic type-Q quad equation Q1(g), then the same holds true with each of (Q.a)—Q.d) being
replaced with additive equations of the form (2.10).

Similarly, if H(xq,xp, Te, Tq; a, ) = 0 is one of the hyperbolic or rational type-H quad equa-
tions from Table 2, then there is a system of three-leg equations of the form

¢ (@a; 2c; B)

(H.a) * (wa; 7 )0 (Ta; 2 f— @) b
c(xp; Ta; ) B
(H.5) c(zp;xg; B)a(ay; xesa — B) b (2.16)
(H.0 c(xe; g ) _ )
' c(ze; za; Ba(ze; zp;a — B)
(H.d) ¢ (za; p; B) _1

(s e @)a* (xg; Tq; B — @)

which are satisfied on solutions of H(xq, y, Te, xq; o, B) = 0, and where the functions a(x;; x;; o)
and a* (45255 0) also satisfy systems of the form (2.15) on solutions of respective type-Q equa-
tions. If H(xq,xp, T, xq; o, ) = 0 is the algebraic type-H equation H1, then for e =1 the
same holds true with (H.a) and (H.d) being replaced with additive equations of the form (2.10),
and for e = 0 with each of (H.a)~(H.d) being replaced with additive equations.



Proof. Theorem 1 can be verified directly by using the functions a(z;,z;; ), a*(zi;zj; ),
c(zi, zj;a), and c*(x;; 255 «), that are given in Table 7 of Appendix A. With these functions
an equation (Q.i) from (2.15) is equivalent to (as was given in (2.13) for (Q.a))

f(l‘i;Q,B)Q(l‘a,l‘b,l‘c,l‘d;a,ﬁ) = 07 (RS {CL, bv & d}7 (217)

where @ is some type-Q equation from Table 2, and an equation (H.i) from (2.16) is equivalent
to (as was given in (2.13) for (H.a))

fi(zs o, B)H (x4, xp, Te, g5 0, 3) = 0, i € {a,d},
fao(xs; a0, B)H (2, T, Tey Tg; vy ) = 0, i € {b,c},

where H is some type-H equation from Table 2. O

(2.18)

The existence of consistent systems of three-leg equations (2.15) and (2.16) may be naturally
understood through the quasi-classical limit of the star-triangle relations. The idea is as follows.
Equating both sides at leading order of a quasi-classical expansion of (2.4), implies a classical
star-triangle relation formula that takes the form (up to some irrelevant factors independent of
the variables)

Aa1 (l‘l,l‘o) + Aa1+a3($27$0) + £a3($07$3) = Aa1 (517275173) + Koz1+043(331y333) + £a3(332,331)-
(2.19)

The left hand side is the same that appears inside the exponential for the second integral of
(2.5), and the right hand side comes from a quasi-classical expansion of the right hand side of
(2.4). The equation (2.19) is required to hold on solutions of the second saddle point equation
in (2.7). Recall that this saddle point equation leads to the three-leg equation (H.a) given in
(2.9). Assuming (2.19) holds, there are also three other partial derivatives that can be taken
with respect to the three variables x1, z2, x3, and following a similar procedure that was used to
obtain (2.9), these derivatives would lead to the other three-leg equations (H.b)—(H.d).

2.2 Face-centered quad equations and star-star relations

A face-centered quad equation may be regarded as an extension of the regular quad equation
(2.1), having dependence on an additional variable and parameters. The parameters may be
written with two components as

a= (a1, a2), B=(B,PB) (2.20)
A face-centered quad equation may then be written as
A(xQxayxbaxaxd;auB) =0, (2'21)

where A is a multivariate polynomial of five variables x, x4, xp, ¢, 4. It is multilinear in the
four variables x,, Ty, T¢, T4, but there is no restriction imposed on the degree of z. Thus, it is a
polynomial with the general form

A(x; 20, Tpy Tey T O, B) = K1ZaTpTeXd + K2ZqTpTe + K3TaThLd + KATaTeXd + K5TpTeLq

+R6TaTy + K7TaTe + K§TaTq + KoTpTe + K10TpTg + K11TcLq  (2.22)

+K12%q + K13Tp + K14%c + K15Z4 + K16,



where the coefficients k; = k;(z,a,3) (i = 1,...,16) depend on the face variable z and the com-
ponents of the two parameters a, 3. The multilinear expression (2.22) resembles the multilinear
expression for regular quad equations (2.2), but with more general coefficients ;.

The face-centered quad equation (2.21) may be associated to the square of Figure 3, where
the variables x,, Ty, x., T4 are assigned to vertices at corners, the variable x is assigned to a
central vertex on the face, and the components of the parameters are assigned to edges. When
evolving the equations in the square lattice it is never required to solve for the variable z, which
is the reason that the dependence on x does not have to be linear.

A(‘,I:; ‘,I:a7‘,1:b’ xc’ xd;a7ﬂ) = O

Figure 3: The face-centered quad equation (2.21).

The face-centered quad equation (2.21) may also be written in the form
Zx xa7xbax07xd7 718) = 07 (223)

where n is the degree of the polynomial (2.22) in z, and the P; (i = 0,1,...,n) are multilinear
polynomials in the four variables x,,xp, z¢, x4, i.e., the P; are regular quad equations (but
depending on the two-component parameters «, 3, instead of two scalar parameters).

For face-centered quad equations the analogue of the star-triangle relations (2.3) and (2.4)
are the star-star relations [19-21]. Two examples of such star-star relations for the case of
continuous spin variables have the forms

Wv1 —vg (017 02)Wu1—u2 (017 0-3) / w&lqz (0') = Wv1 —vg (037 0-4)Wu1—u2 (0-27 0-4) / w'g’g (0)7 (224)
C C

Vo s (01, 02) Wy —ug (01, 75) / () = Vi (03, 04) Way —y (02, 04) / oB(e),  (2.25)
C C

where o, u, v, represent variables o = (0¢,01,092,03,04) and parameters u = (uj,usz), v =
(v1,v2), and the integrands are
o

dUOWuz —v1 (017 g V2 (0-07 0-2)Wu1—vl (0-37 O-O)Wul—vz (007 04)7
) )

—va (0-37 9] Wul—vl (0-07 g2 Wul—vz (017 00)7

(2.26)

1
o(o alo*oWu2 —u, (01,00

(1)
wuv( )
w2 (o)
U()( ) —03(00,02) Wy~ (03, 00) Vg 5 (00, 04),
U()( )

)
dU(]I/Vu2 —v1 (00, 0'4)
W
W

RIS §| g|

2
v(o

| |

3
5
S

—v1 (00,04 03 (03,00) Wy —, (00, 02) Vi —u, (1, 00).



Similarly to the star-triangle relations (2.3) and (2.4), each of Vy(04,0;), Vo(0i,0;), Wy(oi,05),
Wy(oi,0) are complex-valued functions of 0;, 0}, 0, while the formulas (2.24) and (2.25) depend
on the independent variables o1, 09, 03,04, and parameters ui,us,vy,ve. The contours C are
typically chosen to separate infinite sequences of poles that go to zero and/or infinity. In terms
of hypergeometric integrals, examples of these formulas have been shown [45] to be equivalent
to the simplest (n = 1) examples of transformation formulas between hypergeometric integrals
associated to the A, root system [46].

Consider the left hand sides of the star-star relations (2.24) and (2.25). In a quasi-classical
limit these left hand sides are written in the respective forms

)

ht L L 1
/ dzg e (ﬁulzfui (@1,20)+ Ly _yp (R0,22) 4Ly o1 (€3,20)+Ly1 ot (€0, 24)FLys 1 (rl,w2)+ﬁu/17u/2(w17r3))+O( )
C

/ do oS (ﬁu’wi (@1,20)+8 g _ g (@0:@2)4L 11 ot (@3,00)+ A1 g (00,80) 0y oy (@1.02)+L s (¢1,03)) +O(1)
c

)

(2.27)
for some parameter h — 0, where each of Ay (zi,2;), Aa(®i,x;), Lo(Tiszj), Lalziyxj), are
complex-valued functions of x;,z;,, which arise as the leading O(h~!) asymptotics of the
respective functions Vy(oi,0;), Vo(oi,05), We(oi,0;), Wa(oi,0;). Analogously to (2.6), the
variables and parameters of (2.24), (2.25), and (2.27), are related by

o; = Fi(z;), i=0,1,2,3,4 u; = G(uy), v; =G(vj), j=12, (2.28)

where F;(z) and G(z) are some Mobius transformations that depend on A. The saddle-point
equations of these integrals are given by

2
E?xo
0

920 (Lug—ut (21, 20) + Ay oy (20, T2) + Lo ot (23, 20) + Myt _yy (20, 24)) = 0.

(Luy—vt (21,20) + Lug—ug (20, 22) + Ly oy (3, 20) + Loy oy, (¥0, 7)) = 0, 229
2.29

Analogously to (2.8), to obtain a discrete integrable equation from (2.29) a point transformation

z = fo(xo), .= fi(z1), xp= fa(z2), xc= f3(x3), wq= fa(x4),

, (2.30)
Qj = g(u;)7 ﬁj = Q(U;)a J=12,

of the variables and parameters should be used that will turn the saddle-point equations (2.7)
into equations of the form

a(x; xq; f1 — ao)a(x; xg; fo — aq) B
(@323 Bo — an)a(@32ei B —ar) (2.31)
a(z;xe; f1 — ag)e(x; xg; fo — aq) _
a(w; 03 Bo — an)el@i we Br —cn) (2.32)

or the form

a(z;zq; 1 — a2) + a(z;xg; P2 — 1) — a(z; ap; fo — a2) —alz;ze; b1 — ) =

a(z;zq; 1 — a2) + c(x;24; fo — 1) — a(z;zp; B2 — o) — c(x; 205 51 — o) =
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where the functions a(x;y;«) and c(z;y;«) are linear fractional functions of the variable y.
Typical choices of the functions f; and g for (2.30) are the same as those listed in Table 1, de-
pending on whether the equations (2.24), (2.25), (2.27), (2.29), are elliptic, hyperbolic, rational,
or algebraic. The algebraic cases give equations of the form (2.33) and (2.34), and all other
cases give equations of the form (2.31) and (2.32).

For the equations of the form (2.33) and (2.34), if after combining each term under a common
denominator the numerator of the resulting expression has the form (2.22), then this numerator
provides the desired face-centered quad equation.

For the equations of the form (2.31) and (2.32), since a(z;y; ) and c(z;y;«) are linear
fractional in y, these equations have the form

N(x;xq; xp, T, Ta; 0, B)

~1 (2.35)
D(;x0; Ty, e, Ta; @, B)
where N(x;zq; Ty, e, 245, B) and D(x; x4; Tp, Te, g; ¢, B) are multilinear polynomials of the
four variables x,, xp, x., 4. Rewriting the equation (2.35) as

N(x;xq; xp, Te, Tg; &, B) — D(x; 243 p, Tey 43 0, 3) = 0, (2.36)

the desired multilinear face-centered quad equation is then obtained if a factorisation of (2.36)
can be found of the form

f(z; 00, B)A(2; 34, Tp, Ty va; 00, B) = 0, (2.37)

where f is some function independent of x,, xp, ., z4, and A is a polynomial of the form (2.22).

The star-star relations (2.24) and (2.25) are known to imply a Yang-Baxter equation for
interaction-round-a-face (IRF) models [19,21], and this connection was used [22] with the Boltz-
mann weights for the star-triangle relations corresponding to ABS equations [12] to derive the
type-A and type-C face-centered quad equations that are listed in Table 3, and given explicitly
in Appendix A. The type-A equations and type-C equations may be derived from the quasi-
classical expansion of star-star relations of the form (2.24) and (2.25), respectively. The third
type of equations known as type-B would come from star-star relations involving only Vj (o4, 05)
and Vy(o;, o), but no such relations are known to the author, and for this reason type-B equa-
tions do not appear in this paper. Unlike the quad equations listed in Table 3, there currently
does not exist a classification of face-centered quad equations of the form (2.21).

Type-A equations Type-C equations
Elliptic A4 -
Hyperbolic | A3(1), A30) | C3a1/21/2,0 C3(1/20,1/2), C3(15050), C3(0:0;0)
Rational | A2(;1), A2, C20; 100 C2(1:01)5 C2(15050), Cly
Algebraic A2(0;0) 02(0;0; 0)s Cl(o)

Table 3: Type-A and type-C face-centered quad equations grouped according to whether they come
from a quasi-classical expansion involving elliptic, hyperbolic, rational, or algebraic equations [22]. The
equations are given in Appendix A.

The analogues of the square symmetries (2.14) for face-centered quad equations are

A(.’L’, Lay Ty Ly Tdsy A B) = —A(Z', TphyLayLdy Ley A B)a
Az 20, Tp, Tes Tay @, B) = —A(T3 T, Ta, Ta, Tn; &, B), (2.38)
A(.’L’, Lay Ty Ly Td,y A 5) = —A(.’L', LdyLhy Ly Las 57 Oé)
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Type-A equations listed in Table 3 satisfy each of these symmetries, while type-C equations only
satisfy the first of these symmetries.

It was found [23] that in the square lattice not all type-C equations from Table 3 have
vanishing algebraic entropy on their own, but can have vanishing algebraic entropy in specific
arrangements of the following pairs (some equations are simply paired with themselves)

(C3a1/21/2:00: C3(1/2:0:1/2))s (C3(1;0,0) C3(150;0)) s (C3(0;0;0)» C3(0;0;0))
(C201;1:0), C201;0:1))» (C2(1;0;0)5 C2(15050)) s (C2(0;0:0), C11y), (Clioy, Clioy)-

These pairs will be needed for constructing consistent systems of equations involving type-C

(2.39)

equations.

2.2.1 Consistency-around-a-hexagon
Let X denote the six-tuple of variables
X = (x4, Tp, Te, Ty Te, Tf), (2.40)

and let X; (i € Z/6Z) denote the i*" (mod 6) element of X. These may be considered as variables
assigned to six consecutive vertices of a hexagon, as shown in Figure 4.

Ty Le

Lq Zq

Ty Te

Figure 4: Variables assigned to vertices of a hexagon.

The elements of X may be split up into two disjoint sets S; and S; that respectively contain
consecutive elements of X

Si = {Xi, Xit1, Xito, Xivs}, Si={Xi—2,Xi1},  i€Z/6L. (2.41)

An overdetermined system of face-centered quad equations can be used to consistently determine
any two variables on consecutive vertices of the hexagon (from S;) in terms of the other four
(from S;) as follows.

Theorem 2 (Consistency-around-a-hexagon). Let A be a polynomial for one of the type-A
face-centered quad equations listed in Table 3. For any i € Z/67Z, the two equations from

(A.a) Az f, Te, p, Te; (B2, a2), (B1,01)) = 0,
(A.D) A(zy; ey Tdy Tas Tp3 (B2, 1), (Br, a2)) =0,
(A.c) A(xe; xp, g, Ta, Te; (B2, B1), (a1, a2)) = 0, (2.42)
(A.d) A(zq; Te, Tp, Te, f5 (B2, a2), (1, a1)) =0,
(Ae)  A(xe;af,Ta; Ta, Te; (B2, 1), (Br, a2)) =0,
(A.f) Az f3 %, Ta, Tq, To; (B2, 1), (a1, 2)) = 0,
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which are respectively independent of X;—1 and X;_o may be used to solve uniquely for the
two variables X;_o, X;—1 € S; in terms of the four variables from S;, and the remaining four
equations from (2.42) are also satisfied on these solutions.

In a similar way, let one of (C,C) or (C,C) denote one of the pairs of type-C face-centered
quad equations given in (2.39). For any i € Z/6Z, the two equations from

(C.a)  Clwaizy, e, mp, 73 (B2, a2), (Br, 1)) = 0,
(C.b) C(xp; Tey Ty Tas T f3 (P2, 1), (b1, 2)) =0,
(C.o) C(xe; Ty, Td, Ta, Te; (B2, B1), (a1, a2)) =0, (2.43)
(C.d) C(@a; Te, T, Te, 5 (B2, a2), (B1, 1)) = 0,
(C.e) O(we; Tf, Tas Tds Tei (B2, 01), (B1,02)) =0,
(C.f) U(xf,xe,:na,:nd,xb, (B2, 51), (a1, a2)) =0,

which are respectively independent of X;_1 and X;_o may be used to solve uniquely for the
two variables X;_o,X;_1 € S; in terms of the four variables from S;, and the remaining four
equations from (2.43) are also satisfied on these solutions.

Theorem 2 can be verified directly. The initial conditions for Theorem 2 are on four consec-
utive vertices of the hexagon, but this could be relaxed to initial conditions on three consecutive
vertices plus any one of the other three vertices of the hexagon. The result of Theorem 2 will be
important for considering systems of equations in the hexagonal lattice in Section 3 as it allows
for well-defined evolutions of the equations in six different lattice directions.

Theorem 2 is in a sense an analogue for face-centered quad equations of Theorem 1 for the
three-leg equations associated to ABS quad equations. However, Theorem 1 is only relevant
for systems of three-leg equations, because the corresponding property for quad equations is
trivial (that four copies of the same quad equation on a square are consistent with themselves).
In contrast, Theorem 2 is a non-trivial property for consistency of overdetermined systems of
face-centered quad equations, where each equation involves different combinations of five out of
six variables on the hexagon.

Just as the equations of Theorem 1 may be understood from the quasi-classical limit of the
star-triangle relations, the construction of the consistent systems of equations (2.42) and (2.43)
is based on equations obtained from the quasi-classical limit of the star-star relations (2.24) and
(2.25). The idea is as follows. Equating both sides at leading order of a quasi-classical expansion
of (2.25) implies a classical star-star relation formula that takes the form

Loty (21, 20) + Ny g (20, 22) + Lug o (23, 20) + Ay o (20, 24)
- +fv’1—vé (w1, 22) + Lyt _yy (21, 73) (2.4

= Loy (20, 24) + Moy op (23, 20) + Loy o (X0, 72) + Ay o (21, 20)

F Ay g (23, 74) + Lo _yy (22, 24)

The left hand side is the same that appears inside the exponential for the second integral of
(2.27), and the right hand side comes from a quasi-classical expansion of the right hand side
of (2.25). The equation (2.44) is required to hold (up to irrelevant factors) on solutions of the
saddle points of the integrals in (2.25), i.e., when the variables of (2.44) are constrained such
that the partial derivative of the left hand side with respect to x(, and the partial derivative
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of the right hand side with respect to z{,, are both equal to zero. Assuming (2.44) holds,
there are also four other partial derivatives that can be taken with respect to the four variables
x1,%2,x3,24. Then following a similar procedure that was outlined to derive the face-centered
quad equation (2.37) from the saddle-point equations (2.29), the six different partial derivatives
of the classical star-star relation (2.44) would lead to the combination of six equations given in
(2.43). The details of these computations depend on the functions used for (2.44) and should
be considered case-by-case. For the purposes here, it is sufficient to simply verify directly if
systems of face-centered quad equations (2.42) and (2.43) are consistent.

2.3 Connections between quad equations and face-centered quad equations

The ABS quad equations of Table 2 and the face-centered quad equations of Table 3 are closely
related. Starting either from an ABS quad equation from Table 2 or a face-centered quad
equation from Table 3, one may derive a respective equation from the other table. Going from
ABS quad equations to face-centered quad equations may be done through their associated
three-leg and four-leg equations, while going from face-centered quad equations to ABS quad
equations may be done through the multilinear polynomial forms of the equations themselves.

For the latter, the type-Q ABS equations may be identified as special cases of the quad
equation P; in (2.23) for type-A face-centered quad equations (except for the elliptic case), and
the type-H ABS equations may be identified as special cases of the quad equations P; for type-C
face-centered quad equations.

Note that if n =2 in (2.23), then P; may be defined from the limit

Z'Pl (I’a, Tpy Ly, gy O ﬁ) = A(.Z', Lay Ty, Ley, gy O 18) 945
- lin%(a:QA(w_l; Tay Th, Te, Tg; @, B) + A(x; Ta, T, Te, Ta; 0, 3)) (245)
T—r
since this isolates the term linear in z. If A(x; x4, xp, ¢, 24; ¢, 3) = 0 is a type-A (resp. type-C)
face-centered quad equation from Table 3, then

Pl (xa7_xd7xC7xb; (075)7 (‘LB)) = 07 (246)

is equivalent to some type-Q (resp. type-H) ABS quad equation from Table 2. This connection
was previously observed in the original derivation of face-centered quad equations in the context
of consistency-around-a-face-centered-cube [22]. A list of face-centered quad equations and the
corresponding ABS quad equation that can be found as the equation (2.46) is given in Table 4.

The above procedure does not work with the expression given in Appendix A for the elliptic
face-centered quad equation A4, which unfortunately is more complicated and has n = 10 in
the form (2.23). Instead, for A4 the following limit

i B (Ta, =2, Te, 213 (0,7), (a, B)) +4(p(a — B) + ©(B8)) Pio(Ta, —a, Te, 215 (0,7), (cv, B))
1m
=B P8 —7)?

(2.47)
can be used to explicitly obtain the ABS quad equation Q4. The limit (2.47) is finite and isolates
the coefficient of the term (3 — «)? that appears in Py and Py for A4. It is expected that
Q4 appears explicitly through more simpler limits, which could perhaps be found using some
Mobius transformations of the variables that gives a simpler form of the equation.
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Type-C Eq. (2.46)
03(1/2; 1/2;0) H3(1; 1) (l’a < Tey Tp < l’d)
Type-A | Eq. (2.46) a0y | Ha
30, | Q30 3(1;0,0) H31;0)
A3( : 03 C3(0;0;0) H3(0;0)
a2 Q2 C2u550) | H2q1) (20 > @y 76 € )
PE C2u;01) | H2q
PE C2;000) | H2()
(0:0) (©) Cly H1gy (24 ¢ Tc, Tp 4> T4)
C20000 | Hlq
Cl) H1)

Table 4: ABS equations from Table 2 that arise as the equation (2.46) for a face-centered quad equation
from Table 3. The expressions of the equations are given in Appendix A.

As mentioned above, going from ABS quad equations to face-centered quad equations may
be done through their associated three-leg and four-leg equations. This can be done because
the three-leg and four-leg equations share the same functions, which can be clearly seen from
the lists of these functions given in Tables 6 and 7 in Appendix A. First, consider the following
four type-Q equations

Q(xaaxabaxamx;Bha?) =0, Q(‘T“b’xb’x7mbd;/@27a2) =0, (2.48)

Q($aca Ly Lcy Leds 517 al) = Q(ﬂf, Tods Ledy Lds 527 al) =

which are arranged around a common vertex x as drawn in Figure 5. Multiplying together the
three-leg equation (Q.d) for the first equation and (Q.a) for the fourth equation, and dividing by
both (Q.c) for the second equation and (Q.b) for the third equation, precisely results in a type-A
four-leg equation of the form (2.31). The above is a known procedure to arrive at discrete-Toda
(also known as discrete-Laplace) equations from the additive three-leg equations for either type-
Q or type-H ABS equations [16,47—49], where the functions associated to a common edge of two
neighbouring three-leg equations cancel.

La B B2 Tp

(%) (&%)
x

a1 aq

Te B 165 Td

Figure 5: The four quad equations (2.48). The three-leg equations (2.15) for these type-Q quad equations
may be used to derive a four-leg equation (2.31) associated to a type-A face-centered quad equation.

A similar procedure can be used to arrive at a four-leg equation for a type-C face-centered
quad equation by using the three-leg equations associated to type-H quad equations. However,
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this requires the introduction of a type-H quad equation with a different choice of parameters,
that is known in the literature as the trapezoidal version of a type-H equation [44]. For conve-
nience, a different notation will be introduced for the latter. The regular type-H quad equation
will be denoted as usual by H(xg,xp, T, xq4; 0, ) = 0, and the trapezoidal type-H version will
be denoted separately as

*

H(l‘a, Lpy Le, d; A B) = H(:Ea, T4, Te, Ty B — B)y (2-49)
These different instances of the type-H equation will also be distinguished graphically as shown
in Figure 6. These diagrams are based on the three-leg equations (2.16), where each of the four
functions a(x;, xj; a), a*(x;; xj; a), c(x;, xj;a), and ¢*(z;;25; o), are assigned to different edges
that connect the vertices of two variables.

Tq « Ty Tq (&% Iy
< S
B A 8¢ B A ! W]
L a Ld T « Iq
*
H(fEa,iEb,ZCC,IEd;CY,,B) =0 H(l‘a,l'b,l'c,l'd;a,ﬂ) =0

Figure 6: A type-H quad equation on the left, and an instance of this type-H equation with different
parameters (trapezoidal version) on the right.

When making arrangements of type-H equations, the orientation of the equations should be
chosen so that edges of neighbouring equations match according to the diagrams of Figure 6.
This corresponds to matching the individual functions a(z;, z;; ), a*(x;; xj; @), c(z;, z;; o), and
c*(x;;xj; ), which come from neighbouring equations. Taking this into account, consider the
following four type-H quad equations

H(Zac, Ta, T, Tap; a2, f1) = 0, H(zaph, xp, T, Tp; P2, 02) = 0, (250)
H(%¢, Tae, Ted, T3 01, 51) =0, H(xpd, Td, T, Teg; 1, f2) = 0,

which are arranged around a common vertex x as drawn in the diagram on the left of Figure 7.
Dividing the three-leg equation (H.b) for the third equation, by the three-leg equations (H.c)
for the other three equations, gives precisely the type-C four-leg equation of the form (2.32).
It appears that discrete-Toda equations for this arrangement of type-H equations have not yet
been considered in the literature, but this resembles irregular arrangements of quad equations
that were previously studied in connection with weak Lax pairs and algebraic entropy [50].

The arrangement of equations in (2.50) is not the only one that will lead to four-leg equations
for type-C equations. For example, the three-leg equations for the following type-Q and type-H
equations (shown on the diagram on the right of of Figure 7)

Q(Ta, Tabs Tac, T; f1, 02) = 0, Q(zapb, T, x, Tpa; P2, 2) = 0, (251)
H(Zed, Te, T, Taes B1,a2) =0, H(x4,%cd, Tpd, T; P2, 00) = 0,

will also lead to the type-C four-leg equation (2.32), but with opposite signs of the parameters.
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a2y A ' 207} (%) Q2
< - o

a1y x O a1y Y \ 4851
< »> % N

Le b1 B2 Ld Le B1 B2 Td

Figure 7: The four quad equations for (2.50) on the left, and (2.51) on the right. The three-leg equations
(2.15) and (2.16) for these type-Q and type-H quad equations may be used to derive a four-leg equation
(2.32) associated to a type-C face-centered quad equation.

3 Systems of hex equations in the hexagonal lattice

The consistent systems of face-centered quad equations given by (2.42) and (2.43) will be used
to define new types of discrete systems of equations that evolve in the hexagonal lattice. For
this purpose it turns out that instead of the two-component parameters o = (a1, 9) and
B = (61, P2), it is more convenient to consider equations in terms of three scalar parameters
a, B,7. The relation between the two sets of parameters will be chosen as

a=p1—ai, B=pF—ay v=p1—/po (3.1)

The parameters «, 3,y will end up being assigned to edges in the hexagonal lattice, where
opposite edges of each hexagonal unit cell are always assigned the same parameter.

Each of the face-centered quad equations of Table 3 may be written in terms of the parameters
a, 3,7, and such expressions can be found in Appendix A. The face-centered quad equation of
Figure 3 is drawn in terms of the three parameters «, 3,7, in the diagram on the left of Figure
8. Also shown in Figure 8 are graphical representations of a pair of type-C equations C and C,
distinguished by the orientations of directed edges.

A(x;xa,xb,xc,xd;a,ﬂ,’y) =0 C(x;xaaxbax07l‘d;aaﬂ’w> =0 U(x;xa,xb,xc,xd;a,ﬂ,”y) =0

Figure 8: Face-centered quad equations in terms of the parameters (3.1).

Based on (2.42), A(zq,%p, Tc, Td, Te, Tf; @, 3,7) = 0 is defined to be the following system of
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type-A face-centered quad equations

(Aa)  A(@a;Tp, Te, Tp, TV, By ) = 0,
(A.b) A(xp; Tey Td, Tay Tp377, 0, ) = 0,
(A.c) A(Te; gy Ty Thy T 1 ,ﬁ v) =0, (3.2)
(A.d) A(zq; Te, Ty, Te, xf37, B, ) =0,
(A.e) A(xe;xf,Tq, x4, e; 7, 0, B) =0,
(A.f)  Alzg;2a, To, Te, Tay o, B,7) = 0,
which each depend on different combinations of five of the six variables x,,...,zf, and on the

three parameters a, 3,v. The system of equations A(xq, Ty, T, T4, Te, T3 @, §,77) = 0 is assigned
to the hexagon shown in the diagram on the left of Figure 9. The edges of this diagram are
consistent with the edges from Figure 8 associated to the individual equations in (3.2). To
recognise that here the equations are associated to a hexagonal unit cell rather than a face-
centered cubic structure, A(zq, Ty, Te, Td, Te, Tf; 0, 5,7) = 0 will be referred to as a system of
type-A hex equations.

Ty « Te Ty Q Te

A(xa,xb,xc,xd,xe,xf;a,ﬂ,’y) =0 C(iCa,$b,$c,$d7$€7$f;04,5,’y) =0

Figure 9: The hexagon on the left is associated to the system of type-A hex equations (3.2), and the
hexagon on the right is associated to the system of type-C hex equations (3.3).

Based on (2.43), C(xq, p, Tc, Td, Te, T @, ,77) = 0 is defined to be the following system of
type-C face-centered quad equations

(C.a) C(Ta; f, Te, Ty, Tes Y, By ) = 0,
(C.) C(xp; e, Tay Ta, T3 7, @, B) = 0,
(C.o) C(xe; Ty, Tdy Tay Te; ¥ — @, —r, B — ) =0, (3.3)
(C.d) C(xg; e, Ty, Te, T3, By ) =0,
(C.e) C(fcevwf,wa,wd,xcm a,B) =0,
(C.f) U(:Ef;l‘e,ﬂfa,l‘d,l‘b7’7 —a, —a) =0,
which each depend on different combinations of five of the six variables x,,...,z, and on the

three parameters o, 5,7. The system of equations C (x4, Ty, ¢, Tg, Te, T f; 0, f,7) = 0 is assigned
to the hexagon shown in the diagram on the right of Figure 9. The edges of this diagram are
consistent with the edges from Figure 8 associated to the individual equations in (3.3). Since
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here the equations are defined on a hexagonal unit cell, C (x4, T, Z¢, T4, Te, T f; 0, 5,7) = 0 will
be referred to as a system of type-C hex equations.

In terms of the parameters «, 3,7, the square symmetries (2.38) unfortunately take a more
cumbersome form

A(‘T;xau‘rwa&xd; 75 ’Y) (‘T Ty Lgy LdyLey O — 7, /8 -7, _’Y)a
A($;$aa$b7l‘67$da 757 ) - ($ $C7xda$aa$b7ﬁa Qa, 7y )7 (34)
A(‘Tv Lay Ly, Loy Tdy O 75 ’Y) (‘T LdyLphyLeyLgy —O, 00— 7, /8 - Of).

However, the hexagonal symmetries satisfied by systems of hex equations can be better expressed
in terms of «, 3,7y. Unfortunately, there appears to be no symmetry that can be used to write
the equations (C'.c) and (C.f) with simpler forms of the parameter dependence as has been given
for the type-A hex equations (A.c) and (A.f) in (3.2).

The system of type-A hex equations A(xq, Ty, Tc, Td, Te, Tf; @, 3,77) = 0 satisfies each of the
following hexagonal symmetries

A(‘Taaxbax67xd7x67xf; 04757'7) = A(‘medaxwxbvxavxf;/@v av’y)?
A($a7$b7$ca$da$ea$f;a7577) = A($b7xa7xf7$ev$da$c;ﬁva77)7 (35)
A(xaaxbax07xdaxeaxf§04757'7) = A(‘Thxcaxmxeaxfaxa;ﬁa’}’a a)’

The symmetries (3.5) are shown in the diagrams of Figure 10. The equalities (3.5) follow from
the use of the second symmetry of (3.4). The first of (3.5) is a reflection symmetry which
simply has the effect of exchanging the equations (A.a) < (A.e) and (A.b) <> (A.d). The
second of (3.5) is another reflection symmetry which simply has the effect of exchanging the
equations (A.a) < (A.b), (A.c) < (A.f), (Ad) < (A.e). The third of (3.5) is a symme-
try of counterclockwise rotation by m/3 which simply has the effect of cycling the equations

((A.a), (Ab), (Ac), (Ad), (Ace), (A.f)) = ((Ab),(Ac), (Ad),(Ae), (A.f), (Aa)).

xf Q Te Xy a Te xf a Te

Figure 10: Line of reflection for the first of (3.5) is shown on the left, and for the second of (3.5) in
the center. The third of (3.5) represents a counterclockwise rotation by 7/3 as shown on the right. The
system of type-A hex equations is invariant under each of these actions, while the system of type-C hex
equations is only invariant under the first reflection.

As might be expected, the system of type-C hex equations C (x4, Zp, Tc, Ta, Te, T3 0, 5,7) =
has less symmetry, and is only invariant under the the first reflection symmetry of (3.5), i.e

C(xa7$b7$07$d7$ev$fa 757 ) (ﬂfe,ﬂi‘d,$c,3§‘b,3§‘a,$f,5,0é’7) (36)
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The second reflection symmetry of (3.5) has the effect of exchanging the equations (C.a) < (C.b),
(C.c) < (C.f), (C.d) + (C.e), so that equations C' become equations C, and vice-versa (so the
system is invariant when C' = C). Both of the latter symmetries follow from the use of the
first symmetry of (3.4) (the only one satisfied by type-C equations). The third symmetry in
(3.5) is also not satisfied by C(xq, Ty, T, T4, Te, T f; 0, B,77) = 0, but the following rotation of the
hexagon by m

Tq <> T, Tp > Tey Te &> Tf, (3.7)

has the effect of exchanging the equations (C.a) <> (C.d), (C.b) +» (C.e), (C.c) +» (C.f), so that
once again the equations C' become equations C, and vice-versa.

Under appropriate initial conditions, if the systems of hex equations (3.2) and (3.3) are
consistent (in the sense of Theorem 2) one may define unique evolutions of systems of hex
equations in the hexagonal lattice. This relies on the fact that once the four variables associated
to four consecutive vertices of a hexagonal face have been determined, a system of hex equations
may be consistently solved for the variables on the remaining two vertices.

For example, if the four initial variables on an individual hexagon are chosen as x,, xp, ¢, ¢,
the remaining variables x. and x4 may be uniquely determined from two of the six type-A hex
equations from (3.2), or from two of the six type-C hex equations from (3.3). There are a total
of eight ways to solve for these variables as is illustrated in the diagram of Figure 11 for a system
of type-A hex equations. For consistent systems, the choice of which of the four equations is
used to solve for z. or x4 in the second step does not matter.

Acc), (AD), (A.f), (A.e)

(
wd\

Ty o Te

Figure 11: Initial value problem on a hexagon. Initial variables are indicated by black vertices. For the
first step either (A.a) may be used to solve for ., or (A.f) may be used to solve for x4. For either choice,
there will then be four equations that can be used to determine the remaining variable.

The three different parameters «, [, v, on the hexagonal faces of Figure 9, may be associ-
ated with three different directions in the hexagonal lattice, such that opposite edges of each
hexagonal face are always associated with the same parameter. The example in Figure 11 would
correspond to an evolution in the hexagonal lattice in the direction associated to the parameter
B. The evolutions of systems of hex equations in other directions of the hexagonal lattice would
involve different choices of four initial variables and different choices of the hex equations that
would be used to solve for the two unknown variables.
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Initial conditions based on the diagram of Figure 11 are given on the hexagonal lattices shown
in Figure 12. These may be regarded as analogues of the staircase (or sawtooth) and corner
initial conditions, respectively, which are two commonly used types of initial conditions for the
square lattice. In both cases, the consistent systems of hex equations can be used to uniquely
determine the unknown variables on white vertices. Initial conditions for other directions in the
hexagonal lattice may be obtained simply by rotations by 7 /3.

Figure 12: Variables on black vertices for “staircase” initial conditions (left) and “corner” initial conditions
(right). In both cases, the variables at white vertices may be uniquely determined if the systems of hex
equations are consistent.

There are obviously many other examples of initial conditions that might be obtained simply
by taking different paths (“staircases”) in the hexagonal lattice, beyond the simple examples
shown in Figures 12. One could also consider disconnected initial conditions, as shown in the
examples of Figure 13. In contrast with Figure 12, both of the examples of Figure 13 have initial
conditions that are on broken paths in the hexagonal lattice. Nonetheless, these two examples
of initial conditions may also be used to define unique evolutions of consistent systems of hex
equations in the hexagonal lattice.

4 Consistent systems of hex and quad equations on polytopes

The properties of CAC and CAFCC allow to respectively embed systems of quad equations or
face-centered quad equations consistently into higher-dimensional Z™-type lattices. Analogues
of the properties of CAC and CAFCC will be formulated here for hex equations in terms of their
consistency on n-dimensional polytopes (or n-polytopes), for n > 3, which have faces that are
hexagons and quadrilaterals. The consistent systems of hex equations will be assigned to hexag-
onal faces of such a polytope, and regular quad equations will be assigned to quadrilateral faces.
There are obviously a wide range of polytopes that could be used for defining consistent systems
of equations. Some explicit examples will be considered for consistent systems of equations on
polytopes in 3 and 4 dimensions.

To define consistent systems of hex and quad equations on polytopes the graphical represen-
tations of the equations will be utilised. These are given in Figure 9 for the systems of type-A
and type-C hex equations (3.2) and (3.3), and in Figure 6 for type-H ABS quad equations. In
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Figure 13: Left: Initial conditions (black vertices) for evolutions starting from the leftmost column and
going to the right, column-by-column. Right: Initial conditions for evolutions starting from the lowest
row and going up, row-by-row. In both cases, the white vertices may be uniquely determined if the
systems of hex equations are consistent. In contrast with Figure 12 these are examples of disconnected
initial conditions.

addition to these, a pair of type-Q quad equations will be denoted as Q(x4, xp, T¢, xg;, B) =0
and Q*(xq,xp, Te, xg;a, B) = 0 and these two equations will be associated to the respective
diagrams shown in Figure 14.

Tq le% Tp Tq « Ty
*
B B B % * B
*
Le o Td Tc (0% Td
Q(xavxbvxw‘rd;a?ﬁ) =0 Q*(xaaxbvxmxd;awg) =0

Figure 14: Two type-Q ABS quad equations.

To begin with, for some polytope that contains only quadrilateral and hexagonal faces,
variables are assigned to each of its vertices and parameters are assigned to each of its edges,
such that opposite edges of every quadrilateral and hexagonal face in the polytope are associated
to the same parameter. The simplest case to consider is when the same systems of type-A hex
equations A = 0 are assigned to each hexagonal face, and the same type-Q ABS quad equations
@ = 0 are assigned to each quadrilateral face. Because these equations satisfy the hexagonal
symmetries (3.5) and square symmetries (2.14) respectively, their orientation on faces of the
polytope does not matter. The pairs of quad and face-centered quad equations listed on the left
of Table 4, as well as the elliptic pair (94 and A4, may respectively be used to collectively form
consistent systems of equations on polytopes.

An example is shown for the hexagonal prism of Figure 15. This polyhedron has the four
parameters «, 3,7, p assigned to its edges, and twelve variables assigned to its vertices. A type-A
system of hex equations A(xq, Ty, T, T4, Te, Tf; 0, B,77) = 0 is assigned to the bottom hexagon, a
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type-A system of hex equations A(Ya, Y, Ye, Yd Ye, Yf: @, B,77) = 0 is assigned to the top hexagon,
and there are six type-Q ABS quad equations ) = 0 assigned to the six quadrilaterals. An initial
value problem may be posed by choosing four out of the six variables x,, zy, Tc, 24, e, 75 that
are on consecutive vertices, plus one of the six variables 4, ¥p, Y, Yd, Ye, Y, as initial values. One
may check directly that systems of type-A hex equations and type-Q ABS equations (formed
from the pairs listed in Table 4) will give consistent solutions for the unknown variables.

Yo Ye

xf a Te

Figure 15: Variables and parameters on the hexagonal prism. Opposite edges of each face are assigned
the same parameter. On faces of this hexagonal prism there are two systems of type-A hex equations
and six type-Q quad equations.

More complicated (and arguably more interesting) combinations of equations arise when
considering systems of type-C hex equations C' = 0, because orientations of both hex and type-
H quad equations must be taken into account. The assignment of variables and parameters to
a polytope is the same as described above, but to have consistent systems of equations requires
assigning to quadrilaterals some particular combinations of two type-Q quad equations ) = 0
and Q* = 0 represented by the diagrams of Figure 14, and a type-H quad equation H = 0 and

%

its trapezoidal version H = 0 represented by the diagrams of Figure 6. The combination of
equations is chosen so that two neighbouring faces of the polytope share the same type of edge
according to the diagrams of Figures 6, 9, and 14. For a given system of type-C hex equations,
there can be more than one way to arrange the quad equations to form a consistent system on
a polytope. The combinations of type-C hex equations and quad equations that may be used
to collectively form consistent systems on polytopes are listed in Table 5.

Following the above guidelines, the combinations of equations listed in Table 5 will be used
to form consistent systems of equations on three examples of polyhedra given by the hexagonal
prism, the elongated dodecahedron, and the truncated octahedron. Each of these polyhedra
are space-filling and tessellate three-dimensional space by translations, where they respectively
form honeycombs known as the hexagonal prismatic honeycomb, the elongated dodecahedral
honeycomb, and the bitruncated cubic honeycomb. The consistency of systems of equations
on these polyhedra implies that the equations may be consistently embedded into these three-
dimensional honeycombs. In particular, the hexagonal prismatic honeycomb may be regarded
as being composed of infinite stackings of hexagonal prisms on each of the faces of the hexagonal
lattice, and this provides a natural extension of the systems of hex equations into a third dimen-
sion orthogonal to the hexagonal lattice. This may be regarded as the analogue of extending
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C ‘ Quad equations

C C | H | Q | @
C3ay21/20) | C3a/201/2) H3 ;1) Q) | @3
C31y2:01/2) | C3a1/251/2;0) | H3(131) (Ta € 0, 2c > a) | @30) | @3

C3(1;0,0) same as C H3(1,0 Q30 | same as Q
C3(0;0,0) same as C H300) Q3(0) | same as Q
o | o H2) @ | Qly
C2x1,0:1) C201,1;0) H2 ) (wq > Tp, 0c <> q) | Qlp) Q2
C201,0,0) same as C H2 ) Q1lq) | same as Q
Clay C2(0;050) Hla Qla | Rl
C2(0; 0.0 Clp) H1py (T4 <> Ty, Te <> 7a) | QL(0) Qly)
Clp same as C H1) Q1 | same as Q

Table 5: Combinations of type-C hex equations and quad equations that can form consistent systems of
equations on polytopes with quadrilateral and hexagonal faces. “Same as C” indicates that C' = C, and
“same as Q7 indicates that Q* = Q.

systems of regular quad equations in the square lattice Z? into the cubic lattice Z3 using the
consistency of the equations on the cube.

As a four-dimensional example, consistent combinations of type-A hex equations and type-Q
quad equations will be considered for a 4-polytope known as the 6-6-duoprism. The 6-6-duoprism
was chosen since it is one of the simpler examples of a 4-polytope that contains only quadrilat-
eral and hexagonal faces, and it also arises as one of the facets of the omnitruncated 5-simplex,
which also has only quadrilateral and hexagonal faces. The omnitruncated 5-simplex is the
permutahedron Ps, where in general a permutahedron P, 1 C R™ may be defined as the convex
hull of all vectors that are obtained by permuting the coordinates of the vector (1,...,n) [51,52].
Thus, P,_1 has n! vertices, and the hexagon and truncated octahedron are P, and Pj respec-
tively. P,_1 lies entirely in an (n — 1)-dimensional hyperplane and tessellates this hyperplane
through translations. Thus, consistency on permutahedra (and on facets of permutahedra, such
as the 6-6-duoprism) potentially would lead to interesting systems of consistent equations that
are embedded in higher-dimensional space.

4.1 Consistency-around-a-hexagonal-prism (CAHP)

The hexagonal prism is a polyhedron that has two hexagonal faces and six quadrilateral faces, as
shown in the diagram of Figure 16. The hexagonal prism is assigned an overdetermined system
of eighteen equations (two systems of hex equations and six quad equations) for seven unknown
variables. If the overdetermined system of equations on the hexagonal prism has a consistent
solution, then the system of equations will be said to satisfy consistency-around-a-hexagonal
prism (CAHP).

The initial variables are chosen as

Lay Loy Ley L fyYas (4'1)

as indicated by black vertices in Figure 16. For these initial conditions, the property of CAHP
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Le

Figure 16: CAHP. Initial variables are at black vertices and there are four different parameters «, 38,~, p

that are assigned to edges, where opposite edges of a face have the same parameter.

for the hexagonal prism of Figure 16 can be checked with the following steps.
(i) The system of hex equations
C(‘Taa Ty Ley Xdy Le,s ‘va «, /87 ’Y) =0

is used to uniquely solve for the two variables z. and x4, and the quad equations

*

H(xmymxbayb;p77) =0,
Q" (Ya, Y TarTp; By p) = 0,

are used to uniquely solve for the two variables y, and y, respectively.

(ii) The quad equations

QWbs Yo, Ty, Ty, p) = 0,
Q*(yf7y67$f7$e;a7p) = 07

are used to uniquely solve for the two variables y. and ., respectively.

(iii) The system of hex equations
C(ya7 Yby Yes Yds Ye,s yf7 &, /87 ’Y) =0
and the quad equations

QWe, Yd> Teya; B, p) =0,

H(xm y67 xda yd7 pa ’Y) = 07

must agree for the final variable y,.
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Figure 17: CAHP for equations that are different from Figure 16.

Each of the combinations of equations listed in Table 5 satisfy the above notion of CAHP.

Figure 17 shows a different arrangement of equations for the hexagonal prism, where each
of the quad equations are different, and the upper system of hex equations is rotated by 7 (this
rotation only changes the system of type-C hex equations (3.3) if C' and C are different).

The five initial variables are again chosen to be

Lay Loy Ley LfyYa- (47)

as indicated by black vertices in Figure 17. For these initial conditions, the property of CAHP
for the hexagonal prism of Figure 17 can be checked with the following steps.

(i) The system of hex equations
C(xaaxb7xcaxd7xe7xf;a7/87fy) = 0 (48)
is used to uniquely solve for the two variables z. and x4, and the quad equations

H(yy, Ya, T, Ta; v, p) = 0,
. (4.9)

H(xfaxaayfaya;ﬂyp) =0,
are used to uniquely solve for the two variables y, and y, respectively.
(ii) The quad equations

*

H(ylh Yey) Ty L O P) - 07

. (4.10)
H(xm .Z'f, y67 yf7 Oé, p) = 07
are used to uniquely solve for the two variables y. and ., respectively.
(iii) The system of hex equations
C(yd7y€7yf7ya7ybayc;aaﬂafy) =0 (411)
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and the quad equations

*

H(y67yd7xca$d;ﬁ7p) = 07 (412)
H(Ya, Ye, Ta, ze; v, p) = 0,

must agree for the final variable yq.

Each of the combinations of equations given in Table 5 satisfy the above notion of CAHP.

4.2 Consistency-around-an-elongated-dodecahedron (CAED)

The elongated dodecahedron is a polyhedron that has four hexagonal faces and eight quadrilat-
eral faces, as shown in the diagram of Figure 18. The elongated dodecahedron is assigned an
overdetermined system of thirty-two equations (four systems of hex equations and eight quad
equations) for twelve unknown variables. If the overdetermined system of equations on the
elongated dodecahedron has a consistent solution, then the system of equations will be said to
satisfy consistency-around-an-elongated-dodecahedron (CAED).

xf

Figure 18: CAED. Initial variables are at black vertices and there are five different parameters «, 3,7, p, p
that are assigned to edges, where opposite edges of a face have the same parameter.

The six initial variables are chosen as
LayThy Les Lfs Zay - (413)

as indicated by black vertices in Figure 18. For these initial conditions, the property of CAED
for the elongated dodecahedron of Figure 18 can be checked with the following steps.

(i) The system of hex equations

C(xaaxb7xcaxd7x€7xf;a7/87fy) = 0 (414)
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is used to uniquely solve for the two variables x4 and x., the system of hex equations
C(ya,Z/bazbyxbaiﬂaaza%P,ﬁ,V) =0 (415)
is used to uniquely solve for the two variables 1y, and ¥, and the two quad equations

Q(Zb7 Zes Ly, Le; A ﬁ) = 07

. (4.16)
Q (Za7 ZfyLgyXf; 57 ,0) = 07
are used to uniquely solve for the two variables z. and zy, respectively.
(ii) The quad equations
Z 72 7x 7"1; ; 7_ - 07
?( cy<ds ey bd B P) (417)
Q (zfv ey Xfy,Te; O ,0) = 07
are used to uniquely solve for the two variables z4 and z., and the quad equations
) ) Zi ) Z, ; a? = 07
f)(yb Yey 2by 2c f) (4,18)
Q" (Ya, Yf» za, 23 8,P) = 0,
are used to uniquely solve for the two variables y. and yy, respectively.
(iii) The two systems of hex equations
C ) ) ) ) 9y ; a? 9 = 07
(Yar Y Yes Y Yes Yy ?7) (4.19)
C(y67 Ydy Zds Tds Te, Zes Py Py ’Y) = 07
and the two quad equations
) 7Z 7Z ; ) = 07
Q(yc Yds Zes 2d; B p) (4‘20)

Q*(yfa Ye, Z2f5 Ze; a,ﬁ) =0,
must agree for the final two variables y; and ..

Each of the combinations of equations given in Table 5 satisfy the above notion of CAED.

Figure 19 shows a different arrangement of equations on the elongated dodecahedron, where
the quad equations are different, and the systems of hex equations are rotated.

Because of a different variable labelling, the six initial variables are now

Ty Ty Ter Ty Zby Ze- (4.21)

as indicated by black vertices in Figure 19. For these initial conditions, the property of CAED
for the elongated dodecahedron of Figure 19 can be checked with the following steps.

(i) The system of hex equations
C(xaaxb7xcaxd7x€7xf;a7/87fy) = 0 (422)
is used to uniquely solve for the two variables z. and xf, the system of hex equations

C(ywzmxc;xhzbayb;ﬁaa?ﬂ) =0 (423)
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Figure 19: CAED for equations that are different from Figure 18.

is used to uniquely solve for the two variables 1, and ., and the two quad equations

Q(ZC7 Zds Ley Tdy /Buﬁ) - 07

(4.24)
H(Zb7 th xbv ‘/Ea; 77 p) = 07
are used to uniquely solve for the two variables z; and z,, respectively.
(ii) The quad equations
I*{z7$7zda$d;_7 :07
5 (ze, e p,7) (4.25)
H(va Lay,Zf,2as 57 ,0) = 07
are used to uniquely solve for the two variables z, and zy, and the quad equations
H (e, Yas 2o 243 B, p) = 0,
: (Yes Ya, 2 p) (4.26)
H(Zb7 Yby Zas Yas ﬁ7 ’Y) = 07
are used to uniquely solve for the two variables y4 and y,, respectively.
(iii) The two systems of hex equations
C ) ) ) ) ) ; a? ) = 07
(Yds Yes Y s Yas Yo, Ye " B,7) (4.27)
C(Ye, ze, Tes Tf, 2, Y53 Py, p) = 0,
and the two quad equations
H 9y 7Z 7z ; ) = 07
(yd Ye, 2d; Ze; Y p) (4.28)

QWa>Yt:2a, 23 8,p) =0,

must agree for the final two variables y. and y;.
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Each of the combinations of equations given in Table 5 satisfy the above notion of CAED.

4.2.1 Consistency-around-a-truncated-octahedron (CATO)

The truncated octahedron is a polyhedron that has eight hexagonal faces and six quadrilat-
eral faces, as shown in the diagram of Figure 20. The truncated octahedron is assigned an
overdetermined system of fifty-four equations (eight systems of hex equations and six quad
equations) for seventeen unknown variables. If the overdetermined system of equations on the
truncated octahedron has a consistent solution, then the system of equations will be said to
satisfy consistency-around-an-truncated-octahedron (CATO)!.

Figure 20: CATO or CAP;. Initial variables are at black vertices and there are six different parameters
a, 3,7, p, P, p that are assigned to edges, where opposite edges of a face have the same parameter.

The seven initial variables are chosen as
xaaxbax67xf7za72d7zf7 (429)

as indicated by black vertices in Figure 20. For these initial conditions, the property of CATO
for the truncated octahedron of Figure 20 can be checked with the following steps.

(i) The system of hex equations
C(za; Ty, Te, Td, Te, Tp; 0, f,7) = 0 (4.30)
is used to uniquely solve for the two variables z. and x4, the system of hex equations

C(l‘a,Zaawawaazfa$f§ﬁy57p) =0 (4'31)

Tn terms of permutahedra, an alternative name is consistency-around-a-Ps (CAPs). Similarly, the notion of
CAH given by Theorem 2 also has the alternative name of CA Px.
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(i)

(iii)

(iv)

is used to uniquely solve for the two variables w, and wy, and the two quad equations

H(Zb7 zay IIJ‘b, IIJ‘a; /77 p) = 07

_ (4.32)
Q" (2f,2ze,xf,Te;0,p) =0,
are used to uniquely solve for the two variables z;, and z., respectively.
The system of hex equations
C(We, wd, 24, Ty Te, 2e5 P p,77) = 0 (4.33)
is used to uniquely solve for the two variables wy and w,, and the quad equation
Q(2e; 2d, Tes 243 B, p) = 0, (4.34)
is used to uniquely solve for the variable z..
The system of hex equations
C (25, Wf,Yfs Yes We, Ze; Py, p) = 0 (4.35)

is used to uniquely solve for the two variables y. and y;, and the system of hex equations
C(xp, 2p, W, We, Ze; Te; Py, p) = 0 (4.36)
is used to uniquely solve for the two variables wp, and w..
The system of hex equations
C(2b, 2a, Wa» Ya, Yo, Wp; P, P,7Y) = 0 (4.37)
is used to uniquely solve for the two variables y, and y;, and the system of hex equations
C(Yd, Wd, 2d, Zes We, Yei; P, B, p) =0 (4.38)
is used to uniquely solve for the two variables y. and yg.
The system of hex equations
C(Yd: Ye Y+ Yas Y, Yei @, B,7) = 0 (4.39)
and the three quad equations

H (Y4, Ye, wq, we; 7y, p) = 0,
Q* (yb7 Ye, Wy, We; O,y ﬁ) = 07 (440)
QWa, Yy, wa,wyr; B, p) =0,

must each be automatically satisfied by the variables determined in the previous steps.

Each of the combinations of equations given in Table 5 satisfy the above notion of CATO.
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Figure 21: CAG66D. Initial variables are at black vertices and there are six different parameters
a, 3,7, p, p, p that are assigned to edges, where opposite edges of a face have the same parameter.

4.2.2 Consistency-around-a-6-6-duoprism (CA66D)

The 6-6 duoprism (also known as the hexagonal duoprism) is a 4-polytope that has twelve
hexagonal faces and thirty-six quadrilateral faces and twelve hexagonal prism cells. A Schlegel
diagram of the 6-6 duoprism is shown in Figure 21.

The 6-6 duoprism is assigned an overdetermined system of 108 equations (twelve systems
of hex equations and thirty-six quad equations) for twenty-nine unknown variables. If the
overdetermined system of equations on the 6-6 duoprism has a consistent solution, then the
system of equations will be said to satisfy consistency-around-a-6-6-duoprism (CA66D).

For simplicity, CA66D will only be considered in terms of systems of type-A hex equations
in combination with type-Q ABS equations. First, denote by P(x,y;«, 3,7, p) = 0 the system
of equations on the hexagonal prism of Figure 15, defined by

(PX.a) A(q, Ty, Tey Tay Te, T30, 8,7) = 0,
(PX.b) A(Yas Ybs Yer Yds Ve, Yf3 @ B57) = 0,
(PQ.a) Q(Ya> Yb, Tas Tv; Y, p) = 0,
(PQ.D) Q(Yvs Yo, Ty, Tes @, p) = 0, (4.41)
(PQ-c) Q(Yes Yas Tes Td; B, p) = 0,
(PQ.d) QYes Yds Te, a5 7, p) = 0,
(PQ-e) Qf Yes Tp, Tesa,p) =0,
(PQ.f) QWa, Y, Ta,xf; B, p) =0,

where A = 0 denotes a system of type-A hex equations (3.2) and @ = 0 is a type-Q ABS
equation. The equations ((PX.a), (PX.b),(PQ.a),..., (PQ.f)) of P each depend on different
combinations of the four parameters «, 3,7, p, and on different subsets of the twelve variables

T = (Ta, Ty Tey Tds Tes Tf )y Y = (Yar Ybs Yes Yds Yer YF)- (4.42)
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The twelve hexagonal prism cells of a 6-6-duoprism are respectively assigned the equations

Pz, y;a,B,7,p) =0,  P(Xq, Xy;0,P,p,
P(y,z;a,0,7,p) =0 (X7, Xe; 0,7, P,
P(z,w;a, B,7,p) =0, (Xe, Xa; 0,9, p,Y
P(w,v;a,B,7,p) =0,  P(Xg,Xc:p,7,p,
P(v,u;a, B,7,p) = (X, Xy 0,0, p,
P(u,x;a,83,7,p) = (X, Xa; 07, P2y

a

9 7

B) =
@) =
7 =0 (4.43)
B) =
@) =
) =

a)

7

a

0,

9

8,

) 7

where  and y are given in (4.42), and

W = (Wa, W, We, Wey We, We), 2 = (Za, 2b, Zes Zds Zes 2f), W = (Uqg, Up, Ue, Ud, Ue, Uf), (4.44)
v = (Va, Up, Ve, Ud; Ve, Vf ), X = (yi, wiyug, v, w4, 24), 1 € {a,b,c,d,e, f}. '

The system of equations P(w,v;a, 3,7, p) = 0 is assigned to the “outer” hexagonal prism that
contains all other hexagonal prisms in the sense of the Schlegel diagram of Figure 21. The twelve
six-tuples of variables x,y, z,w,v,u, and X;, i € {a,b,c,d, e, f}, are respectively associated to
vertices of one of the twelve hexagonal faces in the 6-6-duoprism.

Consider two systems of equations P(w,x;«, 3,7,p) =0 and P(y, z;, 3,7,p) =0. If & =
y, the system of hex equations (PX.b) from the former, and the system of hex equations (PX.a)
from the latter, are equivalent and lie on a shared hexagonal face associated to the variables x
Thus, the systems of equations on the left of (4.43) belong to a “loop” of six hexagonal prism
cells that share hexagonal faces in the 6-6-duoprism, and the systems of equations on the right
belong to the other loop of six hexagonal prism cells in the 6-6-duoprism.

To avoid repeating the steps of the CAHP algorithm, it is assumed that each of the twelve
individual systems of equations (4.43) satisfy CAHP. The seven initial variables are chosen as

xaaxb7xeaxfaya7za7wa7 (445)

as indicated by black vertices in Figure 21. For these initial conditions, the property of CA66D
for the 6-6-duoprism of Figure 21 can be checked with the following steps.

(i) The systems of equations
P(x,y;0,8,7,p) =0, P(y,z0,8,7,p) =0, P(z,w;a,f,7,p) =0, (4.46)

are used to uniquely determine each of the unknown variables in x,y, z,w, and these
systems are consistent as a consequence of CAHP.

(ii) The systems of equations
0
0
p Xe,Xd;ﬁ,ﬁ,p,’y =0, (4.47)
=0
=0

are used to uniquely determine each of the remaining unknown variables in w and v, and
these systems are consistent as a consequence of CAHP.
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(iii) The remaining equations that were not used to determine the unknown variables (and
whose consistency is not implied through CAHP) must be consistent with the values of the
unknown variables determined through the previous steps. These equations are the three
quad equations (PQ.b), (PQ.c), (PQ.d), from

P(Xy, Xa; p,0,p,7) =0, (4.48)
and the two systems of hex equations (PX.a) and (PX.b) from

P(v,u;a,3,7,p) = 0. (4.49)

Hex equations A = 0 and quad equations @Q = 0 constructed from pairs on the left of Table
4 satisfy the above notion of CA66D.

5 Summary

This paper has presented the new concept of a system of hex equations, which is an overdeter-
mined system of six face-centered quad equations defined on six vertices of a hexagon. Consistent
systems of hex equations satisfy analogues of several of the properties that are characteristic
of quad equations, including dependence on parameters which are the same on opposite edges
of the hexagon, symmetries under rotations and reflections of the hexagon, well-defined initial
value problems both on the hexagon itself and on connected staircases in the hexagonal lattice,
and multidimensional consistency on polytopes with hexagonal faces. This appears to be the
first time that such properties have been collectively realised for systems of equations that evolve
in hexagonal lattices.

The results of this paper open up interesting directions for future research, some of which
include (in no particular order):

e Develop the analogue of consistency on polytopes for lattice models of statistical mechanics
by using the connection to the quasi-classical limit of the Yang-Baxter equation. This
could potentially have some interesting physical interpretation for models on hexagonal
lattices. Reinterpreting the consistency of the hex equations on polytopes in terms of some
equations satisfied by Boltzmann weights might also lead to new forms of the Yang-Baxter
equations.

e Determine the solutions of the systems of hex equations. There are methods that have
been developed for constructing the soliton solutions of integrable quad equations [53-55]
and these could possibly be adapted for obtaining solutions of hex equations.

e Extend systems of hex equations to multicomponent cases by using the quasi-classical
limit of multicomponent solutions of the Yang-Baxter equation [21]. This may also have
connections with multicomponent discrete Landau-Lifschitz type equations [56] that were
proposed as extensions of (4.

e Investigate reductions of the systems of hex equations on polytopes. For example, reduc-
tions of quad equations on certain polyhedra have been shown to lead to discrete Painlevé
equations [57,58]. There could potentially be some interesting reductions from the per-
mutahedron P,_; which may equivalently be interpreted as the Voronoi cell of the dual
lattice of the root lattice A,_1 [52].
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e Classification of hex equations that satisfy consistencty-around-a-hexagon (CAH). CAH
(six face-centered quad equations for two unknowns) is similar in complexity to CAC (six
quad equations for four unknowns), although an individual face-centered quad equation
involves an extra variable and parameters. For quad equations there exists the important
ABS classification [13,14], and it might be feasible to use a similar approach to classify
hex equations. Such a classification should include all of the known type-A and type-C
face-centered quad equations that satisfy CAFCC and might find some new ones.

e CAH for type-B CAFCC equations. Besides type-A and type-C equations, there were
also introduced the type-B equations in connection with CAFCC [22], but it is not known
if there is a CAH property for type-B equations which could be used to construct the
corresponding consistent systems of hex equations. This might be obtained through a
classification result as mentioned in the previous point.
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Appendix A Quad equations and face-centered quad equations

In the following, p(z) and @'(z) denote the Weierstrass elliptic function and its derivative re-
spectively, with Weierstrass invariants g, and g3, and z(«) and s(«) are defined by

z(a) = €%, s(a) = sinh(a). (A.1)

A.1 Face-centered quad equations

Two conventions have been used for face-centered quad equations in this paper. In Section 2
they are written with dependence on two-component parameters o« = (a1, a2) and 8 = (S1, f2)
(which are more suitable for the square lattice), while in Section 3 they are introduced for hex
equations in terms of three scalar parameters «, 3,y (more suitable for the hexagonal lattice).

In the following, the equations are given in terms of «, (3,7, where the relation between
different sets of parameters is o = 51 — a1, 8 = f1 — ag, v = 1 — B2. Also, ¢ is used to denote
the following sum of parameters

p=a+pf—7y (A2)

and # is used to denote
i =423 — gox — g3. (A.3)

Define the following four functions
1 (z,y, a1, a2, 03,04

q2 (:E Y1,Y2, 01,02, Q3,04

q3 (:E Y1,Y2, 01,02, Q3,04

= pa(x, a1, a2) (p1(x, a3)p1 (x, as) — 256q(x, a3)q(x, ag)y),

= pa(z, a1, 2) (p1 (2, az)q(z, )y — p1 (@, aa)q(z, a3)ys),

= p3(z, a1, az, a3) (16q(z, ) y1 — pr(z, aa)ya), (A4)
(

~—  ~— ~— ~—

qa(z,y, 01, 2,3, a4) = p1(x, 1)q (1E7042)<@/(043)(16Q(!E,a4)y + p1(@, aq))

+ ¢ (as) (16¢(x, 3)y + p1(z, ag))),
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where

a(w,0) = (v = p(a))”,
Po (l‘, ):2 3+ ($+p( ))(gg—4$p(0&)),
pi(@,0) = 16(z + p()) gs + (4zp(a) + g5)°,
pa(x, o1, ) = o' (a2)po(x, a1) + ¢’ (a1)po(x, o2), A
p3(x, a1, 0, a3) = —4% H o (0) Z o (1) H po(z, o), (A-5)
1<j<3 1<i<3 1%53
pa(z, 01, a0, a3, q) = Z (4@po(z, o) H o (o) + ¢’ (i) H po(z, o).
1<i<4 1%‘54 1%54

The following is a multilinear polynomial of the form (2.22) that corresponds to the elliptic
face-centered quad equation A4

A4 (322%gs + (42 + g2)* — 16p(ar — B)) (p(7) — 9(6))
. <q1<x, Faueta, — By & — 9, B — 1) + (2> Tyt 60 B — 7,0 — 7, B)
—q1 (7, 22pT Ty 0 — 7, By, B =) — (¥, TaTpTxd, — (a0 =), B — v, a0, B)

16(paler, @0 — 3, ,8 — 1) (@e — Taza) + @2(2, 70,70, 5,8 — 7, 00— 1) + 72)

+pa(w, —a, —(a = ), 8, 8 — V) (TaTe — TpT4) + G2(T, Ta, Ty 0, @ — ¥, B — 7, B) (% + 7q)
+q2($7 LqTpy L, Ay _(ﬁ - ’7)7 a—7, /8) - Q2($7 Lalp, Teld, O 7/87 -7 /8 ’7)
)

+CJ2(IIJ‘,IITGII}‘[),$C$d,Oé _’776 —’7,0[,6) - q2($7$a$b7xc$daa 6,0[ 6 ’7)

+4<Q3($7$bxcxdaxaa a7/87/8 -7, a— ’Y) - q3(x7xbxcxd7xa7 (Oé ’Y) /8 /8 Y, &

_q3($7 LaXpXd, Ly, O, X — 7, 67 6 - ’7) + Q3(3§‘, LaTpXd, Ly, O, X — ( )
—QS(% LaTpLey Ld, O, O — 7, _57 /8 - ’Y) + q3(‘7:7 LaTpTey, Ty Oy, O — 7, /8 v,
_q4($7 Teld, /8 -7 57 o, — ’7)$CL + q4($7 Teld, /87 /8 -7 a,a = ’7)$b

@)
+¢3(%, TaTcTa, Ty, —, B, B — 7,0 — ) — q3(T, TaTeTa, Tp, 0 — 7, B, B — 7, @)
B3)
B3)

+Q4(33, LTqZp, ¥ — 7, Q, /87 /8 - ’7)$c - C]4($, Lalp, O, ¢ — 7, 57 5 - ’7)$d)>

(A.6)
The above polynomial is degree 10 in . The product of factors (32x293 + (42?4 g2)? — 16p(a —
6):1:) (p(v) — p(qb)) on the first line is degree 4 in x and independent of x,,xp, ., 4. These
factors are needed to preserve the third symmetry of (3.4).
The following are multilinear polynomials of the form (2.22) for type-A and type-C face-
centered quad equations

A3(s) 2P} (T, T, Te, 2a; @, B, ) + 5(8)(war® — mpwewa)
_S(/B - 7)(xbx2 - xaxcxd) - S(a)(xcx2 - xaxbxd) + S(a - ’Y)(xdx2 - xaxbe) (A?)

+3((8 = Ms(a =) (s(@)ra — s(B)ae) + s(@)s(8)(s(y — @)y = s(7 ~ Awa))
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A2(5,.6,) TP 5, (Tas Ty, e wa; @, B,7) — alwe — ma) (27 + w0y — 0167 (w0 + 1 — 57))
+B(xq — wp) (22 + TeTg — 6107 (xc + xd — a2)62)
+y(zp — xa) (2% + TaTe — S10B(20 + T — (0 — — aﬁ)éz)

+<5w¢((a:ca = Bae + 0a(a = B)af) (zp + xa + (o — )(’v 8))"

—|—52((Oé - 5)(33(1330 - l‘2) - Oé Lq + 6 xc))
(A.8)

C3(51;52;53) xP(C(S?; 52;53)(xa7 Ty, Te, Tg; @, B,77) + (xaxb + 2525(8)s(B — ’Y)) (a:d — xcz('y))
+(z42(7) — we)2® + 612(—) (1 + 200z ca92(200 — 7)) X
9

((Z(ﬂ) — 2632(20 — B)2?) (zp2(7) — ma) + (za2(7) — m3) (2(y — B) — 2032(cx + ¢)z?)
(A.9)

02(51;52;(53) xP(C(;i 52;53)(xa7 Tp, Ly Tds O /87 7) + (.Z'2 - xa‘rb)f}/(’y - 2a)63 - (.Z'2 + ‘Taxb)(xc - .Z'd)
+618(8 — ) (v(v — 20)% + (x, — zq)) (B(y — B) + o + xb)52 — 203y(xq + 2p)2°
+01(B(zq — ) — YTa) <a:c + zq+ (20 — ) (7 — 20)% + 2083 (v =) — x2)> (v — 20)%

+26, (ﬁv(ﬁ — (a4 z) (=7 +za) + (V20 — B@a — x1)) ((y — @) + :Ec:vd)>
(A.10)

01(5) $Pg)1 ($a7 Lpy Ley Xds Ay 57 ’7) + 2(/8(33(1 - ‘/Eb) - ’}/ﬂfa) (_x0/2 - IEd/Z)&

(A.11)
+(:172 + 2oz + 68(y — B)) (xc — T4)

The above polynomials are each quadratic in x, where the terms linear in = (corresponding
to P; in (2.23)) are given by
P(j;‘f’ = (za2c — xpra)s(a — B) + (Ted — ap)s(Y) + (2pTe — Taa)s(d) + ds(a — B)s(d)s(v),
P52 5y = al@e — 24) (wa + 2y + 2025°) — B(wa — ) (e + T4 + 2620°)

—Y(@p — 24)(Ta + T + 20205),
—510v((a = B)(a + 2p + Te + 24 + 70 — & — %)% — 28 (ax, — Bzc))

P((f;f); 82:83) — (Taze — wpTa)2(B) + (TpTec — Taa)2(y — B)
+ 01 (2(—a) — 2(3xqp, — S2wexq)z(a — 7)) (1 — 2(27)),

PG2 559 = (Ta + w5+ 262(8 — 7)B) (we — 74) + (0 — 1) (28 — 7) (7 — 202)™
+ 617 (%o + 2a + (20 — ) (v — 20)%) (v — 20)%2 + 2627 (@0 — 7)o — T e2q)
+ 2037 ((a — B)¢ + waxs),

P(%l = 2y(—c/2 — 24/2)° — (xq + 7)) (Tc — 2q).
(A.12)
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A.2 ABS quad equations

The following are multilinear polynomials of the form (2.2) for equations in the ABS list [13,14],
where the expression for 4 is due to Nijhoff [59].

Q4 0'(@) (20 = 9(8)) (we = 9(8)) — (9(e) — p(8)) (pla = B) — p(8)))

% ((2a = 0(8)) (z — 0(8)) — (pla) = 9(8)) (p(a — B) = p(8)) )

+0/(8) (20 = 0(0)) (21 — 9(@) = (9(8) = p(e)) (pla — B) — p(a))

% ((we = p(a)) (za = 9(@) = (9(8) = p(@)) (pla = B) = p(a)) )

+¢' (@) (B)¢ (a = B) (p(a) — p(B))

Q3 s(a)(wazy + 2cq) — S(B)(Tae + Tp20) — (@ — B)(TaTaq + Tp7c) — 08()s(B)s(a — B)
Q2 QL) + Bl = B)(wq + Ty + T + Ta + aff — o — 57
Q1) a(xg — xc)(xp — 24) — Blaq — xp) (T — 24) + dfB(cx — )
H3s; 2(a)(@ame + Tpzq) — 2(B) (20 + Texq) — s(a — B)(6(2 + €) + e(2(ap)zazq))
H2) (Ta — za) (@ — T) — (o — B)(a + Tp + Tc + T4) — (0 — 57)
+5(a—B)(2ze +a+B+1)(2zqa+a+ B+ 1)+ (a—B)* — 1)

Hl (Ta — xa)(zp — 2c) +2(a — B) —e(a = B)(2 + 2q + 4)

(A.13)
Apart from @4, each of the above are equivalent to Pi(z,, —4, T¢, Tp; 0, — B, — ) in
(2.23) for one of the polynomials in (A.12), where the correspondence is given in Table 4.

A.3 Three-leg and four-leg equations

In the following, o(z) denotes the Weierstrass sigma function, and T is used to denote

T=x+Va?—-1. (A.14)

The definitions in (A.1), (A.3), and (A.5), are also used.

The functions used for the three-leg and four-leg equations may be organised according to
which face-centered quad equations they are associated to. The four-leg equations associated to
type-A and type-C face-centered quad equations are respectively given by (2.31) and (2.32) (or
in additive form (2.33) and (2.34)). First, for A4 one may use a(x;y;«) given by

( ) (4(95 +y+p(a))a(z,a) + (&7 + p,(a))z) o (p(@) — p(a))
a(x;y; a) = - .
<4(x +y+ p(a))gle,a) + (&7 — p’(oz))2) o (p(z) + p(a))

(A.15)

The functions for all other face-centered quad equations are given in Table 6, where the abbre-
viation add. is used to indicate it is for the additive forms of the equation.

The three-leg equations for type-Q and type-H ABS quad equations are respectively given
by (2.15) and (2.16) (or for the additive form with (2.10)), where the function for Q4 is given by
(A.15), and the functions for all other equations are given in Table 7 in terms of the functions
from Table 6.
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Type-A a(z;y; «) Type-C | c(z;y; @)
1+ Z()’7* — 2Z()Ty 1 — Z(o)Ty
A - - -
S Z(a)2 + 7% - 2Z(a)Ty C3(%; 2:0) T —Z(a)y
03(%70; 1 ‘ Z(—a) + Z(a)z? — 2xy
A3(0) 72(6)[)3: Y 03(1;0; 0) ‘ vy — Z(-a)
z— Z(a)y
C3(0;0,0) ‘ Yy
(Vo —a)?—y —Vrta
A2 —_ C21.1.
(1;1) (V2 + )% — (11:0) y+Vr+a
02(1; 0;1) ‘ (.Z' + 04)2 Y
A2(1.0) _‘T — y+a 02(1§0§0) ‘ z —l—y—i-Oé
’ T—y—«
Cly) ‘ Yy
Y+
o 02(0; 0; 0) 9 (add)
A2(4.0) Py (add.) x
Yy
Cl) — = (add.)
2

Table 6: Left: A list of a(z;y; ) in (2.31) for type-A equations (A.7) and (A.8). Right: A list of ¢(z; y; )
in (2.32) for type-C equations (A.9), (A.10), and (A.11). For C3(s,;5,:65)s C2(6,;5.;84), and Cles,y, the
a(x;y; o, B) are respectively given by the functions for A3(as,), A2(5,;6,), and A2s,;5,—0)-

Type-Q | a(z;y;a)  Type-H | a*(z5y;00) | clwsy;0) | ¢ (w5y;0)
Q3a) | A3 H3; 1) | C31.1.0) | O30 1
H3;0) | A3(g) C3(1;:0;0)
@3(0) A3(0) |
H3(o,0) | | C3(0;.0,0)
Q2 A2,y H2 ‘ A2, ‘ C201;.1,0) ‘ C21;.0:1)
H2 ‘ ‘ C2(1,.0,0)
Qlay | 42010
Hig) | | Cly | C20:00)
A2(0 0)
Qleg | A2 Hlg) | | Cl)

Table 7: Left: A list of a(z;y;a) in (2.15) for type-Q ABS equations. Right: A list of
a*(z;y; @), c(z; y; ), ¢ (w5 y; ) in (2.16) for type-H ABS equations. For H3s,.) the a(z;y;a) are given
by the functions for @3(.), for H2(. the a(z;y;a) is given by the function for Q2 if ¢ = 1, and the
function for Q1) if e = 0, and for H1(.) the a(z;y; ) are given by the functions for Q1 ).
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