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Recent work has demonstrated that high-threshold quantum error correction is possible for biased-
noise qubits, provided one can implement a controlled-not (CX) gate that preserves the bias. Bias-
preserving CX gates have been proposed for several biased-noise qubit platforms, most notably
Kerr cats. However, experimentally measuring the noise bias is challenging as it requires accurately
estimating certain low-probability Pauli errors in the presence of much larger state preparation and
measurement (SPAM) errors. In this paper, we introduce bias randomized benchmarking (BRB) as
a technique for measuring bias in quantum gates. BRB, like all RB protocols, is highly accurate
and immune to SPAM errors. Our first protocol, CX-dihedral BRB, is a straightforward method to
measure the bias of the entire CX-dihedral group. Our second protocol, interleaved bias randomized
benchmarking (IBRB), is a generalization of interleaved RB tailored to the experimental constraints
biased-noise qubits; this is a more involved procedure that directly targets the bias of the CX gate
alone. Our BRB procedures occupy a middle ground between classic RB protocols that only estimate
the average fidelity, and tomographic RB protocols that provide more detailed characterization of
noise but require more measurements as well as experimental capabilities that are not necessarily

available in biased-noise qubits.

I. INTRODUCTION

Achieving scalable quantum computing will require ef-
ficient error-correction to counter the effects of noise. Re-
cent work has revealed that there exist error correcting
codes that tolerate much higher noise rates [IH7] when
the noise is biased, that is, when errors that cause bit
flips are suppressed compared to errors that cause only
phase flips. In order to efficiently detect errors, these
proposals rely on using controlled-NOT (CX) gates that
are bias-preserving such that bit-flip noise remain sup-
pressed to leading order [2HI0]. Without bias-preserving
CX gates, error correction is possible but requires more
complex circuits, reducing the effectiveness of the un-
derlying code [11]. Recently, CX gates that preserve
the noise bias have been theoretically proposed in Kerr
cat [I2] and other qubit platforms [I3| [I4] (see also [I5]
for improvements to bias-preserving CX gates in Kerr
cat qubits). Experimental efforts towards realizing these
proposals are rapidly growing. In order to determine the
effectiveness of the bias-tailored codes implemented with
the experimentally realized CX gates, it is necessary to
estimate the amount of noise-asymmetry or bias along
with the total error probability of these gates. However,
it is challenging to precisely measure the rate of bit flip
errors of highly-biased noise channels, as such rates are
extremely low.

A common method for precisely estimating low error
probabilities in quantum gates is randomized benchmark-
ing (RB) [I6HIY] and its derivatives [20H36]. In RB, one
randomly generates circuits from some set of elementary
gates and estimates the average error probability as a
function of the circuit depth; the decay rate of the er-
ror probability with circuit depth then gives information
about the error rate in the circuit. RB protocols typi-
cally boast two main advantages over other characteri-

zation methods. Primarily, RB protocols decouple state
preparation and measurement (SPAM) errors from gate
errors. In addition, because RB involves evaluating the
error rate of circuits composed of many elementary gates,
small error probabilities are magnified and may be pre-
cisely measured. The accuracy of RB experiments to es-
timate properties of the error channel can be rigorously
guaranteed in a variety of settings [23] 24 [37H4T].

There exists a zoo of different RB protocols (see [25]
for a taxonomy) which differ in whether they charac-
terize a group of gates or a single gate, whether they
measure only the average fidelity or additional prop-
erties of the noise, and whether they are tailored to
specific experimental hardware. The original RB mea-
sures the fidelity averaged over elements of the Clifford
group [16, [I7], but there also exist extensions of RB
which measure the average fidelity of other efficiently-
simulatable groups [22] 26, [27], most notably character
RB [211, 23}, 24] which uses techniques from representation
theory to significantly simplify the RB decay functions.
In contrast to RB methods characterizing groups of gates,
interleaved RB [20] and its variants [23, 28431, [42] instead
measure the average fidelity of a single gate or layer of
gates. There also exist RB protocols that measure prop-
erties of the noise channel beyond the average fidelity for
either groups of gates or specific gates [32H35] [43], [44].
Moreover, efforts have been directed towards designing
both group and interleaved RB protocols that are specif-
ically tailored to the gate-set available in a given hard-
ware [24] [36] 42, 45].

In this spirit, here we introduce group and interleaved
RB procedures tailored to extract information about the
total noise as well as noise-asymmetry in biased-noise
hardware. Our first procedure is CX-dihedral bias RB
(BRB), which is a straightforward modification of CX-
dihedral RB [22, 23]. This procedure measures the noise



bias and average fidelity of the entire CX-dihedral group.
Our second procedure, interleaved bias RB (IBRB), is a
generalization of interleaved RB [20] and the recently in-
troduced 2-for-1 interleaved RB [23] [42]. In particular,
the IBRB procedure is tailored to the available gate-set
of biased-noise qubits [12] [46], [47]. This procedure uses
interleaved CX and Z gates to estimate the bias and fi-
delity of the CX. Both the BRB and IBRB protocols
make heavy use of the recently introduced framework of
character RB [23] 24].

Our approach to biased-noise benchmarking is notably
different from Pauli channel estimation [34} [35] [44]. Pauli
channel estimation is an interleaved RB procedure that
uses character RB and randomized compiling to mea-
sure the full set of Pauli-diagonal elements of the noise
channel associated with any Clifford operation. While
Pauli channel estimation would appear to be sufficient
for measuring the bias of CX gates, it has two drawbacks
that make it unsuitable for estimating bias in biased-
noise qubits. First, Pauli channel estimation demands
considerable experimental overhead, as it estimates the
probability of each Pauli error rather than the probabil-
ity of sets of Pauli errors such as bit-flips and phase-flips.
More importantly, Pauli channel estimation requires in-
terleaving the full Pauli group between the Clifford op-
erators, and is only guaranteed to measure the Clifford’s
noise when the Pauli group is high-fidelity. This is not
suitable for biased-noise qubits, where we generically ex-
pect X and Y gates to be of comparable fidelity to CX
gates if implemented in a bias-preserving manner [12].
On the other hand, if X and Y gates are not implemented
in a bias-preserving manner then it won’t be possible to
accurately estimate the suppressed bit-flip rate in the
CX gates. In contrast to Pauli channel estimation, our
interleaved bias RB is designed specifically to use only
interleaved Z gates, which are trivially bias-preserving
and can be implemented with high-fidelity [8] [12].

Our paper is organized as follows. In Section [[I, we
define the bias and fidelity of a multi-qubit gate in terms
of the Pauli-diagonal part of its noise channel. In Section
[ we introduce the Pauli, Z, and CX-dihedral groups
that we will use to benchmark the bias. In Section [[V]
we give the step-by-step instructions for our bias RB pro-
cedures and illustrate them with simulated experiments.
The derivations of these procedures, as well as technical
details about biased-noise error channels, are relegated
to appendices.

II. DEFINING THE BIAS

Intuitively, the bias of a noise channel A is a measure
of the likelihood that an error will not flip a bit and will
instead only apply an erroneous phase. We refer to er-
rors that only apply an erroneous phase as dephasing
errors, while we refer to errors that include a bit-flip
as non-dephasing errors, even if they also apply erro-
neous phases. For example, an error 1 ® Z is dephasing,

while Y ® Z is non-dephasing.

To formally define the bias, we introduce the y-matrix
of a quantum channel [48]. Since the Pauli group on
N qubits forms a basis for the set of all operators on
N qubits, we can write the action of an arbitrary noise
channel as

Ap) = Xa,5,.4,5 X (@) Z(B)pZ(B2)X(d) (1)
6217@1
d2,B2
 ang, 49]. Here ai, B e 7Y
are vectors of Os and 1s that index the Pauli group, and
for any single qubit operator O we use the notation

for some coefficients x; 7
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The diagonal of the y-matrix is non-negative and sums
to one. As a Pauli error is dephasing if and only if
a = 0, we define the probabilities of dephasing and non-
dephasing errors, pp and pnp, by

PD =D Xojof (3)
B0
PND = Z Xag,ap: (4)
a;fﬁ
B

Finally, we define the bias 7 as the ratio of the error
probabilities,

7 = pp/PND- (5)

This definition of the bias for a multi-qubit gate was orig-
inally given in [12].

The probability of no error is given by xgz g5, which is
related to pp and pnp in the obvious way

Xgo,60 = 1 — Pp — PND- (6)

The usual measure of gate quality is the average fidelity
Fj, which in can be written in terms of the y-matrix
as [50, 1]

N
2" Xgo,50 + 1

F =
A oN 11

(7)
where N is the number of qubits. There exist numerous
RB procedures to measure the average fidelity of a group
of gates [16, 17, 2TH25] or a specific gate [20), 23] 28] 29|
31, 42] and therefore determine x5 5g-

Note that while pp and pnxp ohly directly give in-
formation about the diagonal elements of the y-matrix,
complete-positivity of the noise channel A implies the off-
diagonal elements of the y-matrix are bounded by the
diagonal elements as [33], Appendix D]

|X53151@2g2| = \/X&1517&131X&2327&252' (8)



One can use this bound to show that if two biased noise
channels A 4 and Ap have non-dephasing error probabil-
ities pdp and p&p, their composition will still have

pnp S PRD + PRD + 24/ PRDPRD (9)

and similar for pp (see Appendix . Thus, pnp as de-
fined in Eq. [ is a useful characterization of the chan-
nel’s behavior under composition even if the off-diagonal
elements are not negligible. We also note that previ-
ous work on quantum error correction has demonstrated
that measurement of the stabilizers of an error-correcting
code causes the off-diagonal elements of the x-matrix to
rapidly decay [52H55].

III. THE PAULI, Z, AND CX-DIHEDRAL
QUANTUM GROUPS

We will focus specifically on the Pauli, Z, and CX-
dihedral [22] 56] groups. These are all finite subgroups of
the full unitary group that can be efficiently simulated.
We will consider these groups to be defined modulo over-
all phases for convenience.

The N-qubit Pauli group Py is the group generated
by the Pauli X and Z operators on all N qubits. As
XZ = 7ZX up to a phase, we may assume all X operators
appear to the left of all Z operators. We then have

PN I:<X1,Z1,...,XN,ZN>/U(1) (10)
- {X(&)Z(ﬁ) aezd fe zgv} RNCE))

Since X(O_Z1>Z<51)X(O_22)Z(52) = X(O_Zl +&2)Z(61 —‘rﬁg) up
to a phase, this group is isomorphic to Z3V

The N-qubit Z group Zy is the commutative subgroup
of the Pauli group generated by all single-qubit Z:

Zn =(Z; :1<i < N)JU1) (12)
:{Z(ﬁ):ﬁe ZQ’}. (13)

This group is clearly isomorphic to Z2'.

Finally, the N-qubit CX-Dihedral group Dy is the
group generated by the N-qubit dihedral group along
with all CX gates between any pair of qubits [22]:

Dy :=(X;, T;,CX;; : 1 <4,5 < N)/U(1). (14)

Here, T; := exp{inZ;/4} is the T-gate, while CX, ; de-
notes the CX gate with the first index, ¢, the control and
the second index, j, the target. Simple presentations of
Dy were introduced in [22] [57], and efficient decomposi-
tions of elements of Dy which minimize the number of
two-qubit gates are given in [56].

IV. THE BIAS RB PROCEDURES

In this section, we outline our two bias RB procedures.
The first is a simple and scalable protocol for measuring

b Po Iy Xb(X(d‘)Z(_‘)) Sp(n)
1 @Yoy |[@Yz| (-1 AT
2@V [ (+H|®@VX| (1P Az

TABLE I. Initial states, measurements, weighting, and fitting
functions for CX-dihedral bias RB. Here, |&@| denotes the Z;-

valued sum of all elements of @, and similarly for |3].

pp and pnp for the entire CX-dihedral group, which may
be a useful proxy for the performance of the CX gate
when the X and T gates are high-fidelity.

The second is a protocol for measuring pp and pnp for
the CX gate CX; 2 acting on two qubits, by interleav-
ing with elements of Z; and randomly swapping between
the usual CX; o gate and a |0)-controlled CX gate which
flips the target qubit if the control qubit is in the |0)
state. The |0)-controlled CX gate can be written as a
CX gate conjugated by a Pauli X on the control qubit,
X1CX4,2X;. This second protocol is specifically designed
for biased-noise, stabilized-cat qubits, where the fidelity
of diagonal Z gates is much higher than the fidelity of
X, and where we can apply both a bias-preserving CX; o
and a bias-preserving |0)-controlled CX gate by simply
changing the phase of a drive [9], 12| T3] so that these two
operations have similar pp and pyp. However, we expect
this protocol to be generally applicable to other biased-
noise architectures, since arbitrary biased-noise architec-
tures will likely have much higher-fidelity diagonal gates
than off-diagonal gates [9, [13], and X;CX; X, differs
from CXj o simply by swapping the roles of |0) and |1)
in the control qubit.

A. C(CX-dihedral bias RB (BRB)

Standard Clifford RB measures the fidelity averaged
over elements of the Clifford group; similarly, CX-
dihedral bias RB measures pp and pnp averaged over
elements of the CX-dihedral group Dy. Our proce-
dure is essentially identical to the previous character RB
procedure for estimating the fidelity of the CX-dihedral
group [21] [23]. The only modification is a post-processing
step to extract the dephasing and non-dephasing error
probabilities instead of just the average fidelity.

For convenience, we make the standard RB assumption
of gate-independent noise, so that the noisy implemen-
tation of any U € Dy is A o U for a noise channel A
independent of U. However, like the usual character RB,
our procedure works for gate-dependent noise, provided
all U € Dy are high-fidelity; see [23] [24] for proofs.

The CX-dihedral bias RB procedure is:

1. For each b in Table[It

(a) For arbitrary n, choose unitaries Uy € Py
and Uy, ...,U, € Dy at random. Set U,41 =
Ul ..U



(b) Prepare the initial state p, listed in Table

(¢) Successively apply the gates (U1Uyp), Us, Us,

.., Upy1. Note that instead of applying Uy

and then U, we compile the product U;Ujp
into a single element of Dy.

(d) Perform a measurement of the observable Ej
in Table [l Weight the outcome by x;(Up).

(e) Repeat steps many times to estimate the
character-weighted survival probability
Sp(n):= E

(Ug) Py 15
B GO0Pwy]  (9)
Ui---U,€DnN

where Py} denotes the expectation value of
E, after applying the gates in step [lc and IE[]
denotes the average over the choices of gates.

(f) Repeat steps for many different values
of n to estimate the whole Sy(n) curve.

(g) Fit the decay curve, Sp(n), to the functional
form listed in Table[l] to estimate .

2. Estimate the dephasing and non-dephasing error
probabilities of the error channel A as

2N —1 N N

2N —1
pND:T[l_)\l]-

(16)

Note that the weights and measurement outcomes sat-
isty [x;(Uo)Pu,3] < 1, so that if we take N, samples to
estimate Sp(n) at a specific value of b and n, the sta-
tistical uncertainty in our estimate is roughly 1/v/Nf,
independent of n or N. To achieve a good relative un-
certainty, then, we simply need the true value of Sy(n)
to be sufficiently large. For high-fidelity gates, we show
in our derivation in Appendix that 4, = 1, \p = 1,
so that we can reliably fit the decay curve.

We give an example of CX-dihedral BRB in Fig.
Here, we generate random error channels A by generat-
ing random sets of Kraus operators, and simulate a CX-
dihedral BRB experiment (see Appendix @ for details on
the random error channels). Fig. illustrates the ex-
periment for a single error channel, where we estimate
the value of Sp(n) for a few different values of n and fit
the data to the functional forms given in Table[[] In this
simulation, each value of Sp(n) is estimated using 5000
measurements. To demonstrate the effectiveness of our
procedure, we repeat this experiment for many different
error channels, using Eq. [I6] to estimate pp and pnp and
finally using these estimates to extract the bias. In Fig.
we plot our estimated probabilities versus the exact
probabilities of the error channel, and in Fig. we do
the same for the bias. To estimate the error bars, we
use bootstrap resampling. Visually, it is clear that we
are accurately estimating pp, pnp, and 7 even for very
high biases. To verify this, we compute the reduced-y?
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FIG. 1. Simulated CX-dihedral bias RB experiments. (a) An
example of estimating Sy(n), with the Sy(n) curves plotted
in orange and our estimates of Sy(n) given by blue dots. To
estimate sensitivity to statistical errors, we generate multiple
fits of Sp(n) using bootstrap resampling of our data, which are
plotted in grey and generally overlap the exact Sy(n) curves.
(b) The probabilities pp and pxp extracted from the fits for
50 randomly generated error channels. Error bars denote the
standard deviation over 50 resamplings. (c) The estimated
bias n for each of these error channels. We see that even at
very high bias, we can accurately estimate the value of 7.



statistic for our estimates of pp, pxp, and 7, and find x?
between 1 and 1.3, indicating that our bootstrapping is
accurately estimating the error bars to within a factor of
between 1 and v/1.3.

B. Interleaved bias RB (IBRB)

A common approach to estimate the fidelity of a sin-
gle gate is interleaved RB, in which one interleaves the
gate of interest with random elements from an interleav-
ing group designed to simplify the error channel. Orig-
inally, the gate of interest was required to be from the
interleaving group [20], but later work has relaxed this
requirement [23] 28] [29] 31} [42]. Interleaved RB estimates
the fidelity of the combined error channel Ay o Ag of the
gate U and interleaving group G; knowing the fidelity
of Ay o A¢g and the fidelity of Ag allows one to bound
the fidelity of Ay, with bounds that become tight as the
fidelity of Ag approaches one [20] [33] [58]. Thus, we typi-
cally require the interleaving group to have high-fidelity.
On the other hand, the advent of randomized compil-
ing [59H61] implies that in some cases it is not necessary
to separately estimate the fidelities of Ay and Ag, as
Ay o Ag is the relevant error channel for a circuit that
has been randomly compiled with the group G. However,
in the case of randomized compiling, it is still necessary
for G to be high-fidelity, so that the randomized compi-
lation does not add in significant additional noise.

We develop an interleaved bias RB procedure that di-
rectly estimates the bias of the CX gate in Kerr cat
qubits [12] 46, [47] or other biased-noise platforms [, [I3]
T4]. In biased-noise qubits, we generally expect gates
that are diagonal in the Z-basis to have much higher fi-
delity than non-diagonal gates. It is thus desirable to
have a protocol that uses Z5 as the interleaving group,
as the fidelity of X and Y gates may be no better than
the fidelity of the CX gate [62]. Restricting to an inter-
leaving group such as 2, that is diagonal in the Z-basis
introduces considerable complications, as we will see be-
low.

For convenience, we define C' := CX; 5 to be a CX
gate on the two qubits. We also define the gate C’ :=
X1CX1,2X1, which is similar to C, except that it applies
X9 when qubit 1 is in |0) rather than |1). The Kerr cat
system can implement bias-preserving versions of both
of these gates using similar procedures, and we expect
that both C' and C’ will have similar dephasing and
non-dephasing probabilities. These features will likely
be shared by any biased-noise system. Define the error
channels A¢ and A¢r to be the error channels associated
with C' and C’ respectively, so the noisy implementation
of C'is C o A¢ and similar for C’. In addition define Ag
to be the error channel associated with gates U € Z5, so
the noisy implementation of U is Ag o U. Finally, define
A =AcoAg and A = Agr o Ag to be the composed
error channels. Our protocol will directly estimate the
dephasing and non-dephasing probabilities of the average

b Pl B | xo (282 257) Sp(n)
0+| 2Z®[0)(0] |Z®1 1 Aot A5, + Bot
0—| 2Z®[0)(0] |Z®Z 1 Ao Aj_ + Bo_kj_
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1+ G (=17 | Aip ATy + Bigsty
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TABLE II. Initial states, measurements, weighting, and fit-
ting functions for interleaved bias RB. In the fitting functions,
Xy and kp are two independent RB decay parameters. | 4i)
denotes eigenstates of the Y operator.

channel (A + A’)/2. If the dephasing and non-dephasing
probabilities of Ac and A are close and Ag = 1, this is
identical to the dephasing and non-dephasing probabili-
ties of A¢ alone. On the other hand, even without these
assumptions, we will see below that (A+A’)/2 is the rel-
evant error channel for a certain randomized compilation
procedure.
The interleaved bias RB procedure is:

1. For b = 0+ and b = 1+ in Table [T}

(a) For  arbitrary n, choose  unitaries
Up,...Upy1 € 25 uniformly at random.
Also choose CX gates Cy,...,C,, € {C,C'}
uniformly at random.

(b) If there is more than one initial state p; listed
in Table [[T} randomly select one of the listed
initial states and prepare it.

(¢) Alternatively apply the gates from Z5 and the
CX gates as Uy, C1,Us,Cy, ..., Uy, Cp, Upt1.

(d) Perform a measurement of the observable FEj
corresponding to the p, selected in step
Weight the outcome by x;({U;})o+({Ci}),
where we define

o2({Ci) i= (ED)Porertener )
(U = [T (18)

and x,(U;) is given in Table I} If b = 0—
or b = 1— the effect of o is to multiply the
measurement outcome by (—1) for each C" we
apply, while otherwise ¢ is trivial.

(e) Repeat steps many times, to estimate
the signed character-weighted survival
probability

Sp(n):= E s (U)o ({CiH) Prey iy .0,] - (19)
Ug--Unt+1€22
C1,...,Cne{C,C"}



where Pic;),(v,},p, denotes the expectation
value of E} after applying the gates in step
to Pb-

(f) Repeat steps for many different values
of n to estimate the whole Sy(n) curve.

(g) Fit Sp(n) to the functional form listed in Ta-
ble |E| to estimate A\, and kp, where we take
the convention R(Ay) > R(ky).

2. For b = 24+ in Table [t

(a) For  arbitrary n, choose  unitaries
Up,....Uspi1 € 29 uniformly at random.
Also choose CX gates C4,...,Co, € {C,C'}

uniformly at random.

(b) If there is more than one initial state pj, listed
in Table [[T, randomly select one of the listed
initial states and prepare it.

(c) Alternatively apply the
from Z5 and the CX
Ul, Cl’ U27 02, aeey U27‘L7 0277/7 U277/+1

(d) Perform a measurement of the observable Ej
corresponding to the p; selected in step

Weight the outcome by xi({U;})ox({C:}),
where we define

gates
gates  as

Ta({Ci}) 1= (1) Perert e, (20)
() =TT e W) I - 2y
i odd i even

where x24 (U;) are given in Table

(e) Repeat steps many times, to estimate
the signed character-weighted survival
probability

Sp(n) = E D (U)o ({CiH) Piey uiy]  (22)
Ug---Uzny1€22
C1,....,Can€{C,C"}

where Pic;y,(v.},p, denotes the expectation
value of F} after applying the gates in step
to Pb-

(f) Repeat steps for many different values
of n to estimate the whole S,(n) curve.

(g) Fit Sp(n) to the functional form listed in Ta-
ble |H| to estimate )\, and k;, where we take
the convention R(Ay) > R(ky).

3. Estimate the dephasing and non-dephasing error
probabilities of the combined error channel A as

1
Pp = 16 [3Xo+ + 3Xo— — 3Ko— — A1t
— Kl — Al K1 — Aoy (23)
— Ro4 — )\2, — Rg_— — 1]

1
pND:1_1[1+>\O++>\07_507}-

To realize the mixed, non-positive state p = %Z ®
|0)(0] we simply prepare either |00)(00] or |10)(10| with
equal probability, and weight the resulting measurement
by (—1) if we prepare [10)(10|. We realize the states
p=31®[+)(+| and p = 3Z ® |+)(+| similarly.

In this procedure, for b = 0+ we need to accurately es-
timate Ag4 and for b # 0+ we need to accurately estimate
both Ay and k. To accurately fit these decay parame-
ters, we require the prefactors Agy and Ay, By, for b # 0+
to be large. As we will demonstrate in our derivation in
Appendix [AF] for high-fidelity gates we expect Aoy ~ 1,
as well as A, = 1/2 and By, &~ 1/2 for b # 0+, so that we
may accurately fit the decay parameters.

In the case of b = 0— and b = 1—, we also need to dis-
tinguish between A\, and ky, since they enter into Eq.
with different signs. As we demonstrate in Appendix[A5]
for high-fidelity gates we expect A\, ~ 1 and k; ~ —1, so
we can define A\, to be the decay constant with the largest
real part. In the case of b = 04, b = 14, and b = 2+
we cannot differentiate between A\, and ky, since they are
both ~ 1 for high-fidelity gates, but they enter Eq.
with the same sign and therefore do not need to be dis-
tinguished.

While there are nine initial states and measurements
listed in Table[[T} one can use the same experimental data
for b = 0+ and b = 0—, the two rows of b = 1+, for the
first row of b = 2+ and the first row of b = 2—, and for
the second row of b = 2+ and the second row of b = 2—,
reducing the cost to five distinct pairs of initial states
and measurements.

We give an example of IBRB in Fig. [2} Here, we gen-
erate random error channels Ag, A¢, and A¢s by gener-
ating random sets of Kraus operators, and simulate an
IBRB experiment (see Appendix@for details on the ran-
dom error channels). Fig. illustrates the experiment
for a single error channel, where we estimate the value of
Sp(n) for a few different values of n and fit the data to
the functional forms given in Table[[Il Again, each value
of Sy(n) is estimated using 5000 measurements. Note
that for b = 1—,2— the function Sy(n) = ApA\} + Byk}
oscillates with period 2, because A\, =~ 1 and k, ~ —1.
However, we can still accurately estimate the parameters
Ay, By, \p, kp by taking only a few widely spaced data
points, as shown in Fig. [2h, provided we take data at
both even and odd sequence lengths n. This is because
the rapid oscillations are constrained to have period 2
by the form of Sy(n), so it is not necessary to take fine-
grained data at nearby values of n to fit this rapidly os-
cillating function. To demonstrate the effectiveness of
our procedure, we repeat this experiment for many dif-
ferent error channels, using Eq. to estimate pp and
pnp and finally using these estimates to extract the bias.
In Fig. we plot our estimated probabilities versus the
exact probabilities of the error channel, and in Fig.
we do the same for the bias. To estimate the error bars,
we again use bootstrap resampling. Visually, it is clear
that we are accurately estimating pp, pnp, and 7 even
for very high biases. To verify this, we again compute
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FIG. 2. Simulated interleaved bias RB experiments. (a) An example of estimating Sy(n), with the Sy(n) curves plotted in
orange and our estimates of Sp(n) given by blue dots. Note that Sy(n) is oscillatory for b = 0—, 1—, since the decay constants
b, Kb have opposite sign. To robustly fit Sp(n) in the presence of these oscillations does not require densely sampling data
points, since we know the oscillatory period is always 2; however, it does require taking data at both even and odd sequence
lengths, as shown in the figure. To estimate sensitivity to statistical errors, we generate multiple fits of S,(n) using bootstrap
resampling of our data, which are plotted in grey and generally overlap the exact Sy(n) curves. (b) The probabilities pp
and pnp extracted from the fits for 50 randomly generated error channels. Error bars denote the standard deviation over 50
resamplings. (c¢) The estimated bias n for each of these error channels. We see that even at very high bias, we can accurately

estimate the value of 7.

the reduced-x? statistic for our estimates, and find x?
between 2 and 3, indicating that our bootstrapping is
accurately estimating the error bars to within a factor of

between v/2 and /3.

C. Randomized compiling for interleaved bias RB

Our IBRB measures pp and pnp for the averaged,
composite channel (A + A’)/2, with A = A¢ o Ag and
A = Acr o Ag. Provided that pp and pnp for A¢ and
Acr are equal and Ag = 1, these are also the dephasing
and non-dephasing probabilities for A¢ alone. However,
in general we would like to avoid assuming the error chan-
nels A¢ and A are identical, and we would like to allow
for the possibility of Ag # 1.

Previous interleaved RB procedures for determining
the fidelity of a gate C have a similar problem; in
these procedures one separately estimates the fidelity of
Ac o Ag and Ag, and uses this information to provide
bounds on the fidelity of A¢ alone [20]. These bounds
depend on the fidelity of Ag, with lower fidelity Ag re-
sulting in looser bounds for the fidelity of Ac. From this
point of view, it is important for the interleaving group
to be high-fidelity, in order to be able to tightly bound
the fidelity of A¢c. It is also possible to use this method to
bound pp and pnp of (A¢ + Ac)/2, provided we know

the corresponding probabilities for Ag and A (see Ap-
pendix [B 3|). However, benchmarking pp and pnxp of Ag
is challenging for G = Z5 as averaging over sequences of
Zy gates does not randomize error channels enough to
guarantee a simple form of the survival probability.

On the other hand, the technique of randomized com-
piling [9H61] provides an alternative interpretation of
interleaved RB results. In randomized compiling, one
intentionally inserts random elements of a high-fidelity
interleaving group between the lower-fidelity gates C' in
order to eliminate the coherence of the noise. In a cir-
cuit that has been randomly compiled, the error channel
associated with a gate C is the combined error channel
Ac o Ag. From this point of view, we require the inter-
leaving group to be high-fidelity to ensure that randomly
inserting elements of the interleaving group into a circuit
does not notably increase the errors in the circuit.

We can do a modified version of randomized compil-
ing for bias-preserving CX gates. Each time a CX gate
appears in a circuit, we randomly insert an element of
Z5 before it, and with 50% probability replace it with
|0)-controlled CX, X.CX, ;X.. These extra Pauli opera-
tors can be commuted through the rest of the circuit and
their effect can be tracked in software. This is illustrated
in Fig. |3| for the example of a circuit that measures the
stabilizer of the XZZX surface code [5].

The error channel for the resulting randomized gate
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FIG. 3. Randomizing a single CX.: gate in a circuit that
measures the stabilizer of the XZZX code, where ¢ denotes
the control qubit and ¢ the target. Rather than apply the bare
CX,.,: gate, we randomly insert an element of Z; before the
gate, and randomly apply either CX.; or X.CX. X.. This
modification of the circuit results in an overall Pauli operator,
which can be tracked in software.

then has the pp and pyp that we measure in our exper-
iment. Therefore, we can always achieve the error rates
pp and pyp by this randomized compiling procedure.

Like the usual randomized compiling, our biased-noise
randomized compilation procedure has the additional
benefit of limiting how errors can build up when compos-
ing noisy gates. We show in Appendix [C|that if two error
channels A4 and Ap are randomly compiled as above,
their composition (A4 o Ag) will have a non-dephasing
error probability

PND & PAD + PND: (24)

which, in contrast to to Eq. [9} says that pxp grows lin-
early rather than quadratically in the number of com-
posed error channels when the circuit is randomly com-
piled by Zxy. This is similar to the behavior of the aver-
age infidelity for full randomized compilation, which also
may grow quadratically under composition for generic
noise channels but grows linearly for randomly compiled
circuits [58].

V. CONCLUSION

Measuring the bias of a highly-biased gate is a delicate
process, as the non-dephasing error probability must be
precisely estimated. By using techniques from random-
ized benchmarking, we can precisely estimate these error
probabilities. The essential ingredient in our method is
defining efficiently measurable weighted survival proba-
bilities whose decay rates depend only on pxp. Because
we consider variable sequence lengths, our method esti-
mates gate error rates independently from SPAM errors,
even if the SPAM errors are much larger than the non-
dephasing gate errors. By measuring the weighted sur-
vival probabilities for long gate sequences, we can mag-
nify the effect of small non-dephasing errors, allowing us

to precisely measure arbitrarily small error probabilities
by simply increasing our sequence length.

Our interleaved bias RB in particular is highly tailored
to the experimental constraints of biased noise qubits.
In general, interleaved RB works because the interleaved
gates randomize the error channel while not adding sig-
nificant additional errors. However, in the case of biased
noise qubits, we can only interleave Z gates without intro-
ducing additional errors; X and Y gates are generally as
error-prone as CX gates. As a result, we were motivated
to add additional randomization by swapping between
C and C’, which allowed for sufficient randomization of
the error channel. This is in contrast to standard tech-
niques for estimating Pauli channels, which assume one
can freely add Pauli operators to a circuit without adding
significant errors [34], B3], [44], [61]. We expect our tech-
niques to be highly relevant to near-term experiments,
as the numerous proposals for bias-preserving CX gates
[T2H14] are realized experimentally.
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Appendix A: Derivation of the procedures

To derive these procedures requires a detour into some
background mathematics. To begin, we review a few
necessary aspects of representation theory, and define a
natural representation for quantum groups, the Liouville
representation. Next, we determine the irreducible rep-
resentations of the Liouville representation of Py, Zy,
and Dy. Then we derive how the dephasing and non-
dephasing probabilities may be written as the trace over
invariant subspaces of the Liouville representations. Fi-
nally, armed with this background, we derive each of the
bias RB procedures.

1. Background: Representation theory

Given a finite group G, a unitary representation is
a map assigning a unitary matrix to each group element
such that group multiplication is preserved:

B(g192) = d(91)P(g2)-

where U(m) is the group of m X m unitary matrices act-
ing on C™. A representation is irreducible if the image
of ¢ doesn’t preserve any proper subspace of C™. Ev-
ery finite-dimensional representation can be uniquely de-
composed as the direct sum of irreducible representations

¢:G—U(m), (A1)
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where ¢; : G — V; is irreducible and a;¢; is standard
shorthand for the direct sum of a; copies of ¢;. The
number a; is refered to as the multiplicity of the ith

irrep. Finally, the character y of a representation is
defined by

x(g9) = Tr (é(g)) -

We will repeatedly use two elementary facts about rep-
resentations.

(A4)

Fact 1 (Projection Formula). If ¢ ~ a1¢1 & - -- ® aséry,
then the projector II; onto V,** C C™ is given by

) > xi(9)6(9)

(A5)
Gl =

where y; is the character of ¢;.

Fact 2 (Schur’s Lemma). If ¢ ~ a1¢1 & - -- D ardy, then
for any matrix @ € GL(m) we have

Ténz(b(g—l)ng(g)g(Q1®11)@"'@(Q1®11) (AG)

geG

where ; is some a; X a; matrix, and @); ® 1; is a matrix
that acts on V;* by mixing the a; copies of V; but acting
as the identity on the degrees of freedom within each copy
of V;. In particular, if a; = 1 for all 7, we have

LS 667 Qo(g) = S B,

61 2 -~ hi) A7

where I, is the projector onto the single copy of V; C C™.

See [63] for proofs of these facts, as well as more details
on the representation theory of finite groups.

In this paper, we will be interested in the case where
G C U(2V) is a finite subgroup of the unitary group on
N qubits. In this case, the standard action of U € G
on a density matrix, p + UpUT, is a unitary repre-
sentation of G on the vector space of density matrices.
Choosing a basis for H, we can more conveniently rep-
resent a density matrix p = 2, ; p;;]i)(j| by a vector
|p)) = 22 ; pijli)]J). In terms of this vectorized density
matrix, it is simple to see that the action of a unitary U
on |p)) is given by

UpU)) = U @ U*|p)) = Ulp)) (A8)
where we’ve defined U := U ® U* to be the matrix rep-
resentation of the unitary U acting on the space of vec-
torized density matrices. This representation ¢ : U — U

sending a d x d unitary to a d? x d? unitary is known as
the Liouville representation.

We can define the Liouville representation of a quan-
tum channel A : p— > KopK] by A :==Y K, ® K,
in which case we have

[A(p))) = Alp)). (A9)

Finally, we can write the expectation value of an ob-
servable E over a state p in terms of the Liouville repre-
sentation as

(B), = Te(Ep) = ((Elp)) (A10)

We refer to [48] for a more detailed treatment of both
quantum channels and the Liouville representation.

2. Irreps of the quantum groups

For the Pauli, Z, and CX-dihedral groups, we will need
to understand the decomposition of their Liouville repre-
sentation into irreps, and the characters of those irreps.

In the case of the 1-qubit Pauli group, the Liouville
representation decomposes into four non-isomorphic ir-
reps, with projectors and characters given in Table [[TI}
The Liouville representation of the N-qubit Pauli group
Py then decomposes into 4" non-isomorphic irreps in-
dexed by vectors ie ZY, with projectors and characters

07 =1l @ oI, (A11)

¥ (X(@Z(B)) = xn (X0 27) - xip (XN Z0Y),

One can similarly determine a factorized form for the
irreps of the Liouville representation of the Z group Zy,
but we will need only the case N = 2 here. The Liouville
representation of Z5 decomposes into 16 irreps with pro-
jectors and characters given Table [V] Note that in this
case, each irrep has multiplicity 4.

Finally, the Liouville representation of the CX-dihedral
group Dy decomposes into the three irreps given in Ta-
ble [V} Note that the number of irreps is independent of
N. Derivation of these irreps can be found in [22].

3. The dephasing/non-dephasing error
probabilities in the Liouville representation

From the definition of the dephasing and non-
dephasing error probabilities, Eqs. 3] and [l we want to
express pp and pnp as the trace of A over subspaces
Zy and Py \ Zn of the Pauli group. Note that these
subspaces are invariant under the action of any bias-



i 7 |xi(x“z")
0 311))((1] 1

L sl2n(zl| (-1~

20 LYY | (-1t
33XNUX| (-1

TABLE III. Irreps, projectors, and characters of the Liouville
representation of Pj.

i 7 Xi (Zflzéb)
F111)((11]

0 $112))((12] )
ilz)((z1
112222
LX) (11X

. $11Y) (1Y (—1)%
11Z2X)(ZX]
112Y)(2zY
$1X1)((X1]

9 X2 (XZ| (—1)h
Y1) (Y1
Y Z) (Y Z|
XX (XX

3 FIXY) (XY (_1)f+e
Y X)) (Y X
YY) (YY)

TABLE IV. Irreps, projectors, and characters of the Liouville
representation of Zs.

i P
2%‘]1]1>><<1]1|

0
1 & Sreminien PP
> [P)((P]

1
N EPEPN\ZN

TABLE V. Irreps and projectors of the Liouville representa-
tion of Dy. For this work, we will not need the characters of
Dn.

Sb(n) =FE
UoEPnN
Uy---U,€DN

<<Eb|/A\MAUn+1AUN Tt ﬁQA(AleOAP‘pb»XZ(UO)
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preserving operator. It is straightforward to show

Tray(8) = o S0 (PIAIP)) (A12)
PeZyn
=2"(1—pxp) (A13)
TrpzM)=gr S (PAIP) (AL
PePN\ZN
= 4N —2MY1 —pnp) —4Vpp  (A15)

Rearranging this gives formulas for the dephasing and
non-dephasing probabilities

Our goal in these RB procedures is to determine the two

traces Trz, (A) and Trp\ z, (A).

4. Deriving CX-dihedral bias RB

The character-weighted survival probability S, can be
written as

(A7)

where A is the error channel associated with elements of Dy, and we have included unknown preparation and
measurement errors Ap and Ap;. We make the standard RB change-of-variables, defining V; := U; and inductively
defining V;,, := U, Vin—1. Note that the expectation value over {V,,} is equivalent to the expectation value over {U,,}.



Thus, we can write

11

So() = & [(EulArsAVIAV, Vs VoV AV DA o) i (Uo)] (A18)
V1~~?Vn€NDN

= ((Ey|Ar A /TAV JoX: A . Al

((Eb|An [Vé%N {V H wE [UOXb(UO)} Plob)) (A19)

The two expectation values can be evaluated using
Facts[Tand[2] First, we note from Eq.[ATI]that x; is the
character function of the irrep of the Liouville representa-
tion indexed by 71 =(1,1,...,1), and x2 is the character
function of the irrep indexed by is = (3,3,...,3). Then
Fact [T] says that

E [T ()| =112

(A20)
UoePnN

where the projectors have the explicit form (see Eq.[A11])
1
N ZNUZ - Z b=1
[ ez

ip 1
S X XX X, b=2

(A21)

Second, we note that, since the Liouville representation
of the dihedral group is multiplicity-free (all a; = 1),
Fact [2] gives

E [ViAv] = > TP A) 1P,

VEDN Tr(T1P) (A22)

Combining these facts allows us to simplify the survival
probability as

n

ﬁ?ﬂzAP|Pb>>~

Su(n) = Y (Bl Tm

K2

i

(A23)

We have carefully chosen x; to give us a projector 1:[?

b

such that H?H%D = 0;pll; , as can be checked from the
b

formulas for IIP in Table [V| Therefore, all terms in the
sum vanish except for ¢ = b, and we can write the final
form of Sy(n) as

n

I 1P A
Su() = (B An AT A ploy)) TT((HHEA)) (A24)
Ay N——

Ap

(

where we have defined A, Ay to match the form given
in Table [l Note that A\, only depends on A, and all ef-
fects of the SPAM errors Ap and Ay are absorbed in Ay.
Note also that provided we have reasonably high-fidelity
preparation, gates, and measurements, we can approxi-
mate Ay as

Ay = ((B[TIZ [ pp)) = 1 (A25)
where the last equality is found by plugging in the explicit
formulas for Ej, Hz, and pp given in Eq.|A21fand Table

Therefore, the prefactor in front of A} is large, and we
can accurately fit A.

To finish, we note that plugging in the explicit formulas
from Table |V| for HbD gives

_ Trz(A) -1

A2
A1 oN 1 (A26)
Trp\z(A)
2= i (A27)

Plugging this into Eq. for pp and pnxp gives the
estimates in Eq. as desired.

5. Deriving interleaved bias RB
a. Deriving the survival probabilities for b = 0+ and b = 1+

We begin by considering the survival probability So.. .
For convenience, we define the operator My by

(A28)

Note that fIOZ is a rank-4 projector, so MH is a rank-4
operator in the general case.

We now evaluate the survival probability Spi(n) in
terms of Myy. We note that Fact [I] implies that
Evez,[U] = IZ. We then have
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R 0nCoaRnca U -+ Okl Rrlpos )| (429)

((Bop|Ar A TIE CoAGTIE IE Cr_y Ay 1IE - - 115 CLALTIE A p| p0+>>} (A30)
Mo+ MO+ ]\;[(H

(A31)

= ((Eo+|AnAc Mgy Aplpos))

Given that Mg+ has rank 4, we can expand it in terms of
its eigenvalues y; and corresponding left and right eigen-

vectors |¢;)) and |v;)) as

4
Moy = |wi))m{(e5]

Jj=1

(A32)

where we have normalized our eigenvectors so that
((¥j|ox)) = 0. In this case, our survival probability
becomes

4

> (Eor|Arhcli)) (@5 1Aplpos)) 1}

J=1

So+(n) =

(A33)
Note that again the eigenvalues p; depend only on the
gate errors A and A’, and not on the SPAM errors Ap
and Ajy.

In this form, the survival probability is the sum of four
exponential decays, which is infeasible to fit to experi-
mental data. However, in the case of high-fidelity gates,
we can show that only two exponential decays are rel-
evant using perturbation theory in 0A := (A — 1) and

A" := (A’ = 1). For perfect gates with 6A = §A’ = 0,
My has eigenvalues and eigenvectors given by

P =l =gl =1 (A34)

U =le = 5171) =1 (A3)

W) =1eB) = 5Z) =0 (AG)

W) =16 = 51Z2)  ug=0.  (A%D)

Then to first order in §A and §A’, we have

p=1 (A38)

<<ZH‘A+A/ >> +0(62) (A39)

ps = 0(0) (A40)

pa = 0(5) (Ad1)

We therefore see that one eigenvalue is always 1, and
that we may neglect the eigenvalues ps and py4, since
their contribution to the survival probability So(n) is

(

O(d™). We can therefore fit Sy (n) to a single exponen-
tial decay plus a constant. In the notation of Table [T,
o corresponds to Agy.

From Eq.[A33] the prefactor Ao, in front of the expo-
nential decay is given by
Aoy = ((Eor|AmrAclia)) (D2l Aplpot)) (A42)
We can estimate the value of Apy by assuming
Ag, Ap, Ay ~ 1 and evaluating Eq. explicitly, pro-
vided we can estimate the eigenvectors |12)), |¢2)). Since
the eigenvectors at 6 = 0 (Egs. and are de-
generate, we must use degenerate perturbation theory to
find the eigenvectors at 6 # 0. This means that |i3))
and |¢2)) will in general be (up to O(J)) some linear

combination the § = 0 eigenvectors with eigenvalue 1.
Specifically, we have

) ~ 5121))

|$2)) ~

(A43)

1 Y
51Z1) + 5 /11)) (A44)

where ~ is some constant determined by the specific per-
turbations A and JA’, and the overall form is restricted
by the normalization condition ((¢;|¢;)) = 0;; and the
fact that [¢1)) = 1|11)) is a right-eigenvector with eigen-
value 1 for any trace-preserving map. Using these eigen-
vectors to evaluate Eq. then gives Aoy ~ 1, so that
we may accurately fit Ao .

The case of b = 0— and b = 14 are similar. We define

Mo = %ﬁo(é[\ ¢ AN, (A45)
Ny = %ﬂl(éA + G, (A46)
My = %m(m _ &AL (A47)

and repeat the above analysis to see that we have for
b=0—and b=1—

4
= D UBAnAcl)){(65|hplpo)if,  (AdR)
j=1



or for b= 1+
=
1) A 1
S (n) = 5 3 (CBQIRwAale) (s Ar )
Jj=1

(A49)
B Aahalen) (o5 1A plo2)) w7,

where u;, |1;)), and |¢;)) are the eigenvalues and eigen-
vectors of the corresponding M, operator. Performing
perturbation theory, we find that the unperturbed My_
—1,0,0}, while the

unperturbed M, has eigenvalues {u9} ={1,1,0,0}. We
label the two largest-magnitude eigenvalues by ), and
Kp, and neglect the remaining eigenvalues that are O(4).
Working to first order in dA and dA’, we find

and M;_ have eigenvalues {u9} = {1,

bo- —ro- = 3 (1257 12)
(e ¥ )| o
e = (] A o))
s ((zx 2 zx)) | sy
= ()
<<ZY’A+AI 2v))|. (a52)
S21(n) = E

(a)=(1),(2)
Up---U2n41€G
Cq,...,Cane{C,C"}
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In total, we’ve demonstrated that for these values of
b, we can fit Sp(n) to the sum of two exponential de-
cays, as given in Table 23] We can again estimate the
prefactors Ay and By in front of the decays by assuming
Ag,Ap,AM ~ 1 and evaluating Eqgs. |A48| and [A49] In
the case of b = 14 we again need to use degenerate per-
turbation theory, while the cases of b = 0— and b = 1—
are non-degenerate. We find that A,, By ~ 1/2, so that
we can reliably fit both decay curves. Note that the only
reason for averaging over two initial states and final mea-
surements for b1 is to ensure that A;4, B14 &~ 1/2.

b. Deriving the survival probabilities for b = 2+

We begin by considering the survival probability So. .
For convenience, we define the operator Ms; by

Note that 12[2Z is a rank-4 projector, so ]\7[2+ is a rank-4
operator in the general case.

We now evaluate the survival probability Sai(n) in
terms of M,y. We note that Fact [I] implies that
Evez,[Ux3y (U)] = 11T and Evez, [Ux; (V)] =117 (re
the expression for xo1 in Table |H| to the characters of
the Liouville representation of Z5 in Table D We then
have

|:<<E(a)‘AMAGU2n+1C2nA2nU2nC2n 1An 1Un 1° ﬁ3©2AQUQClA1ﬁ1AP|p§?>>X;({Uz})i|

(A54)
= oE . (B 1A A 1T Con Ao 11 Con 1 A 1 TTF -+ TIE CohalIE Cr AVTIE Ap o)) (A55)
1y Can€{C,C"} Ny N

1
= 5 (BRI A Aa NIz, Aplof))) + (B An M3 A o)) ) (A36)
4
1 A A A A A A n
=3 5 (U A Aala) ((651Apl8)) + (B AnAcli) (sl Aplp) ) 1] (A57)

Jj=1

where in the last line, wj;, [¢;)), and |¢;)) denote the

eigenvalues and eigenvectors of Moy .

We again simplify this expression through perturbation

t

theory. When 6A = 6A’ = 0, M2+ has eigenvalues and



eigenvectors given by

W) =6 = SIXL) =1 (ARS)
[49)) = 63)) = 5I¥D)) =1 (A59)
W) =168 = 5IX2)) =0 (AcD)
W) = le) = 5IvZ) k=0 (AeD)

Then to first order in 6A and §A’, the eigenvalues satisfy

o= 2 o
+ <<XX‘A+A/ XX)) (A62)
+<<YIL‘A+A/ v1))
+<<YX)A+A/ vX))|—2+0(?)
rEeelt) (A63)
pa = O(0) (A64)

We neglect ps and py, and find Say is the sum of two
exponential decays. In the notation of Table [[I] x; cor-
responds to Aoy and po corresponds to Ko

Similarly, for Ss_(b), we define

L= 1n fl3(CA — AT,

MQ, = *Hg(éi\ -

1 C'A) (A65)

in terms of which we can write

4
= & 37 (B 1A Aalen) (51 Aplo82))

Jj=1

l\DM—l

(A66)
U AarAal) (051 Ap 2)) ) 1

where now pu;, |1¥;)), and |¢;)) denote the eigenvalues
and eigenvectors of Ms_.

We again use perturbation theory; the unperturbed
eigenvalues and eigenvectors are

W =le) = 5IX2) =1 (A67)
W =16 =5V =1 (A69)
W) =I6) = SIXT) =0 (A6)
W) =ley = 5IYL) =0 (A7)
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while to first order in §A and §A’, the eigenvectors satisfy

= 5 (0225 )
() e
()
+<<XY‘A—;AI Xy ))| -2+ 0(?)
3 = O(6) (A72)
pa = 0(6) (AT3)

We again neglect s and pg, and find So_ is also the sum
of two exponential decays. In the notation of Table [T},
w1 corresponds to Aa— and py corresponds to ko_.

Finally, we can estimate the prefactors As+ and Boi
by assuming Ag,Ap, Ay ~ 1 and evaluating Egs.
and In both cases, we must use degenerate pertur-
bation theory to find the approximate eigenvectors. We
again find Ay, By ~ 1/2.

c. Finding the dephasing and non-dephasing probabilities

We can combine Egs. [A39] and [A50] to evaluate the
trace over Z, as

A+ A
Trz, ( —; ) =14 Xt + Ao— — ko= (AT4)

and we can combine Egs. [A51] [A52], [A62] and [A7I] to

evaluate the trace over Py \ Z5 as

A+ A
TTP2\22 ( 2 > - Al-{- + K1+ + Al_ — KR1— + /\2+

+ Koy + Ao + Koo +4. (AT5)

Plugging Egs. and into Eq. for pp and pnp
gives Eq. 23] as desired.

Appendix B: Dephasing/non-dephasing probabilities
of a composite channel

Given two quantum channels

= 3" x4 5 n X@)Z(F)PZ(F)X (@) (BY)

Ot1,61
&a,f

Z XOqﬁhazﬁz

(11751
2,52

1) 2(B1)pZ(P2)X(d2) (B2)



with dephasing and non-dephasing probabilities pé,
pﬁD, pg, and pﬁD, we want to find bounds on the
dephasing /non-dephasing probabilities of the combined
channel (A4 o Ap). We will denote the combined error
probabilities by simply pp and pnp.

1. Finding the non-dephasing error probability
From the definition of pxp, Eq. [ we have

- _1)BAi+Be A2, A B

PND = Z ( 1) e 2X&1§1752§2X’71t§1,’72§2' (BS)
521j’71_‘:0_?2_»+’72_‘756

B1+61=PB2+62
For legibility in what follows, we will denote the diag-
onal elements Xaj.af of the y-matrices by simply Xag-
Note that the complete-positivity of A4 and Ap requires
that the y-matrices are positive semidefinite, which in
turn implies [X 5 7 5.7,] < /Xa, 5, Xan7, 199, a fact we
will use repeatedly. We will also repeatedly use two el-
ementary inequalities, both of which are versions of the
Cauchy-Schwarz inequality:

> Vaibi< 3 e [0 (B4)

1

N vai < VIS as (B5)
i=1 i
The condition &7 + 71 = ds + 72 # (j implies at most
two of {@1, @2, 71,72} can be equal to 0. We thus divide
the terms in Eq. into several subsets.
1. Terms with @; = @ = 0 (and thus 7, = 75 # 0).
2. Terms with 71 = 4, = 0 (and thus @, = @, # 0).
3. Terms with & = 7, = 0 (and thus @ = 7; # 0).

4. Terms with d = 7, = 0 (and thus & = 7, # 0).

5. Terms with @; = 0 and Ao, V1,92 # 0 (and thus
Y2 = da + Y1)

6. Terms with @ = 0 and A1,91,72 # 0 (and ¥, =
ar +)-

7. Terms with 7 = 0 and @1, @, 92 # 0 (and ¥, =

&1 + Gs).

8. Terms with 7, = 0 and @y, ds,7; # 0 (and 9, =
a1 + ds).

9. Terms with @, @, 71,792 # 0 (and 7, = @ + da +
A1).
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Let’s take each of these in turn. We have

_ _\BF+B) i A B L.
(1)_2( 1) X651,6B2X’7151771(51+32+51) <B6)

A0
1,82,61
_ A B
B 4X00700X’71517’71 1
F170
1

Ba A #0
51
_ N\Aim A B -
+ 2D TG, 66X (B (B7)
B A #0
51

24
=

+ Z(_l)(51+§2)' 1

Elﬁzj?l #0
01

The first term is equal to pEp, up to irrelevant higher-
order terms. We can bound the magnitude of the remain-
ing terms:

_1)B2 V1A B =z
Z{ D XG5,65,X5,5, 1 (ot 51)

< AA W
o . XOOXOﬁz Z X%El X“?l (B2+01) (B8)
0

Ba2# ’71?56
o1
A B
<2\ s, (B9)
ﬂQ#G 'Yljéo
o1
<o ST, (B10)
B1#£0
=2V/2\ [phpRy (B11)
_1\Aih A VB -
qz 1) X65,,00X3,8, 71 (B1+51)
B 4170
01
< 2N\ [piApRs (B12)



/317/32_3’71?50
01
< A A B B . .
- Z \/X0ﬁ1 XOﬁz Z_‘\/X’Vﬂs] X’71 (B1+B2+61) (B13)
B1,827#0 ’71#0
- L 0[31 052 ZXH& (B14)
B1,B2#£0 'y17£0
<2V Z X553 pND (B15)
B1#0
=2Npfpp (B16)
Thus in total, we have
|(1) = pRp| < 2Y2%4 [pipo +2Vpipkn  (B17)

By symmetry, we similarly have

1(2) = plip| < 2V pRp\/pB + 2% piopE (BIS)

The remaining terms are only higher-order corrections,
and so we bound their magnitudes:

< B
| Z\/Xoﬁlxllzﬁz a2(ﬁ1+32+52) 052

ag;éO
B1,52,62

- Z \/XOOX 2 B a2ﬂ2X66

042_‘750
B2

B
+Z\/X0ﬁ1 asz a2(51+52)X66

ala, 51750
B2

A A B B
* Z \/X66X&2 G X&2(52+52)X652

(B19)

B
. Z \/Xoﬁl azﬂz a2(51+ﬁz+52)X652' (BQO)

da, 51_&2?50
B2
We can bound each of these four terms as

B
Z\/Xooxaz,ez a252X66
CKQ#O
< IxA L xB .
- Z X5252X52ﬁ2

Ba
Go#£0
B2
A B
Z X&zﬁz Z X&Z 52
G2 #0 @20
B2 B2

_ /.A B
= \/PNDPND

(B21)

IN

(B22)

(B23)
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\/ X5, X5, a2(51+62)X00

027€1¢0
B2
A B
<YV e s (B2
B1#0 a2 7#0
B2
- Z \/{ﬁ—‘l Z XOQBQ Z X(Xz,@z (B25)
B #0 012?50 0427'50
Bo B2
<2V IS fodonn (26)
Fr#0
<2V foipdopt, (B27)

N/2 | B A . B
<2V PpPNDPND

(B28)

A LA B B
Z\/Xaax o X o (Bt ) X33 =

\/XOBI Z \/X052 Z \/XQQBz &o(B14F2+32)

1

1#0 527#0 0¢2750
B2
(B29)
[TA / B
- Z X(‘)‘B'l Z 052 Z X(Igﬁg Z X&QEQ
B1#0 52#0 ag;éo 62{;66
B B2
(B30)
N A B
<2¥ [ B edork, (83D
B1#0 5270
< 2%, /ppEpriinpRp- (B32)

Thus, in total we have

) = \iork (1427208 (142928 ).
(B33)

By symmetry, we also have

|<4>|sm<1+sz) <1+2N/2f)

(B34)



Continuing, we have

< A B
LY \/ XG5, X 5 X (7)o + o) Ny (B3)
G2,9270
Ga#Y2
B1,B2,02
_ A A B B
= Z &/X66X52 30 X (0 492) (Br 4 Fat 52) X925
V2,727#0
A2 72
2,02
A A
H Z X653, Xas 5 Xatrt) Gt t 5
a2,61,727#0
Q2772
B2,62
(B36)
each of which can be bounded as
Z\/ XX X2 -
/00 0252 042+72)(ﬁ1+[52+52) Y202
A2,Y27#0
e
B2,6
<
Z \/Xa'zﬁ'z Z \/X(a2+’>’2 (ﬁ1+52+52)x’?252 (B37)
az#o 72#0 da
[ A B
20 20
B2
<2V |3y x (B39)
= 2% oo (B10)
\/ Xg= x2 - xP
4 061"\ @205 (a2+72)(l’31+52+52) 7252
&a,f1,727#0
Q2772
52,85
- Z V X@BI Z V X&gﬁQ Z \/X(a2+72 )(B1+52+82) 7252
B1#0 dz#0 72750 da
B2 P
(B41)
<3 S S B
B1#0 062750 fmﬁo
B2
3N/2 A B
< 2 Z X0ﬁ1 ZﬂX&2ﬂ2pND (B43)
B1#0
< 23N/ \ pﬁDpépﬁD' (B44)
Thus in total,
) <20k /iy (14272/i) @)
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By symmetry, we also have

6)] < 2¥pEor /oy (1 n 2N/2\/p6‘) (B46)
()] < 2Vpin\/PEp (1 + 2N/2\/p§> (B47)
(8)] < 2V Jols (1 n 2N/2\/p{§> . (B#)

Finally,

< A . A . B oLl BA
9)| - Z %XalﬁlXﬁf2[52X(521+522+’72)(51+ﬁ2+52)x’7252

ay,02,927#0
g
B1,B2,02
(B49)
_Z V alﬁlz V 04252
oq;ﬁO Ot2750
B
x Z \/ (al+a2+72)(51+52+52)X’Y252 (B50)
F2#0, (a1+a2)
= Z V Xé?lﬁl Z V 04252 ZX’)’252 (B51)
al;ﬁO 042?60 72#0
B
2N
<2 Z X&lgl X&2§2PND (B52)
aljé@
B1
< QQNPQDPEID (B53)

Combining the bounds given in Eqs.
B34l [B45] [B46] [B47, [B48] and [B53} we have that

PND = pﬁD -HUED +e€

(B54)

where the error term € is bounded by

le| <2\/p§Dp1€D
+ 2N/ [\/pépﬁn +Ppy/PD
+\/prNDpND + \/pNDprND]

+ 2N [PSPﬁD + pipPh + 2 \ PHPADPDPRD (B55)

+2pRp\/PE + 2 prND}

+ 23N/ {pf\lm \/pgpll?m + \/pépﬁDpﬁD}

A
+2*Yplppi-

While the bound on |¢| involves many terms, in the case

where pé’B < 27N and pfljf/pé’B < 27V the bound is

essentially just 24/ pﬁ‘IDpﬁD, which gives Eq. [9of the main



text. This is the relevant regime for high fidelity, highly-
biased channels on a small number of qubits. It is also the
relevant regime for error channels in which off-diagonal
elements of the y-matrix are exponentially suppressed in
the weight of the Pauli errors, which is likely the case for
error-correction circuits as they tend to decohere noise
[5255).

2. Finding the dephasing error probability

From the definition of pp, Eq. 3| we have

= _ 1\ tB2 A2 A B _ )
Pp = Z ( }) X1 B .62 Bs X581 5282 (B56)

@1 +71=02+72=0

§1+51=52+52

We could similarly divide the terms in this sum into
categories and bound them, as we did for pxp above.
. A,B A,B .

However, if we assume py’~ > pyp) , We can instead ap-
proximate pp by p = pp+pnDp, the total error probability
of the channel. We then use the known result [58, Theo-
rem 1]

le] < 2v/pApB.

p=pt+pP +e (B57)

3. Extracting the dephasing and non-dephasing
probabilities in IBRB

Given the estimates of pp and pnp given in Egs. [B57]
and respectively, we can reverse these equations to
try and estimate py and p&p from pB, pZy, pp, and
pnp- This is relevant if A 4 is the error channel associated
to our gate of interest and Ap is the error channel of
our interleaving group. For convenience, we’ll assume
we’re in the regime where we can neglect the error terms
proportional to 2V/2 and higher powers. Rearranging

Eqs. [B57] and [B54] gives

le| < 24/pppE  (B58)

‘6| < 2\/pNDp§D' (B59)

We note that in our particular case, it seems difficult
to extract p5 and p&p, for the group Zs, as the Liouville
representation of this group has high multiplicity. This is
why we prefer the randomized compiling interpretation
of pp and pnp given in the main text.

A =pp + B +e,

A
PRD = PND + PRp + €

Appendix C: Randomized compiling with Z
randomization

In this section, we explain the randomized compiling
by Zy in more detail, and prove that it ensures non-
dephasing errors increase linearly under composition (Eq.
of the main text).

18

Given an N-qubit bias-preserving Clifford circuit com-
posed of gates Cq, Cs, ..., C,, a noisy implementation
of the circuit is given by

Crh,, - CahyCr Ay (C1)
where Al, AQ, ceey A,, are the associated error channels.
Let’s assume that we can implement arbitrary elements
of Zy with a gate-independent error channel Ag, where
A¢ is negligible red to the Clifford errors. We take the
convention that the In this case, we can interleave ran-
domly chosen gates U € Zy between the Clifford ele-
ments without increasing the error. Note that because
the circuit elements are Clifford, the effect of interleav-
ing U can be corrected by an efficiently computable Pauli
correction operator. We’ll denote the correction opera-
tor by U,41. Note that because the Cliffords preserve
the bias, we have U,11 € Zy.

The resulting noisy circuit is then

AGUn+IC7LAnAGU7L cee OQAQAGUgclAlAgUl. (02)
Because the Cliffords preserve the bias, commuting any
element of Zy past a Clifford results in another element
of Zx. We can thus rewrite the circuit as

AcCoVIAL AGY, - CoVf Ao AgVaCL Vi A Ay, (C3)
for some V; € Zy that are also distributed uniformly over

Zy. Taking the expectation value over Vi, ...V, results
in an effective circuit of the form

AgCp AT .. CoATCLAT. (C4)
where the twirled error channel A7 is given by
AT= ® [miAGv} . (C5)
VezZn

The twirled version of the error channels is highly sim-
plified compared to the original error channel. In terms
of the y-matrix, if the original error channel is given by

(AioAg)(p)= > X,;lgl,&252X(&l)z(gl)ﬂz(@)x(@)
a1,
@o,fo

(C6)

then the twirled error channel is given by

A (D) = D Xag, as, X(@Z(B)pZ(B)X(@)  (C7)
&
51,82

where the off-diagonal elements of the y-matrix with

a1 # do are set to zero.
If we consider the composition of two twirled error
channels (AL o AL), we can again estimate the non-
dephasing probability of the composition in terms of the

dephasing and non-dephasing probabilities of A4 and
Ap. In evaluating the sum in Section the fact that



the error channels are twirled means the only nonzero
terms in the sum have @7 = @3 and 71 = 5. These leaves
the sum over subsets (1) and (2) unchanged, makes the
sum over subsets (3)-(8) zero, and lets us reevaluate the
sum over subset (9) as

9 = Z \/Xocﬂl Xa52X’7'(51+ﬁ2+52)X’752 (C8)
a5#0
1,682,062
= Z Y Xd’,ﬁl Z V X&'ﬂz Z \/X’V(31+52+52)X’752
7#0
(C9)
< Z V X&ﬁl Z V X&ﬁz vaéz (C10)
04750 "/750
<2y Zxdﬁl ZxaﬂapND (C11)
a#0
<2V Z XagleD (C12)
a0
B
< 2V piprEp. (C13)

Thus by combining Eqgs. [B17] [BI8] and [C13] we have

PND = pﬁD +pRp +€ (C14)
le| < 2N/2H1 [ PAPRD +p§m/p§]
+ 2V [pRoph + pHPRD + PRDPRD] - (C15)

In the regime of high-fidelity gates on a small number of
qubits, |e| is negligible, which gives Eq. in the main
text.

In contrast, randomized Z5 compiling produces no no-
table improvement to the bounds on pp for a highly bi-
ased noise channel, as in this case the dominant uncer-
tainty in pp comes from off-diagonal elements of the y-
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matrices x* and 2 with @ = @ = 91 = 9, = 0, which
are not affected by twirling.

Appendix D: Generating random biased-noise error
channels

Here, we give more details on our procedure to generate
random biased-noise error channels to use in our simu-
lation data. We make no claim that this procedure is
optimal or generates all realistic error channels; our goal
was simply to generate error channels that were both bi-
ased and not Pauli-diagonal to illustrate the power of our
BRB methods.

We first randomly choose the number d = 1,...,4" of
Kraus operators to include, as well as the approximate
target probabilities pp and pnxp for the channel. For
i =1,...,(d — 1), we choose each Kraus operator to be
either dephasing or non-dephasing with probability 1/2,
and set it to

10pp
\/7 Z CB'Z (6)3
\/m Z 25X X(@)Z ) non-dephasing

a#()

dephasing

(D1)
where each c is generated by choosing a uniform r €
[0,1], & € [0,27], and setting ¢ = re?’. The factor of
10 was inserted “by hand” to make the resulting error
channel approximately have the desired dephasing/non-
dephasing probabilities.

Finally, having defined K; for i = 1,...,(d — 1), we
define K4 to be a matrix satisfying
d—1
KiKs=1-Y KK, (D2)

=1

to ensure the overall channel is trace-preserving. While
this description of K, is not unique, one matrix satisfy-
ing this equation is given by the Cholesky decomposition
of (1 -5, KZ-TKi) [64], which is what we used in our
simulations.
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