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STATIC VACUUM EXTENSIONS WITH PRESCRIBED BARTNIK

BOUNDARY DATA NEAR A GENERAL STATIC VACUUM
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ABSTRACT. We introduce the notions of static regular of type (I) and type (II)
and show that they are sufficient conditions for local well-posedness of solving
asymptotically flat, static vacuum metrics with prescribed Bartnik boundary
data. We then show that hypersurfaces in a very general open and dense family of
hypersurfaces are static regular of type (II). As applications, we confirm Bartnik’s
static vacuum extension conjecture for a large class of Bartnik boundary data,
including those that can be far from Euclidean and have large ADM masses, and

give many new examples of static vacuum metrics with intriguing geometry.
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1. INTRODUCTION

Let n > 3 and M be a smooth n-dimensional manifold. For a Riemannian metric
g and a scalar-valued function v on M, n > 3, we define the static vacuum operator

(1.1) S(g,u) == ( — uRicy + Vau, Agu).

If S(g,u) =0, (g,u) is called a static vacuum pair, and (M, g,u) is called a static
vacuum triple. We also refer to g as a static vacuum metric. When u > 0, (M, g, u)
defines a Ricci flat “spacetime” metric g = du?dt?> + g (with either a positive or
negative sign in the dt? factor) on R x M that carries a global Killing vector d;. The
most well-known examples of asymptotically flat, static vacuum metrics include the
Euclidean metric and the family of (Riemannian) Schwarzschild metrics.

When M has nonempty boundary 0M, the induced boundary data (g7, H,) in
(1.2) is called the Bartnik boundary data of g, where g7 is the restriction of g (or
the induced metric) on the tangent bundle of OM and the mean curvature H, is the
tangential divergence of the unit normal vector v. When M is asymptotically flat,
We choose v to point towards infinity of M.

The main content of this paper is to solve for asymptotically flat (g, u) to S(g,u) =
0 with prescribed Bartnik boundary data (g7, H,) and confirm the following conjec-
ture of R. Bartnik [14, Conjecture 7] for a wider class of boundary data.

Conjecture 1 (Bartnik’s static extension conjecture). Let (£, g0) be a compact,
connected, n-dimensional Riemannian manifold with scalar curvature Ry, > 0 and
with nonempty boundary 3. Suppose Hgy, is strictly positive somewhere. Then there
exists a geometrically unique asymptotically flat, static vacuum manifold (M, g) with
boundary OM diffeomorphic to ¥ such that (g7, Hy) = (g, Hg,)-

Note that the mean curvature Hy, of ¥ C (€0, go) is calculated with respect to
the outward unit normal, specifically, the one consistent with OM C (M, g).

The conjecture originated from the Bartnik’s program on quasi-local mass [11,
12, 13, 14] that goes back to 1989 and has drawn great interest in mathematical
relativity and differential geometry in the past two decades; see, for example, the
recent survey by M. Anderson [7].

It has been speculated that the conjecture may not hold in general. As observed
by Anderson-M. Khuri and by Anderson-J. Jauregui [9, 8], if ¥ is an immersed
hypersurface in an asymptotically flat, static vacuum triple (M, g, @) that is not
outer embedded, i.e. ¥ touches itself from the exterior region M \ €, then the
induced data (g7, Hg) is valid Bartnik boundary data on 3, but (g,a) in M \ Q
is not a valid extension because M \ 2 is not a manifold-with-boundary. Those
hypersurfaces are conjectured to be counter-examples to Conjecture 1 [8, Conjecture
5.2]. A very recent work of Anderson [4] provides counter-examples to the conjecture.
Nevertheless, Conjecture 1 is of fundamental importance toward the structure theory
of static vacuum manifolds, so it is highly desirable to prove it even under additional

natural assumptions.
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Conjecture 1 can be formulated as solving a geometric boundary value problem
T(g,u) = (0,0,7,¢) for given boundary data (7, ¢) where

—uRicy + Vgu
Agu

gT
Hg

in M
(1.2) T(g,u) :=
on OM.

Since the static vacuum operator is highly nonlinear, as the first fundamental step
toward Conjecture 1, it is natural to make the following conjecture.

Conjecture 2 (Local well-posedness). The geometric boundary value problem (1.2)
is locally well-posed at every background solution in the sense that if (M, g,u) is an
asymptotically flat, static vacuum triple, then for (1, ¢) sufficiently close to (g7, Hy)
on OM, there exists a solution (g,u) to T(g,u) = (0,0,7,¢) that is geometrically
unique near (g,u) and can depend continuously on the boundary data (,¢).

In particular, positive results toward Conjecture 2 confirms Conjecture 1 for large
classes of boundary data.

There are partial results toward Conjecture 2 when the background solution
(g,u) = (gr, 1), the Euclidean pair. For boundary data (7, ¢) sufficiently close to
(gs2,2), the Bartnik boundary data of gg on the unit round sphere in R3, P. Miao [29]
confirmed the local well-posedness under a reflectional symmetric condition. Ander-
son [6] removed the symmetry assumption, based on his work with Khuri [9].! There
is a proposed flow approach to axial-symmetric solutions with numerical results by
C. Cederbaum, O. Rinne, and M. Strehlau [19]. In our recent work [2], we confirmed
Conjecture 2 for (7, ¢) sufficiently close to the Bartnik data of gg on wide classes of
connected, embedded hypersurfaces 3 in Euclidean R™ for any n > 3, including

(1) Hypersurfaces in an open dense subfamily of any foliation of hypersurfaces.
(2) Any star-shaped hypersurfaces.

We also show that the solution (g,u) is geometrically unique in an open neigh-
borhood of (gg,1) in the weighted Holder space. Note that we recently extended
Item (1) to more general families of hypersurfaces in Euclidean space [3].

Those results can be viewed as confirming Conjecture 2 for the Euclidean back-
ground. In particular, those static metrics obtained have small ADM masses. In

10our work is inspired by interesting ideas in [9, 6]. On the other hand, we are unable to fully
verify Theorem 1.1 in [6]; specifically, the claim on p. 3094 asserts that if a kernel element k = Lzg
in M with Z = 0 on 9M, then Ker(DII) = 0. Note that Z need not be asymptotic to zero, as
it can be asymptotic to any Euclidean Killing vector field. Thus, even when k satisfies an elliptic
gauge, implying that Z satisfies an elliptic equation, Z need not be zero, which leads to a nontrivial
finite-dimensional kernel. This phenomenon arises from the structure at infinity of asymptotically
flat manifolds. In [2] and this paper, we handle that extra finite-dimensional kernel. In addition, we
provide a rigorous description of the diffeomorphism group acting on asymptotically flat metrics,

involving an additional orthogonal gauge (see Lemma 3.7), a feature absent in [9, Theorem 1.1].
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this paper, we implement several new arguments and extend our prior results to a
general background metric (including any Schwarzschild metrics). Consequently, the
new static vacuum metrics obtained can have large ADM masses. To our knowledge,
prior to this work, the only known examples of asymptotically flat, static vacuum
metrics of large ADM masses are either Schwarzschild metrics (rotationally sym-
metric) or some Weyl’s solutions (axial-symmetric). In addition, this paper presents
first results toward Conjecture 1 for “large” boundary data, i.e. those can be far
from Euclidean.

Before discussing the main results, we introduce some notations and definitions.
Notation. Let (M, g, u) be an asymptotically flat, static vacuum triple with @ > 0,
possibly with a compact boundary 0M. We will use €2 to denote a non-empty,
bounded, open subset in M such that M \ © is connected and OM C Q if IM # ().
We use ¥ = 8(M \ Q) to denote the boundary, and we always assume that X
is a connected, embedded, smooth hypersurface in M. We say that (g,u) is an
asymptotically flat pair if the metric g is asymptotically flat and the scalar function
u — 1 at infinity.

Let L denote the linearized operator of 1" at an asymptotically flat, static vacuum
pair (g,u) on M \ Q. That is, for any smooth family of asymptotically flat pairs
(9(s),u(s)) on M\ Q with (g(0),u(0)) = (g,u) and (¢'(0),u/(0)) = (h,v), we define

L(h,v) == & oo T(g(s),u(s)).
By diffeomorphism invariance of T, we trivially have T'(¢%g, v a) = T(g,a) on M \Q
for any family of diffeomorphisms 1, that fix the structure at infinity and boundary,
i.e. s € D(M\ Q). See Definition 2.1 for the precise definitions of D(M \ ©2) and its
tangent space X' (M \ Q) at the identity map. Therefore, by differentiating in s, Ker L
contains all the “trivial” deformations (Lx g, X (u)) with vector fields X € X (M\Q).
Our first main result says that Conjecture 2 holds, provided that Ker L is “trivial”.

Theorem 3. Let (M, g, u) be an asymptotically flat, static vacuum triple with u > 0,
and let Q be as defined in the notation above. Suppose that

(1.3) Ker L = {(Lxg, X(@) : X € X(M \ Q)}.

Then there exist positive constants €y,C such that for each € € (0,¢€p), if (7,9)
satisfies ||(T, ¢)—(gT, HQ)HCZ,Q(E)Xcl,a(E) < €, then there exists an asymptotically flat,
static vacuum pair (g,u) with ||(g,u) — (g,ﬂ)Hc%g(M\Q) < Ce solving the boundary
condition (g7,Hy) = (1,¢) on X. The solution (g,u) is geometrically unique in a
neighborhood of (g, ) in C2_’?(M \ ) and can depend smoothly on (T, ¢).

We refer the precise meanings of “geometric uniqueness” and “smooth depen-
dence” to Theorem 5.1 and the dependence of the constants eg, C' to Remark 5.5.

We formulate two static regular conditions that imply (1.3). Along the bound-
ary 3, we denote the second fundamental form A, := (V)T and the ¢-th v-covariant
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derivative of the Ricci tensor, Ricy, by

(Vf Ricg)(Y, Z):= (VéRic)(Y, Ziv,...,v) for any vectors Y, Z.
———

£ times

We linearize v, Ay, Hy Ricy, v Ric, and denote their linearizations at a static
vacuum pair (g, a) by v/(h), A'(h), H'(h), Ric'(h), (VfRic)/(h) respectively. See the
formulas in Appendix A.

Definition 4 (Static regular). e The boundary ¥ is said to be static regular
of type (I) in (M\, g, u) if for any (h,v) € C%Z‘(M\Q) solving L(h,v) = 0,
there exists a nonempty, connected, open subset 3 C ¥ with w1 (M\Q, 2) =0
such that (h,v) satisfies

(1.4) v=0, (V' (h)@) +v) =0, A(h)=0 on 3.

e The boundary ¥ is said to be static reqular of type (II) in (M \ Q,g,u) if

for any (h,v) € C%Z‘(M \ Q) solving L(h,v) = 0, there exists a nonempty,
connected, open subset ¥ C ¥ with 7 (M\ Q, f)) = 0 satisfying that

(1.5a) 3 is an analytic hypersurface, and

(1.5b) A'(h) =0, (Rid(h)"=0, ((VERic)(h))"=0 on¥
for all positive integers k.

We may refer to the boundary conditions in type (I) as the Cauchy boundary
condition and the boundary conditions in type (II) as the infinite-order boundary
condition (noting it involves only conditions on h).

Theorem 5. Let (M, g, a) be an asymptotically flat, static vacuum triple with a > 0,
and let Q) be as defined in the notation above. Let S be a nonempty, connected, open
subset of X with m (M \ Q,%) = 0. Let (h,v) € C%;‘(M \ Q) satisfy L(h,v) =0 in
M\ Q such that either (1.4) holds or both (1.5a),(1.5b) hold on 3. Then (h,v) =
(Lxg, X (w)) for X € X(M \ Q).

As a consequence, if the boundary X is static regular in (M \ Q,g,u) of either
type (1) or type (II), then (1.3) holds. Conversely, if (1.3) holds, then both (1.4)

and (1.5b) hold for ¥ = %.
We make some general remarks on the conditions appearing above.

Remark 1.1. (1) For any subset U C M, the condition on the relative funda-
mental group 7 (M,U) = 0 says that U is connected and the inclusion map
U — M induces a surjection 71 (U) — m1(M). Thus, in the special case that
M \ Q is simply connected, the condition 7(M \ €,3) = 0 always holds.
(2) The condition (¢/(h))(@) + v(v) = 0 on 3 in (1.4) can be dropped in the
following two general situations: (i) S =13, or (ii) the mean curvature of 5
in (M, g) is not identically zero. See Section 4.1.1.
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(3) Both conditions v = 0,((¢/)(h))(@) + v(v) = 0 in (1.4) can be dropped
when (g, @) = (gg,1) and 3 = ¥. Thus, the definition of static regular of
type (I) here recovers the definition of static reqular in [2, Definition 2] (see
[2, Lemma 4.8]).

(4) The analyticity of 3 in (1.5a) will be used together with a fundamental fact
that a static vacuum pair (g, @) is analytic in Int M under a suitable choice of
coordinate charts by the result of Miiller zum Hagen [32]. See Appendix B.2.

We verify that a large, open and dense subfamily of analytic hypersurfaces in a
general background (M, g, u) are static regular of type (II).

Definition 6. Let § be a positive number and {3,},t € [—¢,d], be a parametrized
family of hypersurfaces in M so that ¥y = 9(M \ ) and 3, satisfy the same
requirements for 3, Q as specified in Notation above. We say that {3,} is a smooth
one-sided family of hypersurfaces (generated by Y ) foliating along S C Xy with
M\ Q simply connected relative to 3y if

(1) 3 is an open subset of X satisfying 71 (M \ €, %) = 0.

(2) The smooth deformation vector field ¥ = %Et satisfies g(Y,v) = ¢ > 0 on

cach 3¢, and ¢ > 0 in 3.

Theorem 7. Let (M, g,a) be an asymptotically flat, static vacuum triple with @ > 0.
Let {2;} be a smooth one-sided family of hypersurfaces foliating along 3y with M\
simply connected relative to $y. Furthermore, suppose S, is an analytic hypersurface
for every t. Then there is an open dense subset J C [—0,0] such that ¥ is static
regular of type (II) in (M \ Qq, g,u) for allt € J.

Together with Theorem 3 and Theorem 5, the above theorem confirms Con-
jecture 2 on local well-posedness at an open and dense subfamily of background
solutions (M \ €, g,u) whose boundaries are analytic. We expect the local well-
posedness to hold without the assumption that 3 is analytic, which is indeed the
case if the background static vacuum pair is Euclidean, see [3, Theorem 7|. For a
general background static vacuum pair considered here, the main difficulty is that
the system L(h,v) is highly coupled (see the explicit formula in (3.7) below) and we
cannot derive v is trivial without the analyticity assumption.

We also note that if 71 (M \ Q) = 0 (for example, €2 is a large ball), one can choose
to foliate along any open subset 3 of an analytic hypersurface ¥; in Theorem 7.
The above theorems also lead to other applications as we shall discuss below.

The well-known Uniqueness Theorem of Static Black Holes says that an asymp-
totically flat, static vacuum triple (M, g, @) with @ = 0 on the boundary dM must
belong to the Schwarzschild family [26, 34, 18]. Note that a Schwarzschild manifold
has the following special properties:

(1) @ = 0 on the boundary 9M, which implies that OM has zero mean curvature.
(2) (M, g) is foliated by stable, constant mean curvature (n — 1)-dimensional
spheres.
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It is tempting to ask whether the Schwarzschild metrics can be characterized by
replacing Item (1) with other geometric conditions. For example, it is natural to
ask whether one may replace the minimal surface in Item (1) with a nearby CMC
surface:

(1') @ > 0 is very small on OM, and M has constant mean curvature Hyps > 0
that is very small.

We make a general remark regarding Item (1’). Any asymptotically flat metric (un-
der mild asymptotic assumptions) has a foliation of stable CMC surfaces in an
asymptotically flat end with the mean curvature going to zero at infinity by [24]
(also, for example, [28, 22]), but when the metric is static g, the static potential @
is very close to 1 there and hence cannot be arbitrarily small.

Our next corollary says that under both the assumptions Item (1’) and Item (2),
the static uniqueness fails, as there are many, geometrically distinct static vacuum
metrics satisfying both assumptions.

Corollary 8. Let B C R™ be an open unit ball and M := R™\ B. Given any constant
¢ > 0, there exists many, asymptotically flat, static vacuum triple (M, g,u) such that

(1) 0 < u < ¢ on the boundary OM, and the mean curvature OM is equal to a
positive constant H € (0,c).

(2) (M,g) is foliated by stable, constant mean curvature (n — 1)-dimensional
spheres.

(3) (M, g) is not isometric to a Schwarzschild manifold.

We include a fundamental result used in Theorem 5 that is of independent interest.
Let h be a symmetric (0, 2)-tensor on a Riemannian manifold (M, g). We say a vector
field X is h-Killing if Lxg = h. The next theorem shows that if A is analytic, then
a local h-Killing vector can globally extend on an analytic manifold. It generalizes
the classic result of Nomizu for local Killing vector fields when h = 0.

Theorem 9 (Cf. [5, Lemma 2.6]). Let (U,g) be a connected, analytic Riemannian
manifold. Let h be an analytic, symmetric (0,2)-tensor on U. Let & C U be a
connected open subset satisfying w1 (U,Q) = 0. Then an h-Killing vector field X
i ) can be extended to a unique h-Killing vector field on the whole manifold U.

We remark that a similar statement already appeared in the work of Anderson [5,
Lemma 2.6] with an outline of proof. We give an alternative proof similar to Nomizu’s
proof. The proof is included in Section 7.

Structure of the paper: In Section 2, we provide preliminary results that will be
used in later sections. In Section 3, we introduce the gauge conditions essential to
study the boundary value problem and discuss the kernel of the linearized problem.
In Section 4, we prove Theorem 5 and, along the way, discuss the assumptions of
static regular assumptions. Then we complete the proof of Theorem 3 in Section 5.
Theorem 7 and Corollary 8 are proven in Section 6. We prove Theorem 9 in Section 7,
which can be read independently of all other sections.
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2. PRELIMINARIES

In this section, we collect basic definitions, notations, facts, and some fundamental
results that will be used in the later sections.

2.1. The structure at infinity. Let n > 3 and M denote an n-dimensional smooth
complete manifold (possibly with nonempty compact boundary) such that there are
compact subsets B C M, B; C R", and a diffeomorphism ® : M \ B — R" \ Bj.
We use the chart {z} on M \ B from ® and a fixed atlas of B to define the weighted
Holder space CE?(M) for k =0,1,..., a € (0,1), and "T_z < q < mn— 2. See the
definition in, for example, [2, Section 2.1]. For f € Cli’g‘(M ), we may also write
f = OF%(|x|79) to emphasize its fall-off rate.

Let g be a Riemannian metric on M. We say that (M, g) is asymptotically flat
(at the rate ¢ and with the structure at infinity (®,z)) if g — gg € C2_Z‘(M) where
(9r)ij = 6;; in the chart {z} of M via ® from a Cartesian chart of R” and gg is
smoothly extended to the entire M. The ADM mass of g is defined by

1 : ~ (9gij  0gi5\
. I Yo ) (g,
(2.1) mapm(9) 2(n — 1)wn_1 o jal=r 57 (8;@- 8:Ej> || o

where do is the (n — 1)-volume form on |z| = r induced from the Euclidean metric
and wy,_1 is the volume of the standard unit sphere S"~!.

It is well-known that two structures of infinity of an asymptotically flat mani-
fold (M,g) differ by a rigid motion of {z}, see [10, Corollary 3.2]. In particular,
translations and rotations are continuous symmetries, generated by the vector fields

zW =9, and 2z = 2;0; — x;0; fori,j=1,...,n.

We can smoothly extend Z(®), Z(19) to the entire M and denote the vector space of
“Euclidean Killing vectors” by

(2.2) Z = Span{Z(i) and Z09) fori,j=1,... ,n}.

Definition 2.1. Let (M, g) be asymptotically flat.
(1) Define the subgroup of C>* diffeomorphisms of M \ € that fix the boundary

loc
Y and the structure at infinity as

DM\ Q) ={ ¥ € CLE (M) : ¢l = Iy and $(x) — (O +a) = 0> (|1~

loc

for some constant matrix O € SO(n) and constant vector a € R" }

(2) Let X (M \ Q) be the tangent space of D(M \ Q) at the identity map. In
other words, X (M \ Q) consists of vector fields so that?

X(M\ Q)= {X eCH*(M\Q): X =0o0nY and X — Z = 0>*(|z|*~9) for some Z € Z}.

loc

2When n = 3, the fall-off rate of X is 1—¢ > 0, and hence X (M \ Q) can be equivalently defined
without including Z = Z () the translation vectors.



STATIC VACUUM EXTENSIONS NEAR A GENERAL STATIC VACUUM METRIC 9

2.2. Regge-Teitelboim functional and integral identities. Recall the static

vacuuin operat0r3
S(g,u) = (—uRicy + Vou, Agu).

Let (g,a) be a static vacuum pair; namely S(g,a) = 0. The linearization of S at
(g, u) is given by

S'(h,v) = ( — aRic' (h) + (V?)'(h)a — vRic + Vv, Av + (A’(h))a).

We say that (h,v) is a static vacuum deformation (at (g,a)) if S'(h,v) = 0.
Throughout the paper, we use 5’|, .,y to denote the linearization of S at (g,u) and

similar for other differential operators; and we often omit the subscript \( when

g,u
linearizing at a static vacuum pair (g, @), as well as the subscript |5 in linearizat)ions of
geometric operators such as Ricy, when the context is clear. We refer to Appendix A
for explicit formulas of those linearized operators.

Let M(M \ Q) denote the set of asymptotically flat pairs in M \ €, consisting of

pairs (g,u) of Riemannian metrics and scalar functions on M \ Q satisfying
(2.3) MM\ Q) = {(g,u) : (g — gz,u—1) € (M \ @)},

The Regge-Teitelboim functional for (g,u) € M(M \ Q) is defined as

F(g,u) = —2(n — Dwp_1mapum(g) + /M\Q uRy dvol, .

Although two terms in the definition of F are not individually well-defined for arbi-
trary (g,u) € M(M \ Q) (because R, is not assumed integrable), it is well-known
that the functional described above extends to all (g,u) € M(M \ Q) in a natural
way (see e.g. [15, Theorem 4.1] and [8, p. 1660]) which we also explain below: Use
the following alternative expression by rewriting the ADM mass surface integral as
a volume integral via divergence theorem and rearranging terms:

F(g,u) = / (Rg —divgy(divg, g — d(trg, g))) u dvol,
M\Q
— / (divg, g — d(trgg 9))(Vgu) dvol,
M\Q

n /E (divg, g — dltry, 9))(vy)udo,

where recall that gg is a background metric equal to the Euclidean metric on the
exterior coordinate chart and v, is the unit normal on ¥ pointing to infinity. For
integrability of the first volume integral, it is a standard fact that divy(divg, g —
d(trg, g)) matches the top-order part of R, and the other terms decay fast enough.
The second volume integral is finite because of the assumed decay rates.

We recall the first variation formula.

3In [2] the notation S(g,u) was used to denote a different (but related) operator, which is
(R'|4)* (u) below.
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Lemma 2.2 ([9, Proposition 3.7] [30, Lemma 3.1] [8, Proposition 2.2]). Let (g(s),u(s))
be a one-parameter differentiable family of asymptotically flat pairs such that (g(0),u(0)) =
(9,u) and (h,v) = (¢'(0),/(0)) € C*5(M \ Q). Then,

5 limo T(g(s), u(s))

<( — uRicy + V?]u — (Agu)g + %uRgg, Rg), (h, v)> dvol,
M\Q g

—I—/E<(UAg—Vg(u)gT72u)7(hT’H/’g(h))>g dog.

The first variation formula holds for any asymptotically flat pair (g, u). A static
vacuum pair (g, ) is a critical point of the functional F among deformations (h,v)
where h satisfies (b7, H'(h)) = 0. In the next lemma, we show that if R'(h) =0 in
M\ €, then the deformation h “preserves the mass” in the sense that (g, u) is also
a critical point of the ADM mass functional among such h.

Lemma 2.3. Let (g,u) be a static vacuum pair in M \ 2. Suppose h € Cz_’g‘(M \ Q)
satisfies R'(h) =0 in M\ Q and (h7,H'(h)) =0 on 2. Then

n hi: hi: .
lim (8 i_ 9 ]>ﬂdag=o.
r—00 |x|:Ti —1 8%, (%cj ‘Z”

Proof. For any function v € C%g‘(M\Q), define (g(s),u(s)) = (g, a)+s(h,v). Notice
that &| _ Ry = R'(h) = 0. Thus,

—2(n — Dwp—1 %‘s:o mapm(g(s)) = % o0 F(g(s),u(s)) = 0.

In the last equality, we use the first variation formula, Lemma 2.2, and the assump-
tions on h. The integral identity follows (2.1). O

Suppose in addition (h,v) is a static vacuum deformation, i.e. S’(h,v) = 0,
which implies R'(h) = 0. The Laplace equation for v in S’'(h,v) = 0 gives Av =
0% (|z|~2724) and thus by harmonic asymptotics v(z) = ¢|z|?~"+0>%(|z|max{-2a.1-n})
for some real number ¢. We will show that v also “preserves the mass” in that ¢ =0
in Lemma 4.4 below.

In [2, Section 3], we used the first and second variations of the functional F to
derive several fundamental properties for the static vacuum operators. We list the
properties that will be used later in this paper whose proofs in directly extend to
our current setting. First, we recall the Green-type identity [2, Proposition 3.3].

Proposition 2.4 (Green-type identity). Let (g,u) be an asymptotically flat pair in
M\ Q. For any (h,v), (k,w) € C* (M \ Q), we have

/M\Q <P(h, v), (k, w)>g dvoly — /M\Q <P(/<:, w), (h, v)>g dvolg
_ —/2<Q(h,v),(k:T’H/|g(k7))>gdag+/ <Q(k,w),(hT,H'|g(h))>gdgg,

by

(2.4)
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The linear differential operators P,Q at (g,u) are defined by
P(h,v) = (((R/\g)*(u) + LuR,g)’ R'yg(h)) - (2((R/]g)*(u) + JuRyg) o h,o)
3ty ) ((Ry) (w) + JuRyg, Ry) i M\ Q
Q(h,v) = ((uAg - Vg(u)gT)/, 21)) - (2(uAg — vg(u)gT) o hT,O>
+ S(try hT) (uAg —vg(u)gT, 2u> on %,
where the prime denotes the linearization at (g,u) and recall the formal L*-adjoint
operator (R'|4)*(u) := —uRicy + Vgu — (Agu)g.

In the special case that (g, u) is a static vacuum pair (g, ), it is direct to verify
that P(h,v) = 0 if and only if S’(h,v) = 0. Thus the Green-type identity leads to
the following direct consequence.

Corollary 2.5 ([2, Corollary 3.5]). Let (g,a) be an asymptotically flat, static vac-
uum pair in M \ Q. Suppose that (h,v), (k,w) € C2_q(M \ Q) are static vacuum
deformations and that (h,v) satisfies hT =0, H'(h) =0 on X. Then

/ (Q(h,v), (W, H'(K)))_dog =0
by g
where Q(h,v) = (vAg +ad'(h) — ((V'(h)u+v(v))gT, 2v> .
Let 15 be a smooth family of diffeomorphisms in D(M \ Q) from Definition 2.1
(also recall its tangent space X (M \ Q) defined there). Computing the first variation

of the functional F along the family of pull-back pairs (g(s),u(s)) = ¥¥(g,u) as in
[2, Proposition 3.2] gives the following identities.

Proposition 2.6 (Orthogonality). Let (M, g,u) be an asymptotically flat triple with
u>0. For any X € X(M\ Q) and any (h,v) € C2 (M \ Q), we have

(25) / <S(g7u)7 /QO(Q,U7X)> dVOIQ = 07
M\Q g
where
(2.6) ko(g,u, X) == (Lxg — (divg X +u ' X (u))g, —divy X +u_1X(u)).

Linearizing the identity at a static vacuum pair (g,u) = (g, u) yields

(2.7) /M\Q <S'(h,v), /io(g,u,X)>_ dvolg = 0.

g

The identities above are important because they will be used to find “spaces”
complementing to the ranges of the nonlinear operator S and its linearization S’.

4Technically speaking, the notations P(h,v), Q(h,v) should have the subscript (g,u) to specify
their dependence on (g, u), but for the rest of the paper we will only consider the case that (g, u)

is an arbitrary but fixed static vacuum pair (g, ), and thus we omit the subscript.
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2.3. h-Killing vectors and the geodesic gauge. In this section we study the
situation when a symmetric (0,2)-tensor h takes the form Lxg. The results here
hold in a general Riemannian manifold (U, g), and Corollary 2.9 below is used to
prove Theorem 5.

Given a symmetric (0, 2)-tensor h, we define the (1,2)-tensor T}, by, in local co-
ordinates,

. Lo . .
(Th)jr = 2(hjk + iy — h.”)

where the upper indices are all raised by g, e.g. h; = g”hgj. Note that (Th)é-k

is symmetric in (4, k), and thus we may use Tj,(V,-) to unambiguously denote its

contraction with a vector V in the index either j or k. We say X is an h-Killing
vector if Lxg = h.

Lemma 2.7. Let X be an h-Killing vector field. Then for any vector V,
where the curvature tensor R(X,V):=VxVy —VyVx — Vix,v-

Proof. We prove the identity with respect to a local orthonormal frame {eq,...,e,}
and shall not distinguish upper or lower indices in the following computations. Write
V = Ve, and

(Vv(VX)); = Vig(Ve, Ve, X =V, ¢, X, ) := ViXyji.
The desired identity follows from the following identity multiplied by Vj:
(2.8) Xijk = —RoejiX "+ 5 (hijik + g — hjnsi)-

The previous identity is a well-known fact, we include the proof for completeness.
By commuting the derivatives, we get

Xijk — Xinj = RijuiX’
Xji — Xjuir = Rirej X*
Xpij — Xiji = Rjin X"
Adding the first two identities and then subtracting the third one, we get
Xijk — Xikj + Xjiki — Xjiik — Xgyij + Xgyji
= (Rijei + Rinej — Rjiox) X"
= 2R;ju X" = —2Ryp;; X"

where we use the Bianchi identity to the curvature terms. Rearranging the terms in
the left hand side above gives

2Xisjk — (Xigie + Xjie) — (Xigkj + Xisig) + (Xjiwi + Xji)
= 2Xjk — hijik — hik;j + Ry

This gives (2.8). O
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For a given h, in general there does not necessarily exist a corresponding h-Killing
vector field. (For example, when h = 0, an h-Killing vector field is just a Killing
vector field, and a generic Riemannian manifold does not admit any Killing vector
field.) Nevertheless, the next lemma says that it is still possible to find an X such
that A and Lxg are equal when they are both contracted with a parallel vector V.
It uses an ODE argument motivated by the work of Nomizu [33].

Lemma 2.8. Let (U, g) be a Riemannian manifold whose boundary OU is an embed-
ded hypersurface. Let 3 < k < oo, ¥ be an open subset of OU, and h be a symmetric
(0,2)-tensor in U. Suppose g,% € C*,h € C*~1 (or analytic) in coordinate charts
containing . Let V e CF (or analytic) be a complete vector field transverse to 3
satisfying ViV = 0 in U. Then there is a vector field X € C*2 (or analytic) in a
collar neighborhood of ¥ such that X =0 on ¥ and

(2.9) Lxg(V,-) =h(V,-) in the collar neighborhood of ¥.

Proof. Since V' is complete, given p € ¥ we let v(¢t) be the integral curve of V
emitting from p, i.e. 7(0) = p and 7/(t) = V. Let {eq, ..., e} be alocal orthonormal
frame such that e, is a unit normal to X.

Consider the first-order linear ODE system for the pair (X,w) consisting of a
vector field X and a (1,1)-tensor w along ~(¢):

VX =w(V)

Vyw=—-R(X,V)+Tp(V,-).
(We remark that Lemma 2.7 implies an h-Killing vector X satisfies the ODE system
with w(e;) = V¢, X.) We rewrite the above ODE system in the local orthonormal

frame:
XijVi = wizVj

(2.10) X
wijiVe = = RiejiXi Ve + 5 (hije + hieg — hjei) Ve

where w;; = (,u; (the first index is lowered by g).
We choose the initial conditions for X; and w;; at p € X:

(2.11) X;=0, w;ViVi=13hi;ViVi, wilVi=weV;=heVi, waep =0

where the indices ¢, = 1,...,n, a,b = 1,...,n — 1. Since the coefficients of the
ODE are Ck=2 (or analytic) in p, the vector field X and w are defined everywhere
in the collar neighborhood of ¥ by varying p and is C*~2 (or analytic) by smooth
dependence of the ODE (or Cauchy-Kovalevskaya Theorem).

We first show that in a collar neighborhood of X:

(2.12) wiiViVj = 5hijViVj.

Note that w;j + wj; — hsj is constant along ~y(t) because (w;; + wj; — hij);gVZ =0
by (2.10) and symmetry of the curvature tensor. Since (wj;; + wj; — hij)ViV; =
(2wij — hyj)V;V; = 0 at p by the initial conditions at p, it proves (2.12).
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To prove (2.9), observe that (X;.; + X;.; — h;;)V; satisfies a first-order linear ODE
along ~(t), motivated by the result of [25, Lemma 2.6]:

((Xisj + Xji = hij)V3) Ve

= (wijye + Xjie — hijie) Vi Vi

= (= Breji X + hijie — 5hjei) ViVe + X5V Ve + Rein X Vi Ve = i Vi Ve
= —2hje;ViVe + X6 Vi Ve

= =l ViV + (XeViVe)s — Xju(ViaVe + ViVia)

= =ghjeaViVe+ (@ieViVe)i = (X + Xej)ViaVi

= —5hjeaViVe+ 5(hgeViVe)i — (Xjie + Xo)ViaVe

= —(Xjo + Xgj — hjo)ViVjsi

where in the third equality we use the Bianchi identity
(—Rupeji + Reirj)ViVe = (Rieij + Reikj) ViV = —RigejViVe = 0

and in the second-to-the-last equality we use (2.12). Thus, we have shown that
(X5 + Xj.i — hij)V; satisfies the first-order linear ODE. Our initial conditions (2.11)
imply that at p:

(Xij + Xjii = hig)ViVi = 2wij — hij)ViV; = 0
(Xayj + Xjia — haj)Vj = (Waj — haj)V; =0 fora=1,...,n—1

where we use that X;,, = 0 at p because X is identically zero on X. Since (X;,; +
Xji — hij)V; = 0 at p, it is identically zero along the curve 7(t), and thus it is
identically zero in a collar neighborhood of X.

O

Let v be a unit normal vector field to >. We can extend v parallelly in a collar
neighborhood of . We say that a symmetric (0, 2)-tensor h in U satisfies the geodesic
gauge in a collar neighborhood of ¥ if, in the collar neighborhood, h(v,-) = 0.

By Lemma 2.8 and letting V' = v there, we can give an alternative proof to
the existence of geodesic gauge in [2, Lemma 2.5], and in particular, we obtain an
analytic vector field X if the metric is analytic.

Corollary 2.9 (Geodesic gauge). Let (U, g) be a Riemannian manifold whose OU
is an embedded hypersurface. Let ¥ be an open subset of OU and h be a symmetric
(0,2)-tensor in U.

(1) Let 3 < k < oco. Suppose g,% € C¥,h € C*' in some coordinate charts
containing . Then there is a vector field X € C*~2 in a collar neighborhood
of X such that X =0 on X and

Lxg(v,-) = h(v,-) in the collar neighborhood of 3.



STATIC VACUUM EXTENSIONS NEAR A GENERAL STATIC VACUUM METRIC 15

(2) Suppose ¥ is an analytic hypersurface and g,h are analytic in some coordi-
nate charts containing Y. Then there is an analytic vector field X in a collar
neighborhood of ¥ such that X =0 on X and

Lxg(v,-) = h(v,-) in the collar neighborhood of .

3. STATIC-HARMONIC GAUGE AND ORTHOGONAL GAUGE

Recall the operator T defined in (1.2). As already mentioned in Section 1, if
(g,u) solves T'(g,u) = (0,0, 7,¢), then any 9 in the diffeomorphism group D(M \ 2)
defined in Definition 2.1 gives rise to another solution (¢*g, 4 *u). To overcome the
infinite-dimensional “kernel” of 7', one would like to introduce suitable “gauges”.

3.1. The gauges. Fix a static vacuum pair (g, u) with @ > 0. For any pair (g,u)
of a Riemannian metric and a scalar function, we use the Bianchi operator (5 (see
(A.1)) to define the covector

G(g,u) = B39 + @ 2udu — a'g(Vya,-).

Note that of course G(g, ) = 0. We use G'(h,v) to denote the linearization of G(g,u)
at (g,u) and thus

G'(h,v) = Bh+a tdv + a *vda — @ h(Vi,-)

where the Bianchi operator and covariant derivatives are with respect to g.
For the rest of this section, we omit the subscript § when computing differential
operators with respect to g, as well as the subscript (g, @) when linearizing at (g, @).

Lemma 3.1. Let (g,u) be a static vacuum pair with @ > 0. Then for any vector
field X,

(3.1)  G(Lxg X(1)=—-AX —a'VX(Va,-) +a 2X(a)da =: T(X).

(Here and the in rest of the paper, we slightly abuse the notation and blur the dis-
tinction of a vector and its dual covector with respect to g when the context is clear.)

Proof. By the linearization formula,

(3.2)
G'(Lxg, X(w) = B(Lxg) +u 'd(X(w) —u ' Lxg(Vi,-) + a > X (u)da

= -AX —a 'VX(Va,-) +a X (a)du + (—Ric + a ' V?a)(X, )
where we use (A.4) for f(Lxg) = —AX — Ric(X,-) and
(3.3) d(X(a)) — Lxg(Va,-) = V2u(X,-) — VX(Va,-).
Since (g,u) is static vacuum, we can drop the term —Ric + a4~ 'V2u = 0. O

Using the operator I' defined in (3.1), we define the “gauged” subspace of X' (M\(2)
from Definition 2.1.
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Definition 3.2. (M, g, @) be an asymptotically flat, static vacuum triple with @ > 0.
Define X(M \ Q) to be the subspace of X(M \ Q) as

XOM\Q)={XeX(M\Q):T(X)=0in M\ Q}.

We show below that XC(M \ Q) is finite-dimensional with the dimension
n(n —1)
2 )

which is the same as the dimension of the space of Euclidean Killing vectors Z

N =n+

defined in (2.2). We begin with a fundamental PDE lemma on the special structure
of the operator I'. For a given asymptotically flat pair (g, u) with u > 0, we define
the operator on vectors by

(3.4) Ligu)(X) = —AgX —u 'V X (Vgu, ) + u 2 X (u)du.

When (g,u) is a static vacuum pair (g,u), ') (X) is exactly I'(X) as defined
in (3.1).
Recall (2.3) that M (M \ Q) consists of asymptotically flat pairs of fall-off rate gq.

Lemma 3.3. Let (g,u) be a pair of a Riemannian metric and a scalar function
satisfying (9 — gr,u—1) € C]i;x(M\Q) with w > 0 and 0 be a real number and k > 1
be an integer. Consider

Tguy  {X €CEUMN\ Q) : X =0 on B} — CE29(M\ ).

Then the following holds:

(1) For 2 —n < § < 0, the map is an isomorphism. Therefore, for any fized
boundary value Z € CH*(X), the following map is bijective

Diga) 1 {X €CHMN\Q): X =Z on X} — C5_3(M\ Q).

(2) For 0 < § < 1, the map is surjective and the kernel space is n-dimensional,
spanned by {V ... VY where VO = 9; 4+ OF(|z| 7).

Proof. Note that I'(, ) has the same Fredholm index as the Laplace-Beltrami op-
erator A,. It is a standard fact that the Fredholm index for X +— A, X is 0 in the
first case that 2 —n < § < 0 and n in the second case that 0 < § < 1, at least for
asymptotically flat manifolds without boundary (see e.g. [20, p. 16], [10, p. 673]).
For the boundary value problem, one can find general results in [27], and we also
include a proof below for our setting. In the following proof, the covariant derivative,
inner product, volume form are taken with with respect to g, and we often omit the
subscripts.

We discuss the case 2 —n < § < 0, and the other case of decay rate follows a
similar argument. Suppose AX = 0. By harmonic expansion X = O%%(|z|>™™) (see,
e.g. [10, Theorem 1.17]). Then 0 = — fM\Q XAX dvol = fM\Q |[VX|? dvol because
the boundary term on ¥ vanishes from the Dirichlet boundary condition and the
boundary term at infinity vanishes from the decay rate. It implies that A has trivial
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kernel. We show that A is surjective: Using® that C'g:zz’a(M \Q) C L3 ,(M\Q)
for any & slightly larger than §, we write C§:22 * = Range A @ K where K is £%_,-
orthogonal to Range A. That is, Z € K if for all X € Cl;’a with X =0 on X,

(3.5) 0= / €2ZAX dvol.
M\Q

Considering compactly supported X yields that £2Z weakly solves A(£2Z) = 0 and
thus £€27Z = OF2(|2|>~™) by elliptic regularity. Integrating (3.5) by part, invoking
X =0 on X, and letting V, X be arbitrary on ¥ implies that ¢2Z = 0 on X. Then
we can as above conclude that Z =0 in M \ Q, and thus A is surjective.

For Item (1), I'(, ) has Fredholm index 0. It suffices to show that the kernel is
trivial. Observe the g-inner product:

(X, T(gu)(X)) = —3AIX P = 3u™'Vu - VX2 + [VX P + 0™ (X ().
Thus, if 'y ,,)(X) = 0, then
%A|X|2 + %u_1Vu -VIX|2>0.

By strong maximum principal and using X = 0 on ¥ and X — 0 at infinity, X is
identically zero. The statement about the general boundary value Z is standard.

For Ttem (2), I'(4,) has the Fredholm index n. By harmonic expansion (e.g. [10,
Theorem 1.17]), if 'y ,y(X) = 0, then

X =70, +O(Jz|77)

for some constants ¢;. It implies that the kernel is at most n-dimensional because by
Item (1) if ¢; = -+ = ¢, = 0, then X is identically zero. Since the Fredholm index
is n, the dimension of the kernel must be exactly n.

O

Corollary 3.4. dim X¢(M \ Q) = N.

Proof. Recall the basis Z®, Z(19) of the space Z defined in (2.2), and, outside a
compact set of M,

ZW =9, or Z(i’j):xlﬁj—x]@i fori,j=1,...,n.

We compute I'(Z(®)) = O1%(|z|~279). By Item (1) of Lemma 3.3, there is a unique
Y = 0%%(|z|~9) such that

D(Y)=-I(Z%) in M\Q
Y=-2% on3.
SLet £(x) be a positive smooth weight function such that &(z) = |x|275/7% outside a compact

subset of M. The £2,_,(M \ Q)-norm is defined as the sum of the usual £*norm on a compact
subset of B C M and the weighted norm in the asymptotically flat end M \ B:

|‘UH£§,72(1VI\Q) = (/M\Q (|u(:c)|«§(:tc))2 dvol)

1
2



STATIC VACUUM EXTENSIONS NEAR A GENERAL STATIC VACUUM METRIC 18

Then W& := Y+ 20 ¢ x6(M\Q). Similarly, we compute I'(Z(#9)) = QL@ (|z|~9-1)
and can solve W7 € X¢(M \ Q) such that W& — Z03) ¢ O3 (|z|1-9).

It is clear that W and W) are linearly independent. It remains to show that
they span X¢(M \ Q), and thus dim X¢(M \ Q) = N. Let X € X°(M \ Q). Then
X — W € 0%*(Jz|'~%) where W is a linear combination of W® and W), We
separate the discussions into the case 1 — ¢ < 0 and the case 0 < 1 — ¢ < 1 (the
latter case occurs only when n = 3).

e If 1 —¢ <0, using I'(X — W) = 0 and Item (1) of Lemma 3.3, we obtain
X=W.
e If0<1—¢g<1 (whenn=3), by Item (2) of Lemma 3.3, we have

X —W =eWO 4 03 (|2|79).

Because T'(X — W — ¢;W®) = 0, as in the first case we conclude that
X=W+eW,
O

After introducing G and the gauged space of vectors X, we now define the gauge
conditions in solving the boundary value problem for 7.

Definition 3.5. Let (M, g, u) be an asymptotically flat, static vacuum triple with
u > 0.
(1) We say that (g,u) satisfies the static-harmonic gauge (with respect to (g, @))
in M\ Qif G(g,u) =0in M \ Q.
(2) Fix a positive scalar function p in M with p = |z|~2 on the end M \ K. We
say that (g,u) satisfies an orthogonal gauge (with respect to (g, @) and p) in
M\ Qif, for all X € XS(M \ Q),

/ <((g,U) —(g,w)), (Lxg,X(ﬁ))>p dvol = 0,
M\Q
where the inner product and volume form are of g.

Remark 3.6. (1) When (g, a) = (g, 1) is the Euclidean pair, G(g,u) = Bg.9 +
udu. While the above definition of static-harmonic gauge does not recover
our prior definition fg.g + du = 0 in [2, Definition 4.2], both conditions give
the same linearized condition which is sufficient. See also [2, Remark 4.3].

(2) If w > 0, we can define the warped product metrics g = +u2dt> + g and
g = +u?dt?> + g on R x M. The condition G(g,u) = 0 is equivalent to
requiring that g satisfies the harmonic gauge Szg = 0. See Proposition B.1.

We will soon see in Section 3.2 below the static-harmonic gauge will be used
to obtain ellipticity for the boundary value problem. The following lemma gives a
justification why an orthogonal gauge is needed.

Lemma 3.7. Let (M, g, u) be an asymptotically flat, static vacuum triple with @ > 0.
There is an open neighborhood U C M(M \ Q) of (g,u) and an open neighborhood
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Do € D(M \ Q) of Idppq such that for any (g,u) € U, there is a unique 1) € Dy
such that (V*g,v*u) satisfies both the static-harmonic and orthogonal gauge.

Proof. Denote the weighted £2-inner product:
(o), (k, 0)) s = / (hyv) - (k, w)p dvol
P M\Q
where the inner product and volume form are with respect to g and p is the weight
function in Definition 3.5. By Corollary 3.4, let {X(l), e ,X(N)} be an orthonormal
basis of X¢(M \ Q) with respect to the ﬁ?)—inner product in the sense that

<(Lx(i)§aX(i)(a)), (Lx(j)gaX(j)(a))>£% = 52‘]‘-

Recall D(M \ Q) and M(M \ Q) defined in Definition 2.1 and (2.3), respectively.
Consider the differentiable map
F DM\ Q) x MM\ Q) — Lo (M\ Q) x RY
F(¥,(g,u)) = (G(¢* g, w), (b, ..., b))

where each number b; = <(q,z)* g—g ¢ u—1a), (Lyog XD (a)) >£g. Linearizing F in
the first argument at (Idypq, (g, 7)) gives

DiF : X(M\ Q) — CL0_ (M \ Q) x RN

DiF(X) = (6/(Lxg, X (@), (c1(X), o en (X)) )

with ¢;(X) = ((Lx3. X(@)). (Ly 3, XD (@) .

Note that F(IdM\Q, (9, 21)) = (0,0). Once we ghow that D1 F is an isomorphism,
the lemma follows from implicit function theorem for Banach manifolds (see e.g.
[1, 3.3.13 Proposition]). If D1F(X) = 0, then I'(X) = G'(Lxg,X(a)) = 0 and
ci(X) = 0 for all 4. It implies that X € X¢(M \ ), and thus X = 0in M \ Q.
To see that Dy F is surjective, for any covector Z € Cl_’g‘_l(M \ ) and constants
ai,...,an, there exists Y € X (M \ Q) solving G'(Lyg,Y(ua)) = I'(Y) = Z by
Lemma 3.3. Let X =Y + (a1 — cl(Y))X(l) + -+ (an — cN(Y))X(N). Then we
have D1F(X) = (Z,(a1,...,an)). O

3.2. The gauged operator. Consider the operator 7" defined in (1.2) on the man-
ifold M \ Q:
0,
T: MM\ — C2 (M \ Q) x B(X)
—uRicy + Vgu
Agu

gT
Hg

in M\ Q
T(g,u) :=

on X.

where B(X) denotes the space of pairs (7,¢) where 7 € C**(X) is a symmetric
(0,2)-tensor on X and ¢ € C1*(X) is a scalar-valued function on X.
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Define the gauged operator

T MM\ Q) — C20_,(M\ Q) x CH(S) x B(S)

and
—uRicy + Viu — uDyG(g,u) in M\ Q
Agu = G(g,u)(Vgu)
(3.6) T¢(g,u) = G(g,u)
g7 on X
Hy

Recall the notation Dy X = 2 Lyg from (A.3).

Obviously the gauged operator T¢ becomes the operator T’ when the “gauge” term
G(g, u) vanishes in M\, i.e. (g, u) satisfies the static-harmonic gauge. The following
lemma relates our desired boundary value problem for 7" to solving T°¢(g, ).

Lemma 3.8. Let (M, g,u) be an asymptotically flat, static vacuum triple with u > 0.
There is an open neighborhood U of (g,u) in M(M \ Q) such that if (g,u) € U and
T¢(g,u) = (0,0,0,7, ), then G(g,u) =0 in M \ Q and thus T(g,u) = (0,0,7, ¢).

Proof. In the following computations, the volume measure, geometric operators, as
well as 3y, Dy, are all computed with respect to g, and we omit the subscripts g for
better readability. Recall the integral identity (2.5) says the following two terms are
L2-orthogonal, for any X € X (M \ ),
S(g,u) = (—uRic + Vu, Au)
Ko(g,u, X) = (28°X —u™ ' X (u)g, —divX +u ' X(u))

where we re-expressed ko(g, u, X) from (2.6) using the operator 3* = 3;, defined in
(A.2).

Below we write the covector G = G(g, u) for short. Since (g, u) solves T°(g,u) = 0,
we can substitute S(g,u) = (uDG, G(Vu)) to get

0= /M\Q <S(g,u),ﬁo(g,u,X)> dvol
:/ <(uDG,G(Vu)), (28X —u ' X (u)g, —divX +u_1X(u))> dvol.
M\Q

Applying integration by parts and varying among compactly supported X, we obtain
that G weakly solves

0 = 28(uDG) — (div G)du + d(G(Vu)) + v ' G(Vu)du
= 2uBDG — Lgg(Vu,-) + d(G(Vau)) + u ' G(Vu)du
= —uAG — uRic(G, ) + V2u(G,-) — VG(Vu,-) + v 'G(Vu) du
= ul'(y.)(G) — uRic(G, ) + V?u(G, ) =: ['(G),
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where we use 23(uDG) = 2uB(DG) — Lgg(Vu, ) + (div G)du by (A.5) in the second
line, 2ufDG = —uAG — u Ric(G) by (A.4) and a similar computation as (3.3) in the
third line, and the definition of the operator I'(; .,y in (3.4) in the last line.

Recall that I'(,, is an isomorphism by Item (1) in Lemma 3.3. For (g,u) suf-
ficiently close to the static vacuum pair (g, ), we have u > 0 and —uRic, + Vgu
small, so we conclude that the operator I is also an isomorphism. Together with the
boundary condition G = 0 on 3, we conclude that G is identically zero in M \ .

O

In Section 5 below, we shall solve the gauged boundary value problem (3.6) near a
static vacuum pair via Inverse Function Theorem. As preparation, let us state some
basic properties of the linearized operator.

Denote by L and L the linearizations of T'and T°C at a static vacuum pair (g,a),
respectively. Explicitly,

—aRic' (h) + (V%) (h)i — vRic + V2v

, _ n M\ Q
(3.7) L(h,v) = ?TU +(&m)a
H(h) on X
(3.8)

—aRic (h) + (V?) (h)a — vRic + V2v — aDG/ (h,v)

Av+ (A'(h)) @ — G'(h,v)(Va) n MAQ
Lé(h,v) = ( G'(h,v)
hT on X
H'(h)
where

L:CH(M\ Q) — C20_,(M\ Q) x B(X)

LE:C23(M\ Q) — 20, (M \ Q) x CH(2) x B(X).

Here and for the rest of this section, the geometric operators are all computed with
respect to g and the linearizations are all taken at (g, u).

From the formulas in Section A, it is direct to check that the first two equations
of LC(h,v) can be expressed as

—aRic (h) + (V?)(h)a — vRic + Vv — aDG/(h,v) = 2aAh + E;
2

(3.9) - B
Av + (A'(R))a — G'(h,v)(Va) = Av + By

where lower order terms E7, F5 are linear functions in h, v, Vh, Vv and of the order
O%%(|z|=2729) at infinity.

The linear operators L and L® also share similar relations as Lemmas 3.7 and 3.8
for the nonlinear operators T' and T, which we summarize in the next lemma.
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Lemma 3.9. Let (M, g,u) be a static vacuum triple with u > 0. Then the following
holds:
(1) Let (h,v) € C%Z‘(M \ Q) solve L¢(h,v) = (0,0,0,7,¢). Then G'(h,v) =0 in
M\ Q and thus L(h,v) = (0,0, 7, ).
(2) For any (h,v) € C%Z‘(M\Q), there is a vector field X € X(M\Q)ﬂC‘Z’f‘q(M\
Q) such that G'(h+ Lxg,v + X(a)) = 0.

Proof. The proof of Item (1) proceeds similarly as the proof of Lemma 3.8 by lin-
earizing those identities at (g, u).

For Item (2), given (h,v), note G'(h,v) = O%*(|]z|~9~1). By Item (2) in Lemma
3.3, we let X € Ci’flq(M \ Q) solving I'(X) = —G'(h,v) in M\ Q and X =0 on X.
Recall (3.1) that I'(X) = G'(Lxg, X (1)), and thus we get the desired X. O

One can proceed as in [2, Lemma 4.6] (see also [9, Proposition 3.1]) to show that
the operator LC is elliptic and Fredholm of index zero. In fact, the operator LC here
has exactly the same leading order terms as the special case considered in [2], and
thus the same proof applies verbatim. Also, recall that

Ker L D {(Lxg,X(ﬁ)) X € X(M\ Q)}

where (Lxg, X ()) arises from diffeomorphisms. Therefore, Ker L® always contains
an N-dimensional subspace arising from the “gauged” space X¢(M \ Q). We sum-
marize those properties in the following lemma.

Lemma 3.10. The operator
LE:C20(M\ Q) — €28, (M \ Q) x CH(2) x B(X)

is elliptic of Fredholm index zero whose kernel Ker L® contains an N -dimensional
subspace:

(3.10) Ker LS D {(LXg,X(a)) X € XC(M\ Q)}.

To close this section, we include a basic fact about analyticity of the kernel ele-
ments. It will be used in the proof of Theorem 5 below.

Corollary 3.11. Let (M, g,u) be a static vacuum triple with u > 0. Let (h,v) solve
L(h,v) =0 in M \ Q. Then the following holds:

(1) There exists X € X(M \ Q) N C‘Z’f‘q(M \ Q) such that (h,0) = (h,v) +
(Lxg, X (1)) satisfies LE(h,0) = 0 in M\Q and (h,) is analytic in Int(M \

(2) Furthermore, if an open subset S C X is an analytic hypersurface, then (ﬁ, 0)
s analytic up to 3.

Proof. The existence of X is by Item (2) in Lemma 3.9. It remains to argue that (h, )
is analytic. By [32] (or Theorem B.3 below), there is an analytic atlas of Int M such
that (g, @) is analytic. Since LE(h,v) is elliptic by Lemma 3.10, by elliptic regularity
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[31, Theorem 6.6.1], we see that (h,v) is analytic in Int(M \ Q). If the portion 3 of
the boundary is analytic, then (h,v) is analytic up to 3 by [31, Theorem 6.7.6'].
O

4. STATIC REGULAR AND “TRIVIAL” KERNEL

fd

Throughout this section, we fix a background asymptotically flat, static vacuum
triple (M, g, @) with @ > 0. Recall the assumptions on 2,3 in Notation in Section 1.
In particular, M—\Q = M\  is a proper subset of Int M. All geometric quantities
(e.g. covariant derivatives, curvatures) are computed with respect to g and lineariza-
tion are taken at (g,u). We often skip labelling the subscripts in g or (g, @) when
the context is clear.

We recall the linearized operator L defined by (3.7). The goal of this section is to
prove Theorem 5. It follows directly from Theorem 5" and Corollary 4.1 below.

Theorem 5'. Let (M,g,u) be an asymptotically flat, static vacuum triple with @ >
0. Let 3 be a nonempty, connected, open subset of ¥ with m (M \ Q,f]) = 0. Let
(h,v) € C%Z‘(M \ Q) satisfy L(h,v) = 0 with either one of the following conditions:

(1)
(4.1) v=0, (V(h)(@ +v)=0, Ah)=0 on 3.

(2) S is an analytic hypersurface and

) A'(h)y=0, (Rid'(h))"=0, ((VERic)'(h))"=0 on 3
' for all positive integers k.
Then (h,v) = (Lxg, X (a)) for some X € X(M \ Q).

Recall Definition 4 for static regular of type (I) and type (II). We get the following
consequence from the above theorem, which completes the proof of Theorem 5.

Corollary 4.1. Let (M \ 2, g,a) be static vacuum with @ > 0.
(1) If ¥ is static reqular in (M \ , g,u) of either type (I) or type (II), then

(4.3) Ker L = {(LXg,X(a)) X € X(M\ Q)}.
(2) If (4.3) holds, then
Ker LC = {(Lxg,X(a)) X € XG(M\Q)},

and thus dimKer L® = N.

(3) If (h,v) = (Lxg, X (w)) for some vector X in M\ Q with X =0 on 3, then
both (4.1) and (4.2) hold everywhere on 3, i.e. those boundary conditions
(4.1) and (4.2) are “gauge invariant”.



STATIC VACUUM EXTENSIONS NEAR A GENERAL STATIC VACUUM METRIC 24

Proof. We prove Item (2). By Item (1) in Lemma 3.9, we have Ker L® C Ker L and
thus together with (4.3)

Ker LS C {(LXg,X(a)) X € XG(M\Q)}.

The opposite inclusion follows (3.10).
We verify in Item (3). Clearly, X (@) = 0 on 3. We then verify ((VERic)' (Lxg))" =
0, and the rest equalities can be verified similarly. For e, e; tangential to f),

((VERic) (Lxd)) (€as €5)

= (Lx(V} Ric))(eq, )

= (Vx(VERic)) (eq, ) + (VERic) (Ve, X, &) + (VERic) (eq, Ve, X)
=0.

0

We shall refer to Condition (1) in Theorem 5’ as the Cauchy boundary condition
and to Condition (2) as the infinite-order boundary condition. We prove Theorem 5’
for the Cauchy boundary condition and the infinite-order boundary condition re-
spectively in Section 4.1 and Section 4.2 below. In both sections, we observe that to
show (h,v) = (Lxg, X (a)), it suffices to show h by itself is Lxg.

Lemma 4.2. Let (M \, g, a) be static vacuum with @ > 0 and (h,v) € C%Z‘(M\Q)
Suppose h = Lxg for some locally C* vector field X in M \ Q. Then the following
holds.

(1) X —Z € Ci’f‘q(M\Q) where Z € Z.
(2) If h,T = 0,H'(h) =0 on ¥ and X = 0 in an open subset of ¥, then X =0
on ¥ and thus X € X(M \ Q).
(8) If S'(h,v) =0 in M \ Q, then v = X (u) in M \ €.
Consequently, if L(h,v) = 0 and h = Lxg for some vector field X € C?A?(M \ Q)

with X = 0 in an open subset of ¥, then X € X(M \ Q) and (h,v) = (Lxg, X (a)).

Remark 4.3. It is clear in the following proof that the assumption X = 0 in an
open subset of ¥ in Item (2) can be replaced by a weaker assumption that X along
3} vanishes at infinite order at some point p € 3.

Proof. To prove Item (1), we first recall (2.8) that
Xk = =R X* + 5 (hijin + hikg — hjhai).
In an asymptotically flat end, let v(¢), ¢t € [1, 00), be a radial geodesic ray, parametrized
by arc length, that goes to infinity. Note that by asymptotical flatness, the param-
eter t and |z| are comparable, i.e. C~t|z| <t < C|z| for some positive constant C.
Then the previous identity implies that, along ~(¢),
d2

X (/1) = BOX(1(1) + D(t)
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where the coefficient matrix B(t) is the restriction of the curvature tensor Rm(~(t))
and D(t) is the restriction Vh(7(t)). Consequently, B(t) = O(t=972), D(t) = O(t~971).
By elementary ODE estimates, we have |X| + t|X’| < Ct for some constant C.
(See, for example, [23, Lemma B.3], where the homogeneous case B = 0 was
proved, but a similar argument extends to our inhomogeneous case here.) By vary-
ing geodesic rays, we obtain X = O%%(|z|). Together with the elliptic equation

AX + Ric(X,-) = —ph e Cl_’gl_l(M \ ©) and harmonic expansion, it implies that

X; — CijT; € C?fq(M \ Q)

for some constants ¢;;. Using that Lxg = h = O(|z|~?), the leading term of X must
correspond to a rotation vector (or zero). This gives the desired asymptotics.

To prove Item (2), we decompose X = nv + XT on ¥ where X7 is tangent to X.
Recall

(Lxg)" =2nA+ Lx<g"

(4.4) L ,
H'(Lxg) = —Asn — (|A]" 4+ Ric(v,v))n + XT(H).

The assumptions (Lxg)T = 0 and H'(Lxg) = 0 imply that n, XT satisfy a linear
2nd-order elliptic system on 3:

AzXT + RiCZ(XT, ) + 2,82(?’]14) =0
Ayn + (|A|2 + Ric(v,v))n — XT(H) = 0.

The first equation is exactly Os(LxtgT + 2nA) = 0, which follows the assumption
(Lxg)T = 0 and the first equation in (4.4), where By, denotes the tangential Bianchi
operator, i.e., fy7 = —divy 7 + %dz (try 7). By unique continuation, both n, XT are
identically zero on 3.

To prove Item (3), using h = Lx g and noting S'(Lxg, X (#)) = 0, we obtain

0=25"(h,v) —S'(Lxg, X(u) =50,v—X(u)=0 inM)\Q.

Let f := v— X (u). The previous identity implies — fRic+ V?2f = 0 in M \ Q. Noting
f(x) — 0 at infinity because both v, X (u) — 0 (by Item (1)), we can conclude f =0

(see, for example, [23, Proposition B.4]).
O

4.1. Cauchy boundary condition. In this section, we assume (h,v) € C%?(M\Q)
satisfies L(h,v) = 0 and

(4.5) v=0, (V(h)@) +v()=0, A(h)=0 on,

where 3. is a connected open subset of ¥ satisfying m; (M \ Q, %) = 0. Since L(h, v) =
0 implies hT = 0, H'(h) = 0 on X, all those boundary conditions together are referred
to as the Cauchy boundary condition. The reason is that if h satisfies the geodesic
gauge, then hT =0, A’(h) = 0 imply

(4.6) h=0, Vh=0 onX
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while v = 0, (/(h)) (@) + v(v) = 0 imply
(4.7) v=0, v(©)=0 on?3.

Since (h,v) satisfies a system of 2nd-order partial differential equations, the condi-
tions (4.6) and (4.7) are precisely the classical Cauchy boundary condition. However,
Theorem 5" does not follow from the classical theorem on uniqueness because the
system L(h,v) is not elliptic under the geodesic gauge.

We outline the proof below. We first show that h is “locally trivial” in the sense
that h = Lxg in some open subset of M, achieved by suitably extending (h,v)
across 3. Then we would like to show that i must be globally trivial. In general, a
locally trivial h need not be globally trivial, but here we know h is analytic (after
changing to the static-harmonic gauge), so we can use Theorem 9. To carry out the
argument, it is important to work with the appropriate gauge at each step of the
proof.

Proof of Theorem 5 (under Cauchy boundary condition). We without loss of gener-
ality assume that (h,v) satisfies the geodesic gauge, and thus we have

A

(4.8) h=0, Vh=0, v=0, v(v)=0 onX

as discussed earlier. We then extend (h,v) by (0,0) across 5 into some small open
subset U ¢ QNInt M and U N (M \ Q) is exactly the closure of 3. Denote the C'
extension pair by (h,0):

- ) (hv) inM\Q
(4.9) (h,0) = { 0.0) nT .

Here, the open subset U is chosen sufficiently small such that the “extended” man-
ifold

M= (M\QUU

has a smooth embedded hypersurface boundary M and 7T1(M ,U) = 0 based on
the assumption 7 (M \ ,3) = 0. Note that M is a closed, proper subset of Int M.

Using the Green-type identity (2.4), we verify that (ﬁ, 0) solves S’(ﬁ, ) =01in M
weakly, which is equivalent to showing that P(h,9) = 0 weakly: For (k,w) € C(M),
we have

/A (h,0) - P(k,w)dvol = / (h,9) - P(k,w)dvol
M
= / P(h,%) - (k,w) dvol
M\Q
+/2Q(h,v)-(kT,H’(k)) da—/ﬁQ(k:,w)-(hT,H’(h)) do

= / P(h,) - (k,w) dvol
M\Q
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where the boundary terms vanish because (4.8) (also note that (k,w) on ¥ is sup-
ported in 3). Then we solve for Y € C%f‘q(M) with Y = 0 on &M such that

(4.10) (h, %) := (h,%) + (Lyg,Y (@)

weakly solves the static-harmonic gauge G(h, %) = 0 in M. Then (h,?) is a solution
to the elliptic system LE(h, ) = 0, and hence (h, 0) € C%?(M ) by elliptic regularity.
By Corollary 3.11, (h,©) is analytic in Int M, and note (h,o) = (Lyg,Y (@) in U.
Applying Theorem 9 to the analytic manifold (M, g) and analytic h, the vector field
Y|y restricted in U extends to a vector field Y in M that is h-Killing in M with
Y=Y inU.

Denote X = Y —Y in M. Then X is h-Killing in M by (4.10). Thus, X is h-
Killing in M \ Q by (4.9) with X = 0 on an open subset of 3 C . By Lemma 4.2,
we conclude that X € X(M \ Q) and (h,v) = (Lxg, X (u)). O

4.1.1. Relazed Cauchy boundary condition. In this subsection, we note that the con-
dition (¢/(h))(@)+v(v) = 0 in (4.5) can be replaced or removed under mild assump-
tions as noted in Item (2) in Remark 1.1. For the rest of this section, we denote

(v(w) = (V'(h) (@) + v(v)

since the right hand side is exactly the linearization of v(u) on X.

We begin with general properties. It is well-known that a static vacuum metric
g has a Schwarzschild expansion in the harmonic coordinates [18]. We show that a
similar expansion holds for the static vacuum deformation.

Lemma 4.4. Let (M, g, u) be a static vacuum triple with u > 0. Let (h,v) € C2_Z‘(M\
Q) be a static vacuum deformation.

(1) Suppose G'(h,v) = 0. Then (h,v) has the following expansions near infinity:

hij(x) = %65ij|x|2_" + 0% (|gmax{~20.1-n})
(@) = —cjaP 4+ 02 (|pmd 21 n)
for some real number c.

(2) Suppose hT = 0 and H'(h) = 0 on . Then v(z) = 0% (|z|mx{-2¢1-1}),
(Note that G'(h,v) = 0 is not assumed here.)

Proof. We prove Item (1). By (3.9), the assumption S’(h,v) = 0 and G'(h,v) =0
imply that (h,v) satisfies Ah, Av € O%*(|z|~2724). Thus, h and v have the harmonic
expansions (see [10, Theorem 1.17]) for some real numbers ¢;; and ¢:

hij = s2gcijlaT" + 0P (a2l

v = _C|$|2—n + O2,a(|$|max{—2q,1—n})‘
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To see that c;; = céij, we compute

0= (G'(h,v)); = Z (=hiji + $hiij) +vj +o(jz['™™)

i
= (2 Z CijTi — Z citj + (n — 2)cxj) lz| ™™ + o(|z|*™).
i i

A direct computation gives the desired identity.
For Item (2), we use Lemma 3.9 to find X € X' (M \ Q) ﬂCi’flq(M \ Q) such that
G'(h+ Lxg,v+ X(u)) = 0 and apply Item (1) to obtain
(h+ Lxg)iy = sebiglaf>~" + 02 jamet-204-m))
v —I—X(’L_L) _ —C|l‘|2_n + O2,o¢(|x|max{—2q,1—n})
for some real number c. Use the boundary condition and apply Lemma 2.3 to (h +
Lxg,v+ X (@)), we compute ¢ = 0. Since X (@) is of the order O(|z|~2), the result

follows.
O

In the next lemma, we derive the “hidden” boundary conditions for (h,v) satis-
fying L(h,v) = 0.

Lemma 4.5 (Hidden boundary conditions). Let S be an open subset of 3. Suppose
(h,v) € C%g(M \ Q) satisfy

S'(h,v) =0 in a collar neighborhood U of 3 in M \ Q

hT = N
0 on .
{ H'(h)=0

Then the following equations hold on 3

(4.11) Asv + (v(u)) H + vRic(v,v) — aA'(h) - A =

0
(4.12)  A(VZv,-) + A'(h)(V*4,-) + adivs A'(h) — ds((v(w))') + vRic(v, -) = 0.

Consequently,
(1) Suppose v =0 and A'(h) =0 on 3. Then (v(u))H =0 on 3.
(2) Suppose ¥ = ¥, v = 0,A'(h) = 0 on %, and S'(h,v) = 0 everywhere in
M\ Q. Then (v(u)) =0 on X.

Proof. Let X be a vector field with support in U and with support in 3 when
restricted on X. Let (k,w) = (Lxg, X(u)) in (2.4). Since both (h,v) and (k,w) are
static vacuum deformations in U and h satisfies (hT, H'(h)) = 0 on ¥, we get

[ (@), (xg) /(L)) do =0,
Using again the boundary condition of h, we get

Q(h,v) = (UA +aA'(h) — (v(u)'g", 2v> on 3.
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Write X = nv + XT for a scalar function n and XT tangent to ¥ and recall (4.4):

(Lxg)T =2nA+ Lx<g"
H'(Lxg) = —Asn — (|A]* + Ric(v,v))n + XT(H).

By choosing XT = 0, we get
0= /2 <<UA +aA'(h) — (v(u))g, 21;), (277A, —Axn — (|A|2 + Ric(v, 1/))77>> do
= /2 2’1’]<U|A|2 +aA'(h) - A— (v(u))H — Asv — (|A]? + Ric(v, I/))U) do.

Simplifying the integrand and choosing arbitrary n supported in fl, we prove (4.11).
For (4.12), we let n =0

0= /E <(UA +ad(h) — (v(w)gT, 21)), <LXT§T,XT(H))> do .
Applying integration by part and letting XT vary, we get, on 3,
0= A(V*v, ) +vdivg A+ A'(h)(VZa,-) + adivg A'(h) — ds(v(u)) — vdH
= A(VZv,.) + A'(R)(V*4,-) + adivs A'(h) — dx(v(u)) + vRic(v, -)

where we use the Codazzi equation.

Item (1) follows directly from (4.11) by letting v = 0 and A’(h) = 0.

For Item (2), we have ds(v(u))’ = 0 and hence (v(u)) = ¢ on ¥ for some real
number ¢ from (4.12). The assumption S’(h,v) =0 in M \ Q says that

Av+ (A'(h))a=0 inM\Q.

We integrate and apply divergence theorem (recall ¥ on ¥ points to infinity) and
Lemma 4.6 below to get

0= /M\Q (Av+ (A'(R))a) dvol

[+ @ m)a) do = - [ w) ao,

which implies (v(u))’ = 0 on 3, where we use fsoo v(v) = 0 by Item (2) in Lemma 4.4
and the integral formula (4.13)

/M\Q(A’(h))u dvol = —/ (V' (h)) u do

b

proven in the next lemma. O
Recall the formulas (A.8) and (A.9): for a scalar function f,
(A'(h) f = =hY fi5+ g7 (—(divh)i + 5(tr b)) £
I/(h) = —%h(u, Vv — g“bw(ea)eb

where w(-) = h(v,-) and the indices are raised by g.
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Lemma 4.6. Let h € C%Z‘(M \ Q) be a symmetric (0,2)-tensor. Given a scalar
function f, define the covector Wy = —h(V f,-) + l(df) trh. Then

(AW + LA trh=divIvy  in M\ Q,
and if we further assume that trs, h =0 on X, then
(V' (h) f=Ws) onX.

Consequently, if f is harmonic and is of the order O(|x|79), then

(4.13) / (A'(h)) f dvol = — / (v (h)) / do.
M\Q b
Proof. Compute at a point with respect to normal coordinates of g:
div Wy = (Wp)ii = = fjihig — fihiji + 5(Af) trh+ 5 fa(tr h).
It gives the first identity. For the second identity,
Wy(v) = —h(Vf.v)+qv(f)trh
—h(v,v)v(f) = h(VZf,v) + 3v(f) h(v,v)
= —%h( V(F) = h(V 1. v).

If f is harmonic, we have
/ (A'(h)) f dvol = / div Wy dvol
M\Q M\Q

:—/wa(u) do

:—/E(z/(h))fdo—

where the boundary term at infinity vanishes because Vf = O(|z|~9"!) and thus
Wy € O(Jx|~2071). O

4.2. Infinite-order boundary condition. In this section, we assume (h,v) €
C%Z‘(M \ ) and (h,v) satisfies

A'(h)=0, (Rid(h)"=0, ((VERic)(h))"=0 on X

for all positive integers k, where 3 satisfies (M \ ©,%) = 0 and ¥ is an analytic
hypersurface. It is worth noting that above boundary conditions are imposed only
on h (not on v at all).

The following lemma justifies the term “infinite-order” boundary condition. Recall
that a symmetric (0,2)-tensor h is said to satisfy the geodesic gauge in a collar
neighborhood of 3 if h(v,-) = 0 in the collar neighborhood, where v is the parallel
extension of the unit normal to 3.

Proposition 4.7. Fiz an integer £ > 0. Suppose h € CT2%(M \ Q) satisfies the
geodesic gauge in a collar neighborhood of $. Then the following two boundary con-
ditions are equivalent
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(1) For all k=0,1,...,¢,

AT =0, A'(h)=0, ((VERic)(h)T=0 on 3.
Here, we interpret the 0-th covariant derivative as (VO Ric) (k) = Ric'(h).
(2) For all k=0,1,...,¢,

~

h=0, Vh=0, V2h=0 on 3.

Proof. Tt is clear that Item (2) implies Item (1) by the formulas of A’(h) and Ric’(h)
in (A.10) and (A.6). The rest of proof is devoted to prove that Item (1) implies
Item (2).

We compute with respect to an orthonormal frame {eg,e1,...,e,—1} where ey =
v parallel along itself. In the following computations, we let ¢, 4, k1,..., ke, ker1 €
{0,1,...,n — 1} denote all directions and let a,b,c € {1,...,n — 1} denote only the
tangential directions. Since h satisfies the geodesic gauge in a collar neighborhood
of ¥, hg; and any covariant derivatives of hg; vanish in the neighborhood.

Already noted in (4.6), from hT = 0,A’(h) = 0 and geodesic gauge, we have
h=0,Vh =0 on X. We will prove inductively in /.

First, for £ = 0, we have h =0, Vh =0, ((Ric)(h))" =0 on 33, We would like to
show that V2h =0 on 3. By geodesic gauge, we automatically have V2h(v, e;) = 0.
Since Vh = 0, we have V.,,Vh = 0 and V, V. ,h = V., V,h + Rmo h = 0. To
summarize, when expressed in the local frame, we already have

A

h()j;klk‘z = 07 hij;kla = 07 hij;akl =0 on X.

Therefore, it remains to show that (V,V,h)T = 0; namely hqp00 = 0. Recall the
formula of Ric/(h) from (A.6), restricted on the tangential vectors e, €p:

Ric/(R)ab = —2habiii + 5 (Raizib + Mbisia) — 3 Piizab

(4.14) )
+ 3 (Raihjb + Rpilja) — Raijohij-

Since 0 = Ric'(h)qp = —%hab;oo, we obtain V2h = 0 on 3.

We proceed inductively in £ > 0. Suppose that Item (1) holds for k = 0,1,...,¢
and that we already have h = 0,Vh = 0, V*¥*2h = 0 on S for k = 0,1,...,¢0—1.
We would like to derive V/2h = 0 on £. We compute V21 in the following three
cases according to the location of v:

(VER2  h)(v,e) = hoisky ke =0 (by geodesic gauge)

arbitrary
(Viangentiat V erbitrary ) (€as €6) = Rabsky og-- b
= (hab;k1k2~~~k5),c + (Christoffel symbols) o vitin
=0 (by the inductive assumption V*1h =0 on f)),

/41

arbitrary

derivatives is tangential, we can as before commute the derivatives to express it in

It remains to compute (V,V h)(eq,ep) = 0. If any of those ‘arbitrary’ covariant
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the form (vtangcmalv“l h)(eq, ep) plus the contraction between curvature tensors

arbitrary

of g and derivatives of h in the order £ + 1 or less. Therefore, it suffices to show

(4.15) (VE2h)(ea,ep) =0,  or in the local frame hgp o...0 = 0.
N———
£+4+2—times

To prove (4.15), note that from (4.14), we exactly have

A

(Vﬁ(Rlcl(h)))(ea,Eb) - _%hab; 0---0 on E
S——

¢4+2—times
because all other terms vanish there. We claim that® for each i = 0,1,...,¢:
(4.16) (VERic) (h) = V5 ((ViRic)' (h)) on ¥

provided h =0,Vh =0,...,V"h =0 on ¥.
Once the claim is proven, together with the assumption ((V{Ric)'(h))" = 0 on >
and the above computations, we conclude V/+2h = 0 on ¥ and complete the proof.

Proof of Claim. Let g(s) be a differentiable family of metrics with ¢(0) = g and
¢'(0) = h. By definition,

(D d YA .
(VERic) (h) = 4| (vyg(s)Rlcg(s)>

where V,,_  is the g(s)-covariant derivative in the unit normal v,). When the s-
derivative falls on ViRicg(S), we get the desired term V.~ (ijRic)’ (h)) It suffices
to see that those terms involving the s-derivative on one of the covariant derivative

v must vanish. It follows that %‘s:O Vg 18 a linear function in only h and

Vg(s)
Vh. So %‘320 Vf;(’s) is a linear function in h and the derivatives of h up to the
(¢ — i)th order, and thus it vanishes on 3. We prove the claim. O
O

Remark 4.8. We will not use the following fact, but nevertheless it is interesting to
note that, using similar computations, both items in Proposition 4.7 are equivalent
to the condition: for k =1,...,7,

AT =0, A'(h)=0, (VEAY(h)=0on%

where the second fundamental form A is defined in the neighborhood as the second
fundamental form of equidistant hypersurfaces to 3.

Proof of Theorem & (under infinite-order boundary condition). Without loss of gen-
erality, we may assume (h,v) satisfies the static-harmonic gauge.

Note that 3 is analytic and (g,u) is analytic in some local coordinate chart
{x1,...,2,} near ¥ by Theorem B.3. By Corollary 3.11, (h,v) is analytic up to 3
in {z1,...,2,}. Then by Corollary 2.9, there is an analytic vector field Y in a collar

6The notations unfortunately become overloaded. Recall that (V:Ric) (h) denotes the linearized
V{Ric, and note V4 (Ric’(h)) represents the fth covariant derivative in v of Ric’(h). The claimed
identity says that “taking the v-covariant derivative” and “linearizing” are commutative under the

assumption of h.
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neighborhood U of 3 with Y = 0 on 3 such that h := h— Ly g satisfies the geodesic
gauge in U. In particular, h is analytic.

Recall that h satisfies the infinite-order boundary condition. Item (3) in Corol-
lary 4.1 says that subtracting the “gauge” term Ly g does not affect the infinite-order
boundary condition, so h obtained above also satisfies the infinite-order boundary
condition. Applying Proposition 4.7 to ﬁ, we see that h vanishes at infinite order
toward 3, and thus h=0 by analyticity. We then conclude h = Ly g in U. Applying
Theorem 9, there is a global vector field X so that X =Y in U, X =0 on f), and
Lxg=hin M\ Q. By Lemma 4.2, X € X(M \ Q) and v = X (). It completes the
proof. O

5. EXISTENCE AND LOCAL UNIQUENESS

In this section, we prove Theorem 3. We restate the theorem and also spell out
the precise meaning of “geometric uniqueness” and “smooth dependence” of the
theorem. Recall the diffeomorphism group D(M \ ) in Definition 2.1.

Theorem 5.1. Let (M, g,u) be an asymptotically flat, static vacuum with @ > 0.
Suppose for L defined on M \ Q

(5.1) Ker L = {(Lxg, X (@) : X € X(M\ Q)}.

Then there exist positive constants €y, C' such that for each € € (0,¢ey), if (1,¢)
satisfies ||(7, ¢)— (g7, H)llc2.a sy xcra(sy < €, there exists an asymptotically flat, static
vacuum pair (g,u) that satisfies both the static-harmonic and orthogonal gauges with
(g, u) — (g,ﬂ)||cz,3(M\Q) < Ce solving the boundary condition (g7, Hgy) = (1,¢) on
Y, and the solution (g,u) depends smoothly on the Bartnik boundary data (T, ).

Furthermore, the solution (g,u) is locally, geometrically unique. Namely, there is
a neighborhood U C M(M \ Q) of (g,u) and Dy C D(M \ Q) of the identity map
Idynq such that if (g1,u1) € U is another static vacuum pair with the same boundary
condition, there is a unique diffeomorphism ¥ € Dqy such that (V*g1,v*u1) = (g, u)
in M\ Q.

Recall the operators T, 7€, L, L defined in (1.2), (3.6), (3.7), and (3.8) respec-
tively. The proof of Theorem 5.1 is along a similar line as the special case for Eu-
clidean (g,u) = (gr,1) considered in [2]. We outline the proof: Under the “trivial”
kernel assumption (5.1) and by Corollary 4.1, Ker L® is the N-dimensional space

Ker L® = {(Lxg, X (1)) : X € X5(M \ Q)}.
Since the operator L® is Fredholm of index zero by Lemma 3.10, the cokernel of L®
must be also N-dimensional. In Lemma 5.2 below, we explicitly identify the cokernel

by (2.7) in Proposition 2.6. From there, we construct a modified operator TG whose

linearization LG is an isomorphism in Proposition 5.4.

Lemma 5.2. Under the same assumptions as in Theorem 5.1, we have

(Range L¢)* = Q
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where Q consists of elements k(X) € (C_q o(M\ Q) x CH(X) x B())" (the dual
space) where

K(X) = (2B*X A~ X (a)g, — div X + X (a), (- 2a8"X + X(@)g) (v, "), 0, o)

for X € XO(M \ Q). Recall B* = B} defined by (A.2).
Furthermore, the codomain of L® can be decomposed as

(5.2) Range L® @ 7Q

where nQ = {nk(X) : k(X) € Q} and n is a positive smooth function on M \ Q
satisfying n = 1 near ¥ and n(x) = |z|~2 outside a compact set.

Remark 5.3. Recall the definition of ko (g, u, X) in (2.6). The first two components
of k(X)) above are exactly xo(g, u, X).

Proof. All the geometric operators are with respect to g in the proof. By Corol-
lary 4.1, dimKer L¢ = N. Since L® has Fredholm index zero by Lemma 3.10
and dim Q@ = N, we just need to show Q C (Range L®)‘. Namely, we will show
<LG(h,v),/1(X)>£2 = 0 for any (h,v) and X € X¢(M \ Q), where (-,-),2 denotes
the component-wise (standard) £2-inner product.

Since S'(h,v) is L£L2-orthogonal to ko(g, i, X) by (2.7) in Proposition 2.6, we can
reduce the computation as follows, where we denote by Z = G/(h,v):

(LE(h,v), K(X)) o

:/ <( —uDZ,—Z(Va)), (268*X —u ' X(a)g, —divX +1T1X(11))> dvol
M\Q
+ [ (= 205X+ x(03) (v, 2) do
»

:/ Z(div (2aB*X — X(u)g) — (—divX +a‘1X(a))da) dvol
M\Q

where we apply integration by parts in the last identity and note that the boundary
terms on X cancel. The last integral is zero because

div (228" X — X(a)g) — (—divX +a ' X(a))du
=2udiv8*X — d(X (1)) +28*°X(Va,-) — (—divX +a ' X(n))du
=2udiv X —d(X(a)) + Lxg(Va, ) —a "X (a)du
= a(2 divp*X —a'd(X(a)) + a 'Lxg(Va,-) — a‘QX(a)da)
=—-ul'(X)=0
where in the second equality we use 26*X(Va,-) = Lxg(Va,-) — div Xdu by defi-
nition, and in the last line we use 2div §*X = —fSLxg and the definition of T" (see
either (3.1) or (3.2)).

The previous identity also implies that Range L® N nQ = 0. To see that, let
nk(X) € Range L® N Q. Then we have (nr(X), k(X)) z2 = 0, and thus x(X) = 0.
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We verify (5.2). With respect to the weighted inner product E%, we denote by
Ki,...,kn an orthonormal basis of Q. For any element f in the codomain of LC,

one can verify that

N
f—- nZamg € Ot = Range L®
/=1
where the numbers ay = (f, k¢) 2. We also use that Range L is a closed subspace,
and hence Q' = ((Range L¢)1)+ = Range L®. We get the desired decomposition.
O

Let p be the weight function in Definition 3.5. Define a complement to Ker L® in
C>%(M) by
q

&= {(h,v) : /M\Q <(h,v), (Lxg,X(ﬂ))>pdvol =0 for all X € XG(M\Q)}

In other words, (h,v) € £ if and only if (g + h,u + v) satisfies the orthogonal gauge
(recall Definition 3.5).
To summarize, we have decomposed the domain and codomain of L¢ by

L®: & @ Ker L — Range L® & 1Q.
Similarly as in [2, Section 4.3], we define the modified operator TG as
—uRicy + VZu — uDyG(g,u) — n(26;W — u™ W (u)g)
Agu — G(g,u)(Vgu) + n (divg W — u™ W (u)) in M\ Q
: —1g2

TS(g,u, W) = gy (W) + (_* Ricg +u™ Viu) (W)

G(g,u) + (2uB;W — W (u)g) (vg, )

gr on X

H,
where I'¢; (W) is as in (3.4). The operator TG is defined on the function space of
(g,u) el and W € X. Here, U = ((g, @) +&) NM(M\ Q) consists of asymptotically
flat pairs satisfying the orthogonal gauge. The linear space X is defined similarly as

X (M \ Q), with the only difference in regularity.” Explicitly,
X = {X €C(M\Q): X=0o0n ¥ and X — Z = 0>*(|z|'~%) for some Z € Z}.

loc

In other words, X' (M \ §2) can be view as a subspace of X with C*° regularity. With
the above choices of function spaces, we get

TG U x X — CY0 (M \ Q) x C* (M \ Q) x CH(2) x B(X).

(Note that we slightly abuse the notation and blur the distinction of W and its
covector with respect g.)

Proposition 5.4. Under the same assumptions as in Theorem 5.1, we have

"The slight technicality arises to avoid a potential “loss of derivatives” issue. Some coefficients in
the third equation of TG are only C*“, e.g. Ric,. If we use the space X' (M \ Q) (of C**-regularity)

instead of )?, the codomain of the map may still be only in cﬂ'g, and the map cannot be surjective.)
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(1) TS is a smooth local diffeomorphism at (g, @,0).
(2) If TS(g,u, W) = (0,0,0,0,7,¢), then W =0 and T®(g,u) = (0,0,0,7,¢).

Proof. We prove Item (1). Since in local coordinates ﬁ(g, u, W) can be expressed
as locally bounded, polynomials in 8¢, d7u, O*W for 4, j, k = 0,1,2, TC is a smooth

map. We show that the linearization of TG at (g, u,0), denoted by LG, is an isomor-
phism, where

LC:Ex X — 20, (M\ Q) x €20 (M \ Q) x CM(2) x B().
For (h,v) € £ and X € 2?, F(h,v,X) is given by

—aRic (h) + (V?) (h)d — vRic + V2v — aDG/ (h,v) — 77<25*X - ﬁ_lX(ﬂ)gj)

Av+ AN (h)a — G'(h,v) (Vi) + n(divX - a—lX(a)) in M\ Q
I'(X)

G'(h,v) + 2up*X — X (u)g)(v)

hT on X.

H'(h)

Note that we use X to denote both the vector field and the dual covector, and in the
third component recall I'(X) defined (3.1). Observe that when dropping the third
component, we can understand LG(h, v, X) as the sum LE(h,v) + nr(X).

We show that LG is an isomorphism. To see that LG is surjective: Since the
third component I'(X) is surjective by Lemma 3.3, we just need to show that jid
is surjective onto other components for those X satisfying I'(X) = 0, i.e. X €
XC(M \ Q). Tt is equivalent to showing that L®(h,v) + nx(X) is surjective for
(h,v) € £ and for X € XG(M\Q) which follows from Lemma 5.2. To see that LG is
injective: If (h,v) € € and X € X solves LE(h, v, X) = 0, then LE(h,v) +nr(X) =0
and x(X) € Q, which implies L(h,v) = 0 and x(X) = 0 by the decomposition
(5.2) in Lemma 5.2. From there we can conclude (h,v) =0 and X = 0.

For Item (2), suppose ﬁ(g,u, W) =(0,0,0,0,7,¢). Then

—uRicy + Vf]u —uDyG(g,u) =1 (28;W — u” W (u)g)
Agu— G(g,u)(Vgu) = —n (divg W — u_lW(u)).
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We denote G = G(g,u) in the following computations. Pair the first equation with
28;W — u~'W (u)g and the second equation with —(divy W — u™'W(u)):

/ 17‘25;‘W—u_1W(u)g|2 +n‘ding—u_1W(u)|2dvolg
M\Q

= / << — uRicy + Viu — uDyG, Agu — G(Vgu)>,

M\Q
(268;W — u W (u)g, —div, W+ u_1W(u))> dvoly

- / << —uD,G, —G(Vgu)), (28;W —u™'W(u)g, — divy W + u_1W(u))> dvol,
M\Q

= /2 <G, (2u5§W — W(u)g) (l/g)> dog

= / ~|G|? do, <use -G = (Zuﬁ;W — W(u)g)(vy) from the equation for ﬁ)
b

In the above identities, we use that in the second equality the £2-pairing involving
(—uRicﬁ—Vﬁu, Agu) is zero by (2.5). Then in the third equality we apply integration
by parts and note that the integral over M \  is zero because

divg (u2B;W — W (u)g) — (— divg W + u™'W (u))du

= 2udivy B;W — d(W (u)) + Lwg(Vgu,-) — u™'W(u)du

- —u<ﬂgLWg Fu (W (w) — u L g(Vu, ) + u_2W(u)du)

- —u< — AW — u VW (Vgu,-) + u” W (u)du + (— Ricy +u™ V) (W)>

= _U<F(gvu)(W) + (— Ricg +u™' Vu) (W)>
=0

where we compute similarly as in (3.2) in the third equality and use T¢(g,u, W) =
(0,0,0,0,7,¢) in the last equality.

The previous integral identity implies 28;W — u 'W(u)g = 0 and divW —
u” W (u) = 0, so we conclude W = 0. O

Proof of Theorem 5.1. From Ttem (1) in Proposition 5.4, TC is a local diffeomor-
phism at ((g,ﬁ),O). That is, there are positive constants €p, C' such that for every
0 < € < €g, there is an open neighborhood U x V of ((g,ﬂ),O) in ((g,a) + 5) x X
with the diameter less than Ce such that TC is a diffeomorphism from U x V onto
an open ball of radius ¢ in the codomain of TG,

Therefore, given any (7, ¢) satisfying ||(7, ¢) — (gT,Hg)HCQ,a(E)XCl,a(E) < €, there
exists a unique (g, u, W) with ||(g,u) — (g,ﬂ)”cz;,g(M\Q) < Ce and ”W”cff‘q(
Ce satisfying

me) <

TG(Q? u7 W) = (07 07 07 07 7—7 ¢)
and depending smoothly on (7, ¢).
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By Item (2) in Proposition 5.4, we have TC(g,u) = (0,0,0, 7, ¢). By Lemma 3.8,
(g,u) satisfies the static-harmonic gauge and T'(g,u) = (0,0,0,7,¢). By the defi-
nition of the complement space £ and (g,u) € (g,u) + &, (g,u) also satisfies the

orthogonal gauge. ([l

Remark 5.5. The constants ¢y, C' in the above proof depend on the global geometry
Y in M \ Q. More precisely, by Inverse Function Theorem, the constants depend on
the operator norms of F, F_l, as well as the second Frechét derivative D2ﬁ](g,u)
for (g,u) in a neighborhood of (g, %), between those function spaces as specified
above.

6. PERTURBED HYPERSURFACES

Through out this section, we let (M, g, @) be an asymptotically flat, static vacuum
triple with @ > 0. In this section, we prove Theorem 7, which follows directly from
Theorem 6.3 below, and then Corollary 8.

Let {X;} be a smooth one-sided family of hypersurfaces generated by Y foliating
along 3, C X, with M \ ©; simply connected relative to i]t, as defined in Defini-
tion 6. We extend Y to entire M \ Q that is supported in a bounded open subset
containing {¥;}. Let ¢ : M\ Q — M\ Q be the flow of Y. If we denote by Q = Qg
and ¥ = ¥, then ; = ¢(Q2) and ¥X; = ¥(X). Denote the pull-back static pair
defined on M \ Q by

(9, ue) = 97 ((3,7) |0, )-

In that notation (go,ug) = (g, @).

Recall the operator L defined in (3.7), which is the linearization of T" at (g, )
in M\ Q. We shall consider the corresponding family of operators L; raised by
linearization of T" at (g¢, us) in M \

—wRic'|g, (h) + (Vz)"gt (h)u; — vRicy, + V3,v

Aot N (h in M\ Q
Li(h,v) = thtv gt (R)uy
, on Xx.
H'|g,(h)

As is for L, we need to add gauge terms to modify L; for the sake of ellipticity.
To that end, we generalize the static-harmonic gauge G(g,u) with respect to (g, )
defined in Section 3.1 to a gauge term G;(g,u) with respect to (g¢, u¢) and consider
its linearization G at (g¢, ut):

Gt(97 ’LL) = 59159 + ’LLt_2’LLdU - ut_lg(vgtuta )
G,(h,v) := Bg,h +u; "dv + vuy 2duy — uy  h(V gy, ).
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Then we define the family of operators L that have the same domain and co-domain
as L® in (3.8), where

—wRid|,, (h) + (V2)’|gt (h)uy — vRicg, + thv — utDg, Gy (h,v)
Agv+ A (h)ue — Gi(h,v)(Vg,u)
L?(hvv) = Gi(g,u)
hT on X.
H'lg,(h)

in M\ Q

Note that in our notations Lg = L% and Ly = L. Tt is direct to verify that the
results in Lemma 3.9, Lemma 3.10 and Corollary 3.11 are also true for L; and L
with (g, u) replaced by (g, ut).

Motivation for the proof of Theorem 7: Most part of this section, except
Theorem 6.3, follows closely the approach in [2, Section 6].

To provide motivation, we begin by explaining our approach in a simplified case.
Consider a region 2 with a smooth boundary ¥ in the Euclidean space (R", g). For
a real number C, we define the elliptic operator Su = Agu + Cu. Consider the
boundary value problem:

Lu:{ Su  inQ
U on %

Now, let Q; C Q, t € [—4,0] be smoothly inward deformed subsets of  with g = €,
and we assume the diffeomorphisms 9; : Q@ — € generated by a vector field Y
satisfying Y|y, = (v for some ¢ > 0 where v is the inward unit normal.

We shall show that the operator L, when restricted to €2;, has a trivial kernel
for generic values of ¢. This is equivalent to showing that, for pull-back operators
Stu := Ayrgu + Cu, the following map:

Ltu _ { Stu in
U on X

has a trivial kernel for generic values of t.

Assume that for ¢ = a, the kernel of L, is not trivial. Consider a nontrivial
solution u such that L,u = 0. Without loss of generality, we can set a = 0 and
thus we may denote Ly = L. Now, let’s assume that there exists nontrivial u(t)
to the equation Lyu(t) = 0 as t — 0 with u(0) = u and differentiable in ¢. While
technically we may only have the convergence as a sequence t; — 0 (as described in
Proposition 6.1), but the argument below can still be extended. By the invariance of
St under diffeomorphisms, we deduce that 1} u also satisfies the equation S;(¢;u) =
0. (Here, 1;u denotes the pull-back of u|g,.) When we differentiate the equation
Si(u(t)—fu) = 0int, we obtain S(u'(0)—Y (u)) = 0. This can also be understood as
follows: computing the Taylor expansion of Sy(u(t)—v;u) = tS(u'(0)—Y (u))+O0(t?),
the coefficient of ¢ must be zero. Calculating the boundary value, we find that
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w(0) =Y (u) = =Y (u) = —Cv(u) on X. Using the classical Green identity, we obtain

= Ul — u))rviu g = VU2 o.
0—/E< (0) = Y (w)w(u) d /E<<>d

This leads v(u) = 0 on X. Consequently, since u = 0 on 3, by unique continuation,
we can infer that u = 0 in 2, which contradicts our initial assumption.

In our current context, the geometric PDE that we are dealing with are signif-
icantly more challenging due to several factors. Some challenges arise from gauge
issues and the coupled system involving (h,v). Another challenge arises during the
application of the Green-type identity. We can only obtain the boundary condition
for A and not for v. Specifically, the first application of the approach allows us to
show A’(h) = 0 only. This step significantly complicates the “unique continuation”
argument when compared to the corresponding result in [2]. The novel argument
presented in Theorem 6.3 shows that, by applying the above argument inductively,
not only does h vanish, but the higher-order derivatives of h also vanish on the
boundary. Then we invoke analyticity to establish that h is trivial.

O

Just as the operator LC, each LtG is elliptic and thus Fredholm as in Lemma 3.10.
We can use elliptic estimates to show that Ker L varies “continuously” for ¢ in an
open dense subset J C [—0, §]. The arguments follow verbatim as in [2, Section 6.1],
so we omit the proof. (Note the notation discrepancy: L; and L here correspond
respectively to S; and L in [2]).

Proposition 6.1 (Cf. [2, Proposition 6.6]). There is an open dense subset J C
(—6,0) such that for every a € J and every (h,v) € Ker LS, there is a sequence {t;}
in J with t; \, a, (h(t;),v(t;)) € KerLij, and (p,z) € C%Z‘(M \ Q) such that, as
ti \a,
(h(t;),v(t;)) — (h,v)
(h(t;),v(t;)) — (h,v)

tj—a

— (p, 2)

where the both convergences are taken in the Cz_’?(M \ Q)-norm.

It is more convenient to consider the above convergence for the “un-gauged”
operators as in the next corollary.

Corollary 6.2. Let J C (—6,6) be the open dense subset in Proposition 6.1. Then
for every a € J and every (h,v) € Ker L, there is a sequence {t;} in J with t; \, a,
(h(t;),v(t;)) € Ker Ly;, and (p,z) € C%Z‘(M \ Q) such that, as t; \, a,
(h(t;),v(t;)) — (h,v)
(h(tj)7 U(tj)) - (h7 U)

tj—(l

— (p, 2)

where the both convergences are taken in the C2_’?(M \ Q)-norm.



STATIC VACUUM EXTENSIONS NEAR A GENERAL STATIC VACUUM METRIC 41

Proof. Let (h,v) € Ker L,. By Item (2) in Lemma 3.9, there is a vector field V' €
X (M \ ) such that

(hy9) := (h+ Lyg,v+ V()

satisfies G, (h,) = 0, and thus (h,d) € Ker LS. By Proposition 6.1, there exists a
sequence t; € J with t; \, a and (h(t;), 0(t;)) € Ker Lth, (p,2) € C2_’?(M \ ©) such
that as t; \, a,

[S4

)

(h(t;), 0(t;)) — (h,
( )

(h(t;), 0(t;)) — (h,0)
tj —a

N>

— (ﬁa

We now define

(0,2) = (5,2) — (LvLyga, V(Y (ua) )

where recall that Y denotes the deformation vector of {3;}. It is direct to verify the
desired convergences. O

For each t, we let &7 C ¥ be the subset ¢, ' ({p € &; : {(p) > 0}), and write
3+ = %, Note that 3} contains 1, *(3;).

Theorem 6.3. Let J C (—0,0) be the open dense subset in Proposition 6.1. Then
for every a € J and every (h,v) € Ker L,, we have

Al (h) =0,  (Ric|,, ()" =0, <(v’; RicT)'|, (h))T —0 onx’

a

for all positive integers k.

Proof. Let (h,v) € Cz_g‘(M\Q) solve Ly (h,v) = 0. We first prove A’|,, (h) =0 on X
for all a € J.

We may without loss of generality assume a = 0 and that (h,v) satisfies the
geodesic gauge h(v,-) = 0 on X. (See [2, Lemma 2.5].) Let (h(t;),v(t;)) € Ker Ly,
and (p,z) be from Corollary 6.2. We claim that (p — Lyh,z — Y (v)) is a static
vacuum deformation, i.e. S’(p — Lyh,z — Y(v)) = 0in M \ Q, with the Bartnik
boundary data:

(p— Lyh)T = —2CA'(h)

(6-1) H'(p— Lyh) = CA- A'(h).

We recall that ¢ = g(Y,v) on ¥ in Definition 6.
We compare (h(tj), v(tj)) and the pull-back pair zﬁj (h,v). Since they are equal
at t; = 0 and both satisfy

S'|gtj (h(t;),v(t;)) =0 and S'|gtj (1/);; (h,v)) =0 in M\ Q.
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We subtract the previous two identities and take the difference quotient:

0= lim ', (((t;),0(t;)) — 6, (b, v)

tj—>0 tj

t;—01

- (hm L (8], = ' >) ((h(0),0(0)) — (1. v))
+ 95 <tlim ti((h(tj), v(t;)) — v, (B, v)))

;—0 j
= 5"l5(p— Lyh,z = Y (v))

where we use that (h(0),v(0)) = ¥
(hT,H'(h)) = 0 and (h(t;)T, H'lg,, (h(

p’ = lim (h(tj) —h) =0

t;—0 tj

H'(p = Lyh) = Jim = 'l (h(1;) = 07 (1)

(h,v) = (h,v). For the boundary data, since
t]))) =0 for all t; on X, we have

= Jim, S (B, (1) = - (H'(h),

where we recall H’]gtj (h(tj)) = 0. By (A.10) and (A.11), we have (Lyh)T = 2CA’(h)
and Y (H'(h)) = —CA- A'(h), and it completes the proof of the claim.

We apply the Green-type identity, Corollary 2.5, for (h,v) and (k,w) := (p —
Lyh,z—Y(v)) and get

0= /2 <Q(h,v), (k;T,H’(k:))>da
= /2 <(’UA + ad'(h) —v(v)gT,2v), ( — 2CA'(h),CA - A/(h))>d0
= —/22a§|A/(h)|2da

where in the second equality we use the definition of Q(h,v) (noting v/(h) = 0 in
geodesic gauge) and in the last equality g7 - A’(h) = 0. This shows that A’(h) =0
on X,

It follows that for all (h,v) € KerL, (a € J), we have A'|; (h) = 0 on X7,
because A’(h) is gauge invariant by Corollary 4.1 Ttem (3). So far, the argument
follows closely Theorem 7’ in [2].

We further observe that for (k,w) = (p — Lyh,z — Y (v)) as defined above, its
Bartnik boundary data is zero from (6.1), and thus (k,w) € Ker L. Therefore, we
must have A’(k) =0 on XF:

0=A'(p— Lyh)
(6.2 = Jim, = Al (h(15) = 5, () = Jimy = g (7, ()
= Jim 7, (A1) = ~Ly (A'() = T (A(0)
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In the second line above, we use that A’]gtj (h(t;)) =0on Ez; for all ;; and since the
deformation vector field Y is smooth, Z;; — YT ast; — 0. In the last equality we use
that A’(h) = 0 on ©*. Thus we obtain V, (4’(h)) = 0 on £*. By the formula (A.10)
for A’(h) and noticing h = 0, Vh = 0 on X (because of hT = 0, A’(h) = 0 and geodesic
gauge), we obtain

(V2R)T =0 on ©7.

It implies (Ric'(h))" = 0 by (A.6). Again, since (Ric/(h))" is gauge invariant, this
holds for all (h,v) € Ker L, (a € J).

We proceed to prove inductively in k that for all @ € J and for all (h,v) € Ker L,
we have ((V'jRic)’|ga(h))T = 0 on X7. In the previous paragraph, we prove the
statement for k = 0, i.e. (Ric'[g,(h))"T = 0 on X for all (h,v) € Ker L,. Suppose
the inductive assumption holds for k < ¢, i.e. for all a € J and all (h,v) € Ker L,
((VERic)'(h))T = 0 on £ for k = 0,1,...,0. We prove the statement holds for
k=1¢+1. Let (h,v) € Ker L,. We may without loss of generality assume a = 0 and
that h satisfies the geodesic gauge. Let (p, z) be defined as above. Because of (6.1)
and A’(h) = 0, we see that (p — Lyh,z — Y(v)) € Ker L. Therefore, we can apply
the inductive assumption for (p —Lyh,z— Y(v)) and get

((VﬁRic)'(p —Lyh))"=0 onXt.

Similar computations as in (6.2) yield

0= ((VRie) (o~ Lyh))" = Jim = ((V5RieYl, (h(ty) — v, (1))’
— - Jimy ti ((VLRicY o, (07, (k) = = Jimy tl (5, ((VERicy (1))
_ _<Ly((vaicT)’(h))>T - —C(V,,((VfRic),(h)))T.

It implies that <V,,((V£Ric)/(h))>T =0 on ¥7T, and thus ((V5M'Ric)'(h))" = 0 on

S+ by (4.16). O
Proof of Theorem 7. So far we have not used the assumption that m; (M\Q, ;) = 0

nor that 3 is analytic. Using those assumptions and Theorem 6.3, we see that for
t € J, 3 is static regular of type (II) in (M \ Q4 g, @). O

For the rest of this section, we discuss how Corollary 8 follows directly from
Theorem 3 and Theorem 7.

Proof of Corollary 8. Fix the background metric as a Schwarzschild manifold (R™\
By, Gm, Um ), where m > 0 and

_1_ —1
Tm = (Zm) "2, gm = (1 - T%TQ) dr? + 7”295"*17 Up =4/1 — T%Tg-

Denote the (n — 1)-dimensional spheres S, = {x € R" : |x| = r}. Then the manifold
is foliated by strictly stable CMC hypersurfaces {S,} and note H;,, = 0 on S, .
Also note that the family S, obviously gives a one-sided family of hypersurfaces as

m
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in Definition 6. We also note that each .S, is an analytic hypersurface in the spherical
coordinates {r,#1,...,0,_1} in which g,, is analytic.

Given any ¢ > 0, we can find some d > 0 such that S, has mean curvature less
than ¢, for v € (rp, + 0,7 + 26) and u,, < §. We apply Theorem 7 and obtain
that for r in an open dense subset J C (r, + 0,7, + 20), S, is static regular of
type (II) in (R™\ By, Gm, Um ). Fix r € J and we denote the boundary S, by 3. By
Theorem 3, there exists positive constants €, C' such that for any € € (0, ¢y) and for
any (7, ¢) satisfying [|(7,¢) = (gm, Hg,,)llc2.(s)xcto(s) < € there is a static vacuum
pair (g,u) such that ||(g,u) — (gm,um)\|cz,3(Rn\Br) < Ce. By choosing € small, we
have [u — up,| < § and thus u < c.

In particular, we pick the prescribed mean curvature ¢ = Hy, < c on ¥ and
the prescribed metric 7 not isometric to the standard metric of a round (n — 1)-
dimensional sphere for any radius. Since the background Schwarzschild manifold has
a foliation of strictly stable CMC, for e sufficiently small, the metric g is also foliated
by strictly stable CMC (n — 1)-dimensional spheres. However, such g cannot be
rotationally symmetric. To see that, we suppose on the contrary that g is rotationally
symmetric, then by uniqueness of CMC hypersurfaces of [17], the boundary 3 must
be a round sphere of some radius. It contradicts to our choice of 7.

We can vary 7 to get many, asymptotically flat, static vacuum metrics that are
not isometric to one another. ]

7. EXTENSION OF LOCAL h-KILLING VECTOR FIELDS

Let h be a symmetric (0,2)-tensor on a Riemannian manifold (M, g). We say a
vector field X is h-Killing if
L xXg = h.
The following result extends the classical result of Nomizu [33] for h = 0.
Theorem 9. Let (M,g) be a connected, analytic Riemannian manifold. Let h be
an analytic, symmetric (0,2)-tensor on M. Let U C M be a connected open subset

satisfying w1 (M,U) = 0. Then every h-Killing vector field X in U can be extended
to a unique h-Killing vector field on the whole manifold M.

Given a symmetric (0,2)-tensor h, recall in Section 2.3 we define the (1,2)-tensor
Ty, by, in local coordinates,

. Lo . .
(Th)jr = 2(hjk + gy — hr.”)
where the upper index h; is raised by g, and note that (Th)ék is symmetric in

(j, k). The formula from Lemma 2.7 is the main motivation for defining the ODE
system (7.1) below.

Lemma 2.7. Let X be an h-Killing vector field. Then for any vector field V, we
have

Vv (VX) = —R(X,V) + Tp(V)
where R(X,V) :=VxVy —VyVx = Vixy]
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Let p € U and let 2 C M be a neighborhood of p covered by the geodesic normal
coordinate chart. We shall extend X to a unique h-Killing vector field in Q2. For any
point ¢ € €, let y(¢) be the geodesic connecting p and gq. We denote V = ~/(¢).

Consider the following inhomogeneous, linear ODE system for a vector field X
and a (1,1)-tensor w along ~(t):

Vv X =w(V)

(7.1) i
Vyw=—-R(X,V)+Tp(V).

Let X, w be the unique solution to (7.1) with the initial conditions at v(0) = p:
X(p)=X(p) and w(p)= (VX))

On the other hand, by Lemma 2.7 X, VX also solve (7.1) with the same initial
conditions. By uniqueness of ODE we have X = X and w = VX on the connected
segment of v(¢) N U containing the initial point v(0).

By varying the point ¢, the vector field X is defined everywhere in Q and is smooth
by smooth dependence of ODE. Moreover, since (M, g) is analytic, its geodesics
are analytic curves, and hence X is analytic along ~y(t). We summarize the above

construction as the following lemma.

Lemma 7.1. Let (M, g) be a smooth manifold such that Int M is analytic. Let h
be an analytic symmetric (0,2)-tensor in Int M and smooth in M, and X be an
h-Killing vector field in an open subset U C Int M. For p € U, let @ C M be a
geodesic normal neighborhood of p. Then there is a smooth vector field X and a
smooth (1,1)-tensor w in Q such that X = X,w = VX in a neighborhood of p in U,
and (X,w) solves (7.1) along each ~(t) and is analytic in t.

After extending X to X in © as above, we show that X is h-Killing in Q. As in
Lemma 2.8, one may use Cauchy-Kovalevskaya Theorem to say that X also depends
analytically on angular variables (not only on t) in  and hence L¢g = h in 2 by
analyticity. Alternatively, we give another proof that is similar to Nomizu’s original
argument in the next proposition.

Proposition 7.2. Let X,w be from Lemma 7.1. Then X is h-Killing in Q and
X=X everywhere in U.

Proof. We first show that
(7.2) 9w(Y),Z) +g(w(Z),Y) = h(Y, Z)

for any vectors Y, Z at an arbitrary point ¢ € 2. We can extend Y, Z analytically
in t along the geodesic () from p to g. Thus, the left hand side of (7.2) along ~(t)
is analytic. We also know that (7.2) holds on v(¢) for ¢ sufficiently small because
w = VX in a neighborhood of p and X is h-Killing. Thus, (7.2) holds along the
whole path ~(t) by analyticity, and in particular at v(¢o).

Next, we claim that given an arbitrary vector Y at a point in 2, say (o) for
some geodesic v starting at p, if we extend Y such that [V,Y] = 0 along ~, then
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VyX — w(Y) along ~(t) is analytic in t. (We remark that clearly Vi X is already
analytic along -, so the main point in the following proof is to show that it holds
for general Y.) Once the claim is proven, we get

(7.3) VX =w in.

Proof of Claim. Note that along ~(t), [V,Y] = VyY — VyV = 0 becomes a first-
order linear ODE for Y with analytic coefficients along ~(¢), and thus Y is analytic
along ~(t). We show that Vy X — w(Y), together with Vyw — R(Y, X), solves the
following ODE system:

Vi (Vy X —w(Y)) = (Vyw — RY, X))V = T,(V,Y)
Yy (Vyw - R, X)) = ~R(Vy X — w(Y),V)
— Rw(Y),V) + Vy(Th(V)) + R(V,Y )w
+ (Vi R)(VY) — R(Y,w(V)).

(7.4)

Note that the inhomogeneous term 7,(V,Y’) and those inhomogeneous terms in in
the 3rd and 4th lines above are all analytic along ~y(t). Since any solutions to above
the linear ODE system (7.4) with analytic coefficients and analytic inhomogeneous
terms are analytic along (t), in particular, Vy X — w(Y) is analytic along ~(t).

The computations are similar to [33, Proof of Theorem 4]. We include the proof
for completeness. For the first identity,

Vv (va - w(Y))

= VyVvX + R(V,Y)X — (Vyw)(Y) —w(VyY)

= Vy(w(V)) + R(V,Y)X + R(X, V)Y = T,(V,Y) —w(VyY)  (by (7.1))
= (Vyw)(V) = R(Y,X)V —T;,(V,Y) (by Bianchi identity)

where we also use [V, Y] = 0.
To prove the second identity, we compute each term below:

Vi Vyw = VyVyw + R(V, Y )w
=Vy (= R(X,V)+Th(V)) + R(V,Y)w
—(VyR)(X,V) = R(VyX,V) = R(X,VyV) + Vy(Th(V)) + R(V,Y)w
Vv (R(Y, X)) = (VyR)(Y, X) + R(VyY, X) + R(Y, Vi X)
= (VyR)(Y,X) — R(X,VyY) + R(Y,w(V)).
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Subtracting the previous two identities and noting that the terms —R(X ,VyV) and
R(X,VyY) cancel out by [V,Y] =0, we derive

Vi Vyw — Vy (R(Y, X))

—(VyR)(X,V) = R(VyX,V) + Vy (Tu(V)) + R(V, Y )w

— (VvR)(Y, X) = R(Y,w(V))

= —R(VyX —w(Y),V) = Rw(Y),V) + Vy(Tu(V)) + R(V,Y)w
+(ViR)(VY) -

Rearranging the terms gives the second identity in (7.4). d

R(Y,w(V)) (by Bianchi identity).

Lastly, (7.2) and (7.3) together imply that X is h-Killing in €. Since U is con-
nected and X — X is Killing in U which is identically zero in an open subset, we
have X = X in U. O

We have shown how to extend the h-Killing vector field X in a geodesic normal
neighborhood. Using the assumption that 71 (X,U) = 0, we show how to extend X
globally and complete the proof of Theorem 9.

Proof of Theorem 9. For any point ¢ in M, we let v be a path from p € U to ¢q. The
path 7(¢) is covered by finitely many geodesic normal neighborhoods. We extend X
at ¢ along the path by Proposition 7.2. For any other path 4 from U to ¢ that is
sufficiently close to =y, 7 is also covered by the same collection of neighborhoods, and
thus the extension along 7 gives the same definition of X at q.

To show that the definition of X at ¢ doesn’t depend on the paths from U to ¢, we
use the assumption that 1 (M, U) = 0. Since any path 4 from U to ¢ is homotopic to
~ relative to U, there are finitely many paths from U to ¢, say 71 = 7,772,793, -+, Yk =
7, such that each pair of consecutive paths, v; and 7;+1, can be covered by the same
collections of neighborhoods. Thus the extension of X at ¢ is the same on each pair
and thus on all those paths. That completes the proof. O

APPENDIX A. FORMULAS OF (LINEARIZED) GEOMETRIC OPERATORS

Given a Riemannian manifold (U, g), the Bianchi operator [, and its adjoint
operator B are defined by, for a symmetric (0,2)-tensor h and a vector field X,

(A1) Bgh = —divg h + Sdtrgh

(A.2) BiX = 3(Lxg — (divg X)g).

We write the Lie derivative of the Riemannian metric g along a vector field X by
(A.3) DyX = 1Lxg.

We record the following basic identities:

(A.4) ByDgX = —2A,X — LRic(X,")

(A.5) By(fh) = fBgh —h(Vf,-)+ %(trg h)df  for a scalar function f.
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We frequently use the linearization of geometric quantities or operators. In a
smooth manifold U, let g(s) be a smooth family of Riemannian metrics with g(0) = ¢
and ¢'(0) = h. We define the linearization of the Ricci tensor at g by Ric/|4(h) :=
% ‘s:() Ricy(s). The other linearized quantities are denoted in the similar fashion. For
example,

(V) |g(h) == %‘t:O v?)(t) and  Allg(h) = %‘t:O Ag()-

We often omit the subscripts |, when the context is clear.

Let ¥ C U be a hypersurface and v be the unit normal to . Consider a local
frame {eg,e1,...,e,—1} such that eg is the parallel extension of v along itself near
Y. We list those linearized quantities in the local frame (where f is an arbitrary
scalar function), see [2, Section 2.1]:

(Ric/|g(1))ij = =59 hijire + 59" (hikstj + hjkser) — 5 (tr B35

(46) + S(Riehs + Rjeht) — Rie;h*
R'|,(h) = —A(tr h) + divdiv h — h - Ric,
(A7) (V2 1g(R)S);; = 59" Fe(Pigie = hjrsi — hinsy)
(A.8) (Ag(h) f = —g™ ¢ Fijhue + g7 (—(divg h)i + §(trg h)i) £

We write v = v, for short. We let w(e,) = h(v, eq) be the one-form on the tangent
bundle of ¥ and {¥;} be the foliation by g-equidistant hypersurfaces to %. For

tangential directions a,b,c € {1,...,n — 1} on X, we have
(A9) Vg(h) = _%h(% Vv —g*w(eq)ey
(A10) Aly(h) = J(Lh)T — SLugT — Sh(v,v)Ag

2(L
= %(V,,h)T + Agoh — %ngT — %h(y, v)Ag
H'|4(h) = tv(tr hT) — divsw — Sh(v,v)H,

where (Aoh)y, = %(Aachg + Apchf). In the special case that h = Lxg along ¥ where
the vector field X = nv + X7 for some tangential vector XT to X, we get

H'|y(Lxg) = —Axn — (|A]® + Ric(v,v))n + XT(H).
We also have the following “linearized” Ricatti equation:
v(H'|y(h)) = _%R/(h) + %R,Z’gT(hT) +Ag - (Agoh)

— Ay - A'(h) — HyH'(h)

+3(— Ry + Ry — |Ag|> — H)h(v,v)

— 3Ash(v,v) + g*w(ea)es(Hy).

(A.11)

In the third equation, tr AT denotes the tangential trace of h on X, defined in a
collar neighborhood of X. For the last equation, the dot - means the g-inner product,
(Agoh)ay = %(Aachg + Apch), and R?, Ay are respectively the scalar curvature and
the Laplace operator of (X, gT).



STATIC VACUUM EXTENSIONS NEAR A GENERAL STATIC VACUUM METRIC 49

APPENDIX B. SPACETIME HARMONIC GAUGE AND ANALYTICITY

Let (M, g) be a Riemannian manifold and let u > 0 be a scalar function on M.
We define the spacetime metric g on N := R x M by (in either Riemannian or
Lorentzian signature)

(B.1) g = +u’dt? +g.

Recall that we say the pair (g,u) is static vacuum if S(g,u) = 0 as defined in
(1.1). When u > 0, the condition is equivalent to that the spacetime metric satisfies
Ricg = 0. Thus, we may also refer such g as a static vacuum (spacetime) metric.

B.1. Harmonic gauge. Fix a general background triple (M, g,a) and thus the
background spacetime metric g = +u?dt> + g on N. Recall the Bianchi operator Bg
sends any symmetric (0,2)-tensor k on N to the covector fgk, defined by

Bgk = —divg k + 1d(trg k).
The following proposition explains the motivation behind the definition of the

static-harmonic gauge in Definition 3.5. Note that this fact is not used anywhere
else in the paper.

Proposition B.1. For g taking the form (B.1),
Beg = B39 + 0 *udu —a tg(Vja,-).
That is, in the coordinate t of R and a local coordinate chart {x1,...,x,} of M
Beg(9) =0
Bs8(0a) = B39(0a) + 0 2udyu — 't g(Vi, Oy) fora=1,...,n.
Proof. Let V,V be the covariant derivatives of g, g, respectively. We have
V10 = FuVu
V5.0r = Vr0y = 0 10,1 0,
Va0 = Vo, 0.
Then we compute divg g:
(divg 8)(9) =0
(divg £)(9.) = @ *g(Va,d,) — a >u?0,u + (divy g) ().
Next we compute the trace term:
trg g = o 2u? + trg g
d(trgg) = —2a 3u’da + 2a~ *udu + d(trg g).
Combining the above identities give
Bgg = —divg g + 3d(trg g)
= Bag — u 'g(Va, ) +a *u?du — auPda + @ 2udu

= Bag — u 'g(Va,-) +a *udu.
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O

If M has nonempty boundary dM, then on the boundary ON := R x M, the
Cauchy boundary data (g|sn, Ag) of ON C (N, g) can be expressed in terms of
u,v(u) and (g7, Agy) of OM C (M, g).

Proposition B.2. On the boundary ON, we have

glon = Tu’dt® + g7
Ag = +uv(u)dt* + A,.

Consequently, the corresponding linearizations at g along the deformation h, which
is generated by an infinitesimal deformation (h,v) at (g,a), are given by

h|sn = £2avdt? 4+ AT
Alg(h) = +(vv(a) + ﬂ(z/(u))')dt2 + A4 (h).

Proof. The identity for the induced metric g is obvious. For Ag, we compute in local
frame {0, v,e1,...,e,—1} where v is the unit normal to ON (which coincides with
the unit normal for M and ey, ..., e, 1 are tangential to OM. Then

Ag (0, 0) = —g(v, V,0¢) = tur(u)
Ag(eq,ep) = —g(1, Ve ) = Agleq, ) fora,b=1,...,n—1

and all other components of Ag are zero. O

B.2. Analyticity. We say a scalar function f is (real) analytic in the coordinate
chart {z1,...,2,} on a manifold M if for each p € M, there is a neighborhood U
of p such that

Lo I
f(z) = I;O:l m!a fp)x—p) forallzeU
where [ is a multi-index.

A tensor h is said to be analytic in the coordinate chart {z1,...,x,} if all of its
components are analytic. A Riemannian manifold (M, g) is called analytic if it can
be covered by coordinate charts {U;} where g is analytic in each chart; and similarly,
a hypersurface embedded in (M, g) is called analytic if it is analytic in each Uj.

A classical result of Miiller zum Hagen [32] says that if the spacetime (N, g) is
static vacuum, then g is analytic in harmonic coordinates. Below, we state and prove
a version of the corresponding result for the time-slice (M, g, u).

Let (M,g) be a Riemannian manifold with a scalar function @ > 0 on M. A
coordinate chart (x1,...,x,) on (M, g, u) is called static-harmonic if

Az + 0 'Va -V, =0forall k=1,...,n.

Here and below, the covariant derivatives and curvatures are all with respect to
g. In coordinates {x1,...,z,} we denote the Christoffel symbols T'* := g% Ffj and
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compute
N P ko -1k OU
Axp+u "Vu- -V, =-TI""+a g —.
al‘i
Therefore, a local coordinate chart {z1,...,x,} is static-harmonic if and only if
. 0u
Tk gtgik &Y
al‘i

Theorem B.3. Let (M,g,u) be a static vacuum triple with @ > 0. Then g and u
are analytic in static-harmonic coordinates in Int M .

Remark B.4. As a direct consequence of [21, Theorem 2.1], g and u are analytic
in harmonic coordinates and in geodesic normal coordinates in Int M.

Proof. Let {y1,...,yn} be an arbitrary local coordinate chart about the point p €
Int M. By standard elliptic theory [16, p. 228], in a neighborhood of p there are

solutions x1,...,x, of
Azj— @ 'Va-Va; =0
0x;
x =0 and I (p) =6
J (p) ayz (p) 1)
Those functions {z1,...,x,} are the desired static-harmonic coordinates.

The static vacuum pair satisfies
~Ric+a 'V2a=0
(B.2)
Au=0.

Recall the well-known formula:
1—7"5 82gij 1 orr orr

RlCij = —§g 8;17746333 + 5 <gma—$ﬂ + gma—xl> + O(g,ag)

where O(g,0g) denotes the terms involving at most one derivative of the metric g.
In particular, in the static-harmonic coordinates:

e Pa (0 (a0 0 (0
— 99 O0r;0x; 2 gm&nj v 9 Oxy gm&ni v Oxyp

+u 111” + O(g,09)
1, 0%Gy o o
= 5 M + (’)(g, Z?g,u,é)u).

Thus, (B.2) is a quasi-linear elliptic system in static-harmonic coordinates, so the
solutions g;;, u are analytic in static-harmonic coordinates. ([l
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