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Abstract

The Spectral Form Factor (SFF) measures the fluctuations in the density of states of a Hamiltonian.
‘We consider a generalization of the SFF called the Loschmidt Spectral Form Factor, tr [eiH 1T] tr [e_iH QT] ,
for Hi — H2 small. If the ensemble average of the SFF is the variance of the density fluctuations for
a single Hamiltonian drawn from the ensemble, the averaged Loschmidt SFF is the covariance for two
Hamiltonians drawn from a correlated ensemble. This object is a time-domain version of the parametric
correlations studied in the quantum chaos and random matrix literatures. We show analytically that the
averaged Loschmidt SFF is proportional to e*TT for a complex rate A with a positive imaginary part,
showing in a quantitative way that the long-time details of the spectrum are exponentially more sensitive
to perturbations than the short-time properties. We calculate A in a number of cases, including random
matrix theory, theories with a single localized defect, and hydrodynamic theories.

1 Introduction

Given an ensemble of “quantum chaotic” Hamiltonians {H}, the averaged Spectral Form Factor (SFF) is
defined as
SFE(T) = [tr(e=*HT)[%, (1)

where the overline denotes an ensemble average. The SFF is known to exhibit a ramp-like structure at
intermediate times which is characteristic of a random-matrix-like spectrum for H, a defining feature of
quantum chaos [I, 2, B]. In this paper, we study a generalization of the SFF called the Loschmidt SFF
(LSFF). The LSFF is defined in terms of two Hamiltonians H; and H as

LSFF(T) = tr(e*™T) tr(e—iH=T), (2)

where again the overline denotes an average. The goal of the paper is to motivate the study of the LSFF
and to study it in a variety of representative contexts.

To explain why the LSFF is natural object to consider, let us begin with another basic feature of chaotic
systems: the exponential decay of auto-correlation functions. Consider a complete set {A} of Hermitian
operators and define the infinite temperature auto-correlation function for each A as

1 . .
Ga(T) = 5 tx (eHT AT A) (3)
where H is the system Hamiltonian and D is the Hilbert space dimension. In a chaotic system, one typically
expects G4(T) ~ e 74T 4 ... at least at intermediate times.

Rather than considering a single such G4, it is often convenient to consider sum over all A, in which case
we obtain a result proportional to the SFF,

> Ga(t) = SFF(T). (4)
A



As mentioned above, the form factor directly probes the correlations between energy levels of the Hamiltonian
in an operator-independent way. Moreover, it can be argued on effective field theory grounds that exponential
decay of correlations indeed implies the characteristic “ramp” phenomenon in the spectral form factor [4].
The correlators G 4 can be measured in the following way. Consider two copies of the system, S and S,
prepared in an infinite-temperature thermofield double state along with a control qubit C initialized in the
state %. Using a conditional application of operator A, followed by an unconditional time-evolution,

followed by another conditional application of A, the state becomes

1 —i —i
— ([0)c®@e T lo0) g5 + [1)o ® Ae HTA|OO>S§) . (5)
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By measuring the Pauli operators X¢ and Yo and repeating to collect statistics, one can then estimate
GA(T) via
<Xc> + Z<Yc> =Gy (6)

From this point of view it is natural to ask what happens if the time-evolution is itself conditional.
Suppose the system evolves according to H; if the control is in state |0) and according to Hs if the control
is in state |1). In this case, the experimental procedure now yields

(Xe) +i(Ye) = La(T), (7)
where L4(T) is the “Loschmidt” auto-correlation function,

1 ) )
La(T) = 4 tr (e T Ae~ 2T 4) (8)

We refer to this as a Loschmidt auto-correlator since it is correlation function version of the traditional
Loschmidt echo, which is defined by taking an initial state |¢), evolving for time 7" with Hamiltonian H,
then evolving for time 7' with Hamiltonian —H;. The return amplitude is (|e?1Te=H2T |4)) and when the
state |¢) is the infinite temperature thermofield double state, the return amplitude is Liq(T).

The Loschmidt correlator is thus a natural generalization of the return amplitude in the Loschmidt echo.
Moreover, if we sum the Loschmidt correlator over all choices of A, we get precisely the LSFF,

> La(T) = LSFF(T). (9)
A

Hence, the LSFF is an object that can probe both spectral correlations and the physics of the Loschmidt
echo in an operator-independent way.

As we discuss below, in addition to these elementary motivations, the LSFF appears in a variety of other
contexts, including as a part of the SFF in systems with spontaneous symmetry breaking. In fact, this
symmetry breaking application is how we first came to consider the LSFF. The LSFF is related to various
quantities such as work statistics [B [6]. Finally, the LSFF is a time-domain version of the long-studied
phenomenon known as parametric correlations, e.g. [7, [8 @} [I0]. For all these reasons, the LSFF is a natural
extension of the SFF which is worthy of study in its own right.

In the remainder of the introduction, we include two subsections, one that defines the LSFF and its
filtered cousins in more detail and one that discusses our motivations in more detail. The rest of the paper is
organized as follows. Section [2]derives a formula for the Loschmidt SFF, connecting it to the Loschmidt echo.
This section also extends beyond the standard Loschmidt analysis to include more complicated connected
diagrams. Section [3] reformulates these results in a hydrodynamic language, and calculates new results for
the Loschmidt SFF in hydrodynamic systems with spatial extent. Finally Section [4] contains concluding
remarks.

1.1 Random matrices and Form Factors

Here we more thoroughly introduce the SFF and the LSFF. The energy level repulsion that is a hallmark
of quantum chaos is an important prediction of random matrix theory. It is commonly diagnosed by the
averaged Spectral Form Factor (SFF) [1I, 111 12, 13, 14, [15], which is defined as

SFF(T, f) = tr[f(H)eHT | tr[f(H)e *HT]. (10)
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Figure 1: Full (blue) and connected (orange) SFF for GUE random matrix theory on a log-log plot. The
connected SFF has the ramp-plateau structure emblematic of level repulsion and quantum chaos.

Here we consider a more general definition in which we allow for a filter function f(H). The filter should be
some slowly varying function used to focus in on a particular energy range of interest. Useful choices include
f(H)=1,f(H)=e P and f(H) = exp(—(H — Ey)?/40?).

In chaotic systems, the SFF exhibits a dip-ramp-plateau structure (figure , while in integrable systems,
the ramp is not present. It can be shown that in systems with conserved modes, or even slow modes or
nearly conserved quantities, the ramp is significantly enhanced [16] 4] [17] [18].

The ensemble average, denoted by an overline, is important for rendering the averaged SFF a smooth
function of time. For a single Hamiltonian, the non-averaged SFF is an erratic function of time, although
an appropriate time average is typically sufficient to make it smooth. However, we are also interested in
explictly disordered systems with fixed random couplings. In any case, the presence of the average means
that the averaged SFF can be decomposed into the square of an average and a variance. These are often
called the disconnected and connected SFF, respectively.

Mathematically, one can write

SFFeomn = Z7° — Z 77, (11)

where

Z(T,f) =Y f(En)exp(—iE,T) = tr f(H)e 7. (12)

n
Z has a simple interpretation as the Fourier transform of the level density. In random matrix theory, the
connected SFF has a ramp-plateau structure, with a long linear ramp terminating in a plateau (see Figure
. The plateau is the variance one would get assuming random phases for the complex exponential. The
ramp, where the SFF takes on a smaller value, thus represents a suppression of variation in the Fourier
transform of the density. This suppression is greater at lower frequencies, owing to the long-range nature of
the repulsion.
The exact Random Matrix Theory (RMT) value of the SFF in the ramp region is given by

SEFeom(T. ) = o [ FEMET. (13)

Here b is a quantity depending on the type of time reversal symmetry in the system. b is one for real
symmetric matrices with Gaussian matrices (which correspond to systems with time reversal symmetry).
This ensemble is called Gaussian Orthogonal Ensemble (GOE) because the ensemble has SO(N) conjugation
symmetry. b = 2 for Gaussian Hermitian matrices (which tend of correspond to systems without time
reversal symmetry), which are often called Gaussian Unitary Ensemble (GUE). And b = 4 for matrices with
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Figure 2: Two disconnected periodic contours in opposite directions. Evaluating the path integral on this
contour calculates an SFF. As shown, there is no interaction between the two contours and the SFF factors,
but this factorization is destroyed by the introduction of a disorder average.

quaternion entries, which do emerge in physics but tend to have more obscure interpretations. These are
called the Gaussian Symplectic Ensemble (GSE). Oftentimes one uses the phrase GXE to refer to the three
ensembles together.

Setting the f factors equal to 1, the SFF is a path integral on a particular time contour, depicted in
Figure [2l This contour has two periodic time legs with periods +7" and —7'. There is no direct interaction
between them. Introducing disorder leads to an effective interaction between the two legs, allowing them to
be treated with a single interacting theory [I3]. This theory has a U(1) x U(1) translational symmetry, one
cycle for each leg of the contour. When treated semiclassically, certain saddle points spontaneously break
this symmetry. The resulting Goldstone manifold has size proportional to T', leading to a linear ramp.

We define the (connected) Loschmidt SFF (LSFF) as

LSFF eonn = tr[f (Hy) e Bi ] tr[f (Ha e~ 27| — tr[ f(Hy el FiT] tr[f (Ha)e—iHaT). (14)

If the connected SFF is a variance, the Loschmidt SFF is a correlation. We focus on the case where we
draw two Hamiltonians H;, Hy from a joint distribution which makes them similar. For instance, they might
satisfy Hy = H+edH, H, = H — edH, for some small € and H,JH drawn from a normalized GUE ensemble.
Alternatively, H; and Hs might be random-field Heisenberg models or SYK clusters [19, 20, 21, 22] with
strongly correlated but not identical disorder. We will focus mainly on the case where 7' > 0, noting that
LSFF(-T) = LSFF(T)*.

As discussed above, the name comes from an analogy with the Loschmidt echo [23| 24] 25| [26]. The
echo can be written as | (| ef1Te=H2T |3} |2 and it can be interpreted as a diagnostic of the fidelity of
time reversal. If one starts with a state |1}, evolves under Hamiltonian H; for time 7', then evolves under
—Hy ~ —H; for time T', the Loschmidt echo diagnoses how close one comes to the original state.

1.2 Motivations for the Loschmidt Spectral Form Factor

There are several motivations to think about the LSFF. The most important is to answer the question of “How
different is different enough” when it comes to fine-grained spectral statistics. This is an important question
when considering ensembles of the form H = Hy + dH, where H| is some fixed large Hamiltonian and 0 H
is some smaller disordered perturbation. Can we think of the spectral statistics of such Hs as independent?
As we shall see, the answer for large times 7' is yes. In physics, this ensemble has an interpretation as an
ordered system with some small amount of disorder.

In mathematics, the concept of the Dyson Process [27), 28, [29] or Matrix Brownian motion refers to
starting with an initial matrix H; and adding in a GUE matrix § H with variance proportional to some
small t. This can be interpreted as Brownian motion in the N x N dimensional space of matrices lasting
for some fictitious time ¢ with no bearing on any physical time. As the matrix evolves under this process,
the eigenvalues diffuse while repelling each other. Our results show that the Fourier mode of the eigenvalue
density with wavenumber T' decays like exp(—#t|T'|). This contrasts with pure eigenvalue diffusion which
which would result in a decay like exp(—#tTZ).

The Loschmidt SFF relates to a phenomenon called parametric correlations, e.g. [7,[8, @ [10]. Mathemati-
cians and physicists have studied the spectral correlation functions of similar matrices since the 90s. The
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Figure 3: A Schwinger-Keldysh contour evolves forwards in time by 7', then backwards by T, then by i/
in imaginary time. It is often used to calculate dynamical correlations in a thermal background. When
identical sources are present on the forward and backwards legs, the partition function on this contour is
equal to the traditional thermal partition function. But when the sources differ, the partition function on
this contour is decreased by an amount related to the Loschmidt echo.

study of parametric correlations was typically done in the energy domain as opposed to the time domain,
and was focused on systems well-described by random matrices. Our work extends it to the time domain
and provides physical justification for similar results by relating them to the Loschmidt echo and to the SFF
hydrodynamics [4, [30].

The Loschmidt SFF also emerges naturally when one is calculating full SFFs of specific systems. For
systems whose Hamiltonian can be written in block diagonal form as

(Hy—6H 0
H‘( 0 H0—|—5H>’ (15)

the SFF naturally decomposes in the sum of the SFF of Hy — dH,Hy + 6 H, and twice the Loschmidt SFF
between the two blocks.

Such Hamiltonians arise naturally, for instance, in the case of spontaneous symmetry breaking (SSB),
where different charge sectors have very similar Hamiltonians acting on collections of ’cat states’. Indeed in
[30] we performed this calculation and obtained results consistent with the more general results here.

2 A Simple Formula for the Loschmidt Spectral Form Factor

Recall that we are interested in the quantity

LSFF(T, f) = tr[f (Hy)e ™ T ] tr[f (Hp)e~"H2T], (16)

in the case where Hy and H> are two highly correlated but not identical Hamiltonians drawn from some
joint distribution. We define H; = H + ¢0H and Hy = H — e0H, where € controls the closeness of H; and
Hs.

Let us begin by elaborating on the similarities between this object and the traditional Loschmidt echo
amplitude [24, 25|, 26], (1| e 1T e~iH2T |4, If we average the echo amplitude over |+)) weighted by factors of
f(Hy) and f(Ha), then we obtain tr[f(H)e'*Te~ T f(H,)]. This is a single-trace version of LSFF (T, f)
which can be evaluated with a Schwinger-Keldysh path integral [311, 32 [33] [34] [35].

The standard S-K path integral is defined on the contour depicted in Figure[3] The contour consists of a
thermal circle to prepare a canonical ensemble, and then forwards and backward time evolution. Insertions
can be placed along either or both of the real time legs of the contour. We first review this construction.

Let’s assume at some distant time in the past the system is prepared in a microcanonical ensemble
at energy F under the Hamiltonian H. This can be a single state, a sampling of states from a narrow
energy window, or even a thermal state. We denote the choice generically by state |¢)) We assume that the
Hamiltonian H is chaotic and obeys the eigenstate thermalization hypothesis (ETH)[36] [37, 38|, 39]. As such,



it doesn’t matter very much what choice we make. Our density matrix evolves under just H until time 0
where sources £ed H are turned on along the two real-time legs of the contour.
This can be evaluated to leading order in perturbation theory in € in terms of a cumulant expansion [25].

We want the echo amplitude,
T 0
P exp (z/ e0H(t) — z/ edH(t)), (17)
0 T

where P denotes path ordering on the Schwinger-Keldysh contour, and the overline represents both a disorder
average and a quantum expectation value of the operator in the interaction picture of H. Since equation
is the expected value of an exponential, it can be expressed as a cumulant expansion using the general
identity Pexp(e Ik O(t)dt) = exp (ZZ e%i/i!), where k; is the ith path-ordered cumulant of [ O(t)dt.

The first cumulant in our expansion is just the mean,

T 0
i / eSH(t) —1i / eSH(t) = 2ie6HT. (18)
0 T

The second cumulant is the variance of (z fOT e0H(t) —i f;j eéH(t)). Expressed in terms of

G(t) = SH(£)3H(0) — 6H (19)

where again the overline includes the quantum average, the second cumulant is

oo
4€2|T)| / G(t)dt (20)
Plugging in the first two terms of the cumulant expansion gives
(] T e 2T |y) = exp(iAT)

A\ = 2e6H + 4ie® / G(t)dt + O(€®).
0

As we can see, the final answer for (1| e!1Te=H2T |¢)) is exponential in the sum of the cumulants. This
is true for exactly the same reason that the parition function is exponential in the sum of the connected
diagrams.

Now we modify the construction to access the LSFF along the same lines as in [4, [13]. The filter
functions can allow us to restrict the energy range and the averaging yields a non-erratic function of time
and justifies coupling the two legs of the contour. The cumulant expansion on the SFF contour instead of
Schwinger Keldysh gives the same cumulants, because finite-time correlations aren’t sensitive to the change
in boundary conditions. Plugging them into the cumulant expansion gives the novel result

2 IAT
LSFF(T, f) = |T)| /dE&
b
oo (22)
A\ =2e0H + 4ie2/ G(t)dt + O(€®).
0

As a comment, it will be helpful to write Im()) in another form. The two-point function 4¢? [*_G(t)dt
can also be written

462/0 G(t)dt = 4re*a?p(E) (23)

o? = |0H root-mean-square matrix element between states with energy ~ F |2.

To give a simple example, suppose |¢) is an infinite temperature state and §H is traceless. Then the ImA\
term vanishes and the cumulant expansion predicts exponential decay of the echo amplitude.
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Figure 4: Loschmidt SFF divided by the SFF, numerical results (blue) vs prediction (orange). The first
graph is for a sample of 1320 pairs of 1500 by 1500 GUE matrices with correlated entries at r = .998. The
second graph is for a sample of 10830 pairs of 300 by 300 GUE matrices correlated with r = .98.
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Figure 5: Loschmidt SFF divided by the SFF, numerical results (blue) vs prediction (orange). These results
are for two instances of the SYK model [40} 41} 42] with Hamiltonian H = )", ikl Jijkiivj . The two
instances have J’s correlated with r = .999.

One useful analogy to have in mind is that the exponent A in our cumulant expansion is a type of
free energy density. The Loschmidt SFF is a path integral evaluated with a nontraditional action on a
nontraditional doubled spacetime of size proportional to T. It can be interpreted as a partition function
(with imaginary temperature) of a system with Hamiltonian H; ® I — I ® Hs. In this point of view, the sum
of the connected diagrams is like a free energy density. To get the partition function, we multiply A by T
and exponentiate, just as we extract partition functions by doing the same to the free energy density.

What then can we say about the more complicated connected diagrams? Whether higher cumulants can
contribute meaningfully or not depends on the details of the situation in question. For instance, consider
the case of a large lattice of volume V' with some small number of disordered defects which add some local
operator O(x) to the Hamiltonian. Realistically, the number of defects is proportional to V. The cumulants
of any given O(z) over time are independent of V| and the joint cumulants are roughly zero. So we’d expect
every term in the expansion to be of order V', which means the Loshmidt SFF vanishes in the thermodynamic
limit. To prevent this, we can either have fewer defects, or smaller defects. In the first case, we would still
see every term in the expansion contributing at the same order, whereas in the second case the leading terms
would dominate. Figure El illustrates the validity of equation for pure random matrix theory, where
only the leading terms in the cumulant expansion contribute. Figure [5| shows the same for the SYK model,
a fermion model with all-to-all interactions [19] 20} 21} 22]. A useful sanity check is to consider 6 H = i[H, O]
for some Hermitian operator O. Because this operator is a time derivative, we can see that A\ vanishes.
This is what we expect since to leading order adding [H, O] to H doesn’t change the spectrum, only the
eigenfunctions.



2.1 Higher Cumulants

A useful toy model which is analytically tractable and where higher-order cumulants of dH affect the
Loschmidt SFF is obtained from an N x N GUE matrix H and a projection matrix P, = Zle |4) (i
onto a random basis (not the energy basis) with k < N nonzero eigenvalues. The perturbed Hamiltonians
are Hy = Hy+ eP, and Hy = Hy — €P;,. Explicitly, H is a Hermitian matrix with elements chosen indepen-
dently (except for Hy;j = H()kji) such that each element is drawn from a complex distribution with complex
variance o2. For convenience, in this section we will make the assumption that 7> 0. The T' < 0 case can
be obtained from LSFF(—T') = LSFF(T')*.

We will need the n-point functions of §H = eP;, with a background at energy E. This can be evaluated
T ig) = 6, iz‘h(%m,

’ NoT

that the states |i) are random with respect to the energy basis. As such, we have

by inserting Py = Ele i) (i|, and using (i1]e where we make use of the fact

(2\/N0’t12) J1(2\/ N0t23) J1(2\/N0'tn,1n)
A% NJtlg \/NO’tgg \/NO'tnfln ’
(24)
where ¢;; = t; —t;. To leading order in IV, these correlation functions are exactly equal to the cumulants.
Integrating over all time-ordered configurations of ts we get a total contribution of

Ctr, b tn) = € | Pelta) Pi(ta)...Ph(ta) | ) = h St in

/d”tG(tl,tg...tn) = 2nk‘%(7rp(E))"_1T. (25)

The factor of 2n comes from the number of time-ordered ways to assign the insertions to the two contours.
Once that is done, the ¢;; integrals can be done separately. Summing these contributions gives

€ 1
A=2k—
N (1 —mip(E)e/N)?’

(26)

which can be shown to agree with equation up to the first two orders in €. The accuracy of equation
is borne out in Figure @

2.2 The Loschmidt Spectral Correlation Function in Energy Space

For GUE systems, the connected spectral form factor is given by

SEFooun (T, ) = [ dEF(E)(T.p(E)

HT < 2mp @7
9(T,p) = :
p |T|>2mp
We can take the Fourier transform of this to get the two-point function in position space:
sin?(p(E)AE /7
EE + AB)) o =~ 4 pEAE) (28)

Taking the same Fourier transform of equation , we obtain the two-point function of the densities of two
different Hamiltonians:

(AE + Re \)2 — Im A2

<p1(E)p2(E + AE)>conn = _2((AE + Re A)Q +Im )\2)2 .

(29)

For large AF, equations and agree, but the short-range behavior is entirely different, confirming
that small changes to the Hamiltonian have a drastic effect at low energies (long times) but a negligible
effect at high energies (short times).
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Figure 6: The numerical results (blue) line up almost perfectly with the higher-cumulant predictions of
equation (orange), far outperforming the two-cumulant prediction (green).



Top-Left: microscopic Schwinger-Keldysh contour Top-Right: microscopic spectral form factor contour
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Figure 7: The idea behind the Doubled Periodic Time (DPT) formalism. Just as how microscopic fields
on a Schwinger-Keldysh contour are integrated out to give an effective field theory of hydrodynamics, the
microscopic degrees of freedom on an SFF contour are integrated out to give that same action, up to different
boundary conditionals and exponentially small (in T') corrections.

2.3 How Different Is Different Enough?

One of the central questions we hope to answer is how different two samples need to be in order to have
effectively independent spectral statistics. We now have the power to answer this question. If we have
two samples with a single defect on a single site different between them, this will lead to a non-extensive
decay of the Loschmidt SFF. A decay of the Loschmidt SFF independent of system size contrasts with many
SFF-related quantities that grow with system size, such as the Heisenberg time which grows exponentially
with system size and the Thouless time which grows (for systems with a local conserved energy) at least
quadratically in system size[4] 17 [43].

If the number of defects grows with system size at all, then we find that the Loschmidt SFF decays
even more quickly. This means it would be extremely difficult to observe the Loschmidt SFF directly in
any large system, unless it was prepared extremely carefully. It also means that when measuring an SFF
experimentally, even tiny changes (such as changing a small but extensive fraction of the couplings) to the
system guarantee that the samples are effectively independent.

3 The Loschmidt SFF for Hydrodynamic Systems

So far we primarily considered GXE Hamiltonians which serve as a toy model for chaotic quantum systems
without any conserved quantities. It is also interesting to consider models with slow modes due to the
presence of conserved or almost conserved quantities. In this context, one powerful technique for calculating
SFFs is a formulation of hydrodynamics known as the Doubled Periodic Time (DPT) formulation [4]. This
technology is itself built around a hydrodynamic theory known as the Closed Time Path (CTP) formalism
[44] 45, [46]. The CTP formalism is a theory of hydrodynamic slow modes on the Schwinger-Keldysh contour,
and the DPT formalism transfers these results onto the SFF contour. In this section, we review the DPT
formalism and then extend it to the Loschmidt SFF.

3.1 Quick Review of CTP Formalism

Hydrodynamics can be viewed as the program of creating effective field theories (EFTSs) for systems based
on the principle that long-time and long-range physics is driven primarily by conservation laws and other
protected slow modes. One particular formulation is the CTP formalism explained concisely in [46]. For more
details see [44, [45]. Additional information about fluctuating hydrodyamics can be found in [47, 48] [49] [50].
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The CTP formalism is the theory of the following partition function:
218 (t,2), A48, 0)) = tr (e P P Aoy pif o), (30)

where P is a path ordering on the Schwinger-Keldish contour. Here the j operators are local conserved
currents. j; and js act on the forward and backward contours, respectively.

For Ay = A; = 0, Z is just the thermal partition function at inverse temperature . Differentiating
Z with respect to the As generates insertions of the conserved current density j, along either leg of the
Schwinger-Keldysh contour. Thus Z is a generator of all possible contour ordered correlation functions of
current operators.

One always has a representation of Z as a path integral,

214, 45) = [ T[PorDegesp (i [ dtdsWininsd Ay o1,651). (31)

for some collection of microscopic local fields, the ¢*s. The fundamental insight of hydrodynamics is that at
long times and distances, any ¢®s that decay rapidly can be integrated out. What’s left over is one effective
¢ per contour to enforce the conservation law 0*j;, = 0. Our partition function can thus be written

Z[AT7AI2L] = /D¢1D¢2 exp (i/dtde[Bl/uBQu]> )

B, (t,x) = 0,0:(t, z) + Aiu(t, x),

which is essentially a definition of the hydrodynamic field ¢ and the effective action W.

Insertions of the currents are obtained by differentiating Z with respect to the background gauge fields
A;,. A single such functional derivative gives a single insertion of the current, and so one presentation of
current conservation is the identity 8#5?472“‘ = 0. A demonstration that this enforces the conservation law is
given in appendix [A]

Crucially, the functional W is not arbitrary. The key assumption of hydrodynamics is that W is the
spacetime integral of a local action. Moreover, when expressed in terms of

B, = B1 — By,

_ Bi1+ B (33)
==

there are several constraints which follow from unitarity:

(32)

B,

e W terms all have at least one power of B, that is W = 0 when B, = 0.

Terms odd (even) in B, make a real (imaginary) contribution to the action.

All imaginary contributions to the action are positive imaginary.

e A KMS constraint imposing fluctuation-dissipation relations.

Unless the symmetry is spontaneously broken, all factors of B, have at least one time derivative.

Any correlator in which the last variable has a time will evaluate to 0 (known as the last time theorem
or LTT).

When calculating SFFs, one typically sets the external sources A to zero, so the action can be written purely
in terms of the derivatives of the ¢s.

The ¢s have a physical interpretation depending on the precise symmetry in question. In the case of time
translation / energy conservation, the ¢s are the physical time corresponding to a given fluid time (and are
often denoted o). In the case of a U(1) internal symmetry / charge conservation, they are local fluid phases.
One simple quadratic action for an energy-conserving system consistent with the above conditions is

L =0, (DrB'V?00, — kB~ 10} 0,) +iB *k(Va,)’. (34)

Here D represents the diffusion coefficient, & is the thermal conductivity (energy flux per temperature
gradient) and S is the equilibrium temperature.

The reader should imagine that this action is corrected by cubic and higher orders terms in the os and
by higher derivative corrections even at the quadratic level.
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3.2 Moving on to DPT and the SFF
As argued in [4], the SFF enhancement for a diffusive system can be calculated by evaluating the path
integral

SEF = [ Do Do f(E1)f(Ea)e™ 7, (35)

where 01 2 represent reparameterization modes on the two legs of the contour. It is often useful to define
0, =01 — 0% and p = %. Here p is the average energy density between the two contours, and can be

written p = k3"10;¢,. In this notation,
L=—0,(0p— DV?p) +iB ?k(Vo,)?, (36)

and the effective action is W = [dtL. Importantly, the boundary conditions are no longer those of the
Schwinger-Keldysh contout but those of the SFF contour.

Since the action is entirely Gaussian, we can evaluate the path integral exactly. We first break into
Fourier modes in the spatial directions. The remaining integral is

11 / DeDoarf(Er) f(Ez) exp (—z’ / dtoa,dipr. + DE20urpr, — 5‘2nk2o§k) (37)
k

For k # 0, breaking the path integral into time modes gives an infinite product which works out to wﬁ

For k = 0, we just integrate over the full manifold of possible zero-frequency o,s and ps to get % Ir 2(E)dE.

Including other modes gives
1
SFF = lH 1 _ ¢ DRT

k

% / f2(E)dE. (38)

3.3 Coupling In Sources

In this subsection, we will focus specifically on sources that couple to conserved currents, but the next
paragraph applies to any operator. Because of the relative minus sign between the two contours, A, couples
to j, and vice versa. A configuration where A, = 0, A, = A corresponds to unitary evolution with
background potential A. With CTP boundary conditions, the partition function for A, = 0, A, = A is
exactly Z(f3), irregardless of A,. So when A, = 0, any number of derivatives with respect to A, (insertions
of j,) results in a correlator of zero.

With periodic boundary conditions, this is no longer entirely true. The trace can take on different values,
and changing details of the unitary evolution results in a change in the SFF, albeit one which decays as T'
grows and the effects of the periodic boundary conditions grow more mild. The intuitive explanation for this
is that the SFF at times less than the Thouless time depends on non-universal properties of the Hamiltonian,
and coupling in A, is effectively a change to the Hamiltonian. Thus it can affect the SFF before the Thouless
time.

A, is a different story. Turning on a nonzero A, term corresponds to having a different Hamiltonian on
the forward vs backwards path. This changes the partition function even in the CTP case. In the periodic-
time setting, this transforms our SFF into a Loschmidt SFF, a pair of periodic contours with slightly different
Hamiltonians along the two legs.

3.4 A Perturbative Look at the Loschmidt SFF in Hydro

In this subsection we will restrict our attention to systems with no conserved quantities besides the energy
H, and thus only one conserved current j,,.
Assuming the perturbing ed H has an overlap ed(x —x¢) with the local energy density jo(z), we can model
the Loschmidt SFF as
LSFF(T, f) = ZDPT[A/M" = 0, A#a = 26(5(1’ - "Eo)(suo] (39)

12



To leading order in €, the ‘free energy’ A is just a —2iejo,(zg) insertion, which is a typical diagonal matrix
element in the energy shell, so we have

T

LSFE(T, f) = 5

™

/ dE f?(E) exp (2iejor (z0)T + O(€%)) . (40)
To second order in €, the object in the exponent is

ReA = 2€jo, (.’17())

T
Im\ = 462 / dtGrr;DPT (1’0, o, t)
0

This last integrand is the correlation function of the energy density. Because the DPT correlation functions
wrap around the periodic time, this is the same as the ‘unwound’ CTP integral

T e’}
/ dtGrr.ppr(To, o, t) = / dtGrr.crp (0, To, t). (42)
0

— 00

At times below the Thouless time and assuming spatial translation symmetry, G,..crp(zo,o,t) can be

modeled as )

K
D orDIT|"

For d > 2, this has a UV divergence, which can be cured by imposing a UV cutoff on the extent of our
operator §H. The IR divergence of d < 2 is more interesting. It is also cured by a cutoff: the system has
some finite size, and the IR behavior of G, depends on that system’s size and shape, as well as the precise
location of g and how strong the slowest modes are there.

Grricrp(T0 — 20, 1) (43)

3.5 Exact Evaluation for d =1

As an illustration of how integral can depend on xg, we can evaluate it exactly when we have a diffusive
system in 1d with length L.
We first express Gr.crp (%o, %o, t) as an infinite sum:

Grr;CTP(x(JviEOvt) = Zfi($0)25_2’{'e_Dk?‘tlv (44)
where the f;s are eigenvalues of V2 with eigenvalues —k?. Performing the integral gives us the sum

> 2K
/ dtGr'r;CTP(xvaOat) = Z fi($0)2m- (45)

—00

This is just a multiple of —(V?)™!(zq,x). We define

(L - <
ey ay) = { FE—T2)m a1 Son (46)
ZxQ(L — 331) X1 Z i)
Then
V?C(l‘l,l’g) = 75(LE1,332). (47)
So the sum in equation is
2K 2kxo(L — x9)
C =0 Y 48
52D (x07x0) /BQDL ( )
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4 Conclusion and Discussion

In this paper, we defined and studied the Loschmidt SFF. Just as the Loschmidt echo measures the similarity
between e!1T" and €27 in terms of their actions on a state, the Loschmidt SFF measures their similarity in
terms of spectral statistics. We found that the Loschmidt SFF decays exponentially as a function of T', with
the same exponential rate as the echo. We studied this quantity in several situations, including an RMT
model where the exponent required just a two point function, and a model requiring higher cumulants. In
both cases, our analytical prediction matched up with numerical results. We also obtained analytic results
about the Loschmidt SFF in theory where the slow dynamics is governed by a hydrodynamic theory of
diffusion.

One natural extension of our work would be to study the Loschmidt SFF for integrable systems. In
particular, does it always have the same long-time behavior as the Loschmidt echo?

Another important direction is to look for the Loschmidt analogue of the other connection between
random matrix theory and quantum chaos: the eigenstate thermalization hypothesis. If an operator O
is written in the energy eigenbases of Hamiltonians H; and Hs, is there any relation between the matrix
elements in the two bases?

This work was supported by the Joint Quantum Institute (M.W.) and by the Air Force Office of Scientific
Research under award number FA9550-19-1-0360 (B.S.).

Note: Just before we posted this work, we learned of an independent study of the LSFF in a holographic
context that appeared a few days before [51].

A More details on CTP

In this appendix we review details of the partition function

Z[AAIL,AI;] = /D¢1D¢)2 exp (Z/dtd(ﬂW{Blu,Bgu]> y
Bw(t,x) = Bﬂd)l(t,x) + Aw(t,x).

(49)

One important property is the conservation of charge, that is the property (‘3,%?72“ = 0. We can derive this
fact as follows. Since Z only depends on A;, via the combined field B;,,, the derivative of Z with respect to

A reduces to a functional derivative of the action,

07 0
= [ D1 Dpg—— ;| dtdaW ) . 50
oA, / é1 ¢25(au¢i) exp (Z/ x > (50)
Acting with 0,, and suppressing integration variables, we get
oW
Oy et I W, 51
/25000 oy

Because W does not depend explicitly on ¢; (only on its derivatives), this is the function integral of a
functional total derivative and hence vanishes.
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