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Non-Hermitian Boson operators with real spectrum and
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Abstract

A new kind of symmetry called partial PT symmetry (henceforth dpy) has
been considered for non-hermitian quadratic boson operators obtained from a
bi-orthogonal set of vectors in C2. The symmetry behaviour has been under-
stood in Fock space considered as a Reproducing Kernel Hilbert Space(RKHS).
The reality of eigenvalues and its connection to the possibility of the afore-
said symmetry (and symmetry breaking) are studied in terms of a deformation
parameter responsible for non-hermiticity.
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1. Introduction

In recent years the use of non-hermitian operators with real spectrum in the
context of space-time reflection symmetry (P7T-symmetry) has gained much
relevance in modern quantum methods @, E, , @, B, , B, ? ]. The issue of
PT-symmetry in non-hermitian Hamiltonian ﬂg] has been widely studied in open
regimes with balanced gain and loss like laser absorbers HE], ultra-cold thresh-
old phonon lasers ﬂﬂ], defect states in special beam dynamics in spatial lattices

|,quantum circuit based on nuclear magnetic resonance ], microwave cav-
ities [14], super-conductivity [15], Bose-Einstein condensates [16, [17], optical
wave guides [18] and quantum entanglement[19]. The theoretical developments
in terms of space and algebraic structures of non-hermitian systems m, @, @],
the role of PT-symmetric operators and their significance in pseudo-hermitian
&amum mechanics ﬂﬁ] have also become some interesting areas of investigation

25, [26).
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The extension of symmetry argument for systems involving two or more par-
ticles has been attempted earlier|16, [27]. However, the reality of the spectrum
does not necessarily correspond to the existence of global PT-symmetry. In
fact in a recent article by Beygi et. al. [28] a variable dependent PT sym-
metry behaviour has been investigated in a model of coupled oscillator with
purely imaginary coupling term along with the possibilities of real and imagi-
nary eigenvalues. Our present objective is to elaborate the symmetry argument
in a Fock Space setting with the help of weighted composition conju-
gation |29, 130, 131] representing complex symmetries [32, 133] and acting on a
Reproducing Kernel Hilbert Space|34, 35]. The following discussion also
shows that a spectrum generating algebra can be constructed starting from
a bi-orthogonal system of vectors in C2? and reality of the spectrum has a
direct relation with bi-orthogonality as well as with the existence and breaking
of Opr-symmetry.

2. Quadratic Boson Operator and dp7 symmetry

We consider a specific quadratic boson operator B = %an neil Branal, an
where, {an,al|a = 1,2} are boson operators with [aa,ag] —dag = [Ga,a8] =
[a‘;,a;] = 0 and By1 = ¢1,Bes = ¢3,B12 = B = ia, c1, ¢a and a being

real. We consider (F2(C?)) as the Fock (or Segal-Bargmann) space which is a
separable complex Hilbert space of entire functions (of the complex variables (q
and (2) equipped with an inner-product

(6, = / DG, C2) B, C2)
1(¢1) Ju(ce)

with /AL(Cl) /u(Cz) - //dﬂ(cl)dﬂ(@)

Here, du(z) = %e“z‘2d(Re(z))d(Im(z)) represents the relevant Gaussian mea-
sure relative to the complex variable z.

Definition 1. In a Fock space of one complex variable ¢, the weighted com-
position conjugation [29] can be given by the expression

W(ﬁ,n,u)d}(C) = Uen<1/)(19< + 77) (1)

Here, ¢ is a complex variable and {¢, 7, v} are complex numbers satisfying
the set of necessary and sufficient conditions : |9| = 1,9n+17 = 0 and |v|2el"” =
1. The anti-linear operator Wy, .) is involutive and isometric and hence a
conjugation. The action of the operator P7T is equivalent to the choice : ¥ =

—1 = —v,n = 0 which gives Wy 0,1)ls=—1%(¢) = ¥(—(). Similarly, the action
of T involves the choice : ¥ =1, =0,v =1 giving Wy,0.1)|ls=1¢(¢) = %({).




Considering ¥=1((1, 2, - - - {») as a function of several complex variables one

can define an operator Wy, . v,:j=1...n) With the action

W(ﬁj,nj:O,'Uj:l:j:Lnn)w(é-l7 e 7Cj7 e 7C’n) = 1/1(191417 e 719]4-77 e 719714-77,) (2)

s (4)
Definition 2. An operator Wy’ = Wy, n.—0,0;=15j=1.-m)l91=1,--0,= 1, 0, =1

is called the j-th partial PT symmetry (0p1) operator if o

Wr(zj)w(CIa"'ugju"'aCn) :w(aa"'v_—gv"'u(n)- (3)

and an operator W, is called a global P7 symmetry operator if

an(<lu"'7<j7"'7<n):w(_—gu"'v_—gjv"'v_—gl)' (4)

For our present purpose we shall only consider the operators Ws and {WQ(J )
j =1,2}. Now, global and partial PT symmetries of any function ¢ ((y,(2) are

expressed through the relations Wht)(¢1,(2) = ¥(¢1,¢2) and W§j>¢(§1,§2) =

¥(¢1,¢2) V j = 1,2 respectively.
For the symmetry behaviour of B(ci, ¢, i) we consider the following

notion of Reproducing Kernel Hilbert Space (RKHS).

Definition 3. A function of the form plmaomel (21,22) = 22 et yith,
: 1.6 142

mi,me € N and (j,z; € CV j=1,2 is called a kernel function (or a Repro-

ducing Kernel) which satisfies the condition

oG = (el = [ ] el 6)
w(z1) Jpu(z2)
Here, 1 € F2(C2), p(mm2) (1, ) = 78729 and 609 (G, G) = 0(Gr, o).
Hence the
Proposition 1. B(cy,ce,ia,ia)* # B(ci, co, ia, ia) where for any operator H,
H* is defined as <H¢(u1,uQ), ﬁé’ﬁz;mz]> = <z/1(u1,u2),H*m[<T1<’2m2]>.
The self-adjointness of the operator B we can write the

Proposition 2. B(cy, o, iq, i) is Wa-self-adjoint i. e.; WaB(c1, ca, i, i) *Wa =
B(cy, o, i, i) but it is not W;J)—self—adjoint.

Proof : We shall first show the case with z;0,,. Considering the conjugation
operator Wo we find

Wa(21 3z1)*W2/€[<T1<;m2] (21, 22)
= Waz 821 W2Z;711 2;712 e?161T22C2

— )/\}221&21 (—Zl)ml (_22)m287z1<:1+7z2€2




- Wgzlazl(_1)m1+m221n12;n26_21<1_2242
= Wz (—1)™Mtm2[m e (e )em 10220 |y, gl me gmsli- )
= (R ()

+my (—1)mFmeTlmsl meenGtaate

221, 22). (6)

= A 6Z1 K[Crlnq22

Similarly one can prove
Wi (iz102, ) WarkTL" ) (21, 22) = (i220:, )65 (21, 22)

and

W (izzﬁzl )*WQIQ[CTZ;m2] (Zl, 22) = (izl 8z2):‘<6[<73272m2] (21, 2’2).

Using these results in the expression of the B(cq,co, i, i), the above propo-
sition is verified. Similar calculation may be repeated to show the absence of
WQ(J )—self—adjointness.

Similar argument justifies the following proposition

Proposition 3. B(cy,ce,iq,ia) has Opr symmetry i. e.; WQ(j)B(cl, o, lay, i)
W2(J) = B(c1,co,iq, i), for j = 1,2 but it lacks global PT symmetry i. e.;
WaB(c1, ca,ia, i) Wa # B(eq, ca,ia, ia).

3. 9p7 symmetry of the eigenstates of B(ci, c2, i, icx)

First we shall show that the relation between the reality of the eigenvalues
and Op7 symmetry of the eigen states of the Hamiltonian. Since that the present
operator leaves the homogeneous polynomial space of two indeterminates ({1, (2)
invariant, let us consider the degree of homogeneity m and polynomial bases
{fe =%k .k =0---m}. The operator B(ci, cy,iq, ia) takes the following
tridiagonal representation

Bim.o ia 0 0o 0 --- 0 0

imao Bm 1 2ia o 0 --- 0 0

g Xl 0o datm-1) Bus 3ia 0 0 0
2 . . . o

: : : : . Bmm—-1  tma

0 0 0 0 0 --- ia Bm,m

where, {Bmr = c1(m — k) + cok : k =0,...,m} The the eigenvalues of such a
matrix can be found out with the help of the following theorem [36].

Theorem 1. Given a tri-diagonal matriz

bo d9 0 0O O --- O 0
Co b1 dl 0 0 e 0 0
M= 0 C1 bg dg o --- 0 0 (7)
Dol e by dis
0 0 0 0 0 -+ ¢_2 b



with d; # 0 Y 14, let us consider a polynomial Q,,(\) that follows the well-known
three term recursion relation [37,|38]

QnH(A):%[( )@ () — en1Qua (V). (3)

If Q_1(\) = 0 and Qo(\) = 1 the eigenvalues are given by the zeros of the
polynomial Q;(X) and eigenvector corresponding to j-th eigenvalue \; is given

by the vector (Qo(A;) Q1(Nj) ... Qi—2(N;) Ql—l()\j))T

Concerning the symmetry of the eigenfunctions follows the

Corollary 1. If an eigenvalue of B(cy, co, ia, ic) is real the corresponding eigen-
function in the homogeneous polynomial space is Opr symmetric (or anti-symmetric).
If an eigenvalue has non-zero imaginary part the said symmetry is broken.

Proof : For real values of ¢, co and « the set of polynomials @, (\) becomes
alternatively real and purely imaginary for any real value of A\. The eigenfunction
corresponding to A in any polynomial space with degree of homogeneity m
can be given by thas_1((1,¢2) = Ao(T ™+ iAI(T TR0 + AoPTG L +
z'Azs_1<§S*1 for m = 25— 1 and s (Cr (2) = Bo2* +iBy(3* 1<2+32<25 G+

.+ Ba(3* for m = 2s. Here, {4;} and {Bl} are real functions for real values
of A with Ag = By = 1. Now the action of W2 on gs_1 is given by

-1

W%a 1 = Ag(—C) A iAC) (G et Any 1 (G)
= —12s_1 9)

Similarly, W\ tp0s_1 = 1b9,_1 and W§J>¢25 = thos ¥ j = 1,2. Tt can also be

verified in the same manner that W2 wgs 1 # $os_1 and W2(J)z/125 # o
V j = 1,2 if the eigenvalue has any non-zero imaginary part.

4. A special case of B(ci,ce,ia,ia) related to biorhogonal system
and a deformed su(2) algebra

Definition 4. Two pairs of vectors {|¢;) : 7 = 1,2} and {|x;) : 7 = 1,2} are
called bi-orthogonal if (¢p;lxk) =0V j # k[24,39].

Considering a pair of orthogonal vectors {|u;) = \% (1 (=17 H)":j=1,2},
(ujlux) = 0k we get the set of bi-orthogonal vectors |¢j> = wT'|u;) and |x;) =
(TT)"u;) for w = cos@ and j = 1,2. Here, T = cos()15 — 2sin(£)os and
w=+/1—a?. This leads to a set of deformed su(2) generators

sm+1 2 (m)

o ) c;
Im = Ty Z w5m2 |#5) (Xx| :m =1,2,3 (10)
J.k=1




Here, c;? = (=1)78, cﬁ) = (—1)jc§-i) =(1- (—1)jc§-}c)).The generators {02, :
m = 1,3} are non-hermitian in the conventional sense of inner product in C2.
The corresponding Jordan-Schwinger map is given by

,L'm

J% =

-1 2
— > [l ™ i (1 — Sma)acty Jalar i m =1,2,3. (11)
G k=1

The components of J¢ have the following identifications : J{* = B(—ia,ic, 1, 1),
J$ = B(0,0,—i,i) and J§ = B(1l,—1,ia,ic). Introducing a new set of de-
formed ladder operators with exponent p, p € R (set of real numbers), J¢ =
Eizo(ii)rw“p‘]ﬁ;l and considering J$* = Jg§' the following spectrum generat-
ing algebra becomes possible

[Jo's JE] = tw(a) JE (12)
[, J%] = 2w 2PT () Jg. (13)

It is to be noted that J§ is no longer hermitian and (J¢)T # J<. The Killing
metric tensor is given by

w? 0 0
(gjx) =2 0 0 Qw~2Pt2 || (14)
0 2w2pt2 0

As the Killing form is non-degenerate the algebra is semisimple. Casimir of this
algebra C§ = w2J§(J§ £w) + w?2J2Jg.

4.1. Spectrum and eigenfunctions of Jg

Writing J§ = 1A where, the entries of A are equated with M with entries

)
{bo- b1} = {m,--- —m}, {co- -2} = {ima,---ia} and {do---di—2} =
{ia, - - -ima}, the spectrum of A is given by
oad = {A}odd

= {-(2s—1w,—(25-3)w,...,(2s = 3)w, (25 — 1)w} (15)
for m =2s — 1. and
A = {Aleven = {—(28)w, —(25s — 2)w, ..., (25 — 2)w, (2s)w} (16)

for m = 2s.

It is to be mentioned that the reality of the eigenvalues depends on the
parameter o and the condition of bi-orthogonality puts the restriction
|| < 1 which fixes the eigenvalues on the real line. For a = 1 all the
eigenvalues coalesce to zero which becomes an exceptional point (for which the
geometric multiplicity of an eigenvalue is greater than its algebraic multiplicity).
If « is allowed to be treated as a free real parameter there may occur a phase
transition of eigenvalues from real to imaginary values when o becomes greater



than one. The eigenfunctions can be obtained in view of section-3. It can be
easily verified that Op7 symmetry is completely lost for a > 1 as expected. In
the following we shall consider the cases with m = 2 and m = 3.

The eigenfunctions for m = 2 corresponding to eigenvalues (of A) —2w, 0, 2w
can be given by

U 5(Cr,G) = G4+2iG1GE60 — Gi(%
Wo(Cr,Go) G +iGoCié — G
Us(Cr,E2) G +2iG_C6 - GAEE.

1
Here, G4 = (}iiz) > and Gy = \/137

Similarly, for m = 3 the eigenfunctions corresponding to the eigenvalues
{—3w, —w,w, 3w} are givan by

d 3 = (+3iGFR-3G10E - GLE
® 4 = G+i(Go+ GGG+ (Gh—Go(l —w)aG —iGL(3
D = GHi(Go+G)FG+ (G =Gl +w))ids —iG-¢5
3 = (§+3iG_(F—3G20E - G2(

Op7 symmetry of the above eigenfunctions and possibility of symmetry breaking
can be understood in view of the discussion in section-3. The wave functions
are non-trivially modified in the sense that letting v = 0 those corresponding
to the hermitian case cannot be retrieved.

5. Conclusion

The above discussion makes it evident that (i) the construction of the de-
formed algebra from bi-orthogonal vectors, (ii) reality of the eigenvalues of J§
and (iii) existence and breaking of dp7 symmetry of the eigenfunctions are in-
terrelated. Construction of a suitable symmetry induced inner product space
may provide further insights of such systems. Furthermore, the use of repro-
ducing kernel method is not much in vogue in conventional quantum methods.
Investigation may be furthered along this direction as well.
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