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Collagen fibrils, when subjected to cyclic loading, are known to exhibit hysteretic behaviour with
energy dissipation that is partially recovered on relaxation. In this paper, we develop a kinetic model
for a collagen fibril incorporating presence of hidden loops and stochastic fragmentation as well as
reformation of sacrificial bonds. We show that the model reproduces well the characteristic features
of reported experimental data on cyclic response of collagen fibrils, such as moving hysteresis loops,
time evolution of residual strains and energy dissipation, recovery on relaxation, etc. We show that
the approach to the steady state is controlled by a characteristic cycle number for both residual
strain as well as energy dissipation, and is in good agreement with reported existing experimental
data.

I. INTRODUCTION

Collagen, the most abundant protein in humans, is
found in several hard and soft tissues, such as, bones, ten-
dons, ligaments, cartilage etc. Collagenous tissues pro-
vide not only mechanical support and strength but also
flexibility and mobility [1–3]. Collagen has a hierarchical
structure with tropocollagen as the fundamental protein
molecule. The diversity observed in the mechanical be-
havior of collagen based tissues is a direct consequence
of the differences in their hierarchical structures [4, 5].
Characterizing structure-property of collagen at differ-
ent length scales and developing predictive models have
significance not only in understanding the mechanistic
basis of wide spectrum of properties seen in different tis-
sues but also for important clinical objectives, such as
risk assessment of tissue failure, treatment optimization,
etc [6, 7].

Collagen molecules, typically of length ≈ 300 nm, self
assemble in a staggered manner to form long collagen fib-
rils of diameters ranging between 10s to 100s of nm [2].
The staggered arrangement of these molecules in the lon-
gitudinal direction results in a gap and overlap region in
the fibril along its length which gives rise to the charac-
teristic D-period of the fibril [8, 9]. The fibril structure is
further stabilized by intermolecular enzymatic covalent
cross-linking that form at the non-helical ends (telopep-
tides) [10–12].

At the smallest length scale, the mechanical response
of collagen molecules has been determined using atomic
force microscopy (AFM) and optical tweezer experi-
ments [13–16]. The molecular basis of toughness of col-
lagenous tissues was established by identifying the basic
mechanisms of energy dissipation during pulling of col-
lagen molecules using AFM [13]. The force-extension re-
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sponse of collagen from bovine Achilles tendon was shown
to be saw-toothed, such that the force had multiple drops
with increasing extension. These drops were attributed
to the rupture of intermolecular sacrificial bonds that re-
lease hidden lengths, thereby ensuring the integrity of the
backbone chain and at the same time dissipating large
amounts of energy. Further, a delay of 100s before the
next cycle was shown to result in almost 50% recovery
in the capacity of energy dissipation, suggesting possible
reformation of the sacrificial bonds during the waiting in-
terval [13]. Similar saw-toothed response was also seen in
molecular scale experiments of biological polymeric ad-
hesive found in nacre [17], in unfolding of titin [18] etc.
The structure of intermolecular covalent cross-linking be-
tween adjacent molecules, using X-ray diffraction, was
shown to have a turn at the C-terminal telopeptides that
causes the molecule to fold back on itself [19].

At the level of fibrils, the extent and type of cova-
lent cross-linking between the tropocollagen molecules
has been shown to strongly affect the constitutive re-
sponse [20, 21]. The collagen fibrils from human patella
tendon were found to exhibit a characteristic three phase
stress-strain behavior. An initial rise in modulus followed
by a plateau and in the final phase further increase in
stresses and modulus, hypothesized to be a consequence
of maturity of cross-links, before final failure [20]. In
contrast, collagen from rat tail tendon, a non-load bear-
ing tissue, displayed only two phases as plateau in the
stress-strain led to failure.

Simulations at multiple length scales have provided in-
teresting insights into various aspects of deformation and
failure of collagen ranging from atomistic length scales,
focusing on individual tropocollagen molecules, to contin-
uum length scales for collagen fibrils [22–24]. Atomistic-
scale investigations showed three stages of tropocollagen
deformation: molecular unwinding, breaking of hydrogen
bonds and backbone stretching and the overall response
was rate dependent [25]. Mesoscopic molecular model,
derived from atomistic studies of tropocollagen, of ultra-
long tropocollagen molecule showed the transition from
entropic elasticity at small deformations to energetic elas-
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ticity at large deformations [26]. Atomistic simulations
of Uzel et. al [27], incorporating the folded structure of
the cross link as seen using X-ray diffraction [19], were
shown to reproduce the dissipative response of collagen
molecules better than the earlier studies. The observed
unfolding of non-helical regions, as well as the stretch-
ing and eventual breakage of enzymatic cross-links can
be equated to the breaking of sacrificial bonds and the
release of hidden length.

At the level of fibrils, using idealized two-dimensional
representation of collagen fibril, large deformations with-
out catastrophic failure were shown to be possible due to
molecular stretching as well as other competing mech-
anisms such as intermolecular sliding and breaking of
cross-links between collagen molecules [28]. More real-
istic aspects of structure of collagen were incorporated
in a three dimensional model of fibril [29], with enzy-
matic cross-links included as in their physiological lo-
cations. By differentiating between mature and imma-
ture cross-link properties, the model could reproduce the
three-phase stress-strain response as in experiments [20].
A similar molecular dynamics (MD) simulation of a three
dimensional model showed the effect of degradation in
properties of cross-links at the fibril surface or within the
volume on the overall fibril response [30]. With small
degradation, a drastic change in mechanical properties
was observed, demonstrating the relevance of molecular
organization in collagen fibrils.

Collagen is subjected to cyclic loads during exercise
and routine body movements. While the response of col-
lagen to monotonically increasing loads is comprehen-
sively investigated, the response to cyclic loads, result-
ing dissipation and recovery are comparatively much less
studied [31–33]. Shen et. al. [31] performed fatigue test
on isolated collagen fibrils and reported four different
stress-strain response: linear to failure, perfectly plastic,
perfectly plastic-strain hardening, and nonlinear strain
softening. All fibrils exhibited significant hysteresis and
a residual strain (strain at zero force). A recovery in
residual strain was also observed, which was dependent
on the amount of time spent at zero force.

In a recent study, Liu et. al. [33] conducted displace-
ment controlled cyclic loading experiments on single col-
lagen fibrils obtained from calf skin. Collagen fibrils were
loaded for 20 cycles up to a predetermined stretch ratio,
λmax, and then unloaded till zero force. The fibrils were
allowed to relax for 1 hour after the first 10 cycles. The
stress-stretch response of fibrils showed moving hystere-
sis loops and associated residual strains. With increasing
number of loading cycles, the dissipation during hystere-
sis decreases while the residual strain increases and both
finally saturate to their respective steady state values.
Collagen fibrils also showed recovery in residual strain
and as well as in capacity to dissipate energy when al-
lowed to relax at zero force. It was conjectured that these
features could be due to the existence of reformable sac-
rificial bonds within the fibrils. Finally, the fibrils which
were cyclically loaded showed an increase in strength

and toughness, compared to monotonically loaded fib-
rils. The mechanism underlying these enhancements was
speculated to be due to some permanent molecular re-
arrangements. With respect to modeling cyclic response
of collagen, there are recent advances in understanding
of the energy dissipation and wave propagation proper-
ties of collagen at molecular and microfibril level due to
transient loading using fully atomistic models [28–30].
However, to the best of our knowledge, existing models
have not explained key experimental features from cyclic
loading of a single collagen fibril.

Dynamic sacrificial bonds within polymers have been
successfully incorporated in simplified models called ki-
netic models. The saw-toothed stress-strain response of
collagen molecules has been simulated using determin-
istic kinetic models of a worm-like chain with additional
sacrificial bonds whose breakage results in the release of a
hidden length, resulting in a drop in force [34, 35]. Histor-
ically, two state kinetic models have been used to describe
the force-extension response of single protein pulling ex-
periments [36, 37]. In this paper, within the framework of
kinetic models, we develop a minimal stochastic kinetic
model for collagen fibrils that incorporates dynamic re-
formable sacrificial bonds with hidden lengths. We show
that the proposed model is able to reproduce the main
qualitative features of the cyclic loading experiment [33],
suggesting that the essential physics is captured by the
kinetic model. By choosing realistic model parameters,
we reproduce key quantitative features of the experimen-
tal data.

The remainder of paper is organized as follows. In
Sec. II, we describe the stochastic kinetic model and its
implementation for collagen fibril. In Sec. III, we deter-
mine the stress-stretch response of the fibril, the recovery
of the fibril on relaxation, and the behavior of the dissipa-
tion as well as residual strain with cycles. We show that
our model reproduces main features of cyclic loading ex-
periment. Section IV contains a summary and discussion
of the results.

II. MODEL AND METHODS

A. Model

Kinetic model formulation: We first describe the
basis of kinetic models and how they incorporate the dy-
namic formation and breaking of sacrificial bonds. We
then give the details of the specific kinetic model that we
develop for simulating the cyclic response of a fibril.

Consider a linear polymer whose contour length, in the
absence of sacrificial bonds, is Lc. Let bond length be b
such that number of monomers are N = Lc/b. Each
sacrificial bond creates a hidden loop that prevents a
part of polymer backbone from taking any load, as shown
schematically in Fig. 1. When hidden loops are present,
the available length La, of the polymer backbone is less
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FIG. 1. (a) Schematic of a polymer with a single sacrificial
bond (dotted line), corresponding hidden loop (shown in red)
and the corresponding force-stretch ratio response. (b) As
the sacrificial bond breaks, the force drops due to release of
the hidden length. (c) Force rises again as the polymer is
extended further.

than Lc and is given by

La = Lc −
∑
i

`i, (1)

where `i is the length of the ith hidden loop. The length
of the hidden loops are chosen from a distribution P (`).

We denote the stress-stretch relation of the polymer
by σ(λ), where λ is the stretch (note that λ = 1 + ε,
where ε is the strain). We assume that σ(λ) increases
monotonically with λ. Sacrificial bonds are created and
broken with rates kb and kf which are in general de-
pendent on the force acting on the polymer. For a given
macroscopic extension, when a sacrificial bond is created,
La decreases, thus increasing the strain, and hence the
force. Similarly, when a sacrificial bond breaks, La in-
creases, thus decreasing strain, and hence there is a drop
in force. The rates of formation, kb, and fragmentation,
kf , of sacrificial bonds have been earlier modeled [35],
according to Bell’s theory [38], as

kf = α0 exp

(
F∆xf
kBT

)
, (2)

kb = β0 exp

(
−F∆xb
kBT

)
, (3)

where α0 and β0 are rates of fragmentation and forma-
tion of sacrificial bonds at zero force, ∆xf and ∆xb are

FIG. 2. Stress-stretch relation σ(λ) obtained from MD simu-
lations of a fibril in which breakage of bonds (including back-
bone and other enzymatic cross-links) is disallowed. The data
is fitted to a polynomial of degree nine. The x-axis has been
shifted to ignore the knee region.

distances to transition state, F is the force felt by the
sacrificial bond, kB is the Boltzmann’s constant and T is
the temperature.
Determination of stress-stretch relation: We now

describe the implementation of the kinetic model for a
collagen fibril. A fibril consists of a collection of colla-
gen molecules that are linked to each other through en-
zymatic crosslinks. Within the kinetic model framework,
we treat the collagen fibril as a coarse grained linear poly-
mer. The crosslinks are treated as dynamic sacrificial
bonds that can be created or broken with rates described
in Eqs. (2) and (3). To first establish the stress-stretch
response of collagen fibril without any creating or frag-
mentation dynamics, we use an existing coarse grained
three dimensional MD model [30], but here we disallow
any fragmentation of crosslinks. In the MD model, each
collagen molecule is represented by a linear bead-spring
model of 215 beads. To create a microfibril, five collagen
molecules are arranged in a staggered manner along the
longitudinal direction and as a pentagon in the transverse
direction. Repeated arrangement of multiple microfibrils
forms a fibril. The different molecules are connected to
each other through cross-links within each microfibril. A
detailed description of the model, the values of the pa-
rameters used, and details of simulation are provided in
Appendix .

The stress-stretch relation σ(λ), where λ = x/La and
x is the end-to-end distance of the polymer, obtained
from MD simulations is shown in Fig. 2, where for bench-
marking, we have compared the data with the results
of Ref. [30], where crosslinks break beyond a threshold
strain. For convenience of use in the kinetic model, we
fit a ninth order polynomial

σ(λ) =

9∑
n=1

an(λ− 1)n (4)
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FIG. 3. (a) Schematic of evolution of available length during
a series of cycles followed by relaxation at zero force. (b)
Relaxation dynamics of fibril of length Lc(with no sacrificial
bonds). At long time fibril equilibrates to initial experimental
length La,0. Relaxation curve averaged over 1000 runs.

to the data.
Determination of parameters and rates: We now

describe how to determine model parameters: Lc, P (`),
α0 and β0. At zero force, sacrificial bonds form and break
spontaneously with rates β0La/b and α0Nb respectively,
where Nb is the number of sacrificial bonds present at
any instant. At steady state, rate of fragmentation and
formation of bonds should be equal, implying

α0〈Nb〉 =
β0〈La,0〉

b
, F = 0, (5)

where the zero in the subscript of La,0 denotes the ref-
erence time after steady state is reached, taken to be
t = 0. Also, 〈La,0〉 = Lc − 〈Nb〉〈`〉 where 〈`〉 and 〈Nb〉
are the average loop size and the average number of loops
respectively. Substituting for 〈La,0〉 in Eq. (5), we obtain

〈Nb〉 =
Lcβ0

α0b+ β0〈`〉
, (6)

Lc
La,0

= 1 +
β0
α0

〈`〉
b
. (7)

We estimate Lc/〈La,0〉 from the experimental data
[33]. To do so, we assume that after 20 cycles, most of the
sacrificial bonds are broken. Equating the ratio Lc/〈La,0〉
to the experimental residual extension of ≈ 1.15 after
20 cycles, as shown in Fig. 5(c) of Ref. [33], we ob-
tain Lc/〈La,0〉 = 1.15. The initial length of the fibril is
known to be 〈La,0〉 = 30 µm, thus fixing Lc. The inter-
monomer distance b is chosen to be b = 1.4 nm, equal to
the inter-bead distance in the MD model [30]. To choose
the distribution of the hidden loop sizes, we proceed as
follows. In kinetic models for collagen, the loop sizes
were chosen proportional to the contour length of the
polymer. However, in fibrils, the sacrificial bonds (cross-
links) are formed between neighboring monomers of dif-
ferent molecules and involve utmost a few monomers. We
therefore expect the loop size to be the order of four
monomer lengths. Hence, we make the choice of P (`) to
be a uniform distribution U [2b, 6b]. We will argue that
this choice is consistent with the MD-model for fibrils,
as well as show that the results are not sensitive to the
choice as long as the perturbations to P (`) are not sig-
nificant. With this choice of P (`), we obtain 〈`〉 = 4b.

On substituting these values of Lc/〈La,0〉, b and 〈`〉 in
Eq. (7), we obtain β0/α0 = 0.0375. Then from Eq. (6),
we obtain 〈Nb〉/(Lc/b) ≈ 0.0326. We now argue that
this number that follows from the experimental resid-
ual strain has the correct order of magnitude. The ki-
netic model represents a fibril with diameter of a sin-
gle microfibril, such that 215 monomers in the kinetic
model represents 215× 5 monomers of the microfibril. A
molecule in the microfibril has two crosslinks. This cor-
responds to 10 sacrificial bonds per 215 monomers in the
kinetic model or equivalently we expect 〈Nb〉/(Lc/b) ≈
0.047. Among these, some will be broken at zero force,
and the calculated result 〈Nb〉/(Lc/b) ≈ 0.0326 makes
sense.

Knowing the ratio β0/α0 = 0.0375, we would like to
now fix the values of α0 and β0. For this, we use the fact
that as part of the cyclic loading experiment [33], recov-
ery of residual strain is also studied. In the experiment,
the fibril is cyclically loaded for 10 cycles followed by re-
laxation at zero force for 60 minutes, as shown schemat-
ically in Fig. 3(a). We will choose an α0 for which the
relaxation time matches with the experimental data. For
doing so, we take a polymer of length Lc with no sacrifi-
cial bonds which roughly mimics the state after 10 cycles.
We then equilibrate the system at zero force. After equi-
libration, the available length is La0 , as shown in Fig
3(b). The relaxation dynamics from our model matches
well with the experiment (experimental data shown as
solid circles) for α0 = 1.6853 × 10−4s, as shown in Fig
3(b).

Finally, we describe how we fix the parameters ∆xf
and ∆xb, as defined in Eqs. (2) and (3). The force F in
these equations is the force felt by the sacrificial bonds.
Since the sacrificial bonds or crosslinks are between dif-
ferent collagen chains and transverse to the direction of
loading, we have no direct way of measuring F . Instead,



5

TABLE I. The parameters for the kinetic model for collagen
fibril.

Parameter Description Value
La,0 available length at zero force 30 µm
Lc contour length 1.15 La,0
b bond length 1.4 nm
P (`) loop size distribution U [2b, 6b]
〈`〉 mean loop size 4b
β0 formation rate of sacrificial

bonds at zero force
6.32× 10−6s−1

α0 fragmentation rate of sacri-
ficial bonds at zero force

1.69× 10−4s−1

∆xf distance to transition state .01 nm
∆xb distance to transition state 0
v pulling velocity 125 nm/s
T temperature 298 K

we approximate it by the force in a chain. In the MD
simulations, the force in a chain is σA0/185, where A0 is
the cross-sectional area of the fibril, and 185 is the num-
ber of chains. We then treat ∆xf as a parameter. Note
that ∆xf controls when the stretch ratio at which frag-
mentation of sacrificial bonds is enhanced. We perform a
parametric study of the dependence of the stress-stretch
response for uniaxial loading on ∆xf . We choose that
value of ∆xf for which the strain at which deviation from
the initial linear behavior coincides with that in the ex-
periment. Using this procedure, we converge on ∆xf to
be .01 nm. We notice that the formation rate is low and
during the pulling experiment, there are very few refor-
mations of sacrificial bonds. We therefore choose ∆xb to
be zero, and check that even if a non-zero value is chosen,
the results do not change.

The values of the different parameters are summarized
in Table I.

B. Simulation Protocol

The system evolves in time through constant time steps
dt. In this time interval, the probabilities of fragmen-
tation (pf ) and formation (pb) of sacrificial bonds are
given by pf = kfNb(t)dt and pb = kbNf (t)dt where,
Nf (t) = La(t)/b is the number of free sites and Nb(t)
is the number of sacrificial bonds. The time step dt is
chosen such that the probabilities are much smaller than
1 at all times. Whenever a sacrificial bond forms, a hid-
den loop of length ` is assigned from distribution P (`).
When a sacrificial bond breaks, a hidden length of a ran-
domly chosen loop is released. The available length gets
updated as La±` depending on breaking/formation event
of sacrificial bonds. The rates are also updated depend-
ing on the current force and current La.

We start with a polymer of length Lc with zero sacrifi-
cial bonds and equilibrate the system at zero force. After
equilibration, to do cyclic loading, we pull at a constant
velocity such that v = dx/dt, where x = λLa(t) is the end

FIG. 4. (a) The mean stress-strain response of the polymer
under monotonic loading obtained using kinetic model. It
shows three distinct regions which are roughly demarcated by
the vertical dotted lines. λmax1 , λmax2 and λmax3 correspond
to the maximum strain applied in the three different cyclic
loading protocols. (b) The mean number of sacrificial bonds
for a given strain for monotonic loading.

to end distance. The time-dependent stress σ(x, La(t)) is
calculated using Eq. (4) and the corresponding rates are
determined. The polymer is pulled up to a pre-decided
stretch ratio λmax after which the pulling velocity is re-
versed to −v, and the polymer is stretched back to zero
force. This completes one loading cycle.

III. RESULTS AND DISCUSSION

A. Uniaxial loading

To establish the effectiveness of the proposed kinetic
model, we first simulate response of the fibril chain
polymer to monotonically increasing load. The aver-
age macroscopic response obtained from 16 realizations
is shown in Fig. 4(a). For each run, the system is first
equilibrated at zero force, after which displacement (end
to end distance) is increased at a constant velocity of
125 nm/s. The macroscopic response exhibits three dis-
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FIG. 5. The macroscopic stress-stretch response for cyclic loading for (a) λmax = 1.1 (region-I), (b) λmax = 1.2 (region-II),
and (c) λmax = 1.3 (region-III). In all the three cases, the response shows moving hysteresis loops which saturate with loading
cycles for both series 1 (first 10 cycles) and series 2 (next 10 cycles after 60 minutes relaxation at F = 0) loading.

tinct regions: an initial region (region-I) where stress in-
creases linearly with strain, an intermediate region where
stress is weakly increasing with strain (region-II) and a
final region where the stress increases non-linearly with
strain (region-III). These qualitative features, of three
distinct regions, of the macroscopic response are consis-
tent with what has been observed in pulling experiments
of collagen fibril [20, 33].

The existence of three distinct regimes is better un-
derstood in terms of the number of the intact sacrificial
bonds at any given strain. In Fig. 4(b), we show the mean
number of sacrificial bonds for a given applied strain. For
small strains, corresponding to region-I there is only a
marginal decrease from its initial equilibrium value. Fur-
ther increase in strain, corresponding to region-II, results
in a sharp decrease in the number of sacrificial bonds,
thereby releasing hidden lengths and causing relaxation
in the stresses. Finally all sacrificial bonds are broken in
region-III. The change in slope of the stress-strain curve
in region-II occurs due to breaking of sacrificial bonds.

B. Cyclic loading

We next simulate the cyclic loading patterns reported
in Ref. [33] to compare the characteristic features of the
mechanical response seen in the experiment with our sim-
ulations. Cyclic load is applied such that in each cycle the
chain is stretched upto a maximum stretch ratio, λmax.
As in Ref. [33], we also consider λmax to lie in the three
distinct regimes by choosing it to be λmax = 1.1, 1.2, 1.3
(the corresponding positions on the macroscopic response
is shown by red circles in Fig. 4(a)) and these stretch ra-
tios are representative points of regions I, II and III. The
fibril is subjected to cyclic loading using the protocol de-
scribed in Sec. II B with pulling speed v = 125 nm/s,
chosen to be same as in experiment [33]. The polymer is
subjected to 10 loading cycles (series 1) and then relaxed
at zero force for 60 minutes, and then subjected to 10
more loading cycles (series 2).

We first present results for the variation of the stress-
stretch curve with cycles. The stress-stretch ratio curves

FIG. 6. The variation of number of sacrificial bonds with
loading cycles for both series 1 and series 2 and for different
stretch ratios, λmax. The dashed line corresponds to discon-
tinuity due to relaxation before series 2 loading. After relax-
ation, there is a partial recovery in number of sacrificial bonds
for all λmax. Color scheme used for cycles is same as in Fig. 5

show hysteresis, as evident in Fig. 5. The first cycle ex-
hibits hysteresis as well as residual strain at a completely
unloaded state. Further cycling results in the subsequent
hysteresis loops to shift to the right implying accumula-
tion of residual strains. The hysteresis loops eventually
tend to reach a steady state with number of cycles for
both the series and for all three representative values of
λmax. These features from the simulations of the kinetic
model are consistent with the observed trends in the ex-
periment [33].

In the associated number of intact sacrificial bonds,
shown in Fig. 6 with fading shades of red and blue
for series 1 and 2 respectively, the progressive break-
age patterns with increasing cycles is clearly evident.
For λmax = 1.1, the first cycle results in breakage of
10% bonds and in subsequent 9 cycles there is a further
gradual reduction in sacrificial bonds, slowly reaching a
steady state. During the waiting interval, bonds reform
(shown with dashed line). The cyclic loading of series 2
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FIG. 7. The evolution of residual strain with number of load-
ing cycles for both series 1 and series 2 for different stretch
ratios, λmax. The magnitude and final saturated value of
residual strain depends on the maximum stretch ratio, λmax.

FIG. 8. The evolution of energy dissipation with number
of loading cycles for both series 1 and series 2 and for differ-
ent stretch ratios, λmax. The data from 2nd cycle onward is
zoomed and shown in the inset figure.

causes the number of sacrificial bonds to gradually de-
crease again. For λmax2 , however, most of the breakage
occurs in the first cycle as the number of shows a dra-
matic decrease (by more than 50%). Subsequent cycles
show comparatively lower rate of breakage per cycle. In-
terestingly, for a similar waiting interval, the reformation
of bonds is significantly higher than for λmax1 and this
could be attributed to the comparatively larger available
length from more number of broken bonds. For the cyclic
loads with λmax3 , first cycle results in breakage of more
than 90% of the sacrificial bonds. Since most bonds are
already broken further cycling does not affect the overall
status of intact bonds appreciably. Waiting period recov-
ers 50% of the initial bonds which again break primarily
in the first cycle of the series 2.

The residual strain accumulates with increasing cy-
cles and reaches a steady state for both series 1 and se-

FIG. 9. The variation of the deviation of (a) residual strain
and (b) area of hysteresis loop from their respective steady
state values with number of loading cycles. The correspond-
ing experimental data from Liu et. al. (2018) [33] are shown
with squares. Both quantities approaches steady state expo-
nentially. The best fits are shown by dashed lines.

ries 2 loading for all three λmax (see Fig. 7). During
the relaxation period between the two series, the resid-
ual strain reduces by approximately 50%. The magni-
tude of the residual strain when steady state is reached
depends on λmax (see Fig. 7). It can be seen that
the steady state residual strains follows the order of
λmax3 > λmax2 > λmax1 , in agreement with the experi-
ments [33]. The residual strain increasing with λmax is
due to the larger number of sacrificial bonds breaking in
the first cycle itself for higher λmax, as shown in Fig. 6. It
can also be seen that number of sacrificial bonds reform
during relaxation which accounts for recovery in residual
strain.

The energy dissipated per cycle (area under the
loading-unloading curve) decreases with increase in the
number of cycles and reaches steady state for both se-
ries 1 and series 2 loading (see Fig. 8) for all chosen
stretch ratios. There is a partial recovery in energy dis-
sipation after relaxation as seen from first cycle of se-
ries 2 loading (see Figs. 5 and 8). The area of the hys-
teresis loop after the first cycle also follows the pattern
λmax3 > λmax2 > λmax1 . This is because the first cycle
of region-III has maximum number of sacrificial bond
breaking compared to the other two regions, as evident
from Fig. 6. Restoration of sacrificial bonds on relaxation
accounts for recovery in energy dissipation.

We now quantify the approach of residual strain and
energy dissipation to their respective steady state values.
We find that the deviation of residual strain and energy
dissipation from their steady state value has an exponen-
tial decrease to zero with number of loading cycles (see
Fig. 9, where the data for λmax = 1.1 and λmax = 1.2
are shown). We extract the experimental data for these
quantities from Ref. [33] and find that the exponential
decrease is also seen in experiment (see Fig. 9). This
allow us to determine a characteristic cycle number c∗

defined as:

εr(c)− εr(∞) ∝ e−c/c
∗
, (8)

where εr(c) is residual strain at cycle c, εr(∞) is the
steady state value of residual strain.
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FIG. 10. The variation of characteristic cycle c∗ with the maximum stretch ratio, λmax obtained for (a) residual strain and (b)
energy dissipation.

We compare the characteristic number of cycles, c∗,
obtained for residual strain from simulations and experi-
ments of Liu et al. [33] in Fig. 10(a). We use the average
c∗ of series 1 and 2 for the both simulations and experi-
mental data. Since c∗ is not quoted in the experiments,
we fit the extracted experimental data to obtain c∗. From
simulations, for small λmax, in regime I, we find the poly-
meric chain takes larger number of cycles (≈ 16) to reach
steady state. This large value of c∗ for small stretch ra-
tio is understood as ideally, polymer should take infinite
cycles to reach steady state within elastic regime. With
increasing λmax, c∗ decreases. In region II, the steady
state is reached at significantly lower cycles (≈5) and
there is marginal decrease with increasing λmax. Further
increase in λmax, corresponding to region III, shows again
a further drop in c∗ implying faster approach to steady
state in stress-lambda response. Experimental data com-
pares very well in the region II as it also exhibits marginal
change with increasing λmax, and in region III there is
decrease in c∗ with increasing λmax.

We also compare the value of characteristic cycle c∗,
obtained for energy dissipation from simulations and the
extracted experimental data as shown in Fig. 10(b). We
obtain a similar trend of c∗ with λmax for energy dissi-
pation also. The value of c∗ is large in region-I, then it
decreases with λmax, it shows some plateau in region-II
and then further decreases sharply in region-III. Again,
we see a good match with experimental results.

Finally, we study two more quantities studied in the
experiment: peak stress and elastic modulus. The peak
stress (stress at λmax) decreases with number of cycles for
both series 1 and 2 and for all three stretch ratios (see
Fig. 11). It also approaches the steady state exponen-
tially . The peak stress in the first cycle in a particular
region depends on choice of λmax and follows the order:
σ(λmax3 ) > σ(λmax2 ) > σ(λmax1 ).

We define two elastic moduli E1 and E2 in accordance

FIG. 11. The variation of peak stress with number of loading
cycles for different λmax1 , before (series 1) and after relaxation
(series 2). Peak values of stress depends on λmax and show a
partial recovery on relaxation (series 2).

with the experimental study [33]. The elastic modulus E1

is calculated from the slope of the stress-stretch (Fig. 5)
curve up to λ ≈ 1.02 whlie E2 is calculated from the slope
(where dσ/dλ ≈ constant) of the stress-stretch curve in
region-II. We find that E1 is not affected by cyclic loading
for all three stretch ratios while E2 becomes a constant
after the first loading cycle and then remains invariant to
cyclic loading for λmax2 and λmax3 in both series loading
(see Fig. 12). However, the extent of transition region
between region-I to region-II decreases with cycles within
λmax = 1.2, 1.3 (see Fig. 5(b) and (c)) and these feature
are also observed in the experiment. Our results are in
good agreement with the cyclic loading experiment (see
Figs. 3, 4, 5 in Ref. [33]).
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FIG. 12. Elastic modulus E1 remains invariant to cyclic load-
ing for both series and in all three regions while E2 (for region-
II and III) becomes constant after first cycle and then remains
invariant to cyclic loading.

IV. CONCLUSIONS AND DISCUSSION

Experimentally, the stress-stretch response of a single
collagen fibril subject to cyclic loading [31, 33] within a
fixed stretch ratio λ is known to show moving hystere-
sis loops and residual strains that increase and saturate
with number of cycles. The fibril is known to show re-
covery in energy dissipation as well as residual strains
on relaxation. These features were thought to be related
to the presence of sacrificial bonds within the fibril [33].
To test this hypothesis, we develop a stochastic kinetic
model specifically for collagen fibril. The model treats
the collagen fibril to be a polymeric chain that has hid-
den lengths secured by sacrificial bonds. The two pri-
mary ingredients of the model are: a reference stress-
stretch relation for the available length of the polymer
and stochastic formation and fragmentation of sacrificial
bonds. The reference stress-stretch relation is first estab-
lished from molecular dynamics simulations of an existing
coarse-grain fibril model [30]. The kinetic model incor-
porates formation and breakage of sacrificial bonds and
release of hidden lengths based on Bell’s theory. We esti-
mated the model parameters by comparing with available
experimental data and used kinetic Monte Carlo methods
to simulate the cyclic loading experiment.

The model qualitatively reproduces the main features
of the experiment such as time evolution of hysteresis
loops, energy dissipation, peak stress and residual strain
etc. It is shown that these quantities approach their
respective steady states exponentially with the number
of loading cycles. We find that the characteristic cycle
number associated with this exponential decay is in close
agreement with the characteristic cycle number extracted
from the reported experimental data. The breaking of
sacrificial bonds is responsible for hysteresis (energy dis-
sipation) and the corresponding release of hidden lengths

appears as residual strain. The magnitude of hysteresis,
peak stress and residual strain after first cycle is propor-
tional to maximum stretch ration λmax. The recovery
of the fibril is proportional to the relaxation time and
spontaneous formation and breaking of sacrificial bonds
at zero force is a possible healing mechanism in the col-
lagen fibril.

The presence of a characteristic cycle number has sig-
nificance in the description of the time dependent cyclic
response of collagen. In particular, it has the potential of
being utilised for comparison of fibril response across an-
imals, ages, stages of disease, level of hierarchy, response
to medication, etc. This is a promising area for future
experimental investigation.

The kinetic model is able to reproduce the majority
of the characteristic features of the fatigue experimental
data in Ref. [33], thus providing an insight into the es-
sential mechanisms at work. One feature that it is not
able to explain is the experimentally observed increased
strength of the fibril post cyclic loading. This could be
due to permanent rearrangement of molecules inside the
fibril, which a three-dimensional model of a fibril incor-
porating detailed microscopic interactions may be able
to account for. It would thus be of interest to develop a
coarse grained model for the fibril that incorporates sac-
rificial bonds. In addition, it will provide a microscopic
basis for the validity of the kinetic model, as well as allow
for a determination of parameters. This is a promising
area for future research.

Interestingly, at tissue scale also, the stress-strain re-
sponse exhibits moving hysteresis loops, residual strain,
etc [39]. Linka et. al. [40], proposed a constitutive dam-
age model that reproduces the experimental results of
the tendon overloading experiment [39]. The kinetic
model described in this paper, with suitable modifica-
tions, would also be ideally suited to explain the results
at tissue level.
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Appendix: Coarse grained collagen fibril model

In this appendix, we describe the coarse-grained model
for the fibril that we have used for MD simulations. The
model is from Ref. [29, 30].

A collagen molecule is represented by 215 beads con-
nected with spring to each other. The distance between
two consecutive bead is b = 1.4 nm, which is roughly
equals to the diameter of collagen molecule. Five col-
lagen molecules are arranged in staggered manner in z-
direction while in pentagonal geometry in x-y plane to
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TABLE II. The parameters for the MD-model of fibril.

Model parameters Value
ε- LJ energy parameter (kcal mol−1) 6.87
σ- LJ distance parameter (Å) 14.72
θ0- Equilibrium bending angle (degree) 180
kθ- Bending strength constant (kcal mol−1 rad−2) 14.98
r0- Equilibrium distance (tropocollagen) [Å] 14.00
r1- critical hyperelastic distance (tropocollagen) [Å] 18.20
rbreak- bond breaking distance (tropocollagen) 21.00
kT0- Stretching strength constant (tropocollagen)
[kcal mol−1 Å−2]

17.13

kT1- Stretching strength constant (tropocollagen)
[kcal mol−1 Å−2]

97.66

r0- Equilibrium distance (divalent crosslink) [Å] 10.00
r1- critical hyperelastic distance (divalent crosslink) [Å] 12.00
rbreak- bond breaking distance (divalent crosslink) 14.68
kT0- Stretching strength constant (divalent crosslink)
[kcal mol−1 Å−2]

0.20

kT1- Stretching strength constant (divalent crosslink)
[kcal mol−1 Å−2]

41.84

r0- Equilibrium distance (trivalent crosslink) [Å] 8.60
r1- critical hyperelastic distance (trivalent crosslink)
[Å]

12.20

rbreak- Bond breaking distance (trivalent crosslink) 14.89
kT0- Stretching strength constant (trivalent crosslink)
[kcal mol−1 Å−2]

0.20

kT1- Stretching strength constant (trivalent crosslink)
[kcal mol−1 Å−2]

54.60

m- mass of tropocollagen bead [a.m.u] 1358.7

form a microfibril. This staggered arrangement of col-
lagen molecules give rise to the characteristic D-period
of collagen fibril (67nm). The diameter of a single mi-
crofibril is ≈ 3.5 nm. Terminal beads of each tropocol-
lagen molecule forms a divalent or trivalent cross-link
within a microfibril. In divalent cross-link, end beads of
a molecule forms a single connection with a nearest bead
from it’s neighbouring molecule while in case of triva-
lent cross-link, the end beads forms two connection with
the closest beads from it’s nearest and next-nearest colla-
gen molecule. These terminal connections represents the
enzymatic cross-links in fibril. We have considered the
case with hundred percent cross-link (β = 100%), which
means all the terminal ends will from a cross-links with

their neighbouring molecule. The ratio of trivalent (33%)
and divalent (66%) cross-links has been kept fixed. Now,
37 of these microfibrils are arranged in a hexagonal close
packing to represent a collagen fibril. The length and di-
ameter of fibril model are 343.6 nm and 25.9 nm respec-
tively. The periodic boundary conditions has been used
to mimic the fibril of infinite length. Periodic bound-
ary condition ensures the D-periodic pattern of the fibril
structure.

The non bonded interaction between beads of fibril is
given by Lenard-Jones potential as :

ULJ = 4ε

[(σ
r

)12
−
(σ
r

)6]
, (A.1)

where r is the distance between interacting beads and
σ is the distance parameter and ε is energy parameter
(depth of potential).

The bending energy (Uθ) between three consecutive
beads of collagen molecule is given by harmonic interac-
tion as :

Uθ = kθ(θ − θ0)2 (A.2)

where kθ is bending strength and θ0 is equilibrium angle.

The interaction between bonded beads is defined by a
bi-harmonic potential as:

Fbond =
∂Ubond
∂r

=


kT0(r − r0) for r < r1,

kT1(r − r0) for r1 ≤ r < rbreak,

0 for r > rbreak.

(A.3)
where r0 is the equilibrium distance between two beads,
kT0 and kT1 are spring constants between distances 0 to
r1 and 0 to rbreak.

The simulations were performed using LAMMPS [41].
Time step was set to ∆t = 10 fs, and the equations of
motion were integrated with langevin thermostat with
drag coefficient 1000 fs and temperature 310 K. The fib-
ril was equilibrated for 20 ns and then a constant strain
rate of 107 s−1 was applied. All the parameters used in
simulation are given in Table II. These parameters have
been developed for collagen molecules in Refs. [23, 24]
and specifically for the fibril model in Refs. [29, 30].
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