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Abstract

In this work we present a gauge principle that starts with the momentum space representation
of the position operator (; = iha%i) rather than starting with the position space representation
of the momentum operator (p; = —iha%i). This extension of the gauge principle can be seen as
a dynamical version of Born’s reciprocity theory which exchanges position and momentum. We
discuss some simple examples with this new type of gauge theory: (i) analog solutions from ordinary
gauge theory in this momentum gauge theory, (ii) Landau levels using momentum gauge fields, (iii)
the emergence of non-commutative space-times from the momentum gauge fields. We find that
the non-commutative space-time parameter can be momentum dependent, and one can construct a

model where space-time is commutative at low momentum but becomes non-commutative at high

momentum.
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I. GAUGE THEORY IN MOMENTUM SPACE

Gauge theories have been one of the central ideas of theoretical physics in the past
hundred years [1, B] The Standard Model of particle physics, which describes all known
non-gravitational interactions, is a gauge theory [3, 4] and general relativity can be viewed
as a gauge theory [5]. It is very important to emphasize the central role of Professor Steven
Weinberg in the development and applications of the gauge principle in the construction of
what we call now the Standard Model. Professor Weinberg was also very active into the
issue of extending the Standard Model, exploring the ideas of axions [6], supersymmetry

|, string theory and cosmological issues [8]. Much of Professor Weinberg’s work dealt with
symmetries in physics and their applications. In this work we present a new extension of the
gauge symmetry principle, by extending the usual gauge symmetry to momentum space.

In the standard formulation of a gauge theory one starts with a space-time dependent
matter field W(z) which satisfies some matter field equation (e.g. Schrédinger equation,
Klein-Gordon equation, Dirac equation) and requires that this matter field satisfy a local
phase symmetry of the form W(x) — e @ W(x). The gauge function, A(z), can depend
on space and time. Along with this local phase symmetry of the matter field, one needs
to introduce the kinetic momentum/gauge covariant derivative p; — p; — eA;(z) or é% —

2 _ jeA;(x), where the vector potential obeys 4;(z) — A;(z) — 12 This standard

ox; e Ox;

construction is done in position space: the matter field, ¥ is a function of position, the
momentum operator is given as a derivative of position (p; = —ia%i and we take h = 1), and
the vector potential and gauge function are functions of space and time coordinates.
However, quantum mechanics can be carried out in momentum space as well with the
matter field being a function of momentum, W(p), and the position operator being given by
Ti = iaipi‘ In this construction the momentum operator is just multiplication by p; just as

the position operator in position space is multiplication by z;. The momentum space gauge

transformation of the matter field should be
U(p) = e "W (p) . (1)

The equivalent of the generalized position/gauge covariant derivative is

0 2 Ligcip). 2)

x; = x; —gCi(p) or o, o,



We have used x; = ia%i, g is some momentum-space coupling, and C;(p) is a momentum-

space gauge function which must satisfy

Citr) = Ci) + - 0L,

(3)

Finally one can construct a momentum-space field strength tensor which is invariant under

just ([B), namely

oc; 00,
Gij=H5—— 5" (4)

Op; Ipi
This is the p;p; component of the momentum gauge field, field strength tensor. It is the
analog of x;x; component of the standard gauge field, field strength tensor Fj; = gfjf — %ﬁj .

The 4-vector version of the standard gauge potential and field strength tensor are A; — A,
and Fj; — F,,. One needs to make a similar 4-vector/4-tensor extension for the momentum
gauge field and associated field strength tensor via C;j(p) — C,(p) and Gi; — G,,. The
momentum generalized gauge field and field strength tensor are reminiscent of the Berry
connection and Berry curvature [9], where the Berry connection/Berry “gauge” field is the
function of some parameter, that is not necessarily position. Here C;(p) and G;;(p) are Berry
connections and Berry curvatures that are specifically functions of momentum.

One can ask about the units of the momentum coupling, ¢ and momentum gauge field,
C,,, relative to the standard coupling, e, and standard gauge field, A,. From p; — p; —eA;(z)
and z; — x; — gC;i(p) one sees that eA;(x) has units of momentum while gC;(p) has units
of position. This leaves two options for the units of g and C),. First one can choose for g

to have the same units as e and then the units of C, would be the units of A, multiplied

b [W[L‘Z ﬁiﬁﬁn} = [[ZZ;Z]}' Second one can choose for C), and A, to have the same units and
in this case the units of ¢ would be the units of e again multiplied by the same factor

[position] __ [time]
[momentum] ~ [mass]’

One can ask if there is some deeper connection or condition between the standard couplin
e and momentum coupling ¢, perhaps something like the Dirac quantization condition ‘ﬂ?
between electric and magnetic charge. One idea might be to take the option above where
e and ¢g have the same units and then via Born reciprocity require the couplings to be
exchangeable i.e. e <> g. We leave this question for future work.

The above discussion shows that one can easily construct a momentum-space analog
of the canonical position-space gauge procedure. There are two questions this raises: (i)

What physical use/significance would this momentum gauge field construction have? (ii)
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Why is this momentum gauge field construction not as common as the standard gauge
field construction? The first question will be addressed in following sections, but here we
will address the second question. The answer may lie in the asymmetric way in which the
momentum and position operators appear the in simplest, free particle Hamiltonian. For a
non-relativistic object of mass m this Hamiltonian is

1 h: [ 0? 0? 0? h?
H — 2 2 2 —— — _ 2 .
2m (py + 2+ p3) om (8:5% * 03 * 8:17§> 2mv (5)

The Hamiltonian in (F) is suited for the covariant derivative p; — p; — ed;(z) or ;2= —

2 —ieA;(z) but there is no room, nor use for the momentum space version in (Z). However,
K3

a more symmetric starting point would be to consider the non-relativistic simple harmonic

oscillator Hamiltonian

1 muw? 1 1
H = oot +p5+05) + —— (2l + a3 +25) = S(p1 + 05 +05) + 5 (el + 23 +23) . (6)

In the last step we have chosen the mass and frequency of the oscillator as m = 1 and w = 1.
Looking at the last form in (@) one sees a symmetry between momentum and position of
p; <> x;. This symmetry provides an argument to have the gauge principle apply not only

the momentum via p; — p; — eA;, but also to the position via x; — z; — ¢gC;. One can argue
p;
2m

2
217731 + mT‘“’zxf over just by pointing to the quantum field theory

for the naturalness of
(QFT) vacuum, which can be viewed as a collection of harmonic oscillators [11], so that
having both the momentum and position terms in the Hamiltonian is more natural than
have only momentum or only position.

In the above we have exchanged the roles of the position and momentum operators in the
usual construction of a gauge theory. The momentum gauge fields provides for a dynamical
model of Born reciprocity E] which exchanged the position and momentum operators as
T — p and p — —2, which would imply that for every ordinary gauge field there should be a
corresponding momentum gauge field. For example the Hamiltonian in (@) is invariant under
this swap of position and momentum in units where m = 1 and w = 1. The minus sign in the
momentum to position transformation keep the standard form of the position-momentum
commutator under this change i.e. [Z,p] = ih is invariant under & — p and p — —Z.
The Hamiltonian in (@) is also invariant under the transformation & — p and p — Z,
but this would then change the sign of the position-momentum commutator [z, p] = —ih.

Nevertheless this would still lead to the same uncertainty principle since AxAp = % |([z, D))
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The main difference between the model we lay out here and that in reference B] is that we
have included a momentum gauge field ([B) and momentum field strength tensor (), thus

making possible a dynamical model of Born reciprocity.

II. CONNECTION TO NON-COMMUTATIVE SPACE-TIME

A. Constant non-commutativity parameter

In this subsection we point out the connection of the above momentum gauge theory with

non-commutative geometry, by which we mean coordinates obeying
[931',55]’] =10y; , (7)

where O,; is an anti-symmetric, constant rank-2 tensor. A review of non-commutative field
theory can be found in ], and interesting applications of non-commutative geometry to
modifications on the hydrogen atom spectrum can be found in ] There are also work that
looks at how non-commutative geometry may cure the singularities found in black holes and
other solutions in general relativity ‘ﬁ] The construction from the previous section leads
exactly to this kind of non-commutativity between the coordinates. We begin with equation
(2) and define a generalized, gauge invariant coordinate X; = z; — gC;(p) = i0,, — gCi(p). In
its first form this looks like coordinate translation by gC;(p). Calculating the commutator
of X; and X gives

[Xi, X5] = igGyj (8)
with the momentum-space field strength G;; defined in (). Equation (8) is of the form ()
with 0;; = gG;.

The result in () is reminiscent of the non-commutativity of the covariant derivative
for regular, minimally coupled fields, m; = p; — eA;(x) = —id,, — eA;(x). Calculating the
commutator of m; with m; gives

(1, ;] = teFy; = z'eeijkBk , (9)
where B = £€"9(9,, A;—0,,A;) = 3€"9 F}; is the regular magnetic field. Comparing (&) with

2

(@) one can define a momentum gauge field “magnetic field” as B¥ = 1e¥(9,,C; — 9,,C;) =
%e’”j Gi;. This in turn defines the non-commutation parameter of the spatial coordinates on

the right hand side of (8) to be constant only if the momentum “magnetic” field is constant.
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One can easily arrange for such a constant “magnetic” field solution via

) 1 .., .
=0 , C'= 5@]’“8@’“ (10)

with B7 being a constant. Taking the curl of (I0), using momentum derivatives, and doing
index gymnastics yields €™9P"C?" = B' — one gets a constant “magnetic” field. This gives
a constant non-commutative tensor ©,; = gG;; = geijkBk i.e. in this way one recovers a
constant non-commutative parameter which is the most common assumption in the literature
el g

A fully 4-vector version of the spatial coordinate non-commutativity in ([7) is accomplished

by promoting the 3-Latin indices to 4-Greek indices giving
[xmxu] = i@uu 5 (11>

where ©,, is an anti-symmetric 4-tensor. In conjunction with (IIl) the 4-tensor version of
[®) becomes
[X;,HXV] - 'égGuV s (12)

In order to get a constant ©,, for a component with one space index (e.g. p = i) and one
time index (i.e. v = 0) we need to have a constant momentum gauge field, “electric” field.

This is accomplished by selecting the momentum gauge field as

The momentum gauge “electric” field is given by Gy = 9,0C; — 0,Cy = & which is the
sought after constant momentum gauge field “electric” field. Using equations (1)) and (I2)
this gives the connection between the non-commutativity parameter and momentum gauge

field electric field of ©y; = ¢gGo; = g&;.

B. Variable non-commutativity parameter

In the previous subsection we looked at momentum gauge field configuration with con-
stant “magnetic” and constant “electric fields” in equations (I0) and (I3]) respectively. In
this subsection we examine momentum gauge field configurations which are variable. These
variable momentum gauge fields then imply a varying of the non-commutativity parameter

via the connection ©,, o< G,



We first write down two common, ordinary gauge field solutions which have gauge fields
that vary with space and time and then construct the varying momentum gauge field analogs.
The two ordinary gauge field solutions we consider are a plane wave and a static points
charge. The Lagrange density for standard gauge fields is Lr = —%FWF Wowith F# =

0" AV — 9" A*. The equations of motion from L are
Dy, (0" AV — O™ AM) = An J¥ (z) — 0,0 A = AnJ"(x) — U, AY = 4nJ" (z) , (14)

with J¥(z) being a conserved 4-current coming from some matter source, and [J, is the
d’Alembertian with respect to the time-position coordinates. In the last line we have taken
the Lorenz gauge 0,, A" = 0. Let us look at two common solutions to (I4)): the plane wave

vacuum solution and the point charge solution.

e In vacuum (J” = 0) () has the solution A” o e/P*=Ee?§(p? — E?/c?) where the

E2

o-function enforces the mass shell condition = c? and € is the polarization vector.

e For a point charge at rest one has the current J” = (¢6*(r),0,0,0), which has the
solution A° = ¢ and A = 0, since V2 (1) = 47d(r) .

We now examine how the above plays out for the momentum gauge fields. The momentum
gauge field Lagrange density is L4 = —iGWGW with G* = oP»C" — 9P»C*". The equations

of motions that follow from this Lagrange density are
Op, (OPC” — " C") = 4n T (p) — 0,0 C" = 4nJ"(p) — 0,C" = 47 J"(p) , (15)

with J"(p) being a 4-current matter source that is a function of p, and O, is the
d’Alembertian with respect to energy-momentum. In the last expression we use the mo-
mentum space equivalent of the Lorenz gauge d,,CP* = 0. The current conservation in
momentum space reads d,, JP* = 0,

We now repeat the two types of solutions listed above for the standard gauge theory, but

for the momentum gauge theory.

e In vacuum (7¥ = 0) (I5) has solution C” oc e!P*=FVc¥§(22 —c?t?) where the é-function

. e 2 . . .
enforces the light-cone condition % = c?, and ¥ is the polarization vector.

e The momentum gauge equivalent of the charge at rest is given by J” = (¢63(p), 0,0, 0),
with C° = 2 and C' = 0 since V2 (%) = 47 (p).
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Notice that the point source in momentum space, that is J7* = (gd%(p),0,0,0) is a totally
homogeneous solution in coordinate space, since it is concentrated at zero momentum, which
means indeed the assumption of a totally homogeneous state. More generally, it is interest-
ing to observe that any current of the form J* = (f(p),0,0,0) , with J° = f(p) being p°
independent, will satisfy the current conservation law of 9, , J* = 0. Doing a Fourier trans-
formation on this to coordinate space yields xuj # =0, where J* is the Fourier transforma-
tion of J#. The equivalent statements for a a regular 4-source would be J” = (f(Z),0,0,0),
which satisfies the conservation law d,,J* = 0 or Fourier transforming to momentum space
puj F=0.

One can construct other conserved current sources for momentum gauge fields that satisfy
a:uj“ = (. Starting with any 4-vector V*, we construct J* = VH — oHVVzx, /x* which is
easily seen to satisfy SL’“j F=0.

As a final comment the equation of motion for, A,, given in (I4]) leads to a propagator

1
p2tie”

in momentum space that is proportion to oc The imaginary infinitesimal term ¢ is a
convergence factor to deal with the divergence as p — 0. In turn the momentum gauge field
equation of motion, C), given in (I3), leads to a position space propagator proportional to
X x—12 Here we have not inserted a factor of ie. This is because the limits p — 0 and z — 0
are physically different. The p — 0 limit is the infrared /low energy limit which is dealt with
by inserting a convergence factor of ie which is taken to zero at the end. The x — 0 limit
is the ultraviolet /high energy limit which is dealt with using the renormalization procedure
if the theory turns out to be renormalizable, or by introducing a cut off if the theory turns

out to be non renormalizable.

III. GENERALIZED LANDAU LEVELS

In this section we work on the case of generalized Landau levels with a particle of mass
m in a constant ordinary magnetic field and constant momentum “magnetic” field. We take
both the ordinary and momentum magnetic field to point in the 3/z-direction. We want to
take these magnetic fields and minimally couple them to the free particle in equation ().
Applying minimal coupling for both coordinate gauge fields and momentum gauge fields,
leads to p; — p; —eA;, and z; — x; — gC;. Having a constant, ordinary magnetic field and a

constant, momentum magnetic fields in the 3/z-direction can be obtained in the symmetric



gauge with A; and A, given by,

1 1
AOIO > A1:—§By > A2:§BSL’, (16)

and with ('} and C5 also in the symmetric gauge given by,
1 1
Co=0, Ci= —§pr , Oy = §Bpx ) (17)

The constant values of the ordinary magnetic field and momentum magnetic field from (I
and () are B and B respectively.

So the equation of motion for the double gauged harmonic oscillator reads,

1 eBy2 1 eBz\>
H=—(p.+2Y) 4 (p, -2
2m<p+2)+2m(py 2)
2

2 2 2 2 2
mw 9Bp, mw gBp. D mw®
—_— — 1
+ = (x+ 2)+2 (y 2)+2m+2z (18)

or (we drop the part of the Hamiltonian associated with the kinetic energy and harmonic

oscillator in the z-direction)

H= (1 -+ M) (ﬁ + ﬁ) + (1 4 LeB) ) mTM(x2+y2)+Lz(—ng+g2B) - (19)

4 2m  2m Am2w?
Here L. = wp, — yp,, this the angular momentum in the z-direction. and g; = 5= and
go = # are the coupling strengths of the angular momentum to the coordinate magnetic

field B and the momentum magnetic field B respectively.

The above results can be compared with the formulation of non-commutative quantum
mechanics [16] for the case of an harmonic oscillator potential, and the results agree with
those in [16], if the identification of the non-commutative parameter is made according to
expression (g).

The coupling between B and L, is exactly what one has from the standard analysis of
Landau levels. The coupling between L, and B is a new feature arising from the momentum
gauge fields, but the two coupling terms to L. have a dual symmetry between the regular
magnetic field, B, and momentum gauge “magnetic” field, B.

The first term in (I9) shows that the system has now developed a new, effective mass
given by

m

mepy = — (20)
ff 1+ (gmzjlg)z



The effective mass depends on the momentum “magnetic” field and is always less than m

i.e. mepr < m. In addition the second terms in (I9) implies a new effective frequency.
2

Taking into account the effective mass in (20) to write this second term in the form W

gives a new effective frequency of

1 B (2B, -

Note that in the effective frequency and the effective mass above, both momentum (i.e. B)

and coordinate magnetic (i.e. B) fields contribute.
One can define an effective magnetic field as

-1 B + g8

Vi + 95

so that the coupling of the z-component of angular momentum to the two magnetic fields, B

and B in (I9) can be written as \/¢7 + g3 BessL.. One can also define a generalized magnetic

Bepr = (22)

field orthogonal to B.ss via

B B
B, — NPt 9o (23)

Vi + 93

The subscripts nc stand for “non-coupling” since B,,, unlike B¢, does not couple to L.

The definition of the two generalized magnetic fields in ([22]) and (23) is mathematically
identical to the definition of the Z° boson and photon in the Standard Model BQ] Further
from ([23)) , (22)) we can define an analog of the “Weinberg angle” via the definition

g1
Vit
Putting all of the above together the total Hamiltonian is then,
1 1
(P2 +py) + Guipymess (v° +4°) + /g + 93 Beys L (25)

2meff
Note that B.ss couples to the angular momentum, while B, does not. This is similar to

c0S(Omizing) = (24)

H—

the Standard model where the Z° has a mass term while the photon remains massless.

Following ] one can define creation/annihilation operators in terms of p,,p, and z,y

h i h i
ro (o) s ey (wrrad)
2weffmeff 2w6ffm€ff

and (26)

. Jhwerrme C Jhwerrme
N LT S RN [Ty R
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The creation and annihilation operators obey the usual relationship [ai,a}] = 0;;. With
these definitions we find L, = xp, — yp, = ih(a1a} — asal) and the Hamiltonian in (25)
becomes H = hwess(alay + abay + 1) 4 ihn/g2 + ¢2Bess(aral — asal). The first two terms
can be seen to be the normal 2D harmonic oscillator. The third term looks a like a coupling

between the generalized magnetic field and the angular momentum in the z direction.

IV. MOMENTUM DEPENDENT NON-COMMUTATIVITY PARAMETER

In this section we examine two simple examples where the non-commutativity parameter,
O, is not a constant but depends on the momentum. Recently, other authors [18] have
considered momentum dependent non-commutative parameters. However, in this work the
inspiration is quite different as it exploits some geometry in momentum space. Also the
non-commutativity parameter in [18] depends on both momentum and position, while our
in our construction below the non-commutativity parameter depends only on momentum,
which is closer to the energy-momentum dependence of masses and couplings in QFT that
one finds from the renormalization group.

The examples we choose are the momentum gauge field version of a capacitor and solenoid,
with the momentum gauge fields being piece-wise constant in different momentum ranges,

leading to different, ©,,’s in these different ranges.

A. Capacitor-type momentum electric field configuration

The standard, infinite parallel plate capacitor has a 4-current source of
J" =(f(2),0,0,0) with f(z)=o0[6(z+a)—0d(z—a)] (27)

This source represents two infinite planes of surface charge +o placed perpendicular to the

z-axis at z = Fa. This source gives an electric field of
E,=4n0 for —a<z<a and E,=0 for |a| <]|z|, (28)

i.e. non-zero between the planes and zero outside the planes.
The momentum gauge field analog of this standard capacitor system has a constant

momentum “electric” field similar to that in equation ([I3]), but it should be restricted in
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momentum rather than position as is the case in equation (28]). Actually for the momentum
gauge field system we want the inverse of the above standard capacitor — we want the
momentum “electric” field to be zero between the planes (i.e at small momentum) and non-
zero outside the planes (i.e at large momentum). The capacitor-like configuration for the

momentum gauge fields that we want has a 4-current source of

J" = (f(p)> 0,0, 0) with f(p) = Z[d(pz +pa) + 5(pz - pa)]' (29)

The planes are symmetrically placed at p, = £p, and, in contrast to the sources for the
standard capacitor in (27)), the momentum planes now have the same “surface charge”, ¥.
This same “surface charge” set up leads to a momentum “electric” field in the p, direction

given by

E. = 4nY for p.>p, , &£ = —4nX for p, < —p,,

and &£, = 0 for —p, <p, < pa. (30)

The momentum “electric” field of ([BQ) is zero between the plates and non-zero outside the
plates, which is the inverse of the standard capacitor (28]).

The reason for building our momentum gauge field capacitor system as the inverse of the
normal capacitor is due to the connection between the non-commutativity parameter, ©,,
and the momentum gauge field tensor, G, , as given equations (1) and ([I2)) i.e. ©,, = gG ..
We want to have a normal position-position commutator (i.e. [X,,, X,| = 0) for momenta
near zero (i.e. for —p, < p, < p,) but we want non-commutative space-time effects for
large momenta i.e. we want ©,, < G,, # 0 for large momenta, |p,| < |p.|. This is
different from the usual non-commutative space-time approach where the non-commutative
parameter is “turned on” for all momentum. Here the non-commutativity, at least for the

©p; components, is turned on only for z-momentum magnitude satisfying |p,| < |p.|.

B. Current sheet-type momentum magnetic field

In this subsection we carry out a similar construction as in the preceding subsection,
but for the space/space components of ©,, and G,,. In this case the standard gauge field
system we want to build a momentum gauge field analog of is two infinite plane sheet

currents located at z = 4a. These current sheets are symmetrically placed on the z-axis

12



around z = 0. The explicit surface currents are
K=+Jy at z=TFa (31)
This leads a regular magnetic field of
B=4rJk for —a<z<a and B=0 for |a| < |z (32)

i.e. the magnetic field is a non-zero constant between the sheets and zero outside the sheets.
The momentum gauge field analog of this is two momentum gauge field current sheets
at the momentum planes, p, = +p,. These planes are symmetric around the origin through

the p,-axis. Explicitly the “momentum” current sheets are
K=Jy at p,==p, (33)

Note that here we have the currents in the same direction, rather than opposite direction
as for the regular gauge field current sheets of (BI). The reason for this is the same as for
the momentum gauge field, capacitor-like system of the preceding subsection: we want the
non-commutativity parameter to be zero for momentum in the range —p, < p. < p, and
we want a non-zero non-commutativity parameter for momentum in the range |p,| < |p.|.

Putting this all together the momentum gauge field “magnetic” field is

B = 4rJx for p, <p. and g:—47rjfc for p., < —p,

and B =0 for —p,<p,<pa. (34)

The momentum gauge “magnetic” field is a non-zero, constant outside the current sheets
and zero between the current sheets. This implies that the space/space non-commutativity
parameter, ©,;, is zero for momenta in the range —p, < p, < p,, while for large magnitude
momenta (i.e. |p, < |p.|) the space/space component O,, = G, = ge,..B, = £gB is a
non-zero constant. Both this simple example and the example from the preceding subsection
show that one can construct non-commutative space-times where the non-commutativity

only “turns” on at some large enough momentum, rather than being on all the time.

V. SUMMARY AND CONCLUSIONS

In this paper we have studied the formulation of the gauge principle in momentum space,
or energy-momentum space in the relativistic case. Instead of only starting with the momen-

tum operator and introducing a covariant momentum as p; — p; —eA;(z) we also considered
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the position operator and introduced a covariant position as x; — x; — gC;(p). The pref-
erence for having only the covariant momentum and not the covariant position comes from
the fact that in general one starts with a free Hamiltonian (&) which has only momentum
dependence. However a more symmetric treatment, motivated by the fact that the QFT
vacuum can be seen as a collection of oscillators, leads to a Hamiltonian of the form given
in (@) which then calls for both covariant momentum and covariant position.

We presented several simple examples of this momentum formulation of the gauge princi-
ple, showing that one could construct momentum gauge field analogs to plane wave solutions,
point charge solutions, and to Landau levels. All these examples are underpinned by a dual
symmetry, exchange symmetry or reciprocity ] between momentum and position, namely
Z — pand p — —2 (or also £ — p and p — &) which then relates the regular gauge fields
to the momentum gauge fields. A criticism of this momentum formulation of the gauge
principle is whether or not it has any concrete physical application or use. In this regard
we mention that the model presented here is similar to Born’s reciprocity theory ] which
Born had hoped would play a role in the theory of elementary particle. The new feature
here is that our version of Born’s reciprocity is dynamical since we have introduced momen-
tum gauge fields (@) and momentum field strength tensors (). We will explore physical
consequences of this idea in future work.

One potentially interesting application of this momentum gauge theory is that it nat-
urally lead to non-commutative geometry as given in equations (8) and (I2)). This non-
commutativity of space-time has been studied previously as a way to extend QFT ], as a
way to test for extensions to QED ], and as a way to deal with the singularities of general
relativity [15]. The non-commutativity of these works rests on non-trivial space-time com-
mutators of the form (IIl) where the non-commutativity parameter, O, is a constant. In
our formulation, since the non-commutativity parameter is a momentum gauge field, field
strength tensor, gG,,, it can vary with momentum, since the momentum gauge field, C,
can vary with momentum. In section IV we constructed a very simple system, based on
the infinite charge sheets and infinite current sheets of introductory E&M, where the non-
commutativity parameter, G, would only turn on when the magnitude of the momentum
became large enough i.e. when the momentum satisfied [p,| < [p,| for some large, fixed
pqo. This could have interesting consequences since one could have commutative space-time

below p, that turns into non-commutative space-time above p,.
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These are examples to show that the non-commutativity parameters can be screened by
“charges” in the infrared or ultraviolet regions. This screening has been studied here by in-
troducing external momentum currents, but they could also rise from quantum fluctuation,
as in ordinary gauge theories where coupling constants are screened in the infrared (i.e. in
QED) or ultraviolet (i.e. in QCD) regions. Another subject that could be studied is the
possibility of coordinate gauge fields and momentum gauge field mixing and/or oscillating.
This is suggested for example by the result that minimally coupling both coordinate gauge
fields and momentum gauge fields produces a very specific linear combination (22)) that cou-
ples to the angular momentum of matter. Thus after integrating out the matter, we should
be left with coordinate gauge fields and momentum gauge field mixing and/or oscillating.
There are also no obstacles to considering non-Abelian momentum gauge fields. Further-
more, a connection between momentum gauge fields and curved momentum space can be
established, where the momentum gauge field appear from a higher dimensional curved mo-
mentum space from a Kaluza Klein mechanism ] This momentum space Kaluza-Klein
approach could be further extended and could provide additional insights into higher di-
mensional theories. Lastly the present authors have worked on other ways to modify the
gauge principle with non-vector gauge fields | or by gauging a dual symmetry, [23].
Also the “Curtright generalized gauge fields” presents yet another way to generalize the
gauge principle @] However, the present way of modifying the gauge principle that can
have an additional symmetry principle underlying it namely the exchange symmetry or Born
reciprocity where £ — p and p — —2 or £ — p and p — 2 i.e. the role of momentum and
position are exchanged .

Motivated from the Born reciprocity, we may suspect that the simultaneous existence
of momentum and coordinate gauge fields could have important consequences, for example
in [25] it is found that the simultaneous momentum-like Coulomb solution for momentum
gauge fields, given by C° = % and C' = 0, together with the regular configuration space
Coulomb solution, given by A% = = and A= 0, can be related to the generation of an

emergent spacetime.
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