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Thermodynamics serves as a universal means for studying physical systems from an energy per-
spective. In recent years, with the establishment of the field of stochastic and quantum thermody-
namics, the ideas of thermodynamics have been generalized to small fluctuating systems. Indepen-
dently developed in mathematics and statistics, the optimal transport theory concerns the means
by which one can optimally transport a source distribution to a target distribution, deriving a useful
metric between probability distributions, called the Wasserstein distance. Despite their seemingly
unrelated nature, an intimate connection between these fields has been unveiled in the context of
continuous-state Langevin dynamics, providing several important implications for nonequilibrium
systems. In this study, we elucidate an analogous connection for discrete cases by developing a ther-
modynamic framework for discrete optimal transport. We first introduce a novel quantity called
dynamical state mobility, which significantly improves the thermodynamic uncertainty relation and
provides insights into the precision of currents in nonequilibrium Markov jump processes. We then
derive variational formulas that connect the discrete Wasserstein distances to stochastic and quan-
tum thermodynamics of discrete Markovian dynamics described by master equations. Specifically,
we rigorously prove that the Wasserstein distance equals the minimum product of irreversible en-
tropy production and dynamical state mobility over all admissible Markovian dynamics. These
formulas not only unify the relationship between thermodynamics and the optimal transport the-
ory for discrete and continuous cases but also generalize it to the quantum case. In addition, we
demonstrate that the obtained variational formulas lead to remarkable applications in stochastic
and quantum thermodynamics, such as stringent thermodynamic speed limits and the finite-time
Landauer principle. These bounds are tight and can be saturated for arbitrary temperatures, even
in the zero-temperature limit. Notably, the finite-time Landauer principle can explain finite dissipa-
tion even at extremely low temperatures, which cannot be explained by the conventional Landauer
principle.

I. INTRODUCTION

A. Background

Thermodynamics, which is built upon several axioms,
is one of the most successful phenomenological theories
for studying energy exchanges in macroscopic systems.
Originally developed for the purpose of understanding
the behavior of steam engines, thermodynamics has since
been applied to various fields of science and engineering.
The laws of thermodynamics show extraordinary univer-
sality and impose fundamental constraints on physical
systems.

Beyond the macroscopic regime, the past two decades
have witnessed substantial progress in extending the no-
tions of conventional thermodynamics to microscopic sys-
tems, resulting in the frameworks of stochastic and quan-
tum thermodynamics [1–5]. These comprehensive frame-
works provide a means of investigating small nonequi-
librium systems subject to significant fluctuations. Var-
ious universal relations have been discovered, including
fluctuation theorems [6–11], thermodynamic uncertainty
relations [12–15], thermodynamic speed limits [16–26],
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and refinements of the Landauer principle [27–32]. These
equalities and inequalities characterize the fundamental
limits of small systems and distinguish the possible from
the impossible in terms of thermodynamics. They are
not only theoretically important but also lead to practi-
cal applications in estimating physically relevant quanti-
ties from experimental data, such as free energy [33] and
dissipation [34–40]. In addition, information manipula-
tions such as measurement, feedback, erasure, and copy-
ing have been incorporated into thermodynamics, leading
to significant developments in several subfields, such as
the thermodynamics of information [41, 42] and compu-
tation [43, 44]. In parallel, concepts from other fields,
such as the resource theory [45, 46] and information ge-
ometry [47–49], have also been integrated into thermo-
dynamics, generating new avenues of research and of-
fering new tools for analyzing thermodynamic processes
[50–58]. Accordingly, the integration of thermodynam-
ics with other disciplines provides new insights into the
understanding of nonequilibrium systems.

A key quantity in thermodynamics is entropy produc-
tion, which quantifies the degree of irreversibility of ther-
modynamic processes. Entropy production plays a cen-
tral role in the fundamental laws of thermodynamics and
provides a quantitative characterization for investigat-
ing nonequilibrium processes; a comprehensive review re-
garding entropy production can be found in Ref. [59]. Re-
cently, it has been shown that entropy production must

ar
X

iv
:2

20
6.

02
68

4v
4 

 [
co

nd
-m

at
.s

ta
t-

m
ec

h]
  5

 F
eb

 2
02

3

mailto:tanvu@rk.phys.keio.ac.jp
mailto:saitoh@rk.phys.keio.ac.jp


2

?

Classical discrete

pA pB

W1(p
A, pB)

Continuous

pA pB

Wα(p
A, pB)

Quantum

%A %B

Wq(%
A, %B)

Thermodynamic cost

Optimal transport cost

Continuous Classical discrete Quantum

Wasserstein distance Wα (α ≥ 1) W1 Wq

Thermodynamic interpretation of
optimal transport

Benamou–Brenier formula
W2(pA, pB) =min

√
τDΣτ

W1(pA, pB) ≤min
√
τDΣτ

Theorem 1

W1(pA, pB) =min
√
τ ⟨m⟩τ Στ

Theorem 2

Wq(#A,#B) =min
√
τ ⟨m⟩τ Στ

Minimum dissipation minΣτ =
W2(pA, pB)2

τD
min
⟨m⟩τ=D

Στ =
W1(pA, pB)2

τD
min
⟨m⟩τ=D

Στ =
Wq(#A,#B)2

τD

Thermodynamic speed limit τ ≥
W2(1)(pA, pB)√

D ⟨σ⟩τ
τ ≥ W1(pA, pB)√

⟨m⟩τ ⟨σ⟩τ
τ ≥

Wq(#A,#B)√
⟨m⟩τ ⟨σ⟩τ

(a)

(b)

FIG. 1. (a) Schematic of stochastic and quantum thermodynamics of discrete Markovian dynamics and the optimal transport
problem. This study aims to reveal the connection between thermodynamics and the optimal transport theory for discrete cases,
including both classical and quantum systems. (b) Our thermodynamic unification of optimal transport and its consequences,
including minimum dissipation and thermodynamic speed limits. By introducing dynamical state mobility mt, we provide a
unified, discrete generalization of the Benamou–Brenier formula for classical and quantum discrete systems. See the subsection
“Summary of results” for an explanation.

be increased to achieve a high precision of currents [13]
and fast state transformation [16]. However, minimizing
entropy production is also a particularly relevant issue
[60, 61] because it is closely related to the energy lost to
the environment. Owing to the critical role of entropy
production, great efforts have been made to elucidate its
properties and its relationship with other physical quan-
tities [62–68].

Optimal transport [69], which is developed indepen-
dently of thermodynamics, is a mature field in mathe-
matics and statistics, and its theory concerns the optimal
planning and optimal cost of transporting a distribution.
Specifically, given the individual costs of transporting a
unit weight of a resource from one location to another,
the optimal transport problem is to determine the op-
timal means of redistributing the distribution of the re-
source into the desired distribution to yield the lowest
total cost. Historically, the optimal transport problem

was first defined by Monge in 1781 and has since been
reformulated in a more general and well-defined form.
Currently, this problem has several theoretical and prac-
tical applications in a variety of scientific fields, including
statistics and machine learning [70], computer vision [71],
linguistics [72], classical mechanics [73], and molecular bi-
ology [74]. It is noteworthy that the solution to this prob-
lem not only provides an optimal transport plan between
distributions but also defines a useful metric in the space
of probability distributions. Although this metric has
been identified by several names in the literature, such
as the Monge–Kantorovich distance or earth mover’s dis-
tance, we refer to it as the Wasserstein distance through-
out this paper.

Because the optimal transport theory is concerned
with transformations of probability distributions that are
commonly used to characterize the state of small sys-
tems, whether any connection exists between the two
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disciplines of optimal transport and stochastic thermody-
namics is a natural question. Indeed, a deep connection
between these fields has been elucidated in the context of
overdamped Langevin dynamics, revealing that the prob-
lem of minimizing entropy production can be mapped
to the optimal transport problem [27, 61, 75–78]. More
specifically, the minimum entropy production among all
processes that transform the initial into the final distribu-
tion can be expressed in terms of the Wasserstein distance
between the two distributions. In addition, the optimal
transport plan provides a feasible solution for the opti-
mal control protocol. The essence of this connection can
be intuitively understood through the Benamou–Brenier
formula [79], which is given by the following equality:

W2(p
A, pB) = min∫

τ

0

√
Dσt dt = min

√
DτΣτ . (1)

Here, W2(p
A, pB) is the L2-Wasserstein distance [cf.

Eq. (10)], D is the diffusion coefficient, τ is the oper-
ational time, σt is the entropy production rate, Στ is
the total entropy production, and the minimum is taken
over all the overdamped Langevin processes that trans-
form distribution pA into pB . The variational relation
(1) links two apparently unrelated quantities, namely a
mathematical metric and a thermodynamic cost. The
metric W2(p

A, pB) on the left-hand side of Eq. (1) is a
static quantity that is determined only by two distribu-
tions, whereas the right-hand side represents a dynami-
cal quantity that indicates the thermodynamic cost as-
sociated with overdamped Langevin dynamics. This for-
mula leads to remarkable applications for overdamped
Langevin dynamics, such as a thermodynamic speed limit
[77] and a finite-time Landauer principle of information
erasure for classical bits modeled by a continuous double-
well potential [29, 80], to name only two. The finite-
time correction in the Landauer principle indicated by
the speed limit expression is consistent with experimental
observations [81]. Moreover, the bounds obtained from
Eq. (1) are tight in the sense that, for any two given dis-
tributions, there always exists an overdamped Langevin
dynamics that transforms the distributions and attains
the equality of the bounds.

In contrast to continuous systems, a similar connec-
tion between optimal transport and thermodynamics is
yet to be unveiled in discrete systems. We note that
stochastic thermodynamics of discrete systems is highly
relevant to experiments [82–85]. Even in continuous sys-
tems such as biological systems, the dynamics can be rep-
resented by effective discrete states [86–89]. In addition,
the Landauer principle of information erasure problem is
a statement for discrete bit operations [90]. Therefore,
elucidating the thermodynamic interpretation of the dis-
crete optimal transport problem is essential for an in-
depth understanding of the nonequilibrium thermody-
namic structure and, particularly, for its application to
the state transformation speed.

To reveal this type of relationship for discrete systems,
two nontrivial points are worth noting. First, the formula

(1) cannot be extended directly to discrete cases because
no exact correspondence to the diffusion coefficient exists
in generic discrete systems. Even if a proper correspon-
dence to the diffusion coefficient is defined for discrete
cases, no guarantee can be given that the discrete Wasser-
stein distance can be expressed in the same manner as in
Eq. (1). Second, previous studies have shown that with-
out any additional constraint, the distribution of Markov
jump processes can always be transformed to the tar-
get distribution with arbitrarily small entropy produc-
tion [91–93]. This implies that entropy production alone
is insufficient to characterize the transport cost (i.e., the
Wasserstein distance), or equivalently, this implies that
another quantity that plays the same role as the diffusion
coefficient in continuous cases must be introduced along
with entropy production. These technical remarks are an
obstacle to elucidating the relationship between optimal
transport and thermodynamics in discrete cases. Simul-
taneously, overcoming this obstacle is expected to reveal
essential and common thermodynamic structures hidden
in nonequilibrium processes.

With this background, we aim to elucidate the deep
connection between thermodynamics and optimal trans-
port in discrete cases (see Fig. 1 for illustration).
Specifically, we develop discrete generalizations of the
Benamou–Brenier formula in the context of Markovian
open classical and quantum dynamics described by the
master equations. Our formulas not only unify the rela-
tionship between optimal transport and stochastic ther-
modynamics for discrete and continuous cases but also
generalize to the quantum case. Moreover, by developing
a thermodynamic framework for discrete optimal trans-
port, we can derive fundamental bounds for nonequilib-
rium systems, including the thermodynamic uncertainty
relation, thermodynamic speed limits, and finite-time
Landauer principle for both classical and quantum sys-
tems. These bounds are tight and stronger than previ-
ously reported results. Concerning the Landauer prin-
ciple, finite-time information erasure should generate fi-
nite heat dissipation even at zero temperature. However,
neither the original Landauer bound [90] nor finite-time
corrections that have been proposed thus far for discrete
systems [30, 31] can explain heat dissipation at extremely
low temperatures. By contrast, our expression for the
first time can predict heat dissipation even at extremely
low temperatures.

B. Summary of results

The main contributions of this study can be summa-
rized as follows.

(1) Dynamical state mobility and improved thermody-
namic uncertainty relation.—We define a novel ki-
netic quantity mt [cf. Eq. (39)], which is essential
to our results. The motivation for this definition
is derived from Eq. (1), which suggests that a ki-
netic term is relevant for characterizing the Wasser-
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stein distance. mt is defined by the microscopic
Onsager-like coefficients and reduces to the diffu-
sion coefficient D in the continuous limit; thus, it
is referred to as dynamical state mobility. Similar
to dynamical activity [94], mt should be measur-
able in experiments. Using this kinetic term, we
derive an improved thermodynamic uncertainty re-
lation for time-integrated currents in Markov jump
processes, which can be expressed as [cf. Eq. (61)]

⟨J⟩
2

var[J]
≤ η

Στ
2
, (2)

where ⟨J⟩ and var[J] denote the mean and vari-
ance of an arbitrary current J , respectively, and
η ∶= 2Mτ /Aτ ≤ 1 is an efficiency defined in terms of
dynamical state mobility Mτ ∶= ∫

τ
0 mt dt and dy-

namical activity Aτ . The inequality (2) indicates
that the precision of currents is constrained by the
product of the thermodynamic and kinetic costs di-
vided by the timescale. Moreover, it provides new
insights into the relationship between precision and
cost in Markov jump processes; that is, increasing
only the thermodynamic cost does not guarantee
high precision of currents. Instead, given the same
timescale Aτ , the product of the thermodynamic
and kinetic costs must be increased to achieve high
precision. Notably, the relation (2) is tighter than
the conventional thermodynamic uncertainty rela-
tion [13, 14].

(2) Variational formulas that connect optimal trans-
port to stochastic and quantum thermodynamics.—
Using the defined state mobility term, we de-
rive variational formulas that relate the discrete
Wasserstein distance to the thermodynamic and ki-
netic costs in Markovian dynamics. More specifi-
cally, we prove the following equality for the classi-
cal case (cf. Thm. 1):

W1(p
A, pB) = min∫

τ

0

√
σtmt dt = min

√
ΣτMτ , (3)

where W1(p
A, pB) is the discrete L1-Wasserstein

distance between two distributions pA and pB

[cf. Eq. (69)], and the minimum is over all admis-
sible Markov jump processes that transform dis-
tribution pA into pB over a period τ with a given
connectivity. The relation (3) provides a thermody-
namic interpretation for the Wasserstein distance,
implying that the Wasserstein distance is equal to
the minimum product of the thermodynamic and
kinetic costs. We also analogously generalize the
formula (3) to the quantum case, in which the clas-
sical Wasserstein distance W1(p

A, pB) is replaced
with a quantum Wasserstein distance Wq(%

A, %B)

between density matrices %A and %B . These formu-
las can be considered as discrete generalizations of
the Benamou–Brenier formula known in continuous
cases.

(3) Trade-off between irreversibility and state
mobility.—Through the developed variational
formulas, we reveal a trade-off relation between
the irreversibility and dynamical state mobility in
discrete systems, which reads as follows:

ΣτMτ ≥W1(p
A, pB)

2. (4)

The inequality (4) implies that either the thermo-
dynamic cost Στ or kinetic costMτ must be sacri-
ficed (i.e., they cannot be simultaneously small) to
evolve the system state.

(4) Minimum dissipation and optimal protocol.—The
problem of minimizing entropy production in dis-
crete systems is trivial if no constraints exist on
the transition rates. Our results shed new light on
this issue. More specifically, the formula (3) implies
that fixing the dynamical state mobility Mτ is a
reasonable constraint from which minimum dissi-
pation can be immediately determined through the
Wasserstein distance, and the optimal control pro-
tocol can be constructed from the optimal trans-
port problem. When additional constraints exist
on system dynamics, we show that a lower bound
on minimum dissipation can be obtained (see Fig. 4
for illustration).

(5) Thermodynamic speed limits.—From the resulting
variational formulas, we derive unified and strin-
gent thermodynamic speed limits that place lower
bounds on the time required for state transforma-
tion for both open classical and quantum systems.
The classical bound reads [cf. Eq. (128)]

τ ≥
W1(p

A, pB)

⟨
√
σm⟩

τ

≥
W1(p

A, pB)
√

⟨σ⟩τ ⟨m⟩τ

, (5)

where ⟨x⟩τ denotes the time average of a time-
dependent variable xt. The quantum bound has
the same form, where W1(p

A, pB) is replaced with
Wq(%

A, %B). The inequality (5) implies that the
speed of state transformation is constrained by the
time average of the product of the thermodynamic
and kinetic costs. Because we start from the equal-
ity relations, these bounds are tight and can al-
ways be saturated for arbitrary temperatures. In
other words, for an arbitrary pair of distributions
or density matrices, there always exist Markovian
dynamics that saturate the bounds. They are also
stronger than previously known bounds [16, 22].

(6) Finite-time Landauer principle.—From the varia-
tional formulas, we derive finite-time lower bounds
for heat dissipation Q incurred in classical and
quantum information erasure [cf. Eqs. (142) and
(150)]. The bounds characterize both finite-
time and finite-error effects on heat dissipation.
Several finite-time Landauer bounds have been
derived for discrete systems in previous studies
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[30, 31]. However, these bounds encounter the
same problem as the conventional Landauer bound;
that is, they lose the predictive power in the
low-temperature regime. By contrast, our new
bounds are tight for arbitrary temperatures, even
in the zero-temperature limit. A further simplified
bound including a finite erasure error ε ≥ 0 reads
[cf. Eq. (146)]

Q ≥ T [lnd − h(ε)] +
(1 − 1/d − ε)2

τβ ⟨m⟩τ
, (6)

where d is the system’s dimension, T is the temper-
ature of the heat bath, β is the inverse temperature,
and h(ε) ≥ 0 is a function that vanishes as ε→ 0. In
the perfect-erasure (ε→ 0) and quasistatic (τ →∞)
limits, the above bound reduces to the conventional
Landauer bound Q ≥ T lnd.

C. Relevant literature

Here, we briefly discuss several relevant studies that
have attempted to link the (modified) Wasserstein dis-
tances to the thermodynamics of Markov jump processes.

The Benamou–Brenier formula has two facets. It
not only provides a thermodynamic interpretation but
also reveals a geometric structure for the continuous L2-
Wasserstein distance. More specifically, W2 can be inter-
preted as a Riemannian metric on the manifold of prob-
ability distribution functions. Although the discrete L2-
Wasserstein distance is well defined and widely used in
the literature, unfortunately, it does not possess a ge-
ometric interpretation, and its connection to thermody-
namics also remains unclear. For this reason, many stud-
ies have generalized the Wasserstein distance based on
the geometric aspect of the Benamou–Brenier formula
for discrete cases [95]. This modified Wasserstein dis-
tance places a lower bound on irreversible entropy pro-
duction of Markov jump processes [22, 96]. However, it
is system dependent because the transition rates are con-
cretely used to define this distance.

In contrast to the previous direction, in this study,
we consider the conventional discrete L1-Wasserstein dis-
tance and focus on its thermodynamic interpretation. In
this regard, Dechant has obtained some interesting re-
sults by relating the discrete L1-Wasserstein distance to
the entropy production and dynamical activity of Markov
jump processes [93]. Here, we consider a different ap-
proach by introducing the dynamical state mobility and
obtain discrete generalizations of the Benamou–Brenier
formula. This approach not only unifies the classical
discrete and continuous cases but also extends to the
quantum case. Although we focus on the discrete L1-
Wasserstein distance, it is noteworthy that the obtained
generalizations of the Benamou–Brenier formula are sim-
ilar to that for the continuous L2-Wasserstein distance.
This suggests that the discrete L1-Wasserstein distance

may play the same role as the continuous L2-Wasserstein
distance in continuous cases.

The remainder of the paper is organized as follows.
Section II presents a review of the optimal transport
problem and the relevant existing results in the con-
text of continuous-state overdamped Langevin dynam-
ics. We particularly emphasize the Benamou–Brenier
formula of the L2-Wasserstein distances and their con-
nections to stochastic thermodynamics. In Sec. III, we
briefly introduce stochastic thermodynamics of classical
Markovian dynamics. Next, we define the novel kinetic
term mt and discuss its relevant properties. We then
derive the improved thermodynamic uncertainty relation
for Markov jump processes and numerically demonstrate
it. In Sec. IV, we describe the optimal transport prob-
lem in discrete cases and explain our first theorem that
links the discrete Wasserstein distance to stochastic ther-
modynamics of Markov jump processes. The relation-
ship between the obtained and existing results in con-
tinuous cases is also discussed. In Sec. V, we define a
quantum Wasserstein distance and explain our second
theorem that generalizes the variational formula to the
quantum case. From the derived variational formulas,
in Sec. VI, we describe two applications: the thermody-
namic speed limits and the finite-time Landauer princi-
ple. In Sec. VII, we numerically demonstrate our find-
ings. Finally, Sec. VIII presents a conclusion with a dis-
cussion and outlook. All detailed mathematical calcula-
tions and derivations can be found in the Appendixes.

II. REVIEW OF CONTINUOUS OPTIMAL
TRANSPORT

In this section, we briefly review the optimal transport
problem in continuous spaces and discuss the Benamou–
Brenier formula, which provides a thermodynamic inter-
pretation of the Wasserstein distances in the context of
overdamped Langevin dynamics.

A. Optimal transport problem

First, we succinctly introduce the classical transport
problem on the continuous space Rd with d ≥ 1 (see
Ref. [69] for details). The problem of optimal transport—
that is, determining how a pile of earth can be opti-
mally transported into another pile of the same volume
but with a different shape—was originally introduced by
Monge. The optimality here is interpreted to mean that
the total transport cost is minimized with respect to
a given cost metric. Suppose that the source and tar-
get piles of earth are characterized by probability distri-
bution functions pA(x) and pB(x), respectively, on the
space Rd, and the cost metric is given by c ∶ Rd×Rd ↦ R≥0.
Then, the Monge optimal transport problem is to iden-
tify a one-to-one map ϕ ∶ Rd → Rd that minimizes the
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objective function

min
ϕ
∫

Rd
c(x,ϕ(x))pA(x)dx , (7)

where the minimum is over all ϕ satisfying pA(x) =

pB(ϕ(x))∣det(∇ϕ(x))∣. However, this formulation
presents an issue regarding the non-existence of a valid
transport map; that is, the map ϕ might not exist in dis-
crete cases because no mass can be split. Fortunately,
this issue was previously resolved by the relaxation of
Kantorovich, which led to a more well-defined problem.
Instead of a transport map ϕ(x), Kantorovich considered
a transport plan π(x, y) that is a joint probability dis-
tribution function and represents a coupling of pA and
pB . This transport plan allows us to split a single mass
and transport it to multiple target locations. The Kan-
torovich problem can be formulated as an optimization
of the following objective function:

min
π∈Π(pA,pB)

∫
Rd×Rd

c(x, y)π(x, y)dxdy, (8)

where Π(pA, pB) denotes the coupling set of joint proba-
bility distribution functions whose marginal distributions
coincide with pA and pB :

∫
Rd
π(x, y)dy = pA(x) and ∫

Rd
π(x, y)dx = pB(y). (9)

The concept of optimal transport provides a means for
defining useful metrics on continuous spaces of probabil-
ity distribution functions. By employing the cost metric
of the Euclidean norm (i.e., c(x, y) = ∥x − y∥α for a pos-
itive number α ≥ 1), the Kantorovich problem reduces
exactly to the Lα-Wasserstein distance, which is defined
as

Wα(p
A, pB)

α ∶= min
π∈Π(pA,pB)

∫
Rd×Rd

∥x − y∥απ(x, y)dxdy.

(10)
The Lα-Wasserstein distance is a genuine metric and
satisfies the triangle inequality. Applying Hölder’s in-
equality, we can derive a hierarchical relationship, that
is, Wα ≤Wα′ for α ≤ α′. Of the several that exist, the L1-
and L2-Wasserstein distances are particularly relevant
from the thermodynamic and geometric perspectives. In
the following, we discuss some remarkable properties of
these two distances.

B. Benamou–Brenier formula

The Wasserstein distance can be expressed in a vari-
ational form in several ways. Interestingly, Benamou
and Brenier developed a variational formula for the L2-
Wasserstein distance in terms of fluid mechanics [79].
The Benamou–Brenier formula casts the L2-Wasserstein
distance as a minimization problem of a time-integrated

cost in terms of probability distribution functions and
velocity fields:

W2(p
A, pB)

2
= min

vt
τ ∫

τ

0
∫

Rd
∥vt(x)∥

2pt(x)dxdt, (11)

where the minimum is over all smooth paths {vt}0≤t≤τ
subject to the continuity equation

ṗt(x) +∇ ⋅ [vt(x)pt(x)] = 0 (12)

with the initial and final conditions p0(x) = pA(x) and
pτ(x) = p

B(x), respectively. Here, ∇ is the del operator,
and ⋅ denotes the standard Euclidean inner product be-
tween vectors. Note that given any absolutely continuous
curve {pt}, we can always find a velocity field {vt} that
satisfies Eq. (12). The formulation (11) not only enables
us to find a numerical scheme for computing W2 but also
provides the thermodynamic and geometric interpreta-
tions of the L2-Wasserstein distance.

Next, we discuss a thermodynamic interpretation of
the L2-Wasserstein distance (see Appendix A for a ge-
ometric interpretation). Consider an overdamped sys-
tem on the continuous space Rd, which is constantly sub-
ject to a time-dependent force Ft(x) and weakly coupled
to a single heat bath. The system state at time t can
be characterized by the probability distribution pt(x),
the time evolution of which is described by the Fokker–
Planck equation:

ṗt(x) = −∇ ⋅ [vt(x)pt(x)], (13)

vt(x) = Ft(x) −D∇ lnpt(x). (14)

Note that the velocity field vt(x) of the system in Eq. (14)
is an exact solution to the continuity equation (12), which
drives the source distribution p0(x) to the target distri-
bution pτ(x). Based on the framework of stochastic ther-
modynamics, the irreversible entropy production during
period τ can be calculated as [2]

Στ =
1

D
∫

τ

0
∫

Rd
∥vt(x)∥

2pt(x)dxdt . (15)

Irreversible entropy production clearly coincides with the
time-integrated cost in the integration in Eq. (11), ig-
noring the scaling factor. Therefore, we can rewrite the
Benamou–Brenier formula as

W2(p
A, pB) = min

vt

√
DτΣτ . (16)

From this, the following inequality can be immediately
derived:

Στ ≥
W2(p0, pτ)

2

Dτ
. (17)

Inequality (17) refines the second law of thermodynam-
ics by providing a stronger bound on irreversible entropy
production solely in terms of the initial and final dis-
tributions, given that the operational time and diffusion
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coefficient are fixed. The bound can be interpreted as a
thermodynamic speed limit:

τ ≥
W2(p

A, pB)
√
D ⟨σ⟩τ

. (18)

Moreover, it can also be applied to derive a finite-time
Landauer principle [29, 76]. It is noteworthy that the
bound can be saturated for any pair of the initial and final
distributions and is tight even in the zero-temperature
limit.

Because vt(x) and Ft(x) can be considered a one-to-
one correspondence, we can obtain the following equality
between irreversible entropy production and the Wasser-
stein distance:

min
Ft

Στ =
W2(p0, pτ)

2

Dτ
. (19)

This relation implies that the minimum entropy produc-
tion in all overdamped processes that transform one dis-
tribution into another can be determined exactly by the
Wasserstein distance between the two distributions. In
Refs. [76, 79], it has been demonstrated that the mini-
mum in Eq. (11) can be achieved with a velocity field
of the form vt(x) = −∇φt(x), where φt(x) is a time-
dependent potential. Thus, the minimum entropy pro-
duction can always be achieved with a conservative force
Ft(x) = −∇Vt(x), where Vt(x) = φt(x) −D lnpt(x) is a
time-dependent potential.

III. STOCHASTIC THERMODYNAMICS OF
DISCRETE SYSTEMS

In this section, we first briefly introduce the stochastic
thermodynamics of classical discrete Markovian dynam-
ics described by the master equation; for a comprehen-
sive review, one can refer to Ref. [2]. We then define a
novel physical quantity called dynamical state mobility,
discuss its relevant properties, and derive an improved
thermodynamic uncertainty relation.

A. Markov jump processes

We consider a discrete-state system with N > 1 states,
which is weakly attached to single or multiple thermal
reservoirs. Examples of these systems include diffusive
processes on a lattice, biomolecular motors, chemical re-
action networks, and quantum dots. The system can be
described in terms of a time-dependent probability dis-
tribution pt ∶= [p1(t), . . . , pN(t)]⊺, where px(t) denotes
the probability of finding the system in state x at time t.
Assume that the system is modeled by a time-continuous
Markov jump process and that the transitions from a
state y to a state x occur at a nonnegative rate wxy(t),
which can be time dependent according to an external

control protocol. The time evolution of the probability
distribution is described by the master equation:

ṗt =Wtpt, (20)

where dot ⋅ denotes the time derivative and Wt = [wxy(t)]
denotes the matrix of the transition rates with wxx(t) =
−∑y(≠x)wyx(t). We consider microscopically reversible

dynamics, that is, wxy(t) > 0 if and only if wyx(t) > 0.
Hereafter, we assume that the transition rates satisfy the
local detailed balance condition [2]:

ln
wxy(t)

wyx(t)
= sxy(t), (21)

where sxy(t) denotes the entropy change in the environ-
ment due to the jump from state y to x at time t. If we
fix the transition rates at any time, the system relaxes
toward a stationary state, which may no longer be an
equilibrium state.

In a case wherein the system is attached to a single
reservoir at inverse temperature β and the transitions
between states are induced by the energy difference, the
entropy change reads

sxy(t) = β[εy(t) − εx(t)], (22)

where εx(t) denotes the instantaneous energy level of
state x at time t. Whenever this occurs, we say that
the system satisfies the global detailed balance condi-
tion. Notably, the thermal state peq

x (t) ∝ e−βεx(t) be-
comes the instantaneous stationary state of the system
(i.e., Wtp

eq
t = 0). Hereafter, we consider generic dynamics

satisfying the local detailed balance condition. However,
dynamics satisfying Eq. (22) will be used occasionally for
physical interpretation of some quantities.

For convenience, we define the following quantities:

axy(t) ∶= wxy(t)py(t), (23)

jxy(t) ∶= wxy(t)py(t) −wyx(t)px(t), (24)

which quantify the frequency of jumps and the probabil-
ity current from state y to x at time t, respectively.

B. Entropy production and dynamical activity

Given the previous setup, we now discuss some rel-
evant thermodynamic quantities. One central quantity
is irreversible entropy production, which quantifies the
degree of irreversibility of the thermodynamic process.
Within the framework of stochastic thermodynamics, to-
tal entropy production during a period τ can be defined
as

Στ ∶= ∆Ssys +∆Senv, (25)

where ∆Ssys and ∆Senv are the changes in the entropy of
the system and the environment, respectively, expressed
as

∆Ssys = S(pτ) − S(p0), (26)
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∆Senv = ∫

τ

0
∑
x≠y

axy(t)sxy(t)dt . (27)

Here, system entropy production is quantified via the
Shannon entropy S(p) ∶= −∑x px lnpx, whereas the en-
tropy change of the environment is defined as the sum
of entropic contributions from each transition between
states. Simple calculations show that the entropy pro-
duction rate is always nonnegative:

σt ∶= Σ̇t = ∑
x>y

[axy(t) − ayx(t)] ln
axy(t)

ayx(t)
≥ 0. (28)

The non-negativity of irreversible entropy production
corresponds to the second law of thermodynamics. The
equality of this zero bound is attained only when the
system is in the instantaneous thermal state at all times.

Another essential quantity in nonequilibrium thermo-
dynamics is dynamical activity, quantified by the ampli-
tude of transitions between states as

at ∶= ∑
x≠y

axy(t). (29)

The average number of jumps during period τ can be
calculated as

Aτ ∶= ∫

τ

0
at dt . (30)

The time average of dynamical activity characterizes the
timescale of thermodynamic processes. The higher the
dynamical activity, the stronger the thermalization. En-
tropy production and dynamical activity are the time-
antisymmetric and time-symmetric parts, respectively, of
the path-integral action with respect to a time-reversed
process [94]. Both quantities constrain the fluctuation
of currents according to the thermodynamic and kinetic
uncertainty relations [13, 97].

C. Dynamical state mobility

1. Definition

Here, we introduce a new quantity called dynamical
state mobility, which plays a crucial role in our results.
Before getting into the details, let us briefly recall the lin-
ear response relations [98, 99], which express the equali-
ties between currents and forces in near-equilibrium sys-
tems. Consider an irreversible transport process driven
by thermodynamic forces F = [Fx]

⊺, such as affinities in
temperatures or chemical potentials. Let J = [Jx]

⊺ be the
thermodynamic currents that characterize the response
of the system to the applied forces. In a linear-response
regime, the currents depend only on the thermodynamic
forces and can be expressed by the following linear rela-
tions:

Jx =∑
y

µxyFy or J = LF. (31)

These relations (31) are referred to as linear response
equations, where the coefficients µxy are known as On-
sager kinetic coefficients, and L = [µxy] is called the On-
sager matrix. Onsager reciprocal relations imply that in
the case of time-reversal symmetry, the Onsager matrix
is symmetric (i.e., µxy = µyx). In addition, the entropy
production rate can be expressed in a quadratic form of
the forces as

σ =∑
x

JxFx =∑
x,y

µxyFxFy or σ = F ⊺LF. (32)

The non-negativity of the entropy production rate imme-
diately derives that L is positive semi-definite.

The Onsager coefficients characterize the response of
dynamics close to equilibrium at the macroscopic level.
Nevertheless, they can be mimicked to dynamics far from
equilibrium at the microscopic level. To show this, let us
focus on local transitions between states. The general-
ized thermodynamic force associated with each transition
from y to x is defined as [13]

fxy(t) ∶= ln
axy(t)

ayx(t)
, (33)

which is the sum of the entropy changes in the system
and environment derived from the jump. Since jxy(t)
is the probability current associated with the transition
from y to x, defining the following coefficient is logical:

mxy(t) ∶=
axy(t) − ayx(t)

lnaxy(t) − lnayx(t)
=
jxy(t)

fxy(t)
. (34)

Intuitively, {mxy(t)} characterize the responses of the
probability currents against the thermodynamic forces
at the transition level. Notice that {mxy(t)} are always
nonnegative and symmetric (i.e., mxy(t) = myx(t) ≥ 0).
Equation (34) can also be rewritten in the form of

jxy(t) =mxy(t)fxy(t), (35)

which shows that the currents and thermodynamic forces
can be linearly related in terms of the coefficients
{mxy(t)}. Moreover, the entropy production rate can
be expressed in a quadratic form of the thermodynamic
forces {fxy(t)} as

σt = ∑
x>y

mxy(t)fxy(t)
2
= ∑
x>y

σxy(t). (36)

Here, we define the entropy production rate associated
with each transition as σxy(t) ∶= mxy(t)fxy(t)

2. Equa-
tions (35) and (36) have the same algebraic forms as
Eqs. (31) and (32), respectively, which suggests that the
coefficients {mxy(t)} play similar roles with the Onsager
coefficients for far-from-equilibrium systems.

In a weak-thermodynamic-force limit (i.e., ∣fxy(t)∣ →
0), the coefficient mxy(t) reduces to the average dynam-
ical activity between states x and y:

mxy(t)→
axy(t) + ayx(t)

2
. (37)
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TABLE I. Analogy between the dynamical state mobility and
macroscopic mobility.

Microscopic level Macroscopic level

jxy =mxyfxy J = µF
Einstein-like relation ∣fxy ∣ ≪ 1 Einstein relation ∣F ∣ ≪ 1

mxy = (axy + ayx)/2 µ = βD

This is somewhat analogous to the Einstein relation on
mobility in overdamped Langevin dynamics (see Table I).
Note that the weak-thermodynamic-force limit is defined
at the microscopic state level and can be achieved via two
routes: the completely equilibrium limit in discrete sys-
tems and the continuous state limit (e.g., the limit from
the discrete hopping particle system to the overdamped
Fokker–Planck equation). In the continuous state limit,
the difference between neighboring states x and y is in-
finitesimal, and thus, the force fxy(t) is also infinitesimal
because axy(t)/ayx(t) ≃ 1. We discuss the continuous
state limit in the following subsection and show that the
right-hand side in Eq. (37) is proportional to the diffu-
sion coefficient. In general, the following relation holds
for the coefficient mxy(t):

√
axy(t)ayx(t) ≤mxy(t) ≤

axy(t) + ayx(t)

2
. (38)

It is thus natural to define the sum of {mxy(t)} over all
transitions:

mt ∶= ∑
x>y

mxy(t). (39)

For convenience, we refer to this term as dynamical state
mobility throughout this paper. This nomenclature de-
rives from the analogy between microscopic coefficients
{mxy(t)} and the macroscopic mobility (see Table I).

To clarify further the identity of mt, let us consider a
case in which the system is attached to a single reservoir
and satisfies the global detailed balance condition. In
this case, the master equation (20) can be written as [22]

ṗt = Ktft, (40)

where Kt is a symmetric, positive semi-definite matrix
given by

Kt ∶=
1

2
∑
x≠y

mxy(t)Exy. (41)

Here, ft = [f1(t), ..., fN(t)]⊺ with fx(t) = − lnpx(t) +
lnpeq

x (t) and Exy = [euv] ∈ RN×N is a matrix with
eyy = exx = 1, exy = eyx = −1, and zeros in all other
elements. The quantities {fx(t)} are identified as the
entropic thermodynamic forces, which characterize how
far the system is driven from the instantaneous equilib-
rium state. Equation (40) represents the linear relations

between the rates ṗt and forces ft through the symmet-
ric matrix Kt. Furthermore, the total entropy production
rate can be written in a quadratic form as [22]

σt = f
⊺
t Ktft. (42)

Therefore, Eqs. (40) and (42) can be viewed as far-from-
equilibrium counterparts of Eqs. (31) and (32), respec-
tively. The matrix Kt is thus identified as the Onsager-
like matrix. Because {mxy(t)} are elements of Kt, they
can be regarded as the Onsager-like kinetic coefficients
for out-of-equilibrium systems. From the definition of
Kt, we can easily verify that mt is exactly the sum of
diagonal elements of the Onsager-like matrix:

mt =
1

2
tr{Kt}. (43)

Therefore, mt can be identified as a kinetic term. The
time integral of the kinetic term mt can be considered as
the kinetic cost of Markov jump processes, defined by

Mτ ∶= ∫

τ

0
mt dt = τ ⟨m⟩τ , (44)

where we define the time-averaged quantity for arbitrary
time-dependent quantity xt as

⟨x⟩τ ∶= τ
−1
∫

τ

0
xt dt . (45)

By summing both sides of Eq. (38) for all x > y, we can
prove that dynamical state mobility is upper bounded by
dynamical activity as

mt ≤
at
2
. (46)

The equality of Eq. (46) can be achieved in the equilib-
rium limit. It is thus evident that Mτ ≤ Aτ /2.

2. Continuous limit

Next, we investigate mt in the continuous limit. To
this end, we consider an overdamped Brownian particle
trapped in a one-dimensional potential Vt(x). Let xt
denote the position of the particle at time t. Then, its
dynamics is governed by the Langevin equation:

ẋt = Ft(xt) +
√

2Dξt, (47)

where Ft(x) ∶= −∂xVt(x) is the total force applied on
the particle, ξt is a zero-mean Gaussian white noise with
variance ⟨ξtξt′⟩ = δ(t− t

′), and D > 0 is the diffusion coef-
ficient. Let pt(x) be the probability distribution function
of finding the particle in state x at time t. Then, its time
evolution can be described by the Fokker–Planck equa-
tion:

ṗt(x) = −∂x[Ft(x)pt(x) −D∂xpt(x)], (48)



10

where we set µ = 1 for simplicity. We now consider the
discretization of the Fokker–Planck equation (48) with
space interval ∆x > 0 and define xn ∶= n∆x. By defining
the probability distribution and transition rates as

pn(t) ∶= pt(xn)∆x, (49)

wn+1,n(t) ∶=
D

(∆x)2
exp [

Vt(xn) − Vt(xn+1)

2D
]

≃
Ft(xn)

2∆x
+

D

(∆x)2
, (50)

wn−1,n(t) ∶=
D

(∆x)2
exp [

Vt(xn) − Vt(xn−1)

2D
]

≃
−Ft(xn)

2∆x
+

D

(∆x)2
, (51)

we readily obtain the master equation:

ṗn(t) = wn,n−1(t)pn−1(t) +wn,n+1(t)pn+1(t)

− [wn+1,n(t) +wn−1,n(t)]pn(t). (52)

We note here from Eqs. (50) and (51) that

an+1,n(t) ≃ [
Ft(xn)

2∆x
+

D

(∆x)2
]pn(t), (53)

an+1,n(t) + an,n+1(t)

2
=Dpt(xn)(∆x)

−1
+O(1). (54)

The probability currents and thermodynamic forces can
be calculated as

jn+1,n(t) = Ft(xn)pt(xn) −D∂xpt(xn) +O(∆x), (55)

fn+1,n(t) = [
Ft(xn)

D
−
∂xpt(xn)

pt(xn)
]∆x +O(∆x2

). (56)

From these expressions, mn+1,n(t) can be calculated via
the definition (34), which gives

mn+1,n(t)→
an+1,n(t) + an,n+1(t)

2
=Dpt(xn)(∆x)

−1
+O(1).

(57)
Equation (57) indicates that mn+1,n(t) converges to the
value [an+1,n(t) + an,n+1(t)]/2, and these correspond to
the product of the diffusion coefficient and probability
distribution (see Table I). Summing both sides of Eq. (57)
for all n, we obtain

mt →
at
2
≃∑

n

Dpt(xn)(∆x)
−1

=D(∆x)−2. (58)

This implies that mt is proportional to D as the scal-
ing factor is ignored. Thus, mt should play the same
role as that of the diffusion coefficient. It is noteworthy
that the diffusion coefficient is exactly the diagonal On-
sager coefficient of overdamped Langevin processes in the
linear-response regime.

D. Thermodynamic uncertainty relation:
State mobility is crucial in nonequilibrium

Here, we describe an improved thermodynamic uncer-
tainty relation, showing that the kinetic cost of dynami-
cal state mobility plays a critical role in constraining the
precision of time-integrated currents. For simplicity, we
consider a steady-state Markov jump process. The gen-
eralization to the case of an arbitrary initial state and
arbitrary time-dependent driving is straightforward.

Let Γ = {x0, (t1, x1), . . . , (tK , xK)} be a stochastic tra-
jectory, in which the system is initially at state x0 and
subsequently jumps from state xk−1 to xk at time tk for
each k = 1, . . . ,K. For each stochastic trajectory Γ, we
consider a time-antisymmetric current J , defined as

J(Γ) ∶=
K

∑
k=1

Υxkxk−1 . (59)

Here, {Υxy} are arbitrary real coefficients satisfying
Υxy = −Υyx for all x and y. Examples of currents in-
clude the entropy flux and heat flux to the environment
by specific choices of {Υxy}. The precision of current
J can be quantified by the square of the current mean

divided by its variance ⟨J⟩
2
/var[J]. The conventional

thermodynamic uncertainty relation [12, 13] sets an up-
per bound on the precision in terms of the total entropy
production, given by the following inequality:

⟨J⟩
2

var[J]
≤

Στ
2
. (60)

Numerous studies have generalized this relation to other
dynamics, from classical to quantum [100–118].

We improve the thermodynamic uncertainty relation
by proving that the precision of currents is upper
bounded by the product of the thermodynamic and ki-
netic costs, as follows:

⟨J⟩
2

var[J]
≤ η

Στ
2
, (61)

where η = 2Mτ /Aτ ≤ 1 can be regarded as an efficiency of
dynamical activity (see Appendix C 3 for the proof). The
new relation (61) is tighter than the conventional relation
(60) and can be saturated in the case of a one-dimensional
random walk. Although the conventional relation (60)
implies that increasing dissipation is necessary to achieve
high precision, it does not ensure the converse; that is,
increasing dissipation is not sufficient for obtaining high
precision of currents. This can be explained through our
relation, where the kinetic contribution η appears in the
bound in addition to the thermodynamic contribution.
For systems far from equilibrium, it is tedious that η ≪ 1,
which equivalently indicates the unattainability of the
conventional bound.

For a case in which the system is in an arbitrary initial
state and is driven by a time-dependent protocol, the



11

0

20

40

60

80

0 20 40 60 80

(b)(a)
Brownian clock

k+

〈J〉2/var[J ]

ηΣτ/2

Στ/2

FIG. 2. Numerical illustration of the thermodynamic uncer-
tainty relations. (a) Schematic of the five-state Brownian
clock and (b) numerical verification. The current precision

⟨J⟩2 /var[J], new bound ηΣτ /2, and conventional bound Στ /2
are indicated by the solid, dashed, and dash-dotted lines, re-
spectively. The forward rate k+ is varied, whereas the back-
ward rate k− is fixed at k− = 10. The operational time is fixed
at τ = 1.

derived relation can be analogously generalized as

[(τ∂τ − v∂v) ⟨J⟩]
2

var[J]
≤ η

Στ
2
, (62)

where v is a speed parameter of the control protocol [112].

In the following, we exemplify the derived thermody-
namic uncertainty relation in a five-state Brownian clock
[119]. The Brownian clock is modeled as an inhomoge-
neous biased random walk on a ring with five states [see
Fig. 2(a)]. The clock’s pointer transits from state x to
x + 1 (6 ≡ 1) at rate k+ > 0, whereas the backward rate
is k− > 0. The net number of cycles completed by the
pointer characterizes the clock’s time. In other words,
time can be counted by a stochastic current J that in-
creases by 1 for each transition from state 5 to 1 and
decreases by 1 for the reverse transition from state 1 to
5. The stochastic current J can be defined by setting
Υ15 = 1 = −Υ51 and Υxy = 0 for others. Thus, the preci-

sion of the clock can be quantified by ⟨J⟩
2
/var[J].

We consider the clock operating in the stationary state.
To investigate the quality of the bounds, we fix the back-
ward rate k− = 10 and vary the forward rate k+ ∈ (0,80].
For each parameter setting, we calculate the precision
of the clock and the bounds of the conventional and
new thermodynamic uncertainty relations using the full
counting statistics. The numerical results are plotted
in Fig. 2(b), which verify that the new bound is al-
ways tighter than the conventional bound. In particular,
the new bound is tight even in the far-from-equilibrium
regime.

IV. RESULTS ON DISCRETE OPTIMAL
TRANSPORT

Thus far, the problem of optimal transport has been
discussed in terms of continuous spaces. In the follow-
ing, we focus on the case of discrete spaces and explain

the discrete Wasserstein distance. We then state our
first theorem, which connects the discrete Wasserstein
distance to stochastic thermodynamics of Markov jump
processes.

A. Optimal transport distance

The optimal transport problem in the discrete case is
analogous to that in the continuous case, except that
we now deal with discrete N -dimensional distributions.
Given two discrete distributions pA = [pAx ] and pB = [pBx ],
the optimal means of transporting distribution pA to pB

with respect to a cost matrix C = [cxy] becomes the focus.
Here, cxy ≥ 0 denotes the cost of transporting a unit
probability from pAy to pBx .

The transport problem can be formulated using a cou-
pling π = [πxy] between the probability distributions pA

and pB . Specifically, π is a joint probability distribution
such that its marginal distributions coincide with pA and
pB (i.e., the following conditions are satisfied for all x):

pAx =
N

∑
y=1

πyx and pBx =
N

∑
y=1

πxy. (63)

Each coupling thus defines a transport plan: for each x
and y, we transport an amount πxy from pAy to pBx . Thus,

the discrete L1-Wasserstein distance can be defined as the
minimum transport cost over all admissible couplings:

W1(p
A, pB) ∶= min

π∈Π(pA,pB)
∑
x,y

cxyπxy, (64)

where Π(pA, pB) denotes a set of couplings between pA

and pB . Once the cost matrix is provided, the discrete
Wasserstein distance can be efficiently computed using a
linear programming method. In addition, as long as the
cost matrix satisfies

cxy + cyz ≥ cxz (65)

for any x, y, and z, the resulting distance fulfills the
triangle inequality:

W1(p
A, pB) +W1(p

B , pC) ≥W1(p
A, pC). (66)

We observe that the definition of the Wasserstein dis-
tance depends on the cost matrix. In other words, each
matrix of transport costs induces a quantitatively differ-
ent measure of distance. Evidently, an infinite number of
approaches can be used to choose the cost matrix. In the
following, we consider the cost matrix and corresponding
Wasserstein distance defined on the basis of a graph.

Let G(V,E) denote an undirected graph, where V and
E are the sets of vertices and unordered edges, respec-
tively. Then, any microscopically reversible Markov jump
process can be associated with an undirected graph, in
which V = {1, . . . ,N} is the set of all states of the Markov
jump process, and two vertices x and y are connected by
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FIG. 3. Example of the Wasserstein distance defined based
on a graph consisting of 5 vertices and 5 edges. Given the
topology G(V,E), the shortest-path distances {dxy} can be
calculated, from which the Wasserstein distance can be de-
fined.

an edge (x, y) ∈ E if the transition between x and y is al-
lowed. A jump process that has a unique steady state can
be described by a connected graph; that is, for any un-
ordered pair (x, y), a sequence of vertices P = [v1, . . . , vk]
always exists such that x = v1, y = vk, and (vi, vi+1) ∈ E

for all 1 ≤ i ≤ k − 1. A subgraph G̃ of a graph G is one
whose edge set is a subset of that of G. In other words, G̃
can be obtained from G by removing some edges. This is
equivalent to setting some transition rates of the Markov
jump process to zero. For convenience, hereafter, the
underlying graph structure of a Markov jump process is
referred to as its topology.

Given the topology of a jump process, we now can
define the transport cost matrix. For each path P , let
len(P ) denote its length, which is the number of edges
contained in the path. The shortest-path distance from
vertex x to vertex y can be defined as

dyx ∶= min
P

{len(P )}, (67)

where the minimum is over all paths that connect x to
y. For undirected graphs, clearly dxy = dyx. From the
definition of the distances {dyx}, we can easily verify that
the triangle inequality is fulfilled, that is,

dxy + dyz ≥ dxz (68)

for arbitrary vertices x, y, and z. Employing these
shortest-path distances as the transport costs (i.e., cxy =
dxy), we hereafter exclusively focus on the following dis-
crete Wasserstein distance:

W1(p
A, pB) ∶= min

π∈Π(pA,pB)
∑
x,y

dxyπxy. (69)

It is noteworthy that only static information (i.e., graph
connectivity) is required to define the Wasserstein dis-
tance at this time (see Fig. 3 for illustration).

In a general case, since dxy ≥ 1 for all x ≠ y, the Wasser-
stein distance is always lower bounded by the total vari-
ation distance:

W1(p
A, pB) ≥ T (pA, pB) ∶=

1

2
∑
x

∣pAx − p
B
x ∣. (70)

However, when the underlying graph is fully connected
(i.e., the transition between any two states is admissible),
the shortest-path distance becomes

dxy = 1 − δxy, (71)

where δxy is the Kronecker delta of x and y. In this
case, the Wasserstein distance coincides with the total
variation distance (see Appendix D 1 for the proof):

W1(p
A, pB) = T (pA, pB). (72)

B. Thermodynamic interpretation

With the above setup, we can now state the results.
Conventionally, the discrete Wasserstein distance is de-
fined mathematically using the transport cost matrix
based on only the shortest-path distances. However, in
the following theorem, we explicitly show an intimate re-
lationship between the discrete Wasserstein distance de-
fined in Eq. (69) and the stochastic thermodynamics of
Markov jump processes.

Theorem 1. The Wasserstein distance based on a topol-
ogy G(V,E) can be written in variational forms as

W1(p
A, pB) = min

Wt
∫

τ

0

√
σtmt dt (73)

= min
Wt

√
ΣτMτ . (74)

Here, the minimum is taken over all transition rate ma-
trices {Wt}0≤t≤τ which satisfy the master equation (20)
with the boundary conditions p0 = pA and pτ = pB and
induce subgraphs of G(V,E) for all times.

Theorem 1 is the first central result, and its sketch
proof is given in the following. Note that the minimiza-
tion is over all transition rate matrices which are micro-
scopically reversible and induce subgraphs of G(V,E) for
all times. This means that the transition rate between
two states x and y must be fixed to zero for all times if
no edge exists between vertices x and y in the graph G.
Otherwise, as long as an edge exists between the vertices,
the transition rate can be arbitrarily controlled. Notably,
the equality of Eq. (73) can always be ensured with dy-
namics that satisfy the global detailed balance condition
(see Appendix D 3 for the proof).

Proof. Here, we provide an outline of the proof; see Ap-
pendix D 2 for a detailed derivation. The proof strategy
can be mainly divided into the following two steps. We
first prove that

W1(p
A, pB) ≤ ∫

τ

0

√
σtmt dt ≤

√
ΣτMτ (75)

holds for all admissible Markovian dynamics that trans-
form pA into pB , and we then construct a specific process
that attains the equality. Since the second inequality in
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Eq. (75) is simply a consequence of the Cauchy–Schwarz
inequality, Eq. (75) can be proved after we verify the first
inequality. This can be done by proving the following re-
lation:

W1(p
A, pB) ≤ ∫

τ

0
∑
x>y

∣jxy(t)∣dt ≤ ∫
τ

0

√
σtmt dt . (76)

The second inequality in Eq. (76) can be derived using
the Cauchy–Schwarz inequality. Thus, we need only show
the first inequality in Eq. (76). To this end, we map the
Wasserstein distance to the minimum cost of the mini-
mum cost flow problem in the field of graph theory. For
this problem, we can show that the Wasserstein distance
is exactly the optimal flow cost. Moreover, the Markov
jump process also yields an admissible solution to the flow
problem with the cost ∫

τ
0 ∑x>y ∣jxy(t)∣dt. Consequently,

the first inequality in Eq. (76) is proved. Finally, we in-
versely translate the optimal solution of the minimum
cost flow problem to construct a Markov jump process
that attains the equality of Eq. (75).

Some remarks regarding Thm. 1 are in order. First,
Eqs. (73) and (74) provide a thermodynamic interpre-
tation of the discrete Wasserstein distance; that is, W1

equals the minimum product of the thermodynamic and
kinetic costs over all admissible Markovian dynamics that
transform the source distribution into the target one.
From a different perspective, it can be regarded as a
trade-off between irreversible entropy production and dy-
namical state mobility; that is, to transform a probability
distribution into another one, both Στ and Mτ cannot
be simultaneously small:

ΣτMτ ≥W1(p
A, pB)

2. (77)

In other words, either the thermodynamic or kinetic cost
must be sacrificed to achieve a feasible state transforma-
tion.

Second, we show that the discrete Wasserstein distance
has analogous thermodynamic properties with the con-
tinuous L2-Wasserstein distance. To this end, we rewrite
Eq. (74) in the following form:

W1(p
A, pB) = min

Wt

√
D̄τΣτ , (78)

where we define time-averaged state mobility D̄ ∶= ⟨m⟩τ .
As previously shown, the kinetic term mt reduces to the
diffusion coefficient in the continuous limit. Therefore,
its time-averaged quantity D̄ here plays the same role as
the diffusion coefficient D does in the continuous case.
Consequently, Eq. (78) can be regarded as the discrete
analog of the Benamou–Brenier formula (16) known for
the L2-Wasserstein distance. Equation (78) immediately
derives a lower bound on irreversible entropy production:

Στ ≥
W1(p

A, pB)2

D̄τ
. (79)

Constrained space

Transition rate space

FIG. 4. Schematic of the thermodynamic structure of mini-
mum dissipation in the space of transition rates. Solid lines
represent dynamics that have the same value of the average
state mobility ⟨m⟩τ . Black circles depict extreme points in
which the minimum dissipation is attained, provided that the
average state mobility is fixed. In the presence of other con-
straints on transition rates, the minimum dissipation is lower
bounded by the Wasserstein distance and maximum value of
⟨m⟩τ .

This bound is tight and can always be attained for an
arbitrary pair of distributions. In other words, the min-
imum entropy production among all feasible dynamics
that have the same value of D̄ is given by the Wasser-
stein distance:

min
⟨m⟩τ=D̄

Στ =
W1(p

A, pB)2

D̄τ
. (80)

Equations (79) and (80) can be considered discrete
analogs of Eqs. (17) and (19), respectively.

Third, Thm. 1 provides insights into the problem of
minimizing entropy production in discrete Markovian dy-
namics. Previous studies have shown that the irreversible
entropy production required to transform the initial into
the final distribution can be arbitrarily small if no con-
straint is placed on the transition rates [91–93]. Equa-
tion (80) also confirms this, where the minimum entropy
production depends on D̄ and can be arbitrarily adjusted.
Theorem 1 suggests that fixing D̄ is a reasonable con-
straint under which the minimum entropy production is
determined by the Wasserstein distance, as in the con-
tinuous case. Notably, as Appendix C 1 shows, D̄ can be
fixed to an arbitrary positive value, indicating the flexi-
bility of the optimization problem. The optimal control
protocol can also be constructed from optimal coupling,
as shown in our proof of Thm. 1. Moreover, for arbi-
trary D̄ > 0, the minimum entropy production in Eq. (80)
can always be attained using a system with conservative
forces (see Appendix D 4 for the proof). It is noteworthy
that the discussion thus far has not imposed any other
constraints on the transition rates, except for fixing ⟨m⟩τ .
Therefore, if some additional constraints are placed on
the transition rates, such as upper or lower bounds on
the magnitude of transition rates, it may not be the case.
Nevertheless, a lower bound can be derived for the min-
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imum entropy production in this case. Let D̄max be the
maximum of ⟨m⟩τ among all processes that transform

distribution pA into pB under these constraints. Then,
the minimum entropy production is lower bounded by
the Wasserstein distance and D̄max as

Στ ≥
W1(p

A, pB)2

D̄maxτ
. (81)

The thermodynamic structure of minimum dissipation is
illustrated in Fig. 4.

Finally, as shown in Sec. VI, the variational formu-
las (73) and (74) have crucial implications for thermody-
namic speed limits and thermodynamic cost of informa-
tion erasure at arbitrary temperatures.

Note that each topology induces a different Wasser-
stein metric. In the following, we consider a specific
topology and discuss the relevance of the variational for-
mulas (73) and (74). For other common topologies, see
Appendix D 5.

One common topology is one-dimensional nearest-
neighbor, in which a jump between states x and y is
admitted if and only if ∣x − y∣ = 1. This topology is rele-
vant to Brownian random walks and the discretization of
a one-dimensional Langevin system. The shortest-path
distances in this topology can be readily calculated as

dxy = ∣x − y∣. (82)

Because this cost matrix is the discrete analog of the
cost function c(x, y) = ∣x − y∣ used in the definition of
the continuous L1-Wasserstein distance W1, the discrete
Wasserstein distance W1 should be reduced to W1 in the
continuous limit. Let ∆x be the space interval. Then,
W1 converges to W1 as ∆x→ 0 and N →∞:

W1(p
A, pB)∆x

N→∞
ÐÐÐ→
∆x→0

W1(p
A, pB). (83)

In addition, as shown in the proof of Thm. 1,W1(p
A, pB)

can be expressed in terms of the probability currents as

W1(p
A, pB) = min

Wt
∫

τ

0
∑
x>y

∣jxy(t)∣dt. (84)

Equation (84) implies that the discrete Wasserstein dis-
tance is equal to the minimum sum of absolute proba-
bility currents. In the case considered here, the equality
(84) reads

W1(p
A, pB) = min

Wt
∫

τ

0

N−1

∑
x=1

∣jx+1,x(t)∣dt. (85)

Noticing that ∑
N−1
x=1 ∣jx+1,x(t)∣∆x→ ∫R ∣jt(x)∣dx as ∆x→

0, we obtain the following limit:

W1(p
A, pB)∆x

N→∞
ÐÐÐ→
∆x→0

min
jt
∫

τ

0
∫

R
∣jt(x)∣dxdt . (86)

Combining Eqs. (83) and (86) gives the following relation:

W1(p
A, pB) = min

jt
∫

τ

0
∫

R
∣jt(x)∣dxdt, (87)

where jt(x) is subject to the equation ṗt(x) = −∂xjt(x).
Notably, Eq. (87) is exactly the Benamou–Brenier for-
mula for the continuous L1-Wasserstein distance in the
one-dimensional case [120]. Therefore, we can conclude
that Eq. (84) provides a unified generalization of the
Benamou–Brenier formula for the L1-Wasserstein dis-
tance.

Let us now consider the discretization of one-
dimensional Langevin dynamics, that is, Markov jump
processes with transition rates specified as in Eqs. (50)
and (51). For these jump processes, the dynamical state
mobility reduces to the diffusion coefficient in the con-
tinuous limit (i.e., Mτ(∆x)

2 → Dτ as ∆x → 0). In the
continuous case, the Benamou–Brenier formula (87) can
be expressed as

W1(p
A, pB) = min

jt
∫

τ

0
∫

R

√
σt(x)mt(x)dxdt

≤ min
Ft
∫

τ

0

√
Dσt dt = min

Ft

√
DτΣτ , (88)

where we define mt(x) ∶= Dpt(x) and the local entropy
production rate σt(x) ∶= jt(x)

2/[Dpt(x)]. From Thm. 1
and Eq. (88), we can conclude that in the continuous
limit, the equality in Thm. 1 might not be achieved with
Markov jump processes whose transition rates are ex-
pressed as in Eqs. (50) and (51). This shows the differ-
ence between the discrete and continuous cases, where
the discrete case has more degrees of freedom than the
continuous case.

Theorem 1 characterizes the discrete Wasserstein dis-
tance W1 in terms of the thermodynamic and kinetic
costs associated with Markovian dynamics. In Appendix
D 6, we show that Thm. 1 has some useful corollaries that
not only provide alternative expressions for W1 but also
lead to stringent bounds for thermodynamic speed limits.
Using other combinations of irreversible entropy produc-
tion, pseudo entropy production, and dynamical activity,
the discrete Wasserstein distanceW1 can be expressed in
similar variational forms.

V. QUANTUM GENERALIZATION

We next generalize our framework to the quantum
case. We first briefly introduce quantum thermodynam-
ics of Markovian open quantum dynamics described by
the Lindblad equations and define a quantum analog of
dynamical state mobility. Then, we define a quantum
Wasserstein distance and derive analogous variational
formulas for the quantum Wasserstein distance in terms
of thermodynamic cost.

A. Markovian open quantum dynamics

We consider a finite-dimensional open quantum sys-
tem, which is attached to single or multiple thermal reser-
voirs. In the weak-coupling limit, the time evolution of
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the reduced density matrix can be described by the Lind-
blad master equation [121],

%̇t = Lt(%t) ∶= −i[Ht, %t] +∑
k

D[Lk(t)]%t, (89)

where Ht is the time-dependent Hamiltonian, D is the
dissipator given by D[L]% ∶= L%L†−{L†L,%}/2, and Lk(t)
are jump operators. [○,⋆] and {○,⋆} denote the commu-
tator and anticommutator of the two operators, respec-
tively. Hereafter, we set the Planck constant to unity
h̵ = 1. To guarantee thermodynamically consistent dy-
namics, we assume that the jump operators satisfy the
local detailed balance condition [122, 123]; that is, they
come in pairs (k, k′) such that

Lk(t) = e
sk(t)/2Lk′(t)

†, (90)

where sk(t) = −sk′(t) denotes the entropy change in the
environment due to the jump operator Lk(t). In the case
of a single reservoir at inverse temperature β, we can
write sk(t) = βωk(t), where ωk(t) is the energy change
associated with the kth jump.

B. Entropy production and dynamical activity

Given the previous setup, we can now introduce quan-
tum entropy production and dynamical activity. Similar
to the classical case, irreversible entropy production can
be defined as the sum of entropy changes in the system
and environment as

Στ ∶= ∆Ssys +∆Senv, (91)

where ∆Ssys ∶= S(%τ)−S(%0) is the difference in the von
Neumann entropy S(%) = − tr{% ln%} of the system and
∆Senv denotes environmental entropy production, given
by [122, 123]

∆Senv ∶= ∫

τ

0
∑
k

tr{Lk(t)%tL
†
k(t)}sk(t)dt . (92)

With this definition, we can prove that Στ is always non-
negative, which implies the second law of thermodynam-
ics. For the case of a single reservoir and the jump oper-
ators that characterize transitions between energy eigen-
states (i.e., [Lk(t),Ht] = ωk(t)Lk(t)), the entropy pro-
duction of the environment reduces exactly to the con-
ventional form [124],

∆Senv = −β ∫
τ

0
tr{Ht%̇t}dt . (93)

Quantum dynamical activity can be analogously de-
fined as in the classical case. The frequency of jumps at
time t can be quantified as

at ∶=∑
k

tr{Lk(t)%tL
†
k(t)}, (94)

and the average total number of jumps can be calculated
asAτ ∶= ∫

τ
0 at dt. Quantum dynamical activity character-

izes the thermalization rate of thermodynamic processes.
In addition, it has been shown that quantum dynamical
activity constrains the precision of generic counting ob-
servables and their first passage time in quantum jump
processes [109, 118].

It is convenient to alternatively express entropy pro-
duction and dynamical activity defined in Eqs. (91) and
(94), respectively. Let %t = ∑x px(t) ∣xt⟩⟨xt∣ be the spec-
tral decomposition of the density matrix %t. We then
define transition rates between eigenbasis as wxyk (t) ∶=

∣ ⟨xt∣Lk(t)∣yt⟩ ∣
2 ≥ 0. Notice that wxyk (t) = esk(t)wyxk′ (t).

Taking the time derivative of px(t) = ⟨xt∣%t∣xt⟩, we ob-
tain the following master equation for the distribution
{px(t)}:

ṗx(t) =∑
k

∑
y(≠x)

[wxyk (t)py(t) −w
yx
k (t)px(t)]. (95)

Analogous to the classical case, we define

axyk (t) ∶= wxyk (t)py(t), (96)

jxyk (t) ∶= wxyk (t)py(t) −w
yx
k′ (t)px(t). (97)

Using these probability currents, we can write the master
equation as

ṗx(t) =∑
k

∑
y(≠x)

jxyk (t). (98)

We emphasize that the classical-like master equation (95)
is rigorously derived from Eq. (89). This equation is in-
troduced only for the proof convenience of several proper-
ties that the dynamics (89) possesses. After some simple
manipulations, we can prove that the entropy produc-
tion rate σt ∶= Σ̇t can be analytically expressed as (see
Appendix E 1 for the proof)

σt =
1

2
∑
k

∑
x,y

jxyk (t) ln
wxyk (t)py(t)

wyxk′ (t)px(t)
. (99)

Besides, plugging the spectral decomposition of %t and
inserting 1 = ∑x ∣xt⟩⟨xt∣ into Eq. (94), the dynamical ac-
tivity rate can also be expressed as

at =∑
k

∑
x,y

wxyk (t)py(t) =∑
k

∑
x,y

axyk (t). (100)

Note that both σt and at, which can be written in terms
of the transition rates of the master equation (95), are
the entropy production and dynamical activity rates as-
sociated with the Lindblad dynamics (89), respectively.

C. Quantum dynamical state mobility

Analogous with the classical case, the quantum analog
of dynamical state mobility can be defined as

mt ∶=
1

2
∑
k

e−sk(t)/2 ⟨Lk(t)
†, J%tKsk(t)(Pt[Lk(t)

†
])⟩ ,

(101)
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where ⟨X,Y ⟩ ∶= tr{X†Y } denotes the scalar inner prod-
uct, Pt is a super-operator given by Pt[X] ∶= X −

∑x ⟨xt∣X ∣xt⟩ ∣xt⟩⟨xt∣, and the tilted operator JφKθ(X) is
defined for arbitrary density matrix φ, real number θ,
and linear operator X as

JφKθ(X) ∶= e−θ/2 ∫
1

0
eθuφuXφ1−u du . (102)

The quantum kinetic cost can be analogously defined as

Mτ ∶= ∫

τ

0
mt dt . (103)

From the mathematical definition in Eq. (101), interpret-
ing the term mt as a kinetic term may not be intuitive.
In the following, we provide the physical interpretations
of mt from two perspectives.

First, by focusing on the master equation of the distri-
bution {px(t)}, we can show that mt is equal to the dy-
namical state mobility associated with Markovian jump
dynamics (95):

mt =∑
k

∑
x>y

axyk (t) − ayxk′ (t)

lnaxyk (t) − lnayxk′ (t)
. (104)

Note that by applying the inequality (38) to Eq. (104),
we can readily prove that mt is upper bounded by the
dynamical activity,

mt ≤∑
k

∑
x>y

axyk (t) + ayxk′ (t)

2

=
1

2
∑
k

∑
x≠y

axyk (t)

≤
at
2
. (105)

Second, let us consider the case of a single reser-
voir, in which the jump operators satisfy [Lk(t),Ht] =

ωk(t)Lk(t). In this case, the thermal state %eq
t ∶=

e−βHt/ tr e−βHt is always the instantaneous equilibrium
state (i.e., Lt(%

eq
t ) = 0). Note that the Lindblad master

equation (89) can be rewritten as [22]

%̇t = U%t(t, ft) +O%t(t, ft), (106)

where ft ∶= − ln%t+ ln%eq
t is the quantum thermodynamic

force and Uφ(t,X) and Oφ(t,X) are time-dependent
super-operators defined, respectively, as

Uφ(t,X) ∶= iβ−1
[X,φ], (107)

Oφ(t,X) ∶=
1

2
∑
k

e−sk(t)/2[Lk(t), JφKsk(t)([Lk(t)
†,X])].

(108)

The super-operators U and O characterize the unitary
and dissipative parts of Lindblad dynamics, respectively.
They linearly relate the rate of the density matrix to

the thermodynamic force. In addition, the entropy pro-
duction rate can be written in a quadratic form of the
thermodynamic force as [22]

σt = ⟨ft,O%t(t, ft)⟩ . (109)

Since Eqs. (106) and (109) are analogous to Eqs. (40)
and (42) in the classical case, respectively, the super-
operator O can be regarded as a quantum Onsager-like
super-operator.

We now investigate the relationship between mt and
the Onsager-like super-operator O. To this end, we em-
ploy the vectorization of a linear operator X as

X =∑
i,j

xij ∣i⟩⟨j∣→ ∣X⟩⟩ =∑
i,j

xij ∣i⟩⊗ ∣j⟩ . (110)

Using this representation, we can rewrite the Lindblad
master equation (106) as

∣%̇t⟩⟩ = Ut∣ft⟩⟩ +Ot∣ft⟩⟩, (111)

where the linear matrices Ut and Ot are defined as

Ut ∶= iβ
−1(1⊗ %⊺t − %t ⊗ 1), (112)

Ot ∶=
1

2
∑
k

e−sk(t) ∫
1

0
esk(t)uOk(t, u)du . (113)

Here, ⊺ denotes the matrix transpose and Ok(t, x) is
given by

Ok(t, u) (114)

∶= Lk(t)%
u
t Lk(t)

†
⊗ (%1−u

t )
⊺
+ %ut ⊗ (Lk(t)

†%1−u
t Lk(t))

⊺

−Lk(t)%
u
t ⊗ (Lk(t)

†%1−u
t )

⊺
− %ut Lk(t)

†
⊗ (%1−u

t Lk(t))
⊺.

Note that Ut and Ot are the matrix representations of the
super-operators U and O, respectively. Simple algebraic
calculations show that the term mt can be related to the
diagonal elements of the Onsager-like matrix Ot as (see
Appendix E 2 for the proof)

mt =
1

2
∑
x

⟨xt∣⊗ ∣xt⟩
⊺
Ot ∣xt⟩⊗ ⟨xt∣

⊺
. (115)

In this sense, mt can be regarded as a quantum kinetic
term.

D. Quantum optimal transport distance and
thermodynamic interpretation

Although the classical Wasserstein distance is well for-
mulated and studied, its quantum version remains un-
der development. Several quantum generalizations of the
Wasserstein distance have been proposed [22, 120, 125–
129]. However, defining the quantum L1-Wasserstein dis-
tance unambiguously by directly generalizing the classi-
cal distance has been shown to be impossible [130].
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By a naive extension using quantum coupling, a quan-
tum optimal transport distance can be defined as

Wq(%
A, %B) ∶= min

%AB∈Π(%A,%B)
tr{C%AB}, (116)

where the coupling Π(%A, %B) denotes the set of density
matrices %AB defined over the Hilbert space H ⊗H and
satisfy trB %

AB = %A and trA %
AB = %B , and C is a cost

matrix that must be properly chosen to guarantee that
Wq is a distance. In the classical case, the total variation
distance is a classical Wasserstein distance with an ap-
propriate choice of the cost matrix C. It is thus natural
to ask whether a cost matrix C exists such that the quan-
tum version of the total variation distance (i.e., the trace
distance) can be represented as a quantum Wasserstein
distance defined in Eq. (116). Unfortunately, Ref. [131]
showed that the trace distance could not be expressed
in terms of this type of Wasserstein distance. In other
words, for any choice of the cost matrix C, density ma-
trices %A and %B always exist such that the distance Wq

defined in Eq. (116) differs from the trace distance:

Wq(%
A, %B) ≠

1

2
∥%A − %B∥1 =∶ T (%A, %B). (117)

Our aim is to relate quantum optimal transport dis-
tances and dissipation in Lindblad dynamics. Note that
Lindblad dynamics consist of a non-dissipative unitary
part and dissipative Lindblad part. Both parts jointly
contribute to the time evolution of the system’s den-
sity matrix. In the vanishing coupling limit, irreversible
entropy production becomes zero, whereas the distance
Wq(%0, %τ) may be positive since %0 ≠ %τ . Therefore, re-
lating dissipation to the optimal transport distances de-
fined in the current form (116) is impossible. Inspired by
the dissipative structure of Lindblad dynamics, we define
the following distance:

Wq(%
A, %B) ∶=

1

2
min
V †V =1

∥V %AV †
− %B∥1. (118)

Here, the minimum is over all possible unitaries V . In-
tuitively, the distance Wq characterizes the state differ-
ence induced by the dissipative Lindblad part. Thus,
it is expected to be relevant to dissipation. Note that
in the zero-dissipation limit (i.e., the system is unitar-
ily evolved), this distance also vanishes. Although the
distance Wq is defined in a variational form, it can be
analytically calculated using the eigenvalues of the den-
sity matrices. Interestingly, it becomes exactly the clas-
sical Wasserstein distance between the eigenvalue distri-
butions:

Wq(%
A, %B) =

1

2
∑
x

∣pAx − p
B
x ∣ = T (pA, pB), (119)

where {pAx } and {pBx } are increasing eigenvalues of %A

and %B , respectively (see Appendix E 3 for the proof).
For this reason, hereafter, Wq is referred to as the quan-
tum Wasserstein distance. Evidently, this distance satis-
fies the triangle inequality. However, it is a pseudo-metric

(i.e., Wq(%
A, %B) = 0 for %A ≠ %B is possible). This orig-

inates from our goal of relating the defined distance to
dissipation in Lindblad dynamics.

For the quantum Wasserstein distance previously de-
fined, we provide the following thermodynamic interpre-
tation.

Theorem 2. The quantum Wasserstein distance can be
written in the following variational form:

Wq(%
A, %B) = min

Lt
∫

τ

0

√
σtmt dt (120)

= min
Lt

√
ΣτMτ . (121)

Here, the minimum is taken over all super-operators
{Lt}0≤t≤τ that satisfy the Lindblad master equation (89)
with boundary conditions %0 = %

A and %τ = %
B.

Theorem 2 is the second central result, and its sketch
proof is given in the following. Interestingly, Thm. 2
has the same structure as Thm. 1 in the classical case.
This implies a universal relationship between the opti-
mal transport distances and dissipation in classical and
quantum discrete systems.

Proof. We briefly describe the proof strategy; for a de-
tailed derivation, see Appendix E 4. We first prove that
the inequalities

Wq(%
A, %B) ≤ ∫

τ

0

√
σtmt dt ≤

√
ΣτMτ (122)

hold for any Markovian open quantum dynamics and
then construct a specific process that simultaneously at-
tains all the equalities of Eq. (122). The inequalities in
Eq. (122) can be proved similarly as in the classical case.
To construct the dynamics that can achieve the equali-
ties, we first construct a classical Markov jump process
that transforms distribution pA into pB and satisfies

T (pA, pB) = ∫

τ

0

√
σtmt dt =

√
ΣτMτ . (123)

Here, {pAx } and {pBx } are increasing eigenvalues of %A and
%B , respectively. Subsequently, we construct Lindblad
dynamics based on this classical jump process such that
the dynamics transforms density matrix %A into %B , and
the quantities σt and mt are identical to those in the
classical jump process. We can verify that this quantum
dynamics attains the equalities of Eq. (122).

Similar to the classical case, the quantum Wasserstein
distance can also be determined through the entropy pro-
duction and dynamical activity associated with Marko-
vian quantum dynamics, which is stated in Cor. 9 in Ap-
pendix E 5.
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VI. APPLICATIONS FOR THERMODYNAMIC
INTERPRETATION OF OPTIMAL TRANSPORT

In this section, we present applications for our central
results, namely, Thms. 1 and 2. Specifically, we show
that these variational formulas lead to stringent bounds
for thermodynamic speed limits and information erasure
at arbitrary temperatures.

A. Classical and quantum thermodynamic speed
limits

The speed of state transformation in any system can-
not be made arbitrarily fast because of physical con-
straints. This fact leads to a natural question: What is
the ultimate limit for state transformation? This ques-
tion sparked a lot of research and gave rise to the concept
of speed limits.

Precisely speaking, speed limits impose lower bounds
on the operational time required for evolving a system
from a given state to a target one. Originally, speed lim-
its were derived for closed quantum systems, inspired by
the Heisenberg time-energy uncertainty principle [132].
One of the celebrated results is the Mandelstam–Tamm
bound, which applies to closed quantum systems and
takes the following form:

τ ≥
B(%0, %τ)

⟨∆H⟩τ
, (124)

where B(%, σ) ∶= arccos tr{∣
√
%
√
σ∣} is the Bures angle and

(∆Ht)
2 ∶= tr{H2

t %t}−tr{Ht%t}
2

is the energy fluctuation.
Equation (124) implies that the speed of state transfor-
mation in closed quantum systems is constrained by the
fluctuation of energy. Various types of speed limits were
subsequently generalized for open quantum and classi-
cal systems [132–146] (see Ref. [147] for a comprehensive
review).

Although several versions of classical and quantum
speed limits exist for open systems, here we aim to de-
velop thermodynamic bounds that satisfy two conditions:
(i) they should be tight (i.e., for generic initial and final
states, a configuration of the system always exists that
transforms these states and saturates the bounds) and
(ii) they should be physically interpretable (i.e., all quan-
tities appearing in the bound are physically meaningful).
In the following, we derive these thermodynamic speed
limits from the variational formulas for both classical and
quantum cases.

1. Classical case

We consider a discrete classical system modeled by a
Markov jump process [Eq. (20)]. The system is driven by
thermodynamic forces and evolves according to the laws

of thermodynamics. Intuitively, to achieve fast transfor-
mation, we must pay some costs. In the following, we
derive fundamental bounds on the operational time that
is required to evolve the system’s distribution to the tar-
get one.

Let G(V,E) be the underlying topology of the jump
process (i.e., the graph connectivity that determines
whether the transition between two states is allowed).
Then, we can define the corresponding Wasserstein dis-
tance based on the graph G. According to Thm. 1, we
have

W1(p0, pτ) = min
Wt
∫

τ

0

√
σtmt dt = min

Wt

√
ΣτMτ . (125)

Since the system dynamics considered here is one of the
admissible dynamics that transform p0 into pτ , the fol-
lowing inequalities follow immediately from the equality
(125):

W1(p0, pτ) ≤ ∫
τ

0

√
σtmt dt = τ ⟨

√
σm⟩

τ
(126)

≤ τ
√

⟨σ⟩τ ⟨m⟩τ . (127)

Consequently, we obtain lower bounds on the operational
time in terms of the Wasserstein distance, thermody-
namic cost, and kinetic cost as follows:

τ ≥
W1(p0, pτ)

⟨
√
σm⟩

τ

≥
W1(p0, pτ)
√

⟨σ⟩τ ⟨m⟩τ

. (128)

Equation (128) implies that both irreversible entropy
production and state mobility jointly constrain the speed
of state transformation. Using Cor. 7 in Appendix D 6
and following the same procedure, we also obtain simi-
lar but tighter bounds in terms of time-averaged entropy
production and dynamical activity as

τ ≥
2W1(p0, pτ)

⟨σΦ(σ/2a)−1⟩τ
≥

2W1(p0, pτ)

⟨σ⟩τ Φ(⟨σ⟩τ /2 ⟨a⟩τ)
−1
, (129)

where Φ(x) is the inverse function of x tanh(x). Equa-
tions (128) and (129) are our new thermodynamic speed
limits for classical Markov jump processes.

Some remarks are in order. First, the thermodynamic
speed limits in Eqs. (128) and (129) are tight and sat-
urable. More specifically, for generic initial and final dis-
tributions, we can always construct dynamics that satisfy
the global detailed balance condition and transform the
initial distribution into the final one in a time duration
equal to that of the lower bounds.

Second, our bounds are tight for arbitrary tempera-
tures, even in the zero-temperature limit. Since ⟨σ⟩τ =

O(β), irreversible entropy production becomes infinite as
β → +∞, whereas dynamical activity remains finite [i.e.,
⟨a⟩τ = O(1)]. Nevertheless, we show in the following that
our bounds remain useful in this low-temperature limit.
Indeed, in the β → +∞ limit, bound (129) reduces to a
nontrivial inequality τ ≥ W1(p0, pτ)/ ⟨a⟩τ . In addition,
bound (128) also remains finite because we can prove
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that β ⟨m⟩τ does not diverge in general. To this end,
we assume that the energy levels are non-degenerate and
the system is typically driven far from the instantaneous
equilibrium. Since mxy(t) can be calculated as

βmxy(t) =
β[axy(t) − ayx(t)]

lnaxy(t) − lnayx(t)

=
axy(t) − ayx(t)

β−1[lnpy(t) − lnpx(t)] + εy(t) − εx(t)
, (130)

we have

βmxy(t)
β→+∞
ÐÐÐ→

axy(t) − ayx(t)

εy(t) − εx(t)
, (131)

which remains finite. Therefore, the term β ⟨m⟩τ does
not diverge in the zero-temperature limit β → +∞.

Third, we compare our results with existing bounds in
the literature. In Ref. [16], a classical speed limit was
obtained for Markov jump processes, which reads

τ ≥
T (p0, pτ)

√
⟨σ⟩τ ⟨a⟩τ /2

. (132)

Since W1(p0, pτ) ≥ T (p0, pτ) and mt ≤ at/2 for all times,
our speed limits in Eq. (128) are stronger than those in
Eq. (132). Our bounds also suggest that the conven-
tional bound (132) can be asymptomatically saturated
only when W1(p0, pτ) = T (p0, pτ) (e.g., when the under-
lying graph is fully connected) and the system is always
near the instantaneous equilibrium. In Refs. [24, 26], an-
other thermodynamic speed limit, which is tighter than
the conventional bound (132), was derived as

τ ≥
2T (p0, pτ)

⟨σ⟩τ Φ(⟨σ⟩τ /2 ⟨a⟩τ)
−1
. (133)

SinceW1(p0, pτ) ≥ T (p0, pτ), our bound (129) is stronger
than bound (133). The essential difference is that
our bounds consider the topology of the jump process,
whereas the conventional bounds do not.

2. Quantum case

Next, we consider an open quantum system described
by the Markovian Lindblad master equation [Eq. (89)].
Following the same procedure as in the classical case,
we derive stringent thermodynamic bounds on the op-
erational time required to transform the initial density
matrix into the final one.

From Thm. 2

Wq(%0, %τ) = min
Lt

{∫

τ

0

√
σtmt dt} = min

Lt

√
ΣτMτ ,

(134)

we analogously obtain the following inequalities:

Wq(%0, %τ) ≤ ∫
τ

0

√
σtmt dt = τ ⟨

√
σm⟩

τ
(135)

≤ τ
√

⟨σ⟩τ ⟨m⟩τ . (136)

Consequently, we arrive at the following bounds on the
operational time:

τ ≥
Wq(%0, %τ)

⟨
√
σm⟩

τ

≥
Wq(%0, %τ)
√

⟨σ⟩τ ⟨m⟩τ

. (137)

Equation (137) implies that the speed of state transfor-
mation in open quantum systems is constrained by irre-
versible entropy production and dynamical state mobil-
ity. Notably, it has the same form as the classical bound
(128), indicating the unification of our results. Exploiting
Cor. 9 in Appendix E 5 and repeating the same procedure
yield other speed limits in terms of entropy production
and dynamical activity, which read

τ ≥
2Wq(%0, %τ)

⟨σΦ(σ/2a)
−1

⟩
τ

≥
2Wq(%0, %τ)

⟨σ⟩τ Φ(⟨σ⟩τ /2 ⟨a⟩τ)
−1
. (138)

Equations (137) and (138) are the new quantum ther-
modynamic speed limits. Remarkably, these thermody-
namic speed limits are tight and saturable. In other
words, for any pair of generic initial and final states,
a combination of Hamiltonian and jump operators al-
ways exists that attains the lower bound of the opera-
tional time. Moreover, they are useful even in the zero-
temperature limit. The bounds imply that both the ther-
modynamic and kinetic costs play a crucial role in the
change speed of open quantum systems.

We discuss the relevance of our results to previous
studies. In Ref. [22], a thermodynamic speed limit was
derived for Markovian open quantum dynamics and is
given by

τ ≥
Wq(%0, %τ)

√
⟨σ⟩τ ⟨a⟩τ /2

. (139)

According to Eq. (105), we have mt ≤ at/2 for all t.
Therefore, bound (139) is looser than the new bound
(137). In addition, since Φ(x) ≥

√
x for all x ≥ 0, the new

bound (138) is also stronger than the conventional bound
(139). In Ref. [18], another thermodynamic speed limit
in terms of trace distance was derived for open quan-
tum systems. Since the metrics used to measure the dis-
tance between quantum states in these bounds are differ-
ent (i.e., the Wasserstein distance in our study and the
trace distance in Ref. [18]), they cannot be directly com-
pared. Nonetheless, by exploiting the dynamical state
mobility introduced in this study, we can derive a similar
but tighter speed limit in terms of the trace distance. The
detailed form of this speed limit is presented in Appendix
F 1. However, it is worth noting that the attainability of
this bound is unclear.

B. Finite-time Landauer principle

The Landauer principle [90] implies that erasing infor-
mation is always accompanied by a thermodynamic cost.
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More specifically, the thermodynamic cost required to
erase a classical bit is at least T ln 2, where T is the envi-
ronment temperature. The lower bound T ln 2 (referred
to as the Landauer bound) plays not only a fundamental
role in the thermodynamics of information and computa-
tion [4, 41–44], it also resolves the paradox of Maxwell’s
demon [148].

Various classical and quantum platforms [81, 149–153]
have experimentally confirmed that the Landauer bound
can be achieved in the slow quasistatic limit. However,
practical computing requires fast memory erasure in a
short time and thus, in general, consumes a thermody-
namic cost far beyond the Landauer bound. This back-
ground strongly motivates researchers to develop finite-
time generalizations of the Landauer bound, which cap-
ture finite-time corrections and can better predict the
erasure cost. Although several finite-time bounds have
been developed for both classical and quantum discrete
systems [30–32], the attainability of these bounds re-
mains unclear. Moreover, these bounds have looser pre-
dictive power in the low-temperature regime. In the fol-
lowing, we attempt to derive finite-time bounds that are
tight for arbitrary temperatures.

Before presenting the new bounds, we first describe
the generic setup of information erasure for both classi-
cal and quantum cases. We consider a finite-dimensional
discrete system attached to a thermal reservoir at tem-
perature T . Information is encoded in the system state
and subsequently erased by controlling the classical en-
ergy levels or the quantum Hamiltonian and driving the
system toward its ground state. The erasure protocol
should work for an arbitrary initial state; that is, any
initial state should be reset close to the ground state in
a finite time τ . This erasure process leads to a change in
system entropy, which must be compensated for by the
heat dissipated into the reservoir. Because we are inter-
ested in the average thermodynamic cost associated with
the erasure protocol, considering the maximally mixed
state as the initial state is convenient. Roughly speak-
ing, the reasons for this are that the maximally mixed
state is sufficient to understand the average dissipated
heat of the erasure process for all initial states and that
if a protocol can reliably reset the system from the max-
imally mixed state, then it does so also for an arbitrary
state. A detailed discussion will be given in the following.

1. Classical case

We consider an information erasure process using a d-
state classical system, the dynamics of which is governed
by the master equation. The transitions between states
are mediated by a single thermal reservoir at temperature
T . The system state is characterized by the probability
distribution, which encodes information we want to erase.
The energy levels are controlled according to a fixed pro-
tocol such that the system is always driven toward the
ground state p∗ = [1,0, . . . ,0]⊺, irrespective of the initial

state.
Here, we explain why the initial state should be set

to the uniform distribution p = [1/d, . . . ,1/d]⊺. First, let
Q(p0) be the heat dissipation of erasure for the initial
distribution p0. Then, due to the linearity of the master
equation and Q(⋅), the average dissipation can be calcu-
lated as

E[Q(p0)] = Q(E[p0]) = Q(p), (140)

where E[⋅] denotes the average over all possible initial
distributions. Equation (140) implies that investigating
the case with initial distribution p0 = p is sufficient to
understand the average dissipation. Second, let Λτ =

T⃗ exp (∫
τ

0 Wt dt) be the map that represents the erasure
process, that is, Λτp0 = pτ . We can then prove that if
the uniform distribution can be erased within error δ > 0
(i.e., ∥Λτp − p∗∥F ≤ δ), the following inequality holds for
arbitrary initial distribution p0 (see Appendix F 2 for the
proof):

∥Λτp0 − p∗∥F ≤
√

2dδ. (141)

Equation (141) indicates that if a protocol can erase the
uniform distribution, it can reliably do so also for arbi-
trary initial states.

We can now present the new bound. Let pτ be the final
distribution for the case p0 = p and let ε ∶= T (pτ , p∗) =

∣1 − p1(τ)∣ be the erasure error, which should be suffi-
ciently small. From Eq. (79), the heat dissipation is lower
bounded by system entropy production and a finite-time
correction term as

Q ≥ −T∆Ssys +
W1(p0, pτ)

2

τβ ⟨m⟩τ
. (142)

Equation (142) is regarded as the finite-time Landauer
principle for classical systems. The bound is tight and
can be saturated for arbitrary temperatures, even in the
zero-temperature limit. As shown in the previous section,
the term β ⟨m⟩τ remains finite even when β → ∞ (i.e.,
T → 0). Therefore, bound (142) is useful for arbitrary
temperatures. By contrast, the conventional Landauer
bound becomes trivial in the low-temperature regime
(i.e., Q ≥ 0). We also note that bound (142) is tighter
than the following bound:

Q ≥ −T∆Ssys +
T (p0, pτ)

2

τβ ⟨a⟩τ /2
, (143)

which is obtained from the conventional speed limit
(132).

Bound (142) can be simplified by including the era-
sure error. To this end, we further bound the terms in
Eq. (142) from below as

−∆Ssys = lnd − S(pτ) ≥ lnd − h(ε), (144)

W1(p0, pτ) ≥ T (p0, pτ) ≥ ∣1 − 1/d − ε∣, (145)
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where h(ε) ∶= −ε ln[ε/(d−1)]−(1−ε) ln(1 − ε) ≥ 0 is a func-
tion of ε that vanishes as ε→ 0. Consequently, we obtain
the following bound on the average heat dissipation:

Q ≥ T [lnd − h(ε)] +
(1 − 1/d − ε)2

τβ ⟨m⟩τ
. (146)

Equation (146) imposes a lower bound on heat dissipa-
tion in terms of the operational time and erasure error.
In the limit of perfect erasure (i.e., ε→ 0), a simple bound
can be derived:

Q ≥ T lnd +
(1 − 1/d)2

τβ ⟨m⟩τ
. (147)

For slow erasure (i.e., τβ ⟨m⟩τ ≫ 1), the second term
in the lower bound vanishes. Thus, Eq. (147) recovers
the conventional Landauer bound for the d = 2 case. By
contrast, in the fast-erasure limit (i.e., τβ ⟨m⟩τ ≪ 1),
this correction term becomes dominant, implying that
fast erasure is accompanied by a thermodynamic cost far
beyond the Landauer cost.

If we consider dynamical activity instead of dynamical
state mobility, we can obtain another finite-time Lan-
dauer bound. By transforming the speed limit (129), we
can show that heat dissipation is lower bounded by the
Wasserstein distance and dynamical activity as

Q

T
≥ −∆Ssys + 2W1(p0, pτ) tanh−1

(
W1(p0, pτ)

τ ⟨a⟩τ
). (148)

This new bound is always tighter than the bound re-
ported in Ref. [32], which uses the total variation dis-
tance to quantify the distance between probability distri-
butions. In general, bound (148) can be either stronger
or looser than bound (142).

2. Quantum case

Here, we consider a quantum process of erasing infor-
mation. The erasure process is implemented using a con-
trollable d-dimensional qudit system, which is attached
to a thermal reservoir at temperature T . The density ma-
trix of the qudit encodes the information we want to erase
and then is driven toward the ground state %∗ = ∣0⟩⟨0∣ by
controlling the Hamiltonian.

Analogous to the classical case, the initial state is con-
veniently set to the maximally mixed state % = 1/d. This
is because assigning the maximally mixed state to the
initial state is sufficient to understand the average heat
dissipation in the quantum case. In addition, we can
show that if an erasure protocol can erase the maximally
mixed state, it can reliably do so also for arbitrary initial
states. More specifically, let Λτ(⋅) = T⃗ exp (∫

τ
0 Lt dt)(⋅)

be the quantum map that describes the erasure process
[i.e., Λτ(%0) = %τ ]. Then, if the maximally mixed state
can be erased within error δ > 0 (i.e., ∥Λτ(%)− %∗∥F ≤ δ),

the erasure error for arbitrary initial state %0 can be up-
per bounded as follows [31]:

∥Λτ(%0) − %∗∥F ≤
√

2dδ. (149)

Equation (149) provides insight into the reliability of the
erasure protocol by verifying the %0 = % case.

Next, we present the finite-time bound for quantum in-
formation erasure. Because %0 = 1/d, the Wasserstein dis-
tance coincides with the trace distance [i.e.,Wq(%0, %τ) =
T (%0, %τ)]. Consequently, a finite-time bound on heat
dissipation can be obtained as

Q ≥ −T∆Ssys +
T (%0, %τ)

2

τβ ⟨m⟩τ
. (150)

Equation (150) is the finite-time quantum Landauer prin-
ciple, which is tight and can be saturated for arbitrary
temperatures. In addition to the conventional Landauer
term −T∆Ssys, a finite-time correction term exists in the
lower bound, which does not vanish even in the zero-
temperature limit. Therefore, the inequality (150) pro-
vides a stringent bound on heat dissipation for infor-
mation erasure in both fast-driving and low-temperature
regimes.

We compare bound (150) with an existing bound de-
rived in Ref. [31], which reads

Q ≥ −T∆Ssys +
T (%0, %τ)

2

τβ ⟨a⟩τ /2
. (151)

Since mt ≤ at/2 for all times, it is immediately clear that
bound (150) is always stronger than bound (151).

Next, we derive a simplified bound which includes the
erasure error. Let ε ∶= T (%τ , %∗) be the erasure error,
which should be small. We can then analogously bound
the terms in Eq. (150) from below as

−∆Ssys = lnd − S(%τ) ≥ lnd − h(ε), (152)

T (%0, %τ) ≥ ∣T (%0, %∗) − T (%τ , %∗)∣ = ∣1 − 1/d − ε∣, (153)

where we use an inequality relating the entropy difference
between two quantum states to their trace distance in
the first line [154]. Inserting Eqs. (152) and (153) into
Eq. (150), we arrive at the following simple bound:

Q ≥ T [lnd − h(ε)] +
(1 − 1/d − ε)2

τβ ⟨m⟩τ
. (154)

Equation (154) is the simplified Landauer bound that in-
cludes finite-time and finite-error corrections. Remark-
ably, it has the same structure as the classical bound
(142). In the limit of perfect and slow erasure, bound
(154) reduces to the conventional Landauer bound as
d = 2.

In analogy to the classical case, a finite-time Landauer
bound in terms of the quantum Wasserstein distance and
dynamical activity can also be obtained. By rearranging
the speed limit (138), we can prove that

Q

T
≥ −∆Ssys + 2Wq(%0, %τ) tanh−1

(
Wq(%0, %τ)

τ ⟨a⟩τ
). (155)
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This finite-time bound can be considered a quantum ana-
log of the classical bound (148).

VII. NUMERICAL DEMONSTRATIONS

Next, we numerically illustrate the applications of our
results, the thermodynamic uncertainty relation, speed
limits, and finite-time Landauer principles in several clas-
sical and quantum systems.

A. Illustration of classical thermodynamic speed
limits and finite-time Landauer principle

First, we illustrate the classical speed limits and finite-
time Landauer principle in a two-level system. The sys-
tem dynamics can be described by a Markov jump pro-
cess with transition rates given by

wxy(t) = γxy(t)
eβεy(t)

eβεy(t) + eβεx(t)
, (156)

where γxy(t) = γyx(t) are tunable parameters and εx(t)
denotes the instantaneous energy level of state x. For
simplicity, we set εt ∶= ε2(t) − ε1(t) and γxy(t) = 1 for
all transitions. The parameter {εt} thus defines a time-
dependent control protocol.

To illustrate the bounds, we consider an information
erasure process in which an arbitrary initial distribution
is always reset to the ground state within a finite error.
We examine two control protocols, namely, optimal and
nonoptimal. The optimality here refers to the dissipation
of the least amount of heat while achieving the predeter-
mined error.

The optimal protocol is numerically obtained by solv-
ing the minimization problem with the following objec-
tive functional:

Fc[{εt}] ∶= λQ + (1 − λ)T (pτ , p∗), (157)

where λ ∈ [0,1] is a weighting factor. The functional
Fc consists of two incompatible objectives, namely, heat
dissipation and erasure error, which cannot be simulta-
neously small. To reduce the erasure error, we must
pay the price of dissipation. Conversely, reducing dis-
sipation could enhance the error between the final and
ground states. As λ is fixed, the solution of the optimiza-
tion problem corresponds to a Pareto-optimal protocol,
in which heat dissipation cannot be further minimized
without increasing the error. Imposing constraints on the
control parameters is physically reasonable. Hereafter,
we consider the constraint εt ∈ [10−2,101]. To solve the
problem (157) under both equality and inequality con-
straints, we discretize the control parameters into 1000
points and optimize the functional F with the aid of non-
linear programming solvers. We determine the weighting
factor λ such that both the optimal and nonoptimal pro-
tocols reset the uniform distribution p = [1/2,1/2]⊺ to the

ground state within the same error. The time variation
of the protocol is plotted in Fig. 5(b). Notably, the in-
crease in the energy gap between the two levels ε1 and ε2

is constant in the intermediate period but tends to slow
down in the late period.

The nonoptimal protocol simply lifts the energy level
ε2(t), forcing the system to descend to the ground state.
The time-dependent control parameter εt is specified as

εt = 0.422 × exp(
τ + t

2τ − t
), (158)

which is illustrated in Fig. 5(e). We can observe that,
unlike the optimal protocol, the energy gap in the nonop-
timal protocol rapidly increases in the late period. In the
final time, this naive protocol should dissipate more heat
than the optimal protocol.

The process of information erasure is performed within
the period τ . At each time t ≤ τ , according to Eqs. (128)
and (132), the operational time is lower bounded as

t ≥
W1(p0, pt)
√

⟨σ⟩t ⟨m⟩t

=∶ tc,1 ≥
T (p0, pt)

√
⟨σ⟩t ⟨a⟩t /2

=∶ tc,2. (159)

These bounds are numerically verified for the optimal and
nonoptimal protocols in Figs. 5(c) and 5(f), respectively.
As shown, the derived bound t ≥ tc,1 is tight and stronger
than the existing bound t ≥ tc,2 for all times.

Likewise, the dissipated heat is lower bounded by the
entropy change and finite-time correction term as

Q ≥ −T∆Ssys +
W1(p0, pt)

2

tβ ⟨m⟩t
=∶ Qc,1

≥ −T∆Ssys +
T (p0, pt)

2

tβ ⟨a⟩t /2
=∶ Qc,2. (160)

The numerical results are plotted in Figs. 5(d) and 5(g)
for the optimal and nonoptimal protocols, respectively.
As seen, the new lower bound Qc,1 tightly bounds the
dissipated heat Q in both protocols, whereas the exist-
ing lower bound Qc,2 is loose and does not provide a
good prediction for heat dissipation. Notice that the av-
erage heat dissipation at the final time τ = 10 is approx-
imately 0.33, which is far beyond the conventional Lan-
dauer bound β−1 ln 2 ≈ 0.069. This implies that the finite-
time correction is dominant over the entropy change in
this case.

B. Illustration of quantum thermodynamic speed
limits and finite-time Landauer principle

We next exemplify the quantum speed limits and finite-
time Landauer principle with a simple model of informa-
tion erasure using a spin-1/2 qubit. The qubit is weakly
attached to a heat bath at inverse temperature β. The
time evolution of the reduced density matrix can be de-
scribed by the Lindblad equation with the Hamiltonian

Ht =
εt
2
[cos(θt)σz + sin(θt)σx] (161)
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FIG. 5. Numerical illustration of the classical thermodynamic speed limits and finite-time Landauer principle for both optimal
and nonoptimal protocols. (a) Schematic of the two-level system. (b)(e) Time variations of the control parameters of the
optimal and nonoptimal protocols. (c)(f) Numerical verification of the speed limits t ≥ tc,1 ≥ tc,2 and (d)(g) finite-time
Landauer principle Q ≥ Qc,1 ≥ Qc,2. The other parameters are fixed as β = 10 and τ = 10. The weighting factor λ is set such
that (1 − λ)/λ = 105.

and jump operators

L1(t) =
√
γεt(nt + 1) ∣0t⟩⟨1t∣ , (162)

L2(t) =
√
γεtnt ∣1t⟩⟨0t∣ . (163)

Here, {∣0t⟩ , ∣1t⟩} are the instantaneous energy eigen-
states, σx,y,z are the Pauli matrices, γ is the coupling

strength, nt ∶= 1/(eβεt − 1), and εt and θt are time-
dependent control parameters. More specifically, Et
characterizes the energy gap between the energy eigen-
states, whereas θt quantifies the relative strength of co-
herent tunneling to energy bias [155]. The qubit is ini-
tially prepared in the state %0 = 1/2 and subsequently
driven toward the ground state %∗ = ∣0⟩⟨0∣ of σz. If θt is
time invariant, quantum coherence in the energy eigen-
states cannot be created, and the protocol is thus classi-
cal. Otherwise, it becomes a quantum protocol.

An infinite number of approaches can be used to reset
the qubit with a probability close to 1. As in the clas-
sical case, two protocols are considered, namely, Pareto-
optimal and nonoptimal. Both protocols are designed to
erase information with the same error.

The optimal protocol minimizes two incompatible ob-
jectives, the average dissipated heat and erasure error.
Specifically, the protocol can be achieved by solving the
minimization problem with the following multi-objective
functional [31]:

Fq[{εt, θt}] ∶= λQ − (1 − λ)F (%τ , %∗), (164)

where λ ∈ [0,1) is a weighting factor and F (%, σ) ∶=

(tr ∣
√
%
√
σ∣)2 is the fidelity of the two quantum states %

and σ [156]. Because of the physical limitations, placing

constraints on the control parameters is natural. Here-
after, we impose the following lower and upper bounds
on the parameters: εt ∈ [10−1,102] and θt ∈ [−π,π]. By
numerically solving the nonlinear optimization problem
(164), we can obtain the optimal protocol, as plotted in
Fig. 6(b). As seen, the parameter θt is fixed to 0 for
all times, implying that the optimal protocol is classical
and does not generate any amount of energetic coher-
ence. Furthermore, the energy gap increases gradually in
the intermediate period and changes rapidly in the final
stage.

The nonoptimal protocol is defined as

εt = 2.04 × exp(
τ + t

2τ − t
), θt = π(

t

τ
− 1), (165)

which is plotted in Fig. 6(e). This protocol naively in-
creases the energy gap while varying the coherent param-
eter. We also observe that the increase in the energy gap
is different from that of the optimal case.

We first demonstrate the quantum thermodynamic
speed limits. According to Eqs. (137) and (139), the
operational time is lower bounded as follows:

t ≥
Wq(%0, %t)
√

⟨σ⟩t ⟨m⟩t

=∶ tq,1 ≥
Wq(%0, %t)

√
⟨σ⟩t ⟨a⟩t /2

=∶ tq,2. (166)

We illustrate these bounds for both the optimal and
nonoptimal protocols in Figs. 6(c) and 6(f), respectively.
As shown, the derived bound t ≥ tq,1 is tight for all times
and is stronger than the existing bound t ≥ tq,2.

Next, we verify the finite-time quantum Landauer prin-
ciple. The lower bounds on the average heat dissipation
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FIG. 6. Numerical illustration of the quantum thermodynamic speed limits and finite-time Landauer principle for both optimal
and nonoptimal protocols. (a) Schematic of the spin-1/2 qubit, which is coupled to a heat bath at inverse temperature β. (b)(e)
Time variations of the control parameters of the optimal and nonoptimal protocols. (c)(f) Numerical verification of the speed
limits t ≥ tq,1 ≥ tq,2 and (d)(g) finite-time Landauer principle Q ≥ Qq,1 ≥ Qq,2 as well as the amount of quantum coherence Ct.
The other parameters are fixed as β = 10, γ = 0.1, and τ = 10. The weighting factor λ is set such that (1 − λ)/λ = 103.

are given by Eqs. (150) and (151) as

Q ≥ −T∆Ssys +
T (%0, %t)

2

tβ ⟨m⟩t
=∶ Qq,1

≥ −T∆Ssys +
T (%0, %t)

2

tβ ⟨a⟩t /2
=∶ Qq,2. (167)

The numerical results are plotted in Figs. 6(d) and 6(g)
for the optimal and nonoptimal protocols, respectively.
As shown, the new bound Q ≥ Qq,1 is tight for all times,
whereas the existing bound Q ≥ Qq,2 is loose. The op-
timal protocol also clearly dissipates less heat than does
the nonoptimal protocol at the final time τ = 10. In addi-
tion, note that the average heat dissipation in both pro-
tocols is approximately 2, which is significantly greater
than the conventional Landauer bound β−1 ln 2 ≈ 0.069.

We discuss the effect of quantum coherence in the
finite-time erasure process. For convenience, we quan-
tify the amount of energetic coherence using the `1-norm,
which is one of the most general coherence monotones in
the literature [157]:

Ct ∶= ∫

t

0
[∣ ⟨0s∣%s∣1s⟩ ∣ + ∣ ⟨1s∣%s∣0s⟩ ∣]ds . (168)

That is, Ct is the time integral of the sum of absolute off-
diagonal elements of quantum states in the basis of en-
ergy eigenstates. Since θt is invariant in the optimal pro-
tocol, the instantaneous energy eigenstates remain un-
changed, and the density matrix is always diagonal in
the eigenstates. Therefore, the total amount of quantum
coherence generated is always zero (i.e., Ct = 0), which is

plotted in Fig. 6(d). On the other hand, for the nonop-
timal protocol, θt varies over time and quantum coher-
ence is generally generated. The positive finite value of
Ct can be confirmed from Fig. 6(g). We can observe that
the nonoptimal protocol that generates coherence is more
dissipative than the optimal protocol that does not cre-
ate coherence. This is consistent with the fact that the
creation of quantum coherence leads to unavoidable dis-
sipation [31]. This also suggests that a lower bound of
heat dissipation that can capture the effect of coherence
is desirable.

It is therefore worthwhile discussing how quantum co-
herence effects can be captured by the bounds. Accord-
ing to the definition (94) of quantum dynamical activity,
at can be explicitly expressed in terms of the diagonal
elements of %t in the basis of energy eigenstates as

at = γεt[nt ⟨0t∣%t∣0t⟩ + (nt + 1) ⟨1t∣%t∣1t⟩]. (169)

As seen, at has no coherent contribution from the off-
diagonal part of quantum state %t. On the other hand,
quantum dynamical state mobility mt implicitly includes
a coherent contribution. This can be validated from
Eq. (101) by noticing that the eigenbasis {∣xt⟩} of the
spectral decomposition %t = ∑x px(t) ∣xt⟩⟨xt∣ is generally
different from the energy eigenstates {∣0t⟩ , ∣1t⟩}. Al-
though the coherence present in the quantum state %t
may contribute to the bounds through the boundary
terms ∆Ssys and T (%0, %t), such contributions are negli-
gibly small as compared to the time-extensive contribu-
tion t ⟨m⟩t. Therefore, the derived bound Q ≥ Qq,1 can
capture the effect of quantum coherence occurring during
the process and precisely predict heat dissipation even in
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the presence of quantum coherence, whereas the existing
bound Q ≥ Qq,2 cannot.

VIII. CONCLUSION AND OUTLOOK

In this study, we elucidated an intimate relationship
between thermodynamics and discrete optimal transport
for both classical and quantum cases. To this end, we in-
troduced a novel physical term, namely, dynamical state
mobility, which characterizes a complementary aspect of
irreversible entropy production in the time evolution of a
system. By deriving an improved thermodynamic uncer-
tainty relation, we showed that dynamical state mobil-
ity plays a critical role in constraining the fluctuation of
time-antisymmetric currents, thus providing insight into
the precision of currents in Markov jump processes. Ex-
ploiting this term, we derived variational formulas that
express the discrete Wasserstein distance in terms of the
thermodynamic cost associated with Markovian dynam-
ics. These formulas not only unify the relationship be-
tween thermodynamics and optimal transport for both
discrete and continuous cases but also generalize to the
Markovian quantum dynamics. From the variational for-
mulas, we derived stringent thermodynamic speed limits
and the finite-time Landauer principle. The obtained
bounds are tight and can be saturated for an arbitrary
pair of initial and final states and arbitrary temperatures.

Our theoretical frameworks also shed light on the
minimization problem of entropy production in discrete
Markov dynamics. Recent studies [91–93] have shown
that entropy production can be optimized to be arbi-
trarily small if there are no constraints on the transition
rates. Our results suggest that dynamical state mobility
may be a reasonable constraint because once it is fixed,
minimum entropy production is immediately determined
by the discrete Wasserstein distance. In addition, the
optimal protocol that attains the minimum entropy pro-
duction can be constructed from the optimal coupling
between the initial and final distributions, which can be
numerically computed in an efficient manner.

Although not explicitly stated in this study, our frame-
work is also applicable to bipartite systems [158], in
which two subsystems exchange information. In this
case, the Wasserstein distance between the initial and
final distributions of a subsystem can be expressed in
terms of the entropy production of that subsystem and
the information flow with another subsystem.

Our study opens several possible directions for future
research, which are as follows.

(1) Generalizing the formulations to include mea-
surement and feedback control.—Measurement and
feedback control are ubiquitous in physics and bi-
ology. The thermodynamics of feedback control
[159] has been intensively developed in recent years.
In this study, we focused exclusively on discrete
Markovian systems subjected to deterministic con-
trol protocols. Extending our framework to in-

clude the effects of measurement and feedback con-
trol would be significant, as it would provide a
better understanding of the role of information in
nonequilibrium systems. Because information ob-
tained from measurements can enhance the preci-
sion of observables [160, 161] and would violate the
second law of thermodynamics [162], in addition
to entropy production, information would be ex-
pected to play a crucial role in the speed of state
transformation and heat dissipation of finite-time
information erasure.

(2) Decomposition of entropy production.—
Decomposing entropy production is theoretically
appealing because it provides insight into the
dissipative structure of thermodynamic processes.
Previous studies have shown that irreversible en-
tropy production of Markovian dynamics could be
split into an adiabatic and non-adiabatic contribu-
tion in both discrete and continuous cases, which
originates from the breaking of detailed balance
[163, 164]. For overdamped Langevin dynamics,
recent studies [165, 166] have introduced a new
decomposition of the entropy production rate in
terms of the continuous Wasserstein distance and
a housekeeping entropy production rate as

σt =
1

D
( lim
dt→0

W2(pt, pt+dt)

dt
)

2

+ σhk
t . (170)

The term σhk
t vanishes as the system is driven by

a conservative force. Inspired by this decomposi-
tion, the entropy production rate of Markov jump
processes can be split in a similar manner as

σt =
1

mt
( lim
dt→0

W1(pt, pt+dt)

dt
)

2

+ σ̃t. (171)

The term σ̃t is nonnegative and vanishes only when
the system is driven by an optimal protocol, pro-
vided that mt is fixed. Investigating the properties
of the contribution σ̃t would be an interesting di-
rection and may lead to a deep understanding of
dissipation in Markov jump processes.

(3) Application to deterministic biochemical reaction
networks.—Although our framework deals with
stochastic dynamics, generalizing the formulas to
cases of deterministic dynamics such as biochemical
reaction networks [167] would be interesting. This
is feasible because our results are derived from the
master equation, which is similar to the determinis-
tic rate equation characterizing the time evolution
of biochemical reaction networks.

(4) Thermodynamic interpretation of the discrete L2-
Wasserstein distance.—Thus far, we have inves-
tigated the connection between thermodynamics
and optimal transport through the discrete L1-
Wasserstein distance. Although we showed that the
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discrete L1-Wasserstein distance has aspects simi-
lar to the continuous L2-Wasserstein distance, it re-
mains an open question whether a thermodynamic
interpretation exists for the discrete L2-Wasserstein
distance. Clarification of this interpretation is de-
sirable and could lead to new fundamental thermo-
dynamic bounds.

(5) Formulation under constrained control protocols.—
In this study, we thermodynamically interpreted
the discrete Wasserstein distance using Markov
jump processes whose transition rates can be arbi-
trarily controlled without any constraint. However,
in practice, some constraints may be imposed on
the transition rates and protocols [92, 93, 168, 169].
Developing analogous formulas for these settings
would be highly relevant and broaden the range of
applications. The specific form of transition rates
given in Eqs. (50) and (51) also suggests that in-
vestigating this direction may reveal the thermody-
namic role of the discrete L2-Wasserstein distance.
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Appendix A: Geometric property of continuous
L2-Wasserstein distance

Here, we discuss a geometric interpretation of the
Wasserstein distance. Specifically, we show that the L2-
Wasserstein distance can be interpreted as a Riemannian
distance on the infinite-dimensional manifold M of prob-
ability distribution functions. For each distribution func-
tion p(x), the tangent velocity space TanpM at point p
can be defined as [170]

TanpM ∶= {w(x) ∣∇ ⋅ [w(x)p(x)] = 0}
⊥
. (A1)

Here, Ω⊥ denotes the orthogonal complement of a sub-
space Ω. In other words, TanpM contains all velocity
fields v(x) that satisfy

∫
Rd

[v(x) ⋅w(x)]p(x)dx = 0 ∀w s.t. ∇ ⋅ (wp) = 0. (A2)

The tangent space can be indirectly defined via the tan-
gent velocity space as

TpM ∶= {u ∣∃v ∈ TanpM s.t. u +∇ ⋅ (vp) = 0}. (A3)

Consequently, a Riemannian metric gp ∶ TpM ×TpM → R
can be defined on the tangent space as

gp(u1, u2) ∶= ∫
Rd

[v1(x) ⋅ v2(x)]p(x)dx , (A4)

where vi is the velocity field corresponding to the tangent
vector ui (i = 1,2). We can then show that W2(p

A, pB) is
exactly the geodesic distance between pA and pB induced
by the defined metric:

W2(p
A, pB) = min

pt
{τ ∫

τ

0
gpt(ṗt, ṗt)dt}

1/2

= min
pt
∫

τ

0

√
gpt(ṗt, ṗt)dt. (A5)

Here, we consider the fact that the geodesic distance be-
tween two points is equal to the minimum square root of
the divergence taken over all possible paths connecting
those points.

In general, obtaining a closed form for W2(p
A, pB) is

difficult, except in the case in which pA and pB are nor-
mal distributions. Therefore, a lower bound on W2 is
often considered. It has been previously proved that
W2(p

A, pB) can be bounded from below by the means
and covariances of distributions pA and pB as [171]

W2(p
A, pB)

2
≥ ∥µA − µB∥

2

+ tr{ΞA +ΞB − 2

√√
ΞAΞB

√
ΞA}, (A6)

where µX and ΞX are the mean and covariance matrices,
respectively, of the probability distribution pX for X ∈

{A,B}.

Appendix B: Useful propositions

Proposition 3. Let x = [x1, . . . , xn]
⊺ and y =

[y1, . . . , yn]
⊺ be vectors of real numbers and σ be a permu-

tation of {1, . . . , n} such that if xi > xj, then yσ(i) ≥ yσ(j)
for any i and j. Then, the following inequality holds:

n

∑
j=1

∣xj − yj ∣ ≥
n

∑
j=1

∣xj − yσ(j)∣. (B1)

Proof. Without loss of generality, we assume x1 ≤ x2 ≤

⋅ ⋅ ⋅ ≤ xn. Let ν be a permutation of {1, . . . , n} such that
∑
n
j=1 ∣xj − yν(j)∣ is minimum among all possible permuta-

tions and that the number of inversion pairs (i.e., i > j
and yν(i) < yν(j)) is minimum. Assume that two indices
i and j = i − 1 exist such that xi ≥ xj and yν(i) < yν(j).
We then consider a new permutation ν′ obtained from
ν by swapping ν(i) and ν(j), that is, ν′(i) = ν(j),
ν′(j) = ν(i), and ν′(k) = ν(k) for all k ≠ i, j. In this
case, we can easily prove that

∣xi − yν(i)∣ + ∣xj − yν(j)∣ ≥ ∣xi − yν′(i)∣ + ∣xj − yν′(j)∣. (B2)

This means that

n

∑
j=1

∣xj − yν(j)∣ ≥
n

∑
j=1

∣xj − yν′(j)∣, (B3)

and the permutation ν′ has fewer inversion pairs than
the permutation ν, which contradicts the optimality of
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the permutation ν. Therefore, we have yν(i) ≥ yν(j) for
any xi > xj . Consequently, the permutations σ and ν
satisfy

n

∑
j=1

∣xj − yσ(j)∣ =
n

∑
j=1

∣xj − yν(j)∣, (B4)

from which Eq. (B1) is immediately proved because of
the optimality of the permutation ν.

Proposition 4. Let x = [x1, . . . , xn]
⊺ and y =

[y1, . . . , yn′]
⊺ be vectors of nonnegative numbers. If

∑
n
i=1 xi = ∑

n′

j=1 yj, then a matrix Z = [zij] ∈ Rn×n
′

exists
with nonnegative elements such that

n′

∑
j=1

zij = xi and
n

∑
i=1

zij = yj . (B5)

Proof. We prove by induction on k = n+n′ ≥ 2. The k = 2
case is evident since n = n′ = 1 and x1 = y1; therefore,
we can choose z11 = x1. Supposing that it holds for all
k ≤ k̄, we can consider an arbitrary case with k = k̄ + 1.
Let v = min{x1, y1} and set z11 = v. Without loss of
generality, we can assume that v = x1. Then, z1i = 0
for all i ≥ 2. Consider two vectors x′ = [x2, . . . , xn]

⊺ and
y′ = [y1 − x1, . . . , yn′]

⊺ with k′ = n + n′ − 1 = k̄. A matrix

Z′ = [z′ij] ∈ R(n−1)×n′ exists such that

n′

∑
j=1

z′ij = x
′
i and

n−1

∑
i=1

z′ij = y
′
j . (B6)

Set zij = z
′
(i−1)j for all i ≥ 2. Then, the matrix Z satisfies

Eq. (B5).

Proposition 5. For arbitrary real numbers {xi} and
{yi} that satisfy xiyi ≥ 0 for all i, the following inequality
holds:

∑
i

xi
yi
∑
i

xiyi ≥∑
i

xi
coth(yi/2)

∑
i

xi coth(yi/2). (B7)

Proof. The inequality (B7) is equivalent to

∑
i>j

[
xi
yi
xjyj +

xj

yj
xiyi −

xi
coth(yi/2)

xj coth(yj/2)

−
xj

coth(yj/2)
xi coth(yi/2)] ≥ 0. (B8)

It suffices to prove that each term in the above summa-
tion is nonnegative, that is,

xixj[
yj

yi
+
yi
yj

−
coth(yj/2)

coth(yi/2)
−

coth(yi/2)

coth(yj/2)
] ≥ 0. (B9)

Since xixjyiyj ≥ 0, Eq. (B9) is equivalent to

y2
i + y

2
j − yiyj[

coth(yj/2)

coth(yi/2)
+

coth(yi/2)

coth(yi/2)
] ≥ 0. (B10)

Since y coth(y) and y/ coth(y) are even functions, we can
assume that yi ≥ yj ≥ 0 without loss of generality. The
inequality (B10) can be rewritten as

yi
yj

+
yj

yi
− [

coth(yj/2)

coth(yi/2)
+

coth(yi/2)

coth(yj/2)
]

= [
yi
yj

−
coth(yj/2)

coth(yi/2)
]

⎡
⎢
⎢
⎢
⎢
⎣

1 − {
yi
yj

coth(yj/2)

coth(yi/2)
}

−1⎤
⎥
⎥
⎥
⎥
⎦

≥ 0.

(B11)

Since coth(y) is a strictly decreasing function over
[0,+∞), we have yi coth(yj/2) ≥ yj coth(yi/2). There-
fore, Eq. (B11) is equivalent to

yi
yj

≥
coth(yj/2)

coth(yi/2)
. (B12)

The inequality (B12) is always valid since y coth(y/2) is
an increasing function over [0,+∞). Therefore, Eq. (B7)
is proved.

Appendix C: Derivation of calculations in Sec. III

1. Property of mt

Here, we show a relevant property of dynamical state
mobility in terms of optimizing irreversible entropy pro-
duction.

Lemma 6. For any Markov jump process {pt;Wt}0≤t≤τ
and arbitrary positive constant D̄, a Markov process
{p̃t; W̃t}0≤t≤τ exists that simultaneously satisfies the fol-
lowing conditions:

(i) The time evolution of probability distribution is the
same (i.e., p̃t = pt for all times).

(ii) The time-averaged state mobility is equal to D̄ (i.e.,
⟨m̃⟩τ = D̄).

(iii) The associated product of entropy production and
dynamical state mobility is smaller than that of the
original process (i.e., Σ̃τM̃τ ≤ ΣτMτ ).

Proof. We consider another Markov jump process with
the transition rate matrix W̃t defined in the following
manner. For each transition rate wxy(t) > 0, we define

w̃xy(t) = wxy(t) +
αxy(t)

py(t)
(x ≠ y), (C1)

where αxy(t) = αyx(t) are real coefficients to be later

determined. We can easily verify that j̃xy(t) = jxy(t) for
all x ≠ y. Therefore, given that the initial distribution
is the same (i.e., p̃0 = p0), we immediately obtain p̃t = pt
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for all t, which fulfills condition (i). In addition, for any
λ > 0, αxy(t) always exists such that

m̃xy(t) =
j̃xy(t)

ln[w̃xy(t)p̃y(t)] − ln[w̃yx(t)p̃x(t)]
= λ∣jxy(t)∣.

(C2)
This is because the following quantity can take an arbi-
trary positive value depending on the manner in which
αxy(t) is chosen:

wxy(t)py(t) −wyx(t)px(t)

ln
wxy(t)py(t) + αxy(t)

wyx(t)px(t) + αyx(t)

. (C3)

Choosing αxy(t) such that Eq. (C2) is satisfied, and set-

ting λ = D̄τ[∫
τ

0 ∑x>y ∣jxy(t)∣dt]
−1

, we can calculate

⟨m̃⟩τ = τ
−1
∫

τ

0
∑
x>y

m̃xy(t)dt

= τ−1λ∫
τ

0
∑
x>y

∣jxy(t)∣dt

= D̄, (C4)

which fulfills condition (ii). Finally, we prove that con-
dition (iii) is also satisfied. To this end, we first note
that

σ̃t = ∑
x>y

j̃xy(t) ln
w̃xy(t)p̃y(t)

w̃yx(t)p̃x(t)

= λ−1
∑
x>y

∣jxy(t)∣. (C5)

Consequently, condition (iii) can be verified as follows:

Σ̃τM̃τ = ∫

τ

0
σ̃t dt∫

τ

0
m̃t dt

=
⎛

⎝
∫

τ

0
∑
x>y

∣jxy(t)∣dt
⎞

⎠

2

≤
⎛

⎝
∫

τ

0
∑
x>y

σxy(t)dt
⎞

⎠

⎛

⎝
∫

τ

0
∑
x>y

mxy(t)dt
⎞

⎠

= ΣτMτ . (C6)

It is noteworthy that if we choose D̄ = ⟨m⟩τ , condition

(iii) implies Σ̃τ ≤ Στ .

2. Lower bound of dynamical state mobility

Here, we provide a lower bound of dynamical state
mobility in terms of entropy production and dynamical
activity. By performing algebraic calculations, we can
show that the kinetic coefficients {mxy(t)} can be ex-
pressed in terms of entropy production and dynamical
activity rates at the transition level as

mxy(t) =
σxy(t)

4
Φ(

σxy(t)

2[axy(t) + ayx(t)]
)

−2

, (C7)

where Φ(x) is the inverse function of x tanh(x). Since
xΦ(x/y)−2 is a convex function over (0,+∞) × (0,+∞),
we can derive a lower bound for mt as

σt
4

Φ(
σt
2at

)
−2

≤mt. (C8)

The inequality (C8) indicates that mt can be lower
bounded by both the entropy production and dynami-
cal activity rates. Exploiting the convexity of xΦ(x/y)−2

also yields the following inequality:

Στ
4

Φ(
Στ

2Aτ
)

−2

≤Mτ . (C9)

3. Proof of Eq. (61)

Through the Cramér-Rao inequality [102], the pre-
cision of time-antisymmetric currents can be upper
bounded by pseudo entropy production as [172]

⟨J⟩
2

var[J]
≤ Σps

τ , (C10)

where Σps
τ denotes pseudo entropy production given by

Σps
τ = ∫

τ

0
∑
x>y

jxy(t)
2

axy(t) + ayx(t)
dt . (C11)

Σps
τ is an empirical quantity that quantifies the degree

of irreversibility. Unlike irreversible entropy production
Στ , which diverges in the presence of unidirectional tran-
sitions, pseudo entropy production always remains finite.
However, it cannot be related directly to heat dissipation
in thermodynamic processes. It is noteworthy that the
magnitude relation Σps

τ ≤ Στ /2 holds for all times.
Next, we prove the following inequality:

Σps
τ ≤

ΣτMτ

Aτ
. (C12)

Noting that jxy(t) = axy(t) − ayx(t) and fxy(t) =

ln[axy(t)/ayx(t)], we can show that

axy(t) + ayx(t) = jxy(t)
efxy(t) + 1

efxy(t) − 1
= jxy(t) coth[fxy(t)/2]. (C13)

Applying Prop. 5, we can prove the inequality (C12) as
follows:

Σps
τ Aτ = ∫

τ

0
∑
x>y

jxy(t)
2

axy(t) + ayx(t)
dt

× ∫

τ

0
∑
x>y

[axy(t) + ayx(t)]dt

= ∫

τ

0
∑
x>y

jxy(t)

coth[fxy(t)/2]
dt
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FIG. 7. Numerical illustration of the thermodynamic un-
certainty relations. (a) Schematic of the thermoelectric en-
gine that transports electrons from the left to the right lead
through the two-level quantum dot, and (b) numerical ver-

ification. The current precision ⟨J⟩2 /var[J], new bound
ηΣτ /2, and conventional bound Στ /2 are depicted by the
solid, dashed, and dash-dotted lines, respectively. γ2 is var-
ied, whereas other parameters are fixed as βc = 10, βh = 0.1,
γ1 = 10, γc = γh = 1, ε1 = 0, ε2 = 1, µ1 = 0.4, µ2 = 0.6, and
τ = 1.

× ∫

τ

0
∑
x>y

jxy(t) coth[fxy(t)/2]dt

≤ ∫

τ

0
∑
x>y

jxy(t)

fxy(t)
dt∫

τ

0
∑
x>y

jxy(t)fxy(t)dt

= ΣτMτ . (C14)

Combining Eqs. (C10) and (C12) gives the following ther-
modynamic uncertainty relation:

⟨J⟩
2

var[J]
≤

ΣτMτ

Aτ
= η

Στ
2
. (C15)

4. Additional illustration of Eq. (61)

Here, we numerically demonstrate the improved ther-
modynamic uncertainty relation in a thermoelectric de-
vice [173]. A thermoelectric device is an engine that
transports electrons from a low- to a high-potential lead
through a two-level quantum dot [see Fig. 7(a)]. Each
energy level εi of the quantum dot is coupled to a lead
with chemical potential µi (µ2 > µ1) and temperature Tc.
Electrons enter and exit the quantum dot due to interac-
tions with the leads. Because of the Coulomb repulsion
between electrons, we can assume that at most one elec-
tron always exists in the quantum dot. The transitions
between the two levels of the quantum dot are mediated
by two heat baths, namely, cold and hot baths at tem-
peratures Tc and Th (> Tc), respectively. From a ther-
modynamic perspective, the device can be considered a
heat engine that converts some of the heat absorbed from
the hot heat bath into work in the form of transporting
electrons from a low to a high potential.

The thermoelectric device can be described by a
Markov jump process with three states; that is, the quan-
tum dot is either 1) an empty (state 0), 2) contains one
electron in energy level ε1 (state 1), or 3) contains one

electron in energy level ε2 (> ε1) (state 2). Electrons are
exchanged with the leads at the following rates:

wi0 = γi/(1 + e
xi), w0i = γie

xi/(1 + exi), (C16)

where γi > 0 denotes the coupling strength to lead i and
xi ∶= (εi − µi)/Tc. The transition rates between the two
energy levels of the quantum dot are given by

w12 = w
c
12 +w

h
12, w21 = w

c
21 +w

h
21, (C17)

where wa21 = γa/(e
xa−1), wa12 = γae

xa/(exa−1), xa ∶= (ε2−

ε1)/Ta for a ∈ {c, h}, and γc and γh denote the coupling
strengths to the heat baths. Here, the symbols c and h
correspond to the cold and hot heat baths, respectively.

We consider the thermoelectric device operating in a
stationary state. The current of interest is the net num-
ber of electrons transported between the leads. The
stochastic current can be defined by setting Υ10 = 1 =

−Υ01 and Υxy = 0 for others. The precision of the cur-
rent over a finite period τ can be numerically calculated
using full counting statistics.

We vary γ2 ∈ (0,200] while fixing the remaining pa-
rameters. For each parameter setting, we calculate the
precision of the electron current and the bounds of the
conventional and new relations. As Fig. 7(b) shows, the
new bound is always tighter than the conventional bound
and more effectively predicts the current precision.

Appendix D: Derivation of calculations in Sec. IV

1. Proof of Eq. (72)

Here, we prove that W1(p, q) = T (p, q) in the case of
dxy = 1 − δxy. First, we prove that W1(p, q) ≥ T (p, q).
Let S+ = {x ∣px ≥ qx} and S− = {x ∣px < qx}. Evidently,
S+ ∪ S− = {1,2, . . . ,N}. Moreover, since ∑x px = ∑x qx =
1, we have

∑
x∈S+

(px − qx) = ∑
x∈S−

(qx − px). (D1)

Consequently, ∑x ∣px − qx∣ = 2∑x∈S−(qx − px). Exploiting
the positivity of dxy and πxy, we can bound W1 from
below as follows:

W1(p, q) = min
π∈Π(p,q)

∑
x,y

dxyπxy

≥ min
π∈Π(p,q)

∑
x∈S−
∑
y

dxyπxy

≥ min
π∈Π(p,q)

∑
x∈S−
∑
y

dxy(πxy − πyx)

= min
π∈Π(p,q)

∑
x∈S−
∑
y

(πxy − πyx)

= min
π∈Π(p,q)

∑
x∈S−

(qx − px)

=
1

2
∑
x

∣px − qx∣
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= T (p, q). (D2)

Next, we show that this inequality can be attained with
a specific coupling. Since ∑x∈S+(px − qx) = ∑x∈S−(qx −
px), according to Prop. 4, nonnegative coefficients {zxy}
defined over S− × S+ always exist such that

∑
y∈S+

zxy = qx − px, ∀x ∈ S−, (D3)

∑
y∈S−

zyx = px − qx, ∀x ∈ S+. (D4)

We now construct a coupling π = [πxy] as follows:

πxx = px, ∀x ∈ S−, (D5)

πxx = qx, ∀x ∈ S+, (D6)

πxy = 0, ∀x ∈ S+ and y ≠ x, (D7)

πxy = 0, ∀y ∈ S− and x ≠ y, (D8)

πxy = zxy, otherwise. (D9)

We can verify that π ∈ Π(p, q) and ∑x,y dxyπxy = T (p, q).
From the definition of the Wasserstein distance, we have

W1(p, q) ≤∑
x,y

dxyπxy = T (p, q). (D10)

Combining Eqs. (D2) and (D10) yields W1(p, q) =

T (p, q).

2. Proof of Thm. 1

Here, we prove Thm. 1, which can be restated as

W1(p
A, pB) = min

Wt
∫

τ

0

√
σtmt dt = min

Wt

√
ΣτMτ . (D11)

To this end, we prove that RHS ≥ LHS and RHS ≤ LHS.
First, we prove the former. According to the Cauchy–
Schwarz inequality, we have

√
ΣτMτ ≥ ∫

τ

0

√
σtmt dt , (D12)

√
σtmt =

⎛

⎝
∑
x>y

mxy(t)fxy(t)
2
∑
x>y

mxy(t)
⎞

⎠

1/2

≥ ∑
x>y

√
mxy(t)fxy(t)2

√
mxy(t)

= ∑
x>y

∣jxy(t)∣. (D13)

We then need only prove that

∫

τ

0
∑
x>y

∣jxy(t)∣dt ≥W1(p
A, pB). (D14)

For this purpose, we map the optimal transport prob-
lem to a minimum cost flow problem. Let G(V,E) be
the topology of Markov jump processes, from which the
Wasserstein distance is defined. We consider a directed

graph of N +2 vertices: source vertex, target vertex, and
N intermediate vertices {1, . . . ,N} (see Fig. 8 for illus-
tration). Each edge e of the graph is associated with a
cost c(e) ≥ 0 and capacity a(e) > 0 (i.e., the maximum
flow that can be sent along this edge). The cost of send-
ing a flow f along an edge e is thus f × c(e). The set of
directed edges is as

source→ x ∶ (c = 0, a = pAx ), (D15)

x→ target ∶ (c = 0, a = pBx ), (D16)

x↔ y ∶ (c = 1, a = +∞) if (x, y) ∈ E. (D17)

Consider a case in which an amount of flow 1 is sent from
the source vertex to the target vertex. We can then prove
that the minimum cost C of this flow problem is exactly
the discrete Wasserstein distance. To this end, we first
show that C ≥ W1(p

A, pB). Assume that C is attained
by effectively sending a flow πxy from source → y → x →
target for each x and y. Since the shortest-path distance
from y to x is dxy, the total cost must be greater than
or equal to ∑x,y dxyπxy. Notice that {πxy} is a valid

coupling. Therefore, we obtain C ≥W1(p
A, pB) from the

definition of the Wasserstein distance. We now need only
prove the reverse statement C ≤ W1(p

A, pB). Assume
thatW1(p

A, pB) is achieved by an optimal transport plan
π∗ = [π∗xy] [i.e, for any pair (x, y), we move a probability
π∗xy from state y to state x with the cost of dxy per unit
probability]. For each x and y, let P = [v1, . . . , vk] be
the shortest path of length dxy that connects y to x; that
is, y = v1, x = vk, k − 1 = dxy, and (vi, vi+1) ∈ E for
all 1 ≤ i < k. We can then send an amount of flow π∗xy
along the path (source → v1 → ⋅ ⋅ ⋅ → vk → target). The
total flow cost is exactly ∑x,y π

∗
xydxy =W1(p

A, pB); thus,

C ≤W1(p
A, pB). Consequently, we arrive at the equality

C =W1(p
A, pB).

We next show that the Markov jump process gives an
admissible solution of the minimum cost flow problem
with the cost ∫

τ
0 ∑x>y ∣jxy(t)∣dt. Consider discretization

of the master equation with the time interval δt, where
τ =Kδt. For each k = 0, . . . ,K − 1, we have

px((k + 1)δt) = px(kδt) + ∑
y(≠x)

jxy(kδt)δt. (D18)

This means that we send an amount of flow ∣jxy(kδt)∣δt
from y to x if jxy(kδt) ≥ 0 and from x to y if jxy(kδt) < 0.
Since jxy(kδt) ≠ 0 only if x and y are directly connected
by an edge, the cost of each transport is ∣jxy(kδt)∣δt.
Therefore, the total flow cost associated with the Markov
jump process is

K−1

∑
k=0

∑
x>y

∣jxy(kδt)∣δt
δt→0
ÐÐÐ→ ∫

τ

0
∑
x>y

∣jxy(t)∣dt . (D19)

Since the Markov jump process realizes an admissible
manner of sending flow from pA to pB , we obtain

∫

τ

0
∑
x>y

∣jxy(t)∣dt ≥ C =W1(p
A, pB), (D20)
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FIG. 8. Mapping the Wasserstein distance defined based on
topology to a minimum cost flow problem. (a) Topology
G(V,E) with 5 vertices and 5 edges, from which the Wasser-
stein distance is defined. (b) Directed graph of the minimum
cost flow problem, which is constructed using the given topol-
ogy G. The minimum cost of the flow problem is equal to the
Wasserstein distance.

which verifies Eq. (D14). Consequently, combining
Eqs. (D12), (D13), and (D14) yields

RHS ≥ min
Wt

⎧⎪⎪
⎨
⎪⎪⎩
∫

τ

0
∑
x>y

∣jxy(t)∣dt

⎫⎪⎪
⎬
⎪⎪⎭

≥W1(p
A, pB) = LHS. (D21)

We next prove that LHS ≥ RHS by showing that
the optimal cost W1(p

A, pB) can be achieved with a
specific Markov jump process, the underlying graph of
which is a subgraph of G(V,E) for all times. Note that
the optimal transport plan can be represented as a se-
quence of transportation between neighboring states. Let
[(x1, y1, χ1), . . . , (xI , yI , χI)] denote the optimal trans-
port plan; that is, at each step 1 ≤ i ≤ I, we move a
probability χi from state xi to yi (≠ xi). It is ensured
that at each step the probability of state xi is always
greater than or equal to χi. Since xi and yi are neigh-
boring states, the total transport cost is ∑

I
i=1 χi. Thus,

I

∑
i=1

χi =W1(p
A, pB). (D22)

We now construct a Markov jump process of time pe-
riod τ such that for each 1 ≤ i ≤ I, a probability χi is
moved from xi to yi after time t = i∆, where ∆ ∶= τ/I.
Specifically, we construct transition rates such that the
probability distribution evolves as follows:

pxi((i − 1)∆ + s) = pxi((i − 1)∆) −
s

∆
χi, (D23)

pyi((i − 1)∆ + s) = pyi((i − 1)∆) +
s

∆
χi, (D24)

px((i − 1)∆ + s) = px((i − 1)∆), ∀x ≠ xi, yi. (D25)

Here, 0 ≤ s ≤ ∆ is a time parameter. This time evolution
of the probability distribution is effectively a two-level
system, which can be realized using the following transi-
tion rates:

wyixi(t) =
1

∆(1 − e−φ)

χi
pxi(t)

, (D26)

wxiyi(t) =
e−φ

∆(1 − e−φ)

χi
pyi(t)

, (D27)

wxy(t) = 0, otherwise. (D28)

Here, φ > 0 is an arbitrary constant. During the time in-
terval [(i−1)∆, i∆], the underlying graph of this process
has only one edge that connects vertices xi and yi. Thus,
it is always a subgraph of G. Using these transition rates,
we can verify that

ṗx(t) = ∑
y(≠x)

jxy(t), ∀x. (D29)

Moreover,

σt = ∑
x>y

jxy(t) ln
axy(t)

ayx(t)
= φ∑

x>y
∣jxy(t)∣, (D30)

mt = ∑
x>y

jxy(t)

ln[axy(t)/ayx(t)]
=

1

φ
∑
x>y

∣jxy(t)∣. (D31)

In addition, note that

∑
x>y

∣jxy(t)∣ =
χi
∆
⇒ ∫

i∆

(i−1)∆
∑
x>y

∣jxy(t)∣dt = χi. (D32)

By summing both sides of Eq. (D32) for all i = 1, . . . , I,
we obtain

∫

τ

0
∑
x>y

∣jxy(t)∣dt =
I

∑
i=1

χi =W1(p
A, pB). (D33)

Consequently, we have

ΣτMτ =
⎛

⎝
∫

τ

0
∑
x>y

∣jxy(t)∣dt
⎞

⎠

2

=W1(p
A, pB)

2, (D34)

which completes the proof.

3. Equality in Thm. 1 can be achieved with global
detailed-balance systems

Based on the previous construction of the dynamics
that attains the equality in Thm. 1, we can further prove
that the equality can be attained with global detailed-
balance dynamics. Here, we prove this fact using a dif-
ferent approach.

Minimizing the integral term in Thm. 1 is equivalent
to minimizing the cost function σtmt at each instance of
time t. Consider the Lagrangian function

L(Wt, λ) = σtmt + λ
⊺
(ṗt −Wtpt), (D35)
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where {pt}0≤t≤τ is the probability distribution of a dy-
namics that attains the equality of Thm. 1. For simplic-
ity, the time notation t is omitted hereafter. Taking the
derivative of L with respect to wxy, we have

∂L

∂wxy
= py(fxy + 1 − e−fxy)m +

py(fxy − 1 + e−fxy)

f2
xy

σ

+ py(λy − λx) = 0. (D36)

Recall that fxy = ln(axy/ayx). If py = 0, then wxy can be
arbitrarily determined. Therefore, we need only consider
the nontrivial case py ≠ 0. This leads to

(fxy + 1 − e−fxy)m +
(fxy − 1 + e−fxy)

f2
xy

σ + λy − λx = 0.

(D37)
Likewise, taking the derivative of L with respect to wyx
yields

(fyx + 1 − e−fyx)m +
(fyx − 1 + e−fyx)

f2
yx

σ + λx − λy = 0.

(D38)
Notice that fxy = −fyx. Adding Eqs. (D37) and (D38)
side by side, we obtain

(efxy + e−fxy − 2)(
σ

f2
xy

−m) = 0, (D39)

which gives the solution fxy = 0 or f2
xy = σ/m. Note

that fxy = 0 is equivalent to jxy = 0, which implies that
the transition between x and y does not contribute to the
time evolution of the probability distribution. Therefore,
such transitions need not be considered and can be elim-
inated by simply setting wxy = wyx = 0. Otherwise, if
f2
xy = σ/m, then Eq. (D37) becomes

2fxym + λy − λx = 0, (D40)

or equivalently,

ln
wxy

wyx
=
λx − λy

2m
+ lnpx − lnpy. (D41)

By defining an instantaneous energy βεx ∶= −λx/(2m) −

lnpx, we can verify that the transition rates satisfy the
global detailed balance condition:

ln
wxy

wyx
= β(εy − εx). (D42)

4. Minimum entropy production can be achieved
with global detailed-balance systems

Here we show that given the time-averaged state mo-
bility (i.e., ⟨m⟩τ = D̄), there always exists a system that
satisfies the global detailed balance and achieves the min-
imum entropy production:

min
⟨m⟩τ=D̄

Στ =
W1(p0, pτ)

2

D̄τ
. (D43)

According to the equality of Thm. 1 and Lem. 6, there
exists a dynamics that satisfies Eq. (D43) with time-
dependent probability distributions {pt}0≤t≤τ . We con-
sider the following minimization problem:

min∫
τ

0
σt dt , (D44)

given that ṗt =Wtpt and ⟨m⟩τ = D̄. Notice that the mini-
mum value for this problem is exactlyW1(p0, pτ)

2/(D̄τ).
Consider the Lagrangian function

L(Wt, λt, κ) = ∫
τ

0
σt dt + ∫

τ

0
λ⊺t (ṗt −Wtpt)dt

+ κ(∫
τ

0
mt dt − D̄τ). (D45)

For simplicity, the time notation t is omitted hereafter.
Taking the derivative of L with respect to wxy, we have

∂L

∂wxy
= py(fxy + 1 − e−fxy) +

py(fxy − 1 + e−fxy)

f2
xy

κ

+ py(λy − λx) = 0. (D46)

Following the same procedure as in Sec. D 3, we obtain
the following relation:

2fxy + λy − λx = 0, (D47)

or equivalently,

ln
wxy

wyx
=
λx − λy

2
+ lnpx − lnpy. (D48)

By defining an instantaneous energy βεx ∶= −λx/2− lnpx,
the transition rates satisfy the global detailed balance
condition:

ln
wxy

wyx
= β(εy − εx). (D49)

This means that the minimum entropy production (D44)
can be achieved with conservative forces.

5. Particular topologies

a. Ring topology

Here, we consider a ring topology in which vertices x
and x + 1 are connected for all x, where N + 1 ≡ 1. This
topology can be seen in a one-dimensional asymmetric
simple exclusion process on a ring of N sites and cor-
responds to a continuous-variable situation in which a
single particle is driven in a periodic potential. For each
integer number x, given x = kN +r, where 0 ≤ r ≤ N −1 is
the remainder, we define [x]N ∶= r. Then, the shortest-
path distance between states x and y can be calculated
as

dxy = min{[x − y]N ,N − [x − y]N}. (D50)
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In this case, the discrete Wasserstein distance can be
written as

W1(p
A, pB) = min

Wt
∫

τ

0

N

∑
x=1

∣jx+1,x(t)∣dt. (D51)

We now consider the continuous case in which the particle
is driven in a ring with a diameter L = N∆x. Taking
the continuous limit of Eq. (D51), namely, N → ∞ and
∆x→ 0, we obtain the following relation:

min
π
∬ min{∣x − y∣, L − ∣x − y∣}π(x, y)dxdy

= min
jt
∫

τ

0
∫

L

0
∣jt(x)∣dxdt, (D52)

where jt(x) is subject to the continuity equation ṗt(x) =
−∂xjt(x). The term on the left-hand side of Eq. (D52) is
exactly the L1-Wasserstein distance between probability
distributions defined periodically over [0, L] with the cost
function

c(x, y) = min{∣x − y∣, L − ∣x − y∣}. (D53)

Equation (D52) thus provides a variational formula for
the periodic L1-Wasserstein distance.

b. Fully connected topology

Another topology is the fully connected topology; that
is, for an arbitrary pair of two vertices, an edge always
exists that connects them. In this case, the shortest-path
distances become

dxy = 1 − δxy, (D54)

and the discrete Wasserstein distance equals the total
variation distance. Theorem 1 thus implies the following
equality:

T (pA, pB) = min
Wt
∫

τ

0

√
σtmt dt = min

Wt

√
ΣτMτ . (D55)

Here, the minimum is taken over all possible transition
rate matrices; that is, the transition rate between any
two states can be arbitrarily controlled. Although the to-
tal variation distance is widely used in previous studies,
its connection with thermodynamics has thus far been
veiled. Equation (D55) reveals a thermodynamic inter-
pretation of this distance, showing that it equals the min-
imum product of the thermodynamic and kinetic costs
given the full control of the transition rates.

6. Alternative variational expressions of the
discrete Wasserstein distance

Corollary 7. The discrete Wasserstein distance can be
expressed in terms of irreversible entropy production and

dynamical activity as

W1(p
A, pB) = min

Wt
∫

τ

0

σt
2

Φ(
σt
2at

)
−1

dt (D56)

= min
Wt

Στ
2

Φ(
Στ

2Aτ
)

−1

. (D57)

Proof. We first prove that

∫

τ

0

σt
2

Φ(
σt
2at

)
−1

dt ≥W1(p
A, pB). (D58)

Note that xΦ(x/y)−1 is a concave function over (0,+∞)×

(0,+∞). Applying Jensen’s inequality yields

σt
2

Φ(
σt
2at

)
−1

≥ ∑
x>y

σxy(t)

2
Φ(

σxy(t)

2[axy(t) + ayx(t)]
)

−1

= ∑
x>y

∣jxy(t)∣. (D59)

By taking the time integration of Eq. (D59) and using
Eq. (84), we immediately prove Eq. (D58). Moreover,
using the concavity of xΦ(x/y)−1 yields

∫

τ

0

σt
2

Φ(
σt
2at

)
−1

dt ≤
Στ
2

Φ(
Στ

2Aτ
)

−1

≤
√

ΣτMτ . (D60)

Thus, we have

W1(p
A, pB) ≤ ∫

τ

0

σt
2

Φ(
σt
2at

)
−1

dt ≤
Στ
2

Φ(
Στ

2Aτ
)

−1

≤
√

ΣτMτ . (D61)

The proof is completed by taking the minimum of the
terms on the right-hand side of Eq. (D61) over all admis-
sible dynamics and applying Thm. 1.

Equation (D57) implies that the discrete Wasserstein
distance can be expressed in terms of irreversible entropy
production and dynamical activity as

W1(p
A, pB) = min

Στ
2

Φ(
Στ

2Aτ
)

−1

, (D62)

which recovers the result obtained in Ref. [93].

Corollary 8. The discrete Wasserstein distance can be
expressed in terms of pseudo entropy production and dy-
namical activity as

W1(p
A, pB) = min

Wt
∫

τ

0

√
σps
t at dt (D63)

= min
Wt

√
Σps
τ Aτ , (D64)

where σps
t ∶= Σ̇ps

t denotes the pseudo entropy production
rate.
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Proof. The proof strategy is the same as in Cor. 7. We
first prove that

∫

τ

0

√
σps
t at dt ≥W1(p

A, pB). (D65)

Applying the Cauchy–Schwarz inequality, we obtain

∑
x>y

∣jxy(t)∣ = ∑
x>y

∣jxy(t)∣
√
axy(t) + ayx(t)

√
axy(t) + ayx(t)

≤
√
σps
t at. (D66)

By taking the time integration of Eq. (D66) and using
Eq. (84), we immediately prove Eq. (D65). Since Σps

τ Aτ ≤

ΣτMτ , the following relation holds:

W1(p
A, pB) ≤ ∫

τ

0

√
σps
t at dt ≤

√
Σps
τ Aτ ≤

√
ΣτMτ .

(D67)
Taking the minimum of the terms on the right-hand
side of Eq. (D67) over all admissible dynamics and using
Thm. 1 complete the proof.

Equation (D64) has the following implication. If dy-
namical activity Aτ is fixed, then the minimum pseudo
entropy production can be calculated using the Wasser-
stein distance as

min Σps
τ =
W1(p

A, pB)2

Aτ
, (D68)

which recovers the result reported in Ref. [93]. From
Thm. 1 and Cor. 8, we can observe that in the context
of optimal transport, (Στ , Mτ ) and (Σps

τ , Aτ ) are two
thermodynamic-kinetic conjugate pairs.

Appendix E: Derivation of calculations in Sec. V

1. Proof of Eq. (99)

Here, we derive an analytical expression of the entropy
production rate σt. Taking the time derivative of irre-
versible entropy production, we can calculate the entropy
production rate as

σt = − tr{%̇t ln%t} +∑
k

tr{Lk(t)
†Lk(t)%t}sk(t)

=∑
k

− tr{(D[Lk(t)]%t) ln%t} + tr{Lk(t)
†Lk(t)%t}sk(t)

=∑
k

tr{Lk(t)%t(sk(t)Lk(t)
†
− [Lk(t)

†, ln%t])}. (E1)

Notice that wxyk (t) = esk(t)wyxk′ (t). Since tr{A} =

∑x ⟨xt∣A∣xt⟩ for any operator A, the entropy production
rate can be calculated further as

σt =∑
k

∑
x

⟨xt∣Lk(t)%t(sk(t)Lk(t)
†
− [Lk(t)

†, ln%t])∣xt⟩

=∑
k

∑
x,y

wxyk (t)py(t)[sk(t) + ln
py(t)

px(t)
]

=
1

2
∑
k

∑
x,y

jxyk (t) ln
wxyk (t)py(t)

wyxk′ (t)px(t)
. (E2)

Since (a − b) ln(a/b) ≥ 0 for all a, b ≥ 0, the positivity of
σt is immediately derived.

2. Proof of Eq. (115)

First, quantum dynamical state mobility can be ex-
pressed in terms of eigenvalues {px(t)} and transition
rates {wxyk (t)} as

mt =
1

2
∑
k

e−sk(t)/2 ⟨Lk(t)
†, J%tKsk(t)(Pt[Lk(t)

†
])⟩

=
1

2
∑
k

e−sk(t) ∫
1

0
esk(t)u ⟨Lk(t)

†, %ut (Pt[Lk(t)
†
])%1−u

t ⟩du

=
1

2
∑
k

e−sk(t) ∑
x≠y
∫

1

0
esk(t)uwxyk (t)py(t)

upx(t)
1−u du .

(E3)

Likewise, we can calculate

∑
x

⟨xt∣⊗ ∣xt⟩
⊺
Ok(t, u) ∣xt⟩⊗ ⟨xt∣

⊺

=∑
x

⟨xt∣⊗ ∣xt⟩
⊺
Lk(t)%

u
t Lk(t)

†
⊗ (%1−u

t )
⊺
∣xt⟩⊗ ⟨xt∣

⊺

+∑
x

⟨xt∣⊗ ∣xt⟩
⊺
%ut ⊗ (Lk(t)

†%1−u
t Lk(t))

⊺
∣xt⟩⊗ ⟨xt∣

⊺

−∑
x

⟨xt∣⊗ ∣xt⟩
⊺
Lk(t)%

u
t ⊗ (Lk(t)

†%1−u
t )

⊺
∣xt⟩⊗ ⟨xt∣

⊺

−∑
x

⟨xt∣⊗ ∣xt⟩
⊺
%ut Lk(t)

†
⊗ (%1−u

t Lk(t))
⊺
∣xt⟩⊗ ⟨xt∣

⊺

= ∑
x≠y

[wxyk (t)px(t)
1−upy(t)

u
+wyxk (t)px(t)

upy(t)
1−u]

= 2∑
x≠y

wxyk (t)py(t)
upx(t)

1−u. (E4)

Consequently, combining Eqs. (E3) and (E4) yields the
desired relation:

1

2
∑
x

⟨xt∣⊗ ∣xt⟩
⊺
Ot ∣xt⟩⊗ ⟨xt∣

⊺

=
1

4
∑
x
∑
k

e−sk(t) ∫
1

0
esk(t)u ⟨xt∣⊗ ∣xt⟩

⊺
Ok(t, u) ∣xt⟩⊗ ⟨xt∣

⊺
du

=
1

2
∑
k

e−sk(t) ∑
x≠y
∫

1

0
esk(t)uwxyk (t)py(t)

upx(t)
1−u du

=mt. (E5)

3. Proof of Eq. (119)

First, we prove that Wq(%
A, %B) ≤ T (pA, pB). Let

%A = ∑x p
A
x ∣xA⟩⟨xA∣ and %B = ∑x p

B
x ∣xB⟩⟨xB ∣ be the

spectral decompositions of the density matrices. Setting
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V∗ = ∑x ∣x
B⟩⟨xA∣, we can verify that V∗ is a unitary oper-

ator and V∗%
AV †

∗ = ∑x p
A
x ∣xB⟩⟨xB ∣. From the definition

of Wq, we have

Wq(%
A, %B) =

1

2
min
V †V =1

∥V %AV †
− %B∥1

≤
1

2
∥V∗%

AV †
∗ − %

B
∥1

=
1

2
∥∑
x

(pAx − p
B
x ) ∣xB⟩⟨xB ∣ ∥1

=
1

2
∑
x

∣pAx − p
B
x ∣ = T (pA, pB). (E6)

Note that {pAx } are increasing eigenvalues of V %AV † for
an arbitrary unitary operator V . Let ςx(A) be the x-th
singular value of operator A in ascending order. Then,

∥A −B∥1 =∑
x

ςx(A −B) ≥∑
x

∣ςx(A) − ςx(B)∣ (E7)

holds for arbitrary Hermitian operators A and B [174].
Applying the above inequality forA = V %AV † andB = %B

yields ∥V %AV †−%B∥1 ≥ ∑x ∣p
A
x −p

B
x ∣, from which we imme-

diately obtain Wq(%
A, %B) ≥ T (pA, pB). Consequently,

Eq. (119) is proved.

4. Proof of Thm. 2

Here, we prove Thm. 2, which can be restated as

Wq(%
A, %B) = min

Lt
∫

τ

0

√
σtmt dt = min

Lt

√
ΣτMτ . (E8)

First, we prove that RHS ≥ LHS. Note that

σt =
1

2
∑
k

∑
x,y

jxyk (t) ln
axyk (t)

ayxk′ (t)
, (E9)

mt =
1

2
∑
k

∑
x≠y

jxyk (t)

ln[axyk (t)/ayxk′ (t)]
. (E10)

Applying the Cauchy–Schwarz inequality and triangle in-
equality, we obtain

√
σtmt ≥

1

2
∑
k

∑
x≠y

∣jxyk (t)∣

≥
1

2
∑
x

∣∑
k

∑
y(≠x)

jxyk (t)∣

=
1

2
∑
x

∣ṗx(t)∣. (E11)

Consequently, taking the time integration and applying
Prop. 3 yield the following result:

min
Lt

√
ΣτMτ ≥ min

Lt
∫

τ

0

√
σtmt dt

≥
1

2
min
Lt
∑
x
∫

τ

0
∣ṗx(t)∣dt

≥
1

2
min
Lt
∑
x

∣∫

τ

0
ṗx(t)dt ∣

=
1

2
min
Lt
∑
x

∣px(τ) − px(0)∣

≥Wq(%
A, %B). (E12)

Next, we need only show that the equality in the in-
equality (E12) can be achieved with particular dynam-
ics. First, we construct a Markov jump process with
the transition rate matrix {Wt} that transforms the ini-
tial distribution pA into the final distribution pB . Let us
consider probability path pt = p

A+t(pB−pA)/τ . We then
have ṗx(t) = (pBx −p

A
x )/τ , which is invariant for all times t.

We next define S+ ∶= {x ∣pBx ≥ pAx } and S− ∶= {x ∣pBx < pAx }.
Then, ∑x∈S+ ṗx(t) = −∑x∈S− ṗx(t). Let φ > 0 be an arbi-
trary real positive number. According to Prop. 4, non-
negative coefficients {zxy} exist such that

∑
y∈S−

zxy =
ṗx(t)

1 − e−φ
, ∀x ∈ S+, (E13)

∑
x∈S+

zxy =
−ṗy(t)

1 − e−φ
, ∀y ∈ S−. (E14)

Using these coefficients, we consider the following transi-
tion rates:

wxy(t) =
zxy

py(t)
, ∀x ∈ S+, y ∈ S−, (E15)

wyx(t) = e
−φ zxy

px(t)
, ∀x ∈ S+, y ∈ S−, (E16)

wxy(t) = 0, otherwise. (E17)

With these transition rates, we can verify that

ṗx(t) = ∑
y(≠x)

jxy(t), ∀x. (E18)

Moreover, the irreversible entropy production rate and
dynamical state mobility associated with this Markov
jump process can be calculated as

σt = ∑
x∈S+,y∈S−

jxy(t) ln
axy(t)

ayx(t)
= φ∑

x>y
∣jxy(t)∣, (E19)

mt = ∑
x∈S+,y∈S−

jxy(t)

ln[axy(t)/ayx(t)]
= φ−1

∑
x>y

∣jxy(t)∣. (E20)

In addition, note that

∑
x>y

∣jxy(t)∣ = (1 − e−φ) ∑
x∈S+

∑
y∈S−

zxy

= ∑
x∈S+

ṗx(t). (E21)

Consequently, we have

√
ΣτMτ = ∫

τ

0
∑
x>y

∣jxy(t)∣dt

= ∑
x∈S+
∫

τ

0
ṗx(t)dt
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= ∑
x∈S+

[px(τ) − px(0)]

= ∑
x∈S+

(pBx − pAx )

= T (pA, pB)

=Wq(%
A, %B). (E22)

We next construct Lindblad dynamics that trans-
forms %A into %B and simultaneously satisfies the
equality (E22). For each pair of positive transition
rates {wxy(t),wyx(t)}, we define the corresponding

jump operators L̃k(t) =
√
wxy(t) ∣x

A⟩⟨yA∣ and L̃k′(t) =
√
wyx(t) ∣y

A⟩⟨xA∣. We consider the following Lindblad
equation:

˙̃%t =∑
k

D[L̃k(t)]%̃t. (E23)

As the initial state is diagonal in the eigenbasis {∣xA⟩},
Eq. (E23) is equivalent to the classical Markov jump
process previously constructed. Given the initial state
%̃0 = %A, we can easily see that %̃t is always diagonal in
the eigenbasis {∣xA⟩} [i.e., %̃t = ∑x px(t) ∣x

A⟩⟨xA∣]. More-
over, from Eq. (E22), it is evident that

√

Σ̃τM̃τ =Wq(%
A, %B). (E24)

Now, consider the unitary operator Uτ = ∑x ∣x
B⟩⟨xA∣. A

Hermitian Hamiltonian H exists such that Uτ = e−iHτ .
Using this Hamiltonian, we consider the following Lind-
blad dynamics:

%̇t = −i[H,%t] +∑
k

D[Lk(t)]%t, (E25)

where jump operators are given by Lk(t) = UtL̃k(t)U
†
t ,

and Ut ∶= e
−iHt. The density matrix %t is related to that

in Eq. (E23) as %t = Ut%̃tU
†
t . We can confirm that the

dynamics (E25) transforms the density matrix %0 = %A

into %τ = %B , and irreversible entropy production and
dynamical state mobility remain unchanged:

Στ = Σ̃τ , (E26)

Mτ = M̃τ . (E27)

Combining this with Eq. (E24), we can show that the
inequality (E12) can be saturated as

√
ΣτMτ =Wq(%

A, %B). (E28)

5. Quantum variational formula in terms of
entropy production and dynamical activity

Corollary 9. The quantum Wasserstein distance can be
expressed in terms of irreversible entropy production and
dynamical activity as

Wq(%
A, %B) = min

Lt
∫

τ

0

σt
2

Φ(
σt
2at

)
−1

dt (E29)

= min
Lt

Στ
2

Φ(
Στ

2Aτ
)

−1

. (E30)

Proof. First, we prove that

Wq(%
A, %B) ≤ ∫

τ

0

σt
2

Φ(
σt
2at

)
−1

dt ≤
Στ
2

Φ(
Στ

2Aτ
)

−1

.

(E31)
Noting that xΦ(x/y)−1 is a concave function and

σt =
1

2
∑
k,x,y

jxyk (t) ln
axyk (t)

ayxk′ (t)
=∶

1

2
∑
k,x,y

σxyk (t), (E32)

at =
1

2
∑
k,x,y

[axyk (t) + ayxk′ (t)], (E33)

we obtain the following result from Jensen’s inequality:

σt
2

Φ(
σt
2at

)
−1

≥ ∑
k,x,y

σxyk (t)

4
Φ(

σxyk (t)

2[axyk (t) + ayxk′ (t)]
)

−1

=
1

2
∑
k,x,y

∣jxyk (t)∣

≥
1

2
∑
x

∣ṗx(t)∣. (E34)

Taking the time integration, we can immediately prove
Eq. (E31):

Wq(%
A, %B) ≤

1

2
∫

τ

0
∑
x

∣ṗx(t)∣dt

≤ ∫

τ

0

σt
2

Φ(
σt
2at

)
−1

dt

≤
Στ
2

Φ(
Στ

2Aτ
)

−1

. (E35)

Next, we show that the equalities in Eq. (E31) can
be attained with the dynamics constructed in the
proof of Thm. 2. Notice that the density ma-
trix %̃t of Lindblad dynamics (E23) can be expressed
as %̃t = ∑x px(t) ∣x

A⟩⟨xA∣. Therefore, the density
matrix %t of Lindblad dynamics (E25) reads %t =

∑x px(t)Ut ∣x
A⟩⟨xA∣U †

t , the time-dependent eigenvectors

of which are ∣xt⟩ = Ut ∣x
A⟩. The jump operators are given

by Lk(t) =
√
wxy(t)Ut ∣x

A⟩⟨yA∣U †
t . Using these quanti-

ties, we can calculate

wx
′y′

k (t) = δxx′δyy′wxy(t). (E36)

In addition, the entropy production and dynamical ac-
tivity rates can be calculated as

σt = φ∑
x>y

∣jxy(t)∣, (E37)

at = coth(φ/2)∑
x>y

∣jxy(t)∣, (E38)
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where {jxy(t)} are probability currents in the classical
Markov jump process. Consequently, we obtain the fol-
lowing relations:

σt
2

Φ(
σt
2at

)
−1

=
1

2
φ∑
x>y

∣jxy(t)∣Φ(
φ

2 coth(φ/2)
)

−1

= ∑
x>y

∣jxy(t)∣, (E39)

Στ
2

Φ(
Στ

2Aτ
)

−1

= ∫

τ

0
∑
x>y

∣jxy(t)∣dt . (E40)

Combining Eqs. (E39), (E40), and (E22) verifies the
equalities of Eq. (E31).

Appendix F: Derivation of calculations in Sec. VI

1. Thermodynamic speed limit in terms of the
trace distance

The Wasserstein distance is used as a metric between
quantum states in the speed limits in Eq. (137). Here,
we show that another thermodynamic speed limit with
a different metric can also be obtained. Specifically, we
derive a speed limit using the trace distance in the fol-
lowing. Let %t = ∑x px(t) ∣xt⟩⟨xt∣ be the spectral decom-
position of the density matrix %t. Then, as previously
shown in Ref. [18], we have

∥%̇t∥1 ≤ 2(∆Ht +∆HD
t ) +∑

x

∣ṗx(t)∣, (F1)

where

(∆Ht)
2
= tr{H2

t %t} − (tr{Ht%t})
2, (F2)

(∆HD
t )

2
= tr{(HD

t )
2%t} − (tr{HD

t %t})
2, (F3)

HD
t ∶= ∑

x≠y

i ⟨xt∣∑kD[Lk]%t∣yt⟩

py(t) − px(t)
∣xt⟩⟨yt∣ . (F4)

In addition, as shown in Eq. (E11), we can prove that

∑
x

∣ṗx(t)∣ ≤ 2
√
σtmt. (F5)

Taking the time integration and using the triangle in-
equality for the trace norm, we obtain

T (%0, %τ) ≤
1

2
∫

τ

0
∥%̇t∥1 dt

≤ τ ⟨∆H +∆HD
+
√
σm⟩

τ
, (F6)

which yields the following speed limit:

τ ≥
T (%0, %τ)

⟨∆H +∆HD +
√
σm⟩

τ

≥
T (%0, %τ)

⟨∆H⟩τ + ⟨∆HD⟩τ +
√

⟨σ⟩τ ⟨m⟩τ

. (F7)

Since ⟨m⟩τ ≤ ⟨a⟩τ /2, this new speed limit is stronger than
the bound reported in Ref. [18], which reads

τ ≥
T (%0, %τ)

⟨∆H⟩τ + ⟨∆HD⟩τ +
√

⟨σ⟩τ ⟨a⟩τ /2
(F8)

In the classical limit, the speed limit (F7) reduces to the
following bound:

τ ≥
T (pA, pB)

⟨
√
σm⟩

τ

≥
T (pA, pB)
√

⟨σ⟩τ ⟨m⟩τ

. (F9)

2. Proof of Eq. (141)

Equation (141) is the consequence of the following
lemma.

Lemma 10. If an erasure protocol satisfies ∥Λτp−p∗∥F ≤

δ, where δ > 0 is a sufficiently small number, then for
an arbitrary probability distribution p0, the following in-
equality holds:

∥Λτp0 − p∗∥F ≤
√

2dδ
δ→0
ÐÐ→ 0. (F10)

Proof. For any probability distribution p0, a distribution
p′0 always exists such that p0+(d−1)p′0 = 1 = dp∗. Indeed,
the distribution p′0 can be chosen as p′0 = (1 − p0)/(d −
1). Here, 1 = [1, . . . ,1]⊺ is the all-one vector. We then
define pτ ∶= Λτp0 and p′τ ∶= Λτp

′
0 and obtain the following

relation:

Λτp =
1

d
Λτ(p0 + (d − 1)p′0) =

1

d
pτ +

d − 1

d
p′τ . (F11)

Therefore, the condition ∥Λτp − p∗∥F ≤ δ is equivalent to

∥(pτ + (d − 1)p′τ)/d − p∗∥
2
F ≤ δ2. (F12)

It suffices to prove that ∥pτ−p∗∥
2
F ≤ 2dδ. From Eq. (F12),

we have

∣[pτ,1 + (d − 1)p′τ,1]/d − p∗,1∣
2
≤ ∥[pτ + (d − 1)p′τ ]/d − p∗∥

2
F

≤ δ2. (F13)

Consequently,

1 − pτ,1

d
+ (d − 1)

1 − p′τ,1

d
≤ δ⇒ 1 − dδ ≤ pτ,1 ≤ 1. (F14)

The last inequality in Eq. (F14) immediately derives ∣1−
pτ,1∣ ≤ dδ and ∣pτ,1∣ ≥ 1 − dδ ≥ 0. From the inequality

∑
d
n=1 ∣pτ,n∣

2 ≤ ∑
d
n=1 pτ,n = 1, the partial sum ∑

d
n=2 ∣pτ,n∣

2

can be upper bounded as

d

∑
n=2

∣pτ,n∣
2
≤ 1 − ∣pτ,1∣

2
≤ 1 − (1 − dδ)2

= 2dδ − d2δ2. (F15)

Combining these inequalities, we obtain

∥pτ −p∗∥
2
F = ∣1−pτ,1∣

2
+

d

∑
n=2

∣pτ,n∣
2
≤ d2δ2

+2dδ−d2δ2
= 2dδ,

(F16)
which completes the proof.
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in Metric Spaces and in the Space of Probability Mea-
sures (Springer, New York, 2008).

[171] M. Gelbrich, On a formula for the L2-Wasserstein met-
ric between measures on Euclidean and Hilbert spaces,
Math. Nachr. 147, 185 (1990).

[172] N. Shiraishi, Optimal thermodynamic uncertainty re-
lation in Markov jump processes, J. Stat. Phys. 185
(2021).

[173] B. Rutten, M. Esposito, and B. Cleuren, Reaching op-
timal efficiencies using nanosized photoelectric devices,
Phys. Rev. B 80, 235122 (2009).

[174] R. Bhatia, Matrix Analysis (Springer, New York, 1996).

https://doi.org/10.1103/PhysRevX.6.041064
https://doi.org/10.1103/PhysRevX.6.041064
https://doi.org/10.1103/PhysRevX.11.041024
https://doi.org/10.1088/2399-6528/ac72f8
https://doi.org/https://doi.org/10.1002/mana.19901470121
https://doi.org/10.1007/s10955-021-02829-8
https://doi.org/10.1007/s10955-021-02829-8
https://doi.org/10.1103/PhysRevB.80.235122

	Thermodynamic Unification of Optimal Transport: Thermodynamic Uncertainty Relation, Minimum Dissipation, and Thermodynamic Speed Limits
	Abstract
	I Introduction
	A Background
	B Summary of results
	C Relevant literature

	II Review of continuous optimal transport
	A Optimal transport problem
	B Benamou–Brenier formula

	III Stochastic thermodynamics of discrete systems
	A Markov jump processes
	B Entropy production and dynamical activity
	C Dynamical state mobility
	1 Definition
	2 Continuous limit

	D Thermodynamic uncertainty relation: State mobility is crucial in nonequilibrium

	IV Results on discrete optimal transport
	A Optimal transport distance
	B Thermodynamic interpretation

	V Quantum generalization
	A Markovian open quantum dynamics
	B Entropy production and dynamical activity
	C Quantum dynamical state mobility
	D Quantum optimal transport distance and thermodynamic interpretation

	VI Applications for thermodynamic interpretation of optimal transport
	A Classical and quantum thermodynamic speed limits
	1 Classical case
	2 Quantum case

	B Finite-time Landauer principle
	1 Classical case
	2 Quantum case


	VII Numerical demonstrations
	A Illustration of classical thermodynamic speed limits and finite-time Landauer principle
	B Illustration of quantum thermodynamic speed limits and finite-time Landauer principle

	VIII Conclusion and outlook
	 Acknowledgments
	A Geometric property of continuous L2-Wasserstein distance
	B Useful propositions
	C Derivation of calculations in Sec. III
	1 Property of mt
	2 Lower bound of dynamical state mobility
	3 Proof of Eq. (61)
	4 Additional illustration of Eq. (61)

	D Derivation of calculations in Sec. IV
	1 Proof of Eq. (72)
	2 Proof of Thm. 1
	3 Equality in Thm. 1 can be achieved with global detailed-balance systems
	4 Minimum entropy production can be achieved with global detailed-balance systems
	5 Particular topologies
	a Ring topology
	b Fully connected topology

	6 Alternative variational expressions of the discrete Wasserstein distance

	E Derivation of calculations in Sec. V
	1 Proof of Eq. (99)
	2 Proof of Eq. (115)
	3 Proof of Eq. (119)
	4 Proof of Thm. 2
	5 Quantum variational formula in terms of entropy production and dynamical activity

	F Derivation of calculations in Sec. VI
	1 Thermodynamic speed limit in terms of the trace distance
	2 Proof of Eq. (141)

	 References


