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SEMICLASSICAL QUANTIZATION CONDITIONS IN STRAINED
MOIRE LATTICES

SIMON BECKER AND JENS WITTSTEN

ABSTRACT. In this article we generalize the Bohr-Sommerfeld rule for scalar symbols
at a potential well to matrix-valued symbols having eigenvalues that may coalesce
precisely at the bottom of the well. As an application, we study the existence of
approximately flat bands in moiré heterostructures such as strained two-dimensional
honeycomb lattices in a model recently introduced by Timmel and Mele.

1. INTRODUCTION

In recent decades, scientists have mastered the creation of two-dimensional crystals,
consisting of single atomic or molecular layers. When these crystals are stacked with
slight offsets or rotations, they produce a large-scale interference pattern known as a
moiré pattern. In such moiré materials, the electronic states align with the periodicity
of the moiré pattern rather than that of the original crystal, exerting a profound
influence on the material’s electronic properties.

Twisted bilayer graphene (TBG), where two layers of graphene are stacked with
a slight twist, serves as a prime example of this phenomenon. Graphene is a two-
dimensional crystal formed by a single layer of carbon atoms arranged in a honey-
comb lattice. When stacked at specific twist angles, known as magic angles, TBG
exhibits remarkable properties including unconventional superconductivity and a dis-
tinctive flat electronic band structure at low energies. Tarnopolsky, Kruchkov, and
Vishwanath [TKV19] introduced a chiral continuum model for TBG which captures
this fundamental nature of TBG’s magic angles by showcasing perfectly flat Bloch-
Floquet bands precisely at the magic angles. In [BEWZ21, BEWZ22] it was shown
that as the twisting angle is very small, virtually every band close to zero energy is
essentially flat for this model.

In this article, we study an analogue of the above-mentioned chiral model in one
dimension, introduced by Timmel and Mele [TM20|, where a moiré-type structure ap-
pears in one dimension through the application of physical strain. While this model
does not exhibit perfectly flat bands, we show that there exist approximate eigenvalues
of infinite multiplicity in the limit of very large moiré cells. These approximate eigen-
values of infinite multiplicity are of the form (1.8) and correspond to almost flat bands,

see §1.3. The infinite multiplicity is obtained from an infinite number of disjoint wells
1



2 SIMON BECKER AND JENS WITTSTEN

re
. o8 83 38 38
» _ o $38
249 4 3 5 ol 3 33 33
. . 0 E334
+ »-4
<. b e -,
4 3 s -
4. e e ] w
>4 + = .,
4 4 s >3 3 23!
4 3 > XX { d yab s e g
4 34 * * +% +%
+ : $
H ¢ $ :
+ >4 >4
$4¢ 11 4 : 2 2
o i $ $
it : :
4 444 s 23l 313
+ T : 3¢
a4 1 135 13 13
! bo 2 2 2
™ Se 232 SeZe)

FIGURE 1. Left: superposition of two honeycomb lattices subject to
antisymmetric shear strain. Middle: superposition of two honeycomb
lattices where one lattice is subject to uniaxial strain in horizontal di-
rection. Both superpositions create 1D moiré patterns in the horizontal
direction. For comparison, the right panel shows a 2D moiré pattern
created by a superposition of twisted honeycomb lattices without strain.

which give rise to an infinite number of almost orthonormal quasimodes. The model
actually doesn’t have any exact eigenvalues so the physical relevance of the quasimodes
is their implication of approximately flat band spectrum.

The key ingredient in obtaining these approximate eigenvalues, and our main math-
ematical contribution, is a generalization of the Bohr-Sommerfeld quantization condi-
tion at potential wells to fairly general matrix-valued symbols (see Theorem 1.3 and
Corollary 1.4). This was previously only known for operators that are essentially scalar,
and the semiclassical techniques using symplectic changes of coordinates to reduce the
symbol to a harmonic oscillator do not generalize to systems. While our technique
generalizes to higher dimensions, we restrict ourselves to the one-dimensional case in
this work.

The setting that we will be concerned with is illustrated in Figure 1, where we de-
scribe the superposition of two honeycomb lattices under strain. The left superposition
is subjected to antisymmetric shear strain, while the middle superposition is subjected
to uniaxial strain in the horizontal direction. Contrary to the case of twisted bilayer
graphene in which the moiré pattern is a two-dimensional structure (see the right
panel), the left and middle moiré patterns in Figure 1 are essentially one-dimensional.

Apart from modeling graphene sheets under mechanical strain, the model we analyze
in this work has also been considered for low-energy electron diffraction (LEED) studies
in surface reconstructions of metals. More precisely, metals such as iridium, platinum,
and gold are known to exhibit columns of honeycomb lattice structures on their sur-
face with pits in between them. This phenomenon where the crystal structure of the
metal is broken up on the surface is known as surface reconstruction [Her12, VKS*81|.
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In addition, the existence of one-dimensional flat bands in twisted one-dimensional
Germanium selenide lattices has been recently discovered in [KXCR20).

In order to understand such emerging physical phenomena, we develop a new spectral
analysis of operators with matrix-valued symbols exhibiting a potential well. For
Schrodinger operators this has been studied by Barry Simon [Sim83] and has been
generalized to pseudodifferential operators by Helffer-Robert [HR84] (see also [DS99])
to symbols that, via a linear symplectic transformation, can be locally reduced to a
principal symbol with non-degenerate minimum at (x,&) = (0,0) such that

po(z,§) = %(52 + %) + O((x,€)?) with A > 0. (1.1)

The Bohr-Sommerfeld quantization condition near a potential well then allows for the
following asymptotic spectral description, see also [CdV05, ILR18]. Indeed, we can
parametrize periodic orbits p;'(7) by the bicharacteristic flow I > t + (2(t),£(t)) at
the energy level 7. We shall then write fpgl ([ dt = [, f(x(t),£(t)) dt. The following
theorem is discussed in [DS99, Theorem 14.9], where we used the convention of [CdV05,
ILR18| instead for the characterization of the approximate eigenvalues.

Theorem 1.1. Let p(z,&;h) € S(1) with asymptotic expansion p ~ >, h*py and
assume that the principal symbol po(z,€) > 0 with po(z, &) = 0 only at (z,€) = 0, as
in (1.1), and also liminf|(, ¢) 00 p(x,€) > 0. Let v, := py ' (7). Then there exists a
smooth function F(r,h) ~ 3770 h"Fy(7), with Fo(t) = 5 [ &€dv = 7/A + O(7?),
F(r) =5~ [, mdt, and

1 1 1
Fy(r) = —0, | — det ( OucPo Do ) — phdt — o / padt,
Yr

4 ), 12 —0gepo —OePo

such that for every fized § > 0, the eigenvalues of P(h) = p“(x, hD;h) in (—oo, h°)
are defined by the implicit equation F (A\p(h),h) + O(h>) = kh with k € Ny.

Remark. The proof of Theorem 1.1 relies on what happens for the harmonic oscillator
p(z,€) = po(z, &) = M2*+£?)/2. In this case, at energy level 7, the bicharacteristic flow
is (z(t),&(t)) = /27/A(cos(2nt),sin(27t)) for t € [0,1]. Then Fy(r) = 7/A, Fi(T) =
1/2 and F(7) = 0, as the determinant in the theorem is a constant independent of 7.
Since Fj is positive, we find for A\;(h) > 0 that

An(h)

A

By the positivity constraint, eigenvalues start only at n = 1 and thus A,(h) = A(n —
1/2)h+O(h?) for n > 1. The vanishing of all higher order terms in case of the quantum
harmonic oscillator is discussed in [CdV05, ILR18|.

Fo(Au(h)) = +O(h*) = (n—1/2)h.

In F}, the value % corresponds to the Maslov index, whereas f7 p1|dt] is associated

with Berry’s phase, see also [CU0S8|. Here the symbol class S(1) is the set of all smooth
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functions with bounded derivatives of any order, and p"“(z, hD) is the semiclassical
Weyl quantization of p, see Section 2. In the study of the Harper operator, this result
has been generalized by Helffer-Sjostrand [HS90, Corollary 3.1.2] to matrix-valued
symbols that can be block-diagonalized to a scalar symbol exhibiting a potential well
and a possibly matrix-valued remainder that is spectrally gapped from the well. In
fact, let M € S(1) be a self-adjoint matrix-valued symbol with M (z,§) € C"*™ and
with one eigenvalue p € S(1), of algebraic multiplicity one, such that

inf _ d(Spec(M(z,§))\p(z, £), u(x, ) > 0. (1.2)

(z,£)€T*R
Then there exists a unitary pseudodifferential operator U(x, hD) such that
U*(x, hD)M (z, hD)U (z, hD) = diag(ji(z, hD), M(x,hD)) + O(h*),

where /i has principal symbol .

Our objective in this work is to study self-adjoint operators P*(x, hD) for which
the gap-condition (1.2) fails due to the existence of a degenerate potential well in the
following sense:

Definition 1.2. Let Py(z,£&) € C**? and assume that there is a constant C' > 0 such
that Py(z, &) + C'idez ez is positive semi-definite for all (z, ). If

Po(z,€) = (a(€ — &)* + b(z — 20)*) id2 +O(|(2, &) — (0,%)[) (1.3)

for some a,b > 0, then we say that P, has a potential well at (xg,&). If there is
a neighborhood of (z¢,&p) in which Py has only one distinct eigenvalue of constant
multiplicity 2 then we say that the well is non-degenerate, otherwise it is said to be
degenerate. We say that the system P“(z, hD) has a (degenerate or non-degenerate)
well at (z,&) if the principal symbol Py of P“(x,hD) has a (degenerate or non-
degenerate) well at (xg, &).

Note that if Py has a degenerate potential well at (xq, &) then the eigenvalues nec-
essarily coalesce at (z, &) since Py(zg,&p) has only the eigenvalue \(xg,&y) = 0 with
algebraic multiplicity two. In particular, (1.2) is not satisfied. The main mathemat-
ical contribution of this article is the construction of quasimodes for such symbols in
Theorem 1.3 and Corollary 1.4, corresponding to operators on the real line and on the
circle, respectively. Note that (1.2) is also not satisfied when Py has a non-degenerate
potential well since then P, has a double instead of simple eigenvalue there. Theorem
1.3 and Corollary 1.4 apply to this case too. However, when P" is self-adjoint with
a non-degenerate potential well then Fy is essentially scalar near the well so scalar
methods can be used instead. For a degenerate well this is not possible since the mul-
tiplicity changes from one to two precisely at the bottom of the well; this is the reason
we choose to call that case degenerate.
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Before stating these results we briefly describe the setting. In Theorem 1.3 we assume
that the full symbol of P* has either an asymptotic expansion in S(1) which is relevant
for tight-binding operators, or in S?(T*R) which allows for second order differential
operators including the square of a Dirac operator (see Section 2 for definitions of
symbol classes). By multiplying the principal symbol Py of P* by a scalar if necessary
we may assume that ¢ = 1 in (1.3). We will also assume that zy = 0, but keep &, to
illustrate its effects. Thus, P ~ Y h/P; where P, has a potential well at (0,&). We
may without loss of generality assume that the subleading symbol satisfies P;(0, &) =
diag (g, p2) with pq, e € R. Indeed, since P;(z,&) is Hermitian when P is self-
adjoint, we may conjugate P;(0,&,) with a unitary constant matrix to obtain this
form, and this preserves (1.3) which proves the claim. We note that if Py € S(1) is
positive semi-definite then the sharp Géarding inequality for systems (which for example
follows from Hormander’s Weyl calculus [H6r79, Theorem 6.8], see Lemma 3.10 below)
gives (P¥(x, hD)u,u) > —Ch| u||* for h small which implies that also

(PY(x, hD)u,u) > —Chlul]?

for h small. If u is microlocally small in a neighborhood of the well at (0,&), this
will lead to a sufficiently good positive lower bound for our applications. We will be
able to argue in a similar way when P € S?(T*R) by assuming, in addition, that if
P € S?*(T*R) then

(PY(xz,hD)u,u) > (Vu,u) — Ch(u,u) (1.4)
where V' € C®(R;R?*?) is a matrix-valued function such that for some cy,cy > 0,
V(x) + ¢y idgex2 is positive semi-definite for all z, and V(x) = coa? ideex2 +O(2?) near
x = 0. This assumption is tailored towards the low-energy model we study in §4.1,
and is natural for the square of a Dirac operator with a potential well, see Lemma 4.4.

We show that under these conditions, we can use the standard rescaling y = h=2z
to write Pv as

PY(x,hD) =~* o T o (y 1), v(z) = Wiz, (1.5)
where 7T is an operator of the form
Toly) = VT (y, D) (e VPo)(y), (1.6)

see Proposition 3.1. Here T% = hT{" + h3/ 2RY, with the leading symbol Ty given as
the direct sum of two harmonic oscillators

TO(yu 77) = dla’g(nz + w2y2 + M1, 772 + W2y2 + M?)a

where w > 0 is determined from a, b in Definition 1.2. (Assuming a = 1 we have w =
\/5) The symbol expansion of R}’ is described in Proposition 3.1. These subleading
symbols couple the two harmonic oscillators in a non-trivial way, preventing us from
resorting to scalar methods. Instead, we use the fact that R}’ = O(1) for eigenvectors
@ of T§" to perform a perturbative analysis and obtain the following theorem, which is
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the main mathematical result of the paper. For the statement we recall the harmonic
oscillator basis functions
2 wy2

onal®) = = (O H, (Vioy) e 2 = duuly)e 2 neNy, w>0, (17)

satisfying (D} + w*y*)¢nw = (2n 4 1)w@n,,, and normalized in L?(R). Here H, is the
n:th Hermite polynomial.

Theorem 1.3. Let P € C™(T*R) have asymptotic expansion P ~ > %, h* Py, where
either P, € S(1) for k >0, or P, € S* *(T*R) for k > 0, so that either P € S(1) or
P € S*(T*R). Assume (1.4) if P € S*(T*R). Assume that Py has a potential well at
(0,&0) in the sense of Definition 1.2 and that Pi(0,&) = diag(u, o) with py, po € R.
Then P can be written as in (1.5)—(1.6), with T" in (1.6) satisfying the following:
For any n € Ny there is an hy > 0 together with quasimodes v\ (n) and approvimate
eigenvalues AU (n), j = 1,2, such that for any ¢ € Ny

(Tw(y7 D) - A(])(n))v(])(na y) = Oy(hg—i_%)a 0<h< h07

where v (n,y) = 7, W29 (n, y)e=¥*12 mod O (hY/2) for some polynomials v,
and where X0 (n) = K2 0229 (n) mod O(h3/2) with AY (n) = (2n + 1w + ;.
The leading order amplitudes are v(()l)(n) = (Pnw,0) and UéQ)(n) = (0, ).

The proof of Theorem 1.3 takes up the bulk of Section 3. We remark that the
presence of u; and ps in Ty has a nontrivial influence on the available methods for
constructing quasimodes. (Note that resonance occurs when p; — ps € 2Zw, see the
discussion preceding (3.15) below.) To illustrate this, we include an explicit WKB-
type construction of approximate eigenvalues and quasimodes in Proposition 3.3 as
a special case of Theorem 1.3, which relies on one of the following constraints being
fulfilled: either puy — po & 2Zw, or py — po € 4Zw but the expansion of Ry, satisfies
an alternating block symmetry assumption (diagonal and off-diagonal, alternating). In
particular, for the construction to work it is crucial that p; — o ¢ (4Z+2)w, and as we
will see below, this assumption is violated in the models of one-dimensional strained
moiré lattices introduced by Timmel and Mele [TM20].

To treat the general case, we design a new phase space version of a quasimode
construction used by Barry Simon [Sim83|. This includes a phase space version of
the IMS localization formula in Lemma 3.8 which may be of independent interest.
To isolate the spectral contribution of the degenerate potential well at (0,&,), we use
the notion of a massive Weyl operator by adding to P (z,hD) the operator (1 —
X" (x, hD))idcz2x2 where y is a symbol having small support such that y = 1 near
the well, see (3.9). Since the quasimodes have semiclassical wavefront set confined to
{(0,&p)}, the difference between P*(x, hD) and its massive counterpart acting on the
quasimodes is O(h™) as h — 0.
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If the symbol P(z,&) € C*(T*R) in Theorem 1.3 in addition is 1-periodic in z,
then P preserves periodicity in the sense that if u(x) € C*(R) is 1-periodic then
so is P*(x,hD)u(z). Moreover, P can be identified with a symbol on T*T, where
T := R/Z is the one-dimensional torus. By identifying 1-periodic functions on R with
functions on T, pseudodifferential operators on T can in this way be identified with
operators having symbols that are 1-periodic in z, acting on 1-periodic functions, see
§2.1 for details. As a consequence of Theorem 1.3 we therefore obtain the following
quasimode construction for P¥(z, hD) on L*(T; C?) near a potential well. We give the
proof in Subsection 3.2.

Corollary 1.4. Let P satisfy the assumptions in Theorem 1.3. Assume in addition
that P(x,&) is 1-periodic in x, and regard P¥(x,hD) as a pseudodifferential operator
on T. Let {v9(n)}nen, and {N9(n)}neng, 7 = 1,2, be given by Theorem 1.3. Then
the family of quasimodes {u'9(n)}nen, in C%(T;C?) given by

u(n,z) =h7 Z ey (n, (2 — k)h"2)

keZ
satisfies WF,(u)) = {(0,&)} C T*T, [|[u || r2(rco) = 1 + O(h?) and
(P (2, hD) — A9 (n))ul) (n) = Opa(rc2y (hF2) (1.8)
for 0 < h < hyo(n) and all ¢ € Ny.

In the second part of the paper we then apply Corollary 1.4 to the models of Timmel
and Mele [TM20] of one-dimensional moiré structures discussed above. To describe our
results in more detail we first need to introduce the models.

1.1. Model Hamiltonian. We start by introducing the tight-binding (i.e., discrete)
model of one-dimensional moiré structures. Here, an effectively one-dimensional moiré
pattern (visible along the horizontal direction in Figure 1) has been formed due to
periodic strain-modulation. Using periodicity in the orthogonal direction, Floquet
theory is used to obtain a family of Hamiltonians, depending on a quasimomentum
k, € R perpendicular to the moiré direction, that approximates the dynamics of
strained bilayer graphene in the direction of the moiré pattern, and takes the following
form: Let ¢ = (¢,)3__ be a vector in £*(Z;C*). The Harper model for strained
bilayer graphene [TM20] is defined as the action Hrg(w)y = ((Hrg(w)),)S2_ . where

n=—oo

(Hrp(w)Y)n = t(kL)Yni1 + t(kL)n1 + (to + Va(n/L))n. (1.9)

Here, L is the length of a unit period of the moiré pattern (i.e., the length of the
fundamental cell of the pattern’s one-dimensional lattice structure); we call L the
moiré length. L is related to the strength of the strain, and L — oo as the strength of
the strain tends to zero.
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Armchair
Zigzag

FIGURE 2. Different stacking configurations (AA, AB, BA) for super-
positions of honeycomb lattices under strain. On the left, both the red
and the blue lattice is subject to antisymmetric shear strain, while on
the right, the red lattice is subject to uniaxial strain in the horizontal
direction.

Denote the Pauli matrices by o; for i € {1,2,3}. Then the kinetic part is the discrete
Dirac operator which, for 7,5 = diag(o1,01) and 795 = diag(os, 03), is defined as

(Dkin(kj_)d})n = t(kl)wn-l—l + t(kl),’vbn—l + tO,@Z}na

where
t(kl) = (COS(27TI€J_)’}/15 + Sin(ZWkL)’}/25), to = 715- (110)

This parameter configuration corresponds to the armchair configuration in [TM20] re-
sulting from antisymmetric shear strain (shown in the left panel of Figure 1). Uniaxial
strain leads to a similar model. The honeycomb lattice consists of two types of atoms
per fundamental cell, denoted A and B, respectively. The full potential V,, is defined in
terms of an anti-chiral potential (ac), describing the interaction between atoms A /A,
B/B of the honeycomb lattice, and a chiral potential (c), describing the interaction
between atoms A/B, B/A of the honeycomb lattice, of the form

0 id 0o W\ . 0 U-
Vac_UaC(id o)’v"_(W* 0) WlthW_(Uj 0)’

where U,.(7) = 1 + 2cos(2rz) and UF(x) = 1 — cos(27wx) 4+ v/3sin(27x). Then
Vio () = woVac(z) + wnVo(z), w = (wo,w;) € R%.

Interaction between atoms A /A, B/B where the two honeycomb lattices are aligned is
called AA stacking, while interaction between atoms A/B, B/A are called AB and BA
stacking, respectively. The stacking configurations are illustrated in Figure 2 for the
two types of 1D moiré patterns shown in Figure 1. In their paper on strained lattices,
Timmel and Mele [TM20] consider the full model and assume that wy = w;. We shall
mainly be concerned with the chiral limit, obtained by setting wy = 0. While this may
seem like a drastic simplification, the resulting model reproduces the spectrum close
to zero of the full model quite well, see §1.3 below and in particular Figure 5.
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To use the general framework developed for operators with degenerate potential wells
we note that the discrete operator (1.9) is unitarily equivalent to the pseudodifferential
operator

Hypo(w)u(z) := (2t(k1) cos(2mx) + to + Vi (RD,))u(x) (1.11)

acting on L?(T;C*), T = R/Z, see Lemma 2.1. Here, the semiclassical parameter is
defined in terms of the moiré length via h = (2rL)~!, i.e., we are concerned with the
limit of large moiré lengths L > 1. In the chiral limit (wg = 0), conjugating Hypo(w)
by a unitary matrix leads to a system on off-diagonal block form, thus effectively
reducing the spectral analysis to a 2 x 2 system, see Lemma 4.5. We show that the
degenerate wells only appear for quasimomenta k; = 0 or k; = % After describing
the precise location of the wells in Proposition 4.9, we then use Corollary 1.4 to obtain
approximate eigenvalues and quasimodes to any order. We can do this for each of
the degenerate wells, which appear periodically with period 1 in the fiber direction of
phase space. Since the approximate eigenvalues are independent of the choice of well,
this gives approximate eigenvalues of infinite multiplicity:

Theorem 1.5. Let Hypo(w) be given by (1.11) and consider the chiral limit w =
(0,w1) and quasimomentum ky = 0 or ky = 5. For each & = +3(3)** + ng, ng €
Z, and j = 1,2 there are quasimodes {7 (n)}nen, © C(T;CY), normalized in
L3(T; CY) and with WF( (Eo:9) (n)) = {(&,0)}, together with approzimate eigenvalues

{£/A&I) (n)}hen, that are independent of ng € Z, such that if 0 < h < ho(n) then

(H\I/DO(Oa wy) F 4/ )\(éo’j)(n))w(fw)(n) = O(h"*)

in L*(T; C*) for any ¢ € Ny, where A7) (n) = h Z?ﬁo hi/Q)\Z(-&”j) (n) mod O(h**3/2) with
h((fo’])(n) = (2n+ 14 (=1)*1+-11272%w,. In particular, near zero energy Hypo (0, w;)
has approximate eigenvalues of infinite multiplicity given by

{ £ V2Ur2uhn+O(h)}, . .

1.2. Effective Hamiltonian. We shall also consider an effective low-energy model of
(1.9) introduced in [TM20] for a moiré superlattice with antisymmetric shear strain.
After a rescaling x/L — x, where L is the moiré length, the model is described by the
semiclassical operator

0 hD, — ik,  woU(z)  w U (x)
w | hD, + ik, 0 w UM (x)  weU(x)
H*(@.hDa) = | @) wnU* (@) 0 hD, — ik, |’ (1.12)
wiU™(z)  woU(x) hD,+ ik, 0

with semiclassical parameter h = 1/L, acting on L?(R;C?*). Here k, is the quasimo-
mentum in the orthogonal periodic direction, and U(x) = Uye(x) = 14 2 cos(2mx) and
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U*(z) = U(x) = 1 — cos(2mx) + v/3sin(2nz) as before. The kinetic differential oper-
ator is essentially a linearization in £ of a symbol associated with the discrete model
(1.9). We denote the symbol of the chiral Hamiltonian, when wy = 0, by H. and the
symbol of the anti-chiral Hamiltonian, when w; = 0, by H,., respectively.

Since the potential in H is 1-periodic in z, we can use the standard Bloch-Floquet
transform to equivalently study the spectrum of H¥(k,) = H"(x, hD;k,) on L*(T;C%),
where

0 hD, + k, — ik, woU () w U™ (x)
HO (k) = hD, + k, + ik, 0 w U™ () wolU (z)
v woU () w U™ (x) 0 hD, + k, — ik,
w U™ (x) wolU (z) hDy + kg + ik, 0
(1.13)
and
Spec(HY) = U Spec(H"(kz)). (1.14)
ko €[0,27h)

Then both Hypo and HY(k,) act on L?(T;C*) which allows for a unified treatment of
both models. Note that k, = O(h) so it does not contribute to the principal symbol
of H*(k,).

Similar to Hypo(w) we find in the chiral limit wy = 0 that conjugating HY (k)
by a unitary matrix leads to a system on off-diagonal block form, see Lemma 4.1.
We locate the degenerate potential wells in Proposition 4.3, which only appear for
quasimomentum k; = 0, and apply Corollary 1.4 to obtain approximate eigenvalues
and quasimodes to any order. The proof (given at the end of §4.1) shows that the
obtained approximate eigenvalues of H*(k,) are independent of k,, which by (1.14)
leads to approximate eigenvalues of infinite multiplicity for H:

Theorem 1.6. Let H" and H" (k) be given by (1.12) and (1.13), respectively, and
consider the chiral limit w = (0,w;) and quasimomentum k, = 0. For each j = 1,2
there are quasimodes {0 (n)}nen, C C®(T;CY), normalized in L*(T;C*) and with

WEF( g)(n)) = {(0,0)}, together with approzimate eigenvalues {++/A9)(n)}nen,,
such that if 0 < h < ho(n) then

(H;"(m . \/w(n))wﬁf)(n) — o)

in L?(T;C*) for any ¢ € Ny, where AV (n) = hZ?io hi/Q)\Z(-j)(n) mod O(h'+3/2) with
h((f)(n) = ((2n + 1) + (=1))27V3w,. In particular, for quasimomentum ki = 0, the
chiral limit of HY in (1.12) has approzimate eigenvalues of infinite multiplicity given

by
{ + /473w, hn + (’)(h)}

n€eNg
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Chiral model Anti-chiral model

1 -_ 1
//\ v
e—

05f 0.5 ><><

k./h k./h

FIGURE 3. Bands closest to zero energy for the low-energy model (1.13)
in the chiral limit (left) (wo,w;) = (0,1) and anti-chiral limit (right)
(wo,wy) = (1,0) with A = 1/10. The figure plots the quasimomentum
k./h on the z-axis and the respective eigenvalues of H"(k,) on the y-
axis. The chiral model exhibits almost flat bands.

1.3. Almost flat bands. A band of H" (as the word has been used above) refers
to an eigenvalue of H"(k,) as a function of k,. This is justified by (1.14). It is a
classical result that a flat band corresponds to an eigenvalue of infinite multiplicity
[Kuc16, Corollary 6.11]. The converse can be deduced in the same way if the operator
is self-adjoint and depends analytically on the quasimomentum & (Rellich’s theorem).
Existence of approximate eigenvalues for the chiral limit H¥(k,), as described in the
previous subsection, then results in the bands close to zero energy being almost flat.
This is illustrated in the left panel of Figure 3. For comparison, the right panel shows
the bands of the anti-chiral limit, none of which are almost flat (see Appendix B).

The corresponding notion of bands also exists for the discrete Hamiltonian (1.9).
To see this, note that there is a version of Bloch-Floquet theory also for this model.
Indeed, let L = ¢/p for positive integers p and q. Then Hrg commutes with translations
Tgn = Yn—g. The Bloch transform ¢*(Z;C*) 5 (Yn)nez — (ko — (00 (ks))nez/qz €
L*(R/(27Z); C*) @ C? is then defined for k, € R/(27/q)Z by

Sn(ks) =D Un_gme’ ™ with n € Z/qZ

meZ

and the Floquet transformed Hamiltonian Hrg(k,) takes the form

Hrg(ky) = t(ky) @ (J(ks) + J(ky)") + (b0 @ Iy + V),
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Chiral model Anti-chiral model

06} 06— —_— —

0.4 0.4

0.2f 0.2 5-5—?
E 0 E 0 —— —

0.2 -0.2 >Q<

0.4+ 04 —

067 - e ——

8, 1 2 3 4 5 6 8, 1 2 3 4 5 6

k}z q ka: q

FIGURE 4. Bands close to zero energy for the discrete model (1.9)
in the chiral limit (left) (wp,w;) = (0,1) and anti-chiral limit (right)
(wp,w1) = (1,0) with ¢ = 30,p = 1 and thus L = 30. The figure plots
the quasimomentum £k, - ¢ on the z-axis and the respective eigenvalues of
Hrp(k,) on the y-axis. As in Figure 3, the chiral model exhibits almost

flat bands.
where .
0 0 0 eldke
1 0
J(ky) = ) e C9*4
0 0
0O 0 1 0

and the potential

. 0 U)()IQ 0 Tt + 0 7 _
Vw_('lﬂo[g 0 )@Uq+w1(7_ 0)®Uq +2U1 Tt 0 ®Uq

with matrices qu = diag(U*(jp/q))1<j<q: Ug = diag(U(jp/q))1<j<q, and 7 = <O O>'

In particular,
Spec(Hrg) = U Spec(Hrp(k:)).
k+€[0,27/q]
In the left panel of Figure 4 the corresponding bands close to zero energy are shown,
demonstrating that they are indeed almost flat. The right panel shows the bands of
the anti-chiral limit, discussed in Appendix B.

The approximately flat bands exhibited by the chiral limits of H* and Hrg (cf. the
left panel of Figures 3 and 4) remain nearly flat for the full models for physically
reasonable choices of hopping parameters w = (wg, wy). For twisted bilayer graphene,



SEMICLASSICAL QUANTIZATION CONDITIONS IN STRAINED MOIRE LATTICES 13

Chiral vs. full — low energy model Chiral vs. full - tight-binding model

1 &

FI1GURE 5. Comparison of bands close to zero energy for the chiral limit
(wo,wy1) = (0,1) of the low-energy model (1.13) and the full low energy
model (wg,w;) = (0.8,1) (left) with h = 1/10 showing an impressive
agreement. Chiral limit of the tight-binding model and full tight-binding
model for L = 30 with p = 1 and ¢ = 30 (right).

it has been experimentally verified that the hopping strength ratio is wg/w; =~ 0.7-0.8
for small twisting angles. Using a similar ratio, Figure 5 displays the bands of the full
models, showing that the spectrum close to zero energy is accurately reproduced by
the corresponding chiral limits.

1.4. Analysis close to rational moiré lengths and open questions. The previous
semiclassical description provides a representation of the operator model essentially for
large moiré lengths. We can also find a semiclassical description close to arbitrary com-
mensurable length scales. To translate this spectral problem near any commensurable
h, the key proposition is

Proposition 1.7. Let h = §+h’, then there is a unitary transformationU, : L*(T;C*) —
L*(T;C*) @ C? such that the Hamiltonian in (1.11) satisfies

(Z/{qH\pDOZ/{;)(.’IZ‘, h'Dx) =t(k)® (eQﬂixJ;p + 6727”'1&](”,) +ty® I, + Vw(h’Dw),
where Jgp, = Jé’ with

1 ifk=j+1mod g,

Jy = diag(1,7,...,¥7) with 7 = 1, and (K,)jx =
0 otherwise.

Here, V, is defined as V,, but with matriz-valued self-adjoint potentials
U(h/Da:) = _[q —+ eQﬂih/Dqu + 6—27rih,DwK;
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e2mih' Dy Kq + e 2mih' Dy [ 27ih’ Dy Kq _ g 2mil' Dy K;)

=t

UX(WD,) =1, —

Proof. Consider the unitary map U, : L*(T;C*) — L?*(T;C*) ® C4, defined by
(Uyu) = diag(u, T u, ..., T u)
with (Tw)(z) := u(z — 2). For u(z) = e~*™", this map satisfies
Uuld; = uJ?  and  Ue ™PaUf} = e’zmh/DzK;.

The result then follows immediately, as the operator consists of such primitive Fourier
modes. 0

A more detailed analysis of this model close to commensurable moiré lengths is an
open problem and should be compared to the magnetic case [HS90]. Using the results
of Proposition 1.7, it is possible to show that for example for p = 1, ¢ = 2, the chiral
Hamiltonian also exhibits a potential well at zero energy.

Outline of the article. In Section 2, we briefly recall relevant background on semi-
classical pseudodifferential operators. Section 3 contains our analysis of the spectral
asymptotics for systems exhibiting a potential well. In Section 4, we then apply the
spectral asymptotics derived in the previous section to the chiral Hamiltonian of the
pseudodifferential Harper model (1.11) and of the low-energy model (1.13). The article
also contains an appendix which consists of Section A where we prove auxiliary results
used in the proofs of Section 3, and Section B where we for comparison discuss the
anti-chiral limits of models (1.11) and (1.13). In the former model, there are various
quasimodes at potential wells located at different energy levels, but not necessarily at
zero, see Theorem B.2. The gap-condition (1.2) fails, but the operator is diagonal-
izable so the scalar results of Theorem 1.1 apply directly. In the latter model, there
are no wells at all, see Remark B.3. The bands near zero energy of the anti-chiral
limits of each corresponding model are shown in the right panels of Figures 3 and 4
for comparison. Spectral aspects of these models will be discussed in the forthcoming
article [BGW22].

2. SEMICLASSICAL PSEUDODIFFERENTIAL OPERATORS

Notation. We denote by H™(R") the Sobolev space of order m. The Pauli matrices
are denoted by o; for i € {1,2, 3}. Recall that the Kohn-Nirenberg symbol class S™ (R x
R) is the set of all a € C*°(R x R) such that

0{0ka(z,&)| < Ci(L+ €)™, 4,k =>0.
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By S;n’k we denote the class of symbols p such that
1050 p(,€)] < Cagh™ ™€), € No.

We let ¥ (R) and \I/gn’k(R) denote the corresponding class of semiclassical operators,
and recall that if a* € U7"* and b* € \Ilgnl’k/ then a¥b* € \I;gn+m’,k+k/'

We identify functions on 7*T = T x R with functions on 7R = R x R that are
1-periodic in the base variable . The class S™(T*T) is identified with the subset of
S™(T*R) consisting of the symbols that are 1-periodic in x. Similarly, we identify
symbols in C*(T*T) belonging to S(1) with symbols in C*°(T*R) that are 1-periodic
in x and belong to S(1). We shall also need the symbol classes S(m) where m is an
order function of the type

m(y,n) = (L+ |y|* + [n|*)"/?

for some v > 0, consisting of a € C°°(T*R) such that [9300a(y,n)| < Cagm(y,n) for
all a, 8 € Ny. For such m we usually just write S({(y,7n))"), where we use the notation
(t) = (1 + [t|2)2 for t € R. All these symbol classes generalize in the natural way to
n x m systems a € C*°(R x R; C"*™) and we shall not emphasize the size C"*™ in the
notation. Usually we will also simply write e.g. L*(T) instead of L?*(T;C?) when the
vector dimension is clear from context.

2.1. Pseudodifferential calculus on T. In this subsection, we provide the relevant
background on semiclassical pseudodifferential operators on T (see [Zwol2, Section
5.3] for a detailed exposition). Let T = R/Z and identify T with the fundamental
domain [0,1). Functions v € L*(T) are identified with periodic functions on R with
period 1. Symbols a on T*T are identified with symbols a(x,{) on T*R that are 1-
periodic in x. The standard quantization of such a symbol is the semiclassical operator
A(h) = a(z, hD) acting on 1-periodic functions via

Aua) = 5oz [t ) dyd = 5 [ S ae huty) dy e,

interpreted in the weak sense. Note that a periodic function u identified with v € L?(T)
belongs to the space .#/(R) of tempered distributions, so this action is well-defined. It
is easy to check that if u(z) is 1-periodic then

A(h)u(x + k) = (a(z, hD)u(e + k))(z) = A(h)u(z), k€ Z, (2.1)

so A(h) preserves periodicity, and thus defines an operator on T. If, say, a € S(1),
then A(h): L*(T) — L*(T) is bounded, see [Zwo12, Theorem 5.5].

Using the standard quantization above, we may express the action of A(h) in terms
of Fourier coefficients: If u is 1-periodic, write u(y) = >_, ., €*™™u, where u, =
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[} e=2mmy(y) dy. Inserting this into the definition of A(h)u(zx) we obtain

0
A(h)u(z) = un/emg/ha x, & (—/ezy(%"h_g)/hdy)dﬁ,
ute) = S [ e ate) (o |

where 51~ [ eW@Th=8/h gy — §(27nh — €) is the Dirac mass at 2rnh — £. Hence,

A(h)u(z) = Z X q (2, 2rnh )y, (2.2)

nez
Remarks. 1. If we instead use the Weyl quantization, defined for a symbol a(x, §) as

1

a’(xz,hD)u(x) = s

[ e al@ ) /2. €)uty) dy e

then a"(z, hD)u(z) is still 1-periodic, but formula (2.2) needs to be altered and be-
comes more involved in general. However, in the special case that a is a linear combi-
nation of functions that only depend on either x or &, so that a(x, &) = ag(x) + a1(€),
it is easy to see that we similarly get

a’(x,hD)u(x) = Zezmma(az, 2nh)u,
nez
for such operators. (Using the correspondence between different quantizations we have

i

that a*(z, hD)u(z) = Y, ., 2" (e2"P+Peq)(x, 2rnh)u, in the general case.)

2. Let a be symbol on T*T, identified with a symbol a(z,&) on T*R that is 1-
periodic in z, and suppose that a(z,£) € S(1). Then a* defines an operator on L?*(T),
understood as acting on the space of 1-periodic functions equipped with the norm in
L3([0,1)). Naturally, symbols in S(1) also give rise to operators on L?(R), so we may
also view a“ as an operator a® : L*(R) — L*(R) by changing the domain. The same
is true if a € S™ as long as we interpret a® on L? as a densely defined operator when
m > 0. This can be said to be the viewpoint in Theorem 1.3, should the symbol
P(z,€) in the statement happen to be 1-periodic in z.

We now show that Hrg is unitarily equivalent to the semiclassical pseudodifferential
operator Hypo(w) in (1.11).

Lemma 2.1. Let Hypo(w) be as in (1.11) with h = (2xL)~! and set
a(z, &) = 2t(k1) cos(2mx) + to + Vi (§). (2.3)

Then the discrete operator (1.9) is unitarily equivalent to the pseudodifferential oper-
ator Hypo(w) = a*(x, hD) : L*(T) — L*(T).
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Proof. Let ¥ = (¢,)52_, € (*(Z) and set U(z) = >, _, €™, so that 1, is the n:th
Fourier coefficient of W. With ¢ = (¢y)rez, (1.9) then gives rise to the action

A(w)¥(z) = Z 2 (Hrp(w) i),

= ¥ bk )nir + t(kL) a1 + (to + Vi(n/L))1)y)

nez

which we rewrite as

A(w)W(z) =Y e (2t(k1) cos(2mx) + o + Vip (27nh) )y,

nez

where h = (2rL)~!. In view of the remark above we may interpret this as the action of
the semiclassical operator defined as the Weyl quantization A(w) = a"(z, hD) of the
symbol a given by (2.3), where we have suppressed the dependence on w = (wy, wy)
for simplicity. By the definition of V,, we see that a is a bounded smooth function
which implies that a“(z,hD) is bounded on L*(T), and the lemma follows. O

3. QUASIMODES NEAR DEGENERATE WELLS

The purpose of this section is to study quasimodes of P* when P" has a potential
well in the sense of Definition 1.2, and prove Theorem 1.3 and Corollary 1.4. We
therefore let P (z,hD) be a 2 x 2 system of self-adjoint semiclassical operators with
matrix valued symbol P € C*(T*R). We shall assume that P has an expansion
P ~ Y77 h*P, where either P, € S(1) for k > 0 or P, € S* *(T*R) for k > 0.
(The former implies that P € S(1) and the latter that P € S?*(T*R).) In both cases
P — 3 hEPy = Ogay(AN*1) for all N > 1. As explained in the introduction, we
will assume that @ = 1 and 2o = 0 in (1.3), so that P has a potential well at (0, &).
When proving Corollary 1.4 we will in addition assume that P(z,§) is 1-periodic in x,
and identify P with a symbol on T*T.

3.1. Normal form. If P, has a degenerate potential well then the gap condition (1.2)
is clearly violated. We shall therefore have to study the spectrum of P* by another
approach, the first step of which is to obtain a suitable normal form.

We begin with a general discussion and first recall the standard rescaling, so suppose
that p € S™(T*R) and make the change of variables y = h™2x. Then p® (z, hD, )u(z) =
Py (y, Dy)v(y) where u(xz) = v(y) and the Weyl quantization of p,(y,n) = p(hzy, han)
is understood to be non-semiclassical, i.e.,

1

P D)o0) = o [ € (g +8)/2, (e dedr
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In other words, if 7*v = vo~y denotes pullback by v(z) = h~zz, and P(h) = p“(z,hD,),
then p¥'(y, D,) = (v 1)* o P(h) ov*. If 0 < h < 1 then

0505 pn(y )| < Couh?> (L4 [h2n])™ ™, .k 20,
and if m > 0 then standard calculus shows that the right-hand side is bounded by
Cje(1 + [n|)™ so
p(x, &) € SRy xRe) = puly,n) € S"(R, xR,), 0<h<1,

uniformly.

If p € S(1) then the same calculations show that p, € S(1) uniformly for 0 < h < 1.
We then have the following normal form.

Proposition 3.1. Let P € C*(T*R) with P(v,§) ~ Y. W Pj(x,§), where either
P e S(1),j >0 or P, € S*J(T*R), j > 0. Assume that Py has a potential well at
(0,&p) in the sense of Definition 1.2 and that Py(0,&) = diag(u, o) with py, us € R.
Then

PY(x,hD) =~* o T o (y 1), v(z) = Wiz, (3.1)
where T is an operator of the form
To(y) = e<VIT (y, D) (e Vro) (y) (3.2)

and TV is a 2 X 2 self-adjoint matriz-valued system with expansion

k
T(y,n) = > B922T(y,m) + h* PRy, n; h), (3.3)
=0
where
To(y,n) = diag(n® + w?y? + p1, 0> + Wy + o) with w > 0, (3.4)

and where T; € S({(y,n))"™2) for j > 0 and Ri(h) € S({((y,n))**3) uniformly for
0 < h < 1. Moreover, if P(x,§) is periodic in x with period 1 then T(y,n) is periodic
m Yy with period hz.

Note in particular that Tj is just the symbol of a direct sum of harmonic oscillators
which are perturbed and coupled to one another through terms appearing in 7j, Rj.

Proof. First note that for a symbol p(z,£) we have after the symplectic change of
variables ( = £ — &, that

1 i(x— 1T —i&pe
P (@, hD)u(w) = o— [ eIy (2 4 y) /2, ¢ + Eo)e ™ M uly) dy d

= ¢/t (w, hD) (™% ) (x)



SEMICLASSICAL QUANTIZATION CONDITIONS IN STRAINED MOIRE LATTICES 19

where ¢(z,() = p(z,{ + &). With y = h~2z we have as above that ¢*(z, hD)u(z) =
1 1
ay (y, D)v(y) where qu(y,n) = p(h2y, h2n + &) and u(z) = v(y). Hence,

P (z, hD)u(x) = e/Vrgw (y D)(e~ %% Vhy) (y)

where u(z) = v(y).
Applying this to P*(z, hD) we find that

P(z, hD)u(x) = ¥/ (y, D) (e 0% Vi) (y)

where T'(y,n) = P(h%y, h%n + &) and u(x) = v(y). Clearly, if P(x,§) is 1-periodic in
x then T'(y,n) is periodic in y with period h=s.

Now Taylor expand T'(y,n) near y = 0, n = 0. In view of Definition 1.2 we get, both
when P € S(1) and when P € S*(T*R),

k+1
Po(hzy, h2n + &) = h(® + w?y?)idz + Y B2 (y,m) + B2 (g, s )
=3

where p§0) e S{(y,n))?) and r'V(n) € S({(y,n))**"!) uniformly in 0 < h < 1. Using
Taylor’s formula also on P; € S(1) gives

k
hPy(hiy, hin + &) = hdiag(u, po) + Y BID2p0 (4 ) + BE+9720 D (y 1)

j=1

where i, ps € R, pg-l) € S({(y,n))’) and r,(:)(h) e S({(y,n))**1) uniformly in 0 <
h < 1. We then continue in this way to Taylor expand h%Ps, ..., h**'P,,,, and since
P— Zf:é h P; = Og(1y(h**?2), the result follows by combining the expansions. O

3.2. Quasimodes on T. The main objective of Section 3 is to prove Theorem 1.3
and thereby obtain approximate eigenvalues and quasimodes for T%(y, D) on L?*(R).
However, we first prove that this leads to the existence of approximate eigenvalues and

quasimodes for P*(x, hD) on L*(T):

Proof of Corollary 1.4. First note that P(z,&) is 1-periodic in z by assumption. In
view of (2.1) we may then regard P¥(x,hD) as an operator on L?(T;C?) (densely
defined when P € S?) by having it act on 1-periodic functions. Similarly, since T'(y,7)
is periodic in y with period h—2 by Proposition 3.1, we can identify R/h’%Z with the

1

fundamental domain [, = [—3h" 2, %h_%) and view T%(y, D) and T in (3.2) as densely
defined operators on L2(I},) = L2(I),; C2) by having them act on i~ 2-periodic functions.

Note that v — ¢%0*/Vhy is not a unitary transformation on L2(I,,) since ¢%*/ V7 is not
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. . . . _1. . ..
periodic with period h™2 in general, but 7T preserves periodicity. Indeed,

Toly+h2) = WDV (y 4 s D) (e ho)(y + h73)
_ eigo(y+h*%)/\/ETw(y’ D)(e—z'go(wrh*%)/\/ﬁv(. + h‘%))(y) (3.5)
= cSVRT (y, D) (e (e 1 h73)) (1)
where the second 1dentity follows from , eing h~ 2-periodic 1n y. Hence, 1 v 1
here th d identity follows from T'(y,7) being h™2-periodic in y. H if v i
periodic with period h~z then Tu(y + h~2) = To(y).

Fix ¢ € Ny and let {09 (n)}nen, and {A9(n)}nen,, 5 = 1,2, be the quasimodes and
approximate eigenvalues of 7% (y, D) on R given by Theorem 1.3. Then T%vW(n) =
A (n) + hT2r0) (n) where the remainder @ (n) = r{) (n; k) € #(R) has seminorms
in . bounded uniformly in 0 < h < 1. Let us fix 7 and n and drop them from the
notation. Set w(y) = €%/ Viy(y) so that Tw = Aw + ¢*VEp2r and define

1 . _1 1
ly) = D wly — kh7%) = 390D ol — k7).

keZ kEZ

By (3.5) it follows that if k£ € Z then
1 _1
T(w(e —kh™2))(y) = (Tw)(y — kh™7)
= Ny — kh™3) + i+ eiow—mh D VR pp—ty,
Since v € . it follows that w € C'* is periodic with period h’%, and

(T = Ni(y) = h'*2 Y bty pp=3), (3.6)

keZ
The weighted pullback © = h~1v*(@) is 1-periodic and WF,(u) = {(0,&)} € T*T,
and we shall show that it also has the other properties stated in the corollary.
By assumption we have ||v||r2@c2) = ||0nwlr2@®e) + O(hz) = 14 O(hz), and we
claim that ||ul/z2m) =1+ O(hz) as well. Indeed,
Ze@(yfkh ?)/\/ﬁv(y — kh™2)| dy

el /rh B2 di = /
In | kez,

|v||L2 —I—Z Z eitoli= /]v(y—kh_é)v(y—jh_é)dy.

kEZ |j—k|>1

2

Since v € . there is for any N > 0 a constant C' > 0 such that
oy — kh™2)o(y — jh™2)| < C(L+ |y = kh™2[?) V(L |y — jh2 )Y
<2VO(L+ |y = kh 2 P) N (L4 (G~ k)R 2PN
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where the second estimate follows from Peetre’s inequality. It follows that

Z Z /1 [o(y — kh™2)u(y — jh~2)|dy < 2NC/OO 1 jZ2)N Z (1 +Tl22/h)N

kEZ |j—k|>1" 'k -

: : L 1
and since the right-hand side is O(h™) we get [Jul|72 ) :1||U||%2(R) +O(hN) = 1+0(h2)
by the triangle inequality, and thus |jul[ 2 = 1 + O(h2).
Since r € % uniformly in 0 < h < 1 we can apply the same arguments to the
right-hand side of (3.6) and, in view of (3.1), obtain
. 2
= o by b )

1P = Nyullzy = (|
In 1 kez
for N > 0, showing that ||(P"(z,hD) — Aul|r2(1) = O(h+2). O

N

3
= W3 (||r]| 2wy + O(RY))

3.3. Explicit WKB construction. Before proving Theorem 1.3 in full generality we
first discuss a special case for which there exists a rather explicit WKB construction.
Recall from (1.7) the harmonic oscillator basis functions

(/Jy2 (/Jy2

Pnw(¥) = bnwW)e” 2 = A= (9 H, (Vay)e 2, neNy, w>0,

where H, is the n:th Hermite polynomial, which is even (odd) when n is even (odd).

Let Cy denote the module of homogeneous polynomials of degree d in the ring
C = Cly, n]. Let the polynomials of even and odd degree in C[y, n] be denoted by

Peven = { Z D2j - i € Ch, n€N0}7 Podaa = { Z P2j+1 - Pk € Ch, HGNO}-
0<j<n 0<j<n

Lemma 3.2. Let v € C* be either even or odd, and let p € Cly,n]. Then p*(y, D)v

has the same parity as v when p € Peyen, and opposite parity when p € Poqq-

Proof. By linearity it suffices to consider the case of a homogeneous polynomial p(y,n) =
y"n*, where n + k is either even or odd, depending on if p € Peyen OF p € Pogq. Since

p(ly+s)/2m)=2") < )y” Ints?

— \J

J
we find that p“(y, D)v(y) is a linear combination of terms ¢y~ D’; (y/v(y)) where
0 < 5 < n. Since multiplication by 3™ changes parity if and only if m is odd, and
differentiation D¥ changes parity if and only if & is odd, it follows that "7 D} (37v(y))
will have the same parity as v when n + £ is even and opposite parity to v when n + k
is odd. 0
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Introduce the sets

P11 Pi2 P11 P12
Asm::{<_ ) - Py 673even} and Aasm::{(_ ) - Dy E7)0 }
Y P12 P22 Pik Y P12 P22 Pik ad

Let T = Z?:o RUFV2T;+ h-+3)/2 R) be the symbol given by Proposition 3.1. Recalling
that this is a Taylor expansion we have T5;_; € Augym and Th; € Agy, for j > 1. We
then have the following result.

Proposition 3.3. Assume that for all ¢ € Ny, the Weyl symbol of T"(y, D) has an
expansion T = h Z?ﬁo Ri/2T; + h'*+5 Ry such that

To(y,n) = diag(n2 + WY+, Wy + po), w>0, pn—po ¢ (4Z+2)w

where Thip1 € Aasym fori € Ny and Ty € Agyny for @ € No. In addition, for iy — po €
dwZ, we assume that Ty; 1s a diagonal matriz and Ty;11 has only off-diagonal entries.
Assume also that there is a v > 0 such that T;, Ryy € S({(y,n))") for 0 < i < 20,
uniformly in 0 < h < 1. Then there exist approximate eigenvalues

AD(n) = 0> 1A (n)
120

with )\(()j)(n) = (2n + 1w + p; for some n € Ny, j € {1,2}, )\Ej) =0 forie 2Ny +1
and quasimodes

wy?

u(n,y) = 3 WP (e

>0
where u,gj ) are polynomials such that
20 20 )
. ; . ; wy 3
(770, D) = Y WA () 30 (e E = 0, (). (3.)
i=0 i=0

The leading order amplitudes are u(()l) = (¢nw,0) and u(()2) = (0, Ppw)-

Proof. The eigensystem for Ti’(y, D) is given by
T3y, D) (¢0,0) = (20 + D + 1) ($00,0)" for n € N,
T3 (y, D) (0, éme)” = ((2m + D + p12) (0, éme)” for m € No,

with eigenvectors (qﬁn,w,O)t and (0,¢m,w)t.
We therefore make the approximate eigenvalue and quasi-mode ansatz
wy?

A= DR anduly) = DR uily)e 2

i>0 i>0

where we present the construction without loss of generality for u(()l)(y) = (dnw(y),0)
rather than (0, ¢, (y))" and choose \g = (2n + 1)w + p1. Recall that the Hermite
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polynomial H,, is an even polynomial if n is even and odd polynomial if n is odd. We
may assume without loss of generality that n is odd. Iteratively constructing a WKB
solution satisfying (3.7) is equivalent to successively solving

k

wy?
ST = X 2 =0
i=0
for k =0,...,2¢. In fact, as we will show the u; are polynomials so uje_“’yQ/2 e 7.

Since the remaining terms in (3.7) are A" 0+H)/2T0qe=9v"/2 for 20 < i+j < 40 together
with h”%RgJe(Z?iO hil2ue=<v*/?) and since T, Rye € S({(y,n))"), these terms are
all in h't2.9 uniformly in 0 < h < 1 by assumption which gives an error of order
O (h2).

Step 1: The first step is to note that

wy2

(Téﬂ —>\0>U0€7 2 =0

holds by assumption.
Step 2: We shall argue by induction as k runs through two consecutive integers. We
first notice for £k = 1 that

w 2 w 2 _ w
(@~ doyme™F = ~(TF — aupe= 3 = (M7 T ).
—(11")21 ’

To solve this for u, the right-hand side must be orthogonal to ker(73’ — A\g). We then
observe that according to Lemma 3.2, applying (77");1 to ¢, changes the parity of
that function, which implies that

<¢n,wa (le)jlgbn,w> — Oa ] = 172

This gives A\; = 0 and since ((7)1; — Ag) " is bounded on the orthogonal complement
of ker((Tg")11 — Ao) = span{¢,, ., } we can take

2

()1 == —e 2 ((T¥)11 — 20) (T2 116

For (uq)9 there are two cases to consider: if g — g = 4wl € 4wZ then ker((Tp)4— o) =
span{ ¢nia1w b, and otherwise if p11 — po ¢ 2wZ then ker((7p)% — Ao) = {0}. From the
assumptions on 7} we see that in either case we can take

wa

(w1)2 = —e 2" ((T")22 = Xo) " (T1")21 P
As mentioned, (77");1¢n. is even since n is odd. Multiplying by e~«v*/2 and applying
(T§")j; — Ao to both sides does not change the parity, so (u;); must also be even. It is
casy to check that (u); is a polynomial function for j = 1,2, so uje %"/ € .. This
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follows as

N N
{Z ainie_‘”yQ/z; a; € C} and {Z aiy2i+1e_‘“y2/2; a; € C}
i=0 i=0

are invariant subspaces of Tj for any N € N; see the last paragraph in the proof of
Proposition 3.13 below.

For k = 2 we get
wy? wy? w
(T5) — Xo)uge” 2 = —(T7" — M)we” 2 — (T3 — Ao)uge™ 2
where ug = (¢nw,0)" and Ay = 0 by the previous steps. To solve the equation for
(u2)1, the right-hand side must be orthogonal to ker((7¢)11 — Ao) = span{ ¢y, }, which
means that Ao must satisfy

wy?
2

Ay = <(T;)H¢n,w + (Tf”ule_ )1,¢W>.

With this choice of Ay we then get the solution

2

(u2)1 = —6%(@5")11 — o)~ {(Tf”ule_%ﬁ)l + (13" — Az)%,w]‘

Note that the expression in brackets is an odd function by Lemma 3.2, and as above
we find that (ug); is an odd polynomial.

For (ug)e we get the equation

wy? wy?

(T§)22 = Do) (wa)oe™ 2 = —(Time™ 2 ) = (I3

so by similar reasoning as above we get

2

(uz)2 == —6%(@3")22 — o) {(vaule_%yz)Q + (Tzw)zléﬁn,w]

where (u3)y is an odd polynomial. Observe that for p; — ps € 4wZ the term in the
bracket vanishes.

Step 3: Now let k € 2N—1 be arbitrary, and assume that \; and u; have already been
determined for 0 < i < k such that for i odd we have A\; = 0 and w; = ((u;)1, (u)2)"
where (u;); and (u;)2 are even polynomials, while for ¢ even u; = ((u;)1, (u;)2)" where
(u;)1 and (u;)2 are odd polynomials. Then

UJy2 wa
(T(;U — /\O)uke_T = —(T];U — )\k)UOG_T
wa wa
- Z T up—e 2 — Z (17" — N)up—e” 2
i€[1,k—2)N2Z+1 i€[2,k—1]N2Z

where all terms on the right are even functions by the induction hypothesis and Lemma
3.2, with the exception of Ajuge “v*/2 = e (@n.w, 0)F which is odd. To solve the equation
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for (u); the right-hand side must be orthogonal to ker((73")11—Xo) = span{ ¢, ., } which
then gives Ay = 0 and

(uk); = —60%/2(@5")]';‘ — o)™ [ > <(T¢w - Ai)uk—ie_%ﬂ%

i€[2,k—1]N2Z
wa
+ Z <T;wukfi677) ] ’ j = 17 27
1€[1,k]N2Z+1 J

which makes u; an even polynomial by the same arguments as before.

Step 4: Under the same hypothesis as in step 3, but now with k € 2N, we define

AL = <(T]:;U)11¢n,w+ Z <(le - )‘i)uk_ie_ngﬁ%

1€(2,k]N2Z

wy?
Ty —1 _T> y Pn,w /-
+ Z ( Y€ X On, >

i€[1,k—1]N2Z+1

In analogy with the case k = 2, this allows us to define

(uk); = —ewTyQ((Téﬂ)jj — o) [ > ((Tiw - )\i)ukie%ﬂ%
i€

2,k]N2Z

wy2
+ (Ti“’u _ie_T) ., J=12,
> ()]

i€[l,k—1]N2Z+1

which makes u; an odd polynomial, and this closes the recurrence scheme. 0]

Note that for the proof of Proposition 3.3 to work, the assumption that pu; — po ¢
(4Z + 2)w is crucial. As mentioned in the introduction, this assumption is violated for
both the pseudodifferential Harper model (1.11) and the low-energy model (1.13), see
the proofs of Theorems 1.5 and 1.6 in Section 4.

3.4. Low-lying spectral analysis. To prove Theorem 1.3 in full generality we will
adapt a technique of Barry Simon [Sim83|. The idea is to first show that the spectrum
is stable in a certain sense, and then use this fact to obtain asymptotic expansions
of the eigenvalues and eigenvectors, which by truncation give approximate eigenvalues
and quasimodes. We recall that we in this context regard 7% (y, D) as an operator
on R with dense domain in L?(R). It will be convenient to also be able to express
the operator T%(y, D) in the variables z,£ in order to make use of the semiclassical
symbolic calculus. We may without loss of generality assume that & = 0 in (3.2), so
to avoid additional notation we will simply write

PU(z,hD) =" o T"(y, D)o (v 1),  ~(z)=h 2z, (3.8)
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and regard P¥(z, hD) as an operator on R with dense domain in L?(IR); in other words,
we assume that the well is located at (0,&p) = (0, 0).

The low-lying eigenvalues of T%(y, D) that we are interested in correspond to the
bottom of the point spectrum of P¥(z, hD) in (3.1) resulting from the well at (0, &),
so certain care has to be taken to avoid potential contribution from other wells or
other components of the zero set of det(Fy) (compare (4.4) and (4.7)—(4.8) below). To
make this more precise, let x € C*°(T*R) be a cutoff function, independent of h and
supported in a small neighborhood of (0,&p), such that 0 < xy < 1 and x = 1 near
(0,&p), and define the massive Weyl operator

Py (x,hD) = PY(x,hD) + (1 — x“(x,hD))idczx= . (3.9)

mass

By Definition 1.2, there is a constant C' > 0 such that Py(z,£) > —C for all (z,§) in
the sense of semi-bounded operators, where Py is the principal symbol of P*(x, hD).
Since we can always multiply 1 — y by a sufficiently large multiple of C' if necessary,
we may without loss of generality assume that xy can be chosen so that

Py(w,€) +1 — x(z,€) > min(1, 3((§ — &)* +w’2?)) ida . (3.10)
In particular, Py(x,&) + 1 — x(z,§) is positive definite away from (0,&y). When P €

S%(T*R) we can, by using (1.4) and arguing in a similar way, make sure that

(Py (x,hD)u,u) > (V 4+ 1 —x")u,u) — Ch(u,u) (3.11)

mass

where V(z) + 1 — x(x, &) € S(1) is positive definite away from (0, ) and satisfies
V(z)+1—x(z,&) > min(1, Cz?)id, (3.12)

for some C' > 0. In particular, both when P € S(1) and when P € S?*(T*R) it
follows that P

the approximate eigenvalues of order O(h) of P which correspond to quasimodes

is microlocally elliptic away from (0, &), and it is easy to check that

microlocalized at (0, &) are precisely the approximate eigenvalues of order O(h) of the
massive Weyl operator PY

mass*

Having introduced PY .. we then let T . be the operator

Thass(y, D) =T*(y, D) +1 = G"(y, D), G(y,n) = x(h2y, hn), (3.13)
so that P¥ _(z,hD) =~* o T¥ (y, D)o (y~1)*. In particular

X" (2, hDy) = 7" 0 G*(y, Dy) o (v71)",
and P¥ (x,hD) and T* . (y, D) have the same spectrum. Also, since y € C§°(T*R)

mass mass

in (3.9) is independent of h, and G(y,n) = x(h2y, hzn) by (3.13), we sce that
(y,m) €supp(l —G) = |y >, >0 (3.14)

for some constant dg.
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Recall that ¢, = ¢,., n > 0, are the harmonic oscillator basis functions given
by (1.7), where we omit w to shorten notation. From (3.3), we notice that T% =
RTY + h32RY where Ry € S({(y,n))?) uniformly for 0 < h < 1, and

TSU<90717 0>t - egzl) (90717 O>t7 T(;U(Oa Qpn)t = 6;2)(07 @n)t7
where
e =@2n+Dw+p, e?=02n+1Dw+p, neN,.

Let (e,)nen denote a monotonically increasing ordering of the two sets of eigenvalues.
The spectrum of T, is covered in the following sense:

Theorem 3.4. Let \,(h) be the n:th eigenvalue, counting multiplicity, of T*. and
let e, be the n:th eigenvalue, counting multiplicity, of Ty, viewed as densely defined

operators on L*(R). Then for n fized and h small, TY, . has at least n eigenvalues and

hlggﬁ An(h)/h = e,.

Note that if p; — po ¢ 2wZ then T has only simple eigenvalues and all elements in
(en)nen are distinct. If gy — pg = 2wN for some 0 # N € Z, then T3 has eigenvalues
both of multiplicity one and two, and (e,),en contains both some elements that are
distinct, and some that appear twice. If N = 0 then all eigenvalues have multiplicity
two, and all elements in (e,),en appear twice. Theorem 3.4 covers all situations.
However, to avoid cumbersome notation involving N we will assume that (uy, po) =
(—w,w) in the sequel. The eigenvalues (e, ) ey of T3’ are then given by

eonj=ed =2n+Dw+ (~1Yw, neNy, j=12 (3.15)

In particular, e; = 0 is a simple eigenvalue while ey, = €9, 11 for m > 1.

Theorem 3.4 has an analog for scalar self-adjoint Schrédinger operators on the line,
and as mentioned we will adapt a proof by Simon [Sim83, Theorem 1.1| to our situation.
One difference is that we shall use a microlocal cutoff function instead of a local
one which allows applications to operators P* with bounded symbols (such as the
pseudodifferential Harper model) when the domain of P is all of L?, while the domains
of the operators T and RY in the expansion T% = hT* 4+ h3/2RY are strictly smaller.

To this end, fix J € CP(R) with 0 < J < 1 and J(y) = 1 (resp. 0) if |y] < 1
(resp. |y| > 2), and let

Ji(y,msh) = J(R0y) T (h10). (3.16)
Lemma 3.5. If Ry € S(((y,n))?) uniformly for 0 < h <1 then
P21 By T || = O(h)
in L*(R; C?).
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Proof. Since |y|, |n| < 2h~/1° on the support of J; we have
h*2|0908 Ro(y,m)| < h¥?Cop(14 2071102 < CLeh°, 0 < h < 1.
Hence, h*/2JYRYJ¥ : L*(R; C?) — L?(R;C?) is O(h%/®) by the Weyl calculus. O

To shorten notation below we will always understand G* and J}’ to mean non-
semiclassical Weyl quantizations in the variable y (as in, e.g., G*(y, D,)), while x* is
understood as the semiclassical Weyl quantization x*(z, hD,) in the variable x.

We begin by establishing an upper bound.

Proposition 3.6. With notation and assumptions as in Theorem 3.4, for n fized and
h small, T . has at least n eigenvalues and

mass

,}L%l An(h)/h < e, (3.17)
Proof. Define
0o 1\""
Goss) = @ Deal0) (§ 3) L0, nENa k=12 (Y
We claim that

where §,,, is the Kronecker delta. Clearly (2, ¥om+1) = 0 for all n and m, and for
pairings where both indices are either even or odd the claim follows from the definitions
of ¢, and J;. In fact, for 2n + k,2m + k both even or both odd we get

<w2n+k7w2m+k) = (me Spm) - ((1 - Jiy)(pnv Som) - (Ji”gpn’ (1 - le)gpm)
where the first term on the right equals 9,,,,. We have
1

(1= T)enls) = 5= [ €01 = ity + /2 0)nls) dsd

where |hY/1%)| > 1if 1 — Jy((y + s)/2,1) # 0 due to (3.16) and the definition of .J.
A standard integration by parts using ih'/*0(RY/199)710,e'W=)" = W= then shows
that

(= )en: @m)| < Cuh™llpull ey ll0m | 2wy
for £ > 0. Since J* is bounded on L? the same arguments show that
(T2 en, (1= T em)| < Cillonll2@h™ lloml )
for k > 0 which proves the claim.

We also claim that

BTy Um) = €n(Vny ) + Opm (R'7P). (3.20)
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We prove this when n, m are both odd (the case when they are both even is similar
and when one is even and one is odd it is trivial). We have

— w w w w 1 w w Jw
h l(T 7vZ)Qn—l-lv 77b2m-&-1) = (TO Jl (me O)tv Jl (907717 O)t) + h2 (Jl RO Jl (9071’ O)t’ (‘Pm» O)t>7

where the second term on the right is O(h'/?) by Lemma 3.5. To analyze the first term
on the right we note that

Té”Jf’ = JiUTéU + 2[Dya JiU]Dy + [Dya [Dyv qu]] + 2("}2[% Jiu]y +W2[ya [yv Jf}”

Since JUT(0,,0)t = elthoni1 = eani1¥oni1 by (3.15) we find, by using the Weyl
calculus to compute the commutators, that

(Tévjfv(@n’())t’ J{H@mao)t) = €2n+1(¢2n+17¢2m+1)
+ 2((Dy 1) Dypns Ji'pm) + ((Dg%‘]l)wﬂpnv S om)
— 2w ((Dy 1) “yipn, I om) + W (D21) o, J1 0m)

where it is easy to see that the last four terms on the right are O,,,(h*) since
5 Ji(y.n) = 0 when |y| < A=Y/ and dFJi(y,n) = 0 when |n| < 71 for k > 1.
Hence,

h_l(TwarL—i-h ¢2m+1) - 62n+1<¢2n+17 ¢2m+1) + Onm(h1/5)

By arguments similar to those used to obtain (3.19) we see that we may replace T by
TY o = TY+(1—GY)idczx2 by absorbing the term in the remainder, which gives (3.20).

In fact, the symbol 1—G is bounded on R and on supp(1 — G) we have |h}/?y| > const.
by (3.14) so an integration by parts using ih2 (h2n) 19,6/ = ¢ilt= gives

(1= G*)ou, )| < Crh™? [0 | ey ||| (3.21)

for £ > 0. This proves the claim.

As in [Sim83] (see also [CFKS09, Chapter 11]), we conclude from (3.19), (3.20) and
the Rayleigh-Ritz principle proved in Lemma A.1 that 7%, .. has at least n eigenvalues,

and that if \,,(h) denotes the n:th eigenvalue counting multiplicity, then (3.17) holds.
O

We now turn to a lower bound, which combined with Proposition 3.6 gives Theorem
3.4.

Proposition 3.7. With notation and assumptions as in Theorem 3.4, we have

lim \,(h)/h > e,.

h—0t

For the proof it will be more convenient to work with the unitarily equivalent
PY (x,hD) rather than 7% (y, D), where we will use a pseudodifferential version

mass mass
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of the IMS localization formula (so dubbed by Barry Simon [Sim83| after Ismagilov,
Morgan, Simon and I. M. Sigal). To state it we let
X1(2,8) = Ju(h ™2, hm2g) = J(h™52) T (h™*7¢), (3.22)
so that y; is supported for |z|,|¢| < 2h%° with x; = 1 when |z, [¢] < h?/5.! With
respect to the standard rescaling we have on operator level that
Ty (y, Dy) = ()" o XY (@, hDs) 0 ™.

We observe that x; € Sg}goo(T*R), so xP(z,hD) € \Ifg’/goo(]R). Next, define yo €

C*(T*R) by the condition that

(xo(,€))* + (xa(2,€))* = 1. (3.23)
By definition we then have

(z,6) €suppxo = |z}, [¢] > WP, (3.24)

Lemma 3.8 (IMS). Let xo and X1 be as above. Then there are X{(x,hD) € Woy (R)

2/5
and X{"(x,hD) € \Ifg’/goo(R) such that X; = x; modulo S™°~°(T*R) and
1
P;rluass = Z X;fuprlnuassX;ﬁv + OL2(R)%L2(R)<}L6/5)'
k=0

As with x" we shall, to shorten notation, always understand X’ and X7’ to mean
semiclassical Weyl quantizations in the variable x (as in, e.g., X{'(z, hD)).

Recall from (3.3) and (3.8) that P¥ = v* o (RT 4+ h*2R¥) o (y~1)* and let us write
HY =~*o (hT}) o (71_1)*, so that HY’ has a complete set of eigenfunctions {¢y(h)}22
given by ¢x(h) = h™1v*p,, where

Bonti(y) = n(y)ot (1,0 (3.25)
for n € Ny and £ = 1,2. By Lemma 3.8 we then have
Prznuass = X(l)UPrianSSX(q)ﬂ + XiU(PI;UaSS - HE)U)X;U + XiUHg)UX;U + O(h6/5) (326>

The middle term is O(h%?), too:

Lemma 3.9. For X{" as in Lemma 3.8 and H{ as above, we have || X}’ (P . —
HY)XP| = O(hS) in [2(R;C?).

We postpone the proofs of Lemmas 3.8 and 3.9 to Appendix A, and recall the
following sharp semiclassical Garding inequality for systems. This can for example be
obtained from Hormander’s Weyl calculus [Hor79, Theorem 6.8], as we describe below
for the reader’s convenience.

IThe precise value 2/5 of the exponent is not important — what is needed is that x; is supported
in a ball or radius ~ k" for some % < v < 1.



SEMICLASSICAL QUANTIZATION CONDITIONS IN STRAINED MOIRE LATTICES 31

Lemma 3.10. Let p € S(1) and assume that p(x,§) is a positive semi-definite matriz
for all (x,&). Then

(p“(z, hD)u,u) > —Chl||ul|® (3.27)

for some constant C'.

Sketch of proof. Use the standard rescaling y = h~'/2x and write p”(x, hD,)u(z) =

Py (y, Dy)v(y) where py(y,n) = p(h2y,hin) and u(z) = v(y). Then p, € S(1) uni-
formly for 0 < h < 1, see the discussion on page 18. Let g be the metric
9o g(dx,d€) = hldx|* + h|dE|?

and let g% be the dual metric of g with respect to the symplectic form o. The Weyl
calculus then gives that supg,¢/ Jre = h? and it is easy to see that p;, belongs to
the Weyl symbol class S(1, g), see [Hor79, Definition 2.3]. Since p,/h € S(1/h,g) is
also positive semi-definite, we can apply [Hor79, Theorem 6.8] to p,/h and obtain a
constant C' > 0 such that

(¥ (4, Dy)v,v) > =Chljo||*.
A simple calculation then gives (3.27). O

With these preparations at hand, we are now able to give the proof of the lower
bound on the eigenvalue asymptotics.

Proof of Proposition 3.7. We first assume that n > 2. It then suffices to prove the
proposition when n is even. Indeed, suppose it holds for even n, and recall from (3.15)
that es,, = g1 for m > 1. Then

h_m )‘2m+1/h Z 11_1’11 /\Qm/h Z €om = €2m+1, m 2 ]-,

h—0t h—0t

which proves the claim.

We will prove the statement in the proposition with n replaced by n + 1, so suppose
therefore that n is odd, and fix a number e,, < r < e, and let P, be the projection
onto the eigenvalues below rh for H{’ so that P, has rank n. It is then easy to see that

XYHEXY > XP(HY — hr) Py XY + hr(X2)2, (3.28)

Next, note that if P € S(1) then the symbol of PY . is semi-bounded from below
by Ch*°> + O(h) on supp xo by (3.10) and (3.24) for some C' > 0. By a standard
pseudodifferential cutoff argument together with the fact that X’ = x§ mod W=°7°,

an application of the sharp Garding inequality for systems (Lemma 3.10) then gives
(PY.. — Ch*® + O(h)) X¥Pu, X¥u) > —Ch(XPu, X¥u).

mass

For small h we thus have
xXype Xy > hr(XE)? (3.29)

mass
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when P € S(1). When P € S*(T*R) we instead use (3.11) to get
(P Xou, Xgu) > (V + 1= x") Xy, X§u) — Ch(Xu, X'u),

mass

where V + 1 — x € S(1) satisfies V() + 1 — x(z,&) > Ch*/> for (x,£) € supp xo by
(3.12) and (3.24) for some C' > 0. We may thus apply Lemma 3.10 to conclude that

(V41— x" = ChY) X u, XPu) > —Ch(XPu, XPu)
for some new C. This implies that (3.29) holds for A small also when P € S2(T*R).
Summing up using (3.26) and (X¥)? + (X}*)? = 1 mod U™~ we get
P> hr+ R+ o(h)

mass

where R = X|"(H{ — hr)P, X}’ has rank at most n. We can then pick ¢ in the span
of the first n + 1 eigenvectors of P . with ||[¢|| =1 and ¢ € ker R. Then

and, since r € (e, €,41) was arbitrary, this shows that lim, .o+ Ani1/h > €nq1.

It remains to consider n = 1. However, inspecting the arguments above we see that
if we fix r < e; = 0 then (3.28)—(3.29) hold trivially, and R = 0, so A\ > hr + o(h)
from which the result easily follows. O

By combining the ideas used in the proof of Corollary 1.4 with the method used
to prove Theorem 3.4 it is possible to obtain a stability result for the eigenvalues of
PY . also in the periodic setting when P" is viewed as a densely defined operator on

L3(T). Since it might be of independent interest we state such a result here but leave
the proof to the interested reader.

Theorem 3.11. Let A,,(h) be the n:th eigenvalue, counting multiplicity, of PY. .. viewed
as a densely defined operator on L*(T). Let e, be the n:th eigenvalue, counting multi-
plicity, of T viewed as a densely defined operator on L*(R). Then for n fized and h

small, P .. has at least n eigenvalues and

lim A = ep.
g, Anlh/8 =,

3.5. Asymptotic series. We now use Theorem 3.4 to prove asymptotic expansions of
eigenvalues and eigenvectors of 7%(y, D) on R. We first consider the massive operator
TY = T%(y,D) +1— G"(y, D). We assume that the Weyl symbol T satisfies the

mass
conditions in Proposition 3.1. In particular, writing z = (y,n) we then have

T(z) = h(To(2) + Qm(2) + Rn(2)),
with matrix norm estimates

1Qu(2)l = O(R'2(z)™)  and  [|Ru(2)ll = O((h"*(2))™*). (3.30)



SEMICLASSICAL QUANTIZATION CONDITIONS IN STRAINED MOIRE LATTICES 33

Recall that Ty(z) = (n? + w?y?) idy +w diag(—1, 1) and let e, be the n:th eigenvalue
of T} on R. Choose ¢ (depending only on w) so that for each m, either e,, = e, or
lem — en| > €. Let

1 _
) = 5§, (€ Tl DY (3:31)
OBc:(en

" 2mi
be the projection onto the span of all eigenvectors with eigenvalues such that A,,(h)/h —
en- (Since e; is simple while e, is double for n > 2, we then have m =norm =n=+1.)

Let ¥onix = J0,0t1(1,0)" in accordance with (3.18). We will use a version of
[Sim83, Theorem 2.3| proved in the same way which we state here using our notation.

Lemma 3.12. ||(1 —IL,(h))Y,|| = 0 as h — 0.

Let Gonyr = @not 1(1,0)" as in (3.25) so that T¥@, = e,@, and

952n+k: = ¢2n+k¢ + (1 - Jiu)gpnalf_l(lv O)t

then @,, = ¥, + O(h*) in L? so (1 —11,(h))@, — 0 as h — 0 by the lemma. Tt follows
that

(Qbmnn(h)@n) = (@na ¢n> - (@na (1 - Hn<h))95n) — 1a h — 0. (3'32>

Note that under the assumption in (3.15), the only simple eigenvalue of T3 is e; = 0.
For other values of j1, p2 in (3.4) this is of course not necessarily true. The following
statement is written with this more general situation in mind.

Proposition 3.13. Let e,, be a simple eigenvalue of T on R. Let A\, (h) and v(n,h)
be the corresponding eigenvalue and eigenvector of T .. on R. Then \,(h) ~ he, +
h32a + n2al) + .. in the sense that

A(h) = he, — Y B2 = O(RmH9/2),
i=1

and v(n, h) = vo(n) + h2vy(n) + hvy(n) + . .. in the sense that
v(n,h) =Y hPui(n) = 05 (RH/?),
=0
where vo(n) = P wo¥ 1 (1,0)" with n' € Ny and k € {1,2} determined by n = 2n’ + k.
Moreover, v(n,h) € . and each v;(n,y; h) is a polynomial in y times e~wy’/2,

Proof. Let ¢ € L*(R;C?) be the eigenfunction corresponding to the simple eigenvalue
e, of T on R, i.e., ¢ := @, in the notation above. Then B.(e,), with ¢ independent
of h, contains precisely one eigenvalue and

() = —— 74 (= Tty DY/

- 2mi
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is the projection onto an eigenfunction v(h) = II(h)¢/+/ (@, II(h)p) corresponding to

a single eigenvalue
(h s, 1(R) )
(o, 1I(h)p)

of T ./h for h small enough, see Theorem 3.4. The denominator is non-vanishing

A(h) =

by (3.32). Due to our assumptions on 7" we clearly have an asymptotic expansion of
T"p, so in view of the expressions for II(h), v(h) and A(h) we see that if we obtain
an asymptotic expansion for (7%, /h — {)~'¢ which is uniform in ¢ then we also get
asymptotic expansions for v(h) and hA(h). (The contribution of h=1(1 — G¥)¢ to A(h)
is negligible by (3.21).)

We then use the standard geometric series
(Tuss/ =) r o =Y i+ Tm, (3.33)
i=0

where v; = (=1){(TP — O)7((Z¥ + (1 — G¥)/h)(T¥ — ¢) Yip with Z = T/h — Ty,
while

P = (=)™ T = OTH(Z2Y + (1= G*)/R)(Ty" = ¢) 7)™ .
As above we find by (3.21) that the terms involving 1 — G% in ¢y, ..., 1, and r,, all

belong to .# by the pseudodifferential calculus and are O(h*°) there uniformly for h
small, i.e., we can redefine vy, ..., 1, and r,, so that (3.33) holds with

i = (=D)U(Ty = )~ HZ(Ty = )7y
and
i = (=1)" T /= )N Z(TY = O )" o+ T, T = O (h).

Let b > m + 1, then from (3.30) follows that Z*((z)~°)* is bounded on L?(R) with

norm of size v/h. We then rewrite r,, using Z% := Z%({2)~*)* as

P = o = (=1 (T [ = Q7 2 () (T = )72 ] x -

(™) (T = O 2 [ (T = )

where the last factor ({(z)™*+V0) (T — ()=l belongs to .#(R) since ¢ is Schwartz.
Moreover, for 1 <i < m,

()T~ O 20 = ()T — O™ 2727 ) (27
is a bounded (even compact) operator on L?(R) by the pseudodifferential calculus,

with norm of size vh. Hence, r,,, = O (h™+1/2). If we then define v} just like 1; but
with Z" replaced by Q. we get

Ui = (=113 = O Ty = )7 )'e,
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with [[1f]| = O(h¥/?). Then, by comparing the difference of ; and 1} we find by using
Z — Qm = Ry, that ¢; — 1} is a finite sum of terms of the form

(=DU(T5 = Q)T AV(TY = O~ AT = Q)M

where A} = RY for at least one 1 < k < i. By (3.28), each term above defines
an element in . with L? norm of size h™t1/2 since R,, is order h(™T1/2_ Hence,
[ = ¢l = O(A™+1/%). By setting

1 .
Ul(ny Y; ) 27i 9B. (en) ¢z(y7 C)/ C

we obtain the desired expansions of v(n, h).

[t remains to prove that each v;(n,y; h) is a polynomial times e~wv*/2 To see that,
note that (z)* maps a polynomial times e=“¥*/2 onto a polynomial times e~“¥"/2.
The same is true for Q¥ and also for (T — ¢)~'. Indeed, if p is a polynomial and
(Tg" = O M (ply)er"/2,0)" = ($(y;¢),0)" then with p(y)e /2 = 1| aupnu(y)
and ¢(y; ¢) = 22071 bn(C)nw(y) we get

N o) 00
D tnpnw =pe ™ = (T =)D ba(Opnw = > b0+ Dw + 11 — QP
n=1 n=1 n=1

which, for ¢ € 0B.(e,), is only possible if b,(¢) = 0 for all n > N’ with N' = N'(u,)
independent of ¢. Hence ¢ equals e “¥*/2 times a polynomial of degree bounded
independently of (. It follows that each v} and therefore also each v;(n,y;h) is a
polynomial times e «¥*/2. 0

We now turn to degenerate eigenvalues.

Proposition 3.14. Let e, be an eigenvalue ofT“’ on R of multiplicity 2 with e, = €,,11
and let A\ (h), \ny1(h) be the eigenvalues of T, .. on R which, when divided by h, tend
to e,. Then for j € {n,n + 1} there exists an asymptotic expansion with coefficients

at” of the form

J

mass

Nj(h) ~ hey, + B2 + h?al!

Proof. Let ¢, be as above so they span the eigenspaces of T’ on R, and let I1,,(h) be the
projection (3.31) onto the span of all eigenvectors of T}, . /h associated to eigenvalues
approaching e, as h — 0. Since e,, = e,1 we thus have II,,(h) = I1,,1(h). By (3.32)
together with the proof of Proposition 3.13 we see that A;;(h) = (&, 1L,,(h)@;) =
dij + O(h%) for i,j € {n,n + 1}. In particular, II,,(h)®, and I1,(h)@,,1 are linearly
independent for h small. We then let A~z be the square root of the inverse of A =
(Aij)i ;=1 Which exists for & small. Since A;; has an asymptotic expansions by the proof
of Proposition 3.13, and since the eigenvalues of a Hermitian matrix have asymptotic
expansions in h'/? provided that the elements of the matrix do (see [Sim83, Lemma
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5.2]), it follows that A~z also has an asymptotic expansion. (We diagonalize A™! =
UEU* with E diagonal consisting of the eigenvalues of A~! which are positive for h
small. Then A~z = U\/_U* )

Write C( ) = A_iHA 2 with H = (HU)TH;I where Hij = (h 1Tw @Z,Hn(h>¢j)

3,j=n mass
has an asymptotic expansion by the proof of Proposition 3.13. Hence, C'(h) has an

asymptotic expansion, and thus the eigenvalues of C'(h) do as well, which we claim are
precisely A, and A\, 1.

We consider two cases for h small but fixed:
1) An(h) = Aug1(h). Then H = X\, A so C(h) = A\, (h)ids which proves the claim in
this case.

2) An(h) # Aps1(h). Since T1,(h) has rank 2 we can find orthonormal v(n, h),v(n +
1, h) such that Ranll, = span{v(n),v(n + 1)} and T;*,,v; = A;v; and thus

(U(Z<Z)1)) =P (HEZ}S?EZL) (3.34)

for some invertible transition matrix D. It is straightforward to check that idy = DAD*
so At = D*D and thus A~2 = /D*D. Writing D = (dij)7;—, and using that
Ai = (T i, v;) and (3.34), we get

A = |di1|* Hyp + 2Re(d11d_12Hn(n+1)> + |d12|2H(n+1)(n+1)

A1 = |do1 [P Hyn 4 2 Re(dordas Hy(ny)) + |doa|* Hinr) (ns1) -
Similarly, using 0 = (T¥ . v(n),v(n+1)) = (1% Vn+1,vn) and (3.34), we obtain

mass

diag(An, Apy1) = DHD* so
H = D diag(\,, A1) (D7H)".

Hence, with U = v/D*DD~! we have since A~2 =+/D*D is self-adjoint that

C(h) = A2 HA™2 = U diag(An, A1) U" (3.35)
Now observe that

=VD*DD1(D*)"'VD*D = (D*D)"*(D*D)"*(D*D)~"*(D*D)"/* = id
and also
U'U = (D*)""VD*DvVD*DD~ = (D*)"{(D*D)D~" =1id.

So U is unitary and therefore U* = U~!, which in view of (3.35) means that C(h) has
eigenvalues A\, A\pi1- O

Proposition 3.15. Let e, be an eigenvalue ofTw on R of multiplicity 2 with e,, = e,11
and let A\p(h), A\ns1(h) be the eigenvalues of T, .. on R which, when divided by h,
tend to e,. If v(n,h) and v(n+ 1,h) are the corresponding eigenvectors of T, .. then
v(n),v(n+1) €. and have asymptotic series in \/h to any order, and each term in
the expansions is a polynomial in y times e<¥°/2.
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Proof. We recall that p; — us = —2w, which, since e,, = e,,.1, means that n is even so
n = 2n'+2 for some integer n’. With @, = Gorio = ¢/ (0,1) and @1 = Go(t1)+1 =
©nr41(1,0)" we then have T’ @y = €ntj @i, J = 0,1, 80 {@n, @nt1} is an orthonormal
basis for the eigenspace of T associated to the double eigenvalue e,. If II, is given
by (3.31) then II,, = II,,4; and as above we have that I1,,$, and II,,%,; are linearly
independent for h small.

We consider two cases:

1) The asymptotic series for A, (h) and \,41(h) provided by Proposition 3.14 are
not identical. We can then define spectral projections P, and P,,; of rank 1 onto
the span of v(n,h) and v(n + 1, h), respectively. Since II,, is the projection onto the
span of {v(n,h),v(n + 1,h)} and I1,p, and I1,$,,1 are linearly independent for h
small, we must have P,@; # 0 and P,41p; # 0 for some 7,5 € {n,n + 1}. Indeed, if
for example P,¢, = P,¢n+1 = 0 then 11,0, = P19, and 11,0,11 = P, 11p,11 are
linearly dependent, a contradiction. For the same reason we cannot have P, 19, =
Poi1@n+1 = 0. Hence, for j = n,n+ 1 we have v; € span{P;p,} for some eigenvector
©; € {Pn, Pni1} of T'. We now obtain an asymptotic expansion of Pjg; by arguments
similar to those in the proof of Proposition 3.13, which gives the desired expansion of
vj.

2) The asymptotic series for A, (h) and A, 1(h) are identical. In this case any vector
in Ran I, is an approximate eigenvector of both A, (h) and A, 11(h) to any order. Since
IT,, ¢, and 11,0, is a basis for RanII,, for A small, and both II,,¢,, and II,p,; have
asymptotic expansions by the proof of Proposition 3.13 we obtain the expansion in
this case as well.

Finally we note by the above that the eigenvectors are spectral projections of ¢;, so
as in the proof of Proposition 3.13 we find that v; € . and each term in the expansion
is a polynomial times emwv?/2, 0

We can now give

Proof of Theorem 1.3. As before we assume that p; = (—1)’w for notational simplicity.
For n € Ny and j € {1,2} let ey, ; = €, be the eigenvalues of T’ arranged as in
(3.15), with e; simple and e,, double for n > 2. Let A;(h) be the eigenvalue of T
tending, after division by h, to e; as h — 0, and let v; € .¥ be the corresponding
eigenvector. Also let Ao, Aopi1 be the eigenvalues of T, .. tending, after division by
h, to es, = eany1 as h — 0, and let vy, vo,11 € ¥ be the corresponding eigenvectors.
Now, using integration by parts as in the proof of (3.21) we find that T, Von+; =

mass
T%v9p+; + O (h™) since vy,1; € 7. Hence,

(T — )\2n+j)U2n+j = O0(h™),
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and since T% = hT+h3/2RY contains a factor h we then find by Propositions 3.13-3.15
that

20
NonsoV) (n) = T " W00 (n) + O (WH17)
i=0
where v (n) is a polynomials times e~*¥*/2, and
20 ' 20 '
>\2n+jv(j)(n) — Z h(i+2)/2)\§])(n) Z hi’/%i(/])(n) + Oy(hé+3/2)
i=0 =0
with /\(()‘j )(n) and v(()j )(n) having leading asymptotics as in the statement. Hence,
20 ’ 20 ‘
Tw Z hz‘/QUi(a) — )\(j)(n) Z hi/Qvi(J)(n) + (’)y(h“3/2)
i=0 1=0
where A (n) = Zfﬁo h(i+2)/2)\5j) (n) mod O(h*+3/2), and the result follows. O

4. WELLS IN CHIRAL STRAINED MOIRE LATTICES

Here we shall apply Corollary 1.4 to the low-energy model HY(k,) in (1.13) and the
pseudodifferential operator Hypo in (1.11). To do so we must first show that each
model can be written in the appropriate normal form, which we will do by verifying
the assumptions in Proposition 3.1.

4.1. Wells for the chiral low-energy Hamiltonian. Let us start with H(k,). In
the chiral limit wy = 0 we get

0 hD + k, — ik, 0 w U™ (x)
w | hD + ky + ik 0 w U™ (x) 0
He (k) = 0 w U+ () 0 WD+ ky — ik, | AU
w U™ (x) 0 hD + k, + ik, 0

with H(k,) understood to be a densely defined operator on L?(T).

Lemma 4.1. Consider the chiral limit w = (0,w,). Then H*(k;) in (4.1) is unitarily
equivalent to the system

(0 D, (i 1\ [(hD+k wU*r(x)\ (-t ¢
Ze= (D: 0 ) » De= 2 (—i 1) (wlU_(x) hD + k 1 1 (42)
where k = k, +iky. Then £? = diag(D.D}, D:D.) and if D.D}u = \u then L =
+v v for v = (vy,v5)" with v, = u and vy = £A"V2D*u.

O]

Proof. Let
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Then UU* = U*U = idy and % %* = «*% = idy. By first conjugating by
diag(1,01,1) and then conjugating by % we see that H is equivalent to .Z. in (4.2).
If D.D}u = A\u then with v = (v1, v2)* = (u, £A"V2D*u)! we get

0 D, U +\1/2y
Lev = (D: 0) (iAWD:;u) ‘( Dru )‘iﬁ”’

as claimed. ]

If )\ is an eigenvalue of %, then clearly A? is an eigenvalue of (£?);;. In view of
the converse correspondence between eigenvalues of (£?);; and %, given by Lemma
4.1 we can therefore study the spectrum of (£?);; in place of Z.. We then use the
following description of the Weyl symbol of .£2.

Lemma 4.2. Let %, be given by (4.2). Then the square £? is the Weyl quantization
of the symbol o(L2) = 0o(L2) + ho1(L?) + h*02(L2) where the principal symbol
00(L2) has block-diagonal form

adgﬁzz<%l};)+%ﬁmwﬂ+2mgdmgL—LL—m

with

_ (&g 206 —2fg _ (&g 206 +2fy
Puted) = (Sf gy od plp) o= (G, SLAT0)

where f(z) = wy (1 —cos(2rx)) and g(x) = wiv/3sin(2rx), and with lower order terms
01 (L) (. €) = 26 (ko /1) ids —g'(x) diag(os, —03) — 2 (2) (ks /D) diag(02, 02)
and o3(L?) = (k,/h)?idy.

Proof. Writing k = k, + ik, we find by (4.2) that .£? = diag(D.D}, D} D.) where

DD — hD + k +ig if hD—l-l_{—ig if
o —i hD +k—ig —if hD +k + ig
_ (WD +ka)® + f2 + (g + k1)’ Q" —2fg |
= ( —Qv —2fg (hD+km)2 +f2 + (g _ kJ_)2> + [Zg,hD]03
and
Q" (z,hD)u = i((hD + k) (fu) + f(hD + ky)u). (4.3)

By using the Weyl calculus and noting that k, = O(h) by (1.14) it is now straight-
forward to check that .Z? is an operator having Weyl symbol as described in the
statement. O
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FIGURE 6. Contour plot of the logarithm of the determinant of
00(Z?)11(x, &) over one period in the z direction, showing the zero set

consisting of the origin together with a closed curve in T*T. Here, k; =0
and w; = 2/5 (left) and w; = 1 (right).

We shall now study the existence of degenerate wells for £ in the sense of Definition
1.2. Tt is easy to see that the eigenvalues of 0o(-£?),;(z,&) for j = 1,2 are given by

Ne(@,6) = (€4 2+ ¢° + B) £ 2 /€212 + (2 + ),

where f(x) = wi(1 — cos(272)) and g(z) = w;v/3sin(2rz). The eigenvalues coalesce
(i.e., Ax = A_) at (,0) and (0,&) for all £ € R. If k; # 0 then Ay never vanishes. If
ki =0 then A, vanishes only at (0,0) € T*T, and the zero set of \_ is

{(2,8) 1 ¢ = £/ f(2)2 = g(2)?, f*—g¢* 20} (4.4)

which has two connected components: the origin and a closed curve in 7*T connecting
(3,0) with (—3,0) which scales with wy, see Figure 6. Since

f(x)? — g(x)? = —12wit?z* + O(a*) (4.5)

the point (0,0) is an isolated zero of A_. In particular, if £, # 0 then the eigenvalues
are distinct near all points in the characteristic set of A_, and if £k, = 0 then the
eigenvalues are distinct near all points in the characteristic set of A_ except at the
isolated zero (0,0).

Hence, for quasimomenta k; # 0 there are no degenerate wells, so we shall now
restrict our attention to k; = 0 in which case there is a degenerate well at (0,0):

Proposition 4.3. Let £? be as in Lemma 4.2 with k; = 0. Then o(%?)11(x,§) =
Z?:o b Pj(z, &) with P; € S*7J(T*T). Moreover, Py has a degenerate well at (0,0)
with

Py(z,€) = (€ + 12n*wiz?) idy +O(|(w, €)%
and Py(0,0) = —27v/3w, diag(1, —1).
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Proof. That the symbol of (£?);; has the stated expansion follows from Lemma 4.2.
It is also clear that at (0,0) the subprincipal symbol has the stated diagonal from, so
we only need to show that the principal symbol Pj; has a degenerate well at (0,0),
where Pj; is as in Lemma 4.2. It is straightforward to check that Pjq(z,€) is positive
semi-definite for all (z,£) € T*T, and by Taylor’s formula we have, with f(z) =
wy (1 — cos(2mz)) and g(x) = w1\/§sin(27mc), that

f(@)? +g(x Zoz]x23 with a; = (27v/3w;)?,

7>1
—2f(x = Bjz¥t! with f = —8v/3r'w?
ji>1
and 2i{ f(z) =35, 2“"1(272);#&:23 This gives the result. O

We also record that the chiral Hamiltonian satisfies (1.4), where we use the obser-
vation in Remark 2 on page 16 to momentarily view (.£?);; as an operator on R.

Lemma 4.4. If k; =0 then

(L) nu,u) > (6" — 2fgor)u, u) — Chlu, u)
where f(x) = wi(1 — cos(2rx)) and g(x) = wiV3sin(2rz), and g?ideex> —2fgoy =
12win?z?idgex: +O(23).

Proof. Let u = (ug,uz)' € L*(R). By (4.2) we have (for k; = 0) that ((£?)11u,u) =
(DeD}u,u) where

b (hD+ ks +ig if hD + k, — ig if
e —if hD + k, — ig —if hD + k, +ig

— (hD + k)’ + f* + ¢?) idcaez —2f gor + QVioy — [hD, iglory

with Qv given by (4.3). Here, [hD,ig] = hg' = 2hm\/3 cos(2mx) so (—[hD,iglosu, u) >
—Ch(u,u). Noting that

(QYiogu,u) = ((hD + ky)if +if(hD + k;))ioqu, u)
— —2Re(f(hD + ky)ogu,u) > —((hD + ku)*u + f*u,u)

we conclude that
(DCDZU7 u) > ((92 - 2fg<71)u, u) - Ch(“? u)
We have fg = O(2?) and ¢* = 12w?m?z? + O(x*) which gives the result. O

We can now show that Corollary 1.4 implies existence of quasimodes for the chiral
low-energy model.
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Proof of Theorem 1.6. By Proposition 4.3 and Lemma 4.4 we find that o(.%£?) satisfies
the assumptions of Proposition 3.1 with & = 0 and u; = (—1)w, j = 1,2, and w =
2mv/3w;. We then apply Corollary 1.4 to (£2)11 and obtain approximate eigenvalues
M (n) and quasimodes u/(n) as stated, such that ((£2);; — M (n))u/(n) = O(h'*2) in
L*(T) for any ¢ € Nj.

Fix j € {1,2} and n € Ny and omit them from the notation. In the notation of
Lemma 4.1 with ¢ = (¢, ¥2)! = (u, £A"2 D*u)! we then have D D? = (£2); and the
correspondence

(0 D, u B A2 L) 0 B »
= (e ) (ex o) = (P o™ = 80+ 00,

where the last identity follows from (.£2)11u = Mu+Op2epy(h*72) and A™1/2 = O(h=1/?).
Since |[¥||2(rcty) > 1Yl 2erce) = 1+ O(hY?) we still have Zp = £/ + O(h*Y)
after normalizing and renaming 1 /|[v||r2(ry to 9. Also, since WFy(u) = {(0,0)} we
have WF,(¢) = {(0,0)} by the microlocal property of pseudodifferential operators. By
Lemma 4.1, H*(k,) is unitarily equivalent to .., which gives approximate eigenvalues
and quasimodes of H¥(k,) as in the statement of the theorem.

To prove the last part, let HY(k,) be given by (4.1) with &, = 0. Since k, € [0,27h)
we may write k, = h&y with & € [0, 27). If we make the symplectic change of variables
(x,() = (x,& + ki) = (x,€ + h&) then the proof of Proposition 3.1 shows that

HY (k) = e "m0 q“(z, hD)e”gO,

where

q(z,Q) = o(H (ka)) (2, €) = o (He (ko = 0))(, ().
This shows that the approximate eigenvalues of HY(k,) obtained in the first part of
the proof are independent of k.. Hence, the last statement of the theorem follows from

(1.14). Note also that multiplying by e¢®% does not affect the wavefront set of the
associated quasimodes, since WF,(¢®%) = R" x {0}, see [Zwo12, Section 8.4]. O

4.2. Wells for the chiral Harper model. We now establish the existence of de-
generate wells for the operator Hypo = a“(x,hD) in (1.11). To increase similarity
with the presentation in the previous subsection we introduce the auxiliary operator

b*(x, hD), where
b(x, &) = 2t(k,) cos(2mE) + to + Vi (). (4.6)

Observe that a(z,£) = b(§, —x). As operators on R (cf. Remark 2 on page 16) we then
have a¥(x,hD) = F; 'b0%(x, hD)F;, where F, is the semiclassical Fourier transform,
see |[Zwol2, Theorem 4.9]. We shall then use the following result, analogous to Lemma
4.1 and with identical proof.
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Lemma 4.5. In the chiral limit, b (x, hD) is unitarily equivalent to a Hamiltonian on

0 D,
= )
where the symbol of D. is given by
Doz, €) _ L /i 1Y [(2cos(2m€)e™ R 41 w U™ () —i i
Ao\ i 1 wi U™ () 2 cos(2m&)e?m kL 41 1 1)

Then #? = diag(D.D?, Dt D.) and if DeD*u = \u then v = £/ v forv = (vy, v5)!
with v, = u and vy = £A"Y2D}u.

off-diagonal block form,

Let 7. be as in Lemma 4.5. Using the lemma it is easy to see that

det(D.)(z, &) = (2cos(2mE) ™+ +1)? —w?U ™ (2)U™ (z)
= (2cos(2m€) cos(2mky) + 1)? — 4 cos?(27€) sin?(27k L) — w?U T (2)U ()
+ 4i cos(2m€) sin(27k, ).

Thus in case that k, ¢ %Z, then for the imaginary part to vanish we require ¢ € %Z+%.
For then the real part to vanish as well, we require 1 = w}U U™ (z), which, since the
range of UTU™ is [—2,4], admits a solution once w; > 1/2.

Conversely, for k, € Z there is the special solution x = 0, £ = j:% + Z which exists
independent of w;, together with the level set

{(z,€) : (2cos(27E) +1)? = wiU T (2)U (2)}. (4.7)

For k;, = % + 7Z there is the special solution z =0, £ = j:% + Z together with the level
set

{(z,€) : (2cos(27E) — 1)? = wU T (2)U ™ (x)}. (4.8)

As we shall see, there are no degenerate wells unless k;, =0 or k; = % mod Z in which
case there are degenerate wells precisely at these special solutions.

Lemma 4.6. Let 5 be as in Lemma 4.5. Then #° = o(H*)"(x,hD) where
oo(H42%) = diag(P11, Pag) + 29 Tm(7y ) diag(1, —1,1, —1) with

(D P+ P+t 2(iReTy, —9)f B
Pll(xvf) - (2(—Z ReTkl o g)f ‘TkJ_‘2 + f2 +92) ) P22(ma€) - O-QPll(J:ag)O-Qa
where f(x) = w;(1—cos(27x)), g(x) = wiV3sin(27x), and Ty, (&) = 2 cos(27m€) ek 4
1.
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Proof. We have 52 = diag(D.D}, D} D.)) where
¢ =iV [+ fT%,) —2fg  TH T +f*+g
TY T+ fP4gt (T ) 4+ 2fg
—i(T, f+ 1) +2fg  TU. T + P +4°
where Qr, = i(gT}, — 1", g), and f, g and 1}, are as in the statement. Since 7", ()

is the complex conjugate of 7} (€), the Weyl calculus now gives that oo(D.D}) =
Py +2¢g1Im(7;, ) diag(1, —1). Similarly, o¢(D}D.) = Py +2gIm(Yy, ) diag(1,—1). O

> + diag(Q—x,, —Q ., ),

D:D, = ( ) + diag(—Qk, , Qk, ),

By Lemma 4.6 we have
det(oo(H7);5 = A) = (A = [T P + f7 + ¢%)* = 4¢°(Im(T,,))* — 4F%(9° + (Re(25,))?)

so the eigenvalues of oo(#.2);; for j = 1,2 are given by

Ae(@,) = [T 2 4+ 2 £ 20/1202 + P(Re(Ti))? + g2(Im(Ty, )2
If &y ¢ 37 then
Yk, (€) = 2cos(2mE) cos(2mk, ) + 1 + 2i cos(27) sin(27k )

has vanishing imaginary part only when & = %L + %Z in which case 7, (§) = 1 for
all £ Thus, A (z,€) never vanishes when k, ¢ 1Z. If k; € Z then Ay (z,£) = 0
precisely when x = 0 and &£ = i% mod Z. By the analysis preceding the lemma, the
characteristic set of A_ is the level set (4.7). Since w?UTU~ = f% — ¢ we find in
view of (4.5) that this level set has several connected components in R?/Z?: the points
(0, j:%) and one or two closed curves depending on wy, see Figure 7.

If k, = % + Z then A\, (z,&) = 0 precisely when x = 0 and £ = i% mod Z. In this
case the characteristic set of A_ is the level set (4.8) which again has three connected
components in R?/Z?. In particular, when k, € %Z the eigenvalues are distinct near
all points in the characteristic set of A_ except at a set of discrete points.

We now restrict to the case k; = 0 mod %Z. Since we then have 73, = 1", the
result of Lemma 4.6 takes on a simpler form. We first compute the full symbol of 72
where we include a restatement of Lemma 4.6 for convenience.

Lemma 4.7. Let 5. be as in Lemma 4.5 and k; = 0 or k, = % Then H?* =
o (%) (x, hD) where oo(H%) = diag(P1, Pay) with
’+f+g 267 —g)f T+ f2+g° 26T +9)f
P - P =
w0 = (o i e U)o = (GO e
where f(x) = wy(1—cos(2mx)), g(x) = wiV/3sin(2rx), and T(€) = 2 cos(2mE)(—1)2F++

1, and with lower order terms

U(‘%ﬁ) o 00(%2) = U([igv Tw(hD)]) diag(la _L _L 1) - adiag(U% 02)

)
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FiGure 7. Contour plot of the logarithm of the determinant of
00(H2)11(x, &) over one period in the x and £ directions, showing the
zero set consisting of the points (0, j:%) and one or two closed curves in
T*T mod Z%. Here, k;, = 0 and the top panels show the zero set for
wy = 2/5 (left), wy = 1 (middle) and w; = 2 (right), while the bottom
panels show the special values w; = 1/2 (left) and wy = 3/2 (right)
where the number of closed curves in the zero set switches between one
and two.

where a(z,§) = o(T"f + fT*)(z,§) — 27(£) f(x).

Proof. The result follows by inspecting the proof of Lemma 4.6 and using 73, = 71—,
together with properties of the Weyl calculus. O

Consider k; € Z and perform a symplectic change of variables £ = ( +1/3. Then
T(€) = 2cos(2n¢ +21/3) + 1 = 1 — cos(2n¢) T V3sin(2n¢) = UF(C) Jwy,

so (Y(€))* = (T(¢£1/3))* = 1272+ O(¢*). When k, = 1 +Z the symplectic change
of variables £ = ( +1/6 gives

T(€) = —2cos(2n¢ £ 7/3) +1 =1 — cos(2n¢) £ V3sin(2n() = UF(C) Jwy,

so again (7°(€))? = 1272¢2+O(¢?). The operator 2 in Lemma 4.7 therefore has wells
at (0,+3) mod Z?, or at (0,£¢) mod Z?, depending on if k; = 0 or if k; = § mod Z,
and these wells are degenerate since the eigenvalues of o (.7,"),; coalesce there. Before

turning to quasimodes concentrated near each corresponding well we first compute the
lower order terms of the symbol.
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Lemma 4.8. Assume that ky = 0 or ky = 1. Let g(z) = wiV3sin(2rz), T(£) =
2c08(2mE)(—1)?*+ + 1 and a(x,&) = o(TVf + [T )( ,€) =27 (&) f(z). Then for N =
0,1,..., we have

h2n+1

2 - 1 )2n+1(_1)n

o([ig, T (hD)])(x,€) = (—1)**4v/3w cos(2mx) sin(27¢) Y~ ———

modulo an error in Ogqy(h*N3) as h — 0, and

N

a(z, &) = —(—1)**+ 4w, cos(27) cos(27€) Z h2n
n=1

7T2)2n<_1)n + OS(I)<h2N+2)

as h — 0.

Proof. We have [ig, T"] = i(g#Y — T#g)" where

K ikpko—k
gHY (2,6) =) o (DeDy — D, Dy)*(g(x)T ()| + Osy (R
k=0 ’ n=¢

for K =0,1,..., see [Zwol2, Theorem 4.12| and |Zwo12, Theorem 4.18|. Thus, in the
difference g#1 — T#g¢ all the terms for even k cancel, which gives

h2n+12 (2n+1)

i(g#Y — T#g) = Tont 1)

2 g(x) DY (E) + Oy (R*NF),

n=0
Computing the derivatives shows that the symbol of [ig, 7] has the stated form.
Since a = T#f + f#T — 27 f, similar computations also show that

h2n2—2n
a(r,§) =2 Zl Wai"f(:v)D?‘T(f) + Os1y (RN *?)

O

so after computing the derivatives we obtain the result.

Proposition 4.9. Let % = 7*(x,hD) be as in Lemma 4.7 with k;, =0 ork, =
Then o(H2)11(2,8) ~ 3,50 W Pj(x,§) with P; € S(1). Moreover, for each &
i%(l)%l mod 1, Py has a degenerate well at (0,&) with

2
Py(w,€) = 12m((€ — &)* + wiz?) ids +O(|(z, &) — (0,&)I%)
and Py(0,&) = 12n%w;c(&) diag(1, —1), where c(£5(5)%) = £(—1)2F+.

|| l\fJI»—l

Proof. The asymptotic expansion of o(2) follows from Lemmas 4.7 and 4.8, and by
the discussion preceding Lemma 4.8 we see that P, has the stated form. Next, with
& = £3(5)*"* we note that

sin(2m (¢ + &) = i? cos(2m¢) — (— )2]“; sin(2n¢)
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so with ¢(£5(5)?"*) = +(—1)*** it follows from Lemma 4.8 that a = o(T f + fT™) —
27 f = Osy(h?) and

o([ig, T (RD)))(0,&) = c(&)127%wih + O(h?)

which in view of Lemma 4.7 shows that P, also has the stated form. O
We can now prove existence of quasimodes for the chiral Harper model.

Proof of Theorem 1.5. For each & = +5(5)*** + ng, ng € Z, we find by Proposition
4.9 that (1272) 1o (H2%)(z,€) satisfies the assumptions of Proposition 3.1 with p; =
+(—1)21-1y 5 = 1,2, and w = w;. Let Uv(z) = h-1v(h™2z) so that (1.5) reads
PY(z,hD) = UTU* with U unitary. We then apply Theorem 1.3 to P*(x,hD) =
(#2)11 and obtain approximate eigenvalues A¥)(n) (independent of the integer ng in
the definition of &) such that for any ¢ € No, AW (n) = h 2% hi2AY) (n) + O(RtH3/2)
with
g (n) = (204 1) & (=145,
together with quasimodes v"/)(n,y) such that, with u")(n, z) = Uv¥)(n, ), we have

(127%) 7 A2 — N (n))ul (n) = O (h'*3),

where [[u?) (n)|| 2@ = 1+ O(hz) and WF,(u(n)) = {(0,&)}, n € No. Multiplying
AU)(n) by 1272 and renaming the \; we get approximate eigenvalues of (J#?2);; of the
stated form. By Lemma 4.5, J# is unitarily equivalent to Fna®(z,hD)F; ! with a
given by (2.3), so by repeatlng the second part of the proof of Theorem 1.6 we find

that a®(x, hD)F, wy = £/ A\ (n)F, ! w? (n) + 04 (R for some w(n) €
7 (R;C4) with yyw;( )HLQ =1+ O(hz) and WFh(wg(n)) = {(0,&)}, n € N,.
Clearly, | F; ' w (n)|| 12w = 1+<9(h%)and WE, (F; 'w (n)) = {(&,0)}, so to obtain
the stated quasimodes 1\ (n) € L*(T;C*) for Hypo(0,w1) = a®(z,hD) : L*(T) —
L?(T) we now simply repeat the arguments used to prove Corollary 1.4. We omit the
details. 0

APPENDIX A. AUXILIARY RESULTS

Here we provide some results used in the main text, starting with a Rayleigh-Ritz

principle stated for the massive (non-semiclassical) Weyl operator T . (y, D).

Lemma A.1 (Rayleigh-Ritz principle). Let T%(y, D; h) be a self-adjoint operator semi-
bounded from below, T > —Ch, and let G(y,n; h) € C(T*R) with 0 < G < 1. Set

TC  =T"+ (1 — G”)idgax

mass

and assume that there exists a set {1y, fnen of functéons satisfying (3.19) and (3.20).
Then, as a densely defined operator on L*(R), T¥... has at least n eigenvalues \(h) <

mass
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.. < M(h) counting multiplicity and limy_,o+ Mn(R)/h < e,, with e, being the number
appearing in (3.20).

Proof. Let
/lfn(h) = SU-Cp Q(Cl?"wcn*l;h)?

..... —

where

Q(Cla s 7Cn71; h) = inf{(Tﬁassz) : w € D(TI;U&SS), ’WH = 17 @D € [Cla s >Cn71]J_}-

Step 1: Since T

mass

principle (see |[RS78, Theorem XIII.1|) implies that T}, has at least n eigenvalues

mass

A1(h), ..., An(h) counting multiplicity and either p,(h) = Ap(h) or pin(h) = inf Oess (T, )-

mass

is self-adjoint and semi-bounded from below, the min-max

Step 2: Let ¢ > 0 be fixed but arbitrary, and for each h, choose (%, ... (" | so that
pn(h) < QCY, - Gy h) + & (A1)

From (3.19) it follows that for h small, 91, ...,1, span an n-dimensional space, so
for sufficiently small h we can find a linear combination v of ¢q,...,4, such that

e lh ..., ¢" ]t By (3.20) we then get
QUL ..., Ch 13 h) < he, + O(RP).
From (A.1) and the fact that € was arbitrary we find that
tin(R) < he, + O(RYP). (A.2)

Step 3: Fix another 0 < ¢ < 1 and let ). C C be an e-neighborhood of the negative
half-line R_ = {x € R : z < 0}. Let z € Q.. Since T% > —Ch it follows that
T% + 1 — z is invertible for z € Q). and h small, and by the pseudodifferential calculus
G" is compact, see [Zwol2, Theorem 4.28]. We then have

Tw _Z:(T“’—l—l—z)(l—K(z)),

where K (2) = (T"+1—2)"'G" is compact. Also, since 0 < G < 1 we have || K (z)]| <
(TY +1 — 20) 7| < 1 for zg € Q. with Rezg < —1, so 1 — K(z) is invertible. By
analytic Fredholm theory it then follows that the resolvent (7%, —z)~! is meromorphic

m.

in Q. (see e.g., [Zwol2, Theorem D.4]) which implies that 7. .. — z is Fredholm for

mass

z € ), see e.g., [Tay66, Theorem 9.6]. By definition we then have oo (T1.) () Q2 = 0.
Step 4: By step 3 we have inf 0o(T/V. ) > € > 0 so (A.2) implies that

mass

pin(h) < ey + O(H) < £ < (T

mass

for h small, so pi,(h) # Oess(TV.)- From step 1 we conclude that p,(h) = \,(h),
where A, (h) is the n:th eigenvalue of T . counting multiplicity. By (A.2) we then get

mass

M (h)/h = pn(R)/h < e, + O(WY®) — h@+ An(h)/h < en,
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which completes the proof. O

Next, we shall provide proofs of the IMS formula (Lemma 3.8) and Lemma 3.9. For
this we shall use a pseudodifferential partition of unity. Let J be as in Section 3, that
is, J € C¢°(R) with 0 < J <1 and J(y) = 1 (resp. 0) if |y| <1 (resp. [y| > 2). Let x1
be given by (3.22), that is,

xi(@,8) = J(h*P2) I (h*P¢).
Recall also from (3.23) that (xo(z,€))* + (xi1(z,€))* = 1.

Lemma A.2. Let xo and x; be as above. Then there are X € WYL (R) and X¥ €

2/5
lpg’/goo(R) such that X; = x; modulo S™°~>(T*R) and

(X + (X)) =id+R, Re U ™ (R), (XI)" =XV

Proof. We adapt the proof of [SZ07, Lemma 3.2] to symbols in Sgn’k. Using the Weyl
calculus we can write

()2 + ()2 =id+ry, € Sy (T'R)

where we have taken advantage of (3.23) and the fact that the Poisson bracket {x;, x;}

vanishes, so the symbol of (x¥)? is x7 modulo SZ_/%/E)’_OO(T*R). For h small we set

XE= (L) () A

Then X} € \Ifg}% and X| € \1137/;’0 and since r; € S;/(é/‘r)’*oo we have o(X) = x; modulo

S5 257 Tt is also easy to see that

2/5

. w —3/5,—c0 * *
(X0 + (XD =id+ry, €S,V (T"R), (X})" =X/,

by using the fact that [(1 —|—r§“)*%, X;U] c @;/35/57*00 and [(1+ r’f’)*i? (X;v)2] c \1,27/35/5,700'

The result therefore follows by iterating this procedure. O

Recall that the massive term 1 — x* in (3.9) is defined by a cutoff function y €
C$°(T*R) independent of h. For h small we then have

supp dxx [ |supp(l —x) =0, k=0,1,

where Oy is shorthand for the first order derivatives of x;. In view of Lemma A.2 we
get

XP(1—=x") e U™ (R), k=01, (A.3)
by the Weyl calculus.



50 SIMON BECKER AND JENS WITTSTEN

Proof of Lemma 3.8. We have

(XIEU)ZP;IT&SS + PﬁaSS

(Xi)? = 2 Proc Xy = [X3 [XY, Pri]]

mass mass

so if we show that [X*,[X¥, P¥.]] = O(h®?) on L?*(R), then the result follows by

summing over k since (X)? 4 (X#)? = 1 mod ¥~°>~> by Lemma A.2. When proving
the estimate we may replace P¥,. by P" since X{"(1 — x*) = O(h*) in L* by (A.3).

mass

By Lemma A.2 we have 0X,, € S;;g’_oo, where 0X, is shorthand for the first order
derivatives of Xj. By assumption we have P € SO*(T*R), k > 0. Hence, X #P —
P#X, € 52_/?;/5’_00 C h*/°Sy5(1) by the symbol calculus, the main point being that it
is bounded. In fact, inspecting [Zwol2, Theorem 4.12] and [Zwol2, Theorem 4.18| we

see that
O'([X;:,Pw]) = Xk#P — P#Xk = —’lh{Xk, P} + 052/5(1)(}13(172/5)).

Since Py = O(h*°) on the support of 9.X}, by Definition 1.2 we find that o ([ X", P*]) =
Os, ;1) (h). By [Zwol12, Theorem 4.18] we then get

o (XX, PUT)) = —ih{ X, o (X, PY))} + hOs, ) (W0 ) = Os, ) (),

which implies that [X*, [X2, P*]] = O(h%®) on L?(R), see [Zwo12, Theorem 4.23]. [

Proof of Lemma 3.9. Asin the proof of Lemma 3.8 we may replace Py .. by P* without

changing the estimate. Since X{(P¥—HY) X" = v*o(h3/2J* R¥ J)o(y~1)* is unitarily
equivalent to h*2J% RY Ji* the result then follows from Lemma 3.5. O

APPENDIX B. DEGENERATE WELLS IN THE ANTI-CHIRAL LIMIT

Here we give a brief presentation of degenerate potential wells for the pseudodiffer-
ential Harper model in the anti-chiral limit. The anti-chiral model allows for various
quasimodes at potential wells located at different energy levels, but not necessarily at
zero. To see this, we use the following simple lemma which reduces the analysis to
scalar pseudodifferential operators.

Lemma B.1. Let Hypo(w) be given by (1.11) in the anti-chiral limit w = (wy,0),
with ky € Z/2. Then Hypo(wo, 0) is unitarily equivalent to a Hamiltonian of diagonal
form with symbol, with + for k, € Z and — fork, € Z+1/2,

Fne(2,€) = diag(—(1 £ 2 cos(27E)) — woU (x), — (1 £ 2 cos(27E)) + wol(z),
(1 +£2cos(27€)) — woU(x), (1 £ 2cos(27E)) + wolU (x)).



SEMICLASSICAL QUANTIZATION CONDITIONS IN STRAINED MOIRE LATTICES 51

Proof. Let b(z, &) be given by (4.6) with w = (wp,0) and k, € Z/2, so that b (z, hD) =
Hypo(wy,0). Conjugating with

1 -1 -1 1
11 -1 1 -1 1
=310 a0 1) (B-1)
1 1 11
we find that J.(z, &) := % *b(x, &) has the stated form. O

It is now easy to see from the diagonal form, since both the position and momentum
variable appears in terms of a cosine

cos(2mt) = £1 F 202(t — )2 + O((t — to)*)

with + in case of tg € Z and — for t, € Z + 1/2, that the Hamiltonian %.(z,¢)
admits quasimodes at various energy levels by the scalar Bohr-Sommerfeld rule given
by Theorem 1.1. (Observe however that the spectral gap condition (1.2) is not satisfied
since the eigenvalues of J(z, £) coalesce at © = £3, £ = +3(3)**+ mod Z2.) We state

an example of one such result here.?

Theorem B.2. Let Hypo(w) be given by (1.11) in the anti-chiral limit w = (wy,0),
with ki € Z./2. Then for j =1,2,3,4 there are functions FU) (1 h) ~ 3> | h”Fr(L])(T)

with
-

F(r) = Fo(7) +0(), FV=3 j=1234,

B 87r2w0
with AP () such that FO(\Y) (h), h) = kh, together with quasimodes u) € L2(T;C4)
which are nontrivial only in component j, such that (Hypo(wo,0) — zi(k, h))ul) =
Op2(h>), where z;(k,h) = ¢; + )\,(C])(h) + O(h>®) for k € N, and

C1 = -3 — SUJ(), Co = -3 — Wo, C3 = —1-— 311)0, Cqy = —1-— Wo- (BZ)
In particular, Hypo(wo,0) has approzimate eigenvalues zj(k, h) = ¢;+8m?wo(k+3)h+

O(h?) with k € Ny for j =1,2,3, 4.

Sketch of proof. Due to the diagonal form of 7. it suffices to study scalar operators
by choosing quasimodes u € L?(T;C*) that are zero in all but one component. By
Taylor’s formula

(Hac(,€))35 = ¢ +47*((€ = &) + wolw — 23)°) + O(|(2,€) — (25,)[")

where ¢; are as in (B.2), and where z; = 23 =0, 72 = 24 = 1 mod Z, and & = & =0,
{3254:%modZifk:LGZ,whilef’g:&:O,fl:fg:%modZifk’LEZqL%.

20ne can also get, similarly to this result, wells with opposite sign for the anti-chiral Hamiltonian.
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Consider k; € Z and j = 1, and view 7% temporarily as an operator on R. We
then add a massive term so that we can apply Theorem 1.1: Choose x € C§°(T*R)
with 0 < x < 1 and supp y contained in a small neighborhood of (0, 0) so that

p(l’,£> = 3(1 + wo) + (jflc(‘r7€>>11 + (1 - X(‘Tag)) >0

with equality only at (z1,&) = (0,0). Make the symplectic change of variables (Z, &) =
(wo_l/4x,wé/4§) and set p(x,€) = p(&,€). Then

#o,6) = T 4 2% + O(1 (.61

so by Theorem 1.1 there is a function F(7, h) ~ > 2 k" F,(7) with Fy(1) = 7(87wg) "
and F; = 1/2 (since there are no lower order terms in h in J%.(z,); in particular, the
subprincipal symbol of J£Y is zero at (x1,&;)), such that for all § > 0, the eigenvalues
of p¥(x, hD) in (—oo, h?) are given as in Theorem 1.1 with k € N. If A € (—oo, h?) is
an eigenvalue of p*(x, hD) with eigenvector v € L*(R), and we write u(z) = u(wé“m),
it is easy to check that

Nii(x) = Mu(wy'z) = pru(wy/'z) = p“i(x)

so A is also an eigenvalue of p*(z, hD). By [DS99, Lemma 14.10] the eigenvector u of p*
is microlocalized to (0, 0), so (1—x")u = O(h>). It follows that (.7¥)11, as an operator
on R, has eigenvalues near —3(1+wy) of the form z(k, h) = —3(1+w0)—|—>\,(€1)(h)+(’)(h°°).
The same is true for (J£Y);; as an operator on T, which can be seen by using a
periodization argument similar to the one used in the proof of Corollary 1.4. Since

translation is a symplectic change of variables, the same arguments can be applied to
the other components of 527, both when k, € Z and when k&, € Z + % O

ac ?

Remark B.3. In contrast to the pseudodifferential Harper model discussed in Theo-
rem B.2, there are no wells in the anti-chiral low-energy model. Indeed, let HY (k,) be
given by (1.13) with w = (wy,0) and k; = 0. Conjugating by % in (B.1) shows that
HY (k) is unitarily equivalent to the semiclassical operator £%(z, hD) with symbol
Lne(x,€) = diag(—€ — woU (), =€ + wolU(z), £ — woU(x), & + welU (x))
+ k, diag(—1,—1,1,1)
where k, = O(h). Each component of the principal symbol is a scalar symbol of

real principal type so there are no point-localized states near zero energy, see [Zwol2,
Theorem 12.4].
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