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A MICROSCOPIC DERIVATION OF GIBBS MEASURES FOR
THE 1D FOCUSING CUBIC NONLINEAR SCHRODINGER
EQUATION

ANDREW ROUT AND VEDRAN SOHINGER

ABSTRACT. In this paper, we give a microscopic derivation of Gibbs measures
for the focusing cubic nonlinear Schrodinger equation on the one-dimensional
torus from many-body quantum Gibbs states. Since we are not making any
positivity assumptions on the interaction, it is necessary to introduce a trun-
cation of the mass in the classical setting and of the rescaled particle number
in the quantum setting. Our methods are based on a perturbative expansion
of the interaction, similarly as in [I7]. Due to the presence of the truncation,
the obtained series have infinite radius of convergence. We treat the case of
bounded, L' and delta function interaction potentials, without any sign as-
sumptions. Within this framework, we also study time-dependent correlation
functions. This is the first such known result in the focusing regime.

1. INTRODUCTION

1.1. Setup. Let h be a Hilbert space with a given Hamiltonian function H €
C*°(h) and Poisson bracket {-,-} : C*°(h) x C=(h) — C*°(h). The Gibbs measure
associated with the Hamiltonian H and Poisson bracket {-,-} is formally-defined as
the probability measure on b given by
dPGibbs () == _ L HE)
Gibbs (p) = € dgﬁ. (1.1)
ZGibbs
Here, dp denotes Lebesgue measure on h (which is ill-defined when b is infinite-
dimensional) and zgibbs is the partition function, i.e. the normalisation constant
which makes dPgipps into a probability measure on . The problem of the rigorous
construction of measures of type (ILI]) was first considered in the constructive quan-
tum field theory literature. For an overview, see the classical works [231[40}4T149]
and the later works [21[TT],12]T4L[25131L37.[38,44], as well as the references therein.
When H is not positive-definite, it is sometimes not possible to define (II]) with
finite normalisation constant zgipbs, as formally one can have f e~ H(®) dp = oo.
Instead, one considers a modification of (1)) given by

1 _
APl () 1= —— ) f(l|l|2) dep, (1.2)
ZGibbs

where f is a suitable cut-off function in C2°(R), and zéibbs is a normalisation
constant that makes (C2) a probability measure on h. In general, when H is not
positive-definite, we say that we are in the focusing (or thermodynamically unstable)
regime.
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In this paper, we fix the spatial domain T = T! = R/Z = [—%, %) to be the
one-dimensional torudl. We henceforth consider the Hilbert space b := L*(T;C) =
L?(T). Let us now define the precise Hamiltonian. We make the following assump-
tion.

Assumption 1.1 (The interaction potential). We consider an interaction potential
which is of one of the following types.

(i) w: T — R is even and belongs to L'(T).
(ii) w = —0, where ¢ is the Dirac delta function.

Let us note that, in Assumption [[LT, we do not assume any conditions on the sign
of w or the sign of W (pointwise almost everywhere).

With w as in Assumption [[LT] the Hamiltonian that we consider is given by

Hp)i= [ do (Vo) +rle@P) + 5 [ dedylo@l (e - le@)P . (13

In ([3), and throughout the sequel, we fix £ > 0 to be the (negative) chemical
potential and we write [ dx := fﬂ, dz. On the space of fields ¢ : T — C, we consider
a Poisson bracket defined by

{o(x),2(W)} =10(z —y), {e@), o(y)} ={P),2(y)} =0. (1.4)

We note that, by Assumption [[I] the Hamiltonian (L3) is not necessarily

positive-definite. Hence, when studying the associated Gibbs measure, one has

to use the modification given by (LZ), instead of (II]). This setup was previously
used in [4[T4[3T].

The Hamiltonian equation of motion associated with Hamiltonian (IL3]) and Pois-

son bracket (L) is the time-dependent nonlocal nonlinear Schrédinger equation
(NLS)

i0pp(w) = (A + K)p(z) + /dy lo()? w(z —y)e(z). (1.5)

Here, we abbreviate the notation p(z) = ¢(z,t) with ¢ : T x R — C. For w € L%,
as in Assumption [[T] (i), one usually refers to (L) as the Hartree equation. We
will also consider the focusing local cubic NLS

Opp(x) = (—A + r)p() — (@) Pe(2), (1.6)
which corresponds to ([LHl) with w = —4¢, as in Assumption [[1] (ii). We refer tcf3
([CH) and ([L6) as the focusing cubic nonlinear Schrodinger equation (NLS).

The arguments in [3] show that the focusing cubic NLS (LA)-(L6) is globally
well-posed for initial data in h = L?(T). In particular, there exists a well-defined
solution map S; that maps any initial data ¢g € h to the solution at time ¢ given
by

o) = (-, t) == Sipo(-) € h. (1.7)
Moreover, [1S:¢olly = [[#olly-

LSome of our results generalise to other domains; see Remark [I.7] (3) below. For simplicity, we
work on T?.

2When one has suitable positivity (in other words defocusing) assumptions on w, the analysis
of the problem we are considering for (L) has already been done in [17]; see Section below
for an overview. Our main interest lies in the case when these assumptions are relaxed, which we
refer to as the focusing regime.
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Given the measure d]Péibbs as in (C2Z) and the time evolution as in (7)), one
can consider the corresponding time-dependent correlation functions. Namely, for
m € N*| times t1,...,t, € R, and functions X!,..., X™ € C°°(h), we define

Qf o (XN Xt ) = /dpgibbs(@xl(sh@) XS ), (18)

which we call the m-particle time-dependent correlation associated with H and
Xj,tj, ] = 1,...,m.

The main goal of this paper is to show that one can obtain (L)) as a mean-field
limit of corresponding many-body quantum objects, which we henceforth refer to
as a microscopic derivation. We do this in two steps.

(i) Step 1: Analysis of the time-independent problem, i.e. when
tp ==ty =0.
(ii) Step 2: Analysis of the time-dependent problem. This is the general case.

The precise results are stated in Section[[.4]l In Section[[.2] we define the objects
with which we work in the classical setting. In Section [[3] we define the objects
with which we work in the quantum setting.

1.2. The Classical Problem. The one-particle space on which we work is h =
L?(T). We use the following convention for the scalar product.

(1,920 = [ doTI(@) 92(0).
We consider the one-body Hamiltonian given by
h:=—-A+k, (1.9)

where £ > 0 is as in (3). This is a positive self-adjoint densely defined operator
on h. We can write h spectrally as

hi=" Augug, (1.10)
keN
where
e =42 |k]2 + & (1.11)
are the eigenvalues of h and
uy = ¥k (1.12)
are the normalised eigenvalues of h on h. Since we are working on T, we have
1 1
Tr(h ):%m < o0, (1.13)

where the trace is taken over b.

For each k € N, we define u to be a standard complex Gaussian measure.
In other words, pup = %e"z‘zdz, where dz is the Lebesgue measure on C. Let
(CN, G, 1) be the product probability space with

1 3=®Mk- (1.14)
keN

We denote elements of the probability space CY by w = (wi)ren. Let the classical
free field ¢ = ¢“ be defined by

Q= Z \;j—/]\c_kuk. (1.15)

keN
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Note that (CI3) implies (TI5) converges almost surely in Hz¢(T) for ¢ > 0
arbitrarily small. Here H*(T) denotes the L2-based Sobolev space of order s on T
with norm given by

1/2
191l £+ (T) = <Z(1 + |k|)25|§(k)|2> -

keZ

We take the following convention for the Fourier transform on L(T).

G(k) == /dxg(x)e—%“”, keZ. (1.16)

The measure p satisfies the following Wick theorem; see for example [19, Lemma
2.4] for a self-contained summary.

Proposition 1.2. Let ¢ be as in [[LI0). Given g € H=2%¢ for e > 0, we let

o(g) == (g,¢) and B(g) := (@, g). Furthermore, we let (¢)*(g) denote either ¢(g)
or @(g). Then, given n € N* and g1,...,gn € Hf%“, we have

Ey,

H(s@(gi))*i]= Yo I Eellele)™ (wla)™], (1.17)

IeM(n) (i,5)€Il
where the sum is taken over all complete pairings of {1,...,n}, and where edges of

IT are denoted by (i,7) with i < j.

We note that, by gauge invariance, for all (i, j) € II

E. [o(g9:)e(9;)] = Ep. [#(9:) B(9;)] = 0.

Therefore, each non-zero factor arising on the right-hand side of ([I7) can be
computed using

/ anB@)ele) = (9,h75),

for g,g € Hzte, Here, the Green function h~! is the covariance of u. We note
that, under a suitable pushforward, we can identify p with a probability measure
on H?; see e.g. [I7, Remark 1.3]. As in [I7], we work directly with the measure p
as above and do not use this identification.

Given p € N*, the p-particle space hP) is defined as the symmetric subspace of
h®P ie. u € hP if and only if for any permutation 7,

W(Tr(1y, s Tr(p)) = W(T1, .00, Tp) .

For ¢ a closed linear operator on hP) | we can associate & with its Schwartz integral
kernel, which we denote by &(x1,...,Zp;y1,...,Yp); see [46L Corollary V.4.4]. For
such a ¢ and for ¢ as in (ILI3)), we define the random variable

o(¢) :=/dwl...dxpdyl...dypf(xl,...,:vp;yl,...,yp)

X @(x1) ... P(xp)e(yr) - - o(yp) . (1.18)

We denote by L(H) the set of all bounded operators on a Hilbert Space H. If
¢ € L(h®), then O(¢) defined in (LI8) is almost surely well-defined, since ¢ € b
almost surely.
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Given w as in Assumption [T we define the classical interaction as

1
W= 5 [ dedylo@) wie - )l (1.19)
The free classical Hamiltonian is given by
Ho = 6(h) = [ dody(o)h(asy)ely). (1.20)
The interacting classical Hamiltonian is given by
H:=Hy+W. (1.21)

The mass is defined as
N = /da:|g0(:1:)|2. (1.22)

At this stage, we have to introduce the cut-off f that appears in (LZ). We now
state the precise assumptions on f that we use in the sequel.

Assumption 1.3. Throughout the paper, we fix f € C°(R), which is not identi-
cally equal to zero such that 0 < f <1 and

Supp(f) - [_Ka K] ) (123)
for some K > 0.
All of our estimates depend on K in ([L.23]), but we do not track this dependence

explicitly.
We define the classical state pf(-) = p(-) by

_ JdnXefN)
© [due VW)

where X is a random variable. Let the classical partition function z = zéibbs be
defined as

p(X)

=E, (X), (1.24)

Gibbs

z = /d,uefwf(./\/). (1.25)
Note that both p and z are well defined by Lemma 2.1l and Corollary 2.4 below. We
characterise p(-) through its moments. Namely, we define the classical p-particle
correlation function v, = ”yg, which acts on h®) through its kernel

Vo155 Tp3 Y1, Yp) 1= p(P(Y1) - Plyp) p(x1) - () - (1.26)

1.3. The Quantum Problem. We use the same conventions as in [I7, Section
1.4]. For more details and motivation, we refer the reader to the aforementioned
work. In the quantum setting, we work on the bosonic Fock space, which is defined

as
F=F(b)=Py».

peEN

Let us denote vectors of F by W = (¥P) . For g € b, let b*(g) and b(g) denote
the bosonic creation and annihilation operators, defined respectively as

. 1 & B
(b (g)\I/)(p) (CCl,...,:Z?p) = ﬁzg(xz)\l/(p 1)(171,...,Ii,1,$i+1,...,$p),
1=1

(b(g)\ll)(p) (@1,...,2p) == +/p+ 1/dxmlll(“l)(:z:,xl,...,xp).
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These are closed, densely-defined operators which are each other’s adjoints. The
creation and annihilation operators satisfy the canonical commutation relations,
ie.

[b(91),0%(g2)] = (91,9205, [b(g1),b(g2)] = [b"(91),0"(92)] = 0, (1.27)

for all g1,g92 € h. Furthermore, we define the rescaled creation and annihilation
operators

ei(g) =7"20%(g), @r(g):=7""%b(g), (1.28)

for g € h. Here, we think of ¢ and ¢, as operator valued distributions, and we
denote their distribution kernels by ¢ (z) and ¢, (z), respectively. Formally, ©¥(x)
and ¢, (x) correspond to taking g = ¢, (the Dirac delta function centred at z) in

(C2]). In analogy to (LIH), we call ¢, the quantum field.
As before, let € be a closed linear operator on hP). The lift of € to F is defined

by

0,(&) = /da:l...da:pdyl...dypg(xl,...,a:p;yl,...,yp)

X pr(r) . @7 (@p)pr(yr) - or(yp) . (1.29)
For w € L*>(T) real-valued and even, we define the quantum interaction ad]

1

Wy = 5 0:0) = 5 [dedyei@pt e ~ pese ). (130

Here W is the two particle operator on h) which acts by multiplication by w(x) —
x2) for w € L. We define the free quantum Hamiltonian as

Hri= 6:(h) = [ dody i@z e v). (1.31)
where h is as in ([[L9)). We define the interacting quantum Hamiltonian as
H::=H:o+Wr.
We also define the rescaled particle number as

N = /d:v or(x)pr(z). (1.32)

On the pth sector of Fock space, N, acts as multiplication by £.
The (untruncated) grand canonical ensemble is defined as

P, = Hr (1.33)
and the (truncated) quantum state pf(-) = p,(-) is defined as
Tr(AP; f(N;
pr(A) = —TE(PJJEJ(VT)? : (1.34)

where the traces are taken over Fock space. Let the quantum partition function
and the free quantum partition function, Z, = Z{, Z, o be defined respectively as

—HT Py— _HT
Zr:=Tr(e " f(N7)), Zro:=Tr(e”"70). (1.35)
3n principle, we could consider w as in Assumption [[.J]in the quantum setting at the level of

the definition. In practice, we take the interaction potential to be bounded; see Section [[.4] below
for the precise statements.
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With Z;, Z; o as in ([L35]), we define the relative quantum partition function Z. =
ZI by

Z,
Zro
In analogy to ([20]), we characterise the quantum state through its correlation

functions. Namely, for p € N*| we define the quantum p-particle correlation function
%f)p = 7r,p, Which acts on h(®) through its kernel

Yrp(T1s s Tp3 YLy Yp) 1= pr(0r (Y1) - 07 (Yp)or (1) o or(Tp)) . (1.37)

Throughout the sequel, for a given quantity ¥ = p, N, H,..., we will use the
abbreviation Y% to denote either Y; or Y.

1.4. Statement of the results. We can now state our main results. In Section
[CZ1]l we state the time-independent results. In Section [L4.2] we state their time-
dependent generalisations. In all of the results, we will consider the limit 7 — oo,
which we interpret as being the mean-field or semiclassical limit, with semiclassical
parameter 1/7 — 0. Physically, this corresponds to taking a high-density limit,
where we let the mass of the bosonic particles or the temperature tend to infinity.
For a precise justification of this terminology and the choice of parameters, we refer
the reader to [I9, Section 1.1] for a detailed discussion.

1.4.1. The time-independent problem. The first result that we prove concerns bounded
interaction potentials.

Theorem 1.4 (Convergence for w € L*(T)). Let w € L*°(T) be real-valued and
even. Given p € N*, we recall the quantities v, , and 7, defined in (L37) and
([CZ8) respectively. We then have

Jim {Jy7p = Wller gy = 0- (1.38)
Moreover, recalling (L25) and ([I36]), we have
lim Z, =z. (1.39)

T—>r00
By applying an approximation argument, we prove results for w as in Assumption
[LIl Throughout the sequel, any object with a superscript € is the corresponding
object defined by taking the interaction potential to be w®, which will be a suitable
bounded approximation of w. In what follows, we always assume that all the ap-
proximating interaction potentials w® are real-valued and even, without mentioning
this explicitly. We can now state the result for L!(T) interaction potentials.

Theorem 1.5 (Convergence for w € L(T)). Let w be as in Assumption [T (i).
Suppose that (w®) is a sequence of interaction potentials which are in L>°(T) such
that w® — w in L*(T). Then there ewists a sequence (¢;) satisfying e, — 0 as
T — 00 such that for any p € N*

Jim {17775, = Yeller (g = 0 (1.40)
and such that
lim Z:7 = z. (1.41)

T—00
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Before considering w = —¢§ as in Assumption [[T] (ii), we need to define the
sequence more w* precisely. We fix U : R — R to be a continuous even function,
with supp U C T satisfying

Ade@%:A@xU@):—L (1.42)

w%:lU(Eg, (1.43)

9 9

For € € (0,1), we define

where [z] is defined to be the unique element in (z + Z) N'T. In particular, w® €
L*°(T) and w® converges to —d weakly, with respect to continuous functions.

Theorem 1.6 (Convergence for w = —4§). With notation as in (LA3), there exists
a sequence (e;) satisfying e — 0 as T — 0o such that for any p € N*

Th_{fgo 1757 — Wller gy =0 (1.44)
and such that
lim Z&7 = z. (1.45)
T—00

Remark 1.7. We make the following observations about Theorems [[.4] [[L5] and
1. Of

(1) For a pointwise almost everywhere non-negative, bounded, even interaction
potential w, Theorem [[.4] holds without the need for a cut-off function
f. This is the content of [I7, Theorem 1.8]. Moreover, by working with
the non-normal ordered quantum interaction W. defined in (B.), for a
bounded, real-valued, even interaction potential w of positive type (i.e. w
pointwise almost everywhere non-negative), the same proof as [I7, Theorem
1.8] again shows that Theorem [[4] holds without the need for a cut-off
function f. We include the details of the proof of this claim in Appendix
B.1

(2) We conjecture that the results hold for f a characteristic function of an
interval. The method that we apply in Lemma [3.13] of Section requires
suitable smoothness assumptions on f. This is a technical assumption.

(3) For an individual w € L>°, Theorem [[4 holds with a cut-off function of the
form f(z) = e=°*", for ¢ > 0 sufficiently large depending on ||w| . This
is also proved by working with a non-normal ordered quantum interaction.
The details are given in Appendix We note this ¢ cannot be chosen
uniformly in the L°° norm of the interaction potential. So we cannot treat
the unbounded interactions as in Theorems and using this kind of
truncation.

(4) One could consider the questions from Theorems [[4] and in the non-
periodic setting when the spatial domain is R for the one-body Hamiltonian
h=—-A+k+v, where v: R — [0,00) is a positive one-body potential such
that h has compact resolvent and Trh~! < oo holds (as in ([I3)). The
analysis that we present in the periodic setting would carry through to this
case, provided that we know that the time evolution S; given in (7)) is
well-defined on the support of the Gibbs measure. We do not address this
question further in our paper.
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(5) By following the duality arguments in [I7, Section 3.3], we can get the

equivalents of equations (IL38)), (L40), and (L44) in terms of p, and p. For
more details when w € L, see Corollary B168 Lemma [41], and Lemma
below. For the time-independent problem, we state the convergence as
above in the trace class. For the time-dependent problem, we need to use
the alternative formulation, which can be seen as a generalisation of the
time-independent analysis. For more details, see Remark below.

(6) Our method works for more general interaction potentials. In particular, we
can consider linear combinations of interaction potentials as in Assumption
[T (i) and (ii) with the same arguments.

1.4.2. The time-dependent problem. We also prove time-dependent generalisations
of the results in Section [[LZJl In order to precisely state the results, we first
introduce some notation.

Definition 1.8. Let p € N* and ¢ € £(h®) be given. For t € R, we define the
random variable
Uie(¢) = /d;vl codrpdyr - dyp (T, T YL - Yp)
x Spp(w1) ... Sep(xp)Sep(xp) - .. Sep(yp),  (1.46)

where S; is the flow map defined in (7). This is well defined since ¢ € h almost
surely and S; is norm preserving on .

Definition 1.9. Suppose A : F — F. Define the quantum time evolution of A as
\I/tA I eitTH.,. Ae*itTHT
A= .
We also recall the quantities p, and p defined as in (IL34]) and (L24]) respectively.

Theorem 1.10 (Convergence for w € L>(T)). Let w be as in Theorem[I4) Given
m € N*, p; € N*, ¢ € L(§P)), and t; € R, we have

Tim pr (W2O,(€1) . W O,(67)) = p (P1O(E)). .. ¥ O(E™)) .

Theorem 1.11 (Convergence for w € L'(T)). Let w,w® be as in the assumptions
of Theorem [[A. Then, there exists a sequence (£;) satisfying e — 0 as T — o0
such that, given m € N*, p; € N*, €' € E(h(pi)), and t; € R, we have

Tim i (WO (¢)).. WO (€™) = p (V1O(E))... W O(E™)

Theorem 1.12 (Convergence for w = —§). Let w,w® be as in the assumptions of
Theorem L8 Then, there exists a sequence (e.) satisfying e — 0 as T — 0o such
that, given m € N*, p; € N*, ¢’ ¢ E(h(pi)), and t; € R, we have

lim pE (WO(€)).. WO (€™) = p (T1O(E)). .. U O(E™) |

Remark 1.13. Theorems can indeed be seen as generalisations of the
results given in Theorems respectively (the latter of which correspond to
setting m = 1 and ¢; = 0). Namely, we use Remark [[.7] (3) above and noting that
the proofs show that the convergence is uniform in ||| < 1.
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1.5. Previously known results. In the context of the NLS, Gibbs measures
([CI)-(C2) were relevant to study a substitute for a conservation law at low regu-
larity. Namely, one can show that they are invariant under the flow and that they
are supported on Sobolev spaces of low regularity. Consequently, it is possible to
construct global solutions for random rough initial data. This was first rigorously
obtained in the work of Bourgain [4H6]. Some preliminary results were previously
known by Zhidkov [58]. This is an active area of research in nonlinear dispersive
PDEs. We refer the reader to the expository works [I3L[39[45] for further expla-
nations and background. For more recent developments, we refer the reader to
[BHIOLT5L16,44] and the references therein.

The focusing problem is more challenging. In one dimension, it was addressed
in the earlier works [4[31]. The one-dimensional problem was revisited recently in
[1L[14L[44]. For recent results on the fractional NLS, see [30].

It also makes sense to consider the higher-dimensional problem, i.e. when the
spatial domain is T?, with d = 2,3. Here, one needs to renormalise the interaction
by means of Wick ordering. Formally, this refers to replacing (LI9]) by

Wik 2 [ ddy (o) P, le@)P) we—y) (o) -Edle@P) . (147

One rigorously constructs ([47) by means of a frequency truncation, see e.g.
[I'7, Lemma 1.5] for a pedagogical overview. In this context, the notion of defocus-
ing refers to w being of positive type (i.e. w being pointwise nonnegative almost
everywhere), in which case the quantity (L47) is formally nonnegative. When this
assumption is relaxed, one needs to consider a truncation in the Gibbs measure,
similarly as in (I2). Since the L? norm is almost surely infinite, one needs to
modify (2) and consider

dPéibbs(@) =77
“Gibbs
In ([L48), HWVi°k denotes the Hamiltonian obtained by replacing (LI9) by (L47) in
(ED:I])b Moreover, : [¢||§ : denotes the Wick-ordering of the mass (L22) formally
given by

1

_ pyWick
e H (“")f(: ||<p||§ :) dp. (1.48)

el = [ do (lo(@)? - Eullet@?l)

Finally, ééibbs denotes a normalisation constant. For precise definitions of these
objects, we refer the reader to [6] (12)]. The invariance of (L48]) under the corre-
sponding (Wick-ordered, focusing) NLS flow was first shown in [6] for w satisfying
appropriate decay conditions on its Fourier coefficients (or under appropriate inte-
grability conditions on w). It was noted in [I2] that, when d = 2, Wick ordering
and truncation as in (48] do not yield a well-defined probability measure when
w = —¢. Gibbs measures for the focusing NLS and related models were also studied
in (73],

The first result showing how Gibbs measures for the NLS arise as limits of many-
body quantum Gibbs states was proved by Lewin, Nam, and Rougerie [32]. More
precisely, the authors show that the quantum Gibbs state (as in (L34), with f =1,
which we henceforth take throughout this subsection) converges to the classical
Gibbs state (as in (L24))) in the sense of partition functions and correlation func-
tions as 7 — 00, as in Section [[4l In [32], the authors studied the full defocusing
problem in one dimension, as well as systems in d = 2,3 with suitably chosen
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non translation-invariant interactions (which do not require Wick ordering) . Their
method is based on the Gibbs variational principle and the quantum de Finetti the-
orem. The techniques from [32] were later applied to the regime of one-dimensional
sub-harmonic traps in [33)].

In [I7], Frohlich, Knowles, Schlein, and the second author developed an alterna-
tive approach based on a series expansion of the classical and quantum state in terms
of the interaction, combined by a comparison of the explicit terms of the obtained
series, and a Borel resummation. In doing so, they could give an alternative proof
of the one-dimensional result obtained in [32] and consider (Wick-ordered) Gibbs
measures obtained from translation-invariant interaction potentials for d = 2,3,
under a suitable modification of the quantum Gibbs state. The results for d = 2,3
in [I7] (under the same modification of the quantum Gibbs state) were originally
stated for interaction potentials w € L>(T%) of positive type. In [I8], the results
from [I7] were used to study time-dependent correlations for d = 1. Moreover, the
methods from [I7] were later extended to w € L4(T%),d = 2,3 with optimal ¢ in
[53]. The optimal range of ¢ was observed in [6].

In [34], and in [36], Lewin, Nam, and Rougerie obtained the derivation of the
(Wick-ordered) Gibbs measures obtained from translation-invariant Gibbs measures
when d = 2, 3 without the modification of the quantum Gibbs state from [I7]. Their
methods are based on a non-trivial extension of the ideas from [32]. An expository
summary of the results of Lewin, Nam, and Rougerie can be found in [35].

Independently, and simultaneously with [36], Frohlich, Knowles, Schlein, and the
second author [I9] obtained a derivation of the (Wick-ordered) Gibbs measure when
d = 2,3 based on a functional integral representation, and an infinite-dimensional
saddle-point argument. The fundamental tool for setting up the functional integral
representation in [19] is the Hubbard-Stratonovich transformation. In [I9], conver-
gence in the L norm of Wick-ordered correlation functions was shown.

The result of [I9] was shown for continuous interaction potentials of positive
type. In recent work [22], the same group of authors obtained the result with
w = § when d = 2. Here, one takes a limit in which the range of the interaction
potential varies appropriately. The limiting object corresponds to the (complex)
Euclidean ®3 theory. The proof in [22] is based on the combination quantitative
analysis of the infinite-dimensional saddle point argument from [I9] and a Nelson-
type estimate for a general nonlocal theory in two dimensions (analogous to [40]) .

Related results were proved for systems on the lattice [2TL29L[51]. We refer to [20]
for an expository summary of some of the aforementioned results. We emphasise
that all of the results mentioned in this subsection are proved in the defocusing (or
thermodynamically stable) regime. We also refer the interested reader to subsequent
applications of the methods in this paper to the three-body setting [48].

1.6. Main ideas of the proofs. The starting point of our analysis of the time-
independent problem with w € L (i.e. of the proof of Theorem [[4]) is the pertur-
bative expansion of the interaction e~## in the interaction, similarly as in [I7, Sec-
tion 2.2] for the quantum and [I7, Section 3.2] for the classical setting. Due to
the presence of the truncation f(N) in (I24) and (I34), the resulting series have
infinite radius of convergence; see Propositions[3.7] and below. Thus, we avoid
the need to apply Borel resummation techniques as in [I7].

When analysing the remainder term in the quantum setting, we apply the
Feynman-Kac formula and use the truncation property from Assumption This
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analysis is possible since we are not Wick-ordering the interaction in one dimen-
sion; see Lemma The truncation is likewise crucially used in the analysis of
the classical remainder term; see Lemma [3.9

When studying the convergence of the explicit terms of the obtained series, we
use complex analytic methods as in [I8, Section 3.1] to perform an expansion of
the truncation f(Ng) and thus reduce to the study of the problem with a shifted
chemical potential, but without a truncation. It is important that at this step,
where we no longer have the control coming from the truncation, the analysis does
not depend on the sign of the interaction. The details of this step are given in
Lemmas BTT] and below.

The proofs of Theorems and are based on the application of Theorem [[.4]
for appropriate w® and on a diagonal argument. At this step, we have to crucially
use [4] Lemma 3.10], which is recalled in Lemma 2] below. Even when we are
working with L' interaction potentials, it is important that we apply the local
version of this result (instead of Corollary[Z4]). For details, see the proof of Lemma
1] in particular see steps ([6)—-(@1).

For the time-dependent problem, we apply a Schwinger-Dyson expansion, simi-
larly as in [I8] Sections 3.2-3.3]. For the precise statements, see Lemmas
below. Note that, due to the presence of the truncation, we do not need to consider
the large particle number regime as in [I8] Section 4] (whose analysis, in turn, re-
lies crucially on the defocusing assumption). With this setup, we can easily deduce
Theorem from Theorem [[.41

In order to prove Theorems [L.T1] and [[LT2] we need to apply an approximation
argument. In particular, we want to estimate the difference of the flow map of the
NLS with interaction potential w and of the NLS with interaction potential w®. For
the precise statement, see Lemma 5.4 when w € L' and Lemma 5.6l when w = —§.
We prove these results by working in X*? spaces; see Definition

1.7. Organisation of the paper. In Section[2] we set up some more notation and
recall several auxiliary results from analysis and probability theory. Section [ is
devoted to the analysis of the time-independent problem with bounded interaction
potential. Here, we prove Theorem[.4l In Section[] we study the time-independent
problem with unbounded interaction potential and prove Theorems and
Section [A] is devoted to the time-dependent problem and the proofs of Theorems
In Appendix [A] we recall the proof of Lemma 2.1 which was originally
given in [l Lemma 3.10]. In Appendix[B] we give a detailed proof of the comments
on the cut-off f given in Remark [[L7 (1) and (2) above.

2. NOTATION AND AUXILIARY RESULTS

2.1. Notation. Throughout the paper, we use C' > 0 to denote a generic positive
constant that can change from line to line. If C' depends on a finite set of parameters
aq,...,qn, we indicate this dependence by writing C(aq, ..., ;). Sometimes, we
also write a < Cb as a < b. We denote by N = {0,1,2,...,} the set of nonnegative
integers and by N* = {1,2,3,...} the set of positive integers.

We write 1 to denote the identity operator on a Hilbert space. For a separable
Hilbert space H and ¢ € [1, 00|, we define the Schatten space G7(H) to be the set
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of A € L(H) satisfying ||.Al|ga(z), where

(Tr|A|)Y9 if g < o0

] (2.1)
supspec|A| if ¢ =00,

HAHGq(H) = {

and |A| = VA*A. We usually omit the argument H where there is no confusion.
We also have the following notation

B, = {£€ & (HP) : [Ells2pem) < 1} (2:2)

2.2. Auxiliary Results. We recall several auxiliary results that we use in the
paper.

Gibbs measures for the focusing local NLS. When analysing Gibbs measures for the
focusing cubic NLS with w € L°°(T), it is straightforward to make rigorous sense
of (2)) due to the presence of the truncation as in Assumption [[33} see Lemma [37]
(1) below.

For unbounded potentials, we will need to make use of the following result of
Bourgain, found in [4 Lemma 3.10], whose proof is recalled in Appendix [Al

Lemma 2.1. Let (CY, G, 1) be the probability space defined in (LI4)). Let ¢ > 0 be
fized. For ¢ = ¢¥, the quantity

c P
e ||</’||LPX{”¢”L2SB} (23)

is in L' (du) for p € [4,6) for B > 0 arbitrary and p = 6 for B > 0 sufficiently
small (chosen in terms of c).

Remark 2.2. When p = 6, the optimal value of B in Lemma 2] was recently
determined in [44] Theorem 1.1 (ii)]. We do not need to use this precise result since
we work with p = 4 in the remainder of the paper.

Remark 2.3. When p = 6, an upper bound for the choice of B is determined by
the constant ¢ > 0. For details, see (A.G]) below.

Corollary 2.4. Let (CN,G, i) be the probability space defined in (LI4), and let
w € LYT). For ¢ = ¢,

—L rdzd 2)|? w(z— 2
e~ 3 Jdudyle(@)]? wlz—y) le(y)| X{lloll,2<B}

is in L1(du) for B > 0 arbitrary.
We note that Corollary 2.4 follows from Lemma 2.1 with p = 4 by the same

argument as estimate (3:2)) below.

Hoélder’s inequality for Schatten spaces. We have the following version of Holder’s
inequality for Schatten spaces (2], found in [50].

1
P

Lemma 2.5 (Holder’s Inequality). Given p1,p2 € [1,00] with p% + p% = < and

A; € GPi(F) we have

A1 A2 |ler(F) < | ALller (7) A2l v (F) -
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The Feynman-Kac Formula. In our analysis, we make use of the Feynman-Kac
formula. To this end, let 7 > 0 and let 27 denote the space of continuous paths
w:[0,7] = T. Given x,7 € T, we let Q7 ; denote the set of all elements of Q7 such
that w(0) = Z and w(7) = z. Given t > 0, we define

Pl(y) =B (y) = Y (amt) M 2elvmnl/ae (2.4)
nezd

to be the periodic heat kernel on T. For x, € T, we characterise the Wiener
measure W7 - on Q7 ; by its finite-dimensional distribution. Namely for 0 < #; <
... <tp, <Ttand f:T" — R continuous

[ W st .. )
— /dwl o dry, Y (2 — 2T (g — 2y) .

X ptn Tt (g — )T (= 2 f, ., 1)
Then we have the following result, see for example [47, Theorem X.68].

Proposition 2.6 (Feynman-Kac Formula). Let V : T — C be continuous and
bounded below. Fort >0

A=V (x;2) = /W; (dw)e™ Jo ds V(w(s))

3. THE TIME-INDEPENDENT PROBLEM WITH BOUNDED INTERACTION
POTENTIAL. PROOF OF THEOREM [L4]

In this section, we study the time-independent problem with bounded interac-
tion potential. In Section [B.] we state some basic estimates which will be used
throughout the rest of the paper. In Section B.2] we set up the Duhamel expansion
in the quantum setting. For this expansion, bounds on the explicit term are shown
in Section and bounds on the remainder term are shown in Section 34l The
analogous expansion in the classical setting is analysed in Section In Section
3.5l we prove convergence of the explicit terms. The proof of Theorem [[4] is given
in Section B.17

3.1. Basic Estimates. Let us first note the following bound on the classical in-
teraction.

Lemma 3.1. Suppose that W = % [ dxdy |o(z)]> w(z — y)|e(y)|? is defined as in
([CI9). The following estimates hold.

(1) For w € L*°(T), we have
1
W] < S llwllzellel 7. (3.1)
(2) For w e LY(T), we have

1
Wl < gllwl\ul\wl\‘i« (3-2)
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Proof. For (), we note that
1
W= | [ @y looPute - ot

1 1
< sllulli [ dodylo@Ple@)? = Sl el

For (@), we apply Cauchy-Schwarz and Young’s inequality to get (3.2). O

For the remainder of this section, we fix p € N*. Unless otherwise specified, we
consider & € L(h®). Moreover, || - || denotes the operator norm. The following
lemma follows from the definition of O(¢) in (LIS).

Lemma 3.2. We have
0] < [l Nl

Let us note that with O, as in (I.29), we have

Z(MPy (@1 )Py ifn>p
— TP \p -
O, (5) | bn) {0 otherwise | (3.3)

where 1(9) denotes the identity map on h(@ and P, is the orthogonal projection
onto the subspace of symmetric tensors. More details of the above equality can be
found in [29, (3.88)]. We also have the quantum analogue of Lemma B2l which
follows from (B3)).

Lemma 3.3. For all n € N*, we have

lo- @l | < (2)" tell.

3.2. Duhamel Expansion. Throughout this section, we take w € L>°(T). Note
that with p, defined as in (L34]), we have

_ p~‘r,1(®‘r(§))
pr(©:(6) = =, (3.4)
where )
prc(A) = Z OTr (Ae—HT,o—CWTf(NT)) 7 (3.5)

and 1 denotes the identity operator on F. Here, we recall the definition ([33]) of
Zr0. With notation as above, we define

AE(C) = [77-,((@7-(5)) :
Performing a Duhamel expansion by up to order M € N by iterating the identity
XY — X 4 Cfol dt e1=DXy e(X+Y) vields the following result.

Lemma 3.4. For M € N, we have A$(¢) = S M) as ™ + Rf)M(C), where

m=0

(_1)m 1 t1 tm—1
a = Tr(/ dtl/ dtg.../ Aty ©,(€)e” It Hr0 Yy
' Zr0 0 0 0

x e~ Hroy e=(ta—ta)Hro  o=(tmo1—tm)Hro )y 6t"‘HT’Of(NT))
(3.6)
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and

R£ o (_1)MCM 1 t1 tvm—1 _(1_t1)HT0
T,M(O = TTF ; dtq : dty ... dty O-(&)e OW,

w ¢~ (ti—t2)Hro W e~ (tarr—1— tM)HTOW

x etM(HT’“JFCW*)f(NT)) )

We also define
A:={teR™:0<ty <tlm-1...<t1 <1}. (3.7)

3.3. Bounds on the explicit terms. Throughout the following proofs, we will
use without mention that for any function g : C — C, g(N;) commutes with all
operators on F that commute with N, which is clear from the definition of g(N).
Namely, g(N,) acts on the n'! sector of Fock space as multiplication by g(n/T).

In particular, all of the operators appearing in the integrands of aTm and Rf,ﬁ M
commute with g(N;).
Lemma 3.5. For m € N, we have
K?||¢|| (K2?||w| )"
s | < KL G ul) s

2mm!
Proof. Lemma implies

1 1 t1 tm_1 .
|aS| < / dtl/ dtg.../ dth@T(g)fm—ﬂ(Nf)
' ZT,O 0 0 0 Soo
X He_(l_ti)Hq—,o . ﬁ(/\/"r) He_(tl_tZ)HTYOH .
&> Sti—t2
T —tmHr o
e e | - (3.9)

Since e~*H0 is a positive operator for s € [0, 1], we have |le=5H70||g1/. = (Z70)".
So it follows from (B:QI) that

68,0 < Eni' le-@ s wa)| e | (3.10)
From Lemma [3.3] for fixed n we have
|er@rmr | < (B) = (2)] el < &ohel. @)

where the final inequality follows from Assumption[[.3 It follows from B.I1)) that,
when viewed as an operator on F

|e-@rmm )]

<Kl (3.12)

we note that Wi acts on h(™ as multiplication by
Soe

12 > wlwi—xy). (3.13)

T —
1<i<j<n

To bound HVVTfm#+1 (N)

In particular, arguing as in ([B12)), it follows that
- T ()

S

Combining (310) with 312) and BI4), we have (B.8). O

1
< K% wl e (3.14)
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3.4. Bounds on the remainder term. The following bound holds on the re-
mainder term.
Lemma 3.6. Let M € N, and t € 2 (as in B71)) be given. Define
RE 0 (6,€) 1= O,(§)e™ o py = (=t o
X W, e~ (tm—1—tm)Hr o W, e—tM(HT,o-i-CWT)f(NT) )
Then for any ¢ € C,

M
KP||E| (K2]|wlL=)
oM

(3.15)

e 2 w oo
7o | (RE st )| < P17l

Proof. Define
S(t) := 0, (§)e” It Hroyy =(it)Hro |y e=(—a=ta)Hroyy
Then

™ (R (:0) = 2 ([s0

n>0

W] [emrtimorovo )™ (3.6)

l\)l»—‘

where the trace on the left hand side of ([B.I6]) is taken over Fock space, whereas
on the right hand side for each term it is taken over the nth sector of Fock space.
For n € N, we have

Tr ({S(t)f%(j\/r)jl [e—tM(HT,wch)f%(NT)D(n)
=[x [ as (s ) i (e ) e,

(n)
We now rewrite (e*tM(HT"’*gWT)f% (NT)) (x;y) using Proposition 2.6

(n)
<etM(H7—,0+CW-r)f;(NT)) (x;y)

_ /Wféfg,(dw) — M JoM dSC( Yi<ici<n w”(w(s)))f% (;),

where W, (dw) =[]}, (dw;). Here we used that

ww Yi
™ (@v) = L T -
(W‘I’) (ua V) - 72 Z UJ H Uk vk
1<i<j<n k=1
and defined w;;(u) := w(u; —u; ) for u = (u1,...,u,) € T". Then

(et i a) ™ y>‘

/WtM th’e JoM dSC( Picicjn wis(@(s)) ) % f ( ) ’
< Sup‘ fotM dsC( E1<1<J<n Wij (W(S)))f% (E)‘ (e*tMH-r,o)( n) (X; y)7 (317)
w T

where we have used Proposition in the second line. We have

Sup‘e— JoM ds ¢ Ticicycn wis (@) ¢ (ﬁ)‘ < elRe(@ltar (%) llwllzoe ‘f% (ﬁ)‘
w T T
(3.18)
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It follows from ([BI8) that

Sup’ JoM ds¢(Fr Ticicygn wis (@) £} (2)‘ < e/Re(OIK? wllzoe (3.19)
T

Combining (BI7) with (I9) and the triangle inequality, we have shown

(e*tM(H-r,OﬂLCWT)f% (NT))(") (X; y)' < 6|RC(C)\K2||W||L°° (e*tMHT,O)(n) (X,y) )

(3.20)
Combining (BI6) with (320), it follows that
2 tar—1 ~
ITr (RE(,Q)) | < @K |w|L°°Tr< / dt, / dts . / dt21 0, (E)
0
X e (1 tl)H.,-oW e (tl tz)H-,—oW e~ t2 t3) . W e tMHTOf ( )),
where ¢ is the operator with kernel |[¢| and
A 1 * *
Wr = 5 [ dedy i@t Wl - o)l (e ). (3:21)
Then @BI5) follows by arguing as in the proof of Lemma B3] O
Integrating (B15) in the variables t € 2, as defined in (B7), implies
2 M
[RE 0/ ()] < eI tle KPIEN (K wllz) ™ e (3.22)

2M M1
We note that this converges to 0 as M — oo for any fixed ( € C. Moreover,
since the radius of convergence of aﬁ)m is infinite by Lemma B3] we conclude the
following proposition.

Proposition 3.7. The function AS(() = > o>_,as,.¢™ is analytic on C.

m=0 "T,m

3.5. The classical setting. We now analyse the analogous expansion in the clas-
sical setting. Let us note that

_ n(O()
p(O(8)) = ) (3.23)
where
pe(X) ::/duXe’gwf(N). (3.24)
Define

Then, for M € N

M—1
a5,¢™ + R, Q)
m=0
where
= S [aneewn s (3.25)
_\M M N ~
wa(g‘) = % /du@(f)WMf(/\/)e_CW for some ¢ €[0,¢].  (3.26)
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Lemma 3.8. For each m € N, we have

K€l (B2 [[w]| =)™

|as,| < ST (3.27)
Proof. We have
a5 < [ au o) )| s )| (3.25)
From Lemma and Assumption [[L3] we have
e@rm W) < 7| Krlel. (3.29)
Moreover, Lemma B [Il) and Assumption [3] imply
Wi ()] < el | s K2 (3.30)

Recalling || f|lz=~ < 1, B21) follows from (328) combined with ([329) and (Z30).
(]

Note that Lemma Bl implies that
effwfﬁ(/\/) < 2 Re(QIK* wllzoe
for ¢ € [0,¢]. Applying the same arguments as the proof of Lemma B.8 we have
the following lemma.
Lemma 3.9. For any M € N, we have

KP|¢|| (K2]|w]| )

M
ol (33D

‘RMO‘ < 3IRe(QIK?Jw]| e

Like in the quantum case, for each ¢ € C, R%/[(C) converges to 0 as M — oo and
a$, has infinite radius of convergence, so we have the following result.

Proposition 3.10. The function A$(¢) = >.°°_ a$,(™ is analytic in C.

m=0"m
3.6. Convergence of the Explicit Terms. When analysing the convergence of

the explicit terms, we argue similarly as in [I8, Section 3.1] and rewrite f(Nz) as
an integral of the form

¥(©)
fNg) = / dg : 3.32
W) = [ (3.32)
for suitable ¢ € C2°(C). For the precise setup, see BA7N)-BAY) below. Using
B32), we use that
1 /°° - _
— = dy e VWe=0) 3.33
Ng—=C o (338)

for Re¢ < 0, which leads us to analyse analogues of (3.0) and ([3:25) without the
truncation f(N') and with chemical potential shifted by v > 0. More precisely,
we note the following boundedness and convergence result. We recall that in this
section, we are considering w € L.

Lemma 3.11. Fiz v > 0. We recall B, given by [Z2) and consider £ € Cp,, where
C, =B, U{1,}. (3.34)
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(_1)771 1 tl t7n71
bov = —Tl“(/ dtl/ dtg.../ by, ©4(&)e 1t HrotvN7)
' Zr0 0 0 0

% WTe—(tl—tz)(Hq—,o-i-V/\/r)WTe—(tz—ts)(Hr,o-i'VNr) .

Let

% e(tmltm)(HT,UJFVNT)WTetm(HT,UJFVNT))

b = (_ﬂi?m /du eE)Wme N,

Then, the following results hold

(V) [65%.] < Con,p.v).
(2) bf_:m bf{I as T — oo uniformly in & € Cp.

Proof. Let us first consider the case when £ € B,. We define
hi=h+v= Z(Ak + v)uguj .

keN
Then the deformed classical state defined by
f dp X e N
po(X) = 3.35
§X) = e (335)
satisfies a Wick theorem with Green function given by G* := % This follows
directly from Proposition[I.2] since all we have done is shift the chemical potential
by v.
Moreover, the deformed quasi-free state defined by
- Tr (Ae Hro—vN>
o) = I ) (3.36)

Tr (e~ Hro—vN7)

satisfies a quantum Wick theorem similar to [I7, Lemma B.1] with quantum Green
function G, = h/%—l) replaced by

T(e

1
Gli=———— .
TR )

In particular, we have that ||Gl, ||C2 < ||Gxllg2 < oo. Let us define

B t1 tm—1

XW e~ (t1— tz)(Hq—o-i-V/\/ W e—(tz ts)(Hq—o-i'VN) .

Xe(tmltm)(HT,0+VNT)WTetm(HT,0+VNT)>

and 1)
~ 1 —-1)m
Ewv .~ ) m _—vN
. N Py dp©E)Wme .
Noting that noting that the arguments in [I7, Sections 2.3-2.6] concerning ex-
plicit terms do not use any positivity properties of w, we hence obtain that the

following properties hold.
‘bz,

(m,p,v).
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(27 Bﬁ”m — b&Y as T — oo uniformly in € € B,.
More precisely, (1') and (2') correspond to the 1 dimensional versiond] of [I7, Corol-
lary 2.21, Proposition 2.26] proved in [I7, Section 4.1], as well as [I7, Lemma 3.1].

When ¢ € B,, we deduce the claim from (1’) and (2’) by noting that by [I8|
Lemma 3.4], we have

T (Ae oA —uN
Him Tr (AeFro) :/d“e :

It remains to consider the case when { = 1, is the identity operator on hP) . We
then have

p
E@r s apiynee ) = [ 0w — v1)- (3.37)
=1

Since pr o satisfies the quantum Wick theorem, we can argue analogously as in
[T, Section 4.2] to get the required bounds and convergence as before. We omit
the details. O

We also need the following result.

Lemma 3.12. Let A: F — F and g € L®(R). Then |Tr(Ag(N;))| < |lgll= Tr(A),
where A" has kernel |A™ (z;y)|.

Proof. For an operator A : F — F, we define A := P(") A P(") where P is
the projection of an operator on Fock space to the nth component of Fock space.
We also define A := @,>0A™. We have

ITe(Ag(N;))| = Z/ndxA(" (x; %)g (T)

n>0
n
< su (—)‘} / dx |A™ X; X
nZ% 9\ ; _dx AT (3 x)|
< lgllz=Tr(A).
O
Lemma 3.13. We recall the definitions B.0) and B20). For each m € N, we
have
lim a$,, = a$, (3.38)
Too0 M

uniformly in & € C,, defined in (3.34).
Proof. For C € C\[0,00), we define

tl t7n 1
at . (0) (/ dtl/ dts .. / dty, ©r(&)e I HRoYy = (=t Hro
1
t7n 1— tW‘L)HTU _thTU
X W . W,e N C)
and . )
05(0)= / OOW" (3.39)

4Throughout the paper, when referring to [I7, Corollary 2.21, Proposition 2.26], we mean these
1 dimensional versions.
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We prove that af ,, and af, are analytic in ¢ € C\[0,00). We first deal with af,.

Note that

m

1 m
5,01 < = [ duleew| |

Using Lemma [3:2] Lemma Bl (), and that [ du ||g0||f)p < C(p) by Remark B14] we
have

C(m,p)

3 < ’

2 (O < S —ReC, [imel)

Arguing similarly to (340), it follows that
1

o [ e

so by the dominated convergence theorem, we can differentiate under the integral
sign in (3.39) and conclude that af, is analytic in C\[0, 00).
To show af ,, is analytic in C\[0,00), we first note that WlTC acts as multi-

Tm

(3.40)

- C(m,p)
~ max{—Re(, [Im(|[}?’

plication by wmn=¢ /T)_ z on the nth sector of Fock space. By using Lemma [3.12 we

get
1 t1 tmfl
TrQ/ dtl/ dtg.../ At O, (€)e” It Hr0Yy o=(ti—t2)Hro
0 0 0

- 1
tm 1— tm)H.,-o —tm HT[)
W e } >max{—Re<, T ]}

(/ d“/ ta /m 1

1
—(tm—1—tm)Hr,03A) o—tmHro
W....e Wre )max{—ReC,|Im<|}7

loerm (Q)] <

where we recall € is the operator with kernel €], and W, is as in B21). Applying
[I7, Corollary 2.21], we have

05O S s Rt o] (3.41)
Define
P
(=) .= @ ), (3.42)
n=0
and

1SRNy N b(Sp)

as the orthogonal projection. Define

t1 tm—1
(/ dtl/ dity .. / dt,, P(<™ 0,(¢) e~ (1=t Hro )

1
—(t1—t2)H mOW, 7(tm717tm)HT,0W —tmHr o
X e e .
./\/:,— — C)

Since P(™ commutes with ©, (&), Hr0, and W,, it follows that a , , is analytic
in C\[0,00). By construction we have lim, oo @rmn(C) = arm(¢) for all ( €

aT,m,n(C
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C\[0, 00) and by the same argument as ([B41]), we have

. C(m,p)
0% (Ol S T Rec, Tmal]

The pointwise convergence, [343) and the dominated convergence theorem imply
that

(3.43)

lim d¢ () = / d¢ arm(Q)

e Jor ar
for any triangle T' contained in C\[0,00). Morera’s theorem implies that o, is
analytic in C\[0, c0).
We now prove that of ,,,(¢) — a5,(¢) as 7 — oo for all ¢ € C\[0,00). First, for
Re (¢ < 0, we recall (333). Therefore,

1 1 t1 tm—1
Tr</ dtl/ dta .. / dt,, 97(5)67(1—t1)HT,oWT
Z7'»0 0 0 0
1
% 67(t17t2)HT,0WT . _e*(tmfl*tm)HT,oWTefthT,oNT — C)
1 m L

1 1 t -
_Tl“</ dtq / dts . .. / dt,, ®T(§)6_(1_t1)(H7,U+VNq—)
ZT,O 0 0 0

% WTe_(tl_tz)(HT’0+VNT)WT o 6_(t7n71_tm)(Hﬂ',0+VNT)WT

1
% etm(HT,o+VNr)> — /dM eVNWm‘, (3.44)

l0€,,() — ()] = ]

< / d¢es
0

m/!

where we have used part (1) of Lemma[BITand Re ¢ < 0 to apply Fubini’s theorem.
Lemma BTl (344), and the dominated convergence theorem give

lim af ,,(¢) = af,(¢) (3.45)

T—>00

uniformly in ¢ € C, for Re ¢ < 0.
We define ﬂf—,m = aﬁ)m —at,. We follow the argument in [I8, Proposition 3.3
to prove

lim sup |B,,(¢)] =0 for all ¢ € C\[0,00). (3.46)

T—0Q Eecp

From the analyticity of ai&)m on C\[0, c0), 340) and B4I), and F43), we know
that Bﬁm satisfy the following properties.

(1) 88, is analytic on C\[0,00).

(2) limy o0 supgeec, 165, (¢)] = 0 for all Re ¢ < 0.

C(m,

(3) supgec, |85,m(Q)] < G for all € C\[0, 00).

Given € > 0, define

D.:={¢:Im( > ¢}
and
Tz :={¢ € D. : lim sup |6g6£m(co) = O| foralln € N.
T_)OO§€CP ’

So 7. is the set of points in D, at which all (-derivatives of Bﬁ)m converge to 0
as 7 — oo uniformly in £ € C,. Using properties ([I)-(B]) of 3, Cauchy’s integral
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formula, and the dominated convergence theorem, we have D.N{¢ : Re{ < 0} C 7.
In particular, 7 is not empty.

So to prove ([B46]) on D, it suffices to show that 7. = D.. Since D is connected,
the latter claim follows from showing that 7. is both open and closed in D.. We
first show that 7: is open in D.. Given (o € 7z, note that B./3(¢o) C D./2. So
by property (@), ‘Bﬁ)m‘ < C(e) on B./(¢o). Analyticity and Cauchy’s integral
formula imply that the Taylor series of 3%, at (o converges on B, /2((). So we can
differentiate term by term and use the dominated convergence theorem and (y € 7:
to get that Bs((p) C Tz for 6 € (0,e/2) sufficiently small such that Bs({y) C D-.
So 7. is open in D..

To show that 7 is closed in D, let (¢,) be a sequence in 7. which converges to
some ¢ € D.. Since ¢ € D, which is open, there is ¢’ € (0,¢/2) such that B./({) C
D.. Since (¢,) — (¢, for n sufficiently large, ¢ € B./2(¢n). Since Berjo(Cn) C
B./(¢) C D¢, the argument that 7. is open in D, implies that B.//2((,) C Tz. In
particular, ¢ € 7, so 7T: is closed in D.. By symmetry, the same argument shows
that (346) holds on D, := {¢ : Im{ < —e}. Then (B6) holds on C\[0,c0) by
letting ¢ — 0 and recalling that ([B.40]) holds for ¢ < 0 by property (@) above.

Applying the Helffer-Sjostrand formula and arguing as in [I8] (3.29)-(3.33)], we
can find ¢ € C2°(C) satistying

[%(Q)] < ClIm(] (3.47)
such that
_ ¥(©Q)
FN) —/Cdé‘ N, ¢ (3.48)
Then (40), (4I), (47), and ¢ € C°(C) imply that
[ m QU] < (<) (3.49)

for some F € L'(C). By [B43J), we can use Fubini’s theorem to write
6 a5 < [ (0 0£,(0) ~ k(0.

Using %, — 0 as 7 — oo almost everywhere in C uniformly in ¢ and BZJ), the
dominated convergence theorem implies (B:38]). O

Remark 3.14. In the proof of LemmaBI3] we used that [ dpu ||<p||§p < C(p) < 0.

To see this, recall (I implies
sy
An
neN

/WWW:M

Wy Ty« + - W T
=E. | D, P ]
n; EN 1 P
1 p
<C(p) <Z)\—> < C(p) < oo.

The final line follows from Proposition [[.2
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3.7. Convergence of correlation functions. Proof of Theorem [IT.4. We
recall the class Cp, defined in (3.334]). The following convergence result holds.

Lemma 3.15. A5(¢) — A%(C) as 7 — oo uniformly in & € C,.

Proof. Since Aiﬁ are analytic in C, for all ( € C
sup [A5(C) = AS(Q)] <D sup |at,,, —af,[[¢]™ =0
§elyp m £eCy,

as 7 — oo. Here we have used Lemma [B.I3] Lemma 3.5 and the dominated
convergence theorem. We also recall the notation (22)). O

Recalling (34) and (323)) and taking ¢ = 1, we have the following result.
Corollary 3.16. p,(0.(£)) — p(O(¢)) as T — oo uniformly in & € Cp.

Before proceeding to the proof of Theorem [[L4] we first need to prove the follow-
ing technical lemma.

Lemma 3.17. Recalling (L20) and (L3T), we have vx, > 0 in the sense of

operators.

Proof. For 1 € hP), define the orthogonal projection I1,,(-) :== (n,-)n. Let us first
note that

(n, VoM g = p#(©x (1)) . (3.50)
In the quantum setting, we use (L37) and linearity to compute

<777”Yf,p77>b@) = /dml coedrydyy o dyp (T, 2p) (YL - Yp)
X pr (03 (Wn) - 0F Wp)pr (1) -+ pr ()

:pT(/dxl---d:vpdyl---dypﬁ(xl,...,xp)n(yl,...,yp)

X @r(y1) - 0 (Yp)er (1) "'SDT(‘T;D)) . (3.51)

By (L29) and the definition of II,, we deduce that that the expression in (B51])
equals p,(O,(IL,)), thus showing (850) in the quantum setting. Similarly in the
classical setting, we use ([L26]) and (IL.I8)) to compute

M YoMy = p(/d:vl cedry dyy - dyp (@ 2p) (W - Yp)

xa@n~¢@mwm>~wmw)—M@mm»

as was claimed.

We now show that the expression on the right-hand side of (3.50) is non-negative.
Let us first show this in the quantum setting. By (I29)), we note that ©.(II,) is a
positive operator. Furthermore f(N;) is a positive operator which commutes with
©,(IL,)). In particular, their composition is a positive operator. Recalling (33),
we know that

TH(AP,)
A= )
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is a quantum state. In particular, when applied to positive operators it is nonneg-
ative, so we obtain that

Tr(@T(Hn)f(NT)PT)
(P, >0. (3.52)

Since P, and f(N;) commute, by using ([B52), and recalling (IL33) as well as

Assumption [[.3] it follows that
pr(0,(11,)) = HGEATELIE - (3.53)

We deduce the claim in the quantum setting from @50) and EE3).
In the classical setting, we use (LI8) to write

p(O(IL,)) = p(/da:l cedrpdyr - dypT(za, ., 2p) (Y, - Yp)
(o) pla) Pn) - Blon))

—p<‘/daz1~'-d$pﬁ($1,...,:Ep)ga(xl)~-g0(xp) 2) >0. (3.54)

For the last inequality in (854, we recalled (L24)). We deduce the claim in the
classical setting from [B350) and B54]). O

Remark 3.18. By following the same duality argument as [I8, Proposition 3.3
(i1)], we can deduce from Lemma [BI7 that Corollary BI6 holds for all £ € £(H®)).

To prove Theorem [[L4 we argue similarly as in [I7, Sections 4.2-4.3], and use
the following result.

Lemma 3.19. Let p € N* be fived. Suppose that for all T > 0, v,, € G(H®)
are positive and that v, € &*(h®)) is positive (both in the sense of operators).
Furthermore, suppose that

TILH;O 7m0 = Wlle2pm) =0, lim Trey,, = Tr~,. (3.55)

T—>00

Then im; o0 ||[V7p — ’yp||@1(h(p)) =0.

The result of Lemma B9 is based on [50, Lemma 2.20], and proved in this form
in [T7, Lemma 4.10]. We refer the reader to the latter reference for the details of
the proof.

Proof of Theorem[I-j} We first prove (IL38)). Let p € N* be given. We verify the
conditions of Lemma Using the fact that &2(h®)) = &2(h®))* and recalling

22), we have
170 = Wllezma) = sup [Tr(y7p€ = &) = sup [p-(0-(£)) — p(O(E))| = 0
£eBy ces

P

(3.56)
as 7 — oo by Corollary B.I6 For the second equality in ([B.50]), we used the identity
Tr(v4,p€) = p#(04(8)) (3.57)

for all & € L(h®)). One directly verifies B57) from (L29), (L34), (L3D) in the
quantum setting, and from (LIS, (L24), (I26]) in the classical setting.
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Setting £ = 1 in [357), we obtain that

Trvyp = pp(O4(1)). (3.58)
Corollary 10l and (358) hence imply that
lim Trozp = Try,. (3.59)

We now deduce (I38) from Lemma 17 B.56), (359), and Lemma .19

The proof of (L39) is similar. Namely we start from ([B.5]) with A = 1 and repeat
the previous argument (in which we formally set p = 0). We note that in this case,
we do not need to use Lemma above. O

4. THE TIME-INDEPENDENT PROBLEM WITH UNBOUNDED INTERACTION
POTENTIALS. PROOFS OF THEOREMS AND

In this section, we analyse the time-dependent problem for general w as in As-
sumption [Tl In particular, we no longer assume that w is bounded, as in Section
In Section T] we consider w satisfying Assumption [[T] (i) and prove Theorem
In Section[4:2] we consider w satisfying Assumption [[]] (i) and prove Theorem
As before, we fix p € N* throughout the section.

4.1. L' interaction potentials. Proof of Theorem We first consider the

case where w satisfies Assumption[[T](i), i.e. when it is taken to be an even and real-

valued function in L!(T). To do this, we approximate w with bounded potentials

w*, which are even and real-valued. For instance, we can take w® := wX {|w|<1/¢}-

We then use the results of the previous section combined with a diagonal argument.
Let us first note the following result.

Lemma 4.1. Let w be as in Assumption[I1l (i), and suppose w® € L™ is a sequence
of even, real-valued interaction potentials satisfying w® — w in L'(T) as e — 0.
Then there exists a sequence (e;) converging to 0 as T — oo such that for all p € N*

Tim £ (6:(6) = p(O(€)) (4.1)
uniformly in & € C,. We recall that Cp, is given by [B34).

Proof. Using a standard diagonal argument, it suffices to prove that for each fixed
e>0

i 5 (04(6) = 1 (©(©) “2)
uniformly in £ € C,, and
lim ° (6(6)) — p(© (6)) (43)

uniformly in £ € Cp. The convergence in ([@2]) holds by Corollary because
w® € L>®(T). To show (L), we first note that by Lemma 1] [2]) and the Sobolev
embedding theorem

W= WIS lw® —wlpllell ;- - (4.4)
Since p € H 2~ almost surely, it follows that
lim W& =W (4.5)
e—0

almost surely. Continuity of the exponential implies that
lime ™V =W
e—0
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almost surely. By Lemma BTl ([), we have
1
W< Sllwllzallellze
and for ¢ sufficiently small
1
Wl < gllwsllullwll‘é < Jwllz lloll7s -

It follows that
eV _e W < 2¢ellwlzillelya (4.6)

By Lemma 2Tl and Assumption [[L3] we know that

elwlierlielia f2 (A7) € LY (dp) . (4.7)
By Lemma [B.2] we have that
O(6)fH (V) € L(dp) (45)
Using (L.8)-(8)) and the dominated convergence theorem, it follows that
lim [ du |©)] ‘e—WE — e FNV) =0. (4.9)
e—0

The same argument implies

;i_r)% 2 =z. (4.10)
Noting that
P O) = p(O©) =3 [duOf W) (2 —e W),

(@3) follows from (L9) and (AI0). O

We can now prove Theorem

Proof of Theorem [ We deduce ([LA0) from Lemma 1] by arguing analogously
as in the proof of (IL38). The proof of (A1) is similar to that of (L40). Instead
of ([£2), we use

lim Z: =z,
T—00

for fixed € > 0, which follows from ([39). Instead of @3], we use (I0). O

4.2. The Delta Function. Proof of Theorem We now deal with the case
w = —0. Let us first recall the definition (C43) of w*. Let us note that since U
is even, it is not necessary to take U to be non-positive, since we can argue as
in [I8, (5.33)] using |U| (note that in [I8], one writes w for U). In what follows,
we again denote objects corresponding to the interaction potential w® by using a
superscript e. Again, by following Section 3.7 to prove Theorem [[L6 it suffices to
prove the following proposition.

Lemma 4.2. Let w := —0, and let w® be defined as in (LA3). Then there is a
sequence (e;) satisfying - converging to 0 as T — oo such that

lim g5 (0,(6) = p(6(0)) . (411)

uniformly in £ € C,, where Cp, is given by ([3.34).
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Proof. As in the proof of Lemma [£1] it suffices to prove for fixed ¢ that

Tim % (€,(6)) = o7 (O(6)) - (1.12)
uniformly in £ € C,, and
lim (0 (€)) — (0 (€)) (413)

uniformly in £ € Cp,. Since w® € L>°(T), (@I2)) follows from Lemma Il To prove
(#13), we note that Lemma Bl ) now implies

1
W< I Dl

1
WL < I Dz (4.14)
Since [dxU = —1 and U is even,

W w3 [ dedyutiz =) (el - @)
So
W =W <5 [ dedylue - lle@Ple@) - @) (o) + W) . (415)

We can then follow the argument in [I8, (5.49) in the proof of Theorem 1.6.] to
conclude that

WeE—=W. (4.16)
We omit the details. Arguing as in the proof of Lemma [L1] we obtain (I3,
and thus ([LII). We emphasise that, in order to apply the dominated convergence
theorem as in the proof of Lemma ] it is important that the upper bound (Z14)
is uniform in €. O

Proof of Theorem [[.4. We obtain (L44]) by arguing analogously as for (L40). Here,
instead of Lemma [T we use Lemma 2l The proof of (43 is analogous to that

of (LZI). O

5. THE TIME-DEPENDENT PROBLEM

In this section, we consider the time-dependent problem. The analysis for
bounded w and the proof of Theorem are given in Section Bl The case
when w is unbounded is analysed in Section Here, we prove Theorems [[.11]
and [[T2 Throughout the section, we fix p € N* and & € £(h®). In particular, we
have the following two lemmas.

5.1. Bounded interaction potentials. Proof of Theorem [I.10l In order to
deal with bounded interaction potentials, we recall the Schwinger-Dyson expansion
outlined in [I8 Sections 3.2 and 3.3].

Lemma 5.1. Given K > 0,e >0, andt € R, there exists L = L(K,¢e,t, ||€|,p) € N,
a finite sequence ('), with e = €'(&,t) € L(HP)) and 79 = 1(K, &, [|€]]) > 0

such that
L
(‘I]-tr@‘r(g) - Z 97(€Z)>

=0

<eg,

NETS)

for all T > 79. Here we recall the definition of h<P) from [B.42).
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In other words, for large 7 and restricted numbers of particles, we can approxi-
mate the evolution of the lift of an arbitrary operator with finitely many unevolved
lifts. We also have the corresponding classical result.

Lemma 5.2. Given K > 0, e > 0, andt € R, then there exist L = L(K,e,t,||€]l,p) €
N, 70 = 10(K, &,1,]|£]]) > 0 both possibly larger than in LemmalZdl, and for the same
choice of e = €l (¢,t) as in Lemma 51, we have

L
<e,

‘(‘I’t@@) -

9(€l)> X{N<K}
=0

forall T > 1.

We note that the proofs of Lemmas Bl and 52 respectively [I8, Lemmas 3.9
and 3.12], do not use the sign of the interaction potential, so still hold in our case.
The proofs of both results also require a compactly supported cut-off function,

demonstrating the cut-off function of the form f(z) = e~**" discussed in Remark
[L7 @) would not suffice here.

Proof of Theorem [ I0. By using Theorem [[.4 LemmasB.IH5.2] and following the
proof of [I8, Proposition 2.1], we obtain Theorem [[LT0l O

Remark 5.3. Recalling the proof of [I8, Proposition 2.1], it follows that the con-
vergence in Theorem [[LT0is uniform on the set of parameters

wel® meN, t; eR, p;e N &€ elL®H®))i=1,... m,
satisfying
maX{HwHL“’ama |t1|a sy |tm|7p17 -3 Pm, Hnga s ||€m||} <M,
for any fixed choice of M > 0.

5.2. Unbounded interaction potentials. Proofs of Theorems [I.11] and
1.72l Before proceeding, we need to prove a technical result concerning the flow of
the NLS.

Lemma 5.4. Let w € LY(T) and s > % be given, and suppose ¢ € H*. Consider
the Cauchy problem on T given by

{i@tu + (A= k= (wxu?) u

Uy = @.

(5.1)

In addition, given € > 0 and letling w® € L* be a sequence satisfying w® — w in
L', we consider

. (5.2)
UO = SO.

Since s > 3/8 > 0, the flow map defined in (7)) is globally well defined. Denote

by u and u® the solutions of (&) and (B2) respectively. Then for T >0

{8 (A= R = (uF » ) e

lim [lu —w®|lzpe, 0 =

We need to recall the dispersive Sobolev X*° spaces.
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Definition 5.5. Given f: T xR — C and s,b € R we define
s bz
1 llxcen = || @+ 2mk])® (1 + I+ 27k2)" 7]

)

L3L;
where
f(k,n) ::/ dt/d;v f(x, t)e=2mike=2mint
—o00 T
denotes the spacetime Fourier transform of f.
In the following, we always take b = % + v, for v > 0 small.

Proof of Lemma[5.3} We recall the details of proof of [I8, Proposition 5.1]. Firstly,
we can take x = 0 by considering % := e***u. So, we construct global mild solutions
to () and (52)) in the following way.

Let ¢,% : R — R be smooth functions with

if
co-{y 1z, 2

if
-1 s

We also define (s5(¢) := ((t/d) and ¢;5(t) := (t/d§). We consider
(Lv)(-,t) == C5(t)e™ o — i(g(t)/o dt’ eit=tHAa (w * |vs|?) vs(t), (5.5)
t

(LE0) (-, t) := Cs(t)e™ oo — iCs(t) /O dt’ B (wF x [us[2) vs(t), (5.6)

where vs(z,t) := s(t)v(z,t). By proving L and L° are both contractions on
appropriate function spaces for 6 > 0 sufficiently small, we are able to find local
mild solutions to (51) and (52)). The arguments used to prove (50) and (56) are
contractions in [I8, Proposition 5.1] still hold if we can show that

[ (wx vs|*) vs || o0 S llwllzallvsl o (5.7)

To show (5.7), we define Vs as the function satisfying Vs = |0s|. Note that by
construction, ||Vs||xo.r = ||vs||xo0.5. Then

| ((w=fos]?) vs) ™ (k, )]
< = [k dis s e i (556 ) |5~z =) s )
X 0(k1 + ko + ks — k)0(m +n2 +n3 —n)
= ||wlle (Vs*Ve) ™ (ksm) < llwllze (IVs?Vs) ™ (k).
To prove (57, it remains to show
VsVl o1 S Vsl0s = lvsllxo. (5:8)

To show (B.8]) we argue as in [52], (2.147)-(2.153)], where similar bounds are proved
for the quintic case, and use a duality argument. Choose ¢ : Z x R — C such that
i [ dnlc(k,n)|? = 1. We consider

e Zk:/dn (L I+ K2) " (Vsl2Vs) ™ (k) el m) -
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We have
(K, n)|
1] < / dny dnz dng dn =
Z Z ni+n2+ns=n (1 + |77 + k2|)1 ’

k Eki+ka+ks=k

X (05 (K, m)| |05 (=K, —n2) 05 (ks, 1s) -

D omikas2mit
It / mikT 7'r1777
Z 1+|77+k2|)

G(xz,t) := Z/m7 15 (k, )| e2mika+2mitn
k

Parseval’s identity implies

15//dxdtpécé:V/dxdtpéc;a‘

< IFllus G, - (5.9)

Define

Since b > 3/8, we have the estimate [|¢[ ;1 < [[¢[|xos (see [3} Proposition 2.6],
[24, Lemma 2.1 (i)], and [55, Proposition 2.13]). So

IFl Ly, S IFlx0ss < [Fllxor-1 =llellzrz = 1. (5.10)
Moreover
IGNLs, < lvsllxoisss < 6°llvsllxo (5.11)
where 0 > 0. Here the final inequality follows from [I8 Lemma 5.3 (iv)]. Combining
E9) with (BI0) and (&IT) yields (&8).

So, for a time of existence ¢ that depends only on the L? norm of the initial
data, we are able to construct local mild solutions, v(,) and v, on [nd, (n + 1)d].
We then piece these solutions together to create mild solutions u and u® to (B
and (5.2)) respectively. Using v and v° to denote vy and ’U‘E:O) respectively, we have

lu—upee 12 =[lv—2° ||L
05]

[0,6] 7z
t
<Gste) [ ar e (=) s use) ] ws(e)
0

X0,b

+1¢s(8) / dt' =2 [w® x (Jus(t)]? = [v5 (t)]?)] vs(t))

0 X0,b
+ase) [ a3 [ o)) (os(e) - v§<t’>>H |
’ Xo’b(5 12)

For the first term of (BI2]), we have
¢
Go(t) [ a0 [(w - ) () Pus(¢)
0

<063

X0.b

| [w = wF) % [v5]2] 05 | o

= comes from the estimates for local X** spaces proved in [27] and
[28]. For a summary of these local X’ spaces, we direct the reader to [I8, Appendix
Al.
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Arguing as in (51]), we have
[ [(w = w) s [v5]?] vs | o1 < llw = w®l| 2 ]|vs ] 50,0 = 0.

The bound on the second term in (B.12]) follows by the same argument as in the
proof of [I8] Proposition 5.1], although we note that since ||w®||p: is only bounded
rather than equal to 1, we may get a larger constant times a positive power of ¢,
which is not a problem. The third term in (5I2) then follows for the same reasons
combined with [I8 Proposition 5.1].

Following the remainder of the argument from [I8 Proposition 5.1] and noting
that there we gain no negative powers of €, we have

||u — UEHL[”&T]F) —0.

The corresponding negative time estimates follow from an analogous argument. [J

We also have the corresponding result for the focusing local NLS.

Lemma 5.6. Let s > % be given, and suppose p € H*(T). Consider the Cauchy
problem on T given by

i+ (A = k)u = —Julu (5.13)
Ug = @.
In addition, given € > 0, let w® be as in (LA3). We consider
z'a;us + (A = k)uf = (wf * [uf]?) ue (5.14)
ug = .

Since s > 3/8 > 0, the flow map defined in ([LT) is globally well defined. Denote
by u and u® the solutions of (BI3) and (BI4) respectively. Then for T >0

. . _
lim flu — |z, 5 = 0.

Proof. We can follow exactly the proof of [I8, Proposition 5.1], recalling (L42]), and
noting that the function w® defined in (L43)) is even and to deduce

[0 () — (w * [0°*)(x)| < /dy w* (2 = y)[ |vs(x) = vs(y)l([vs ()] + |vs(y)]) ,

similarly as in [I8] (5.27)]. We also have the same point about ||w®|| ;1 not necessar-
ily equal to 1 as in the proof of Lemmal[5.4] which does not affect the argument. [

Before proving Theorem [[L11] we recall the following diagonalisation result,
proved in [I8, Lemma 5.5].

Proposition 5.7. Let (Z))ren be an increasing sequence of sets in the sense that
Zy C Zyy1. Let us define Z := UpenZy,. Fore, 7 > 0, suppose that g,9°%,95 : Z — C
are functions with the following properties.

(1) For each fized k € N and € > 0, lim,_,o ¢2(¢) = ¢°({) uniformly in ¢ € Zj.
(2) For each fixed k € N, lim._,0 ¢°(¢) = ¢g(¢) uniformly in { € Zj,.

Then there is a sequence (e;) such that lim, . e, =0 and
. er i
Jim g7 (¢) = 9(C)

forany ¢ € Z.
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Proof of Theorem [L.T1l Throughout this proof we use X< or X to denote an object
defined using w*® or w respectively. Define

Z = {(m,ti,pi, &) :meN, t; e R, p; € N*, &' € L(hP))} (5.15)

Zi = {(m, ti,pi, €) :m < k, [t;] <k, pi € N* p; <k, ||€¥] <k}, (5.16)
where in (BI0)-(E10), we take i € {1,...,m}. Let us also define

95(0) = p (W (04 (€M) -+ Wi (04(6™))) (5.17)

9(¢) = p (¥ (B(EN)) - ¥ (O(E™))) - (5.18)

By Theorem [[.T0l Remark [5.3] and Proposition 5.7, we note that it suffices to show
that for fixed k € N, we have

lim p© (TFO(Eh) ... U (E™)) = p (T O(EY) ... 'O (E™), (5.19)

uniformly in Zj. Using [@5)-S) and the dominated convergence theorem, we
have

lim p1(1) = pr(1). (5.20)

Here we recalled the definition of p¢(-) from B.24). By B23) and (5.20), we note
that (5I9) follows if we prove that

lim 47 (TFO(Eh) ... U fe(E™)) = p1 (T1O(EY) ... ¥'me(E™)) (5.21)

uniformly in Zj.

Let S; and S§ denote the flow maps for (51 and (52) respectively. Let ¢ €
Hz2~ C b be the classical free field defined in (LIH). Recalling (TIR), it follows
that for £ € £(h*®)), we have

THO(E) = ((Sieo)™ £(S7e0)™) 1O = ((Sup0)™ £ (Sip0)™) -

(5.22)

L

We apply Lemma 54 in (522]) to deduce that
(S500)®* = (Se0)™" (5.23)

almost surely in h®* as ¢ — 0. Moreover, since & € L(h*)), we deduce from ([5-23)
that
lim U0 (&) = 'O (¢), (5.24)

e—0
almost surely.

By (@A) and ([24]), we have
lim WheQ(el) .. whnrQ(em)e™V = The(eh) .. Ut e (™) e, (5.25)
E—r

almost surely. Using conservation of mass for (B.I)-([E.2), as well as Lemma 1] (2]
and Lemma [3.2] we have

FN) 1€ ol 277 3 Nur ol (),
W 0(E)... U OEm)e W ()] <

‘\pw@(gl) L WtmEQ (g eV

€ polly” 3t Iolee £ (D).

(5.26)

m
<1T!
j=1
m
Il
j=1
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Using Lemma [ZTland Assumption [[3] both of the bounding functions in (5.20) are
L'(dp). Furthermore, by construction of w®, the quantity ||w?||: is bounded uni-
formly in . Therefore, the first function is in L*(du) uniformly in e. Consequently,
we deduce ([2])) follows from (B:28]), (520, and the dominated convergence theo-
rem. The claim now follows. O

Proof of Theorem [ 12, We argue analogously as in the proof of Theorem [[TT]
with the same definitions of Z, Zy, ¢%, g%, g as in (EI5)-(EI8) above, except that
now w*® is chosen as in (L43). We recall that again ||w®| 11 is bounded uniformly
in €. The proof is analogous to that of Theorem [[LTIl The only difference is that
instead of (@3] and Lemma[5.4] we use their local analogues ([@I6]) and Lemma [5.0]
respectively. O

APPENDIX A. PROOF OF LEMMA [2.1]

In this appendix, we prove Lemma[Z1] which was originally proved in [4] Lemma
3.10]. For the convenience of the reader, we present the full details of the proof in
a self-contained way. For an alternative summary, see also [44) Section 2]. Before
proceeding with the proof, we recall in Section [A] several auxiliary results con-
cerning Fourier multipliers in the periodic setting and concentration inequalities. In
Section [A.2] we recall the notion of an norming set, which we use to prove duality
results in L? spaces. The proof of Lemma [21]is given in Section [A3]

A.1. Auxiliary Results. We will need the following result about Fourier multipli-
ers on the torus, the full statement and proof of which can be found in full generality
in [54 VII, Theorem 3.8]. We recall our convention ((ILT6]) for the Fourier transform.

Lemma A.1 (Mikhlin Multiplier Theorem in the periodic setting). Let p € [1, 00|
and T € (LP(R), LP(R)) be a Fourier multiplier operator. Let 4 be the multiplier
corresponding to T and suppose that G is continuous at every point of Z. For k € 7Z,
let X(k) := (k). Then there is a unique periodised laltice operator T defined by

Tf(a) ~ Y Ak)f (k)™
kEZ
such that T € (LP(T), LP(T)) and ||T||zr—rr < |T||r—Lr-
We also recall the definition of a sub-gaussian random variable.

Definition A.2. Let (2, A,P) be a probability space. We say a random variable
X is sub-gaussian if there exist constants C,v > 0 such that for all £ > 0 we have

P(IX|>t) < Ce ",

We will use the following inequality about sub-gaussian random variables. For a
proof, see [56, Proposition 5.10].

Lemma A.3 (Hoeffding’s Inequality). Suppose that Xi,...,Xn are all indepen-
dent, centred sub-gaussian random variables. Let Q) := max; || X;| 4, for

1X ||y, == supp™ /2 (E|X|?)"/P
p=>1
and let a € RN, Then, for any t > 0, we have

P ia»X- >t <exp<—i)
i ~ Qllall?. )
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A.2. Norming Sets. To prove Lemma 21 we need the following result about
duality in LP spaces. We emphasise that this is a known result, but whose proof
we could not find in the literature, so we write out the proof for the convenience of
the reader.

Lemma A.4. Suppose that M C Z has cardinality m, and let
S := Spang {62”“” ke M},

Then there is some subset = of the unit sphere of L satisfying the following prop-
erties.

(1) maxpez l(g, )| > Hgllze for all g € 5.
(2) log |Z| < Cm for some universal constant C' > 0.

Remark. This result can be extended to finite dimensional subsets of normed
vector spaces, but we do not need the result in full generality.

A.2.1. Norming sets and e-nets. Before proceeding, we introduce several notions
in Banach spaces.

Definition A.5. Let X be a Banach space, Y C X a linear subspace, and 6 € (0, 1].
We denote by X* the (continuous) dual space of X. We say that a set F' C X* is
0-norming over Y if

sup L9 5 gy
servioy gl
forally € Y.

Definition A.6. Let X be a Banach space. Given x € X and ¢ > 0, we write
B.(x) ={y € X : ||z — y|| < ¢} for the ball in X of radius ¢ around z. Let Y C X
be a subset of X. Given ¢ >0, we call N. CY an e-net of Y if Y C U,y B:(2).

We write Sx := {x € X : ||z| = 1} for the unit sphere of X.
We want to relate norming sets to e-nets. To do this, we take inspiration from
the following result, the proof of which comes from [26] Section 17.2.4, Theorem 1].

Lemma A.7. Suppose X is a Banach space, Y C X is a linear subspace, and
G C Sx~ a set that is 1-norming over Y. Let € € (0,1), and suppose that N is an
e-net on the unit sphere of Y. For each element x € N¢, fiz a functional g, € G
such that g (x) > 1 — e (which we can do since N C Sy and G is 1-norming over
Y ). Then the set F = {gs}zen. is O-norming over Sy for § =1 — 2.

Proof. Let y € Sy. By definition, there is some z, € N, satisfying ||y — z,| < e.
Then, by definition of F', linearity, the definition of z,, and G C Sx+, we have

sup l9(y)| = sup |g:(v)| > |9z, (V)| = 92, (Ty) — Gu, (¥ — 7))
g

rEeNe
>l—e—|ly—xzy|| >1—-2e=0.
(]

A.2.2. Conclusion of the proof of Lemmal[A-jl We begin by bounding the size of
an e-net of C™. For M C Z with | M| = m, we consider the following norm on C™

E ag eQTrzkm

keM

lI(@)rerlll :=

v
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We define ¥ := {(ar)rem : ||a]| = 1}. Notice that since C™ is finite dimensional,
the unit ball with respect to any norm is compact. Let N, be a maximal subset of
¥ satisfying the property

z,y € Nex#y = |lz—yll >e. (A1)

In other words, any subset of ¥ strictly containing N. fails to have property (A.).
Such a set exists and is finite by the compactness of ¥. Any such set must be an -
net of ¥ by maximality. We have the following bound, whose proof is an adaptation
of [56, Lemma 5.2].

Lemma A.8. For N. C X mazimal satisfying (AJ)), we have
2\" m

Proof. The result follows from a volume bound. Since N, is e-separated, it follows
that {B./2(x)}zen. are pairwise disjoint. Moreover, since z € ¥, it follows from
the triangle inequality that all such balls lie inside the ball of radius 1+¢/2 centred
at the origin. So

vol[Be ()] - [Ne| < vol[Biy/2(0)]- (A.2)
We also have the following identity

VOl[CBl(O)] = VOl[{(CQk)kGM : H Z a2k i < 1}]
keM

= " vol[B1(0)] .

Combining this with [(A2]) (and using translation invariance), we have
1+¢e/2\™ 2\"
N | < =(14+- .
wi= () = ()

We are now able to prove Lemma [A4]

Proof of Lemma[A]} We let E := N1y C X be obtained by setting ¢ = % in the
construction above. Let g = >, 4 axe®™™*. By duality, there is some ¢ € ¥ with
[{g,%)| > 2||g|lL»- Moreover, since Ny 4 is a  net of &, we can find ¢ € Ny ==
with [|¢) — ¢|| ;. < L. Hence, it follows that (g, — )| < 3| g||z». Therefore, we
obtain

Sl < Vo)~ kg, v~ @ <o) —lg.0 — N =l @), (A3)

where in the second step above, we used the reverse triangle inequality. The result
follows from (A3]) and Lemma [A8] O

A.3. Proof of Lemmal[2.I] We now prove Lemmal[2Z1] which was originally proved
in [ Lemma 3.10]. For the convenience of the reader, we present the full details of
the proof in a self-contained way. Throughout, (CN,G, 1) is the probability space
defined in (LI4) above.
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Proof of LemmalZ1l We show the following bound for large .

Z 27rik;E > )\ (Z |(Uk| ) < B S exp(—CMé+2/p)\2)a (A4)
Lp

kEZ kezZ
where )
A\ 777
Let us assume (A4]) and we show that it implies the claim. We write
p
F .= Qﬂikm % 1/2
Z (Ekez \ka\z) <
keZ L *
Q= e;” ZkeZ \}df—kBZWikw|lip

Then
Hmp:/ dyyu (Gl > p)
y>0

< / dyyp (|G| >y) +1,
y>1

where the inequality follows because p is a probability measure. Now defining
Y 1= exp (%/\p), we have

Gl < [ ax2wtedu(p > ) 41
A>0

5/ d\ exp( NP — B r i )Apl +1. (A.6)
A>0

Since p < ;%5 for p € [4,6) for [[G|[1: to be finite, B can be arbitrary. We have

p= p4_;)2 for p = 6, so in this case we have to take B sufficiently small.
We now prove (A4). Throughout, M is a dyadic integer and |k| ~ M means

3 < |k| < 3L We make use of the following inequality.
Z ak€2ﬂ'ikm S M1/271/p Z ake27rikz ) (A?)
‘MNM Ly ‘MNM L2

For p = 2, (A7) is trivial, and for p = oo, it follows from Cauchy-Schwarz and
Plancherel’s theorem. We then use the Riesz-Thorin interpolation theorem to de-
duce (A7) for all p € (2,00).

With My as in (AH), we consider a sequence (oar) > of positive numbers

with
> ou=4d, (A.8)
M> Mo

with § > 0 sufficiently small to be determined later.
Consider w €  such that

E 27rikz

kGZ

>\, <ZM
Lr

A
kez 'k

) <B. (A.9)
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With w as in (AJ]), we show that there is some M > M; such that

D> wee™ | > oy M. (A.10)

‘MNM Lp

We argue by contradiction. First, we note that for w as in (A.9), we have

1/2
2
E E Wk orika < M1/2*1/P E |wk| <\ Al
\/Ee ~ 0 ( Y ~ . ( . )

M<Mo |||k|~M e kez 'k

We used (A7), Plancherel’s theorem, and summed a geometric sequence for the first
inequality in (AII]). For the second inequality in (A1), we used the L? bound in
(A9), and (AH). By taking the implied constant in (A5) to be sufficiently small,
let us note that the proof of (ATI]) implies

Z Z \(’/‘)_}/\C—k e27rik;ﬂ

M< Mo |||k|~M

IN

A
o (A.12)
Lp

We henceforth work with such a small implied constant in (A5]).
Suppose that (AI0) did not hold for any M > M. Then it would follow that,
for an appropriate choice of § in (A.8]), we would have

Z Z \"/O_;\f_ke%rikw

M>Mo |||k|~DM

A
oz

IN

(A.13)

Lr

We note that [(AT3) combined with (A1) would give us a contradiction with the
first inequality in (A29). Let us explain how we have obtained (A13]). First we note

Wk orika c 2mika
Z \/—)\_ke < M Z wge N (A14)

||~ M o ||~ M o

which we justify as follows. Let ® : R — C be a smooth, compactly supported
function which is equal to 1 on 1/2 < [¢] < 2 and zero for [¢] < 1/4 and |¢] > 4.
Consider the function

1
=t
Since

B(¢) = 1

VAR + (n/01)
has bounded derivatives of all order (with bound depending on «), the same holds
for Wy, = ®(&/M) given by (AIH) above. Hence, the Mikhlin multiplier theorem
(on R) implies that the map Ty defined by (Tasf) (€) := War(€)f(€) is bounded
as a map on LP(R). Applying the support properties of ® and using Lemma [AT]

9]
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we obtain

Wk

ven

e27rikz

I
=
&
g
=

S
Ead
o
¥
g

|k|~M p Lr

r
2mikx
< E wge

Here we use the fact that the Fourier coefficients are supported on |k| ~ M, for
which ®,7(k) = 1. We hence deduce (A-I4). By summing in M > My and applying
(A8) with § sufficiently small, we obtain (AI3). Therefore (AI0) holds for some
M > M.

To estimate the contribution for each dyadic M, we consider the subspace S of
LP given by Spang{e?™*® : |k| ~ M}. We want to construct a 3-norming set, =,

Lr

contained in the unit sphere of L*" with the following properties.

(1) maxgez (g, 9)| = 5llgllLe for all g € S.

(2) llellzz < MY271/P for any ¢ € E.

(3) log|E[ < M.
To find this set, we apply Lemma [A4] and take the orthogonal projection of =
onto S. We obtain the first and third properties from Lemma [A4] and the second
follows from Plancherel’s theorem, Holder’s inequality, and the Hausdorff-Young
inequality (applied to p’). Namely, for ¢ € E, we have

lelle = 1@l S MY27) s
S Mgl = MV

Having constructed the set, we now estimate the norm. We choose M > M,
satisfying (AI0). Then

oMM < Z wpemike < 2max Z wrp(k)

pEeE

[l o el
D(k

—2max| ¥ w2 el
pe= koM PllL

oMV Urmax| 3wy ¢(k) 7
P | 2 Tele
where the first line uses property (1) of = and the final inequality follows from
property (2) of Z. So

p(k
oy MY2H/PN < max W P(k) (A.16)

b | 2o Helles
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Let us take (o) p>n, satisfying (A8) to be of the form
onr ~ M7YP 4 (Mo /M), (A.17)

for a suitable choice of implied constant. For M > My, let X,; denote the event

(A16). Then

| |2 1/2

Wk orika Wk

Py ||[> = >\, (Z —) <B (A.18)

ke VA% Lo e M
<P, (Unrsar Xr) (A.19)
¢(k) 1/241/

< DD P Y w > oM PA (A.20)
M>Mp p€E k|~ M Il

< Z Z exp (—cMHz/po%/[)\z) (A.21)
M>My pe=

< Z exp (CM - cMHQ/poﬁ/[)\Q) (A.22)
M> My

- Y ew (CM i (M + MoM>?/7 + 2M3/2M1/2+1/P) )\2> (A.23)
M> My

<Y e (—CMOM2/p)\2) (A.24)
M> Mo

< exp (—cM01+2/p/\2) .

Here, (A19) follows from (AT6). (A20) follows from a union bound. (A2I)) comes
from applying Lemma [A3] with X; = w; and a; = ¢(i)/|@|lz2 (so that @ ~ 1
and |lall;z < 1 by Plancherel’s theorem), and for (A22]), we use property (3) of
E. ([(A23) comes from (AIT). We obtain [(A24) from the fact that A is large and
noticing that the second term will give a factor less than one. The final inequality
follows from the fact we have a geometric series with common ratio equal to 1—(yy,,
with Caz, > 0. So we have shown (A.4]), which completes the proof. O

APPENDIX B. REMARKS ABOUT THE CUT-OFF FUNCTION f

In this appendix, we expand on Remark [[7] (II) and (3.

B.1. Interaction Potentials of Positive Type. For a bounded, real-valued,
even interaction potential w of positive type (i.e. w > 0 pointwise almost every-
where), we claim we can apply the methods used in the proof of [17, Theorem 1.8]
to get the result of Theorem [ for p4x defined without a truncation in . To do
this, we follow the convention from the two and three dimensional cases from [I7]
and consider a non-normal ordered quantum interaction, namely
1
=5 [ dedyei@on @tz -y )e-), (B.1)

which we note is different to the convention adopted in the rest of the paper. We
also define H. := H. o+ W, in contrast to (L31)). Applying (L27)), we have

W/

1
WL =W, + —w(0)NZ,
2T
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where we recall (I30) and (I32). We consider this non-normal ordered interaction
since WY acts on the nth sector of Fock space as multiplication by

272 Z — ;) (B.2)
7,7=1
The key difference from BI3) is (B:2) includes the diagonal terms of the sum.
The remark follows from showing that if w is of positive type, (B:2) > 0 almost
everywhere, since we can apply Proposition as in the proof of [I7, Proposition
4.5]. We can further reduce this to showing (B:2)) > 0 for w € C* of positive type
by taking w® := w * ¢° for a standard approximation to the identity ¢° of positive
type, since then w® — w pointwise almost everywhere.
To see this, recall that for g € L?, Parseval’s theorem implies

(g.wxg) ~ Y 1g(k) )>0 (B.3)
kez
since w is of positive type. Taking ¢ € C*° with ¢° — E?Zl 0(- — x;) weakly with
respect to continuous functions, for w € C* we have, by (B.3)

n

0< (95, w*g°) — Z w(x; —xj).

Q=1
Letting € — 0 then yields (B:2)) > 0 for w smooth of positive type.

B.2. General L*° interaction potentials. For a general bounded, even, real-
valued interaction potential w we show we could have used a Gaussian cut-off
rather than a compactly supported one. Notice that since w € L, there is some
c such that w® := w + ¢ > 0 pointwise. Throughout this section, for an object X,
we use X to denote Xy defined using w® rather than w. Notice that

Whe = W + g/\/f : (B.4)
W= W+ SN2 (B.5)

Applying an adapted form of [I7, Theorem 1.8] for non-normal ordered interactions,

we have

T (09 [apee
lim — = .
T—00 Tr (e—HT‘ ) fdu e—H

We note that the adapted form of [I7, Theorem 1.8] holds by applying the same

proof, but using >, we(x; — a;) > 0 instead of D37, . ;w(z; — ;) > 0 in

the proof of [I7, Proposition 4.5].

Rewriting (B.6) using (B4) and (BXA) gives

o (OO ) apegette i
o300 Tr (e Hre 5 N7) © [dpeHe 5N

(B.6)
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