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Abstract: In this paper, we study entanglement islands and the Page curve in the

eternal four-dimensional Schwarzschild black hole surrounded by finite temperature

conformal matter. By finite temperature conformal matter we mean the matter de-

scribed by the thermal density matrix, rather than the usually considered matter above

the Fock vacuum. We take the matter and the black hole at different temperatures and

calculate the entanglement entropy for such a setup using the s-wave approximation.

As a result, we obtain that at late times the island prescription leads to the exponential

growth of the entanglement entropy of conformal matter in thermal vacuum.
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Introduction

The behavior of quantum matter in curved spacetime is naturally defined by the metric

of the underlying manifold. In the non-dynamical cFase of geometry, one can proceed

with a standard way to calculate the observable [1]. However, for dynamical gravity in

some cases one cannot separate the calculations related to the geometry and the matter

even when the back-reaction is negligible. The well-known quantum information mea-

sure such as entanglement entropy is an explicit example of such a calculation. This is

of particular interest in view of importance of the entanglement entropy for the study

of gravitational entropic objects like black holes [2–5]. The fact that one should take

care of the gravity part in the entanglement calculation led to a series of breakthroughs

explaining the resolution of the information paradox, namely, to the correct behavior

of the entanglement entropy through the emergence of special regions called “the en-

tanglement islands” [6]-[20]. The emergence of the islands is shown to be driven by

the replica wormhole mechanism which takes into account the presence of dynamical

gravity [8, 9]. The entanglement islands restore the unitary behavior of the entangle-

ment entropy the time-dependence of which should be described by the so-called Page

curve. During the time evolution, initially increasing entanglement must at least stop

doing it or begin to decrease at some characteristic time τP known as the Page time
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τP . A detailed description of this setup is possible in two-dimensional gravity [8, 9] and

BCFT/moving mirror models [27]-[40], however, for the four-dimensional setting one

has to use different approximations and assumptions to perform the calculations [14].

In [14], the Page curve for a particular setup in eternal four-dimensional Schwarzschild

black hole has been considered (see [16]-[25] for different extensions and other studies

of the islands in higher-dimensional flat space black holes). An important part of the

calculations (see [15]) is the splitting of the eternal black hole metric into the confor-

mally flat part and the complement. After that, the entanglement of conformal matter

is assumed to be given by the two-dimensional CFT answer (for CFT defined on the

conformal part of the black hole) or, in other words, by taking the s-wave approxi-

mation. In [15], it was shown how the island prescription leads to the entanglement

saturation to a constant value after some linear growth in this setup. This model being

simple, straightforward, and easy to modify is an excellent testing ground for the island

prescription. Recently, in [20], it was argued how the dynamical setup involving the

black hole adiabatic evaporation (i.e. a black hole with changing mass) could spoil the

unitarity.

In this paper, we suggest another setup which leads to a ridiculous form of the

Page curve even for the eternal black hole. Roughly speaking, the island formula

strongly depends on the matter for which the entanglement is calculated. Typically,

one considers the conformal matter placed in the curved space in its ground state.

Thermality is the key feature of a black hole, so the matter ground state in such

a background also leads to a thermal-like behavior. However, in principle, one can

take the thermal averaging in such a theory with respect to another density matrix

with the different temperature. For example, in [41], two-dimensional models have

been studied with the conclusion that while the matter fields could be averaged using

thermal density matrix in curved space. A similar gravitational calculation (in the path-

integral formalism) shows some additional divergences, thus, picking out the special

temperature value equal to the Hawking one. We interpret this setup as the “thermal

matter” or “thermal gas” surrounding the black hole. What we find is that even for

small temperatures of the gas one can observe the explosive growth of the entanglement

entropy.

The paper is organized as follows. In section 1 we introduce our setup and construc-

tion of islands in Schwarzschild black hole. In section 2 we calculate island dynamics

and its effect on thermal gas entanglement.
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1 Islands in Schwarzschild black hole

1.1 Setup with vacuum CFT

In this paper, we consider Einstein gravity interacting with some matter with the action

Imatter. The total action I has the form

I = Igravity + Imatter ,

Igravity =
1

16πGN

∫
M

d4x
√
−gR +

1

8πGN

∫
∂M

d3x
√
−hK,

(1.1)

where we included the boundary term and denoted by GN the Newton’s gravita-

tional constant. We neglect the backreaction of the matter fields Imatter living on the

Schwarzschild black hole background with the metric

ds2 = −r − rh
r

dt2 +
r

r − rh
dr2 + r2dΩ2.

Here, the horizon is located at rh and the black hole temperature is given by

TH =
1

β
=

1

4πrh
.

In the Kruskal coordinates, the eternal black hole metric takes the form

ds2 = −dUdV
W 2

+ r2dΩ2, W =

√
r

4r3h
e
r−rh
2rh , (1.2)

where the coordinates U , V and r∗ are defined as

r∗ = r − rh + rh log
r − rh
rh

, (1.3)

U ≡ −e−
t−r∗
2rh = −

√
r − rh
rh

e
− t−(r−rh)

2rh , V ≡ e
t+r∗
2rh =

√
r − rh
rh

e
t+(r−rh)

2rh . (1.4)

Now let us briefly describe the setup used in [15] to demonstrate the island influence on

the entanglement evolution in a four-dimensional Schwarzschild black hole. We consider

two large regions located in the left and right parts of the eternal black hole described

by the metric (1.2) in coordinates (1.3). The boundaries of these regions denoted by

R− and R+ are placed at the points b− and b+ in the left and right wedges respectively.

As we mentioned before, an important part of the setting which we consider is the

special region called the entanglement island I bounded by the points a− and a+.

More precisely, we choose the parametrization of a±, b± by some points r = a and
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r = b as follows

a+ = (ta, a) , a− =

(
−ta + i

β

2
, a

)
, (1.5)

b+ = (tb, b) , b− = (−tb + iβ/2, b) . (1.6)

The geodesic distance between two points x1 and x2 in the geometry defined by (1.2)

is given by

d (x1, x2) =

√
(U (x2)− U (x1)) (V (x1)− V (x2))

W (x1)W (x2)
. (1.7)

In [15], it was shown that the evolution of the entanglement entropy in this setting is

given by the competition of two contributions. The first one which typically contributes

at early times corresponds to the entropy of the matter fields

S1 = S1 (R+ ∪R−) . (1.8)

The second one denoted by S2 contributes, being minimal, at late times and its presence

is due to the appearance of the recently discovered entanglement island phenomenon.

The island formula describing this phenomenon states that a so-called generalized en-

tropy S2 has the form

S2 = min

{
ext

[
Area(∂I)

4GN

+ Smatter (R ∪ I)

]}
, (1.9)

where the extremization over all possible islands and taking the minimum value from

the considered set is assumed.

Following [15], S1 can be approximated as the entanglement entropy of matter

fields in the region constrained by b− and b+

S1 = S(b−, b+), (1.10)

where we denote by S(x1, x2) the entanglement entropy of the matter fields located in

the region (x1, x2). We assume that in terms of S(x1, x2) the generalized entropy has

the factorized form

S2 =
2πa2

GN

+S(a+, a−)+S(b+, b−)+S(a+, b+)+S(a−, b−)−S(a+, b−)−S(a−, b+) (1.11)

where the first term comes from the area contribution Area(∂I)/4GN in (1.9) for the

metric given by (1.2).
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An important part of the island calculation is the knowledge of the S(x1, x2) ex-

plicit form. The calculation of entanglement entropy for a general quantum theory in a

finite region is a challenging problem. Explicit results are available in their essence only

for two-dimensional CFT where the infinite conformal symmetry simplifies the calcu-

lation. In our setup, we have a higher-dimensional curved spacetime with a non-trivial

structure which makes the problem nearly unsolvable at first sight (at least analyti-

cally) even for a massless fields. Moreover, as the gravity is assumed to be dynamical

(i.e. the black hole is the solution of the Einstein gravity) one should be careful when

calculating the quantum entanglement (see for example [14] for the consideration of

the entanglement effective theory).

The last important piece of the general setting we use is a natural and reasonable

assumption which has been suggested in [15] — the so-called “s-wave approximation”

for the entanglement entropy S(x1, x2). In this approximation, we neglect the spherical

part of the metric (1.2) and consider only the conformally flat part. Then one can use

2d-CFT intuition where the entanglement entropy of the interval with the endpoints

x1, x2 is just a function of the distance between the points: x2−x1. In the ground state

on the conformally flat background, S(x1, x2) is approximated by the replacement

SCFT (x1, x2) =
c

3
log

(x2 − x1)
ε

→ S(x1, x2) =
c

3
log

d(x1, x2)

ε
, (1.12)

where SCFT is the entanglement entropy of the interval in the 2d-CFT ground state,

and d(x1, x2) is given by (1.7). Within the usage of the formula (1.12), the initial growth

and subsequent saturation at the Page time has been derived in a four-dimensional flat

black hole setting in [15].

1.2 Setup with thermal gas

The thermality property is intrinsic to the black hole background. We consider the

generalization of (1.12) to the case when the black hole interacts with the conformal

matter at a finite temperature. Before introducing the specific formula which we will

use, several comments are in order. Typically, one performs the calculation with a

matter field in the ground state with respect to the black hole geometry and then after

some manipulations, one can show that observers at spatial infinity will detect thermal

radiation. Using the gravitational path-integral in calculations leads to a particular

value of the temperature equal to the Hawking one. In principle, one can follow another

way and calculate the expectation value with respect to the thermal density matrix

(for some operator O) with respect to the matter Hamiltonian H in a standard way
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as Tr〈Oe−βH〉. Here, one can observe the presence of freedom in the choice of the

matter temperature T = 1/β. For example, in [41], two-dimensional Rindler space with

thermal matter has been considered in this way. It was shown that while calculating

simple quantities (like the free energy) for the single-mode states with fixed β different

from the Rindler temperature, nothing special happens. Proceeding with a similar

procedure for gravity in the path-integral formalism leads to some drawbacks like the

presence of numerous divergences due to the conical singularity. When Rindler and

the gas temperature coincide we get a single divergence which is to be eliminated by

the gravitational constant renormalization (which is in line with the previously noticed

similar elimination of the divergence in the entanglement [15]). In general, the presence

of the divergence is natural since we consider the entanglement entropy in quantum

field theory. In two-dimensional JT gravity model from [8, 10], the temperature of the

CFT bath is in equilibrium with the black hole system and fixed by some equilibrium

condition. In general, one considers our setup as a slowly evolving gas surrounding the

black hole, so extremely long times are not considered here. Taking all this into account

for the matter entanglement entropy, one can convince themselves of the possibility of

the existence of different temperatures of the gas and the black hole during a reasonable

amount of time. In two-dimensional CFT in flat space, the von Neumann entropy of a

single interval is well known and given by

SCFT (x1, x2) =
c

3
log

(
sinh (πT (x2 − x1))

πTε

)
. (1.13)

Similarly to (1.12), this leads to the generalization of the entanglement by replace-

ment |x2 − x1| → d(x1, x2). We use this formula as a conjectural statement naturally

generalizing the zero-temperature formula. One of the ways to consider the finite tem-

perature entanglement in curved spacetime is to construct a topological black hole over

the metric of interest. The explicit form of this dependence is

S(x1, x2) =
c

3
log

(
sinh (πT · d (x1, x2))

πTε

)
(1.14)

where T is the temperature of matter fields. In general, we assume that TH 6= T

and associate TH with the temperature of the black hole background calculated from

the gravitational path integral. Let us calculate the explicit form of the entanglement

entropy evolution and explore the effect caused by the finite temperature matter.

As a last remark, we would like to notice that, as we mentioned before, in the

two-dimensional dilaton gravity calculation [8], the formula is slightly different and ob-

tained by a subsequent mapping of the hyperbolic disk geometry metric (equipping with
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a black hole) and the Weyl rescaling. It is not clear whether such an approach is appli-

cable here, especially due to the presence of additional “spherical” degrees of freedom

which we neglect. The difference comes because the expression under the hyperbolic

sine (in the numerator) depends on (U (x2)− U (x1)) (V (x1)− V (x2)), while the con-

formal factors W are still present in the denominator. The main effects described in

the further sections qualitatively depend only on the expression in sinh.

2 Entanglement islands contributions in heated environment

2.1 Late time behaviour

Before considering the initial growth defined by a rather simple expression (1.10), let

us calculate the entanglement island contribution dominating at late times where we

expect to have a more complicated dynamics. The island contribution has the form

(1.11) where the points a± and b± are defined by (1.5), the distance is given by (1.7) and

the entanglement entropy is (1.14). The total expression for the generalized entropy

calculated by these formulae has quite a cumbersome form, however, introducing the

shift δ = ta − tb and the time tb = t, the asymptotics at large times t → ∞ can be

evaluated explicitly as the sum of four Si-terms

S2 =
2πa2

GN

+ S1 + S2 + S3 + S4 (2.1)

where Si read as

S1 =
c

3

(
log(4)− 4Trhe

δ+2tb
4rh

(
(a− rh)(b− rh)

ab

) 1
4

)
, (2.2)

S2 =
2c

3
log

1

T
sinh

2T

√√
a
rh
− 1e

a+δ
2rh − e

b
2rh

√
b
rh
− 1

√
e

a
2rh

√
a
rh
− 1−

√
b
rh
− 1e

b+δ
2rh

e
a+b+δ
4rh r

−3/2
h

4
√
ab

 ,

S3 =
c

3

(
2Trh

√
b− rh√
b

e
tb
2rh − log 2

)
, (2.3)

S4 =
c

3

(
2Trh

√
a− rh√
a

e
ta
2rh − log 2

)
. (2.4)

Now we should extremize over the entanglement island parameters, i.e. the time-shift

δ and the island size a. In the case of the ground state fields T = 0, it was shown
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Figure 1. Time dependence of the spatial (a∗(t)) and time (t∗(t)) locations of the entangle-
ment island. Here different necessary parameters are fixed as follows: b = 4, rh = 1, G = 0.5
and c = 3.

[15] that the entanglement islands are located near the horizon rh and the time shift is

δ = 0.

Since the expressions for the entanglement entropy defined by (2.1) and (2.2) are

lengthy and cumbersome, we find the extremal values δ∗ and a∗ numerically. We present

their dependence as the function of the time tb in Fig. 1. One can see that at relatively

early times, thermal effects are negligible, i.e. δ ≈ 0 and a ≈ rh. However, during the

evolution, the spatial location of the island a∗ starts to move away from the horizon.

The time shift δ∗ at the same time shows significant deviations from the non-thermal

values as well. Substituting the extremal values a∗ and t∗ obtained from the numerical

calculations, we obtain the following picture of the entanglement evolution in our setup.

After the initial growth, the entanglement saturates for some time at the same value as

for the ground state (i.e. when the entanglement given by (1.12) ). Being in equilibrium

at this value for some amount of time, the entanglement goes to a rapid growth regime.

2.2 Initial growth of entanglement entropy

The expression describing the initial growth of the entanglement entropy has a more

compact form compared to the entanglement island formula. Using (1.10), after some

algebra we get that the growth is described by

S1 =
c

3
log

sinh

(
πT ·

(
16r2h (b− rh) b−1 cosh2 tb

2rh

)1/2)
πTε

 . (2.5)

– 8 –



At early times, the growth is quadratic as it is for the zero temperature case, however,

with the temperature dependent coefficients

S1 ≈ α + β · t2, (2.6)

where

α = log

(
πεT · csch

(
4πTrh

√
b− rh√
b

))
, (2.7)

β =
πcT
√
b− rh coth

(
4πTrh

√
b−rh√
b

)
6
√
brh

, (2.8)

which is quite typical for the entanglement in globally perturbed states [40]. After

the quadratic growth as in the island phase, one can observe the intermediate regime

given by a linear growth of the entanglement and coincident with the zero-temperature

behavior

S1 ≈
c t

6 rh
. (2.9)

Also, as for the island phase at late times, S1 exhibits a rapid exponential growth.

2.3 Summary of the entanglement entropy behaviour of a conformal heated

medium

Finally, bringing everything together, we present a complete picture of the entanglement

evolution in Fig.2. Let us briefly summarize the main features of the entanglement

evolution as well as the other findings concerning the two-sided black hole surrounded

by thermal fields.

• For a relatively small temperature, the entanglement entropy evolution starts

with the initial quadratic growth dependent both on the black hole and matter

temperature, then smoothly turns into the linear growth regime: S ∼ γ ·t, defined

solely by the black hole temperature as in the non-thermal case. After that, it

saturates at some value coinciding with the one observed in the non-thermal case,

and at late times, the entanglement blows up exponentially. As we mentioned

before, the linear and quadratic initial growth is natural for the entanglement

entropy, which can be observed in the global quench protocol in CFT described

holographically by an eternal black hole or a collapsing shell.

• For larger CFT temperatures, the intermediate regime corresponding to a con-

stant behavior is absent. Instead of this, the slowly growing entanglement enters

the explosive growth regime directly.
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Figure 2. The entanglement entropy as the function of time t. The red curve (solid)
corresponds to the dominant contribution given by S1 and the blue one (also solid) is the
contribution of the entanglement generated by the islands, while the dashed parts of the
curves present the same contributions when they are not dominating. The parameters are
fixed to be G = 0.5, rh = 1, c = 3, ε = 1. The temperature for the left plot is T = 10−14, for
the right one T = 0.001.

• An important point that makes the difference with the zero-temperature case is

that the entanglement island spatial location shifts significantly for late times,

approximatelyat the moment when the exponential growth of the entanglement

happens. Also, it is worth noticing the presence of the non-zero time shift in the

time location of the islands, i.e. ta − tb 6= 0 now.

Concluding remarks

Let us briefly summarize the obtained results, discuss how they are related to different

aspects of the information paradox/islands phenomenon and indicate future possible

directions of research.

We have considered a finite temperature 2d CFT in the eternal black hole and have

shown how the entanglement island prescription works in such a setup. An important

part of our study is that the black hole and 2d CFT have different temperatures, i.e.

the CFT is considered to be described by the thermal density matrix with the tem-

perature not equal to the black hole one. The studies of curved space density matrix

and their relation to the gravitational constant renormalization have been discussed,

for example, in [41] (see [42] for a review). It is worth noticing that the divergences

in the entropy which were one of the central points of the discussion in these papers

are natural in the entanglement entropy (however, they have a slightly different nature
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associated to the UV degrees of freedom). We find that a consideration of thermal

matter spoils the behaviour of the Page curve expected from unitarity. The deviation

from unitarity is reflected in the explosive growth of the entanglement at late times.

For small CFT temperatures, this happens at large enough times after the period of

a stationary entropy fixed by the static entanglement island. After that, the size of

the island starts to grow and the generalized entropy value grows extremely fast. If

we consider a non-equilibrium situation, one can naturally assume that a black hole

will come to equilibrium with the CFT, therefore, the explosive period can be avoided.

However, for a large enough amount of the gas, the transition to the explosive growth

occurs much faster. In general, this is consistent, for example, with the recent studies

of the Hayden-Preskill protocol at finite temperature [43] which states that decoding

of quantum information in Hawking radiation becomes much harder for the thermal

density matrix under consideration.

Future directions of the research include the generalization to different quantum

fields, for example, a conformal chiral matter with spin, out-of-equilibrium conformal

matter (for the example given by quenched states in two-dimensional background) as

well as a non-conformal matter.
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