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Quantum correlations are key information about the structures and dynamics of quantum many-body systems. There are
many types of high-order quantum correlations with different time orderings, but only a few of them are accessible to the
existing detection methods. Recently, a quantum-sensing approach based on sequential weak measurement was proposed
to selectively extract arbitrary types of correlations. However, its experimental implementation is still elusive. Here we
demonstrate the extraction of arbitrary types of quantum correlations. We generalized the original weak measurement
scheme to a protocol using synthesized quantum channels, which can be applied to more universal scenarios including
both single and ensemble quantum systems. In this quantum channel method, various controls on the sensors are
superimposed to select the sensor-target evolution along a specific path for measuring a desired quantum correlation.
Using the versatility of nuclear magnetic resonance techniques, we successfully extract the second- and fourth-order
correlations of a nuclear-spin target by another nuclear-spin sensor. The full characterization of quantum correlations
provides a new tool for understanding quantum many-body systems, exploring fundamental quantum physics, and

developing quantum technologies.

Introduction

Correlations of physical quantities are key to understand-
ing quantum many-body physics'~, nonlinear optics®, solid-
state nuclear magnetic resonance (NMR)™° and open quan-
tum systems’~'", and are relevant to some quantum-enhanced
technologies''~'>. Second-order correlations'*!> are the un-
derlying physical quantities measured in a broad range of fields
such as linear optics'®, transport'’, thermodynamics'®, neu-
tron scattering'”, and are directly extracted in various quantum
systems such as single solid impurities’*~>*, quantum dots>>->
and superconductor qubits’’. Recently, it is indicated that
high-order correlations are relevant to mesoscopic quantum
many-body systems>>*??. How to systematically characterize
these correlations then plays a central role in investigation of
various quantum systems™*".

In general, the dynamics of a quantum system is deter-
mined by the correlations NI = Trg (B" - -- B,°B/"' p),
where p is the initial state of the system and 7, = =+1.
The super-operators of the commutator and anti-commutator
at time ¢ (with 11 < 1, < ---1y) are defined as B, p =

—i[B (1x) p - pB (1x)]/2 and Bip = [B (1) p + pB (11)]/2,
respectively. The quantum quantities B (¢ ) at different time
1 in general do not commute, i.e., B (t;) B (t;) # B (t;) B (1;)
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when i # j. Therefore, the high-order quantum correlations
have a rich structure resulting from different orderings®'~3.
There are 2V ~! inequivalent correlations corresponding to dif-
ferent nesting of commutators and anti-commutators in time
order'*****  Among these numerous correlations, several
special forms have been widely investigated and play sig-
nificant roles in many subjects. For example, the nonlinear
spectroscopy'”, in which the system is detected by a classi-
cal sensor, measures only one type of time-ordered correla-
tions, namely, C*~ ="~ = Trg (B}, - -B; B; fB). Another
widely used tool is the noise spectroscopy”’, in which the
target system is approximated as a classical stochastic noise
field, and it usually extracts the symmetric correlations like
C™* =Trg (B}, --- ByB/pB). As shown in Fig. 1a, using
the quantum sensors to detect the target systems is necessary
for the full extraction of the quantum correlations, but few
studies on this subject are carried out. Recently, it is pro-
posed theoretically that the sequential weak measurements via
a quantum sensor can extract arbitrary-order correlations of a
quantum bath®’. By preparing the initial state and choosing
a certain measurement basis of the sensor, one can pre- and
post-select the coupling between the sensor and the target sys-
tem to access arbitrary types and orders of correlations of the
target system. A very recent experimental work also used the
sequential weak measurement to obtain the mixed signals of
the fourth-order correlations of single nuclear spin*®. Until
now, selective detection of arbitrary types of correlations has
not yet been realized in experiments.
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Fig. 1. Schematics of the measurement protocol for arbitrary quantum correlations. a, Quantum sensors vs. classical sensors for
correlation measurements. Only one type of correlations is accessible to a classical probe while arbitrary types of correlations can be extracted
by a quantum sensor. b, General protocol to extract arbitrary types of quantum correlations with synthesized quantum channels on a quantum

sensor. ¢, Diagram representation of a designed quantum channel for me

asuring the second-order correlation C*~. d, Diagram representation

of a designed quantum channel for measuring the four-order correlation C*~~*. The initial state 5 and observable 0y are represented by the
four-vectors. The blue solid lines inside the rectangles denote the transfer paths of S;—' (e.g. the two lines in the rectangle of S represent the
transfer paths like ox < o7y), and the green lines denote the transfer paths of the quantum channels ;. The connected paths denoted by
solid lines represent the selected ones to measure the desired correlations. Those denoted by the dashed lines are disconnected to block the

unwanted correlations.

Here we demonstrate the extraction of arbitrary types of
quantum correlations. In stead of the original weak measure-
ment scheme®, we propose a more general protocol using
synthesized quantum channels to select the coupled evolu-
tion of the quantum sensor and target system along a specific
path, leading to a desired correlation detected by the final
measurement. This quantum channel scheme is universal, ap-
plicable to both single and ensemble quantum systems. Using
the versatility of NMR techniques, which are a powerful tool
for studying quantum many-body physics®*’ and correlation
measurements>>*’, we demonstrate the scheme using nuclear-
spin targets and sensors. We extract the second-order correla-
tion C*~ and fourth-order correlation C*~~*. Itis expected that
the measurement protocol for arbitrary quantum correlations
will provide an essential tool for studying quantum many-body
physics and finding the applications in quantum technologies.

Scheme

Consider a quantum sensor S transiently coupled to a quantum
many-body target B at time #; for a short time ¢t, the state
evolution is governed by the interaction Hamiltonian V = § ®
B(1). Then the corresponding Liouville equation 8,5 (¢) =
=i [V, p (1)] has the first-order approximation*!

Pt +6t)~ [1+2(S" @B +S @ B;)dt]| p(tx), (1)

where S*/B;" are the super-operators as defined before and

Bi = B (1r). Suppose the sensor and target are initially sep-
arable, i.e., p (0) = ps ® pp. After passing through the N

transient interactions successively at f; < tp < -+ < ty, the
final state after 1 becomes
N —
prx > T[] (™ e B) | pse i @
nre{+,0} k=1

where 7 is the time-ordering operator and ® = ZkN=1 (7|
Here 77, € {+,0} and we define S° = Bg =1,k=1,---,N.
7 = —Nk, which means S* are always adjoint with 8,7. Then
by taking the partial trace over the target, one obtains the
reduced density of the quantum sensor:

N
(fr []s™
k=1

which is completely determined by all types of quantum cor-
relations C''N "1 = Trg (B" --- B" B[ pg) and O defines
the order number of the correlation C*7V "1 In general, direct
measurement on the quantum sensor would involve all possible
kinds of quantum correlations.

To selectively extract arbitrary types of quantum correla-
tions CIN""M vyia the quantum sensor, we insert a general

ps (1) ~

(=~ > (@m®cmem
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Fig. 2. Measurement of the second-order correlations C*~. a,
Experimental diagram for measuring second-order quantum correla-
tion C*~. Uc(61) = e V9! is the coupled evolution for the case of
pure dephasing. Ug(12) is the free evolution of the quantum target
under its Hamiltonian A g for time To1 = tp — t1. The two synthesized
quantum channels are (Y +Y) /2 = [Ry (7/2) + R—y (7/2)]/2 and

Y =Ry (7/2). b, Measured values of <6—§> versus the time interval
791 for 6t = 0.1 ms (left graph) and 6¢ = 0.5 (right graph). ¢, Mea-

sured values of é—f

The inset shows the linear fitting of the logarithmic data. In b and c,
the red solid lines denote the theoretical curves of the target signals
((5t2C+_), the black dashed lines denote the numerical simulations of
S5 in equation (13) and the error bars are given based on the fitting
errors of experimental spectra (see Supplementary Note 3).

versus Jot with a fixed interval 7; = 10 us.

‘quantum channel’ (denoted by a super-operator Py ) before
each short-time (d¢)-coupling evolution, as shown in Fig. 1b.
Such a set of quantum channels can be realized by some unitary
or non-unitary operations applied on the quantum sensor, such
as rotation, measurement or polarization (see Supplementary
Note 2). Then the final state of the quantum sensor turns into

s~

i €{£,0}

N
(261)® ¢ (7‘]—[ S Py | ps. (4)
k=1

After measuring the observable O on the final state of the

quantum sensor, the obtained signal is

Sy =Trs [éﬁ’s (t)] ~ Z StOATIN TN (5)
Nk e{=,0}

where the coefficient is

N
AN = 20T | O Tﬂsﬁwk bs| . ©6)

k=1

In order to selectively extract arbitrary types of quan-
tum correlations, we can design a set of quantum channels
{P} (k = 1---,N) together with an observable O, so that
only one term of equation (5) is reserved, e.g.,that associated
with the correlation C¥~ 71, To achieve this goal, the chan-
nel sequence {#P;} and observable O have to make sure the
coefficient AY~ 71 # 0, while all other A~ "t vanish for
nN---n # yn---y1. Fig. 1b visualizes this idea. When
passing through each ot slice, the quantum target has three
evolution options: B}, B, and 1. If the designed quantum
channels P are inserted between the neighbouring d¢ slices,
only one connected path that leads to the desired correlation is
reserved while other evolving paths of the quantum target are
blocked. The extraction of arbitrary correlations in the case
of more general coupling interaction (V = Ziy:l So®B,) can
be achieved by a generalized method, where the problem is re-
duced to solve the indefinite linear equations. It can be proved
that it is always possible to find a solution because that the
number of the linear equations is always less than the control
elements (see Supplementary Note 2).

Next we will take the second-order correlation C*~ and the
fourth-order correlation C*~~" as examples, where a spin-1/2
system is chosen as the quantum sensor coupled to a quantum
target by pure dephasing spin model V(7) = %é’z ® B(r). Here
%6‘2 is the z component of the sensor’s spin operator, which
corresponds to the super-operators of commutator S and anti-
commutator S}. The initial state of the quantum sensor is
ps = (1 + pd;) /2 (p is the polarization of the sensor) and
the final observable is O = 0. The quantum channels are
constructed by synthesizing the spin rotations of the quantum
Sensor.

For measuring C*~, two channels P, P2 are designed to
reserve the coefficient A™" while making other coefficients like
A*~ and A~ vanish (see Methods). The scheme can be clearly
illustrated by the channel diagram as shown in Fig. 1c. Since
{1, 6, 0,5} constitutes a complete basis for the Liouville
space of spin-1/2 system, the initial state ps and observable
O can be represented by four-vectors. The super-operators
like S/* and Py are the 4 x 4 matrices in this representation.
SZ are always adjoint with 8;7. Consequently, the only non-
vanishing coefficient A~ associated with the correlation C*~
corresponds to the connected path (in solid line) that starts
from 1 of the initial state and ends at 6-, measurement of the
final state (see Fig. 1c). As given in Methods, the coefficient
A™* = 1, thus the measurement signals of <6'y> on the quantum
sensor give the information of second-order correlation S, for
n = 2 in equation (5)].

The measurement of C*~~* can be realized by four quantum
channels P, PInd, pnd, P4 (see Methods). As shown in
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Fig. 3. Measurement of the fourth-order correlations C+“+._a, Experimental diagram for measuring the fourth-order correlation Ct* The
symbols are the same as Figure 2a. X/X = R.x(n/2) and Y /Y = Ry (7/2). The quantum channel [(X + X)/2]" is designed to be robust to

the pulse errors by repeating the quantum channel (X + X)/2 for n times. b, Measured values of <6-yc> versus 11 for n = 1 (blue scatters) and
n = 3 (black scatters) when 6t = 0.5 ms and 130 = 743 = 10 us. The green dash-dotted line denotes the ideal simulated signal. ¢, Measured
values of <6—§> versus Jot for the fixed 51 = 10 us. The inset is the linear fitting of the logarithmic data. In b and ¢, the red solid lines denote

the theoretical curves of the target signals (5t4ch+“+). The black and blue dashed lines denote the corresponding numerical simulations of
S4 forn = 1 and n = 3 with /2 pulse error. The error bars are given based on the fitting errors of experimental spectra.

Fig. 1d, the non-vanishing coefficient A~**~ associated with

C*~~* corresponds to the connected path (in solid line) that
starts from &, of the initial state and ends at -, measurement of
the final state. The other irrelevant paths are blocked because
the coefficients related to them all vanish. Since A=**~ = p
(see Methods), the final measurement signals of (&) on the
quantum sensor give the information of fourth-order correla-
tion S4 for N = 4 in equation (5).

It is worth noting that some quantum correlations are inac-
cessible to the synthesized spin rotations of a spin-1/2 quantum
sensor. For instance, the extraction of the third-order correla-
tion C*~* or any correlation like C*~ "~ with an odd number
of commutators (8, ) requires the quantum channels that con-
nect 1 with x/y/z, which can’t be synthesized by the rotations
of a single spin-1/2 system. To measure them then, quan-
tum channels beyond synthesized spin rotations or multi-spin
quantum sensors are required.

Experimental demonstration

The scheme above is experimentally demonstrated by using
nuclear spins at room temperature on a Bruker Avance III
400 MHz nuclear magnetic resonance (NMR) spectrometer.
The sample is carbon-13 labeled acetic acid ('*CH;COOH)
dissolved in heavy water (D,0). The methyl group (-'3CHj3)
in acetic acid can be seen as a central spin system, where the

13C nucleus is the central spin as the sensor while three 'H
nuclei constitute the quantum many-body target. The natural
Hamiltonian of the system in doubly rotating frame is the
coupling term Anmr = %JCH&ZC ® Z?: | 0, with the coupling
constant Jcy = 129.6 Hz, and directly generates the pure

dephasing Hamiltonian V = %&Z ® B between the sensor and

the target, where the target operator is B = %J Z?:l é'l.H with

.2
J=2nJcy.

Figure 2a and Figure 3a show the experimental procedures
for measuring the second-order correlation C*~ and the fourth-
order correlation C*~~F, respectively. The system is initially
prepared in a separable equilibrium state p (0) = ps ® pg with
ps = (1+pcoC) /2 and pp = (]1 Y, &}fx) /8, where
1 is the unit operator and pc, py are the thermal polarizations
(~ 1073) for the 13C and 'H spins, respectively. A continuous
radio frequency (RF) field on resonance along x axis is applied
on the 'H spins to create the local Hamiltonian of the target:

I:IB =nv Z?:l &in, where v =~ 24000 Hz is the nutation fre-

quency of 'H spins. The quantum channels are constructed
by the synthesis of 7/2 pulses R, (7/2) with different phases
a. In experiments, they can be well realized by the phase cy-
cling technology in NMR*’. Finally, the signals are recorded
by measuring the magnetizations of central spins ('*C) along
y axis, i.e., (&yc >, from which arbitrary correlations can be



extracted by different quantum circuits with suitable phase
cycling schemes.

Figure 2b presents the measured values of <6'yc > versus the
evolving time 1) = t, — t; for 6t = 0.1 & 0.5 ms (black
scatters), from which the second-order correlation C*~ [equa-
tion (15)] is extracted. The target signals 6:°C*~(t,, t1) (solid
red lines) and the numerical results of S [equation (13)] (black
dashed lines) are also presented. As theoretically expected, the
measured signals show oscillatory behavior with 7,;. The rel-
ative deviation (defined in Methods) between the measured
signals and the target signals is A = 32.3% for 6 = 0.1 ms and
A = 18.8% for 6t = 0.5 ms. We also plot the dependence of
(&) on Jor with a fixed interval 75; = 10 us in Fig. 2c. From
this we find that with the increase of ¢, the experimental data
show increasing deviation from the target signals (red solid
line), but agree well with the numerical simulation (dashed
line). The deviation between the numerical simulation and the
target signals comes from the theoretical approximation due
to the finite value of 6¢. Moreover, we fit the measured signals
(6’5) with a power law of (J61)* and find k ~ 1.856, which
is close to the ideal value k = 2. A little smaller k is mainly
caused by the higher-order contribution in S, due to the finite
value of 6t [see equation (13)]. As expected, we can see from
Fig. 2c that the deviation is negligible when J§t — 0 while
it becomes remarkable when Jot — 1. Meanwhile, we can
also find from the inset that the fitting increasingly deviates
from the linearity and the fitting parameter k becomes unstable
due to the lower signal-to-noise ratios (SNRs) when Jor — 0.
Therefore, there exists a trade-off between the theoretical ap-
proximation and the SNR of the measured signals resulting
from 6¢. The optimal value of 6t can be obtained with the
aid of the numerical simulations (see Methods and Supple-
mentary Note 4), and ¢ = 0.5 ms is a relatively suitable time
to extract the second-order correlations. Besides the errors
from the theoretical approximation, other error mechanisms
leading to the deviation between the experimental data and the
numerical simulation include the control imperfection of the
m/2-pulses, the evolution error of the quantum target caused
by the RF inhomogeneity and the readout error from the final
measurement. We numerically analyze the contributions of
these errors, where the error from the 7 /2-pulse imperfection
is very small in the measurement of the second-order correla-
tions (see Supplementary Table 3).

It is more difficult to measure the fourth-order correlations
since the target signals will be much weaker than those of
the second-order correlations. As shown in equation (19), the
signal related to C*~~* is proportional to §¢*, which leads to
higher requirements for the experiments, including the higher
sensitivity of the quantum sensor and the higher control ac-
curacy of the quantum channels. While the 7 /2-pulse imper-
fection (about 2% ~ 3% relative error) is negligible in the
measurement of the second-order correlations, it will bring a
considerable impact on the measurement of the fourth-order
correlations. As analyzed in Methods, the non-ideal channel
Pg‘“d will result in a severe leakage of lower-order correlations
to the measurement of the four-order correlations and over-
whelm the desired signal C*~~*, which brings a challenge in
measurements. Hence the scheme as shown in Fig. 1d is prac-

a

36 ""‘:;' 4"‘«\&;’#”
Ej R LA

2 R

x10°

Fig. 4. Experimental measurement of the 2D structure of the
fourth-order correlations C*~~*. a, Measured signals S4 (721, 743)
with the robust quantum channel. b, Spectral density of the fourth-
order correlation C*~~*(fy, fy), which is obtained from the 2D
Fourier transform of S4 (121, 743)-

tically infeasible in experiments. To overcome this problem,
we design an error-resilient channel by repeating the non-ideal
P;“h for n times to weaken the unwanted low-order correla-
tions (see Fig. 3a). As demonstrated in equation (23), the

robust channel P;“h

channel with an error of order 66" as n increases. Therefore,
the unwanted lower-order signals (57>C*%°*) can be effectively
suppressed.

Figure 3b presents the measurement values of <6'yc ) versus
the evolving time 1p; = 1, —11, including both the cases of n = 1
and n = 3. Here 135 = t3—1; and 743 = 14 —t3 are fixed at 10 us,
and 6t = 0.5 ms. The target signal 61*pcC*+ (14, 13,11, 11)
(solid red line) and the numerical results of Sf [equation (23)]
with (i.e., n = 3, black dashed line) and without (i.e., n=1, blue
dashed line) the robust channels for the pulse imperfections, are
also presented. For the robust channels (n = 3), the measured

exponentially approaches to the ideal



signals (black scatters) agree well with the target signals, and
the relative deviation between them is A = 23.5%. By contrast,
for the non-robust channels (n = 1), the measured signals
(blue scatters) show serious deviation from the target signals
(A = 112.2%), which makes the data almost untrusted for
measuring C*~~*. For the robust channels, we also plot the
dependence of (6-C) on Jét with a fixed interval 75 = 10
us in Fig. 3c. Similar to the results of measuring C*~, the
experimental data (black scatters) are in good agreement with
the numerical simulations (dashed black line), but gradually
deviate the target signals (red solid line) when Jot — 1. As
shown in the inset, the power law fitting of the measured
signals <6'yc > o (Jor)k gives the exponent k = 3.492, where
the deviation from the ideal prediction k = 4 is also mainly
caused by the higher-order contributions to S4 due to the finite
value of 6¢. Besides the approximation errors from ¢¢, the main
experimental errors of measuring the fourth-order correlations
by using the robust channels are the evolution error of the
quantum target caused by RF inhomogeneity and the readout
error, while the control error caused by 7 /2-pulse imperfection
is almost negligible (see Supplementary Table 4). We also
analyze the trade-off between the theoretical approximation
and the SNR of the measured signals resulting from ¢¢, and
ot = 0.5 ms corresponds to relatively low errors (see Methods).

To achieve the complete fourth-order quantum correlation
C* 7 (4, 13,12, 1), we measure the signals of S4 versus the
evolving time 11 and 743 (note that C*~~* doesn’t depend on
T37) using the robust quantum channels (see Fig. 4a). The
measured signals show two-dimensional oscillatory behavior
along with 7»; and 743, and the spectral density are obtained
from the 2D Fourier transform of S4 as shown in Fig. 4b.

Conclusion

We demonstrate selective measurement of arbitrary types and
orders of quantum correlations via the synthesized quantum
channels with a quantum sensor. The correlation-selection ap-
proach based on synthesized quantum channels is more univer-
sal than the previously proposed weak measurement scheme in
that the former is also applicable to ensemble systems. We suc-
cessfully extract the second- and fourth-order correlations in a
system of nuclear spins with a spin-1/2 sensor. The experiment
can be generalized to the quantum sensors of higher or multi-
ple spins, as well as bosonic or fermionic systems. Compared
with the conventional nonlinear spectroscopy, this scheme ex-
ponentially broadens the accessible correlations. Higher order
correlations provide new important information about quan-
tum many-body systems that is not available from conventional
nonlinear spectroscopy”. Our work offers a new approach to
understanding quantum many-body physics (e.g., many-body
localization**** and quantum thermalization**°), to exam-
ining the quantum foundation (e.g., quantum nonlocality*’),
and to providing key information for quantum technologies
(e.g., the characterization of quantum computers and quan-
tum simulators, the optimization of quantum control and the
improvement of quantum sensing”*).
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Methods
Measuring C*~. According to equation (5), the second-order
correlation C*~ corresponds to the target signal

Syt = s AT Y, (7
with the coeflicient
AT =2 Trg (OS;PRUSIPps ) ®)

To selectively extract the second-order correlation C*~ under
the current experimental setup, we need to make A~ become
the only non-vanishing coefficient. Then with the help of the

channel diagram in Fig. 1c, the quantum channels 7912";‘ are
designed to be '
P = [Ry (1/2) + Ry (x/2)] /2, ©

P3N =R, (n/2),

where R, (7/2) is the /2 spin rotation along @-axis and Plz“d
is realized by the combination of two /2 rotations.

In the representation of {1, &, 0, & }, the matrix forms of
S7 are

0001
0000
28;:0000, N , (10)
1000

and the matrix representation of R, (0) is

Rq (60) = (é R(g?na)) . (11)

Here R (6,n,) is the 3D rotation along the axis n,. The
matrix elements (R;;) of R (6, n) for n = (ny, ny,n;) are

3
Rij (0,m) = 6;j cos O+n;n;(1—cos 9)+sin92 € jknk, (12)
I=1

where i, j,k € {x,y,z}, and € is the Levi-Civita symbol.
Since a spin-1/2 quantum sensor has the vector form of density
matrix g = (1, px, py, pz) /2, whose measurement result of
67 is Tr (6:p) = 2p;. Then with ps = (1 + pd;)/2 and
0 = 0y, the coefficient is calculated to be A~t = 1, while
other coefficients such as A%* and A* vanish. Hence the
measurement signal is

Sy = 612C* (12,11) + O (5#) . (13)

Considering the 7 /2-pulse imperfection with the angle error
(n/2 — /2 + §6), the measurement signal becomes

SE = cos (86) 622C* (12, 11) + O (5;4)
(14)
~ (1 - 692) S2CT (ta,11) + O (6t4) .

Then the pulse imperfection consequently introduces an error
of order 62 to the amplitude of the measured signal, which is
usually small.

For the initial state of the quantum target in experiment pg =

(]1 +pa Y, &Ex) /8, the target operator B = 1J 37, ol

and the local Hamiltonian Hg = 7v Z?:l o

1,x°
form of C*~ is

C* =Tt [B*(12) B (11) ]

the specific

(15)
= %szH sin [27v (1 — 11)],

Obviously, the target signal 6t>C*~ quadratically depends on
Jét.

Measuring C*~~*. According to equation (5), the fourth-order
correlation C*~~* corresponds to the target signal

Sy = srtATH O, (16)

with the coefficient
AT =2 T (OS; PYNSIPINSIPINS P ps) . (17)

To selectively extract the fourth-order correlation C*~~* under
the current experimental setup, we need to make A=~ become
the only non-vanishing coefficient. Then with the help of the
channel diagram in Fig. 1d, the quantum channels P}'} ; , are

designed to be
Pt =PI = [Ry (1/2) = Ry (n/2)] /2,
Py = [Re(n/2) - R (x/D] /2, (18)
PP = [Re(n/2) + R_x(n/2)] /2.



With ps = (1 + pcd~)/2and O = 07y, the only non-vanishing
coeflicient is calculated to be A~**~ = p. Then the measure-
ment signal is

Sy = 5l‘4ch+__+ (t4,13,12,t1) + O ((51‘6) . (19)

Similar to the case of measuring C*~, the non-ideal quantum
channels caused by 7 /2-pulse imperfection (/2 — 7/2+56)

will introduce an overall coefficient cos (66) to P/ . ie.,

P — cos (66) P{",. However, the error mechanism of

P is totally different because two extra matrix elements
proportional to sin (66) are introduced:

10 0 0

w |JOT 0 0

P57 =10 0 —sin(50) 0 (20)
00 0  —sin(50)

In this situation, an extra path related to lower-order correlation
C*%% will be connected and get mixed with C*~* in the final
measurement signals, i.e.,

Sy = pccos (60)° 5t*CT (14,13, 12, 11)

2D
+ pe sin (66) 652CT (14,11) + O (5:") .

: 4th
Consequently, the non-ideal channels PI,Z, 4

scaling factor cos (66)° ~ 1 to the fourth-order correlation
C*~~*, which can be easily corrected by the error calibration.
But the imperfection of P;“h has greater impact on measuring
C*=* for two reasons: On the one hand, the non-ideal P
introduces the lower-order correlation signals of &t% scale,
which are much larger than the signals of C*~* (~ 6¢). On
the other hand, the error order of sin (66) ~ 66 is also lower
than cos (60) ~ (1 — 662/2).

To deal with the major error source, an error-resilient quan-
tum channel is constructed by repeating the non-ideal Pg‘th for
n times, whose matrix form is

only bring a total

0 0
0 0
sin (660)" 0
0 —sin (66)"

10
am)” _ 0 1
(P =10 o - @2

00

As shown in Figure 3, for ps = (1 + pcd)/2 and O = &,
the non-vanishing coefficients are calculated to be A7~ =~

pc(1- 602/2)3 and A7 ~ pc (=66)". So the measured
signal using the robust channel becomes

E 2 3 4
Sy = pc (1 -6 /2) O1*CYT (14, 13,12, 11) o3
+ pe(=60)"612CT% (14, 1)) + O (51‘6) ,

which reduces to equation (19) without r/2-pulse error (66 =
n

0). Since the robust channel (Pg“h) exponentially approaches

to the ideal channel with an error of order 6" as n increases,

the unwanted low-order contribution (672C*%%*) in the mea-
sured signals can be effectively suppressed.

With the same experimental setup as measuring C*~, the
specific form of C*~* is

CTr = Tr [B(1)B7 (1) B (12)B* (11) s

24
- 13_6J4 sin 27y (12 — 1)] sin [27v (14 — 13)] , ()

which means the target signal (62*C*~~") quartically depends
on Jot. Moreover, the specific form of the lower-order error
term C*00* is

CHO% =T [B*(14)B™(11)p8]
3, (25)
= 4_1] cos [2nv (14 —11)] .

Therefore, to eliminate the major error source from the com-
ponent of C*%%* in equation (23), we need to ensure

1 3
7 (1 - 592/2) (J51)% > [56]" . (26)

For the angle error 68 = 0.04 rad from experimental error
calibration and 8§t = 0.5 ms, we can deduce that n > 1 is
required to eliminate the lower-order signals.

Error analysis. To quantify the deviation between the exper-
imental data array X = {x(7;)} and the theoretical data array
y = {y(7:)} (1; is the sampling time point), we use the absolute
error E and relative error A defined as:

E=i-5, a=||/51. @)
where ||X]| = v, |x(7;)|? is the Euclidean norm. The theo-
retical approximation error of finite §¢ can be measured by

§sim _ §target

EM = , (28)

where S@rEt is the target signals, and S5 is the simulated
signals of S, or S4. Besides that, other errors in experiments
include the control error caused by m/2-pulse imperfection
(1:: 7/2), the evolution error of the quantum target caused by RF
inhomogeneity (E €v0), and the experimental readout error (E n.
After characterizing the deviation of 7/2-pulse, the decay rate
of the oscillatory signals, as well as the strength of spectral
ground noise, these imperfect signals with only one type error
can be numerically simulated, which are defined as S7/ 2 gevo
and S respectively. Then these error contributions can be
investigated separately by calculating the deviations between

these imperfect signals and the ideal signals S5m e,
E_v’n/Z — §n/2 _ Sv'sim

-evo
,ETT =

§evo _ S’sim’ Er =

§r _ Sv’sirn‘ )

Therefore, their relative errors, i.e., A™/2, A®° and A, are
presented in Supplementary Table 3 and 4 according to the
definition (27).



Optimal coupling-evolution time. The scheme in experi-
ments requires a relatively small ¢ for a high enough the-
oretical approximation. However, as the ®-order-correlation
signals are proportional to 612, smaller §¢ will lead to lower
SNRs in practical measurement. Therefore, a trade-off be-
tween the theoretical approximation and the SNR of the mea-
sured signals can be described by the total relative error of the
target correlation signals (see Supplementary Note 4):

6l®+2

Er

£ o1) + |

Bl (5;)” + )

Fevo (6t)H + ‘

AtOi (6t) -

§target (50 H

577N+2'”7]1 + E_"r
~ - +A™% (56) + A
(5t®| ATIN T CIN -1 H

Here S@re°t (51) = 619 AN C'IN "1 s the target signals of
the desired correlations. A”/? (86) is the relative error caused
by the 7/2-pulse imperfection (7/2 — x/2 + 66), which is
derived from equations (14) and (23):

562, for C*,

pc[l-(1-592/2)3], for ¢+, #

AT (560) ~ {

Note that the lower-order leakage in equation (23) is greatly
suppressed when equation (26) is satisfied. A®° is the relative
error caused by RF inhomogeneity, i.e.,

(1) - o]

=

A = (30)

Here k = 2.76 x 10° denotes the decay rate of the free evo-
lution of the quantum target and 7 is the sampling time list.
E" is determined by the ground noise of spectra and totally
independent of ét. Therefore, the 7/2-pulse imperfection and
rf inhomogeneity together contribute a constant relative error.
Then, by taking dAS' (67) /At = 0, the optimal evolution

time is obtained:

1/(0+2)

-

ClIN+2 T

2

Stope ~ _ 31)
@) Er

With the experimental estimations of the parameters of the
error sources (see Supplementary Note 3), all of these error
sources can be simulated individually. Supplementary Fig-
ure 4 presents the simulated total relative error At (6¢) versus
6t of measuring C*~ and C*~~*. Then, the optimal 6¢ with
the smallest relative error can be obtained, i.e., 0fopy = 0.35
ms and 0.38 ms for C*~ and C*~~* respectively. The coupling
time 6t = 0.5 ms used in experiments also corresponds to
relatively low errors.
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The supplementary information contains some theoretical details about the construction methods of arbitrary quantum
channels, the analyses of the main experimental error sources and their contributions, as well as some additional
experimental data and details.

Supplementary Note 1. Construction of arbitrary quantum channels

The super-operator £ can be constructed by arbitrary physical processes, which is described by CPTP (Completely Positive
Trace Preserving) map M and satisfies

MP)T =Mp, Mp=>0, TrMp=Trp. 1)
Here Mp can always be expanded as
D
M,@ = Z Cn,mAn.ﬁAjrz» ()
,m=1

where D is the dimension of Hilbert space and A, is complete (3, AnAZ, = 1) and orthogonal (Tr ALAH = Omn) Operators
to expand the density matrix. For the case of spin-1/2 system (D = 2), there are four A, which can be four Pauli matrices
{1,6«,0y,6;}. If Mis CPTP, C,,, must be Hermite (CT =C)and positive matrix (C > 0). The elements of the super-operator

A, pAL can in principle be constructed by combination of a complete set of various M with different C,, ,,,. This indicates that
the super-operator # can be constructed arbitrarily through combination of a complete set of CPTP map M.

Taking spin 1/2 system for example, there are sixteen basic super-operators 6,05 (i = 0, x, y, z). For convenience, we regroup
it into symmetric and anti-symmetric form

Jo = 60pb0,

Jsp=(Oap+p0a)/2, a=xY,z

Ja b =-1(Cap — pFa)/2, ¥=x,y,z, 3)
5 = T = (GapOp +05p00) (2. a<f=xy.1,

g = ~Tpo = —i(Taplp — 0ppFa) /2. a<p=x.y.z.

We consider how to construct these generators through the physical process. Firstly, we consider the unitary evolution. Unitary

These authors contribute equally
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9Electronic mail: rbliu@cuhk.edu.hk



’Symbol\ Operation The physical meaning ‘ Matrix form
RO rotation around any axis by angle 0 R(0,n)
‘Rf/z rotation around axis x by angle /2 R(7/2,ex)
‘R;/z rotation around axis y by angle /2 R(7/2,ey)
‘Rf/z rotation around axis z by angle /2 R(7/2,e;)
R;ﬂ/z rotation around axis x by angle —m/2 R(-7/2,ex)
R;"/z rotation around axis y by angle —m/2 R(-7/2,ey)
R;"/Z rotation around axis z by angle —x/2 R(-7/2,e;)
/2 . o Xty extey
‘ny/z rotation around axis N by angle /2 R(n/2, N )
T . . y_+Z ey+ez
Ryz/2 rotation around axis 5 by angle /2 R(n/2, 5 )
T : fo ZHX e +ey
Rox rotation around axis N by angle /2 R(r/2, i )
My Measure along the x axis | +x) (+x|p] + x)(+x| — | = x)(=x|p| — x){—x]
My Measure along the y axis [+ ) {#v1ol+ )yl = [ = ) {=p18] = (=l
M Measure along the z axis | + 2)(+z|p| + 2){+z| = | — 2){~z|p| — 2){~z|
P, Polarizing the state to | — z) 10)(01p|0){0] + [0)(1]p|1)(0] = 1 [:]0—2:];+ (j;x + T, + ;Z) —zgfx—y]ﬁ
Py Polarizing the state o | — x) RIPp R = L gy - 297 + (j;x + T+ z;z) ~295 |6
Py Polarizing the state to | — y) R;ﬂ/2sz§/2ﬁ = % Jo =295 + ( o+ Iy + ;%) -295| P

Supplementary Table 1. The definition of the sixteen operations. The red symbols indicate the operations beyond the NMR control.

evolution can be written as U = cos 867 —isinn 04

llélﬁ = (cos 067 —isinOnyb4) P (cos 0 +1isinOngby)

—1(Gap00 — 60p0a)
2

- [0052 0.0 + 2 cos 0 sin On o J,; + sin’ Hnanlgjgﬁ p.

Oafplg+ 0P

5 “

= cos? 000000 +2cos 0 sinbn, + sin? Ongng

The multiply algebra of Jy, J, and 7, 5 is self-closing and is not enough to generate the elements .7, 7, 5 This means that
unitary evolution is not complete to generate all the generator in equation ((3)).

If dissipation process is introduced, the generator can be constructed completely. For example, if we can do measurement of
& , the density matrix will collapse to p — | + z){+z| with probability p. = (£z|9| + z). Then we can construct the process

p— ) puluzyuzl = Mop = |+ 2)(+zlpl + 2) (2l = | = 20 (=2l - 2)(=2l. o)

Using M, we can construct the process 7" Combined with the unitary rotation, [ ‘“/y can also be generated. The element can

be introduced by polarization process as shown in (Supplementary Table 1). As a result, all the sixteen basic elements can be
generated via the set of complete operations shown in (Supplementary Table 1) (Note: these operations is not unique).

Since G’ = {RO,R:/’;//ZZ,ﬂfy,ﬂ;’z,ﬂfx,/\/(x/y/z?x /y/z} constitute a complete but non-orthogonal basis for any quantum

channel £, then our aim is the construction of  though the above set of physical operations G’, namely,

16
P=3 pa (©)
i=1

The central work is the calculation of the weight p;. We discuss the problem in the basis of 1, 6, &, &, and the matrix form of
super-operator is denoted by blackboard bold

P= Z piG. )

Then we project the above equation in the basis {Gy4(m-1) = |mXn|,1 < n,m < 4}, which is complete }; GiGlT = 1 and



sparse elements) operation | R? RQ/Z ‘R;rﬂ Rg/z R;ﬂ/z R;”/z Rz_ﬂ/z REy [R7Z [ RI (M My Mz |Px | Py | P
Poo 3l 3|z |3 1 i i |0Jojojojojojojojo
Pox Pl l-tl-4l 44l -Y]ojoflo|1]o]o|1]|O]O
Poy sl-tl-sl-2l -t -f|l-2]o0]Jojojojt1fofof1]O
Po, P-4t 424l -Y]ojoflojojo|1]o]o]l
P 0 IR ES RN : 1 lojojo]ojo]o]|-1]0]0
Py lrl-rl-sl Y2l -Y]ojoflojojo]o]o]o]oO
Py =k [ =r = T oo o [ofo[ofolo
Pz % _% zlt _% _41_1 _All _% 0 0 % 0 0 0]0j0]0
Pyo IR ES RN, : 1 lojojojojo]o]|o]|-1]0
Py P [ T=r =i =i oo o [o o [ofo]o
Py VT i ToTo oo [o o fofolo
P L =i To [ fo o [o o fofoTo
P.0 IESEEERE : 1 Jojojojojo]o|o]|oO]-I
Pay b [T b To o F oo folofo]o
Pey VA [T = To 5 fo [0 [o o ]o]o
Pz % _% _411 ‘1_‘ _% _éll 711 0 0 0 0 0 0]0]0

Supplementary Table 2. Expansion of the basic sparse matrix on the representation of sixteen operations. The red operations can not be

accessible by unitary operations because it need the incoherent operations as indicated by blue color.

orthogonal Tr Gj@ j = 0;;. For example

0100
0000
“looo ol
0000

so we find
A=T-p,
where T}; = Tr G}Gl’. and A; =Tr Gj - P. The weight is calculated to be
p=T" A

For example, the quantum channel P, = |2)X2| can be expanded to

0000

joroo| 1 o 1 xp 1_xp 1_zp 1_ 2720 1__2p 1 _2p
Pee=| 0o o o m 28 3R - R - R4 RS - aRT ok

0000

1

2

The weight p; for other sparse quantum channel has been calculated in (Supplementary Table 2).

1 1 1
_ 1o 12 nen2 12, pnl2 12, p-nf2
- R +Z(R;' LR )—Z(R;’ +R;” )—Z(RQ +R” )

Supplementary Note 2. Extraction of arbitrary correlations in the case of general interaction

®)

C))

(10)

QY

The protocol in the main text can also been generalized to extracting the correlations for general interaction form as following

d
V(1) = ) Sal) ® Ba(0).
a=1

12)



We consider the weighted signal

D*

Sy = Z PBnSN By (13)
Bn=1

where By = {Bn," - -, B2, B1} is the index collective. pg,, is the weight for signal Sy g, defined as
Sn.gy =Tr [OUNCay -+ Cary UiCqy -+ Cay Ui Cay (Ps ® PB)] (14)

where each of the quantum channel is assigned to one element of the complete basis C,(a = 1, - - -, D*) for quantum channel (D
is the dimension of Hilbert space of sensor).
We expand U; to the first order of 6¢ and find that

tj+61 R
U=Tek 0= N (280 m STBE, (15)
@;,1i
where n; = 0, £1 and SZ."' are defined as
7 1 ; =
syt m=0 (16)
S(li T]i = +/_‘

If g = 0, the index @y takes no value and it denotes that the sensor is assigned to the super-operator 1. If ;. = +/—, the index
a; takes the values 1,2, - - -, d. Then the signal Sy becomes

D4
N g1 A7
Sn= D pay , QenEEmAlY o CIN 0oV, (17)

ﬂN=1 nn-¥N

CaN = CJIN Il is the correlation defined as

Cly = Try [BIN (1n) - BE ()82 (1) (18)
where
1 =0
By (1x) = _ '
o B (0) e =+/—.
The index follows the same convention as Sz,f (tx). If there is one index in ny,72, - - -, 7y being 0, CJN "7 is a correlation

with order less than N. For example, CI‘Z‘gJ’ =Trg [BI’(M)BE (tg)lB;(tl)ﬁB] =Trg [BI’(M)BZ‘ (tg)B;(tl)ﬁB] is the third order
correlation.
After summation over B, the signal is simplified to be

Sy= . (@onEE Il AN ClY + 0 (5, (19)
N-a@N
where
D4
AW = Y Py AN 5 (20)
Bn=1
and AZN is the coefficient
NsBN

AZ/I:/ By Trs [OAS%CﬁN e Cﬁi+lSZC,Bi e Cﬁzsgcﬁlﬁs : (2D

It is a constant if the observable O and ps are fixed.



If we can design the weight pg,, to make the coefficient AZ’;’, [see equation (20)] satisfies

_ — 0 _ o0
ATy o { 1IN N = @y (22)
0 else.

Since some correlations ng vanish naturally because the trace of commutator always gives vanishing result (for example,
the correlations Cy, /o M, C?,;,;’,Z,{,mm st C?,(}V";,O,;_l..mm ), the coefficients AgY associated with these correlations are

irrelavant. The number of these coefficients is

2d N+1 _ d
dQONTT+d )N+ d (2d)° = (;T (23)
N+l

When these coefficients are excluded, the number of equations in equation (22) is (2d + 1)V — (zdz)d—_fd. There are totally D*N

for the control parameters pg,, in equation (20). If D* > 2d + 1, then the solution of equation (22) always exists. For the spin
Hamiltonian, d = 3 and D > 2 always satisfie the condition D* > 2d + 1 and hence the extraction of any correlation is always
possible.

The signal equation (13) will reduce to the special case in the main text if 774, -.,m,a takes the following form

SAN-15°
N
Py = ]_[pm. 24
i=1
By inserting it into equation (13), we find
Sy =Tr | OUN Py - - Py U P - PYUV P (ps ® p 25
N=Tr PN U P YUy Py (Ps © PB) | » (25)
where
D4
Pi= ) PaiCa; (26)
a;=1

are the quantum channels used in the main text.

Supplementary Note 3. Experimental errors and data analysis

The error sources in the experiments include the control error caused by the 7/2-pulse imperfection (E™/?), the evolution
error of the quantum target caused by the RF inhomogeneity (E°'°), and the experimental readout error (E"). After calibrating
the deviation of 7/2-pulse, the decay rate of the oscillatory signals, as well as the spectral fitting uncertainty, these noise impact
can be investigated separately by numerically simulating the relative deviation between the signals X, with only one error source
and the signals X without any error. The contributions of these error sources are presented in Supplementary Table 3 and 4.

It is worth noting that the second and fourth order correlations we measured in experiment both decay much faster than the
T, relaxation rate. Suppose that the signal amplitudes decay exponentially, i.e., A = Age %, By fitting the experimental data,
we get the decay rate of the second-order correlation: k = 2.8 x 103 s”! (see Supplementary Figure 2a), corresponding to the
mean lifetime 7 = 1/k = 4 x 107 s. In contrast, the 7 relaxation time of the quantum target in our experiment, i.e., the protons
in acetic acid, is typically about 0.3 s, which is much longer than 7. Thus the 75 relaxation must not be the main cause of the
rapid decay. It is indeed caused by the inhomogeneity of the radio-frequency field (B;). To further demonstrate this, we directly
measured the NMR nutation spectroscopy of 'H as shown in Supplementary Figure 2b. By changing the length (¢) of the RF
pulse along y axis, we obtain the integral values of the corresponding thermal equilibrium 'H spectra of different flip angles.
The fitting result tells that the decay rate of the nutation spectroscopy is k = 2.76 x 103 s, which is about the same rate as the
second-order correlation.

The radio-frequency field (B) that varies along the NMR tube axis (z axis) is assumed to be the main cause of the RF
inhomogeneity'~. To theoretically describe the quantum dynamics under the inhomogeneous pulse, we suppose the strength
of radio-frequency field applied on the sample is a function of the z coordinate: B (z) (in Hz), and the coordinate range of the
sample column is —L < z < L. Then the general state evolution under the inhomogeneous RF pulse is

L
,5 ([) — / dze—iZnB(z) a'yt’b\oeiZHB(z)t/Tr

L
/ dZe_lan(z)tﬁoelan(Z)O—yt , (27)
L —
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ot (ms) A At AP AT Aev© A7/2
0.1  32.3% 0.2% 32.3% 7.5% 13.1% 0.0%
05  18.8% 5.4% 15.8% 0.4% 13.1% 0.1%
1 29.6% 20.2% 15.3% 0.1% 13.1% 0.1%

Supplementary Table 3. Main deviations of second-order correlation

Atot Ath ASXP Al AEVO Aﬂ'/2
Robust 23.5% 10.5% 18.3% 1.0% 16.0% 0.4%
Non-robust 112.2% 10.5% 121.5% 2.6% 16.0% 109.1%

Supplementary Table 4. Main deviations of fourth-order correlation

where py is the initial state of the 'H spin ensemble. The representation is actually the same as the state evolution of the phase
damping process, which is a nonunitary map of the quantum state and is determined by the field distribution along the z axis.
A typical model is that the rotation angle w = 27 B (z) represented as a random variable which has a Gaussian distribution with
mean A and variance s. Then the final state from this process is given by the density matrix obtained from averaging over 6:

A 1 ® (a) - /1)2 —ioytw/2 A Jioytw/2
ps = dwexp{————— e ' pie' 7y . (28)
V2rs { 2s }
If pi = (1 + €0;) /2, using the Gaussian integral formulas:
{ x —2x0) } = sinxpe ™ / dx cosx exp{ (x —2x0) } = cosxpe*/2, (29)

we have

. 1 [l+ecos(Ar)e™?  esin(Ar) e5!/2
pr = —( (0 “n (30)

2| esin(u)e? 1 —ecos(Ar)e /2|’

Therefore the quantum coherence terms of the density matrix decay exponentially to zero with time. If using the Gaussian model
in our experiment, we have s ~ 5 x 10° s°1.

Besides the RF inhomogeneity, there are other errors in our experiments including the decoherence, the error of 7/2 pulse
and the readout error. The coherence time of the sample is 7> ~ 0.3 s, which is much longer than the time scale of the quantum
correlations whose period is T = 40 us. So the errors from 7, decoherence are negligible compared to the errors contributed by
the RF inhomogeneity. By fitting the NMR nutation spectroscopy, the relative error of /2 pulse is characterized (2% ~ 3%),
which directly reduces the fidelity of the quantum channels. As analyzed in the main text (including Methods), the pulse error
has a great impact on the extraction of high order correlations because of the lower-order signal leakage, and we have used
the error-resilient quantum channel by repeating the non-ideal for n times to suppress the unwanted low-order correlation. The
readout error in the experiments refers to the fitting uncertainty of the NMR spectrum that determine the signals of quantum
correlations. As shown in Supplementary Figure 3 and Supplementary Figure 5, by fitting the spectrum with Lorentzian
function, the spectral integration corresponding to the expectation value <0'y> is obtained. The fitting uncertainty, which is solely
determined by the absolute intensity of the spectral ground noise (white noise), can be obtained by using the cftool toolbox in
Matlab. The error bars presented in the figures of main experimental results are also from the fitting uncertainty.

Supplementary Note 4. Optimal coupling-evolution time

As discussed in the main text, there is a trade-off between the theoretical approximation and the SNR of the measured signals
resulting from finite value of 6¢. Here we discuss in detail about the trade-off and numerically find the optimal evolution time
both for the measurement of second- and fourth-order correlations. The trade-off between the theoretical approximation and the
SNR of the measured signals resulting from 67 can be described by the total relative error of the target correlation signals:

£ o) + |
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Here Eth = |Ssim _ Stareet| g the theoretical approximation error from finite 6¢. As defined in the main text, the target signals

street for second- and fourth-order correlations are 6#2C*~ and 6¢* pcC*~~* respectively. S™ is the simulated signals of S, or
S4. E®P is the total absolute deviation caused by the three main experimental error sources discussed above, i.e.,

] = =] « =] +|
where E7/2, E®° and ET present the control error caused by 7 /2-pulse imperfection, the evolution error of the quantum target
caused by RF inhomogeneity, and the experimental readout error, respectively. With the error parameters measured in experiment

(see Supplementary Note 3), all of these error mechanisms can be simulated individually.
Here is the simulation process of each error mechanism:

Eexp E_v’n/Z E_v’evo E_v’r , (32)

« E™: The theoretical approximation error can be simulated from the analytical formulas of second- and fourth-order
correlations without any approximation:

S» = —iTrg {sin [6tB" (12)] sin [i6:B™ (11)] pu}

33
Sy = —pc Tr {sin [6tB* (14) sin [i61B™ (#3)] sin [i6:B~ (t2)] sin [6:B* (11)]] o} G9)
Define 8;° = 8* (), then by Taylor expansion we get the high order errors
B, =[5, o
1
= cot* [Trg (818818 pn) ~ Try (818, B, B pu)| +0 (5;6) :
E}f{‘h = )g 4 — §Zarget (34)

= %Catﬁ[TrB (BB B! B; B; B pi) — Ty (B85 B; 8585 B! )
~ Try (B} 8; B; B; B; B} pu) + Tra (88 8; 818/ 81 p) | + 0 (61°).
with which E@'  and EE® can be obtained numerically.

« E7/2; The control error caused by 7 /2-pulse imperfection is simulated by replacing the error-free channel matrices into
the non-ideal channel matrices. The analytical signal formulas of the non-ideal channels are available in Methods (Sf and

S f), where the angle deviation 66 is determined in experiment. For the second-order case and the fourth-order case with
robust channels, the relative error from 7/2-pulse imperfection (A”/2) is almost negligible (~ 0.1%).

« E®: The evolution error caused by RF inhomogeneity is simulated by adding an exponential decay coefficient e ** before
the simulated signal S*™, where ¢ is the evolution time and k = 2.76 x 103 s! is the decay rate of the nutation spectroscopy.
Obviously, for the ®—th order correlations, E°Y is the error mainly dependent of 61®. Thus, the relative error A" is
independent of d¢.

o E™: The signal readout error is simulated by adding a random Gaussian fluctuation on the final signals. The meanis g =0
and the standard deviation o is the fitting error determined by Matlab cftool toolbox. E” is totally independent of d¢.

Then equation (31) becomes

) £ (5;)” + ’ Eni2 (5:)” + ‘ Fevo (5;)” + ‘ Er
Atot (6t) —
‘ §target (6t)H
R (35)
6t®+2 CiN+2: 1 +|Er
~ +A™% (50) + A

6t®|

ATIN T CTIN T ||

Here Stareet (61) = 61O AN T CIN =" s the target signals of the desired correlations. A™/? (§6) is the relative error caused by
the 7 /2-pulse imperfection (/2 — 7/2 + §0), which is derived from equation (14) and (23) in Methods:

56 for C*,

pe|t-(1-602/2)|, for . (36)

A2 (56) ~ {



Note that the lower-order leakage in Methods-equation (23) is greatly suppressed when Methods-equation (26) is satisfied. A®*°
is the relative error caused by RF inhomogeneity, i.e.,

J(1-ee) e

Crn-m

A = 37)

Here k = 2.76 x 103 denotes the decay rate of the free evolution of the quantum target and 7 is the sampling time list. E'
is determined by the ground noise of spectra and totally independent of 6¢. Therefore, the 7/2-pulse imperfection and rf
inhomogeneity together contribute a constant relative error. Then, by taking dAS' (67) /0At = 0, the optimal evolution time is
obtained:

N 1/(0+2)
2HCUN+2“‘T71 ||
Stopt ~ | Al (38)

@( Br

The numerical simulation results of the total relative error versus 67 are presented in Supplementary Figure 4. Supplementary
Figure 4a displays the simulated result of the relative error of the second-order correlation. As shown in the figure, the total
error becomes relatively large because of the first term for the small 6¢. And for a large ¢6¢, the second term contributes a lot,
which also leads to a large total error. Therefore, we can find that the optimal 67 is around 0.35 ms, which has the smallest error,
and the value 6 = 0.5 ms we choose in the experiment also corresponds to a relatively small error. Supplementary Figure 4b
simulates the relative error of the fourth-order correlation. As we can see in the figure, the total error has a similar trend with that
of the second-order correlation, and the optimal 6¢ with the smallest error also lies between around 0.4 ms. Our choice 6t = 0.5
ms in the experiment is also appropriate.
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Supplementary Figure 1. The NMR pulse sequences for extracting the 2nd- and 4th-order correlations. a, The pulse sequence of the
second-order correlation measurement. b, The pulse sequence of the fourth-order correlation measurement. The pulses labeled with (7/2)
mean the 7/2 rotation along the x/y axis, and the pulses labeled with (r/2).,/, mean the phase cycling (X + X) /2 or (Y +Y) /2. The shaded
regions labeled with ¢ are the short time interaction processes.
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Supplementary Figure 2. The amplitude decay caused by the RF inhomogeneity. a, The experimental data of the second-order correlation
and the fitting curve. The fitting result is y ~ sin (1.4 X 105t) exp (—2.8 X 103t) b, the NMR nutation spectroscopy of "H and the fitting curve.

The fitting result is y ~ sin (1.4 X 1051‘) exp (—2.76 X 1031:).
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Supplementary Figure 3. The typical spectra from the experiments and their fitting curves. a, The thermal equilibrium spectrum of 3¢,
b, One of the spectra of the 2nd-order correlation measurement. The curve fitting equation is the Lorentzian function.



Relative error (%)

80

60

40

20

10

0.1

Supplementary Figure 4. Numerical simulation of the total relative error versus ¢z. a, The simulated relative measurement error of the
second-order correlation versus 6t. b, The simulated relative measurement error of the fourth-order correlation versus 6t.
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Supplementary Figure 5. Additional experimental data of the 4th-order correlation measurement. a, The signal-to-noise ratios (SNR) of
the typical spectra of different 6¢. b, The corresponding 4th-order correlation signals in different 6z.
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Supplementary Figure 6. Additional results of the non-robust 4th-order correlation measurement. a, The simulated result (red solid
curve) and the experimental result (red stars) of the non-robust design versus 6t compared with those of the robust design (black solid curve for
the simulated result and black triangles for the experimental result) and the analytical result (solid blue curve). b, The corresponding fitting curve
of the non-robust experimental result, which has a slope of 3.059.



