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Recently, several quantum benchmarking algorithms have been developed to characterize
noisy quantum gates on today’s quantum devices. A fundamental issue in benchmarking is
that not everything about quantum noise is learnable due to the existence of gauge freedom,
leaving open the question what information is learnable and what is not, which is unclear
even for a single CNOT gate. Here we give a precise characterization of the learnability of
Pauli noise channels attached to Clifford gates using graph theoretical tools. Our results
reveal the optimality of cycle benchmarking in the sense that it can extract all learnable
information about Pauli noise. We experimentally demonstrate noise characterization of
IBM’s CNOT gate up to 2 unlearnable degrees of freedom, for which we obtain bounds using
physical constraints. In addition, we show that an attempt to extract unlearnable information
by ignoring state preparation noise yields unphysical estimates, which is used to lower bound
the state preparation noise.

I. INTRODUCTION

Characterizing quantum noise is an essential step in the development of quantum hardware [1, 2].
Remarkably, despite recent progress in both gate-level and scalable noise characterization methods [3—
16], the full characterization of the noise channel of a single CNOT/CZ gate remains infeasible.
This is unlikely to be caused by limitations of existing benchmarking algorithms. Instead, it is
believed to be related to the fundamental question of what information about a quantum system
can be learned, in a setting where initial states, gates, and measurements are all subject to unknown
quantum noise. It is well-known that some information about quantum noise can be learned (such
as the gate fidelity learned by randomized benchmarking [3-7] or cycle benchmarking [9]), but not
everything can be learned (due to the gauge freedom in gate set tomography [17-19]). The boundary
of learnability of quantum noise — a precise understanding of what information is learnable and
what is not, still remains an open question.

Recently, there has been an interest in formulating noise characterization as learning unknown
gate-dependent Pauli noise channels [9, 11]. This is motivated by randomized compiling, a technique
that has been proposed to suppress coherent errors via inserting random Pauli gates [20, 21]. As
an added benefit, randomized compiling twirls the gate-dependent CPTP noise channel into Pauli
noise, thus reducing the number of parameters to be learned. Note that the twirled Pauli noise
channel corresponds to the diagonal of the process matrix of the CPTP map, so Pauli noise learning
is a necessary step for characterizing the CPTP map, regardless of whether randomized compiling
is performed.

However, even under this simplified setting of Pauli noise learning, all prior experimental attempts
can only partially characterize the noise channel of a single CNOT /CZ gate [21-23], which only has
15 degrees of freedom. A natural question is whether this limitation is caused by the fundamental
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unlearnability of the noise channel, and if so, which part of the noise channel and how many degrees
of freedom among the 15 are unlearnable?

In this paper, we give a precise characterization of what information in the Pauli noise channel
attached to Clifford gates is learnable, in a way that is robust against state preparation and
measurement (SPAM) noise. We develop a systematic method for characterizing learnable degrees
of freedom of a Clifford gate set using notions from algebraic graph theory and show that learnable
information exactly corresponds to the cycle space of the Pauli pattern transfer graph, while
unlearnable information exactly corresponds to the cut space. This characterization can be used
to write down a list of linear functions of the noise model that corresponds to all independent
learnable degrees of freedom. As an example, we show that the Pauli noise channel of an arbitrary
2-qubit Clifford gate has at most 2 unlearnable degrees of freedom. We perform an experimental
characterization of a CNOT gate on IBM Quantum hardware [24] up to 2 unlearnable degrees of
freedom. Although the unlearnable information cannot be estimated with high precision, we can
determine a feasible region of those freedoms using the constraint that the noise model must be
physical (i.e., all Pauli error rates are nonnegative).

A corollary of our result is that cycle benchmarking is optimal in the setting we consider, in the
sense that it can learn all the information that is learnable. This reveals a fundamental fact about
noise benchmarking, namely that cycle benchmarking — the idea of repeatedly applying the same
gate sequence interleaved by single qubit gates, is the “right” algorithm for benchmarking Clifford
gates, because of the fact that learnable information forms a cycle space. As an interesting side
remark, the term “cycle” in cycle benchmarking originally refers to parallel gates applied in a clock
cycle. Here we show that the term can also be understood in a graph-theoretical context.

In addition, we also explore ways to overcome the unlearnability barrier. It has been recognized
that the unlearnability does not apply if the initial state |0)*" can be prepared perfectly [15, 23],
and it has been suggested that state preparation noise could be much smaller than gate and/or
measurement noise in practice [25-27], which would make gate noise fully learnable up to small
error. We develop an algorithm based on cycle benchmarking that fully learns gate-dependent
Pauli noise channel assuming perfect initial state preparation, and experimentally demonstrate the
method on IBM’s CNOT gate. Based on the experiment data, we conclude that this assumption
is unlikely to be correct in our experiment as it gives unphysical estimates that are outside the
feasible region we determined. Furthermore, we use the data to obtain a lower bound on the state
preparation noise and conclude that it has the same order of magnitude as gate noise on the device
we used. Therefore, the issue of unlearnability is a practically relevant concern, for which the noise
on initial states is an important factor that cannot be neglected on current quantum hardware.

II. RESULTS

A. Theory of learnability

We start by considering the learnability of the Pauli noise channel of a single n-qubit Clifford
gate. A Pauli channel can be written as

A() = Z paPa(')Pav (1)
acP™

where {p,} is a probability distribution on P™" = {I, XY, Z}". The goal is to learn this distribution,
which has 4™ — 1 degrees of freedom. Considering A as a linear map, its eigenvectors exactly
correspond to all n-qubit Pauli operators, as

A(P,) = APy, VaeP" (2)
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FIG. 1. Cycle benchmarking for learning the Pauli noise channel of a CNOT gate. (a) Standard CB circuits,
where CNOT gates are interleaved by random Pauli gates (green boxes), with initial stabilizer states and
Pauli basis measurements (red boxes). (b) CB circuits with additional interleaved single qubit Clifford gates
(blue boxes).

where A\, = S pepn pp(—1)(®? is the Pauli fidelity associated with the Pauli operator P,. Therefore
A is a linear map with known eigenvectors and unknown eigenvalues, so a natural way to learn
A is to first learn all the Pauli fidelities A,, and then reconstruct the Pauli errors via p, =
L Shep Mo(—1)(),

The convenience of working with Pauli fidelities is further demonstrated by the fact that some
Pauli fidelities can be directly learned by cycle benchmarking, even with noisy state preparation
and measurement. For example, consider the CNOT gate which maps the Pauli operator I.X to
itself. Fig. 1 (a) shows the cycle benchmarking circuit. Imagine that we put the Pauli operator X
after the left red box and evolve it with the circuit, then the evolved operator (before the right red
box) equals A% v - IX, up to a £ sign (which comes from the random Pauli gates and can always be
accounted for during post-processing). Here we use the convention that the noise channel happens
before each CNOT gate. In experiments, we prepare a +1 eigenstate of IX (such as |[+)|+)),
measure the expectation value of 1.X at the end, and average over random Pauli twirling sequences.
These SPAM operations are noisy and are represented as the red boxes. It is shown [9, Theorem 1
in Supplementary Information] that the measured expectation value equals

E(IX) = Arx - My (3)

where the expectation is over random Pauli twirling gates and randomness of quantum measurement,
and Arx depends on SPAM noise but is independent of circuit depth d. From this A;jx can be
learned by estimating the observable I.X at several different depths and perform a curve fitting.
The Pauli operator I.X is special as it is invariant under CNOT. Consider another example:
CNOT maps XZ to YY and vice versa. Consider Fig. 1 (b) where we insert additional layers of
single-qubit Clifford gates v/Z ® v/ X that also maps XZ to Y'Y and vice versa (up to a minus sign
that can always be accounted for during post-processing). After X Z picks up a coefficient Axz in
front of the CNOT gate, it gets mapped to Axz - YY by CNOT but then rotated back to Axz - XZ
by VZoVX. Following the same argument we conclude that both Axz and Ayy are learnable.
For simplicity here we make an assumption that single qubit gates are noiseless, motivated by the
fact that single qubit gates are 1-2 magnitudes less noisy than 2-qubit gates on today’s quantum
hardware [24]. In practice, it is a standard assumption to model noise on single-qubit gates as
gate-independent (e.g. [23, Sec. II A]), and our noise characterization result can be interpreted as



the noise channel induced by a dressed cycle which consists of a CNOT gate and two single-qubit
gates [20].

The main challenge comes with the next example: CNOT maps 1Z to ZZ and vice versa. By
directly applying cycle benchmarking as in Fig. 1 (a) (with even depth d) we obtain

E(IZ) = A1z - MizAzzA\izAzz - = Arz ()\IZ/\ZZ)d/2 , (4)

and curve fitting gives vV A\1zAzz (similar results have been obtained in [9, 21-23]). To learn A;z,
we may consider applying the same technique in Fig. 1 (b). However, the problem is that once
17 gets mapped to ZZ, it cannot be rotated back to IZ because [ is invariant under single qubit
unitary gates. The main difference between this example and previous examples is that here the
Pauli weight pattern (an n-bit binary string with 0 indicating identity and 1 indicating non-identity)
changes from 01 to 11, thus making the single qubit rotation tool inapplicable.

In fact we can go on to prove that Arz (as well as Azz) is unlearnable. Here unlearnable means
that there exists two noise models such that the parameter A;z is different, but the two noise
models are indistinguishable by any quantum experiment, meaning that any quantum experiment
generates exactly the same output statistics with the two noise models. The result also generalizes
to arbitrary n-qubit Clifford gates.

Theorem 1. Given an n-qubit Clifford gate G and an n-qubit Pauli operator P,, the Pauli fidelity
Ao Of the noise channel attached to G is learnable if and only if pt(G(P,)) = pt(P,). Here pt denotes
the Pauli weight pattern.

The “if” part follows directly from cycle benchmarking as discussed above. For the “only if”
part, when pt(G(P,)) # pt(P,), we construct a gauge transformation to prove the unlearnability
of )\, following ideas from gate set tomography [17-19]. A gauge transformation is an invertible
linear map M that converts a noise model (initial states p;, POVM operators Ej, noisy gates Gj,)
to a new noise model as

pi = M(p), Ej— (M HI(E)), Gprs MoGroM™, (5)

with the constraint that the new noise model is physical. Note that the old and new noise models are
indistinguishable by definition. To construct such a gauge transformation, as pt(G(F,)) # pt(FPa),
there exists a bit on which the two Pauli weight patterns differ. We then define M as a single-qubit
depolarizing noise channel on the corresponding qubit. In this way we can show that the old and
new noise models assign different values to A,, which means A, is unlearnable. This proof naturally
implies that using other noisy gates from the gate set (that are subject to different unknown noise
channels) does not change the learnability of Pauli fidelities. More details of the proof are given
in Supplementary Section II B. As a side remark, it is known that under the stronger assumption
of gate-independent noise (where different multi-qubit gates are assumed to have the same noise
channel), the noise channel is fully learnable [28-30].

Theorem 1 provides a simple condition for determining the learnability of individual Pauli
fidelities, but it is not sufficient for characterizing the learnability of joint functions of different
Pauli fidelities. In the CNOT example, we know that both A;z and A7z are unlearnable, but we
also know that their product A\;z A7z is learnable. This means that there is only one unlearnable
degree of freedom in the two parameters {A;z, \zz}. In the following we show how to determine
learnable and unlearnable degrees of freedom of Pauli noise, and also generalize the discussion from
a single gate to a gate set.

We start by defining learnable information. Consider a Clifford gate set with m gates, where we
model each gate as an n-qubit gate associated with an n-qubit Pauli noise channel. This model is
applicable to both individual gates (e.g. a 2-qubit system where each 2-qubit gate is implemented by
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FIG. 2. Pattern transfer graph of CNOT, SWAP, and a gate set consisting of CNOT and SWAP. Here,
multiple edges are represented by a single edge with multiple labels. The labels on the first two graphs are
gate dependent, though we omit the superscripts of CNOT or SWAP. The labels on the last graph are a
combination of the first two graphs and are omitted for clarity.

a different physical process and subject to a different noise channel) as well as parallel applications
of gates (e.g. an n-qubit system where each “gate” in the gate set is implemented by a layer of
2-qubit gates; the n-qubit noise channel models the crosstalk among the 2-qubit gates). The goal is
to characterize the learnable degrees of freedom among the m - 4™ parameters.

Recall that the output of cycle benchmarking is a product of Pauli fidelities (including SPAM
noise). We further show that without loss of generality this is the only type of information that we
need to obtain from quantum experiments for the purpose of noise learning. This is because in
general the output probability of any quantum experiment can be expressed as a sum of products of
Pauli fidelities, and each individual product can be learned by cycle benchmarking (Supplementary
Section IV). We therefore consider learning functions of the noise model that can be expressed as a
product of Pauli fidelities (also see below Eq. (7) for a related discussion). This can be reduced
to considering functions of the form f =3}, ¢ v9 - 19, where 19 := log \Y is the log Pauli fidelity,
vg € R, and the superscript G denotes the corresponding Clifford gate. In the CNOT example
lrz + lzz is a learnable function. The idea of learning log Pauli fidelities in benchmarking has also
been considered in [15, 31]. The advantage of considering log Pauli fidelities here is that the set of
all learnable functions f forms a vector space. Therefore to characterize all independent learnable
degrees of freedom, we only need to determine a basis of the vector space.

Recall that the reason that l;7 + lzz is learnable in the CNOT example is because the path of
Pauli operator in the cycle benchmarking circuit forms a cycle IZ — ZZ — IZ — .-, and the
product of Pauli fidelities along the cycle (A;zAzz) can be learned via curve fitting. In general, as
we can also insert single qubit Clifford gates in between, we do not need to differentiate between
X,Y., Z. We therefore consider the pattern transfer graph associated with a Clifford gate set where
vertices corresponds to binary Pauli weight patterns and each edge is labeled by the Pauli fidelity of
the incoming Pauli operator. The graph has 2" vertices and m - 4™ directed edges. They can also be
merged to form the pattern transfer graph of the gate set {CNOT, SWAP}. Fig. 2 shows the pattern
transfer graph of CNOT, SWAP, and the gate set of {CNOT,SWAP}. Consider an arbitrary cycle
in the pattern transfer graph C = (ey,...,ex) where each edge e; is associated with some Pauli
fidelity A;. Following Fig. 1 (b), a cycle benchmarking circuit can be constructed which learns
the product of the Pauli fidelites along the cycle, or equivalently the function fo : =3, o log\;
can be learned. This implies that the set of functions defined by linear combination of cycles
{Xcecyaes @c fo : ac € R} are learnable. In the following we show that this in fact corresponds to
all learnable information about Pauli noise.

We label the edges of the pattern transfer graph as eq,...,ey where M = m - 4™ and each



edge e; is a variable that represents some log Pauli fidelity. The goal is to characterize the
learnability of linear functions of the edge variables f = Zi\il vie;, v; € R. The set of linear
functions can be equivalently understood as a vector space of dimension M, called the edge
space of the graph, where f corresponds to a vector (vy,...,vys) and we think of eq,...,ep as
the standard basis. Following the above discussion, the cycle space of the graph is defined as
span{}_.cc e : C is a cycle}, which is a subspace of edge space. We also define another subspace,
the cut space, as span{)_.co(—1)° from Vi to Vae . (' is a cut between a partition of vertices V3, Va}.
It is known that the edge space is the orthogonal direct sum of cycle space and cut space for any
graph [32]. Interestingly, we show that the complementarity between cycle and cut space happens
to be the dividing line that determines the learnability of Pauli noise.

Theorem 2. The vector space of learnable functions of the Pauli noise channels associated with
an n-qubit Clifford gate set is equivalent to the cycle space of the pattern transfer graph. In other
words,

All information =  FEdge space,
Learnable information =  Cycle space, (6)
Unlearnable information =  Cut space.

This implies that the number of unlearnable degrees of freedom equals 2™ — ¢, where ¢ is the number
of connected components of the pattern transfer graph.

The learnability of cycle space follows from cycle benchmarking as discussed above. To prove
the unlearnability of cut space, we use a similar argument as in Theorem 1 and show that a gauge
transformation can be constructed for each cut in the pattern transfer graph. By linearity, this
implies that any vector in the cut space corresponds to a gauge transformation. By definition, a
learnable function must be orthogonal to all such vectors and thus orthogonal to the entire cut
space. More details of the proof are given in Supplementary Section II C.

It is a well-known fact in graph theory that the cycle space of a directed graph G = (V, F) has
dimension |E| — |V| + ¢ while the cut space has dimension |V| — ¢, where ¢ > 1 is the number of
connected components in G [32] (a (weakly) connected component is a maximal subgraph in which
every vertex is reachable from every other vertex via an undirected path). Theorem 2 implies that
among the m - 4" degrees of freedom of the Pauli noise associated with a Clifford gate set, there are
2™ — ¢ unlearnable degrees of freedom. This shows that while the number of unlearnable degrees of
freedom can be exponentially large, they only occupy an exponentially small fraction of the entire
space. In addition, a cycle and cut basis can be efficiently determined for a given graph, though in
our case this takes exponential time because the pattern transfer graph itself is exponentially large.
However, computing the cycle/cut basis is not the bottleneck as the information to be learned also
grows exponentially with the number of qubits. For small system sizes such as 2-qubit Clifford
gates, we can write down a cycle basis as shown in Table I (a) for the CNOT and SWAP gates,
which represents all learnable information about these gates. The CNOT gate has 2 unlearnable
degrees of freedom while the SWAP gate has 1 unlearnable degree of freedom. As the pattern
transfer graph has at least 2 connected components, we conclude that the Pauli noise channel of
a 2-qubit Clifford gate has at most 2 unlearnable degrees of freedom. Note that when treating
{CNOT,SWAP} together as a gate set, there are only 2 unlearnable degrees of freedom according
to Theorem 2 instead of 241 = 3, because there is one additional learnable degree of freedom (such
as [$FOT 1 ISAOT 4 1ISWAP) that is a joint function of the two gates.

Finally, the learnability of Pauli errors can be determined by the learnability of Pauli fidelities
according to the Walsh-Hadamard transform p, = 7= > pcpn Ap(—1){8) . An issue here is that Pauli
errors are linear functions of {\;} instead of {log A\;}. Here we make a standard assumption in the



Gate CNOT SWAP
nlznux,lzxIxz, lyy,Ixy,lyz, bnlxxxy,Ixz, lvx,lyy,lvz,lzx,lzv,
(a) Cycle basis liz+1lzz,lry +lzy,liz +1zv, lzz, lix +x1,lry + v iz + 1z,
Ixr+ixx,lvr +lyx,Ixr +lyx Ixr+1lrv,Ixr+1liz
(b) Learnable AL AZL AIX AZXAXZ, AYY, AXY, AY Z, | AT AX X AXY, AX 2, Ay X5 Avy s Ay 2, Azx, Azy,
Pauli fidelities A1z Azz, A1y - Azy, A1z - Azy, AZZ, A\IxX - AXI, A1y - Ay, A1z - Azr,
AXT AXX, AT - Av X, AXT - Avx AXT A1y, AXT A1z
(c) Learnable Prr,Pz1,P1x,Pzx,PxXz,PYYPXY,PYZ, | PII,PXX,PXYPXZ,PYX,PYY PYZ,PZX,PZY,
Pauli errors prz +pzz,pry +pzy,Piz +pzy, Pzz,Pix +Px1,P1y +DyI1,PI1z +DPzI,
PXI+PxX,PyI +PYX,PXI +PyXx px1+Ppry,pPx1i +Piz
(d) Unlearnable
AX1, A1z Axr1

degrees of freedom

TABLE I. A complete basis for the learnable linear functions of log Pauli fidelities and Pauli error rates for a
single CNOT/SWAP gate.

literature [9, 10] that the total Pauli error is sufficiently small. In this case all individual Pauli
errors are close to 0 while all individual Pauli fidelities are close to 1. Therefore the Pauli errors
can be estimated via

1

1
Pa=gm 2 WD R 3 ()Y (1 +log k), (™)

bepn bepn

which means that their learnability can be determined by Theorem 2. In fact it has been sug-
gested [31] that any function of Pauli fidelities can be estimated in this way (as a linear function
of log Pauli fidelities) up to a first-order approximation, which means that the learnability of any
function of Pauli fidelities can be determined by Theorem 2. In Table I (c) we show the learnable
Pauli errors for CNOT and SWAP, where “learnable” is in an approximate sense up to Eq. (7).
Interestingly, for these two gates, the learnable functions of Pauli errors have the same form as the
cycle basis, i.e. the cycle space is invariant under Walsh-Hadamard transform. We calculate the
learnable Pauli errors for up to 4-qubit random Clifford gates and this seems to be true in general.
We leave a rigorous investigation into this phenomenon for future work.

B. Experiments on IBM Quantum hardware

We demonstrate our theory on IBM quantum hardware [24] using a minimal example — char-
acterizing the noise channel of a CNOT gate. In our experiments both the gate noise and SPAM
noise are twirled into Pauli noise using randomized compiling. In the following we show how to
extract all learnable information of Pauli noise SPAM-robustly, and also attempt to estimate the
unlearnable degrees of freedom by making additional assumptions.

First, we conduct two types of cycle benchmarking (CB) experiments, the standard CB and
CB with interleaving single-qubit gates (called interleaved CB), as shown in Fig. 1. The results
are shown in Fig. 3. Here a set of two Pauli labels in the z-axis (e.g., {IZ,ZZ}) corresponds
to the geometric mean of the Pauli fidelity (e.g., v/ArzAzz). Comparing to Table I, we see that
all learnable information of Pauli fidelities (including learnable individual and 2-product) are
successfully extracted. Also note from Fig. 3 that the two types of CB experiments give consistent
estimates, in terms of both the process fidelity and individual Pauli fidelities (e.g., vV AxzAvy
estimated from standard CB is consistent with Axz and Ayy from interleaved CB).

We have shown that all 13 learnable degrees of freedom (excluding the trivial A\;; = 1) are
extracted in Fig. 3 by comparing with Table I, and there remain 2 unlearnable degrees of freedom.
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FIG. 3. Estimates of Pauli fidelities of IBM’s CNOT gate via standard CB (left) and CB with interleaved
gates (right), using circuits shown in Fig. 1. Data are collected from ibmg_montreal on 2022-03-23. Each
Pauli fidelity is fitted using seven different circuit depths L = [2,22,...,27]. For each depth C' = 60 random
circuits and 1000 shots of measurements are used. Throughout this paper, the error bar represents the
standard error.

We can bound the feasible region of the 2 unlearnable degrees of freedom using physical constraints,
i.e., the reconstructed Pauli noise channel must be completely positive. This is equivalent to
requiring p, > 0 for all Pauli error rates p,. We choose Axx and Azz as a representation of the
unlearnable degrees of freedom, and plot the calculated feasible region in Fig. 4 (a), which happens
to be a rectangular area. We also calculate the feasible region for each unlearnable Pauli fidelity
and Pauli error rate, which are presented in Fig. 4 (b), (¢). In particular, we choose two extreme
points (blue and green dots in Fig. 4 (a)) in the feasible region and plot the corresponding noise
model in Fig. 4 (b), (c). Note that the (approximately) learnable Pauli error rates (on the left of
the red vertical dashed line) are nearly invariant under change of gauge degrees of freedom, but
they can be estimated to be negative due to statistical fluctuation. Thus, when we calculate the
physical constraints, we only require those unlearnable Pauli error rates (on the right of the red
vertical dashed line) to be non-negative.

Next, we explore an approach to estimate the unlearnable information with additional assump-
tions. Suppose that one can prepare \O>®” perfectly. Since we assume noiseless single-qubit gates,
this means we can prepare a set of perfect tomographically complete states {|0/1),|£),|£é)}. In
this case, all the unlearnable degrees of freedom become learnable, as one can first perform a
measurement device tomography, and then directly estimate the process matrix of a noisy gate
with measurement error mitigated [25]. Following this general idea, we propose a variant of cycle
benchmarking for Pauli noise characterization, which we call intercept CB as it uses the information
of intercept in a standard cycle benchmarking protocol. Given an n-qubit Clifford gate G, let my
be the smallest positive integer such that G™0 = Z. For any Pauli fidelity A\, (regardless of whether
learnable or not according to Theorem 1), consider the following two CB experiments using the
standard circuit as in Fig. 1 (a). First, prepare an eigenstate of P,, run CB with depth Img + 1 for
some non-negative integer [, and estimate the expectation value of P, := G(P,). The result equals

mo l
E(Po) 1mgs1 = AI%QAJJ\D{)‘G (H )‘gk(Pa)> ’ (8)
k=1

where )\fg/ ]/\f is the Pauli fidelity of the state preparation and measurement noise channel, respectively

(earlier we have absorbed these two coefficients into a single coefficient A for simplicity). Second,
prepare an eigenstate of Py, run CB with depth Img, and estimate the expectation value of P,. The
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FIG. 4. Feasible region of the learned Pauli noise model, using data from Fig. 3. (a) Feasible region of the
unlearnable degrees of freedom in terms of Axx and Azz. (b) Feasible region of individual Pauli fidelities.
(c) Feasible region of individual Pauli errors.

result equals

mo l
E{P) g = AB,AH <H Agkuva)) : )
k=1

By fitting both E(F}),,, .1 and E(F);,,, as exponential decays in [, extracting the intercepts

(function values at [ = 0), and taking the ratio, we obtain an estimator X}lCB that is asymptotically
unbiased to A, - )\ISDQ/ )\Isgb. This estimator is robust against measurement noise. Note that )\ISDQ =
)\jq;b = 1 if we assume perfect initial state preparation, and in this case the above shows that A, is
learnable, and thus the entire Pauli noise channel is learnable. We note that, instead of fitting an
exponential decay in [, one could in principle just take | = 0 and estimate the ratio of E(F;), and
E(Fy),, which also yields a consistent estimate for A, - )\%l / )\%7. If one has already obtained all the
learnable information from previous experiments, this could be a more efficient approach. However,
if one has not done those experiments, the intercept CB with multiple depths can estimate the
intercept (unlearnable information) and slope (learnable information) simultaneously, which is more
sample efficient.

We numerically simulate intercept CB for characterizing the CNOT gate under different state
preparation (SP) and measurement (M) noise. As shown in Fig. 5, this method yields relatively
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FIG. 5. Simulation of intercept CB on CNOT under different SPAM noise rate. The simulated noise channel
is a 2-qubit amplitude damping channel with effective noise rate 5%, and SPAM noise are modeled as bit-flip
errors. For the blue (green) lines, we introduce random bit-flip errors to the measurement (state preparation).
The solid lines show the [;-distance of the estimated Pauli fidelities from the true Pauli fidelities. The solid
lines show the [;-distance of the (individually) learnable Pauli fidelities from the ground truth.

precise estimate when there is only measurement noise even if the noise is orders of magnitude
stronger than the gate noise, but will have large deviation from the true noise model even under
small state preparation noise. We refer the reader to Supplementary Section III for more details
about the numerical simulation.

Finally, we experimentally implement intercept CB to estimate Axx and Azz, which are the two
unlearnable degrees of freedom of CNOT, allowing us to determine all the Pauli fidelities and Pauli
error rates. One challenge in interpreting the results is that we do not know in general whether
the low SP noise assumption holds, therefore it is unclear if the learned results should be trusted.
However, for the estimate to be correct, it should at least lie in the physically feasible region we
obtained earlier in Fig. 4. In Fig. 6, we present our experimental results of intercept CB. It turns
out that certain Pauli fidelities are far away from the physical region by several standard deviations.
This gives strong evidence that the low SP noise assumption was not true on the platform we used.

The data collected here can further be used to give a lower bound for the SP noise. Suppose we
obtain the physical region of A, to be [Xamin, Xamax]. Combining with the expression of intercept
CB, we have

X};LCB/Xa,maX S A}SDG/)\%) S X£CB/Xa,min‘ (10)

Applying this to the data of IZ and ZZ in Fig. 6 (a), we have \7,/)\5, < 0.9879(23). If we
make a physical assumption that the state preparation noise is a random bit-flip during the qubit
initialization, one can conclude the bit-flip rate on the first qubit is lower bounded by 0.61(12)%. One
can in principle bound the bit-flip rate on the second qubit by looking at )\§( x/ )\*)g( ;- Unfortunately,
our estimate of A3y from intercept CB falls in the physical region within one standard deviation,
so there is no nontrivial lower bound. One could expect obtaining a useful lower bound by looking
at a CNOT gate with reversed control and target. The lower bound of SP noise obtained here
is completely independent of the measurement noise and does not suffer from the issue of gauge
freedom [19], as long as all of our noise assumptions are valid, i.e., there is no significant contribution
from time non-stationary, non-Markovian, or single-qubit gate-dependent noise.
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FIG. 6. The learned Pauli noise model using intercept CB. The feasible region (blue bars) are taken from
Fig. 4. Estimates of Pauli fidelities (a) and Pauli error rates (b). Each data point is fitted using seven different
circuit depths L = [2,22,...,27]. For each depth C = 150 random circuits and 2000 shots of measurements
are used. Data are collected from ibmg_montreal on 2022-03-23.

III. DISCUSSION

We have shown how to characterize the learnability of Pauli noise of Clifford gates and discussed
a method to extract unlearnable information by assuming perfect initial state preparation. It is
also interesting to consider other physically motivated assumptions on the noise model to avoid
unlearnability. For example, we can write down a parameterization of the noise model based on the
underlying physical mechanism which may have fewer than 4™ parameters. The main issue here is
that these assumptions are highly platform-dependent and should be decided case-by-case. Moreover,
it is unclear to what extent should the learned results be trusted when additional assumptions are
made, since in general we cannot test whether the assumptions hold due to unlearnability.

Another direction to overcome the unlearnability is to change the model of quantum experiments.
Here we have been working with the standard model as in gate set tomography, where a quantum
measurement decoheres the system and only outputs classical information. However, some platforms
might support quantum non-demolition (QND) measurements, and in this case measurements can
be applied repeatedly, which could potentially allow more information to be learned [33].

Recently, Ref. [30] considered similar issues of noise learnability. They studied a different Pauli
noise model with perfect initial state |0), perfect computational basis measurement, and noisy single
qubit gates, and showed the existence of unlearnable information. In contrast, here we focus on the
learnability of Pauli noise of multi-qubit Clifford gates assuming perfect single-qubit gates (with
noisy SPAM), and in practice we make the standard assumption that noise on single-qubit gates is
gate-independent (e.g. [23, Sec. II AJ), in which case our noise learning results are interpreted as
characterizing a dressed cycle.

This work leaves open the question of noise learnability for non-Clifford gates. An issue here is
that randomized compiling is not known to work with non-Clifford gates in general, so it is unclear
if the general CPTP noise learnability problem can be reduced to Pauli noise. Recent work [14]
shows that random quantum circuits can effectively twirl the CPTP noise channel into Pauli noise
and can be used to learn the total Pauli error. The question of whether more information can be
learned still remains open.

Another issue to address is the scalability in noise learning. It is impossible to estimate all
learnable degrees of freedom efficiently as there are exponentially many of them (an exponential
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lower bound on the sample complexity is shown in [16]). One way to avoid the exponential scaling
issue is to assume the noise model has certain special structure (such as sparsity or low-weight) such
that the noise model only has polynomially many parameters [10, 11, 22, 34]. It is an interesting
open direction to study the characterization of learnability under these assumptions, and we give
some related discussions in Supplementary Section II D.

DATA AVAILABILITY

The data generated in this study is available at https://github.com/csenrui/Pauli_
Learnability

CODE AVAILABILITY

The code that supports the findings of this study is available at https://github.com/csenrui/
Pauli_Learnability

ACKNOWLEDGMENTS

We thank Ewout van den Berg, Arnaud Carignan-Dugas, Robert Huang, Kristan Temme and
Pei Zeng for helpful discussions. We thank the anonymous reviewer #2 for suggesting an alternative
approach to intercept cycle benchmarking. S.C. and L.J. acknowledge support from the ARO
(WO11NF-18-1-0020, W911NF-18-1-0212), ARO MURI (W911NF-16-1-0349, W911NF-21-1-0325),
AFOSR MURI (FA9550-19-1-0399, FA9550-21-1-0209), AFRL (FA8649-21-P-0781), DoE Q-NEXT,
NSF (OMA-1936118, EEC-1941583, OMA-2137642), NTT Research, and the Packard Foundation
(2020-71479). Y.L. was supported by DOE NQISRC QSA grant #FP00010905, Vannevar Bush
faculty fellowship N00014-17-1-3025, MURI Grant FA9550-18-1-0161 and NSF award DMR-1747426.
A.S. is supported by a Chicago Prize Postdoctoral Fellowship in Theoretical Quantum Science.
B.F. acknowledges support from AFOSR (YIP number FA9550-18-1-0148 and FA9550-21-1-0008).
This material is based upon work partially supported by the National Science Foundation under
Grant CCF-2044923 (CAREER) and by the U.S. Department of Energy, Office of Science, National
Quantum Information Science Research Centers. This research used resources of the Oak Ridge
Leadership Computing Facility at the Oak Ridge National Laboratory, which is supported by the
Office of Science of the U.S. Department of Energy under Contract No. DE-AC05-000R22725.

AUTHOR CONTRIBUTIONS

S.C. and Y.L. developed the theory and performed the experiments. B.F. and L.J. supervised
the project. All authors contributed important ideas during initial discussions and contributed to
writing the manuscript.


https://github.com/csenrui/Pauli_Learnability
https://github.com/csenrui/Pauli_Learnability
https://github.com/csenrui/Pauli_Learnability
https://github.com/csenrui/Pauli_Learnability

[1]

13

COMPETING INTERESTS

The authors declare no competing interests.

J. Eisert, D. Hangleiter, N. Walk, I. Roth, D. Markham, R. Parekh, U. Chabaud, and E. Kashefi,
Quantum certification and benchmarking, Nature Reviews Physics 2, 382 (2020).

J. Preskill, Quantum computing in the NISQ era and beyond, Quantum 2, 79 (2018).

J. Emerson, R. Alicki, and K. Zyczkowski, Scalable noise estimation with random unitary operators,
Journal of Optics B: Quantum and Semiclassical Optics 7, S347 (2005).

E. Knill, D. Leibfried, R. Reichle, J. Britton, R. B. Blakestad, J. D. Jost, C. Langer, R. Ozeri, S. Seidelin,
and D. J. Wineland, Randomized benchmarking of quantum gates, Physical Review A 77, 012307
(2008).

C. Dankert, R. Cleve, J. Emerson, and E. Livine, Exact and approximate unitary 2-designs and their
application to fidelity estimation, Phys. Rev. A 80, 012304 (2009).

E. Magesan, J. M. Gambetta, and J. Emerson, Scalable and robust randomized benchmarking of
quantum processes, Phys. Rev. Lett. 106, 180504 (2011).

E. Magesan, J. M. Gambetta, and J. Emerson, Characterizing quantum gates via randomized bench-
marking, Phys. Rev. A 85, 042311 (2012).

J. Helsen, I. Roth, E. Onorati, A. H. Werner, and J. Eisert, A general framework for randomized
benchmarking, arXiv preprint arXiv:2010.07974 (2020).

A. Erhard, J. J. Wallman, L. Postler, M. Meth, R. Stricker, E. A. Martinez, P. Schindler, T. Monz,
J. Emerson, and R. Blatt, Characterizing large-scale quantum computers via cycle benchmarking, Nature
Communications 10, 5347 (2019).

S. T. Flammia and J. J. Wallman, Efficient estimation of pauli channels, ACM Transactions on Quantum
Computing 1, 10.1145/3408039 (2020).

R. Harper, S. T. Flammia, and J. J. Wallman, Efficient learning of quantum noise, Nature Physics 16,
1184 (2020).

R. Harper, W. Yu, and S. T. Flammia, Fast estimation of sparse quantum noise, PRX Quantum 2,
010322 (2021).

S. T. Flammia and R. O’Donnell, Pauli error estimation via population recovery, Quantum 5, 549
(2021).

Y. Liu, M. Otten, R. Bassirianjahromi, L. Jiang, and B. Fefferman, Benchmarking near-term quantum
computers via random circuit sampling (2021), arXiv:2105.05232 [quant-ph].

S. T. Flammia, Averaged circuit eigenvalue sampling (2021), arXiv:2108.05803 [quant-ph].

S. Chen, S. Zhou, A. Seif, and L. Jiang, Quantum advantages for pauli channel estimation, Physical
Review A 105, 032435 (2022).

S. T. Merkel, J. M. Gambetta, J. A. Smolin, S. Poletto, A. D. Cércoles, B. R. Johnson, C. A. Ryan,
and M. Steffen, Self-consistent quantum process tomography, Phys. Rev. A 87, 062119 (2013).

R. Blume-Kohout, J. King Gamble, E. Nielsen, J. Mizrahi, J. D. Sterk, and P. Maunz, Robust, self-
consistent, closed-form tomography of quantum logic gates on a trapped ion qubit (2013), arXiv:1310.4492
[quant-ph].

E. Nielsen, J. K. Gamble, K. Rudinger, T. Scholten, K. Young, and R. Blume-Kohout, Gate Set
Tomography, Quantum 5, 557 (2021).

J. J. Wallman and J. Emerson, Noise tailoring for scalable quantum computation via randomized
compiling, Physical Review A 94, 052325 (2016).

A. Hashim, R. K. Naik, A. Morvan, J.-L. Ville, B. Mitchell, J. M. Kreikebaum, M. Davis, E. Smith,
C. Iancu, K. P. O’Brien, I. Hincks, J. J. Wallman, J. Emerson, and I. Siddiqi, Randomized compiling for
scalable quantum computing on a noisy superconducting quantum processor, Phys. Rev. X 11, 041039
(2021).

E. v. d. Berg, Z. K. Minev, A. Kandala, and K. Temme, Probabilistic error cancellation with sparse
pauli-lindblad models on noisy quantum processors (2022), arXiv:2201.09866 [quant-ph].


https://doi.org/10.1038/s42254-020-0186-4
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1088/1464-4266/7/10/021
https://doi.org/10.1103/PhysRevA.77.012307
https://doi.org/10.1103/PhysRevA.77.012307
https://doi.org/10.1103/PhysRevA.80.012304
https://doi.org/10.1103/PhysRevLett.106.180504
https://doi.org/10.1103/PhysRevA.85.042311
https://doi.org/10.1038/s41467-019-13068-7
https://doi.org/10.1038/s41467-019-13068-7
https://doi.org/10.1145/3408039
https://doi.org/10.1038/s41567-020-0992-8
https://doi.org/10.1038/s41567-020-0992-8
https://doi.org/10.1103/PRXQuantum.2.010322
https://doi.org/10.1103/PRXQuantum.2.010322
https://doi.org/10.22331/q-2021-09-23-549
https://doi.org/10.22331/q-2021-09-23-549
https://arxiv.org/abs/2105.05232
https://arxiv.org/abs/2108.05803
https://doi.org/10.1103/PhysRevA.105.032435
https://doi.org/10.1103/PhysRevA.105.032435
https://doi.org/10.1103/PhysRevA.87.062119
https://arxiv.org/abs/1310.4492
https://arxiv.org/abs/1310.4492
https://doi.org/10.22331/q-2021-10-05-557
https://doi.org/10.1103/PhysRevA.94.052325
https://doi.org/10.1103/PhysRevX.11.041039
https://doi.org/10.1103/PhysRevX.11.041039
https://arxiv.org/abs/2201.09866

[23]

[34]
[35]
[36]
[37]

[38]

14

S. Ferracin, A. Hashim, J.-L. Ville, R. Naik, A. Carignan-Dugas, H. Qassim, A. Morvan, D. I. Santiago,
I. Siddigi, and J. J. Wallman, Efficiently improving the performance of noisy quantum computers (2022),
arXiv:2201.10672 [quant-ph].

IBM Quantum, https://quantum-computing.ibm.com/services?services=systems (2022).

F. B. Maciejewski, Z. Zimboras, and M. Oszmaniec, Mitigation of readout noise in near-term quantum
devices by classical post-processing based on detector tomography, Quantum 4, 257 (2020).

S. Bravyi, S. Sheldon, A. Kandala, D. C. Mckay, and J. M. Gambetta, Mitigating measurement errors
in multiqubit experiments, Phys. Rev. A 103, 042605 (2021).

S. Ferracin, S. T. Merkel, D. McKay, and A. Datta, Experimental accreditation of outputs of noisy
quantum computers, Phys. Rev. A 104, 042603 (2021).

S. Kimmel, M. P. da Silva, C. A. Ryan, B. R. Johnson, and T. Ohki, Robust extraction of tomographic
information via randomized benchmarking, Phys. Rev. X 4, 011050 (2014).

J. Helsen, M. Ioannou, I. Roth, J. Kitzinger, E. Onorati, A. H. Werner, and J. Eisert, Estimating
gate-set properties from random sequences (2021), arXiv:2110.13178 [quant-ph].

H.-Y. Huang, S. T. Flammia, and J. Preskill, Foundations for learning from noisy quantum experiments
(2022), arXiv:2204.13691 [quant-ph].

E. Nielsen, K. Young, and R. Blume-Kohout, First-order gauge-invariant error rates in quantum
processors, Bulletin of the American Physical Society (2022).

B. Bollobéas, Modern graph theory, Vol. 184 (Springer Science & Business Media, 1998).

R. Laflamme, J. Lin, and T. Mor, Algorithmic cooling for resolving state preparation and measurement
errors in quantum computing, arXiv preprint arXiv:2203.08114 (2022).

R. Harper, W. Yu, and S. T. Flammia, Fast estimation of sparse quantum noise, PRX Quantum 2,
010322 (2021).

S. Chen, W. Yu, P. Zeng, and S. T. Flammia, Robust shadow estimation, PRX Quantum 2, 030348
(2021).

P. M. Gleiss, J. Leydold, and P. F. Stadler, Circuit bases of strongly connected digraphs, Discuss. Math.
Graph Theory 23, 241 (2003).

M. Sarovar, T. Proctor, K. Rudinger, K. Young, E. Nielsen, and R. Blume-Kohout, Detecting crosstalk
errors in quantum information processors, Quantum 4, 321 (2020).

M. S. A. et al., Qiskit: An open-source framework for quantum computing (2021).


https://arxiv.org/abs/2201.10672
https://doi.org/10.22331/q-2020-04-24-257
https://doi.org/10.1103/PhysRevA.103.042605
https://doi.org/10.1103/PhysRevA.104.042603
https://doi.org/10.1103/PhysRevX.4.011050
https://arxiv.org/abs/2110.13178
https://arxiv.org/abs/2204.13691
https://doi.org/10.1103/PRXQuantum.2.010322
https://doi.org/10.1103/PRXQuantum.2.010322
https://doi.org/10.1103/PRXQuantum.2.030348
https://doi.org/10.1103/PRXQuantum.2.030348
https://doi.org/10.7151/dmgt.1200
https://doi.org/10.7151/dmgt.1200
https://doi.org/10.5281/zenodo.2573505

15

CONTENTS

I. Introduction 1
II. Results 2
A. Theory of learnability 2

B. Experiments on IBM Quantum hardware 7
III. Discussion 11
Data availability 12
Code availability 12
Acknowledgments 12
Author contributions 12
Competing interests 13
References 13

A. Preliminaries 15
B. Theory on the learnability of Pauli noise 16
1. Assumptions and definitions 16

2. Learnability of individual Pauli fidelity 17

3. Characterization of learnable space via algebraic graph theory 21

4. Learnability under no-crosstalk assumption 27

5. Learnability of Pauli error rates 29

C. Additional details about the numerical simulations 29
D. Justification for the claim in Sec. B3 30

Appendix A: Preliminaries

Define P" to be the n-qubit Pauli group modulo its center. We can label any Pauli operator
P, € P" with a 2n-bit string a. Specifically, we define Py to be the identity operator I. We will use
the notations P, and a interchangeably when there is no confusion.

The pattern of an n-qubit Pauli operator P,, denoted as pt(P,), is an n-bit string that takes 0
at the jth bit if P, equals to I at the jth qubit and takes 1 otherwise. For example, pt(XYIZI) =
pt(XXIXT)=11010.

An n-qubit Pauli diagonal map A is a linear map of the following form

A() = 2: PaPu(-) Pa, (A1)

acPn

where p = {p, }, are called the Pauli error rates. If A is further a CPTP map, which corresponds
to the condition p, > 0 and >, p, = 1, then it is called a Pauli channel. An important property
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of Pauli diagonal maps is that their eigen-operators are exactly the 4 Pauli operators. Thus, an
alternative expression for A is

1

AL) =5 > X Te(By(-)) Py, (A2)

bePn

where X = {\y}; are called the Pauli fidelities or Pauli eigenvalues [10, 13, 35]. These two sets of
parameters, p and A, are related by the Walsh-Hadamard transform

1
M= paD pe= g 30 MDY, (A3)

acP™ bepn
where (a,b) equals to 0 if P,, P, commute and equals to 1 otherwise.

For a general linear map &, define its Pauli twirl as

EP =" PulP.. (A4)

acPn

Here we use the calligraphic P, to represent the unitary channel of Pauli gate P,, Py(-) := Py(:)P,.
The Pauli twirl of any linear map (quantum channel) is a Pauli diagonal map (Pauli channel).
When we talk about the Pauli fidelities of a non-Pauli channel, we are effectively referring to the
Pauli fidelities of its Pauli twirl.

Appendix B: Theory on the learnability of Pauli noise

In this section, we give a precise characterization of what information in the Pauli noise channel
associated with Clifford gates can be learned in the presence of state-preparation-and-measurement
(SPAM) noise. Our results show that certain Pauli fidelities of a noisy multi-qubit Clifford gate
cannot be learned in a SPAM-robust manner, even with the assumption that single-qubit gates
can be perfectly implemented. The proof is related to the notion of gauge freedom in the literature
of gate set tomography [19]. We note that the results presented in this section emphasizes on
the no-go part, i.e., some information about the Pauli noise is (SPAM-robustly) unlearnable even
with many favorable assumptions on the experimental conditions. As shown in the main text, the
learnable information about Pauli noise can be extracted in a much more practical setting using
cycle benchmarking [9] and its variant.

1. Assumptions and definitions

We focus on an n-qubit quantum system. Below are our assumptions on the noise model.
¢ Assumption 1. All single qubit unitary operation can be perfectly implemented.

e Assumption 2. A set of multi-qubit Clifford gates & := {G} can be implemented and are
subject to gate-dependent Pauli noise, i.e., G = G o Ag where Ag is some n-qubit Pauli
channel.

¢ Assumption 3. Any state preparation and measurement can be implemented, up to some
fixed Pauli noise channel £% and €M, respectively.

¢ Assumption 4. The Pauli noise channels appearing in the above assumptions satisfy that
all Pauli fidelities and Pauli error rates are strictly positive.
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Assumption 1 is motivated by the fact that the noise of single-qubit gates are usually much smaller
than that of multi-qubit gates on today’s hardware. Such approximation is widely adopted in the
literature [9, 20] with slight modifications. In Assumption 2, we view every Clifford gate as an
n-qubit gate, and allow the noise to be n-qubit. This means we are taking all crosstalk into account.
A Clifford gate acting on a different (ordered) subset of qubits is viewed as a different gate and can
thus have a different noise channel (e.g., CNOT13, CNOT49;, CNOTy3 have different noise channels.)
We will discuss the no-crosstalk situation in Sec. B4. The rationale for assuming Pauli noise in
Assumption 2 and 3 is that we can always use randomized compiling [20, 21] to tailor general noise
into Pauli channels. Finally, Assumption 4 is mostly for technical convenience. The requirement
of positive Pauli error rates roughly implies the Pauli channels are at the interior of the CPTP
polytope, and will be useful later in constructing valid gauge transformations. The requirement of
positive Pauli fidelities is also reasonable for any physically interesting noise model.

Specifying a Clifford gate set &, a noise model satisfying our assumptions is determined by
the Pauli channels describing gate noise and SPAM noise. We can thus view a noise model as
a collection of Pauli fidelities, denoted as N = {£5,EM A}, where £5/M = {)\5/ M}a describes
the SPAM noise and A = {\9}, g describes the gate noise. We note that this is an example of
parametrized gate set in the language of gate set tomography [19].

In order to gain information about an unknown noise model, one needs to conduct experiments.
In the circuit model, any experiment can be described by some state preparation, a sequence of
quantum gates, and some POVM measurements. An experiment conducted with different underlying
noise model would yield different measurement outcome distributions. Explicitly, consider an (ideal)
experiment with initial state pg, gate sequence C, POVM measurements {F,},. Denote the noisy
implementation of these objects within a certain noise model A with a tilde. Then the experiment
effectively maps N to a probability distribution par(o) = TI"(EO(C~ (P0))). We call two noise models
N1, Ns indistinguishable if for all possible experiments we have py, = pn,, and distinguishable
otherwise.

Definition 1 (Learnable and unlearnable function). A function f of noise models is learnable if
f(MN) # f(N2) = Ni, Na are distinguishable, (B1)

for any noise models N1, Na. In contrast, f is unlearnable if there exist indistinguishable noise

models N1, Na such that f(N1) # f(N2).

Note that the above definition of “learnable” does not necessarily mean that the value of the
function can be learned. However, throughout this paper whenever some function is “learnable”
according to Definition 1, it is also learnable in the stronger sense that we can design an experiment
to estimate it up to arbitrarily small error with high success probability.

In the language of gate set tomography, an unlearnable function is a gauge-dependent quantity of
the gate set [19]. On the other hand, any learnable function can in principle be learned to arbitrary
precision. In the following, we will focus the learnability of the functions of the gate noise, including
individual and multiplicative combinations of Pauli fidelities.

2. Learnability of individual Pauli fidelity
We first study the learnability of individual Pauli fidelities associated with a Clifford gate. This

has been an open problem in recent study of quantum benchmarking. Perhaps surprisingly, we
obtain the following simple criteria on the learnability of Pauli fidelities with any Clifford gate.
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Theorem 3. With Assumptions 1-4, for any n-qubit Clifford gate G and Pauli operator P,, the
Pauli fidelity N9 is unlearnable if and only if G changes the pattern of Py, i.e., pt(G(Py)) # pt(Py).

The fact that certain Pauli fidelities are SPAM-robustly unlearnable is observed in some recent
works [9, 21-23], described as “degeneracy” of the noise model. Our work is the first to give a
rigorous argument for this by establishing connections to gate set tomography. As an example, for
the CNOT and SWAP gates, we can immediately list its learnable and unlearnable Pauli fidelities
in Table II. We note that, the no-go theorem holds even under the no-crosstalk assumption as will
be discussed in Sec. B4, so introducing ancillary qubits or other multi-qubit Clifford gates cannot
help resolve the unlearnability.

Gate Learnable Unlearnable
CNOT AL AZLAIX, AZX S AX Z AvY s AXY, Ay Z A2, AX1, 222, Axx, M1y, Ay, Azy, Ay x
SWAP | A1, Axx, Axy, Axz, Av X, Avyy, Av 2, Azx, Azy, Azz AIXs AIY s A 12, AX T, Ay, Azr

TABLE II. Learnability of individual Pauli fidelity of CNOT and SWAP.

Before going into the proof, we make several remarks about Theorem 3. The correct interpretation
of the no-go result in Theorem 3 is that certain Pauli fidelities cannot be learned in a fully SPAM-
robust manner. If one has some pre-knowledge that the SPAM noise is much weaker than the
gate noise, there exist methods to give a pretty good estimate of those unlearnable Pauli fidelities,
according to physical constraints. See the discussions in the main text. On the other hand, it is
observed that the product of certain unlearnable Pauli fidelities can be learned in a SPAM-robust
manner, such as Ax7 - Axx for the CNOT gate [9]. We will characterize the learnability of this kind
of products of Pauli fidelities in the next subsection.

Proof of Theorem 3. We start with the “only if” part, which is equivalent to saying that pt(F,) =
pt(G(P,)) implies \Y being learnable. The condition pt(G(P,)) = pt(P,) implies G(P,) is equivalent
to P, up to some local unitary transformation, i.e., there exists a product of single-qubit unitary
gates U = @’_; U; such that

UoG(P,) =P,. (B2)
Now we design the following experiments parameterized by a positive integer m,
o Initial state: pg = (I + P,)/2",
o POVM measurement: Ey; = (I + F,)/2,
o Circuit: C™ = (UoG)™.
Consider the measurement probability by running these experiments within a noise model V.
P V) =T (EaC™(70))

=Tr (I:;Pa . (EM oUoG)™ ogs) <I—|2—nPa>)

. (Iipa T (X9) A;?Pa) (B3)
B 2

2'I'L

e ()" A
_ ; :
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/M

Recall that )\f is the Pauli fidelity of the SPAM noise channel for P,. The expectation value is

ECD(A) = AM (/\ag>m AS. (B4)

If we take the ratio of expectation values of two experiments with consecutive m, we obtain (recall
that all these Pauli fidelities are strictly positive by Assumption 4)

E™HHN)/E™(N) = A7 (B5)

This implies that if two noise model assign different values for )\g, the above experiments would be
able to distinguish between them. By definition 1, we conclude \Y is learnable.

Next we prove the “if” part. Fix an n-qubit Clifford gate G. Let P, be any Pauli operator
such that pt(G(P,)) # pt(P,). We will show that \Y is unlearnable by explicitly constructing
indistinguishable noise models that assign different values to \9.

Recall that any experiment involves a noisy initial state pg, a noisy measurement {El}l, and
a quantum circuit consisting of noiseless single-qubit gates U = ®;‘:1 U; and noisy multi-qubit
Clifford gates 7. Now, introduce an invertible linear map M : £(Han) — L(Han), and consider the
following transformation

o M(po), Ep— (M HI(EY),

QU — Mo @Ujo M, (B6)

j=1 j=1

T MoT oM™

One can immediately see that any measurement outcome distribution p; := Tr(E;C(f)) remains
unchanged via such transformation. Therefore the noise models related by this transformation are
indistinguishable. This is called a gauge transformation in the literature of gate set tomography [19].
To use this idea for the proof, we start with a noise model N and construct a map M such that

1. The transformation yields a physical noise model N’ satisfying Assumptions 1-5 in Sec. B 1.
2. The two noise models N, N assign different values to \Y.

Starting with a generic noise model N = {£%, €M A} satisfying the assumptions, we construct
the gauge transform map M as follows. Since pt(G(P,)) # pt(P,), there exists an index i € [k]
such that one and only one of (F,); and G(P,); equals to I. Let M be the single-qubit depolarizing
channel on the i-th qubit,

M :=D; & T\, (B7)
where the single-qubit depolarizing channel is defined as

P, ifP=1,
vP e {I,X,Y,Z}, D(P)= . (B8)
nP, otherwise,

for some parameter 0 < n < 1. We will specify the value of n later.
Now we calculate the transformed noise model N7 = {& 5 EM N\ }. The SPAM noise channels
are transformed as

e = Mm%, EM = gMm, (BY)
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both of which are still Pauli diagnoal maps. Thanks to our Assumption 4, as long as 7 is sufficiently
close to 1, they can be shown to be Pauli channels.
Next, the single-qubit unitary gates are transformed as

M (@uj) M =DuU Dl 0 QU; = R U, (B10)
j=1 j

J#

since the single-qubit deplorizing channel commutes with any single-qubit unitary. This implies the
single-qubit unitary gates are still noiseless.

Finally, consider an arbitrary n-qubit Clifford gate 7. We show that the transformed noisy gate
takes the form 7/ =T o A% where A’ is still a Pauli channel, with the Pauli fidelities updated as
follows.

A, if pt(Py); = 0 and pt(T(Py)); =
N = I\, if pt(Py); = 1 and pt(T(By));
Mo i pt(By)i = pt(T(By))s.

)

1
0, (B11)

We give a proof for the first case. Note that

MoT oM =D;0T oD
=D;oT oAroD;?
=To(T 'oD;oToAroD; )
= T oA,

(B12)

where we use D; as a shorthand for D; ® Zp,)\;. The transformed noise channel can be written as
Ny=T 1 oD;oToAroD; L. (B13)
Let us calculate its action on arbitrary Pj.

7(B) = (T oDioToAroDi)(R)
_ (n—l)pt(Pb)i(T*1 oDjoT oAT)(P)

=M (7 PIH(T oD 0 T)(B)
_ npt(T(Pb))i)\Z—(n_l)Pt(Pb)i P,

(B14)

Thus, A% is indeed a Pauli diagonal map with Pauli fidelities given by Eq. (B11). The fact that A’
is guaranteed to be a CPTP map by choosing appropriate n will be verified later. Specifically, if
we take T to be the Clifford gate G that we are interested in, we have A9 = nAg or \Y = n~1\9.
In either case, AY # A9. This means the two indistinguishable noise model A, N” indeed assign
different values to AY.

We now verify that AN is indeed a physical noise model and satisfies Assumptions 1-4. We
have already shown that single-qubit unitary gates remain noiseless and that all gate noise and
SPAM noise are described by Pauli diagonal maps. The only thing left is to make sure all these
Pauli diagonal maps are CPTP and satisfy the positivity constraints in Assumption 4. According
to Eq. (B9) and (B11), any Pauli fidelity A, of either SPAM noise or gate noise is transformed
to one of the following \; € {A\p, nAs, 771N}, S0 Ay > 0 implies A} > 0. On the other hand, any
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transformed Pauli error rate can be bounded by

pe= 2 > (1N
bePn
1

> 3 (DTN = (7t = D) (B15)
bePr

To ensure every p. > 0, we can choose 1 > 1 > (pmin + 1)_1 with pmin being the minimum Pauli
error rate among all Pauli channels of both SPAM and gate noise, which is possible since ppin > 0 by
Assumption 4. This means each transformed Pauli diagonal maps are completely positive (CP). To
see they are also trace-preserving (TP), just notice from Eq. (B9), (B11) that A\j = Ao = 1 always
holds. Now we conclude that N is indeed a physical noise model satisfying all the assumptions.
Combining with the reasoning in the last paragraph, we see A is unlearnable. This completes our
proof. O

3. Characterization of learnable space via algebraic graph theory

We have characterized the learnability of individual Pauli fidelities associated with any Clifford
gates in Theorem 3. Here, we want to understand the learnablity for a general function of the
gate noise. We first show that, in our setting, any measurement outcome probability in experiment
can be expressed as a polynomial of Pauli fidelities of gate and SPAM noise, and each term in the
polynomial can be learned via a CB experiment (see Sec. D for details). Therefore, it suffices to
study the monomials, i.e., products of Pauli fidelities. For each Pauli fidelity A9, we define the
logarithmic Pauli fidelity as 19 = log A9 (A9 > 0 by Assumption 4). It then suffices to study the
learnability of linear functions of the logarithmic Pauli fidelities. An alternative reason to only
study this class of function is that, under a weak noise assumption, we have [, — 0, so we can
express any function of the noise model as a linear function of [, under a first order approximation.
Note that similar approaches have been explored in the literature [15, 31].

Since we are working with Assumption 1-4 which takes all crosstalk into account, we treat the
noise channel for each gate in & as n-qubit. The number of independent Pauli fidelities we are
interested in is thus

A| = |®] - 47 (B16)

Denote the space of all (real-valued) linear function of logarithmic Pauli fidelities as F', then we have
F =R A function f € F uniquely corresponds to a vector v € RIM by f(I) =v -1 = >ag VaglY.
We will use the vector to refer to the linear function when there is no ambiguity.

Denote the set of all learnable function in F' as F7, (in the sense of Def. 1). As shown in the
following lemma, F7, forms a linear subspace in F, so we call Fy, the learnable space.

Lemma 1. FJ, is a linear subspace of F.

Proof. Given v1,vy € Fp, consider the learnability of v1 + vo. For any noise models N7, N,

(v1 +v2) -y, # (V1 +v2) Iy, = v1-ln; V1D, or vo-Lpy # V2 Ly,

B17
= M, N5 are distinguishable. (B17)

Thus v1 + vo € Fy,. We also have v € L = kv € F, for all £ € R. Therefore, F}, forms a vector
space in R ]
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Our goal is to give a precise characterization of the learnable space Fy. For example, we may
want to know the dimension of Fp, which represents the learnable degrees of freedom for the noise.
This is also the maximum number of linearly-independent equations about the logarithmic Pauli
fidelities we can expect to extract from experiments. Conversely, the unlearnable degrees of freedom
roughly correspond to the number of independent gauge transformations. We summarize these
definitions as follows.

Definition 2. Given a Clifford gate set &, the learnable degrees of freedom LDF (&) and unlearnable
degrees of freedom UDF(&) are defined as, respectively,

LDF(®) := dim(F;), UDF(®) := |A| — dim(F},). (B18)

Our approach is to relate F7, to certain properties of a graph defined as follows.

Definition 3 (Pattern transfer graph). The pattern transfer graph associated with a Clifford gate
set & is a directed graph G = (V, E) constructed as follows:

. V(G) = {0,1}".
e E(G) = {eag = (pt(Py), pt(G(R)) |V By € P, G € &).

The 2" vertices each corresponds to a possible Pauli pattern. The |E| = |A| = |&| - 4" edges
each corresponds to a Pauli operator and a Clifford gate, describing how the Clifford gate evolves
the pattern of the Pauli operator. One can also think each edge corresponds to a unique Pauli
fidelity (eqg <> )\g) The rationale for only tracking the Pauli pattern is that we assume the ability
to implement noiseless single-qubit unitaries, which makes the actual single-qubit Pauli operators
unimportant. Fig. 2 of main text shows the pattern transfer graphs for a CNOT gate, a SWAP
gate, and a gate set of CNOT and SWAP, respectively.

Next, we give some definitions from graph theory (see [32, 36]). A chain is an alternating
sequences of vertices and edges z = (vo, €1, V1, €2, V2, ..., Vg1, €q, Uq) such that each edge satisfies
er = (Vk—1,v) or ex = (v, vkp_1). A chain is simple if it does not contain the same edge twice. A
closed chain (i.e., v9 = vy) is called a cycle. If an edge ey, in a chain satisfies e, = (vg—1, vx), it is
called an oriented edge. A chain consists solely of oriented edges is called a path. A closed path is
called a oriented cycle or a circuit. A graph is called strongly connected if there is a path from every
vertex to every other vertex. A graph is called weakly connected if there is a chain from every vertex
to every other vertex. The number of (strongly or weakly) connected components is the minimum
number of partitions of the vertex set V= V; U--- UV, such that each subgraph generated by a
vertex partition is (strongly or weakly) connected.

We can equip a graph with vector spaces. Following the notations of [32, Sec. 11.3], the edge
space C1(G) of a directed graph G is the vector space of all linear functions from the edges F(G) to
R. By construction, C1(G) = RIAl >~ F. Every linear function of the logarithmic Pauli fidelities
naturally corresponds to a linear function of the edges according to the label of the edges (lg “€eqg)-
Again, we use vectors in RIA! to refer to elements of C1(G). The inner product on C;(G) is defined
as the standard inner product on RIAI

There are two subspaces of C1(G) that is of special interest. For a simple cycle z in G, we assign
a vector v, € C1(G) as follows

+1, e € z, e is oriented.
v,(e) =<¢ —1, e € z, e is not oriented. (B19)
0, e¢z.
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The cycle space Z(G) is the linear subspace of C1(G) spanned by all cycles v, in G.

Given a partition of vertices V' = Vi U V5 such that there is at least one edge between V7 and V5,
a cut is the set of all edges e = (u, v) such that one of u,v belongs to V4 and the other belongs to
V5. For each cut p we assign an vector v, € C1(G) as follows

+1, e € p, e goes from Vi to V5.
vp(e) = ¢ —1, ee€p, egoes from V5 to V. (B20)
0, ed¢np.

The cut space U(G) is the linear subspace of C(G) spanned by all cuts v, in G. Note that different
partition of vertices may result in the same cut vector if G is unconnected.

Lemma 2. [32, Sec. 1.3, Theorem 1] The edge space C1(G) is the orthogonal direct sum of the
cycle space Z(G) and the cut space U(G), whose dimensions are given by

dim(Z(G)) = [E| = [V +¢(G), dim(U(G)) = |V] = ¢(G), (B21)
where ¢(Q) is the number of weakly connected components of G.

In some cases, we are more interested in circuits (oriented cycles) instead of general cycles. The
following lemma gives a sufficient condition when the cycle spaces have a circuit basis, i.e. the cycle
space is spanned by oriented cycles.

Lemma 3. [36, Theorem 7] A directed graph has a circuit basis if it is strongly connected, or it is
a union of strongly connected subgraphs.

With all the graph theoretical tools introduced above, we are ready to present the main result
of this section.

Theorem 4. Under the Assumptions 1-4. For any &, Fr, = Z(G). Explicitly, a linear function
fo(l) = v -1 is learnable if and only if v belongs to the cycle space Z(QG).

We give the proof at the end of this section. The proof involves two parts. The first is to show
that every cycle is learnable using a variant of cycle benchmarking [9], thus the cycle space belongs to
the learnable space. The second part is to show that every cut induces a gauge transformation [19],
and thus the learnable space must be orthogonal to the cut space, which implies it lies in the cycle
space.

We remark that Theorem 3 can be viewed as a corollary of Theorem 4. This is because an
individual Pauli fidelity A9 whose Pauli pattern changes (i.e., pt(P,) # pt(G(P,))) corresponds to
an simple edge in the pattern transfer graph, which does not belong to the cycle space and is thus
unlearnable. On the other hand, a Pauli fidelity without Pauli pattern change corresponds to a
self-loop in the pattern transfer graph, which belongs to the cycle space by definition, and is thus
learnable.

Combing Theorem 4 with Lemma 2 leads to the following.
Corollary 5. The learnable and unlearnable degrees of freedom associated with & are given by
LDF(®) = |&|-4" — 2" + ¢(®), UDF(8) =2" —¢(®), (B22)

where ¢(®) is the number of connected components of the pattern transfer graph associated with &.
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Note that the unlearnable degrees of freedom always constitute an exponentially small portion,
though they can grow exponentially.

Examples of some gate sets are given in Table III and Figure 7. One can notice some interesting
properties. The UDF of CNOT and SWAP equals to 2 and 1, respectively, but a gate set containing
both has UDF = 2. This means UDF is not “additive”. The interdependence between different
gates can give us more learnable degrees of freedom. However, Corollary 5 implies that the UDF of
a gate set cannot be smaller than the UDF of any of its subset. This is because adding new gates
can only decrease the number of connected components ¢(®) of the pattern transfer graph.

Number of qubits n Gate set & Number of parameters |A| = 4"|6||UDF(&)
2 CNOT 16 2
2 SWAP 16 1
2 {CNOT, SWAP} 32 2
3 {CNOTlg, CNOT23, CNOT31} 192 6
3 CIRC3 64 4

TABLE III. The unlearnable degrees of freedom of some gate sets. Here CIRCj3 is the circular permutation
on 3 qubits. UDF is calculated by applying Corollary 5 to the corresponding pattern transfer graph in Fig. 2
of main text and Fig. 7.

{CNOT, SWAP} {CNOT,, CNOT,3, CNOTj,} CIRC,

FIG. 7. Pattern transfer graphs for {CNOT, SWAP}, {CNOT;2, CNOT493, CNOTs;}, and CIRCs. For
clarity, we omit labels of the edges, multiple edges, and self-loop. These omissions do not change the cut
space of the graph.

Proof of Theorem 4. The proof is divided into showing Z(G) C F, and Fr, C Z(G) (up to the
natural isometry between F' and C1(G)).

Z(G) C Fr: Roughly, this is equivalent to saying that all cycles are learnable. We will first show
that the pattern transfer graph always has a circuit basis, and then show that the linear function
associated with each circuit can be learned using a variant of cycle benchmarking protocol [9].

We begin by showing that the pattern transfer graph G associated with a gate set & is a union
of strongly connected subgraphs. This is equivalent to saying that for any vertices u,v € V(G), if
there is a path from u to v, there must be a path from v to u. It suffices to show that for each
edge e = (u,v) there is a path from v to u, since any path is just concatenation of edges. By
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definition, the existence of e = (u,v) implies there exists P € P™ and G € & such that pt(P) = u
and pt(Q) = v where @ := G(P). Since a Clifford gate is a permutation on the Pauli group, there
must exist some integer d > 0 such that G¢ = Z, thus P = G*~1(Q), which induces the following
path from v to u:

(pt(Q), eqg. PHE(Q)), eg).g: PHG(Q)), -+ . PHGI*(Q)), ega-1(g)g. PG (Q))).

One can verify this is a path according to the definition of G. This shows that G is indeed a union
of strongly connected subgraphs. According to Lemma 3, G has a circuit basis that spans the cycle
space Z(G).

Now we show that every circuit in G represents a learnable function. Consider an arbitrary
circuit z = (vo, €1,v1, €2,V2, ..., Vg—1, €¢, Vg = Vp). For each k = 1...¢, the edge ey corresponds to a
Pauli operator Py, € P and a Clifford gate G € & such that pt(Py) = vip—1 and pt(Qx) = vr where
Qr = Gr(Px). On the other hand, since pt(Qy) = pt(Pr+1), there exists a product of single qubit
unitaries Uy, such that Py = Ui (Qg) for k = 1...q (where we define Py = Py, as pt(Qq) = pt(P1)
by assumptions). Consider the following gate sequence,

C = L{nguq,lgq,l . -ulgl (B23)

One can see that C(P1) = P1. Now we design the following experiments parameterized by a positive
integer m,

o Initial state: pg = (I + P)/2",
o POVM measurement: F1; = (I + Pp)/2,
o Circuit: C"™ = (UgGgllg—1G4—1---U1G1)™.
Consider the outcome distribution generated by running these experiments within a noise model N.
PV =T (BiC™ (7))
=Tr (I j:2P1 . <8M o (Ung = 'U1§1>m o 53> (I + Pl))

2n
g m

o (1R IO (A x2X0)" g Py (B24)

2 2n

g m
e (W AR,
= 5 .
The expectation value is
m g m

EMN) = xH (Af - xZAE) A2, (B25)

If we take the ratio of expectation values of two experiments with consecutive m, we obtain (recall
that all these Pauli fidelities are strictly positive by Assumption 4)

E™H (V) /E™(N) = AJ - A2 (B26)

This implies that if two noise models have different values for the product of Pauli fidelities
)‘%}; e /\%)\%1, the above experiments would be able to distinguish between them. Therefore,

)\Iggz e A%)\% is a learnable function. By taking the logarithm of this expression, we see that
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J) =31 llgjz is a learnable linear function of the logarithmic Pauli fidelities. Notice that f(1)
exactly corresponds to the circuit of z according to the natural isometry between F' and C1(G).
This tells us that every circuit in G indeed corresponds to a learnable linear function. Combining
with the fact that the circuits in G span the cycle space Z(G), and the fact that learnable functions
are closed under linear combination (Lemma 1), we conclude that Z(G) C Fp..

Fr, C Z(@G): For this part, we just need to show that F is orthogonal to the cut space U(G),
which is the orthogonal complement of the cycle space Z(G). To show this, we will construct
a gauge transformation for each element of U(G). The definition of learnability then requires a
learnable linear function to be orthogonal to all gauge transformations, thus orthogonal to the
entire cut space.

Consider a cut V = V5 U V5 (such that there is at least one edge between V; and V5). We define
the gauge transform map M as the following Pauli diagonal map,

M(p) = L1 PP EVL o (B27)
P, if pt(P) € Vs,

for a positive parameter 1 # 1. The gauge transformation induced by M is defined in the same
way as Eq. (B6). We will show that there exists two noise models satisfying all the assumptions
that are related by a gauge transformation (thus indistinguishable) but yields different values for
the function corresponding to the cut V; U Vs.

Starting with a noise model N' = {£%,EM A}, we first calculate the gauge transformed noise
model N/. The SPAM noise channels are transformed as

¥ = Mg, EM = gMMT, (B28)

which are still Pauli diagonal maps. Using exactly the same argument as in the proof of Theorem 3,
by choosing n to be sufficiently close to 1, these transformed maps are guaranteed to be CPTP and
satisfy Assumption 4.

Secondly, the single-qubit unitaries are transformed as U’ = MUM ™. Calculate the following
inner product for any P, € P™,

Te(P-U'(Q)) = Te(M'(P) - UM (Q)))

B29
= v PP ()= v PHI Ty (P (Q)). )

Here 1y, is the indicator function of V3. We see that Tr(P-U'(Q)) = Tr(P-U(Q)) if pt(P) = pt(Q).
A crucial observation is that a product of single-qubit unitaries can never change the pattern of the
input Pauli. More precisely, U(Q) is a linear combination of Pauli operators with the same pattern
as Q. Therefore, if pt(P) # pt(Q), we would have Tr(P - U'(Q)) = Tr(P - U(Q)) = 0. Combining
the two cases, we conclude U’ = U, i.e., the single-qubit unitaries are still noiseless in N’.

Finally, the noisy Clifford gates are transformed as

G' = MGAgM™!
= GG I MGAGM ™! (B30)
=: gA’g

where the transformed noise channel A’g = Q‘l/\/lgAg./\/l_1 is a Pauli diagonal map. We now
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calculate its Pauli eigenvalues. For P € P™,
Ag(P) =G ' MGAGM ™! (P)
= ptv PUI(P))] (p~1)n [pt(P)])\ P
G(P)) € Va. (B31)
G(P)) € V1.

77/\Q7 pt( ) € V17 pt
=<0 'A\§, pt(P) € Va, pt

/\Igg, otherwise.

(
(

Again, Assumption 4 guarantees that Ay is a CPTP map satisfying all of our noise assumptions as
long as 7 is sufficiently close to 1. We omit the argument here as it is the same as in the previous
proof. Define ¢, := logn where p denotes the cut V4 U V5. The above gauge transformation of the
log Pauli fidelity can be written as

U'=1+ty, (B32)

where v, is the cut vector of V' =V; U V5 as defined in Eq. (B20).

We have just defined a gauge transformation M, for an arbitrary cut p. Fix a basis of the cut
space B (where vectors in B has the form in Eq. (B20)). For a generic element of the cut space
v € U(G), we can decompose it as v = 3 gty (tp € R). We define the gauge transformation
M, associated with v as a consecutive application of the gauge transformations {M,} for each
p € B, each with parameter ¢,. Here we assume that each |t,| is sufficiently small, as otherwise we
can rescale the vector. This implies that M, is a valid gauge transformation. The effect of such a
transformation is

U=1+wv. (B33)

Now, Definition 1 implies that a learnable function f must remain unchanged under gauge
transformations (as they result in indistinguishable noise models), which means that f-U' = f - 1.
Thus, for all f € F, and all v € U(G), we must have

fo=fl—f-1=0. (B34)

That is, F must be orthogonal to the cut space U(G). According to Lemma 2, Z(G) is the
orthogonal complement of U(G), so we conclude that F, C Z(G). This completes the second part

of our proof.
O

4. Learnability under no-crosstalk assumption

As we commented before, the way we define the gate noise captures a general form of crosstalk [37].
One may ask, if we further make a favorable assumption that gate noise has no crosstalk, would
this make the learning of noise much easier. To consider this rigorously, we introduce the following
optional assumption. See Fig. 8 for an illustration.

e Assumption 5 (No crosstalk.) For any G € & that acts non-trivially only on a k-qubit
subspace, the associated Pauli noise channel also acts non-trivially only on that subspace. In
other words, if G = G’ ® Z, we have (3 = (G' o Ag) ® T where Ag is an k-qubit Pauli channel
depending only on G and the (ordered) subset of qubits on which G acts.
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I A12 A23 | A34_
O 1T s

(a) (b) ()

FIG. 8. Tllustration of the crosstalk model. (a) A 4-qubit circuit consists of three ideal CNOT gates. (b) Full
crosstalk. The noise channels are 4-qubit and depends on the qubits the CNOT acts on. (¢) No crosstalk.
The noise channel only acts on a 2-qubit subspace. It can still depend on the qubits the CNOT acts on.

Assumption 5 reduces the number of independent parameters of a noise model. One might
expect certain unlearnable functions to become learnable with this assumption. Here, we show that
the simple criteria of learnablity given in Theorem 3 still hold even in this case, as stated in the
following proposition.

Proposition 6. With Assumption 1-5, for any k-qubit Clifford gate G and Pauli operator Py, the
Pauli fidelity A9 is unlearnable if and only if G changes the pattern of Py, i.e., pt(G(P,)) # pt(Py).

Proof. We just need to modify the proof of Theorem 3. For the “only if” part, restrict our attention
to the k-qubit subsystem that G acts on, and do a cycle benchmarking protocol as in the original
proof. We can easily conclude that Y is learnable if pt(P,) = pt(G(P,)).

For the “if” part, construct the same gauge transformation map as in the original proof. That is,
for an index 7 € [n] such that pt(Fy); # pt(G(Fa))i, let M = D; ® Ij,,)\; where D; is the single-qubit
deplorizing channel on the ith qubit with some parameter . With the no-crosstalk assumption, a
generic k-qubit noisy Clifford gate 7 transforms as

TRI— Mo(T®I)oM™. (B35)

If 7 does not act on the ith qubit, M commutes with T and the noisy Clifford gate remains
unchanged. If 7 acts non-trivially on the ith qubit,

T&Irs (DioT oD ) ®I. (B36)

This means the transformed noise channel acts non-trivially only on the k-qubit subsystem that G
acts on, thus satisfies the no-crosstalk assumption. The Pauli fidelities of the noise channel will be
updated as Eq. (B11). Following the same argument of the original proof, we conclude that \Y is
unlearnable if pt(F,) # pt(G(P,)). O

It is also possible to generalize the graph theoretical characterization in Theorem 4 to the
no-crosstalk case. One challenge in this case is that, different edges in the pattern transfer graph
no longer stand for independent variables. For example, consider a 3-qubit system and a CNOT
on the first two qubits. Since CNOT(X1) = XX, we would have the following two edges in the
pattern transfer graph

exIr,cNoTez = (100,110),  exrx.cnoTez = (101,111).

However, with the no-crosstalk assumption, we have

CONOT®Z _ \CNOT®Z _ CNOT
AXTI =Axix = AxT (B37)
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which means the above two edges represent the same Pauli fidelity. As a result, a gauge transforma-
tion (as defined in the proof of Theorem 4) that changes Ax;; and Axx differently is no longer a
valid transformation. In other word, a cut represents a valid gauge transformation only if it cuts
through all the edges for the same Pauli fidelity simultaneously. This could decrease the number of
unlearnable degrees of freedom. We leave the precise characterization of the learnable space with
no-crosstalk assumptions as an open question. It is also interesting to study the learnability under
other practical assumptions about the Pauli noise model, such as the sparse Pauli-Lindbladian
model [22] and the Markovian graph model [10, 11].

5. Learnability of Pauli error rates

We have been focusing on the learnability of Pauli fidelities A. One may ask similar questions
about Pauli error rates p. It turns out that, at least in the weak-noise regime (i.e., A, close to 1),
the learnability of p is A are highly related. To see this, note that

1
4”b

1 a
~ g 2o (=D (log dy + 1) (B38)
b

Pa (—1){ Py,

- 4% (=1) @01, + 5,0,
b

which means that p, is approximately a linear function of the logarithmic Pauli fidelity {. Therefore,
one can in principle use Theorem 4 to completely decide the learnability of any Pauli error rates (with
weak-noise approximation). Furthermore, since the Walsh-Hadamard transformation is invertible,
different p, corresponds to linearly-independent function of I. This means that the number of
linearly independent equations we can obtain about the Pauli error rates is the same as the learnable
degrees of freedom of the Pauli fidelities. In Table IV, we list a basis for all the learnable Pauli
fidelities/Pauli error rates. One can see that there is an exact correspondence between these two.
We leave a fully general argument for future study.

Learnable lOg Pauli fidelities l[], lZI> ljx, lzx, lxz, lyy, le, lyz,
liz +lzz, by tlzy,liz +lzv,Ixi +ixx,lyr +lyx,Ixr +lyx
Learnable Pauli error rates PI1,Pz1,PI1X,PZX,PXZ,PYY,PXY PYZ;
(approximately) Piz +Pzz,Piy + Pzy,P1z + Pzy,PXI + PXX,PYI + PYX,PXx1 +Dyx

TABLE IV. A complete basis for the learnable linear functions of log Pauli fidelities and Pauli error rates
(the latter is approximate) for a single CNOT gate.

Appendix C: Additional details about the numerical simulations

In this section, we provide more details about the numerical simulations mentioned in the main
text. The simulation is conducted using qiskit [38], an open-source Python package for quantum
computing. We simulate a two-qubit system where single-qubit Clifford gates are noiseless, and
CNOT is subject to amplitude damping channels on both qubits. Note that amplitude damping is
not Pauli noise, but we apply randomized compiling and will only estimate its Pauli diagonal part.
We also note that, giskit adds the noise channel after gate by default, but our theory assume the
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noise to be before gate. These two models can be easily converted between each other via
GoAg=(GoAgoGl)oG=A;0G. (C1)

If G is Clifford, Ag is a Pauli channel if and only if Aj is a Pauli channel. In the following, we
will be consistent with our theory and assume the noise to be before gate. Besides, we let the
measurement to have 0.3% bit-flip rate on each qubit and the state-preparation to be noiseless.

Fig. 9 shows the estimates collected using standard CB and interleaved CB (circuits shown in
Fig. 1 of main text). Compared to the true values, we see that both simulations yields accurate
predictions of the learnable Pauli fidelities.

Standard CB Interleaved CB

Qv X X X ' X X X
0.997 0.997 :
0.996 ». » _ 0.996 » »
0.995 “ X * t . X X * 0.995 ‘ * * X
0.994 0.994

- L -« *
0.993 0.993 . .
&€ X b3 X = : E X
0.992 0.992
True fidelity (averaged) True fidelity (averaged)

0.991 x  True fidelity 0.991 x  True fidelity
0.990 @ Estimated fidelity 0.990 @ Estimated fidelity

IX Al ZX {1z,zzy {X1,XX} {Iv,ZY} {YLYX} {XZYY} {XY)YZ} IX Al zX XZ XY Yz YY  A{I1Z,ZYIH{XLYXHIY,ZZ}{Y1,XX}

FIG. 9. Numerical estimates of Pauli fidelities of a CNOT gate via standard CB (left) and CB with interleaved
gates (right), using circuits shown in Fig. 1 of main text. Each Pauli fidelity is fitted using seven different
circuit depths L = [2,22,...,27]. For each depth C' = 30 random circuits and 200 shots of measurements are
used. The red cross shows the true fidelities and the red dash line shows the average of true fidelities within
any two-Pauli group.

Fig. 10 (a) calculates the physically feasible region according to the estimates in terms of
{Axx,Azz}, using approaches discussed in the main text. Due to the special structure of the
twirled amplitude damping noise (no Z-error), the feasible region for Axx is extremely narrow. To
eliminate the effect of statistical error, we allow a smoothing parameter € in calculating the physical
region, making the constraints to be p, > —e. Here ¢ is chosen to be the largest standard deviation
in estimating the learnable Pauli fidelities. In Fig. 10 (b)(c) we see that the true fidelity indeed
falls into the physical region and is actually close to the lower-left corner of the physical region.

Fig. 11 shows the simulation results of intercept CB. We see that, we obtain an accurate estimate
even for the unlearnable Pauli fidelities. Besides, the estimate lies inside the physically feasible
region up to a standard deviation. This shows that intercept CB should work well in resolving
the unlearnability if we do have access to noiseless state-preparation (and the method is robust
against measurement noise). Therefore, failure of this method in experiment implies a non-negligible
state-preparation error, as discussed in the main text.

Appendix D: Justification for the claim in Sec. B3

We claim in Sec. B 3 that any measurement probability generated in experiment can be expressed
as a polynomial of Pauli fidelities, and that each term in the polynomial can be learned in a CB
experiment. This is the motivation why we only care for a single monomial of Pauli fidelities. Here
we justify this claim.

Consider the most general experimental design: prepare some initial state pg, apply some
quantum circuit C, and conduct a POVM measurement {FE;};. Denote the noisy realization of these
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FIG. 10. Feasible region of the learned Pauli noise model, using data from Fig. 9. (a) Feasible region of the
unlearnable degrees of freedom in terms of Axx and Azz. (b) Feasible region of individual Pauli fidelities.
(c) Feasible region of individual Pauli errors.

objects with a tilde. Because of noise, the probability of obtaining a certain measurement outcome
7 is

Pr(j) = Tr (E;C(p0)) = Tr (E; (AM 0 Co A¥) (pg)) = Tr (Ejp). (D1)

Here A, AM are the noise channels for state preparation and measurement, respectively. The

Pauli fidelity of them are denoted by A AM for Pauli operator a, respectively. We define p' ==

(AM o C o A%)(pg) which encodes all the information that can be extracted from a quantum
measurements. We will obtain a general formula for p'.

First note that a general noisy quantum circuit C satisfying our assumptions can be expressed as

C=C™0oGo-0CWoG oC®, (D2)

where G; € & is an n-qubit Clifford gate and C (4) is the tensor product of single-qubit gates. A

crucial property for single-qubit gates is that they never change the Pauli pattern. More rigorously,



32

0.0015041
0.998 1 i i
* % [} i 0.001251 # E
0.996 1 0.00100+
x * - LN | i
0.00075 x  True error rates
0.9941 Physical region
0.00050 ® Estimated error rates
s = -
0.9924
0.00025+4
x  True fidelity
1 0.000001 s = = %= i
0.990 Physical region i " E E
¢ Estimated Fidelity
—0.00025+1
IX ZI ZX XZ YY XY YZ XX XI YX Yl ZzZ 1z Y ZY IX ZI ZX XZ YY XY YZ XX XI YX Yl ZzZ 1Z IY ZY
(a) (b)

FIG. 11. The learned Pauli noise model using intercept CB. The feasible region (blue bars) are taken
from Fig. 10. Estimates of Pauli fidelities (a) and Pauli error rates (b). Each data point is fitted using
seven different circuit depths L = [2,22,...,27]. For each depth C' = 300 random circuits and 2000 shots of
measurements are used.

one have that

CP)= Y B, VP eP", (D3)
b~pt(a)
where c(] ) ¢ R, and the summation is over all P, that have the same Pauli pattern as P,.

Now consider the action of C on an arbitrary Pauli operator P,.
C(Pa) = (C™ 0Gpo--0CW oGy oC®)(R,)

= (0™ 0Gpo-0CWoG) | ¥ OB,

bo~pt(a)

= (0™ 0 Gpno-0CD) [ S o A Py, 4
bo~pt(a)

(D4)
m ~ 1
= (C( )o Gmo---o C(Q)) Z 1<71?Q1(b0) l(’O? )\gl )\ PQQ(bl)

bo~pt(a),
b1~pt(G1(bo))

= (m) A0 (G G216
o Z cbm,gm(bm_l) o b17g1(b0) Cby, a)‘bm L /\ 2)\ 1Pbm
bo~pt(a),
b1~pt(G1(bo)),

b ~pt(Grm (bm—1))

For any initial state pg, we can decompose it via Pauli operators as

I+ agP,. (D5)

a#0
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Going through the state preparation noise, the quantum circuit, and the measurement noise, the
state evolves to

5 1
P =UM"oCo AS)(Q—nI + ) aaly)

a#0
— i[ 4 Z a Z C(m) . C(l) C(O) )\M /\Qm . )\92)\91 /\S P
on a bim,Gm (bm—1) " “b1,G1(bo) “bo,a "Pt(bm) bm—1 b1 “bo “'pt(a)” bm
a70 bo~pt(a),
b1~pt(G1(bo)),
b ~pt(Grm (brm—1))
_ 1 (m) 1) (0)
=gl D > oG (1) """ Cb1,G1 (bo) Cbosa L bsaL by
a0 bo~pt(a),
b1~pt(G1(bo)),

mePt(g;z(bmfl))

(D6)
Here we define I'y , = Aﬁf(bm)/\g,’,?,l e )\bgf )\bgol >‘§t( a)’ which is a monomial of Pauli fidelities. The
measurement outcome probability Pr(j) is a linear combination of such I'y , plus some constant.
Moreover, each I'y , of the above form can also be learned from a simple experiment, by choosing
the initial state to be a +1 eigenstate of F,, measurement operator to be P, , and CU) to be
the product of single-qubit Clifford gates satisfying C)(G;(b;j—1)) = b; (which is possible because
pt(b;) = pt(G;(bj—1))). Therefore, to completely characterize a noise model, we only need to extract
the products of Pauli fidelities in the form of I'p ;. This justifies our earlier claim.
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