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Abstract. Finite frame quantization is a discrete version of the coherent state
quantization. In the case of a quantum system with finite-dimensional Hilbert space,
the finite frame quantization allows us to associate a linear operator to each function
defined on the discrete phase space of the system. We investigate the properties of the
density operators which can be defined by using this method.

1. Introduction

The quantum particle moving along a straight line is described by using the Hilbert
space L?(R). For the corresponding classical system, R is the configuration space and
R?2=R xR the phase space. The position operator

@(a)=qv(q) (1)

and the momentum operator
d

e _in L 2

p=—ihg. (2)
satisfy the commutation relation

(4, p]=ih (3)
and the relation

p=F1gF (4)
where

_2mi
Fp m/e 913 (q) dg = f/ Fr(g 9

is the Fourier transform.
In the odd-dimensional case, d=2s+1, a discrete version can be obtained by using

R={-s,—s+1,..,s—1,s} (6)
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as a configuration space, the Hilbert space (several representations are presented)

w<n+d>:w<n>,} (7)

—_md —_ p2 _ . — .
H=C"=/ (R)_{qﬁ_R—)C}:{Qﬁ.Z%C for all neZ

with .
= ¥(n)p(n) (8)

and the discrete Fourier transform @"H—)H,

Z e~ 7k (n) (9)

n=—s

The standard basis {0_s, d_s11,...,0s_1, s}, where

5m(n):{ 1 if n=m modulo d (10)

if n#m modulo d
is an orthonormal basis. By using Dirac’s notation |m) instead of §,,, we have

(k) =0, Y |m){m|=L, (11)

m=-—s

where [:'H—H, Iip=1), is the identity operator.
In the discrete case, the position operator q : H—H : Y+—qy is

qi(n)=n(n). (12)
For the momentum operator p : H— H, the definition
p=5145 (13)

is more adequate than the use of a finite-difference operator instead of d%.
In the discrete case, the set

RZ=RxR={(n,k) | n,ke{—s,—s+1,..,5—1,5}} (14)

plays the role of phase space.
The Gaussian function of continuous variable (k>0 is a parameter)

KT 2

g :R—R, gelq)=e" 5% =~ 1 (15)
satisfies the relation

Flge]=J=91. (16)
The corresponding Gaussian function of discrete variable, defined as [11], [15]

g R—R, Z e~ (ntad)? (17)

a=—00

satisfies the similar relation

o] =Z=02. (18)
In this article, we restrict us to the odd-dimensional case, but most of the definitions
and results can be extended in order to include the even-dimensional case d=2s also.
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2. Coherent state quantization

In the continuous case, the quantum state

10,0)=

m|gl>

represents the vacuum state. The coherent states [13]
lq,p)=D(q,p)[0,0),

defined by using the dz’splacement opemtors [13 16]

2mi

satisfy the resolution of the identity

m/lq p){q, p| dqdp.

By using the coherent state quantization, we associate the linear operator [9]

=5k /f(q,p) g, p)(q, p| dqdp

to each function
f:RxR—C,

defined on the phase space R?, and such that the integral is convergent.
For example, in the case f(q,p)=¢q, we get [9]

Ap= m/q\q p){q,p| dgdp=4,
R2

in the case f(q,p)=p, we get [I]

Afzﬁlh/p\q,p)(q,p\ dgdp=p,
R2
and, in the case f(q, p)—p o , we get [9]
‘+¢? a1, 01

p’+q
Ap=54 5 \q,p>(q,p\dqdp=—3d—q2+§q +5-

R2
In the last case, the operator
~ 1 h2 2 1
Ar——= —
2~ 2dg 2 20

is the Hamiltonian of the quantum harmonic oscillator.

(19)

(20)

(21)

(22)

(28)
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3. Finite frame quantization

The quantum state [11], [15]

00)=——lg1) (29)
can be regarded as a discrete counterpart of the vacuum state and @(n, k):H—H,
D(n,k)=e" Ak o %0k o= 23 b (30)

as displacement operators [16, [17].

Theorem 1. The discrete coherent states [8, [17]
[n3k) =D (n, k)[0;0), (31)
satisfy the resolution of the identity

=1 3" |nik)(n;k|. (32)

n,k=—s

Proof. Since
e~ gy (m) =e” T8 g (m) =FleF 51 (m)
=07 2 ed e T MFg (a)

a=-—s
s ) N
Sy e g (a)
a=-—s
_ 1 i e%mae—% i e—%ab (b)
=i g1
a=—s b——s

b=—s
and
(mn;k) = (m|D(n, k)[0;0) y
= <gll’gl>e_m”ke2ilkqe d:pfzh(m)
- <911,91>e_({Nke:kme_d"pgl(m)
=== e T gy (m—n)
we get

n,k=—s

5 2mip
a3 4 % 0 g, (mn) gu(¢—n)

n k=—s

Z Ome g1(m—n) g1(£—n) =0 O

91m
n—_

€> _églgl Z e%lkm (m—n)e_%’“gl(ﬁ—n)
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By using the finite frame quantization, we associate the linear operator [7, 8 9]

Ap=1 D f(nk) k) (nik]

n,k=—s

to each function
fiRxR—C
defined on the discrete phase space R2=R xR.

Theorem 2. Let f,g: RxR— C and o, €C. We have:

a) f(n,k)=1 = As;=I
b) Aaf+gg:aAf+ﬁAg.

f(n,k)eR At A
o) for any n, k = A=Ay
f(n,k)=0 A
d) for any n, k = As20

e) trAf:— Z f(n, k).

n,k=—s

Proof.
a) Direct consequence of (32).
b) Direct consequence of the definition (33]).

¢ Al=1 S Flm k) (Insk) (mik])!

n,k=—s

=1 Zs: F(n, k) [nsk) (n;k| = Ay

n,k=—s

d) For any ¢ € H, we have
W, Ap)=3 3 fnk) (@lnk) (nskl)

f(n, k) [(n;k[)[*>0.

NE

e
Il

—S

I
Ul
R

B
Il

n,

o) trhy= 3 (mlAslm)
=3 % 5 fuk) (mlk) k)

5 f0 ) 55 () s

n,k=—s -
s

> f(n,k)(n;k[l|n;k)

n,k=—s

S k). O

n,k=—s

| |
Ul Ul

Ul

(33)

(34)
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In the case f(n, k)= "2*24“2, the operator [\f_% can be regarded as a discrete version
of the Hamiltonian of the quantum harmonic oscillator. The eigenfunctions v, of Ay,
considered in the increasing order of the number of sign alternations, can be regarded
as a finite counterpart of the Hermite-Gauss functions ¥,,(¢). In the cases analyzed in
[6], the eigenfunctions v, of A ¢ approximate ¥, (¢) better than the Harper functions b,

and approximately satisfy the relation

ba] = (—1)"n- (40)
Instead of the standard definition of the discrete fractional Fourier transform [1, 7, [12]
d—1
F¥ = (1) 1ba) (Bal. (41)
n=0
one can use [0]
-l
Fr = (1) ) (Wal. (42)
n=0

as an alternative definition. The Harper functions (available only numerically) are
defined as the eigenfunctions of a discrete version of the Hamiltonian of the quantum
harmonic oscillator obtained by using finite-differences [1, ?, [12]. The finite frame
quantization [6] [7, 8] seems to behave better than the method based on finite-differences
when we have to obtain discrete versions of certain operators.

4. Density operators obtained through finite frame quantization

The finite frame quantization allows us to define a remarkable class of quantum states.
Theorem 3. If the function f:RxR— [0,d] is such that

Y flnk)=d, (43)
n,k=—s
then the corresponding linear operator oy: H—H,
or=% > S k) nsk) (nik] (44)
n,k=—s
15 a density operator.
Proof. Direct consequence of theorem 2. O

For example, the state corresponding to f(n, k) :é is the mixed state oy = él[,

and the state corresponding to

_J d for (n,k)=(m,?)
f(n,k)—{ 0 for (n,k)#(m,0) (43)

is the pure state g; =|m;l)(m;l|, that is, the discrete coherent state |m;f).

Theorem 4. The set Sg of all the density operators of the form ({{4) is a convez set.
Proof. If A€ [0,1] and 9y, 0, € Sk, then

(1=X)0s+Nog=0n, where h(n,k)=(1-N)f(n,k)+Ag(n,k). 0
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Theorem 5. S, is the convex hull of the set of pure states { |n;k){n:k| | n,k€R }.
Proof. The purity of a state gy is

woj=g Do Do fnk) fm 0) [{nklmiO) (46)
Since mk=—s mt=—s

[(nskm;0) |2 < (niklnsk) (msl|m;0) =1, (47)

0y is a pure state if and only if f is a function of the form (X)), that is, o is one of the
discrete coherent states |m;f)(m;/|. O

Theorem 6. If the function f:RxR— [0,d] is such that
> fnk)=d, (48)

n,k=—s

then the mean value
(A) —tr(Agy) (49)
14
of an observable A:H —H in the state Of 15

<A>@f =157 fln, k) (nsk| Afnsk). (50)

n,k=—s
A\ 1
(4), =4
of

1
d

Proof. We have
f(n, k) tr(A |nsk) (nik])

IR

n,k=—s
s

f(n.k) 32 (m|An:k) (nik|m)

—S m=—s
S

fln,k) X2 (nsklm)(m| Aln;k)

—S m=—s

f(n, k) (n:k|Aln:k). O

I
B

S
B
Il

=1
T d
n7

NE

B
Il

1
T d
n,

Theorem 7. If the function f:RxR— [0,d] is such that
> flnk)=d, (51)

me

—S

n,k=—s
then, under the Fourier transform, 0 maps as
or — TorS =0y, (52)

where g(n, k)= f(—k,n).
Proof. Since
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~

(m[§|nsk) = (m|FD(n, k)]0:;0) = @mwmmm
= (gll’m)Tnise_zg'mé@ ,k)g1(€)
N <;m>%hgiemﬂm%_1m FHal=n)
= e —gnk L n_z_se R gy ((—n)
- (911,91> e nk o= iinln ) \}ﬁn_i_se_ﬂam Yo ()

we have §|n;k)=|k;—n), and consequently

§o;5T=1 3 f(n k) Fnk) (n:k|

n,k=—s

»

=4 X fln.k) ki) (ke
=1 ki__ f(=k,n) |n;k) (n;k|. U

Theorem 8. If the function f:RxR— [0,d] is such that
> fnk)=d, (53)

n,k=—s

then, under the displacement @(m, (), the operator oy maps as
o7 = D(m, 0)pD (m, 0)=p,, (54)
where g(n, k)= f(n—m (modd), k—{ (modd)).
Proof. We have (see [3])
D(m,oyD1m )= 4 55 Jn,K) Dm, k) D1, 0

1 Z f(n, k:) \n+m (mod d);k+¢ (mod d))(n+m (modd);k+¢ (modd)|

n,k=—s
—1 ,; F(n—m (modd), k—€ (mod d)) [nsk) (n:k|. O

Theorem 9. If the function f:RxR— [0,d] is such that
> fnk)=d, (55)

n,k=—s
then, under the transposition map |7)(€| — |€)(j|, the operator oy transforms as
o5+ 0 =0g, (56)

where g(n, k)= f(n,—k).
Proof. Since
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> . . _W‘n 2mi .
s k)= 1) (jlni k)= ZU Feld M gy (j—n),

; 9191
J=-—s ]——S

under the transposition map |7)(¢| — |)(j|, the operator

|n; k) (n; k| = Z |7) (¢ e gl 825%6 Sk gl(j—n)gl(f—n)

jl=—s

transforms to

27i 27” .
S 1)l e 34 gy () gy (0—m) = k) (5 ]

jhl=—s

Theorem 10. If the function f:RxR— [0,d] is such that

(57)

then, under the parity transform |j) — 11|j) =| —j), the operator o5 maps as

o +— Hopll= gy,

where g(n, k)= f(—n,—k).
Proof. Since g1(—n)=gi(n), under the transform |j) — II|j)=| —7),

TL 27r1
k) = 3 ik e ),
j=—s
maps to
Tk 2 4
Z|— ‘glgl Timte i gy (jn)=[-n;—k). O
j=-—s

(58)

In the odd-dimensional case, the discrete Wigner function [10] 17, [19] of a density

operator p:H —H, is usually defined as 20,: R xR —R,

W, (n, k)= Z e TR (nm| g|n—m).

m=-—s

The discrete Wigner function of a pure state o=|v) (1] is [2], 3] 14 [5]

s

200, (n,k) :% Z e~ ik Y(n+m)Y(n—m).

m=—s

Theorem 11. If the function f:RxR— [0,d] is such that

> flnk)=d,

n,k=—s

then the discrete Wigner function of 0y is

(59)

(60)

(61)

0=C S S k) 3 (—1)eFomede Rk (g
a,ﬁ:—oo

n,k=—s
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where C' is a normalizing constant.

Proof. We have (see [3] 4], B])

s

W, (m, O)=2% > f(n,k) Wiy (m,0)

n,k=—s
s

=3 3 f(n,k) Wiy (m—n,L—k)

n,k=—s
=C 3 flnk) 3 (-1 e dmmedfiemd kAt O
n,k=—s a,f=—00

5. Composite quantum systems

Let SA,SBE{1,2,3,...}, da=2s,+1, dp=2sp+1, d=ddp,
RA:{—SA,—SA—I—L ...,SA—l,SA}, HA:CdA = {@D:RA%C},
Rp={—sp,—sp+1,...,sp—1,sp}, Hp=C¥® ={p:Rz—C},
R:RAXRB, H:%A(X)%B = {\IIZRAXRB—)C}.

The tensor product of two tight frames is a tight frame. Particularly,

{Inm;k.0) =nm;k L) ap=|n;k), @|m;l), | n,k€eRs, m,leRE }
is a tight frame in H=H 4 ®Hp, namely

SA sB SA SB
i 2 2 InmkOnmikll=g 3 3 k) @mil), (nikl @ 4(msl]

nk=—sq ml=—sp nk=—sq ml=—sp

SA sB
= 2 2 Imk)L(nkl@lmsl)(m]

n,k=—sas mfl=—sp
SA SB

= > k) ke 30 [mil)(mid]
nk=—s4 ml=—sp
=y, @1y, =Iy.
By using the finite frame quantization, we associate the linear operator
SA sB
or=1%>"" Y fn,mik 0) [nmik.0) (nmsk (| (63)
n,k=—sp ml=—sp
to each function
f:(RaxRp)x(RaxRp)—10,d], (64)

defined on the discrete phase space R?, and satisfying the relation

ZA ZB f(n,m;k, 0)=d. (65)

n,k=—sp ml=—sp

If fiRAxRa—[0,ds] and ¢g:RpxRp— [0,dp] are such that
SB

> flnk)=da, > g(m 0)=ds (66)

nk=—sa ml=—spg
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then

SB

SA
0r®0g=g; > fnk)|nk)(nkl®@ gz 32 g(m, 0) [msl)(msl]

n,k=—sa ml=—sp
SA SB

=3 > 2 fnk)g(m, 0) Insk) (nsk] @ [m;€),(m:d]

n,k=—sp ml=—sp
SA SB

=3 > 2 fk)glm,0) Inik), @[msl), (nik|® y(mil]

n,k=—sp ml=—sp

SA SB
=3 > > [flnk)gm,0) [nmik,0) (nmik,(|

n,k=—sp ml=—sp
= Oh,
where h:(RaxRp)x(RaxRp)—10,d], h(n,m;k, )= f(n,k)g(m,?).
Theorem 12. If f:(RaxRp)x(RaxRp)—10,d] is such that

Y fmik 0)=d, (67)

n,k=—sa mfl=—sp

then:

a)  tradr=0y,, (68)
where  fp:RpxRp— [0,ds],  fo(m,0)=- né k)

b)  trp0r=0s,, (69)
where  fo:RAxRa— [0,dal,  falnk) =2 m;f_ Sk ).

Proof. a) We have

SA

tradr= 3 alofla),

a=—s4

— i ! i i f(n,m; k,0) (aln,m;k0) (nm;k.la),

a——sA n k——sA ml=—sp
sA

= 3 > famk 5) Z Aalnsk)(nskla), [m;€)(mi¢|

n,k=—sa mfl=—sp

=1y % f(an)aZs J(nskla) (alnsk), [msl)y(ms]
= LY LS f(nmik, 0) [mit)(mil

ml=—sp n,k=—sa

=L S fa(m, 0) st it

mil=—sp

b) Similar to the proof of a). O

Theorem 13. In the case da=dp, if f:(RaxRp)xX(RaxRp)—[0,d] is such that

Y fmik 0)=d, (70)

n,k=—sa ml=—sp
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then, under the SWAP transform

HAHp = HaQHp : |9), @), 1), ®lp)y, (71)
the density operator oy maps as
or = SWAP(os)=0y, (72)

where g (RaxRp)x (RaxR)—+[0,d], gln,msk, 0)=f(m,n; ¢, k).
Proof. We have

SWAP(p 52 Z fln,m; k,€) |mil), @|n:k), (m;l|® (n;k|=d,, O

Jk=—spmil=—sp
6. Quantum channels obtained through finite frame quantization

We continue to use the notations from the previous section and choose an auxiliary
system H 4/ such that dim H 4 =dim H 4 =2s4+1, and consequently Ha ={1:R4—C }.
The pure quantum state

@)= i), =t S el = S ) (73)

i=—sa i=—sa
is the most entangled state in H4®H 4. In view of the channel-state duality (also called
Choi-Jamiolkowski isomorphism), a quantum channel £: L£(H 1) — L(Hp) satisfying the
relation (I®E)(|®)(P|) = 6 corresponds to each state o: Ha @Hp — Ha @Hp, up to
a normalization. Particularly, a quantum channel £ : L(H4) — L(Hp) corresponds to
each state o Ha@Hp—Ha@Hp with f:(RaxRp)x(RaxRp)—|0,d] satistying

ZA ZB f(n,m;k, 0)=d. (74)

n,k=—sa mfl=—sp

In the usual way, we prove that £y admits the representation [14]

n,k=—sas ml=—sp

involving the Kraus operators Kmm;k’giHA —Hpg,
Kot i) =/ L2288 (i ln mik ). (76)

From the definition of Kn m:k,¢ Written in the form

SB
Ko mopeliy =\ LD N "), (ii|n,mik, ) (77)

Jj=—5sB

we get the relation

AU ol )s = R (s i) (79)

whence
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and consequently

A<¢\f<;,m;u =/ LR (1 sk £]d),, (80)

We have
sA
IeeN(e)Ne) =& X OeE)li)/i]
,j=—SA
sA
=L ¥ @l dilel]
1, j=—5A
sA
=& X dleEng
1 ZJ;ASA SA 3B . . - . . AT
= 2 > o D@ Kk eli) G| K okt
1,j=—54 n,k=—s4 ml=—sp
SA SA SB
=72 > 2 > fnymik 0)[0), (@, (iln,m;k,0) (n,m;k, L) 5),,
1,j=—54 n,k=—s4 ml=—sp
sA
— L Y il o), =4 of
1,j=—5A
because
SA SA
k| S5 i) (1@ ileglid lml) = 35 (nlidjilm) (ik|osl i)
ij=—s4 ij=—s4
SA
= 2 Oniljm (ikloglj0)
,j=—5A
— (nklosime).

So, up to a normalization, we have (IQE;)(|®)(P|)=p;. In addition,

B
Z Z KLm;k,ZKn,m;k,de

A & f(n,msk,0) & KT b (ib ke f

- Z Z d Z n,m;k7€| >B <Z |n7m7 ’ >
nk=—sq ml=—sp b=—sp

A & f(n,msk,0) & A Kt b (ib e f

= > X 7 > 2 |adlal Ky pelb)s (ibln,mik,£)
nk=—sq ml=—sp b=—spa=—s4

A & f(n,msk,0) & A -k Olab) (ib e f

- Z Z d Z Z |a>A <n>ma ) |CI, ><Z |n,m, ’ >
nk=—sq ml=—sp b=—spa=—sx

A & f(n,m;k,0) & A 1) N L llab

- Z Z d Z Z |a>A <Z |n>m7 ) )(n,m, ’ |Cl >
nk=—sq ml=—spg b=—spa=—sx

= % 3 fa), (iblslab)
zz 3 o), (l(19€) (@) (@])jab)

= 3 % (a3 1AeE il
= % 5 a5 fliKda) Bl
= ¥ Ja), u@ial)= X la), u(isah= 5 ), du=li

for any 1€ R4, and consequently
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sA sB
Z Z Kl,m;k,ZK"vm?kvé:EHA' (81)

n,k=—sas mfl=—sp
7. Concluding remarks

The discrete coherent states (BII) approximate well [6] the standard coherent states (20).
In the case of this finite frame, the use of the frame quantization seems to lead to a
remarkable discrete version of certain linear operators [6].

Particularly, the density operators defined in this way have some significant properties,
and may describe quantum states useful in certain applications.
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