
Circuits of space and time quantum channels
Pavel Kos1,2 and Georgios Styliaris1,2

1Max-Planck-Institut für Quantenoptik, Hans-Kopfermann-Str. 1, 85748 Garching, Germany
2Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, 80799 München, Germany

Exact solutions in interacting many-
body systems are scarce but extremely
valuable since they provide insights into
the dynamics. Dual-unitary models are ex-
amples in one spatial dimension where this
is possible. These brick-wall quantum cir-
cuits consist of local gates, which remain
unitary not only in time, but also when
interpreted as evolutions along the spatial
directions. However, this setting of uni-
tary dynamics does not directly apply to
real-world systems due to their imperfect
isolation, and it is thus imperative to con-
sider the impact of noise to dual-unitary
dynamics and its exact solvability.
In this work we generalise the ideas of

dual-unitarity to obtain exact solutions in
noisy quantum circuits, where each uni-
tary gate is substituted by a local quan-
tum channel. Exact solutions are ob-
tained by demanding that the noisy gates
yield a valid quantum channel not only in
time, but also when interpreted as evolu-
tions along one or both of the spatial di-
rections and possibly backwards in time.
This gives rise to new families of mod-
els that satisfy different combinations of
unitality constraints along the space and
time directions. We provide exact solu-
tions for the spatio-temporal correlation
functions, spatial correlations after a quan-
tum quench, and the structure of steady
states for these families of models. We
show that noise unbiased around the dual-
unitary family leads to exactly solvable
models, even if dual-unitarity is strongly
violated. We prove that any channel uni-
tal in both space and time directions can
be written as an affine combination of a
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particular class of dual-unitary gates. Fi-
nally, we extend the definition of solvable
initial states to matrix-product density op-
erators. We completely classify them when
their tensor admits a local purification.

1 Introduction
One of the key goals of studying non-equilibrium
many-body quantum dynamics is to compute its
correlation functions. Even local correlations
alone typically contain enough information to
capture the main physical behaviour of the sys-
tem. In particular, they can determine the trans-
port coefficients and can often be directly mea-
sured in a lab.

The problem is that correlations are usually
impossible to compute exactly in generic many-
body locally interacting systems, which is true
for both closed or open dynamics (i.e., when the
system is coupled to an environment). Although
they are accessible in non-interacting (Gaussian)
theories, the latter are, however, non-generic. In
closed systems, we have witnessed some exact re-
sults in random unitary circuits [1, 2, 3, 4, 5, 6].
Similarly to closed system dynamics, exact solu-
tions are rare also in the realm of open quan-
tum dynamics. Among the examples are gener-
alisations of the non-interacting models, which
include specific linear dissipation [7], integrable
open systems [8, 9, 10], spectral properties of ran-
dom noisy quantum circuit [11], and other specific
solutions [12].

Recently, a new class of unitary models with
interactions proved to have accessible correlation
functions. These dual-unitary [13] quantum cir-
cuits are characterised by the fact that the local
gates (and full dynamics) remain unitary upon
switching the roles of space and time. These mod-
els have accessible correlation functions [13, 14]
and can act as a starting point for perturbative
calculations [15]. Generically they are provably

Accepted in Quantum 2023-05-09, click title to verify. Published under CC-BY 4.0. 1

ar
X

iv
:2

20
6.

12
15

5v
4 

 [
co

nd
-m

at
.s

ta
t-

m
ec

h]
  2

2 
M

ay
 2

02
3

https://quantum-journal.org/?s=Circuits%20of%20space%20and%20time%20quantum%20channels&reason=title-click
https://orcid.org/0000-0002-7865-8609


chaotic [16, 17], but contain also integrable and
free examples. They have also analytically acces-
sible entanglement entropy and operator spread-
ing [18, 19, 14, 20, 21], as well as local operator
entanglement entropy [22]. The structure of dual-
unitary gates has been completely characterised
for gates acting on two qubits [13]. Beyond the
qubit case, however, only certain non-exhaustive
constructions are known [23, 24, 25, 26, 27, 28],
which exhibit a palette of rich behaviour.

Dual-unitary gates have also been used to prove
deep thermalization through emergent state de-
signs [29, 30, 31], study eigenstate thermaliza-
tion [32], temporal entanglement [33], and aspects
of their computational power have been charac-
terised [34]. They were also generalised to the
case of having three directions [35, 36], as well
as utilised in connections with measurement in-
duced phase transitions [37, 38, 39]. Due to their
important role, they have already been realised
in experimental setups [40, 41].

Real-world experiments, especially in the era
of NISQ devices [42], are never totally isolated
from their surroundings. It is therefore crucial
to understand how the coupling to the environ-
ment, which introduces noise and errors, influ-
ences the dynamics. As interactions are con-
strained by locality, quantum dynamics com-
posed of local and noisy gates comprise a very
general framework beyond unitarity for the de-
scription of the complex dynamics exhibited by
noisy quantum devices. In particular, it is imper-
ative to examine if and how a plethora of recent
results about many-body unitary circuits dynam-
ics [1, 2, 3, 4, 5, 6, 13, 18, 19, 14, 20, 21] are al-
tered in the presence of local noise. In general
the open dynamics is even harder to understand
than the unitary dynamics. For instance, even
storing a full density matrix describing L qubits
requires memory scaling as 22L instead of 2L for
their wave function.

Experiments performed in [40, 41] show re-
markable agreement with dual-unitary dynam-
ics, even with inevitable imperfections. This
raises several questions. For instance, does the
open dynamics preserve the typical features of
dual-unitarity, such as the strict maximal Lieb-
Robinson velocity [20] and the zero correlations
inside the light cone [13, 20]? Is there some ro-
bustness to noise, which maintain dual-unitary
features even-though the particular gates are not

exactly dual unitary? As we show, the answer is
affirmative, if the errors are unbiased with respect
to the dual-unitarity family.

More broadly, it is natural to wonder to what
extent the exact solvability implied by dual-
unitary dynamics can be adapted to the domain
of open systems. First steps in this direction were
made via averaging random dual-unitary evolu-
tions [15, 43], which were shown to correspond to
certain classical Markov chains. In this context,
it has been pointed out that the so-called dual
unitality suffices to calculate their spatiotempo-
ral correlations exactly.

Nevertheless, a systematic identification and
treatment of the counterparts of dual-unitary dy-
namics for open systems is lacking. Beyond iso-
lated examples, it is not evident what dynamical
quantities of the evolution are amenable to ana-
lytical treatment, and what are the features of the
evolution itself that make the resulting dynamics
solvable.

In this work we establish a framework to ad-
dress these questions. We first introduce distinct
classes of quantum gates for open systems, which
satisfy a unitality property along different combi-
nations of space and time directions. This prop-
erty generalises dual-unitarity to noisy dynam-
ics, so we refer to such open system evolution as
space-time unital. Unlike the dual-unitary case,
unitality for noisy dynamics might hold in only
one of the two space directions and/or in the or-
dinary time direction, as well as in diagonal com-
binations, giving rise to different classes of dy-
namics.

Subsequently, we demonstrate how the intro-
duced space-time unital models lead to exact
solvability in the realm of noisy quantum circuits,
generalising dual-unitarity. In particular, we con-
sider quantum circuits in one spatial dimension
with dynamics consisting of a brick-wall archi-
tecture of space-time unital gates. We investi-
gate the two-point spatio-temporal correlations,
the two-point spatial correlations after a quench,
as well as the fixed points of the dynamics. We
determine the reductions that occur in the cal-
culations of the correlation functions as a result
of different kinds of space-time unitality. Impor-
tantly, we identify broad families of models re-
sulting in exact solutions that can be obtained
efficiently (in the number of time steps).

Moreover, we identify relevant instances which
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produce dynamics belonging in the aforemen-
tioned classes. Most importantly, we show that
an unbiased averaging of non-dual-unitary gates
around dual-unitary points produces space-time
unital evolutions. This provides a sufficient mech-
anism where noise induces solvable dynamics. It
is also relevant in the context of experimental im-
plementations of dual-unitary circuits, showing
that imperfections around dual-unitarity (which
inevitable occur) can lead to exact solvability,
even if dual-unitarity is violated.

Solvability is a property that depends also
on the structure of the initial state. For the
pure state case with translational invariance, the
so-called solvable initial states yield analytical
tractability of the correlation functions for dual-
unitary gates. Moreover, the solvable initial
states have been characterised, and are essentially
in one-to-one correspondence with unitary oper-
ator [14]. Here we extend the definition and the
characterisation of solvable translation-invariant
mixed states for the case of dynamics described
by space-time unital quantum channels. We find
that the solvable states are in one-to-one corre-
spondence with quantum channels, under the as-
sumption that the former admit a local purifica-
tion. Moreover, we establish that, in a certain
case, all solvable initial states reach a common
fixed point of space-time unital evolution in a fi-
nite time.

From a more abstract quantum information
perspective, the different classes of space-time
unital gates forms a convex subset within the
set of quantum channels. We first reformulate
the different unitality constraints in terms of the
corresponding Choi-Jamiołkowski state and then
specify the dimension for each of the introduced
space-time unital gates. This allows us to estab-
lish a structural characterisation of the quantum
channels that are unital in time and in both space
directions; they turn out to exactly coincide with
quantum channels that can be expressed as affine
combinations of a particular class of dual-unitary
gates.

The rest of this work is structured as follows.
We first introduce the setting of space-time unital
quantum circuit in Sec. 2, where we state the ana-
logue of dual-unitary conditions and comment on
some interesting examples. We follow with sec-
tion 3 about the structure of these families and
section 4 on applying the conditions to obtain cor-

relation functions. There we use solvable initial
states, which we discuss in detail in section 5. We
finish with concluding in section 6. Some techni-
cal steps are delegated to the appendices.

2 Setting
In this work we consider one-dimensional quan-
tum systems consisting of 2L qudits with d inter-
nal states. They are positioned on sites labelled
with half-integer numbers 1/2, 1, . . . L. The sys-
tem is evolved with a brick-wall quantum circuit
of identical local quantum channels, that is, com-
pletely positive trace-preserving (CPTP) maps.

We will use two descriptions of quantum chan-
nels. First is the Kraus form [44, 45]:

ρ(t+ 1) =
∑
k

Fkρ(t)F †k , (1)

whereas the second is the vectorised, or folded,
description. In the latter we map the operators
acting on l consecutive qudits, i.e., operators over
Cdl , to vectors in Cdl ⊗ Cdl as

a
vec7−−→ |a〉 . (2)

Naturally, we adopt the standard Hilbert-
Schmidt scalar product 〈a|b〉 = tr a†b and its in-
duced norm. The mapping is specified by fixing a
basis {|n〉} of Cdl which induces a basis {|m〉〈n|}
for Cdl⊗ Cdl . Then, we define the following map-
ping of basis elements

|m〉〈n| vec7−−→ |m〉 ⊗ |n〉 , (3)

and extend it by linearity. The quantum chan-
nels, which acted before as super-operators, are
mapped to operators acting over Cd2l , as seen in
the Kraus form:∑

k

Fk(·)F †k
vec7−−→

∑
k

Fk ⊗ F ∗k . (4)

It will be convenient to denote the normalised
vectorised identity operator over a local space Cξ
as

|#〉 = 1√
ξ
|1ξ〉 = . (5)

These operators can be thought of as connecting
the bras and kets. In this notation, the trace over
the whole space and infinite temperature state are

Tr 2L = dL 〈# . . .#| , ρ∞ = 1

d2L = 1
dL
|# . . .#〉 .

(6)
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We will adopt a convenient graphical repre-
sentation of circuits of quantum channels, as is
usually the case in tensor networks [46]. As
mentioned previously, we will focus on homoge-
neous (translationally invariant) noisy quantum
circuits, i.e, quantum circuits where each gate
represents a local quantum channel q acting over
a pair of neighbouring qudits. In particular, we
will extensively employ vectorised notation and
denote

q = = =
∑
k

Ek ⊗ E∗k . (7)

After the second equality we used the vectorised
Kraus form of the channel. We use Ek to distin-
guish local from global Kraus operators Fk. No-
tice the additional wire connecting the two copies
of the system, which represent the summation
over Kraus operators. In the graphical represen-
tation time flows from bottom upwards, i.e., in-
put states vectors are applied at the bottom. In
the same graphical notation, stacking operators
amounts to tensoring them, with the box in the
front corresponding to the leftmost operator in
the tensor product.

One time step of the time evolution is given by
the global quantum channel Q built out of local
channels in the following way:

Q = T2Lq
⊗LT†2Lq

⊗L (8)

=
0

1
1
2

1
2

3
2

5
21 2 3 L· · ·

, (9)

where T2L is an operator implementing 2L pe-
riodic translation by one site. We will focus
on two kinds of boundary conditions: homoge-
nous circuits with periodic boundary conditions
or open boundary conditions with fully depolar-
ising quantum channels at the edges.

Our restriction to the homogeneous setting is
made for convenience and most of the subsequent
discussion carries over to the inhomogenous case.
Next, we discuss possible additional constraints
on the local quantum channels q. Different com-
binations of them produce different families of
models with varying degree of analytical solvabil-
ity.

2.1 Trace preservation and unital quantum
channels
Any valid quantum channel q preserves the trace,
which is reflected in a condition on the local gate
as

(i) Trace Preservation (TP):
∑
k

E†kEk = 1 ,

〈##| q = 〈##| , = , (10)

where the three expressions are equivalent. This
channel is completely positive by construction,
since it is written in the Kraus form.

If the local quantum channel maps 1 to 1, then
the channel is

(ii) Time Unital (TU):
∑
k

EkE
†
k = 1 ,

q |##〉 = |##〉 , = . (11)

This also implies the unitality of the global chan-
nel Q. Evidently, trace preservation amounts to
unitality in the backward-time direction. This is
since reversing the time direction (i.e., interpret-
ing the graphical notation from top to bottom),
trace preservation turns into (time) unitality and
vice-versa.

2.2 Space quantum channels
The defining feature of dual-unitary gates [13] is
their property to maintain unitarity even when
they are interpreted as evolutions along the spa-
tial directions. In a natural extension of dual-
unitarity to quantum channels, we demand that
the evolution along one or both of the the space
directions yields a physical evolution, i.e., a le-
gitimate quantum channel. Let us first demand
that it is a space quantum channel when consid-
ered from right to left. As in the folded picture
operators are by construction in the Kraus form,
complete positivity is automatic and we only need
to ensure trace preservation.

For that, we define the space-time rotation op-
eration ∼ which maps the right (left) indices to
the inputs (outputs)

q̃ = . (12)

Therefore trace preservation of q̃ ensures that the
evolution is a legitimate quantum channel, when
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considered from right to left. Equivalently, this
corresponds to unitality in the left-to-right space
direction. As such, we say that q is

(iii) Left Unital (LU):
∑
k

(Ẽk)†Ẽk = 1,

〈##| q̃ = 〈##| , = . (13)

Here the ∼ operator changes the input (output)
legs of Ek in the same way as for q.

Analogously, we may demand that the left-to-
right evolution is as quantum channel, resulting
in q being

(iv) Right Unital (RU):
∑
k

Ẽk(Ẽk)† = 1,

q̃ |##〉 = |##〉 , = . (14)

In the following, we consider families of mod-
els which satisfy different combinations of the
aforementioned conditions, which we summarise
in Tab. 1. Due to the physical relevance of quan-
tum channels, we henceforth always assume prop-
erty (i). If, in addition, one of the (iii)-(iv) holds,
we will refer to such quantum channels as 2-way
unital, and similarly, for two conditions out of
(ii)-(iv), we will refer to them as 3-way unital. In
this class, there are two possibilities with different
physical consequences. The first family is 3-way
time unital channels, which satisfies conditions
(i)-(iii) [or (i), (ii), and (iv)], and the second fam-
ily is 3-way space unital channels, which satisfies
conditions (i), (iii), and (iv). The last possibil-
ity is when all conditions (i)-(iv) are satisfied, in
which case we call the quantum channel 4-way
unital. We will momentarily show that this is
indeed possible, i.e., there exist nontrivial repre-
sentatives belonging strictly to each of the above
classes.

Let us stress that convex combinations (aver-
ages) of dual-unitary gates will always yield a
subset of 4-way unital examples, and other fami-
lies cannot be achieved in this way. However, as
we will subsequently show, 3-way unitality turns
out to be sufficient for exact solvability.

2.3 Perfect quantum channels
Perfect tensors were introduced in [47] as the
building blocks of exactly solvable toy models for
the AdS/CFT correspondence, and also indepen-
dently in [48] where the corresponding matrices

were called two-unitary. They are tensors with an
even number of indices whose defining property
is that any balanced bipartition of these indices
into inputs and outputs gives a unitary transfor-
mation1.

In analogy to perfect tensors, we define perfect
channels. Not only do they satisfy conditions (i)-
(iv), but also the diagonal unitality conditions:

(v):
∑
k

(̃EkS)(̃SE†k) = 1, = , (15)

(vi):
∑
k

(̃SE†k)(̃EkS) = 1, = , (16)

where S is the swap operator. The simplest ex-
ample of a perfect channel is the completely de-
polarising map

T (·) = Tr (·) 1
d2 .

It fulfils all conditions (i)-(vi), as is apparent from
its folded graphical representation:

= . (17)

Remarkably, in contrast to perfect tensors which
exist only for d ≥ 3 [26], perfect channels exist
already for qubits (d = 2). A systematic way of
constructing them will follow in the next section.

3 Structure of Space-Time Unital
Quantum Channels
Here we investigate further the general struc-
ture of the previously introduced families of mod-
els. Specifically, after reformulating the con-
straints (i)-(vi) through the channel-state duality,
we determine the dimensions of the correspond-
ing manifolds of quantum channels by counting

1As such, they are closely connected with absolutely
maximally entangled states [48], i.e., multipartite states
that have maximally mixed marginals after tracing out at
least half of the system. This connection can be antici-
pated by recalling that every bipartite maximally entan-
gled states is in correspondence with a vectorised unitary
(since TrB(|U〉AB〈U |) = 1) [45]. In the case of four in-
dices, the perfect tensor conditions are equivalent to uni-
tarity, dual-unitarity and unitarity of the partial trans-
pose (T-duality) [26]. The last condition makes the class
more restrictive than dual-unitarity. Note that the ma-
trices corresponding to perfect tensors are also called 2-
unitaries [48], which are not to be confused with dual-
unitary matrices.
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Class Conditions Alternative Conds.
2-way unital (i), (iii) (i), (iv)

3-way time unital (i), (ii), (iii) (i), (ii), (iv)
3-way space unital (i), (iii), (iv)

4-way unital (i), (ii), (iii), (iv)

Table 1: A summary of different classes and the conditions which they satisfy.

Maximally-mixed
Condition marginal

(i) Trace Preservation TrAB [J(EAB)]
(ii) Time Unital TrA′B′ [J(EAB)]
(iii) Left Unital TrAA′ [J(EAB)]
(iv) Right Unital TrBB′ [J(EAB)]
(v) Diagonal TrA′B [J(EAB)]
(vi) Diagonal TrAB′ [J(EAB)]

Table 2: Reformulation of the space-time unitality
conditions (i)-(vi) in terms of the Choi-Jamiołkowski
state (18). The condition stated on the left column
is equivalent to the corresponding marginal being maxi-
mally mixed.

the number of ways we can deform the completely
depolarising channel. This, together with convex-
ity, is enough to give us the dimensions of these
spaces. We also show that all 4-way unital chan-
nels can be decomposed as an affine combination
of dual-unitary gates, in analogy with a match-
ing result for ordinary (time) unital channels and
unitary gates.

3.1 The Choi-Jamiołkowski state of space-
time unital channels

It will be beneficial to reformulate the space-time
unitality conditions (i)-(vi) in terms of the cor-
responding Choi-Jamiołkowski state (CJS). The
utility of this representation arises from the fact
that a superoperator EAB, acting on regions A
and B, is completely positive if and only if the
corresponding CJS

J(EAB) = EAB ⊗ 1A′B′(|Φ〉ABA′B′〈Φ|) (18)

is positive [44], where |Φ〉ABA′B′ = 1
d

∑d
ij=1 |ijij〉.

In this representation, each of the unitality con-
ditions results in an equivalent constraint over
the CJS, imposing that an appropriate marginal
ought to be maximally mixed. The correspon-
dence is summarised in Table 2. The derivation

can be conveniently carried out pictorially in the
folded notation, in which the CJS takes the form

|J(EAB)〉 =
A B A′ B′

. (19)

For example, the left-unital condition gives the
maximally-mixed marginal TrAA′ [J(EAB)] = 1.
This is most easily verified in vectorised graphical
notation

A B A′ B′

= A B A′ B′ , (20)

which is equivalent to Eq. (13).

3.2 Dimension counting
Let us first recall that the set of quantum chan-
nels is convex [49]. It is then easy to see that
this property is passed down to the sets of CPTP
maps that satisfy any combination of the prop-
erties (ii)-(vi), as convex combinations preserve
these properties. Exactly as in the case of or-
dinary quantum channels, each of these convex
sets has a well-defined dimension corresponding
to the minimum number of real parameters that
are needed to describe the underlying channels.
More precisely, this is the dimension of a minimal
affine subspace2 containing the target convex set.
The underlying parent vector space can be taken
to be that of hermiticity-preserving superopera-
tors.

As we noted earlier, the completely depolariz-
ing channel is perfect thus all of the aforemen-
tioned distinguished sets of quantum channels
are non-empty. In fact, suitably “deforming” the
completely depolarizing channel allows counting
the exact dimension.

2Affine subspace here means a subspace of the vector
space that has been shifted from the origin by a constant
displacement.
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Type Conditions dimension co-dimension
CPTP i d8 − d4 0
unital i,ii (d4 − 1)2 d4 − 1
2-way i,iii d8 − 2d4 + d2 d4 − d2

3-way i-iii (d4 − 1)2 − (d2 − 1)2 2d4 − 2d2

4-way i-iv (d4 − 1)2 − 2(d2 − 1)2 3d4 − 4d2 + 1
perfect i-vi (d4 − 1)2 − 4(d2 − 1)2 5d4 − 8d2 + 3

Table 3: Examples, dimensions and co-dimensions of different quantum channels. When various combinations of
conditions are possible, we write only one possible instance.

Proposition 1. Consider the convex set of quan-
tum channels acting over states in Cd⊗Cd (i.e.,
over a pair of sites) satisfying the introduced
space-time unitality conditions. Then the dimen-
sions of the different sets are as given in Table 3.

The proof can be found in Appendix A. It con-
sists of counting all of the linearly independent
perturbations around T that are compatible with
the space-time unitality constraints. Preservation
of complete positivity can then be deduced from
the positivity of the CJS.

In Table 3 we also provide co-dimensions,
which states the number of the fixed parame-
ters with the respect to general CPTP channels.
Note that in the limit of large local space d� 1,
where dimension scales as ∼ d8, the co-dimension
for each of the above types scales only as ∼ rd4,
where r is the total number of conditions (ii)-(vi)
that needs to be satisfied. In particular, 3-way
unitality, which suffices for solvability, has ∼ d4

more free parameter than 4-way unitality. All of
the classes mentioned before have considerably
more free parameters (∼ d8) that the ∼ 2d3 pa-
rameters of dual-unitaries [27].

It is important to stress that our dimension-
counting arguments crucially depend on convex-
ity of quantum channels. In contrast, convexity is
absent on the level of dual-unitary gates. There,
the sets of dual-unitary models with fixed input-
output dimensions may have a complicated struc-
ture of the underlying space, e.g., as uncovered by
numerical studies in [27].

We would like to better understand the struc-
ture of the different sets of quantum channels
mentioned before. One way to characterise each
convex set is by starting at the completely de-
polarising channel, which is always contained in
it. From there we investigate the distance to the
boundary of the set, which is characterised by

the failure of the complete positivity. To do that,
we choose a perturbation of the completely depo-
larising channel respecting the correct conditions
and check for what strength of perturbation com-
plete positivity fails. The smallest such strength
gives us the distance to the boundary in that spe-
cific direction. Remarkably, we numerically find
that this distance is much smaller if we choose
a random direction, than if we move towards a
quantum channel given by a dual-unitary. Note
that the same holds in absence of dual-unitarity,
i.e., for the distance to unitary channels. We
explain these numerical experiments with more
technical details in the appendix B.

We expect that finding the structure of the ex-
tremal points of the introduced sets of quantum
channels to be challenging, since already the set
of quantum channels over a single qubit is rather
complicated [50], so we leave it for future work.

Utilising the counting argument of this section,
we next obtain a characterisation of 4-way unital
channels in terms of dual-unitary gates.

3.3 Dual unitaries and 4-way unital quantum
channels

We start with the fact that unital quantum chan-
nels can always be expressed as affine combina-
tions3 of unitaries Uk [51]. That is, for completely
positive maps:

(i) and (ii) =⇒ (21a)
∃ λk ∈ R, Uk unitary:

q =
∑
k

λkUk ⊗ U∗k ,
∑
k

λk = 1 .

(21b)

3Linear combinations with possibly negative coeffi-
cients summing to one.
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Conversely, any affine combination of unitaries
yielding a completely positive map is clearly both
trace-preserving and unital.

On the other hand, restricting to convex com-
binations of unitaries (i.e., λk ≥ 0) defines mixed
unitary quantum channels [49]. As is well known,
the sets of unital and mixed unitary quantum
channels do not coincide, except for the case of a
single qubit [52, 51]. Although the convex repre-
sentation is not exhaustive, it has the advantage
of always producing valid (i.e., completely pos-
itive) quantum channels, a property that might
fail in the affine form (21b).

Taking into account also space unitality, it is
natural to define as mixed dual-unitary the quan-
tum channels that can be expressed as convex
combinations of dual-unitary gates. It is imme-
diate from the definition that mixed dual-unitary
channels are also 4-way unital. The same is also
true for affine combinations of dual-unitary gates,
but there complete positivity is not automatic,
and needs to be demanded separately.

In fact, a converse of this last statement can
also be established. Before stating the result,
we need to recall an explicit parameterization of
dual-unitary gates. In [25] it was shown that

U(J) = (W1 ⊗W2) exp (iJs3 ⊗ s3)S(V1 ⊗ V2),
(22)

are dual-unitary gates for any local dimension d,
where J ∈ R, the local unitaries are arbitrary,
and S denotes the swap operator. Above si with
i = 1, 2, 3 denote the spin matrices for the d-
dimensional irreducible representation of su(2).
Although the above paramaterization is exhaus-
tive for d = 2 dual-unitary gates [13], it only rep-
resents a subfamily in higher dimensions.

We can now establish an implication analogous
to (21) but for dual-unitary gates:

Proposition 2. Any 4-way unital quantum
channel can be decomposed as an affine combi-
nation of dual-unitary gates, i.e.,

(i)-(iv), =⇒
∃ λk ∈ R, Uk dual unitary:
q =

∑
k

λkUk ⊗ U∗k ,
∑
k

λk = 1 . (23)

In particular, dual-unitary gates of the form (22)
suffice.

Our proof, given in Appendix A.2, is construc-
tive and builds on top of the approach of Propo-
sition 1. In a nutshell, the idea is to express all 4-
way unitality preserving deformations around the
completely depolarising channel as appropriate
linear combinations of dual-unitary gates. One
of the difficulties is that an exhaustive param-
eterization for the latter beyond d = 2 is not
known. Nevertheless, the subfamily (22) turns
out to be sufficient. In particular, for d > 2 there
are dual-unitaries gates outside of the parame-
terization used in the proof. A unitary channel
made out of such gates can be expressed as an
affine combination of the before-mentioned sub-
family, but not as a convex combination.

There are two direct corollaries of this Proposi-
tion. First, convex mixtures of dual-unitary gates
are full-dimensional4 within the set of 4-way uni-
tal quantum channels. Moreover, by a direct ap-
plication of Carathéodory’s theorem [49], we can
bound the number of summands in the expansion
of a mixed-dual unitary channel as convex com-
binations of dual-unitaries. The theorem ensures
that a point in an n dimensional convex hull can
be expressed using at most n+1 points from that
set. In our case, using Table 3, the theorem im-
plies the existence of a positive integer

M = d2(d6 − 4d2 + 4) (24)

such that every mixed dual-unitary channel can
be written as

q =
m∑
k=1

pkUk ⊗ U∗k (25)

where m ≤ M , p is a probability vector and Uk
are dual-unitary.

One the other hand, it is not a priori clear
whether every 4-way unital quantum channel is a
convex combination of dual-unitary gates. Phys-
ically, a positive answer would imply that all 4-
way unital channels can be implemented through
dual-unitary dynamics, together with classical
randomness.

3.4 Unbiased averaging around dual-unitary
gates produces 4-way channels
Our aim here is to provide one of the possible
ways of obtaining a 4-way unital quantum chan-
nel, namely under averaging unitary dynamics.

4Meaning that they have the same dimension as the
full set, but they are still non-exhaustive.
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Remarkably, 4-way unitality can hold even if the
unitary dynamics is non-dual-unitary. As we will
see, the key idea is that it suffices that the under-
lying distribution is suitably symmetric around
the dual-unitary family.

Specifically, we consider quantum channels of
the form

Ep =
∫
dλ p(λ)Uλ(·)U †λ (26)

where λ is the collection of parameters specifying
the unitary and p(λ) is the associated probabil-
ity density. Let us moreover assume the case of
qubits d = 2, as the so-called standard decompo-
sition [53] is crucial for our derivation. It states
that every 2-qubit unitary can be explicitly pa-
rameterised as

Uλ = W1 ⊗W2 exp

i 3∑
j=1

θjσj ⊗ σj

V1 ⊗ V2,

(27)

where the θj angles determine the nonlocal part
and the local unitaries V , W are arbitrary. As
such, we denote λ = (λW , θ, λV ) the parameters
specifying the W1 ⊗ W2, nonlocal, and V1 ⊗ V2
parts of U and p(λ) the corresponding probability
density.

Assumption 1 :

p(λ) = pWV (λW , λV )pθ(θ1, θ2, θ3) , (28)

i.e., the local and the nonlocal parts are inde-
pendent.

Now we proceed to impose unbiasedness of the
distribution around dual-unitaries. In the stan-
dard decomposition, the dual-unitary family cor-
responds to fixing θ1 = θ2 = π/4.

Assumption 2 :

pθ(π/4 + δ1, π/4 + δ2, θ3)
= pθ(π/4− δ1, π/4 + δ2, θ3)
= pθ(π/4 + δ1, π/4− δ2, θ3) , (29)

i.e., the nonlocal part is unbiased around the
dual-unitary family.

We are now ready to state our main result of
this section.

Proposition 3. Under Assumptions 1 and 2, the
quantum channel Ep is 4-way unital.

The proof can be found in Appendix A.3.
Conceptually, Proposition 3 provides a simple

model where suitable symmetry in the noise leads
to solvability (as explored in Sec. 4), even in
the absence of dual-unitarity. This could pro-
vide an explanation why experimental realisa-
tions [40, 41] of dual-unitary dynamics are robust
in the presence of unbiased errors. In particu-
lar, the errors do not destroy solvability and the
particular features of zero correlations inside the
light-cone are preserved.

3.5 Minimal example
Next, we illustrate the introduced families and
the effect of the different space-time unitality con-
straints on the simplest example, where the local
folded space is two-dimensional. Starting with
qubits, the folded space is spanned by the identity
and three Pauli matrices. The minimal example
arises from using single-qubit dephasing channels
after each gate [15, 43]. They project out two of
the operators, for example σ1, σ2. Explicitly, the
projectors are given by

Pm(ρ) =
∞∑
k

eiφkσ3ρe−iφkσ3 , (30)

where φk are random i.i.d. phases. This cor-
respond to an averaged evolution intertwined
by random space and time magnetic fields in
the z-direction. We organise the basis as
|11〉 /2, |1σ3〉 /2, |σ31〉 /2, |σ3σ3〉 /2 and write the
resulting channel in this basis.

Since the condition (i) is always valid, it fixes
the first row and the local gate can be written as

q =


1 0 0 0
v1 ε1 a b

v2 c ε2 d

v3 e f g

. (31)

Complete positivity is reflected in non-trivial con-
straints of 12 real parameters with absolute size
smaller than one. The additional conditions fix
some of the parameters to zero. In particular,
condition (ii) fixes vi = 0, (iii) v1 = 0, ε1 = 0 and
(iv) v2 = 0, ε2 = 0. The additional conditions (v)
and (vi) for a perfect channel fix a = c = 0.

In the unital case (ii), we recover the exam-
ple of averaged unitary evolution [15, 43], this
time interpreted as a local quantum channel. In-
terestingly, complete positivity in this example is
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equivalent to the condition that the matrix is bis-
tochastic after a Hadamard transformation [15].
This shows that this corresponds to a classical
Markov chain problem. One way this unital ex-
ample arises is by taking all λk from Eq. (21b) to
be identical and

Uk = (eiφkσ3⊗eiφk+1/2σ3)·U ·(eiφ2kσ3⊗eiφ2k+1/2σ3),
(32)

with U fixed and φk random. If U is dual unitary,
then ε1 = ε2 = 0 and q is 4-way unital.

4 Applications

Having introduced and characterised the new
families of models, we move to answer ques-
tions about their dynamics. In particular, we
use their additional constraints for simplifications
of the calculation of the spatio-temporal correla-
tion functions, spatial correlation functions after
a quench, and steady states.

4.1 Spatio-temporal correlation functions

Consider spatio-temporal correlations between
single-site traceless Hilbert-Schmidt normalised
operators5 a and b starting from an infinite tem-
perature steady state ρ∞ = 1/d2L. In the case of
unital quantum channels, this is the general time
translation invariant state. The correlations thus
read

〈ai(t)bj〉 ≡ d Tr
(

[ai(t)]†bj
1

d2L

)
= 〈# . . . a . . .#|Qt |# . . . b . . .#〉 , (33)

where we included the factor of d in the definition
such that the auto-correlation function at time 0
is normalised to one.

The following is a simple generalisation of
the exact calculation of the correlation functions
of dual-unitary evolution [13]. It was already
pointed out in [15] that the simplifying prop-
erty is dual-unitality, which in those cases fol-
lowed from the dual-unitarity6. In our setting, in
contrast to the works mentioned previously, dual-
unitarity might actually be absent, and moreover

5Normalised as Tr (aa†) = 1.
6A simple way to see this is by taking the unitary gate

as the only Kraus operator or by looking at the graphical
rules in the folded picture.

unitality conditions can hold in less than four di-
rections.

The correlations in the folded picture are
graphically expressed as

〈ai(t)bj〉 =

b

a

, (34)

where we consider L > 2t, and the black dots cor-
respond to the operators a and b. First we repeat-
edly apply condition (i), resulting in a backwards
light-cone

〈ai(t)bj〉 =

b

a

. (35)

If |i− j| > t, the operator b lies outside the light-
cone and is contracted with |#〉. Since b is trace-
less, the correlations are exactly zero in this case.

Assuming the left unitality condition (iii), the
correlations simplify further:

〈ai(t)bj〉 =

b

a

. (36)

Notice that if i would be an integer or j half-
integer and |i− j| 6= t, the correlations would be
zero. For example, in the case of b at the left
bottom half-integer position, we would perform
the simplification

b
=

b
= 0, (37)

where the last equality follows from Tr b = 0.
Notice that conditions (i) and (iii) are not al-

ways enough to simplify Eq. (36) to an efficiently
computable expression. In particular, the ex-
pression may still contain proportional to t many
gates in the bottom layer. Thus an exact evalua-
tion may be exponentially hard in t.
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4.1.1 3-way space unitality

Assuming the right unitality condition (iv), we
simplify the diagram also from the right side.
Therefore we obtain an analogue of the dual-
unitary result [13], even without assuming (time)
unitality. The correlations are exactly equal to
zero, except if they lie on the same light ray. An
example of non-zero correlation is:

〈ai(t)bj〉 =

b

a

. (38)

These correlations are expressed using a single
qudit channels

M+ = , M− = , (39)

which can be expressed as (non-vectorised) su-
peroperators

M+(o) = Tr 1

(∑
k

Ek(o⊗ 1)E†k

)
, (40a)

M−(o) = Tr 2

(∑
k

Ek(1⊗ o)E†k

)
. (40b)

The correlations are thus equal to:

〈ai(t)bj〉lr = (41)

δ|i−j|,t
(
δj∈Z 〈a|M2t

+ |b〉+ δ( 1
2 +j)∈Z 〈a|M

2t
− |b〉

)
.

We introduced the subscript lr (light ray) for later
reference. Since this expression only involves ac-
tions of single qudit channels, it can be evaluated
efficiently. Notice that even though q may be non-
unital,M± are always both trace-preserving and
unital, as a consequence of the space unitality
conditions.

We see that 3-way space unitality and 4-way
unitality show the same physical behaviour of the
correlation functions as in dual-unitary circuits,
even-though the former cases are much more gen-
eral. In particular, correlations stay exactly zero
inside the light cone. Moreover, the correlations
on the light ray pinpoint the fact that the Lieb-
Robinson velocity of these circuits is the maximal
one allowed by the geometry [20].

The long time behaviour of the correlations will
be given by the leading eigenvalue ofM±. Gener-
ically, the correlations on the light ray will de-
cay exponentially, signalling ergodic and mixing
behaviour, but one can recover the ergodic hi-
erarchy, as in the dual-unitary case [13, 25, 26].
In contrast to the generic behaviour, all or some
correlations might remain constant in time cor-
responding to noninteracting and nonergodic be-
haviour, respectively. Or some correlations may
remain oscillating, corresponding to ergodic but
nonmixing behaviour. Here we can also observe
the so-called Bernoulli case even for qubits, where
all correlations decay to zero in one time step, in
contrast to dual-unitaries for qubits [26].

4.1.2 3-way time unitality

Instead, if we assume conditions (i)-(iii), the sit-
uation again simplifies, but with a slightly richer
behaviour of correlations. In particular, the con-
figuration of Eq. (36) simplifies from the bottom
up and gives non-zero correlations

〈ai(t)bj〉 =

b

a

. (42)

This expression generalises the particular solv-
able family of half-dual-unitary reduced gates
from [15]. The expression contains E2, one of the
two additional single qudit channels

E1 = , E2 = . (43)

Explicitly, E2 as a (non-vectorised) superoperator
reads

E2(o) = Tr 2

(∑
k

Ek(o⊗ 1)E†k

)
. (44)

Since here we assumed (iii), E1 is trivial. How-
ever, its role becomes important if one assumes
(iv) instead of (iii). The complete expression for
correlations thus reads (for |i− j| < t)

〈ai(t)bj〉n = (45)

δj∈Zδ( 1
2 +i)∈Z 〈a|M

t−(i−j)− 1
2

− E2M
t+i−j− 1

2
+ |b〉 ,
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where we defined 〈ai(t)bj〉n = 〈ai(t)bj〉 −
〈ai(t)bj〉lr [cf. (41)]. This can be easily evaluated
using only single qudit channels. If instead we
assume conditions (i), (ii), and (iv), we get sim-
ilar diagrams, but this time the evolution starts
by going left with a possible turn to the right. It
reads (for |i− j| < t)

〈ai(t)bj〉n = (46)

δ( 1
2 +j)∈Zδi∈Z 〈a|M

t+i−j− 1
2

+ E1M
t−(i−j)− 1

2
− |b〉 .

As we have seen, for the time-unital local chan-
nels it is enough to demand only one of the space
unitality conditions to simplify the expressions.
Indeed, the resulting equations contain only sin-
gle qudit channels, which can be efficiently eval-
uated. The resulting correlations are, in contrast
to 3-way space unitality and dual-unitarity, non-
zero inside the light cone between operators on
different sub-lattices (integers or half integers).
Nevertheless, there are still non-zero correlations
along the light ray, suggesting the maximal Lieb-
Robinson velocity.

More concretely, let us assume that M± have
|◦〉 as their unique leading eigenvector (corre-
sponding to eigenvalue one) and no other eigen-
value of the same modulus. Denote as λ± the
sub-leading eigenvalues. Then the correlations,
when they are non-zero, behave as

〈ai(t)bj〉n ∼ (λ+λ−)t
(
λ+
λ−

)i−j
. (47)

Therefore at fixed t the correlations grow or de-
cay exponentially in i− j, depending on the ratio
of the eigenvalues. This contrasts the zero cor-
relations inside the light-cone that appear in the
case of 4-way unital channels and dual-unitaries.

4.2 Spatial correlation functions after a quench

Next, we focus on spatial correlations between
single-site operators after a quantum quench
starting from an initial density matrix ρ(0):

Cij(t) ≡ d Tr aibjρ(t) = (48)
〈# . . . a# . . . b . . .#|Qt |ρ(0)〉 .

Without loss of generality we assume i < j.
For the purpose of presentation, let us restrict

ourselves to a two sites translation-invariant ini-
tial states. The discussion straightforwardly ex-
tends to the non-transnational invariant case.
Without loss of generality we write them as a
matrix product density operator (MPDO) in a
vectorised form

|ρ(0)〉 =
∑

s 1
2
,...,sL

Tr [T
(s 1

2
,s1)

. . . T
(s

L− 1
2
,sL)

] |s 1
2
. . . sL〉

= 1
dL

. (49)

The state is defined through χ × χ matrices
T (si−1/2,si) (green boxes). In the diagram the hor-
izontal line represents the auxiliary space of bond
dimension χ. The MPDO is taken to be normal-
ized in the thermodynamic limit

lim
L→∞

Tr ρ(0) = lim
L→∞

TrE(0)L = 1, (50)

meaning that the space transfer matrix

E(0) = (51)

has a unique fixed point with eigenvalue one,
which we denote by |4〉 〈�|, i.e.,

lim
L→∞

E(0)L = |4〉 〈2| . (52)

with 〈�|4〉 = 1.
Graphically, we express the correlations after

time t as:

Cij(t) =

a b

.

(53)

Next, we use condition (i), which results in two
backward propagating light cones originating at
the positions of the operators, connected by two
parts of the circuit consisting of powers of the
transfer matrix E(0):
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Cij(t) =

a b

. (54)

In our particular example, we have only one E(0)
in the middle, but in general the number of E(0)
depends on the separation7 j− i as j− i−2t+ 1

2 .
In the thermodynamic limit we can substitute the
outer part of the MPDO using Eq.(52).

The above discussion assumed periodic bound-
ary conditions, where we needed to take L to be
large. If instead we consider open boundary con-
ditions with completely depolarising channels at
the edges, we can perform simplifications and ob-
tain the exact same expression even for finite sys-
tems. We need also to specify the boundary ten-
sors for MPDO, which need to be 2 and 4 at
the left and right boundary respectively.

We have already vastly simplified the expres-
sions, but the evaluation of the left/right light
cone can in principle still be exponentially (in t)
hard. To streamline the expression further we
need to contract the left and right edges, and

. This leads us to define that a MPDO is
solvable if the following equations hold

= , = . (55)

In this way, we arrived at a generalisation of the
initial solvable matrix product states (MPS) in-
troduced in [14] for pure states and dual-unitary
evolution. In that case, the solvable MPS were
classified by the connection that their local ten-
sors are unitaries acting on the combined auxil-
iary and physical space. We make an analogue
classification for MPDO with a local purification
in the next section 5. In this section we take the
conditions as given, and derive exact results using
them.

If our local channels satisfy conditions (iii) or
(iv), we can use them together with the MPDO
solvability condition (55) to simplify the left or

7Remember that j is an integer, i a half-integer, and
i < j.

right light cone correspondingly. When simplify-
ing left or right light cone, we obtain zero if i is
integer or j half-integer, respectively. Assuming
both (iii) and (iv), we simplify both parts and
obtain for our particular positions of a and b

Cij(t) =

a b

.

(56)
Instead, if the separation j − i is shorter than 2t,
we obtain

Cij(t) =

a b

. (57)

Both kinds of expressions can be efficiently evalu-
ated as actions of single qudit channelsM±. For
i half-integer, j integer and separation s = j − i,
the result reads:

Cij(t)=
{
〈ab| (M− ⊗M+)2t |I(s− 2t+ 1

2)〉, s > 2t,
〈ab| (M− ⊗M+)s−

1
2 q |##〉 , s < 2t,

(58)
where

|I(x)〉 =


, x = 1,

x− 2 times E(0)
, x > 1.

(59)
Notice that for j − i < 2t there is no informa-

tion about the initial state (cf. (57)). This means
that we obtained exact expressions for the two-
point correlation functions in the steady state,

Accepted in Quantum 2023-05-09, click title to verify. Published under CC-BY 4.0. 13



which is reached from all solvable initial states.
We elaborate on this point in the following sub-
section. Since we did not use condition (ii) any-
where, the whole evolution might be non-unital
and these correlations could be non-trivial. This
is different from the dual-unitary case, where the
evolution is unital and correlations are exactly
zero for j − i < 2t [14]. If, as at the end of
section 4.1.2, we assume that λ± are the unique
sub-leading eigenvalues of M±, the correlations
decay exponentially in the separation as:

Cij(t) ∼ (λ+λ−)j−i . (60)

We can understand this as correlations which are
created in the past and then propagated ballisti-
cally with exponential damping.

Let us also comment a bit more on the case
j − i ≥ 2t. Here, if we additionally assume λ0 to
be the unique sub-leading eigenvalue of E(0), the
correlations decay exponentially as:

Cij(t) ∼ (λ+λ−)2tλj−i−2t
0 . (61)

We can see that the exponential decay in the ad-
ditional separation j − i− 2t originates from the
exponential decay in the initial MPDO. If the ini-
tial MPDO is instead uncorrelated at such dis-
tance, the correlations after the time evolution
also vanish directly due to locality.

4.3 Non-equilibrium steady state

Here we focus on the evolution of solvable MPDO
at long times, when the dynamics obeys differ-
ent unitality conditions. In particular, we pro-
vide exact expressions for the steady state and
examine its uniqueness, provided that we start
from solvable states. Remarkably, we find that
steady states can be reached exactly in time of
order of the system size. This does not necessar-
ily imply that the steady state is unique if we
start from general initial states. For instance,
for an integrable model such as the dual-unitary
transverse-field Ising model, the steady state from
solvable initial states is unique (infinite tempera-
ture state). But the steady state is not unique in
general, as it is given by the Generalised Gibbs
Ensemble [54] due to the presence of conserved
charges.

We show uniqueness of the steady state from
solvable MPDOs in two cases:

(1.) Open boundary conditions with completely
depolarising channels |#〉 〈#| at the edges.
Here taking just one of the left or right uni-
tality conditions suffices, i.e., 2-way unital-
ity. More concretely, the evolution is given
by:

Q = (|#〉 〈#| ⊗ q⊗L)(q⊗L ⊗ |#〉 〈#|). (62)

Also, the left and right boundary tensors of
the MPDO need to be contracted with 2
and 4.

(2.) We focus on a finite region A in the limit of
infinite system size L → ∞. We need both
the left and right unitality conditions here,
i.e., we need to assume 3-way space unitality.

Moreover, we show that the steady state is
reached exactly in a finite time t ≤ |A|, where
|A| is the (sub)system length (A contains 2|A|
qudits).

Focusing first on (1.), the evolution is given by

|ρ(t)〉= ,

(63)

where the dots denote the omitted part of the
evolution. Next, we use left unitality (iii), the
first of the conditions (55) and that t ≥ |A|. The
expression simplifies to

|ρ(t)〉 = . (64)

The diagram fully characterises the steady state.
The lack of the initial state in the above ex-
pression implies that steady state is unique. In
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the case of (time) unitality the diagram simplifies
from the bottom up, and the unique steady state
is the infinite temperature state |# . . .#〉.

If, in addition, the right unitality condition (iv)
holds, the expression simplifies from the right

|ρ(t)〉 = . (65)

The same expression is obtained in (2.) in the

following way. We focus on the reduced density
matrix of the sub-system region A:

ρA(t) = Tr Āρ(t), (66)

where the bar denotes the complement of region
A. First we use trace preservation (i) to simplify
the region outside of A. We obtain half light-
cones starting outwards of the region of interest,
with # operators on it:

|ρA(t)〉 = d|A| .

(67)

Then we simplify the region which is farther
than t away from the sub-system, by using
limL→∞TrE(0)L = |4〉 〈2|. In the last step we
use left and right unitality (iii), (iv) and condi-
tions (55) to simplify the diagrams from the left
and the right and obtain (65) if t > |A|/2.

It is natural to wonder what kind of steady
states (c.f. (65)) the 3-way evolution prepares in
finite time. This question is hard to answer an-
alytically. As an exploratory analysis, we per-
formed numerical simulations on systems of up to
14 qubits. Since we lack a thorough understand-
ing of the 3-way set of channels, we focused on two
classes. The first one is constructed by consider-
ing random perturbations around a completely
depolarising channel. All of the chosen pertur-
bations are postselected such that the superop-
erators are completely positive, which in prac-
tice means that the perturbations have Frobe-
nius norm . 0.7. The second class is a weakly
perturbed dual-unitary quantum channel, where
only the components that break unitality are per-
turbed. The elements8 of the initial gate q were
slightly shrunk to maintain complete positivity.

8Except for the element mapping the identity operator
to itself.

To characterise the steady states we looked at
their purity, mutual information, and negativity.
In the above-mentioned examples we observed
that the purity was low and decreased with sys-
tem size, but was nevertheless higher than in the
infinite temperature state |# . . .#〉. For mutual
information and negativity, we considered a bi-
partition by halving the system. Negativity was
zero and mutual information was small, suggest-
ing that the steady states are thermal-like area
law states. Low mutual information can be per-
haps expected based on the exact expressions for
correlation functions (cf. Eq. (57)), which gener-
ically decay exponentially with the separation of
the two points.

Even though our exploratory investigation sug-
gests that the resulting steady states are typically
almost thermal, it does not exclude more exotic
ones. It remains an interesting open question if
by fine-tuning the local channel or by going to
higher local dimension d, one can prepare steady
states with qualitatively different properties than
the ones witnessed.

Accepted in Quantum 2023-05-09, click title to verify. Published under CC-BY 4.0. 15



5 Classification of Solvable Initial
Mixed States

In this section we generalise the classification of
the so-called solvable initial states arising in dual-
unitary dynamics [14], to encompass space-time
unital quantum channels. As discussed earlier,
the natural way to extend solvability from MPS
to their mixed state analogues, MPDO, is to de-
mand the existence of (nonvanishing) operators
|2〉 and |4〉 such that Eq. (55) holds. Particu-
larly, with graphical calculations in Sections 4.2
and 4.3, we showed that the solvability condition
for the initial states, in combination with the ap-
propriate (space) unitality of the dynamics, allow
for the exact calculation of correlation functions
and steady states.

We will now provide a classification of those
MPDO, under the additional condition that they
admit a local purification [55, 56]. That is, we
will assume that the MPDO admits a purifica-
tion that can be written as a translation-invariant
MPS (with a constant but possibly different bond
dimension) where the purifying system is local.
Our results are captured in two propositions. In
Proposition 4 we connect the local purifying ten-
sor with injective MPS, and show that it can be
chosen so that it satisfies a condition analogous
to space unitality. Using this result, we derive
Proposition 5, in which we show that solvable
MPDOs with local purifications are essentially in
one to one correspondence with quantum chan-
nels. This reduces the classification of solvability
for this important class of initial (mixed) states
to the well-studied problem of quantum channels.

5.1 Mixed States with Local Purification and
their Classification

A translation-invariant MPDO over L pairs of
sites is in a local purification form if

ρL(A) = Tr γ1...γL |ΨL(A)〉〈ΨL(A)| ∀L (68)

where

|ΨL(A)〉 =∑
{iL

k
,iR

k
,γk}

Tr
(
A(iL1 iR1 γ1) . . . A(iLLi

R
LγL)

)
|iL1 iR1 γ1 . . . i

L
Li

R
LγL〉

(69)

is the purifying MPS9 and A(iLk i
R
k γk) are χ×χ ma-

trices. Above iLk , i
R
k denote respectively the left

and right indices of the physical space for each
pair of sites (i.e., integer and half-integer), while
γk corresponds to the local purification space. Us-
ing a representation as in Eq. (49), the tensor of
a MPDO with a local purification can be taken
to be

M
(iLiRjLjR)
A =

∑
γ

A(iLiRγ) ⊗ [A(jLjRγ)]∗ , (70)

where we have changed notation T 7→ M to em-
phasise that the local purification tensor has ad-
ditional structure. In graphical notation, this
translates to

1
d2 = ,

(71)
where yellow and blue rectangles denote A and
A∗, and are connected by a line representing the
summation over γ. We will also be assuming that
the purifying MPS is normalized in the thermo-
dynamic limit

lim
L→∞

Tr (|ΨL(A)〉〈ΨL(A)|) = 1 , (72)

a property that is passed on to the resulting
MPDO.

The advantage of the local purification form of
a MPDO is that it always yields by construction
a positive-semidefinite operator. In general, how-
ever, not every translation-invariant MPDO ad-
mits a local purification valid for all sizes [57]. On
the other hand, resolving whether a (general) ten-
sor yields a positive-semidefinite operator for all
sizes is known to be an undecidable problem [57].

Following the classification of solvable initial
states in Ref. [14], it is natural to identify any
two MPDO as equivalent in the thermodynamic
limit if they yield the same expectation values
over any observable with support over a finite
region. More precisely, two MPDO ρL and σL,
defined over L pairs of sites, are equivalent if

lim
L→∞

Tr R̄ρL = lim
L→∞

Tr R̄σL (73)

where R is any finite region and the bar denotes
its complement. In that case, we will also say

9The purification is defined up to an irrelevant unitary
over the purifying system.
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that the tensors producing the two MPDO are
equivalent.

We are now ready to state the first result to-
wards the classification of solvable MPDO. For
that, we will need the notion of injectivity, which
is central in the theory of MPS [58, 46]. A MPS
tensor is said to be injective if, when seen as a
map from the auxiliary to the physical space, it
is injective [46].

Proposition 4. Suppose MA′ defines a MPDO
in the local purification form (70) that fulfils the
solvability condition (55). Then MA′ is equiva-
lent to a solvable tensor MA, also in local purifi-
cation form, where the purifying MPS is injective
(for sizes large enough), and satisfies

∑
kR,γ

A(iLkRγ)A(jLkRγ)† =
δiL,jL

d
1χ (74)

or, in the folded graphical notation,√
d

χ

γ = = , (75)

Proof. Our proof generalises the ideas employed
in Ref. [14] (see Appendix B therein). How-
ever, the proof there relies on certain technical re-
sults of completely positive maps, and the latter
arise naturally for transfer matrices of pure initial
states. The key step here is to invoke the purifi-
cation form, which restores some of this structure
but at the cost of the additional purifying system.
Indeed, from the purification (70) of MA′ , it

follows that the corresponding space transfer ma-
trix EMA′

:= EMA′ (0) can be decomposed as

EMA′ =
∑
iLiRγ

A(iLiRγ) ⊗ [A(iLiRγ)]∗ . (76)

As such, it corresponds to (the vectorised form
of) the completely positive map

EMA′ (·) =
∑
iLiRγ

A(iLiRγ)(·)[A(iLiRγ)]† . (77)

Due to the normalisation (50) of the MPDO,
EMA′ has a unique largest eigenvalue λ = 1
(and no other eigenvalue of the same modulus).
This fact, together with EM being completely
positive, imply that the eigenoperator Z satis-
fying E(Z) = Z (i.e., the unique fixed point) is
positive-semidefinite [59]. In addition, the puri-
fying MPS |ΨL(A)〉 is injective (for large enough

number of sites L) if and only if Z is positive-
definite [60, 14]. Notice also that from the solv-
ability condition (55) we can identify |4〉 = |Z〉.

However, up to the equivalence in the ther-
modynamic limit defined earlier (cf. Eq. (73)),
one can replace A′ with a tensor A′′ such that
the new purifying MPS |ΨL(A′′)〉 is injective (for
L large enough). It is of smaller or equal bond
dimension, and the corresponding fixed point Z
has full rank. This result follows directly from
the steps of the proof in [14].

Now, since Z can be taken to be positive-
definite, we are able to define A(iLiRγ) =
Z−1/2A′′(i

LiRγ)Z1/2, which amounts to a gauge
transformation in the auxiliary space of the ten-
sor A′′. Crucially, this transformation enforces
that EMA

|#〉 = |#〉. Due to the uniqueness of
the fixed point of the transfer matrix, this also
leads to Eq. (74), while at the same time MA is
clearly in a local purification form. �

The above reduces to the solvable MPS of
Ref. [14] when the purifying space trivializes.
However, the existence of a nontrivial purifying
space qualitatively changes the classification.

To show that, we need to reinterpret Eq. (74)
by regrouping the indices of the tensor A. Treat-
ing jointly the left bond and the left physical in-
dex as input, and the corresponding right indices
as output, and assuming as usual a fixed reference
basis, defines the operators

K(γ)† :=
∑
iLjR

A(iLjRγ) ⊗ |iL〉〈jR| . (78a)

In this notation, the meaning of Eq. (74) becomes
more transparent, since it enforces that

∑
γ

K(γ)†K(γ) = 1dχ

d
, (78b)

i.e., that K(γ) form a valid Kraus operator set
of a CPTP map, up to an irrelevant normaliza-
tion factor. Said differently, it is a valid quantum
channel in the combined auxiliary and real space.
Here χ denotes the bond dimension of A, which
places a bound on the Kraus rank of the quantum
channel10.

We have thus observed that Eq. (78a) estab-
lishes a mapping from tensors A satisfying the

10Proposition 4 may only decrease the bond dimension
of the original MPS A′.
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conditions of Proposition 4 to quantum channels.
As with any purification, a transformation

A(iLiRγ) 7→
∑
γ′

Vγγ′A
(iLiRγ′) (79)

for V isometry leaves the MPDO and the quan-
tum channel invariant, and only affects the form
of the Kraus decomposition. Moreover, notice
that quantum channels resulting from Proposi-
tion 4 have additional structure since the puri-
fying MPS always can be taken to be injective.
It is convenient to rephrase this injectivity con-
dition in terms of the Kraus decomposition; then
the map

X 7→
∑
γ

Tr χ
[
(X ⊗ 1d)K(γ)

]
|γ〉 is injective,

(80)

where X acts in the auxiliary space and the par-
tial trace is also with respect to the auxiliary
space. It is not hard to see that this is a property
of the quantum channel and does not depend on
the particular Kraus representation11.

With this observation, we can establish that
not only do solvable tensors yield quantum chan-
nels, but also the opposite holds.

Proposition 5. Up to equivalence in the ther-
modynamic limit, to every tensor in purification
form yielding a solvable MPDO corresponds a
quantum channel satisfying the injectivity prop-
erty (80). Conversely, to every quantum channel
satisfying (80) corresponds a solvable MPDO in
purification form.

Proof. We have already shown the direct im-
plication, which follows from Proposition 4.
The quantum channel can be constructed via
Eqs. (78).

For the converse, the first step is decomposing
the quantum channel into a valid (minimum) set
of Kraus operators. Then from Eq. (78a), one
can deduce the family of operators A′(iLjRγ) (see
Eq. (82)). In turn, the above family of operators
yields a MPS |ΨL(A)〉 via Eq. (69). Notice that
different Kraus decompositions will result in the
action of a unitary over the purification space,

11This is since every different Kraus representation of a
quantum channel is obtained by the action of an isome-
try over the space of the index (i.e., here the purification
space), and such action cannot modify injectivity.

thus producing different purification of the same
MPDO. Importantly, the state is guaranteed to
be normalized in the thermodynamic limit. This
is since

lim
L→∞

〈ΨL(A)|ΨL(A)〉 = lim
L→∞

Tr
(
ELMA′

)
= 1
(81)

where the last equality follows from the injectiv-
ity condition; the latter ensures that the largest
eigenvalue (in magnitude) of the transfer matrix
is unique and equal to the spectral radius of the
quantum channel. As a result, we have obtained
a valid MPDO in purification form, which satis-
fies Eq. (74). �

In summary, the utility of the above result is
that quantum channels (satisfying a generic injec-
tivity property) are mapped to solvable MPDO;
inverting Eq. (78a) one gets

A(iLjRγ) = 〈iL|K(γ)†|jR〉 . (82)

Up to equivalence, this is exhaustive for MPDO
with local purification.

5.2 Example: Solvable MPDO with χ = 1

Let us consider the simplest case of bond dimen-
sion χ = 1. This instance corresponds to solvable
MPDO that completely factorize over two sites
ρ = ρ⊗L0 and are characterised by quantum chan-
nels acting solely over Cd. In particular,

ρ0 =
∑

iLjRkLlRγ

〈iL|K(γ)†|jR〉 〈lR|K(γ)|kL〉 |iLjR〉〈kLlR| .

(83)

Notice that injectivity condition is trivially sat-
isfied. In addition, normalization (78b) ensures
that Tr (ρ0) = 1, hence the global MPDO is ex-
actly normalized for all sizes.

For instance consider the family of depolarising
channels

Φ(σ) = ασ + (1− α)1 (84)

which connects the totally mixed initial state
|# · · ·#〉 at α = 0 to pure initial state of Bell
pairs for α = 1. The first was effectively the
initial state in the first calculation of correlation
functions on the infinite temperature initial states
[13], whereas the second is the only (up to local
unitaries) pure solvable initial state for χ = 1 [14].
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6 Conclusions and perspectives
In this work, we generalise the ideas of dual-
unitarity to noisy quantum circuits. The key is
to impose that the evolution along one or both
of the space directions, and possibly backward in
time, is a valid quantum channel. This amounts
to different unitality conditions, which give rise
to various solvable classes of dynamics. Via di-
mension counting arguments we show that the
resulting families of models are much larger than
averaging of dual-unitary gates. Regarding their
structure, we show that all 4-way unital gates
(i.e., unital along the space and time directions)
can be expressed as affine combinations of a re-
stricted subclass of dual-unitary ones. This is of
particular relevance, since a characterisation of
dual-unitary gates beyond qubits is lacking. On
the other hand, the problem seems to be consid-
erably more tractable when the class of dynam-
ics is enlarged, as considered here. When these
affine combinations can be expressed as convex
ones is an interesting question left for the future.
Moreover, we show how the additional sideways
unitality conditions enable simplifications of the
objects appearing in the calculation of physical
properties, for instance, correlation functions. As
a simple but physically relevant example, we show
how the average evolution of noisy circuits can
lead to such simplifications and exact solvabil-
ity, even if dual-unitarity of the gates is absent.
We also address the question of a solvable quan-
tum quench, that is, the evolution of a mixed
state that allows for exact calculations. We pro-
vide necessary condition for the initial state, in
the form of a Matrix-Product Density Operator
(MPDO), to be solvable. Focusing MPDO with
a local purification, we show that they are essen-
tially in one-to-one correspondence with quantum
channels.

The proposed classes of evolutions lead to ex-
act solutions, which provide insights into the
challenging dynamics of noisy quantum circuits.
Quantum circuits of quantum channels model for
instance quantum computation, which is not to-
tally isolated from the environment. As such, we
expect the present ideas to also be relevant in
that context.

When using the simplifications for exact calcu-
lations, we focused on the homogeneous dynam-
ics. Nevertheless, the simplifying properties can
also be used in evolutions, which are disordered

in space or time, as long as the additional proper-
ties hold for all of the local channels. A detailed
study of these effects is left for future work.

One can also extend the discussion to k-local
operators. After simplifications from 3-way uni-
tality, their correlations would be expressed using
k qudit quantum channels. Further characteri-
sation of these channels (also for k = 1) is an
interesting direction left for the future.

One would wish to study also objects beyond
correlators, such as purity, entanglement, nega-
tivity, and so on. With dual-unitarity this proved
possible, but here the analogous calculations are
not straightforward. The main obstruction is that
while folded dual-unitary gates q = U ⊗ U∗ are
unitary, 4-way unital channels are not. In partic-
ular, qq† and q†q do not simplify. We expect one
needs to satisfy additional conditions, in order to
circumvent this difficulty.
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A Proofs of Propositions

Here we report the proofs omitted from the main
text.

A.1 Proof of Proposition 1

Let {Fk}d
2−1
k=0 be a (Hilbert-Schmidt) orthonor-

mal basis of hermitian operators acting over Cd.
Without loss of generality we take F0 ≡ 1d/

√
d,

hence the rest of the operators are traceless.
In turn, this induces a basis in the space of
hermiticity-preserving super-operators over Cd ⊗
Cd, defined through its action

Fkl,ij(XA ⊗XB) = FkTr (XAFi)⊗ FlTr (XBFj) ,
(85)

where in this notation T = F00,00 and XA, XB

are the operator acting on A,B. Then, quantum
channels can be expanded in the form

E = T +
∑
ijkl

αkl,ijFkl,ij (86)

where the α coefficients are real.
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Let us start with the case of perfect channels.
The key observation is that, in the above expan-
sion, a completely positive map is a perfect chan-
nel if and only if (for the nonzero coefficients)
at most one of the (ijkl) indices is zero, i.e.,
corresponds to the identity operator. In other
words, any nonvanishing component with at least
two nonzero indices (ijkl) will necessarily imply
the failure of at least one of the conditions (i)-
(vi). This is readily verified graphically using the
folded picture notation.

For instance, assume condition (iii). Then, for
at least one of j, l nonzero,

α0l,0j = = = 0, (87)

where the black circles correspond operators Fj
and Fl.

As a result, the allowed nonzero α coefficients
are only of the following types:

• None of the (ijkl) indices is zero [(d2 − 1)4

operators].

• Exactly one of the (ijkl) indices is zero [4 ·
(d2 − 1)3 operators].

A priori, it is not obvious that all the preced-
ing linearly independent deformations of T can
produce completely positive maps for a suitable
range of the parameters. However, this is indeed
the case for small enough (but nonzero) values for
all of the specified α parameters. This follows by
considering the corresponding CJS J(E). Notice
that J(Fkl,ij) = Fk ⊗ Fl ⊗ Fi ⊗ Fj (see Eq. (19))
and thus J(T ) = 1/d2. As a result, small enough
(hermitian) perturbations around J(T ) preserve
positivity.

In conclusion, by considering perturbations
around T , we have shown that there exists an
affine subspace having real dimension

(d2 − 1)4 + 4 · (d2 − 1)3 = (d4 − 1)2 − 4(d2 − 1)2 ,

which contains the convex set of perfect quantum
channels. This affine subspace is clearly a mini-
mal one, as it follows from the completeness of the
expansion (86) and the previous considerations of
the allowed indices.

The proof for the remaining cases proceeds in
the same fashion, with a more refined counting.
In the case of 4-way unital channels, one needs to
include additionally operators of the form Fkl,ij
such that

• Either i = l = 0 or j = k = 0 and the
rest of the indices are nonzero [2 · (d2 − 1)2

operators].

For 3-way (say, TU and LU), also include:

• j = l = 0 and the rest of the indices are
nonzero [(d2 − 1)2 operators].

The counting is identical for the rest of the 3-way
cases. Finally, for 2-way (say, LU) one needs to
add to the above:

• i = j = 0 and the rest of the indices are
nonzero [(d2 − 1)2 operators].

• i = j = l = 0 and the remaining index is
nonzero [(d2 − 1) operators].

For the TU case, instead add to the 3-way:

• i = k = 0 and the rest of the indices are
nonzero [(d2 − 1)2 operators].

Performing the sums, one arrives at the values
reported in Table 3.

A.2 Proof of Proposition 2
Let us first restate some facts from the main text
for convenience. In [25] it was shown that

Uk(Jk) = (W k
1 ⊗W k

2 ) exp (iJks3 ⊗ s3)S(V k
1 ⊗V k

2 ),
(88)

are dual-unitary gates for any local dimension d,
where Jk ∈ R, the local unitaries are arbitrary, S
denotes the swap operator, and k is an index that
we will use shortly to distinguish between dif-
ferent dual-unitaries. The spin matrices si with
i = 1, 2, 3 satisfy the su(2) commutation relations

[si, sj ] = i
∑
k

εijksk . (89)

To prevent any potential confusion, we will avoid
vectorising in this subsection and work directly
with superoperators.

As in the proof of Proposition 1, we wish to
adopt the notation Fi (i = 1, . . . , d2 − 1) for
a Hilbert-Schmidt orthonormal set of hermitian
and traceless operators. The set becomes a ba-
sis of hermitian operators over Cd by appending
F0 ≡ 1/

√
d. Without loss of generality, we will

henceforth take Fi = cdsi for i = 1, 2, 3, where
cd is a constant to ensure normalization. This is
always possible since 〈si, sj〉 = 0.
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Firstly, let us show that the completely depo-
larizing channel T (a perfect channel, thus also
4-way unital) can be expressed as an affine com-
bination of dual-unitary gates. To see this, no-
tice that it factorizes T = TA ⊗ TB and each of
the TA/B is unital. Moreover, unital quantum
channel can be expressed as affine combinations
of unitary gates [51]. We can thus decompose

TA =
∑
i

λiV
i

1 (·)V i†
1 ,

∑
i

λi = 1 (90)

and similarly for TB. Combining these facts with
the trivial observation that swapping the two
subsystems after depolarizing has no effect, i.e.,
T = ST for S = S(·)S, we reach the conclusion
that there exists a decomposition

T =
∑
ij

λiλjS(V i
1 ⊗ V

j
2 )(·)(V i†

1 ⊗ V
j†

2 )S (91)

which is an affine combination of dual-unitary
gates with Jk = 0. As an example for d = 2,

T = TA ⊗ TB = 1
16

3∑
a,b=0

(σa ⊗ σb)S(·)S(σa ⊗ σb),

where σi denote the Pauli matrices and σ0 = 1.
Following the proof of Proposition 1, we ex-

pand the quantum channel E as

E = T +
∑
ijkl

αkl,ijFkl,ij . (92)

Therein we have also shown that imposing 4-way
unitality over E constrains the allowed nonzero α
coefficients to be of the following types:

(a) None of the (ijkl) indices is zero.

(b) Either i = l = 0 or j = k = 0 and the rest of
the indices are nonzero.

(c) Exactly one of the (ijkl) indices is zero.

The rest of the proof consists of constructing de-
compositions

F =
∑
k

λkUk(Jk)(·)Uk(Jk)†,
∑
k

λk = 0, λk ∈ R

(93)

for every F belonging in one of the allowed three
classes.

We will show momentarily that elements in
classes (a) and (b) can be constructed with

Jk = 0, i.e., by varying only the local part of the
dual unitaries (88) and the coefficients λk. On
the other hand, for elements in class (c) we will
invoke a nontrivial Jk.

(a) Consider a single qudit and for k, l ≥ 1
define the superoperator

Gkl ≡ FkTr [(·)Fl] . (94)

Since every unital channel can be expressed as
an affine combination of unitaries, then neces-
sarily Gkl admits a decomposition over unitary
gates with the corresponding coefficients satis-
fying

∑
i λi = 0. Such decompositions can also

be easily made explicit via unitary 1-designs [45].
Based on that, we can now directly write

Fkl,ij = S(Gli ⊗ Gjk)

which, by the previous consideration, results in a
linear combination of the form (93) with Jk = 0
dual-unitary gates.

For instance, in the case of qubits,

Gkk = 1
2
[
σ0(·)σ0 + σk(·)σk −

∑
a6=k
a≥1

σa(·)σa
]
, (95)

while the more general case Gkl can be obtained
by an additional conjugation with a unitary.

(b) Using a similar reasoning, for i, l ≥ 1
we have

F0l,0j = S(Glj ⊗ TB)

and

Fk0,i0 = S(TA ⊗ Gki)

which, using the expansions above, gives rise to
form (93), again with Jk = 0.

(c) Firstly, let us illustrate the idea behind
the construction with an explicit example for
qubits. We define

V33 = 1⊗ 1 + 2iεσ3 ⊗ σ3,

which corresponds to infinitesimal rotations gen-
erated by the nonlocal part of Eq. (88) (Jk ∝ ε�
1). In particular, we can form the linear combi-
nation of (adjointly acting) dual-unitary gates

V33S(·)SV †33 − S(·)S
= 2iε[(σ3 ⊗ σ3)S(·)S − S(·)S(σ3 ⊗ σ3)] +O(ε2).
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As it can be verified from the last equation, we
can map

σ3 ⊗ σ2 7→ 2εσ1 ⊗ 1 ,

which allows turning a single Pauli to an identity.
This is exactly the required ingredient for class
(c), which stems from the nonlocal part of the
dual-unitary gate.

For arbitrary d, since F3 ∝ s3, we define

V33 ≡ 1⊗ 1 + iεF3 ⊗ F3

and

J ≡ V33S(·)SV †33 − S(·)S
= iε[(F3 ⊗ F3), S(·)S] +O(ε2) .

(96)

Notice that since V33S is dual unitary up to order
ε2. J maps traceless operator s3 ⊗ s2 to a non-
traceless one:

s3 ⊗ s2 7→ εs1 ⊗ s2
3 .

Crucially, Tr (s2
3) > 0, so up to linear combina-

tions from (a), we obtained F10,32. We combine
this with single qudit rotations to obtain all el-
ements Fl0,ij . In particular, we first map Fi to
F3 and Fj to F2, apply J and map F1 to Fl.
Therefore, the following superoperator

Ll,ij ≡ (Gl1 ⊗ 1)J (G3i ⊗ G2j)

gives us Fl0,ij up to linear combinations of ele-
ments from (a).

We are left to show that Ll,ij is a linear com-
bination of dual-unitary gates of the form (93)
corresponding to an infinitesimal rotation of the
nonlocal part, with varying local unitaries. It is
proportional to the difference of the unitary chan-
nel obtained from the dual-unitary matrices

(W1 ⊗W2) exp (iεs3 ⊗ s3)S(V1 ⊗ V2),
(W1 ⊗W2)S(V1 ⊗ V2),

where the single qudit gates are specified by
V1(Fi)V †1 = F3, etc.

The rest of the F operators are constructed
similarly (e.g., through Hilbert-Schmidt ad-
joints). Mark that the above construction fails
for components forbidden by the expansion of 4-
way unital quantum channels, e.g., for F00,jl.

A.3 Proof of Proposition 3
The quantum channel Ep defined in Eq. (26) is by
construction a convex combination of unitaries,
thus properties (i), (ii) follow automatically.

To show the space unitality properties (iii) and
(iv), we will first evaluate the exponential in the
standard decomposition (27). This results to

Uλ = W1 ⊗W2

 3∑
j=0

αj
2 σj ⊗ σj

V1 ⊗ V2 (97)

where the parameters αj satisfy

1
4 |α0|2 =

∏
i

cos2 θi +
∏
i

sin2 θi, (98a)

1
4 |αj |

2 =sin2 θj
∏
i 6=j

cos2 θi+cos2 θj
∏
i 6=j

sin2 θi, j > 0.

(98b)

Remember that λ captures all parameters θi
and also the parameters of the single site gates
Wχ, Vχ.

Our strategy will be the following. First we will
show that space unitality of Ep can be rephrased
as ∫

dλ p(λ)
3∑
j=0

|αj |2

4 WχσjVχ(·)V †χσjW †χ = T

(99)

where χ = 1, 2 corresponds to right and left
unitality, respectively, and T = 1

2Tr (·) is the
completely depolarizing channel. Note that this
does not mean that the averaged channel Ep is
completely depolarising. Then we will prove
the validity of Eq. (99) using our two assump-
tions. In particular, using Assumption 1, we can
rewrite (99) in vectorised notation as

3∑
j=0

σj ⊗ σ∗j = (100)

=
∫
dλWdλV pWV (λW , λV )(W ∗χ ⊗Wχ)Q(Vχ ⊗ V ∗χ )

where

Q≡
∫
dθ1dθ2dθ3 pθ(θ1, θ2, θ3)

 3∑
j=0
|αj |2 σj ⊗ σj

,
(101)

and we used the fact that T = 1
4
∑3
j=0 σj(·)σj .

Subsequently, we will show that Assumption 2
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guarantees that

Q =
3∑
j=0

σj ⊗ σ∗j . (102)

This fact implies that Q itself is proportional to a
(vectorised) depolarizing channel, and thus (W ⊗
W ∗)Q(V ⊗V ∗) = Q for arbitrary unitaries V,W .
As a result, Eq. (100) holds true for both χ = 1, 2,
regardless of the distribution pWV .

To conclude, let us now show the two missing
pieces of the proof.

Proof that right/left unitality of Ep reduces to
Eq. (99)

The condition for right unitality of Ep can be
graphically represented as

∫
dλp(λ) Uλ

∗

Uλ
= (103)

Using the standard decomposition (97) for Uλ,
the LHS of the graphical equation above evalu-

ates to∫
dλ p(λ)

3∑
j,k=0

αjα
∗
k

4 (V1 ⊗ V ∗1 )σj ⊗ σ∗k(W1 ⊗W ∗1 )Tr (σjσk)

=
∫
dλ p(λ)

3∑
j=0

|αj |2

2 (V1 ⊗ V ∗1 )σj ⊗ σ∗j (W1 ⊗W ∗1 )

where in the first step we used the graphical rule

σj σk
∗ = Tr (σjσk) = 2δjk . (104)

The analogous condition holds for left unitality
by replacing W1 7→ W2 and V1 7→ V2. Passing
from the vectorised notation used here to super-
operator notation, ones recovers Eq. (99).

Proof that Assumption 2 implies Eq. (102)

We need to show that∫
dθ1dθ2dθ3 |αj |2 = 1 ∀j = 0, 1, 2, 3 . (105)

Substituting θj = π/4 + δj (j = 1, 2) one gets

|α0|2 = (1− sin 2δ1)(1− sin 2δ2) cos2 θ3 + (1 + sin 2δ1)(1 + sin 2δ2) sin2 θ3 (106a)
|α1|2 = sin 2δ1 cos 2θ3 − sin 2δ2 (sin 2δ1 + cos 2θ3) + 1 (106b)
|α2|2 = (sin 2δ2 − sin 2δ1) cos 2θ3 − sin 2δ1 sin 2δ2 + 1 (106c)
|α3|2 = (1− sin 2δ1) (1− sin 2δ2) sin2 θ3 + (1 + sin 2δ1) (1 + sin 2δ2) cos2 θ3 . (106d)

From the above expressions it is easy to see that
Eqs. (105) are all satisfied if

∫
dδ1dδ2dθ3pθ(

π

4 +δ1,
π

4 + δ2, θ3)f(δ2, θ3) sin 2δ1 =0

(107a)

and∫
dδ1dδ2dθ3pθ(

π

4 +δ1,
π

4 +δ2, θ3)g(δ1, θ3) sin 2δ2 =0

(107b)

which is guaranteed by the symmetry property of
Assumption 2.

B Details on the structure of space-
time channels

Here we provide some more technical details
about the discussion of 3.2. We are looking at
the Frobenious distance to the boundary of the
convex set measured from the completely depo-
larising map T .

Specifically, we consider super-operators of the
form E = T + λE ′, where E ′ is hermiticity-
preserving, maintains 4-way unitality and is or-
thogonal12 to T . We construct E ′ by choosing its

12Here we implicitly use that the channels are repre-

Accepted in Quantum 2023-05-09, click title to verify. Published under CC-BY 4.0. 26



unconstrained elements to be random real num-
bers between minus one and one, and then nor-
malise it using the Frobenius norm so ‖E ′‖2 = 1.
Increasing the strength λ, we observe that com-
plete positivity fails at some typical distance,
λ ≈ 0.6 ± 0.2 for d = 2, in all of 10000 random
samples13.

The Frobenious norm of dual-unitary channels
(qDU = UDU⊗U∗DU ) is 4, and its 00, 00 element in
the Pauli basis is 1, therefore the distance from T
to the dual-unitary channels is

√
15 ≈ 3.8, which

is considerably more than in the random direc-
tion.

Said differently, starting from the completely
depolarising channel, the directions towards the
dual-unitary channels are very fine-tuned. In
those directions complete positivity fails consid-
erably later than in random directions.

sented by matrices, and use the Hilbert-Schmidt inner
product.

13The observation is true for any n-way unitality, n =
1, . . . , 6.
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