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We derive new concentration bounds for time averages of measurement outcomes in
quantum Markov processes. This generalizes well-known bounds for classical Markov
chains which provide constraints on finite time fluctuations of time-additive quantities
around their averages. We employ spectral, perturbation and martingale techniques,
together with noncommutative Ly theory, to derive: (i) a Bernstein-type concentration
bound for time averages of the measurement outcomes of a quantum Markov chain, (ii)
a Hoeffding-type concentration bound for the same process, (iii) a generalization of the
Bernstein-type concentration bound for counting processes of continuous time quan-
tum Markov processes, (iv) new concentration bounds for empirical fluxes of classical
Markov chains which broaden the range of applicability of the corresponding classical
bounds beyond empirical averages. We also suggest potential application of our results
to parameter estimation and consider extensions to reducible quantum channels, multi-
time statistics and time-dependent measurements, and comment on the connection to
so-called thermodynamic uncertainty relations.

1 Introduction

Quantum Markov chains describe the evolution of a quantum system which interacts successively
with a sequence of identically prepared ancillary systems (input probes) modelling a memoryless
environment [1, 46]. Such dynamics can be seen as discrete-time versions of continuous-time open
system evolutions as encountered in quantum optics [29, 24, 55], and formalised the input-output
theory of quantum filtering and control [60, 19, 12, 52, 37]. The two settings are in fact closely
connected and can be related explicitly by time discretising techniques [5].

After the interaction, the probes (output) are in a finitely correlated state [28] which carries
information about the dynamics; such information can be extracted by performing successive mea-
surements on the outgoing probes. The stochastic process given by the sequence of measurement
outcomes has received significant attention in recent years. The ergodic properties of this process
have been studied in [47, 4, 22, 59, 21], while those of the corresponding conditional system state
(filter) have been analysed in [48, 17, 14, 2]. The large deviations theory of additive functionals of
the measurement process was established in [42] and extended in [50]. Motivated by the interest
in understanding the irreversible essence of repeated quantum measurements from a statistical
mechanics perspective, the papers [16, 13] have investigated large time asymptotics of the entropy
production. In the context of open quantum walks [6], the asymptotics of the process obtained
measuring the position of the walker on the graph have been studied [4, 22, 8, 57, 21]. Another
class of problems relates to fluctuations of measurement outcomes, which can be used to uncover
dynamical phase transitions of the quantum evolution, see for example [31, 43, 59]. In the one-
atom maser, non-demolition measurements of outgoing atoms have been used for reconstructing

Federico Girotti: federico.girotti@nottingham.ac.uk



https://quantum-journal.org/?s=Concentration%20Inequalities%20for%20Output%20Statistics%20of%20Quantum%20Markov%20Processes&reason=title-click
https://quantum-journal.org/?s=Concentration%20Inequalities%20for%20Output%20Statistics%20of%20Quantum%20Markov%20Processes&reason=title-click
mailto:federico.girotti@nottingham.ac.uk

the initial photon distribution of a resonant electromagnetic cavity [39]. Further theoretical studies
have been carried out in [9, 10].

In contrast to the recent progress in understanding the asymptotics of the outcome process,
much less is known on the finite-time properties. Notable recent results in this direction are the
deviation bounds and concentration inequalities for quantum counting processes and homodyne
measurements obtained in [15] (hence regarding continuous time models). The main aim of the
present work is to provide new classes of concentration inequalities for additive functionals of
the finite-time measurement process, which complement the results of [15] and offer more explicit
bounds. We denote by X1, ..., X, the outcomes of the measurements on the first n output probes
and we consider a generic function f : I — R defined on the set I of all possible outcomes (we
will mainly consider the situation in which we perform the same measurement on every probe,
treating the general case in Subsection 5.3); under certain ergodicity conditions on the dynamic,
the empirical average process %Zzzl f(Xk) converges almost surely to its stationary value 7(f)
and we aim at finding a upper bound for the probability that = > 7" | f(X}) deviates from m(f)
more than v for some fixed n € N and v > 0.

To get the general flavour of the results, we briefly discuss here the case of independent random
variables for which there is a well established theory even for more general functions than the
time average [18]; two well known bounds in this case are given by Bernstein’s and Hoeffding’s
inequalities. Assuming for simplicity that (X)}'_, are independent and identically distributed
centered random variables, and that E[X?] < b? and | X;| < ¢ almost surely, Bernstein’s inequality
reads as follows (see [18, Theorem 2.10]):

1 & v2b? 2vc
P (nZXk > fy) < exp <n =2 h <192

k=1

where h(z) = (v1+x + x/2 + 1)~ %; the bound depends on the random variables through their
variance an their magnitude in absolute value. On the other hand, Hoeffding’s inequality only
depends on the extension of the range of X;: if we have that a < X; < b almost surely, one can
show ([18, Theorem 2.8]) that

b (155 ) <o (L0 2
- > ] <exp n(b—a)Q .
k=1

Much work has been done for extending these results to irreducible Markov chains. New Bernstein
and Hoeffding-type inequalities were recently obtained in order to tackle problems coming from
statistics and machine learning [44, 27], while Lezaud [49] and Glynn et al. [35] derived bounds
which have an intuitive interpretation and depend on relatively simple dynamical properties. More
specifically, the latter bounds involve the range and stationary variance of the function f, and the
spectral gap of the (multiplicative symmetrization of the) transition matrix P of the Markov chain
(Bernstein case) or the norm of the pseudo-resolvent (Id — P)~! (Hoeffding case).

In this paper we find analogous bounds for the class of stochastic processes given by repeated
measurements on the output probes of a quantum Markov process. On a technical level, we
exploit perturbation theory and spectral methods used in [22, 59, 21] for proving the law of large
numbers, central limit theorem and large deviation principle for the output process. We also use
a generalisation of Poisson’s equation to decompose the empirical average into a martingale with
bounded increments and a negligible reminder as in [4]. Using these tools we obtain quantum
bounds which share the useful properties of the classical results in [49] and [35] .

Our main results are:

e A Bernstein-type concentration bound for time averages of the measurement outcomes of a
quantum Markov process, Theorem 3 below.

e A Hoeffding-type concentration for the same process, Theorem 5.

e A generalization of the Bernstein-type concentration bound for counting processes of continuous-
time quantum Markov processes, Theorem 7.




e By specialising to classical Markov chains, we obtain a new concentration bound for empirical
fluxes, thus extending the range of applicability of the corresponding classical bounds beyond
empirical averages, Proposition 8 and Proposition 9.

The paper is organised as follows. In Section 2 we introduce in more detail the mathematical
model and we recall the objects and results that will be used to prove the main theorems. Sec. 3 is
devoted to prove the main results of the paper: a Bernstein-type and a Hoeffding-type inequalities
for the output process of quantum Markov chains. In Sec. 4 we show how perturbation theory
and spectral techniques can be used to derive concentration inequalities for the case of quantum
counting processes too. This result integrates the bounds obtained in [15], providing a simple
bound also for the case of counting processes and non-selfadjoint generators. Moreover, it bypasses
the problem of establishing functional inequalities and estimating the constants appearing in the
inequalities. In Sec. 5 we present extensions and applications of the previous results. Finally, in
Sec. 6 we provide our conclusions and outlook.

2 Notation and preliminaries

2.1 Quantum channels and irreducibility

We consider a finite dimensional Hilbert space C? and we denote by My(C) the set of d x d matrices
with complex entries. When considering the evolution of a quantum system described by C¢ in
the Schrédinger picture, one endows My (C) with the trace norm, i.e.

]l = tr(jz]), Vo e Mg(C),

where we recall that |z| is the unique positive semidefinite square root of z*z in the sense of
functional calculus. A state is any positive semidefinite z € My(C) with unit trace. In the
Heisenberg picture, My(C) is considered together with the uniform norm, that is

||| :== sup lzull, Ve My(C).
weCd, fufj=1

An observable is any selfadjoint element 2z € My(C). We recall that the dual of My(C) considered
with the uniform norm can be identified with My(C) with the trace norm via the following isometry:

(Ma(C), [ - [1) 3 @ = tr(-2) € (Ma(C), [ - )"

We consider a completely positive unital linear map (that is, a quantum channel in the Heisenberg
picture) ® : My(C) — My(C) and we denote by ®* the dual of ®, which is the completely positive
and trace preserving (that is, stochastic) map uniquely defined by the relation:

tr(z®@(y)) = tr(®*(x)y), Vz,y e My(C).

We recall that every completely positive map n admits a Kraus representation n(z) = > ; WiaWy,
where {W;} C My(C) is a finite collection of operators (called Kraus operators), and n is a quantum
channel if and only if ) j WiW; = 1. Unless stated otherwise, throughout this paper we will make
the following assumption.

Hypothesis (H): ® is such that its dual admits a unique faithful invariant state o, that is
®*(0) =0 and 0 > 0.

We recall that hypothesis (H) is satisfied if and only if the following equivalent statements hold:
1. 1 is an algebraically simple eigenvalue of ® with positive eigenvector,
2. let {V;}ier be a choice of Kraus operators for ®, then for every v € C¢
span{Vi, ---Vi,v:n € Niy,...i, € [} = C%
In this case the map & is said to be irreducible. The equivalence is a special instance of Perron-

Frobenius theory for completely positive (not necessarily unital) maps and that we report in the
following proposition (for more details see [61, Chapter 6] and [22, Section 3]).




Proposition 1. Let 1 be a completely positive map acting on My(C) for some finite dimensional
Hilbert space CY, then its spectral radius r(n) = sup{|z| : z € Sp(n)} is an eigenvalue of n with
positive semidefinite corresponding eigenvector x > 0. Moreover, the following are equivalent:

1. 7(n) is algebraically simple and x > 0,
2. let {W;},cs be a choice of Kraus operators for n, then for every v € c
span{W; ---W;v:n€N,j,...j, € J} =C%

A stronger assumption which will not be required for our results, but provides a clearer picture
of the dynamical aspects is primitivity. The channel ® is called primitive if it satisfies hypothesis
(H) and in addition it is aperiodic, i.e. its peripheral spectrum (the set of eigenvalues with absolute
value 1) contains only the eigenvalue 1.

2.2 KMS-inner product

There are several ways of equipping My(C) with a Hilbert space structure, see for instance [3] and
[53] for connections with quantum statistics. In the derivation of our results we will make use of
the Kubo—Martin—Schwinger (KMS) inner product associated to a positive definite state o, which
is defined as follows

(x,y) == tr((aima%)*(aiyai)) = tr(a%x*aéy), x,y € My(C). (1)

As usual, we write ||zo for (z,2)'/2. Given any map 7 acting on M4(C), we denote TR(n) the
trace of 7, that is the unique linear functional on linear maps acting on M,(C) which is cyclic and
such that TR(Id) = dim(M,4(C)) = d?; we recall that, given any orthonormal basis {xj};lil of
M4(C) with respect to the KMS-product, the usual formula for computing the trace as the sum of
diagonal elements holds true:

dZ

TR(n) = Y fayn(ay).

j=1

We will use the notation 5! for referring to the adjoint with respect to the KMS-product of the
1 1

linear map 7 acting on My(C); it is easy to see that nf = T'; 2 on* oI'Z, where T'? is the completely
positive map defined as = — o%zc®, for @ € R. If 7 is completely positive, so does ! and
this is what motivates our choice of inner product, since the KMS-product is the only one with
this property. Moreover, a Kraus decomposition of 7 induces a Kraus decomposition of nf: if
n(z) =32, WizW; it is easy to see that

n'(z) =Y {o?Wio 2} a{o?Wio 2}

J

Let ® be a quantum channel and assume that ¢ is an invariant state for ®, then ®' is again a
quantum channel with invariant state o:

Nl

dT(1) =0 20%(07102)0 2 =1, & (6)=02®(0 2007 2)0? = 0.

The compatibility of KMS-inner product with the convex cone of positive semidefinite matrices
allows to decompose every selfadjoint matrix into the difference of two orthogonal positive semidef-
inite matrices (see [23, Theorem 3.9]): given & € M4(C), x = 2* we can write

=To, 4 =T, —

where (y)+ ((y)—) denotes the positive (negative) part of a selfadjoint operator y € My(C) in the
sense of functional calculus. It is easy to see that z, + > 0 and that they are orthogonal with
respect to the KMS-product. A simple consequence is the following useful fact which will be used
in the proof of our main theorem. With a slight abuse of notation, given a map 7 acting on My(C),
we denote by [|n]|2 the operator norm of 7 induced considering My(C) endowed with the norm

I 1l2-




Lemma 2. Let 11 and ne two positive maps defined on My(C); then

[ —m2ll2 < |lm + n2ll2.

Proof. Every x € M4(C) can be decomposed into the sum of two selfadjoint operators: its real part
R(z) := (x +2*)/2 and its imaginary part $(x) = (z —2*)/(2¢) and the KMS-norm is compatible
with this decomposition, in the sense that

)13 = [1R(@)]13 + S ()]I5.

Since 71 and 7y are positive, n; — 12 and 1, + 72 are real, meaning that they preserve the real

subspace of selfadjoint operators. This two facts imply that 77 — o and 1; + 72 attain their norms

on the set of selfadjoint operators of norm one. Let us consider z € My(C), = z* such that

llzll2 = 1 and || (m —n2)(@)|l2 = ||m1 —n2(|2; if we define |z|, := % 4+ +x4,—, we have that |||z]]|z =1

and

lm = m2ll3 = lln = n2(2) 113 = | (m(2o,4) + n2(20,-)) = (m(20,-) +12(20,4)) 13

= [lm (o) +12(x0, )3 + (20, ) +m2(20, )13 = 2 (M (T0,4) + 12(T0,— ) (T0,—) + 02(T0,+))
>0

< N (@os) + m2(zo, )3 + m(zo,-) + n2(zo)13 + 2(m (20,1) + n2(20,- ) (T4, ) + 12(20,4))

= llm +me2(l2fe) 13 < llm + 213

2.3 Output Process of Quantum Markov Chains

In the input-output formalism [29] a quantum Markov chain is described as a quantum system
interacting sequentially with a chain of identically prepared ancillary systems (the input). After
the interaction, the ancillary systems form the output process, and can be measured to produce
a stochastic detection record called quantum trajectory. More formally, let us denote by h = C¢
the system Hilbert space and by b, the ancilla space, and assume that the latter is prepared in
the initial state |x) € b,; the interaction between the system and a single ancilla is described by a
unitary operator U : h ® h, — h ® h,. The reduced evolution of the state of the system after one
interaction with the ancillas is described by the following quantum channel called the transition
operator
"2 p ity (Up @ |[x) (X|UY)

Any orthonormal basis {|#)};cr for b,, induces a Kraus decomposition for ®*:

*(z) = ViaV', Vi={(i|Ulx), € Mqy(C).
el

If the system is initially prepared in the state p, after n times steps its state is given by ®*"(p).
In general, hypothesis (H) does not guarantee convergence to stationary, i.e. lim,_, . ®*(p) = o.
However, if ® primitive (i.e. it satisfies hypothesis (H) and is aperiodic), then any initial state
converges to the stationary state.

Suppose now that, after every interaction between the system and the chain of ancillas, we
perform a measurement corresponding to the basis {|i) };c;. The sequence of the outcomes of the
measurements (X, )nen is a classical I-valued stochastic process whose law is uniquely determined
by the following collection of finite dimensional distributions: for every n € N, 4y,...,4, € I

P,(X1=i1,...,Xp =in) = tr(V3, - Vi pViT - V7). (2)

Note that if the system starts in the invariant state o, the law of the outcome process is stationary:
for every n,k € N, 41,... i € 1

Po(Xp = i1s. .o Xngno1 = i) = tr(Vi, ... Vi, @D (o) V- V)

=tr(Vi, ... Vi, oVl - Vi) = P (X1 = 01, ..., X = ).




We denote by 7 the law of a single measurement under the stationary measure P, i.e. 7(i) =
tr(oV;*V;) for every i € 1.
From (2) it follows that the joint distribution of two measurements at different times m > n € N
is given by
By(Xo = i, X = j) = (V0" (0) Vo™ "L (V7 V). (3)

If ® is primitive then <IJ’“(VJ*V]) converges to 7(j)1 for large k so the correlations between X,, and
X, decay exponentially with m — n. In fact it has been shown that hypothesis (H) suffices to
establish several ergodic results [4, 22, 59]: given any function f : I — R, the process (f(X,))nen
satisfies a strong law of large numbers, a central limit theorem and a large deviation principle. In
particular

1 n

23S = n() Bras (1)
where w(f) = >, .; f(i)m(i). For the reader interested in what happens removing assumption (H),
we refer to [21, 34]; we will come back to this in Section 5.2.

Despite the fact that the asymptotic behaviour of the process (f(X,))nen is rather well un-
derstood, less is known about its finite time properties, with the notable exception of the recent
concentration results for continuous-time Markov dynamics [15]. The main goal of the present
work is to derive alternative concentration bounds, i.e. upper bounds on the probability that
LS 1 f(Xy) deviates from the limit value more than v > 0

P, (; S £ = 7() +7> . )
k=1

Note that by replacing f with — f one obtains an upper bound for the probability of left deviations
from the limit value and using the union bound, one can easily control deviations on both sides.

3  Quantum Markov Chains

3.1 Bernstein-type Inequality

In this section we prove a Bernstein-type inequality which provides a sub-Gaussian bound for small
deviations and a subexponential one for bigger deviations. The inequality involves the spectral gap
of the multiplicative symmetrization of the transition operator ®, and the stationary variance and
range of the function f. The strategy of the proof is inspired by the classical result [49, Theorem
3.3] and relies on perturbation theory and spectral analysis, which is also the approach used in
[22, 59] for proving the law of large numbers and the large deviation principle for the process

(f(Xk))ren-

Theorem 3. Assume that ¥ := ®T® is irreducible, and let f : I — R such that n(f) = 0,
7(f2) = b and || f||oo := max;es |f(i)| = ¢ for some b,c > 0. Then for every v >0, n > 1

Lo 2 10¢
P, (n ; F(Xi) > 7) < Npexp (‘”gbjh < 3b‘]>) ?

where ¢ is the spectral gap of ¥, N, := |0~ 2po~ 2|2 and h(z) = (VI +z+2/2+ 1)L

We remark that a sufficient (but not necessary) condition for ¥ to be irreducible is that ® is
positivity improving, i.e. that ®(x) > 0 for every z > 0.

Proof. We split the proof in 4 steps. The strategy is to use Markov inequality to bound the
deviation probabilities in terms of the moment generating function (Chernoff bound), which is
then bounded using perturbation theory and spectral properties.

1. Upper bound for the moment generating function (Laplace transform).




An easy computation shows that the Laplace transform of nf, := ZZ=1 f(Xk) can be expressed
in terms of the deformed transition operator ®,(z) =3, eSOV Vi u > 0:

Ey[em ] = tr(p@(1)) = tr (o (0 Fpo )ob@i(1)) = (0 Fpo ™ E,@(1))
<o 2po "2z - [[Lll2 - [ 7]l = o2 po 2|2 - [|@7]Jo-

(7)

By [|®"|l2 we mean the operator norm of ® induced by M4(C) endowed with the KMS-norm.
The rest of the proof aims to upper bound ||®7||2; a first remark is that

123]l2 < [@ully = [Wull; =r(u)?

where ¥, := ®!®, and r(u) is the spectral radius of ¥,. Notice that for every u € R, ®, =

ZiEI(eUJ;(i) uf(i

) . - .
i) *x(e"2 V;) is completely positive, therefore <I>L and ¥, are completely positive
too; Proposition 1 ensures that r(u) is an eigenvalue of ¥,,. Moreover, we can write

u(f(1)+f<1>) U(f(7)+f(J))
Uy (z) = 2L, (x) = ) {e Ki ;) a{e Kij}
i,j€1

where K; ; = V;O'%V;-*07% are the Kraus operators of W. Since ¥ is irreducible by assumption, its
Kraus operators satisfy condition 2. in Proposition 1. Since the Kraus operators of ¥,, are multiples

of K; ;, they also satisfy condition 2 and therefore r(u) is an algebraically simple eigenvalue of ¥,

for every u € R.

2. Perturbation theory.
Direct computations show that ¥, is an analytic perturbation of ¥ = Wy: first notice that

+ook

Z > fO ViV, (8)

! i€l

—.P(k)

and that ®© = ®. Therefore we can write

400 L +oo “+o00 k
U u U
¥, = B}, = <Z i wﬁ) (Z klw) PN ( ) VgD (9)
k=0 k=0 1=0

=:w (k)

and it is easy to see that W(®) = W. If the norms of ¥*) are upper bounded by a geometric
sequence, that is
@™y < afFt for k> 1

for some «, 8 > 0, then perturbation theory ([45, Section 11.2.2]) tells us that for |u| < (2ae~'+3)~!
(where ¢ is the spectral gap of V), we can expand r(u) around 0:

+oo
u) =1+ Zr(k)uk.
k=1

Moreover, there is an explicit expression for the coefficients r*)’s:

k
-y (= 3 L TR0 S0 . g gl
P vl ! ’
p=1 vi+-trp=k,v; >1
pite e Fpp=p—1, u; >0
where S(©) = —|1) (1] and for > 1, S® is the pu-th power of

SW = (U —T1d+ 1) (1))~ — 1) (1].




Notice that [|S)||; = e=* for g > 1. More details can be found in [49, Section 2].

3. Upper bound for r(¥s.
The coefficient (1) can be easily shown to be equal to zero due to the fact that f is centered:

ITR(PM S| < 2[(1, 2 (1))] = 2 (f) = 0.

For bigger values of k, we will make extensive use of the estimates in the following lemma; we
recall that v = m(f?) and ¢ = || f|0o-

Lemma 4. Let k and m be two natural numbers; the following bounds hold true:
1. || @tk < cmtk
2wtz < (20™
3 |eTeE) (1)||y < ™R form + k> 1,
4 @™ (1)]l2 < 2(20)™ b form > 1,
5. (1,80 (1))] < 4(20)™ 262 for m > 2.

Proof. 1. Lemma 1.3 in [51] ensures that if we consider a completely positive map 1 : My(C) —
M4(C) such that n*(0) < o, then ||n||2 < 1. If we apply it to ® and &, we get ||®T®||, < 1, which
proves equation in point 1. in the case k = m = 0. If k + m > 1, notice that we can write

oMk (1) OO
Cerk = Z Cerk Ki,iji’j
jyi€l:
FE™F(@)F>0
n+(x)
FO™ AR .
> KiK.
Jiel:
F@™ @) <0
n—(z)

7+ are completely positive and, since || f||« = ¢, they also satisfy (ny +n_)*(c) < ®*®T*(0) = 0,
hence ||n4 +7—|]2 < 1 and we get the thesis using Lemma 2.

2. By the explicit form of ¥(™) and point 1. we get

[, < 3 (”j) et gm=D]|, < (Z (7)) e = (20",
=0

1=0
3. Let us introduce the following selfadjoint operator
F(mk) . — (p(m)hp(k) Z £(4) mK* K,
i,j€1

where we recall that K, ; = W{U%‘/}*U_%} are the Kraus operators of ¥; notice that F(™*) is

a convex combination with operator weights K, K; ; of the matrices f (i)*f(5)™1. We get that

1

|2 1M (1)) = tr(o 2 FPat P E < ( () )

MBS

< | X @G e (0K K )

ijel




where we used Cauchy-Schwarz inequality for the trace and operator Jensen’s inequality (see for
instance [40, Theorem 2.1]), since 2 is operator convex on the whole real line. Notice that the last
term of the previous equation can be expressed as 7(f(i)?* f (j)Q’”)%, where 7 is the probability
measure on I? defined as 7 (i, j) = tr(c K ; K; j); an easy computation shows that 7 has marginals
equal to 7. If kK =0 (and analogously if m = 0) we get that

s N\ 2ma L my L _
T f(G)*™)2 = n(f7™)z < ™Mb,

otherwise, if both m and k are bigger or equal than 1, we can still get the same bound:
TSGR < m(fPm)zeh < em .

4. Because of point 3., we obtain
" /m m—
P <3 (77 ) lo0tee D) < 22 b
1=0

5. From the estimate in point 3. and the explicit expression of U("™) we have that:

)< (1 1@, a0
Z ( >||‘I’ D)2 @D ()2 < 4(20)" %%,
In case | = 0 or [ = m we do not make use of estimate in point 3., but the upper bound follows

from the observation that (1, (™) (1)) = (®(™)(1),1) = 7(f™). O

Fix k > 2. Since p1 +--- + pp = p— 1, there must be a certain j € {1,...,p} such that p; = 0;
by the cyclicity of the trace, without loss of generality we can assume that p, = 0. Using the
estimates in Lemma 4 we get that for p =1

ITR(TWSO)] = |(1, 8P (1))] < 4(20)" .

Hence ) a(0) 1
|TR(¥*) (0] k2,0 0% [2c\"
< < — | — .
o <2207 < — (S (10)
If p > 2, then
ITR(WD) g g e) §ln)y| = (1, @) glua) g () (1))
< e P(2) T T [WID (1) o[ W) (1) 5 < 1P (20)" T T 22 (20) T
< elmPokch=2p2,
Hence (v1) g(p1) (vp) §(1p) k=1
v H1) ... v, o 2 -
|ITR(T\) S Uve) Glip))| < 2" (2c . (11)
vyl c €

For k > 3, the following upper bound holds true (we refer to [49] for more details):

|
SERED ST

p=1 p vittrp=k,v; 21
pittpp=p—1, ;20

2 k—1
|T(k)| < 2b <1OC) ) (12)

Be €

We conclude that for kK > 3




For k = 2 we upper bound |r(?] in the following way: indeed, thank to equations (10) and (11),

we obtain ) )
4b 6b
- @), SOpO @) < 4 1 < O (13)

@] =
3

TR(T(2)S0)
2

Putting everything together we get that for 0 < u < £/(10c¢)

6b° 10cu\*
r(u)§1+2r(k)|uk§1+u2€z< )

€
E>1 £>0

2 —1 B
§1+u2% <1 106”) < o (1)
€ 15

4. Chernoff bound and Fenchel-Legendre transform.
Now that we have an upper bound for the Laplace transform, we apply the usual machinery of the
Chernoff bound: using Markov inequality we obtain that for every 0 < u < &/(10c¢)

Pp(fn > 7) = P,(e"fn > ™) < e*"“VEp[e”“f]

2 1 -1
SNpeXp{—n<7u—u23g (1— Oecu) >}

Taking the infimum of the rhs over admissible values of u, we obtain

1 — ~v2e . (10cy
P, (n Zf(Xk) 2 ”Y) < Npexp (—”%2}1 < 302 >)

k=1

for h(z) = (V1+z+2/2+1)"% O

3.1.1 Comparison to the classical concentration bound

For easier comparison between the bound in Theorem 3 and the classical Markov chains results in
[49], we report the latter below. Let X,, an irreducible Markov chain on the (finite) state space F
with transition matrix P, initial law v and invariant measure 7 and let f : E — R be a bounded
function with 7(f) = 0, 7(f?) = v* and || f||sc = ¢. Then

1. if P is selfadjoint, then
2
5 Yye Scry
2666/ exp (—n2b2h (b2)> ,

P, (iZﬂxk) > 7) < |4
k=1

where € is the spectral gap of P,

2. if PTP is irreducible, then
1 — dv
P, | - X)) >~ <||Z
(n;f( k>_v> <[]

where ¢ is the spectral gap of PTP.

2
ve 5cy
, exp (—n4b2h <b2>> y (14)

The difference in the constants appearing in the bound in equation (6) and in the classical one
(equation (14)) comes from the worse upper bound one can get for r(?) (equation (13)) in this
more general setting.

In order to obtain the result for P selfadjoint, a crucial observation is that, in this case,
P, := PE, (where E, = (5xye“f($))m,y€};), is similar to a selfadjoint matrix: indeed, PE, =
EJI/Q(EimPE;l/z)E;l/Q. However this is not the case for ®,, as the following elementary exam-
ple shows. Let us consider a three dimensional quantum system, an orthonormal basis {|k)}}7_,
and the quantum channel ® with the following Kraus operators:

1 1
Vi1 = 5 lk+1)(kl, Vig—1= 3 |k —1)(k|, fork=0,1,2,
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where £+ 1 and k — 1 are understood as modulo 3. In this case the index set of Kraus operators is
I={(k,k+1),(k,k—1):k=0,1,2}. ® is selfadjoint, but if we pick the function f(k,k+1)=a
and f(k,k —1) = b for some real numbers a # b, then then corresponding perturbation ®,, has
complex eigenvalues for every u > 0, hence it cannot be similar to a selfadjoint map. A way of
better understanding the difference between the classical and the quantum setting highlighted by
the example is to notice that ® is a quantum dilation of the symmetric random walk on a three
vertices ring: indeed, ® preserves the algebra

A= {x € My(C) = ax(k)|k) <k}’

k=0
which is isomorphic to the algebra of functions on three points
(*(E):={g9: E—C}, E={0,1,2},

and its restriction to it is given by the the transition matrix corresponding to the symmetric
random walk on three vertices, i.e. P = (pj) where py, = %(6k,l+1 +0k,i—1); f is a function of the
jumps of the random walk and not of its states and the restriction of ®, to the diagonal algebra
A is given by a perturbation of P of the form P, = (py.e®/(%%)), which belongs to a more general
class of perturbations of P than the one considered in [49]. In Subsection 5.1 we will show how
this fact allows to prove new concentration inequalities for fluxes of classical Markov chains.

3.2 Hoeffding-type Inequality

In this section we prove a second quantum concentration bound inspired by classical result [35]
which relies on the application of a fundamental inequality for centered bounded random variables
(Hoeffding’s inequality) and the fact that %Z?;Ol f(X;) can be decomposed into a martingale
with bounded increments and a bounded reminder. The same martingale decomposition was also
used in [4] for proving the law of large number and the central limit theorem for (f(Xj))ren. The
following inequality does not involve any measure of the variance of the function f at stationarity
and, instead of the spectral gap of the multiplicative symmetrization of the quantum channel, it
depends on the norm of the pseudoresolvent (Id — ®)~!. We remark that, contrary to Theorem 3,
in this case there are no further assumptions on ®.

Theorem 5. For every f : I — R such that 7(f) = 0 and ||f|lec = ¢ for some ¢ > 0, then for
every v > 0

n n~ — 2
P, (; ST FXR) 2 7) < exp (M) for ny = 2G, (15)
k=1
where G = (14 ||(Id — <I>)|}.1||oo)c and F :={x € My(C) : tr(ox) = O}.

With a slight abuse of notation, we write ||(Id — @);Hoo for denoting the operator norm of
(Id - <I>)|7}.1 induced by considering the uniform norm on F. Notice that for n = 1, the constraint
on vy implies that v > 2¢ = 2|| f||s and consequently P,(f(X1) > ) = 0.

Proof. For clarity we split the proof in three steps.

1. Poisson equation.

We start by discussing the quantum trajectories Markov process and its associated Poisson equa-
tion, which is a key tool in the proof. The pair (X,,p,) consisting of the n-th measurement
outcome X,, € I and the conditional system state p, is a Markov chain with

VwV:*
P( +1 2, Pn+1 tr(‘/zw‘/l*) J P w) I'( w Z)
and initial condition
VipV;* . .
X;=1 and p; = U(leip\zfz*) with probability tr(V;pV;").
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Its transition operator P is given by

=) 9 (;, (v V‘; )> tr(VwV)).

jerl

The associated Poisson equation is
F(iaw) = g(iaw) - Pg(ivw) (16)

where F(i,w) is a given function, and one is interested in finding g(i,w). We will provide an
heuristical explanation on how to find a solution of the Poisson equation. Whenever it is well
defined, a natural candidate for g is the function g(i,w) = >, E[F (X, pn)| X1 = 1,01 = w] =
> nso PM(F)(i,w); indeed B

g(i,w) — Pg(i,w) = Z P"F(i,w) — Z P"F(i,w) = F(i,w).
n>0 n>1

We now consider a function F which does not depend on the second argument F'(i,w) = f(i).
Using the explicit expression of P we can write

gli,w) = f(i) +tr | Y ®"(F £(i) + tr((Id — &) (F)w)

n>0

where F = 3., f(4)V;*V;. With this in mind, the following steps should look very reasonable.
We recall that ¢ := || f]|oo-

Lemma 6. The equation

(Id—®)(A) =F (17)
admits a solution and all the solutions differ for a multiple of the identity. We denote by Ay the
unique solution such that tr(cAy) = 0; we have that ||A¢| < c[/(Id — <I>) oo where F := {x €
M4(C) : tr(ox) = 0}.

Proof. Since @ is irreducible, dim(ker(Id — ®)) = 1 and 1 is also the codimension of rank(Id — ®);
it is easy to see that rank(Id — @) = {z € My(C) : tr(cx) = 0} := F and equation (17) admits a
solution because tr(cF) = 7(f) = 0. Two solutions of (17) differ for an element of ker(Idffl)) = C1.
Finally, Id — @ is a bijectlon on F, hence it makes sense to write Ay = (Id — ®)"1(F) and we
get that [[Af|| < ||(Id — ?) x !l |F||. We only need to show that ||F|| < ¢: notice that F can be
written as the difference of two positive semidefinite matrices as

F= Y fOVVi— Y If@IVV,

i€l icl
f($)20 f($)<0
hence by [62, Corollary 3.17] we have that ||F|| < || > .., [f(@)|V*Vi| < e O

It is now an easy computation to verify that if we take g(i,w) := f(7) + tr(Asw), then
f(Z) = g(Z,W) - Pg(’L,(d)
Moreover [lg]la < e(1 + |(1d - )7 1).

2. Hoeffding’s inequality.
Thank to the previous step, we can write Y ,_, f(X}) as a martingale with bounded increments
and a bounded reminder:

> F(Xk) =
k=1

NE

9( Xk, pie) — Eplg(Xis1s o) | X, pi]

b
Il
—

9( Xk, pr) — Ep[9( Xk, pr) [ Xk—1, pr—1]

Dy,

,01) - Ep[g(XnJrl,pn«H)‘Xnvpn]'

I
NIE

E
I|

2

la

+ g(
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We can easily bound from above the Laplace transform of ZZ=1 f(Xk) in the following way: for
every u > 0

n n—1
]Ep[eu Zk:l f(Xk)] S EQHQHOOHEp[eu Ekzg Dk‘Ep[EUD" |Xn_1’ Prn—1s--- 7)(1, ,01]]

n—1

< elsllullgllieu® /2 [ov 3002, D)
where in the last equation we used Hoeffding’s Lemma [18, Lemma 2.2]. By induction, we get

E,fe" 2ier FX9] < eap(2gllocu + (n — 1)llgl%u?/2).

3. Fenchel-Legendre transform
As in point 4. of the proof of Theorem 3, the final statement follows using Markov inequality and
optimizing (remembering that u > 0). O

4 Quantum Counting Processes

In this section we consider continuous-time concentration bounds for counting measurements in the
output of a quantum Markov process. In this context, alternative concentration bounds have been
recently obtained in [15] using functional inequalities. While some concentration bounds involving
easily computable quantities have been proved in the diffusive case, for quantum counting processes
they are still missing. In this section we show that the same perturbative analysis as in the proof
of Theorem 3 can be used to take a first step towards filling this gap. More precisely, we consider
a continuous-time quantum Markov process with GKLS generator [29] given by

L) +ilH, o) = 3 Liaki — J{LiLia}, o€ My(C) (15)
i€l

where [z,y] :== zy—yz, {z,y} := xy+yz, H € My(C) is selfadjoint and {L;};c; is a finite collection
of operators in My(C). It is well known that the family of maps ®; := e** for ¢t > 0 is a uniformly
continuous semigroup of quantum channels. Analogously to the discrete time case, we need to
make an irreducibility assumption.

There exists a unique faithful state o such that £*(o) = 0. (H)

Hypothesis (H') means that (®;)¢>0 is irreducible. There are many ways of defining quantum
counting processes: we will follow the formulation of Davis and Srinivas [26, 58] and we refer to
[15] and references therein for their definition thorough quantum stochastic calculus and quantum
filtering or how to characterize them using stochastic Schrodinger equations. Before doing that, it is
convenient to introduce some notation: we define the completely positive map J;(z) = LfaL; and
the semigroup of completely positive maps e*“*(z) = e'“ ze'”, where G :=iH — 13", ; LiL;. As
the process that we studied in previous sections, also the one we are about to define can be used to
model the stochastic process coming from indirect measurements performed on a certain quantum
system. We assume that the system is coupled to |I| detectors: when the i-th detector clicks, the
state of the system evolves according to the map p — J*(p)/tr(T*(p)), while in between detections
the evolution is dictated by e*“0(p). At time ¢ the instantaneous intensity corresponding to the
i-th detector is given by tr(J;*(p:—)), where p; is the stochastic process describing the evolution
of the state of the system. More formally, we can use Dyson’s expansion of the semigroup ®; in
order to define a proper probability measure on Q; = {(¢1,41,...,¢k, %) : kK € N0 <t; < -+ <
tp <tyi1,... i € I}

®4(p) = "9 (p)

+oo t to
+Z Z /0"'/0 e(t_tk)ﬂ"jii"'«Z‘Zetlﬂ"(P)dtl“'dtk-

k=141,...,ix€l
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Notice that N
QG ={0ru | " x {(tr,....tx) €[04 : 11 <+ <t}
k=1

so there is a natural way of endowing it with the o-field induce by considering the o-field of all
the subsets on {()} and I, and the Lebesgue o-field on {(t1,...,t;) € [0,4]* : t; < --- < t.}. We
denote by du the unique measure such that p({0}) = 1 and p({(é1,...,%) x B) is the Lebesgue
measure of B for every (iy,...,ix) € I*, B C {(t1,...,tx) € [0,#]F : t; < --- < 1 }. Notice that
the following normalization condition holds true

1= t(®4(p)) =
(e Ei () Y [ [l ST g e ()t -t
k=1"0 0

and that the expression below safely defines a probability density on €2;:

dP * (ﬂp . . — * * * *
TI;(@) = tr(etLO (l))), T;(tla (ST 7 Zk) = tr(e(t tk)ﬁo‘zk e \7% €t1£0 (P)) (19)

We will derive a deviation bound for the random variable N;(¢) that counts the number of clicks
of the i-th detector until time ¢, i.e.

k

Nl(t)((b) :0, Ni(t)(tl,ih...,tk,ik) :Zém.

=1
We recall that the real part of an operator 1 : My(C) — My(C) is defined as R(n) := (n+n')/2.

Theorem 7. Consider an arbitrary, but fized index i € I and define A := R(L) and B = R(T;).
Assuming that A generates an irreducible quantum Markov semigroup, then for any t >0, v > 0
the following inequality holds true:

N;i(t) . - v
pp(t‘mz>7)<NpeXp< t<2(m+222+(5§”3)7)>> v

where m := tr(L}L;o) is the intensity of N; at stationarity, N, := lo=2po~ 2|2, o := ||B|2,
b:=||B(1)||2 and € is the spectral gap of A.

Once again, with a slight abuse of notation, we denote by ||B||2 the operator norm of B in-
duced by considering My(C) with the KMS-norm. We remark that a sufficient condition for A
to generate an irreducible quantum Markov semigroup is that [H,o] = 0. Indeed, both £ and
L generate irreducible quantum Markov semigroups with faithful invariant state o, hence o is a
faithful invariant state for A too. Moreover, we can easily compute the GKLS form of £ induced
by the one of £ in equation (18), which reads

1 1 ].
Li(z) =ilc 2 Ho? 2]+ Y LyaL} - UL Lia}, @€ My(C),
el

where we omit the exact expression of L}’s. Since we assumed that [H,o] = 0, c-2Ho* = H.
Putting together the GKLS forms of £ and L, we can express A = (£ + L£)/2 as

1 1
i[H,x] + 3 (Z Lzl — §{L;*L;,a?}
iel

1
+ > LizL;— 2{L;‘Li,x}> , =€ My(C).
icl

The irreducibility of a quantum Markov semigroup with faithful invariant state is equivalent to
the fact that the commutant of the Hamiltonian, the noise operators and their adjoints is equal to
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C1 ([61, Theorem 7.2]), hence we can conclude that A generates an irreducible quantum Markov
semigroup: indeed, we have that

{H,L;, L}, L, L;*}Y ={H, L;, L} n{H, L}, L;*} = C1.
Proof. Using the explicit expression of the density of P, given in equation (19), one can show that
the Laplace transform of N;(t) can be expressed in terms of a smooth perturbation of the Lindblad
generator:

E, ["10)] = tr(pe’ e (1)
where £,(-) = L(-) + (e — 1)Ji(+); we refer to Appendix A in [15] for a proof using quantum
stochastic calculus. Using Lumer-Phillips theorem, we get to

Ep[euNi(t)} < Npetr(u) < ]V'peﬂr(u)\7

where r(u) is the largest eigenvalue of A, := R(L,). Notice that A, is a smooth perturbation of
A :=R(L):
uk
E>1

and B = R(J;). From perturbation theory we get that if 4 is the generator of an irreducible
quantum Markov semigroup with spectral gap equal to € and if we call o := || B||2, we can expand
r(u) = s r®yk around u = 0 for u < (2ae=* 4+ 1)~! and the coefficients r(¥)’s are provided
by the following expression:

(1 1 () ... B
— D
r=3%" > > Vl!myp!TR(BS BS ),
p=1 vitetrp=k,v; >1
pitetpp=p—1, 1; 20
SO = —|1) (1] and for p > 1, S® is the u-th power of

SO = (A+ 1) )" — 1) (1.
Notice that ||S)||y = e=# for u > 1. This time we get that
r) = (1,B(1)) = tr(c L} L;) :== m,

which is the intensity of IV; in the stationary regime. For the other terms we need to introduce the
notation b := ||[B(1)||2; then we get that

_’_7

m b2
2 €

)< 4 (B0, SOB) <

and, for k > 3,

b2 (5a\k—1 .
r®)| < e (%) if 2a/e > 1
i ﬁ@)k—l ’
k! e \2

>

where we used that v!---v,! > 2P and for p > 2

vilepp! T«

TR(BS(“1)~-~BS(“P))‘ < g (za)p—l 1 < {1;2 (g)kfl if %‘X >1
N

€
(22) ;i ow.

Wrapping up everything, we obtain that

< mier -1+ Saz (1= (20 2) u) e1)

Hence, one gets that for every u > 0

P, (?—mZ'y) < N,exp (—t ('yu—m(e“—u—l)—bqu <1— (5;‘\/2) u>_1>> (22)
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Notice that the term e*™(€“~1) in the r.h.s. of equation (22) is exactly the Laplace transform of a
Poisson process with intensity m. The extra terms come from the correlations between the process
N; at different times and the convergence towards the stationary regime. The statement follows
from the same computations as in [44, Lemma 9]. O

Below we provide some simple bounds for some of the quantities appearing in inequality (20).

e Using triangular inequality, we get

* 1o _1liy 1., 1
< IEiLilla + [[(02 Lio—2)" (02 Lio2)||2

b= 1B(1)2 .

Then, we can apply Cauchy-Schwarz inequality:
L7 Lill2 = tr(02 L Lio? L7 L)% < tr(o(L;Li)*)? < |[LiLq|2m?
and

e Notice that ) . ) .
a:= B2 <|IL7 - Lill2 = (02 Lio™%)" - (62 Lio™ 2 )2

Let us denote by Sp(o) the spectrum of o; since

L,L}
min(Sp(o))

Lemma 1.3 in [51] implies that
I1Bll2 < min{||L;L}||, [|(02 Lio~%) (0% Lo~ %)*||}/ min(Sp(c)).

We remark that the proof of Theorem 7 works also for the more general case of the counting
processes Y; defined in [15], which correspond to a change of basis before detection.

5 Extensions and Applications

5.1 Concentration bounds for fluxes of classical Markov chains

Let us consider a classical Markov chain (X,,),>1 with finite state space E and transition matrix
P = (pay)e,ycr which is irreducible and admits a unique invariant measure (0, )zcp. Instead of
looking at functions of the state of the Markov chain, one may be interested in having concentration
bounds for empirical fluxes, i.e. empirical means of functions of the jumps f : E? — R (for instance
for estimating jump probabilities). Having a wide range of concentration bounds for the empirical
mean of functions of the state of a Markov chain, a first natural attempt is considering fluxes as
functions of the state of the doubled up Markov chain (Xn)nzh which is the Markov chain with
state space E = {(z,y) € E? : Pzy > 0} and with transition matrix given by P = (P(z,y)(zw));
with Pz y)(z,w) = 0y,2Dyw; if P is irreducible, then so is P and its unique invariant distribution
is the measure (0,pyy)sy. However, in general the matrix P behaves in a less nice way than P:
for instance, Theorems 1.1 and 3.3 in [49] can never be applied to the doubled up Markov chain
for non-trivial models, since both P being selfadjoint or PTP being irreducible imply that F is a
singleton. Remarkably, we can carry out the proofs of Theorems 3 and 5 in this classical setting
and they provide concentration inequalities for empirical fluxes involving the matrix P instead of
P: this reflects the fact that P already contains all the information about jumps. Let v be any
initial probability measure on F; for the Bernstein bound it is enough to notice that for every
u>0 N
E, [¢" 2 T XeXus)) = prg

u
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where (P,)qzy = pzye“f () and 1 is the constant function on E equal to 1. The proof of Theorem
3 can be carried out replacing My(C) with £*°(FE) := {f : E — C} and ® with P; in this particular
setting ¢°°(E) can be turned into a Hilbert space with respect to the inner product

h,g) = oxh(z)g(x), h,g € L>(E)

zEE

The Bernstein-type inequality for fluxes reads as follows. We recall that E := {(z,y) € E? : pyy >
0}, m(z,y) = 0zPay-

Proposition 8. If Q := PP is irreducible, then for every f : E — R such that w(f) = 0,
7(f2) = b and ||f||c = ¢ for some b,c > 0 and for every v >0, n > 1

1 & ~v2%e . (10cy
P, | — X, X > <N, —n——=~h 23
(nk§_1f( by Xk+1) ’Y) eXP( 62 < 32 >) (23)

where ¢ is the spectral gap of Q, N, := || % |5 and h(z) = (VI+z +2/2+1)!

Regarding the Hoeffding-type inequality, one just needs to notice that, calling ay € £°°(FE) the
unique centered solution of

(Id—P)(h)({E): meyf(xay)v hegoo(E)v
yeE

for every k > 1, we can write f(Xg, Xp+1) = 9(Xp, Xi+1) — Eu[9( Xk, Xg+1)| Xk—1, X], where
g(z,y) = f(z,y) + ar(y) (once again we assume that 7(f) = 0). Repeating the same steps as in
the proof of Theorem 5, we can obtain the following.

Proposition 9. For every f : E — R such that 7(f) =0 and || f||ec = ¢ for some ¢ > 0, then for
every v >0

n —2G 2
P, (jl S F(Xe Xir) > 7) < exp (m) for my > 26, (24)

k=1
where G = (1+||(Id — P) Heo)e and F := {h € £>°(E) : o(h) = 0}.

In the same spirit, one can obtain new bounds for empirical fluxes of continuous time Markov
chains too; we aim at studying some applications of such bounds in a future work.

5.2 Reducible Quantum Channels

The study of some physically relevant models requires hypothesis (H) to be dropped: for instance,
in the case of non-demolition measurements ([9, 10]), where the interaction between the system

and the ancillas is such that it preserves some non-degenerate observable A = Z?zl aj o) (o] €
M4(C), hence it is of the form

d
U = Z |aj) <Oéj| ® Uj S dedim(ha)((c)
j=1

for some collection of unitary operators (U;) acting on the ancillary system (which is described by
the Hilbert space h,). In this case, Kraus operators of ®*(p) = try, (Up ® |x) (x| U*) induced by
the measurement on the ancilla corresponding to the orthonormal basis {|i) };cr are given by

d
Vi=> (iU x) |oy) (eyl, i€l
j=1

It is easy to see that ® is positive recurrent, but it is not irreducible anymore: any |a;) (o] is an
invariant state for ®. If we do not assume that ® is irreducible, the first issue we need to take
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into account is that in general %ZZ=1 f(Xk) does converge to a non-trivial random variable: for
instance, in the case of non-demolition measurements, one can show that there exists a random
variable T' taking values in {1,...,d} such that

lim Zf Xi)=mr Py,as.,

n——+oo n

where m; = Y, ., f(i)| (i| U |x) |*. What one can do, then, is to upper bound the probability that
Ly i1 f(Xk) deviates from mrp. Leaving aside non-demolition measurements, we will present
the result in the case of general quantum Markov chains assuming only the existence of a faithful
invariant state for ®*. It is well known ([11]) that we can always find a (non-unique) decomposition

<Ll (25)
jeJ
such that
1. h; L b, if j # 7' (orthogonality),
2. if supp(p) C b;, then supp(®*(p)) C bh; (invariance),

3. ®* restricted to py, My(C)py, is irreducible with unique invariant state o; (minimality),

where we used the notation py, to denote the orthogonal projection onto h;; one can show that 2.
is equivalent to

2. Vi,py,] =0 Viel jel
If the system initially starts in a state p supported on only one of the b;’s, it is easy to see that
2. and 3. imply that we are back to the case of an irreducible quantum channel. Otherwise, the
decomposition in equation (25) allows to express P, as a convex mixture of probability measures
corresponding to irreducible quantum channels:

Pp(ila ceeyin) = tr(Vin V“pV; ‘/zi)

Z Py, PPy;
- tr ph] tr pb]‘/znphj ph]‘/zlph] tr (Jp pj) (phjmlpb]) (ph]V ph])*
b
=:2;(p) V,.p,
P
= E )\ p] 21,...,in).

jeJ

The last result that we need to recall ([34, Theorem 3.5.2]) is that, given any f : I — R, there
exists a random variable I' taking values in J such that

lim Zf Xi) =7r(f) Pyas,

n—+oo N

where 7;(f) = >, f(i)m;(i) and Wj(l) = tr(ajV Vi). As we already mentioned, under P,,

lim Zka ) =m;(f) as.,

n—+oo n

which means that supp(P,,) C {7r(f) = 7rj( )}. We have now all the ingredients required to
apply previous results in this more general instance: let v > 0, n > 1, then
)

( 3" F(Xk) - (S >7>zzAj(p)Pm(,lLZf(Xk)_”j(f)
1 jeJ k=1

and we can apply either Theorem 3 or Theorem 5 for upper bounding ev-
ery P, (|230_, f(Xy) — WJ(f)} > 7). We remark that for applying Theorem 3,
(I)Iphj Md(C)phjq)\Phj Ma(C)py, needs to be irreducible, while Theorem 5 requires that
ny > 2(1 + ||(Id — ¢|pbjMd((C)pbj);—j1||oo) for 7; == {x € py,Ma(C)py, : tr(ojz) = 0} (by

* *
@lpthd(C)pbj we 1mean (q)‘pthd(C)phj) )
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5.3 Time-dependent and Imperfect Measurements

Both inequalities in Theorems 3 and 5 can be easily generalized to the setting where we allow the
measurement to change along time and the evolution of the system state after the measurement
is taken to be more general (including imperfect measurements). Let us consider ® an irreducible
quantum channel with unique faithful invariant state o and suppose that for any time n € N
we consider a (possibly) different unravelling of ®, i.e. a collection of completely positive, sub-
unital maps {®; , }icr, such that |I,| < +o0 and & = ZZGI in; at any time we pick a function
fn I, — R. In the time inhomogeneous case, even if the system starts from the unique invariant
state o, the law of the process changes at any time: under P,, X} is distributed according to the
probability measure 7, defined as follows:

mi (i) = tr(®7 1. (0)), i € Iy

We denote by 7 (f) the expected value of fj under g, i.e. mp(fx) = Zielk fre(@) 7 (i).
The proofs of Theorems 3 and 5 can be carried out in this more general setting with minimal
modifications:

e Bernstein-type inequality:

P, (i 3 ()~ i) 2 w> < e (—nn (B22)) o)

k=1

where N, = |lo"2po~ 2|2, m(fi) = Yier, Je(Otr(P74.(0)), en = maxg=1, | fe —
Tk (fi)lloo and b2 := £+ 370w ((fr — T (fr))?)-

Explicit computations show that, in this case, the Laplace transform have the following form:

B [e" 2ot Ve =D ] — (o, 1+ 0,0 (1) < Mlo 2o 2 - [T [0,
k=1

where @, x(z) = Y, e*Ur@=m)®,  (z). One can use the same techniques as in the
proof of Theorem 3 to upper bound every single ||®, x||2 getting to the expression below:

F [euzzzl(fk(xk)—”k(fk))] <N 6322 z:;;l‘ffxc((flc—frk(fxc))z)(1—M)71
I3 = Np

< Noomt (BT m((femme(f))?) (1 2022 ) )
> Ny '

Applying Chernoff bound and optimizing on u > 0, one obtains equation (26).

e Hoeffding-type inequality:

P, (111 > (Fel(Xn) = m(f)) > ’Y) < exp (_W> for ny 2 Gn, @
k=1 "

where G, = (1 + 3777 ||<I> loo)Cn (Z;:lo must be interpreted as 0), F := {z € My(C) :
tr(ox) =0} and ¢, is the same as above.

Let us define
Z(n) ZE |X1ap177Xk7pk:]

Notice that for k=1,...,n—1, Z,(Cn = fr(Xg) + Ep[Z,gT1|X1,p1, ..o, Xk, pr], hence we can
write

ST RXR) =320 B2 | X1, o1, Xt prea] + 207
k=1 k=2

Dy,
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By Markov property, we have that Z,i") = g,in)(X k, pr) and using the explicit expression of

the transition operator of (X, p,), one gets that g,in) has the following form:

n—k—1
g w) = f() + Y tr(@® (Fraje1)). Frajur = . Srrirr (D) Pingia(1).
j=0 1€k 441
Equation (27) follows from the same reasoning as in the proof of Theorem 5 once we observe
that
n—k—1

n—2
lor o < [ 1+ D 100plloe | en < {143 1972l | ne
7=0 j=0

It would be interesting to generalize these results to the case where measurements are chosen
adaptively, i.e. they may depend on the outcomes of the previous measurements; this would find
applications for instance in the task of estimating unknown parameters of the unitary interaction U
between the system and the ancillas (see Section 5.5), since an adaptive measurement strategy has
been recently shown to be able to asymptotically extract from the output ancillas the maximum
amount of information about the unknown parameter ([36]).

5.4 Multi-time Statistics

In some cases, one is interested in functions of the output measurements at different times: for
instance, as in the case of classical Markov chains treated in Section 5.1, the task could be estimating
the rate of jump at stationarity from a certain state to another. Previous techniques still provide
bounds for this kind of situations: given m > 2 and f : I"™ — R, the natural stochastic process
to consider is the one given by (X,,, pn) where X, := (Xk, ..., Xktm—1) and p, is the conditional
system state. It is easy to see that it is a Markov process with the following transition probabilities:
for every i1,...,0, € 1

‘Qm...‘élpVﬁ R Vi

— G —t AN 74 SR Ve
tr(V; ---VilpVij V:ﬂ)) r(Vi,, levzl Vzm)

Pp ()(13: @1,...,%n),p1

m

and for every n > 1,j €1

ViV
w(Viwl)

Pp (Xn—i-l = (i27 e 7imaj)apn+1 = Xn = (ilv' .. 7im)7pn = w) = tr(‘/]w‘/j*)

All the other possibilities occur with zero probability.
The transition operator corresponding to this enlarged process is the following

ViwV
P(g)(lh e 7im7w> = Zg <i2a v 7imaj7 W) tr(ijVj*)
jeI I=

where i1,...,%, € I, w is a state on h and ¢ is a bounded measurable function. With the same
heuristic reasoning used for one-time statistics, we can provide a solution for the Poisson equation
in this case too. Let us define the following function:

g(i,w) = f(i) + tr(w(B™ @) + AT™))

where i = (i1,...,4m) € I™, w is a state on b,

m—1
B™@) =" > flirstsesimodis gV ViV Vi,
k=1 j1,....Jk €1

. p(m)
_'Fk
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and A;m) is the unique solution of

(Id = @)A) = Y, FV = > [ dn)Vi ViV Y

m Jm m

Jis--dm €L

such that A;m) € F ={x € My(C) : tr(ox) = 0}. Notice that A;m) exists if

tr(gF7(r:n)) = Z f(j17 s 7jm:)tr(0‘/jtn T ‘/Jt ‘/jl ‘/Jm) = 07

JiseesJm €1

which means that the function f is centered with respect to the probability measure
7™ (i1, gm) = tx(oV; - VAV, V) (which is the law of m consecutive measurements in
the stationary regime). Reasoning as for m = 1, we get the following inequality.

Proposition 10. For everym > 1, f: I"™ — R such that
()= D S dm) eV VE V- V) =0
1o m €1

and || flleo = ¢ for some ¢ > 0, then for every v > 0
1 & (ny — 2G)?
Fp <n 1; f(Xy) = 7) < exp <_2(n—1)G2 for ny > 2G, (28)
where G = (m + ||(Id — @)D}HOO)C and F = {x € M4(C) : tr(cx) = 0}.

5.5 Parameter Estimation

Concentration inequalities in Theorems 3 and 5 can be used in order to find confidence intervals
for dynamical parameters (and possibly perform hypothesis testing): suppose that the unitary
interaction U between the system and the ancillas depends on a unknown parameter § € © C R,
which we want to estimate via indirect measurements. Kraus operators V;(0) and the steady state
o(0) depend on the parameter too and so does the asymptotic mean:

T(£)(6) =Y F()tx(a(B)Vi(8) Vi(6)).

i€l

For the sake of clarity, we are now going to treat the simplest case in which f,, = % Sorey f(Xk)
is a consistent estimator for 6, i.e. when 7 (f)(#) = 0; however, one can easily generalize the same
reasoning to more general instances. Theorems 3 and 5 can be used to estimate the probability
that @ lays in a interval centered at f,: indeed, for every v > 0

Pp,@ (0 S (fn _’Yafn +'7)> = ]PP,G (|fn _9| < 7) =1 _Ppﬁ (|fn - 9| > '7)

2 1o (max [ 250 (B ) (02200 o))

Since the real value of the parameter 6 is unknown, one is usually interested in lower bounding
P, (0 € (fr — 7, fn + 7)) uniformly for 6 € O or its average with respect to a certain prior measure
pon ©,ie [gP,0(0 € (fn—, fn+7)) du(d); in order to obtain meaningful lower bounds, in
the first case one needs either 1/(f) or G(0) to be uniformly bounded, while in the second case
it is enough that the set where 1/e(f) or G(6) grows unboundedly is given a small probability
by the prior . We remark that 1/e(f) and G(0) approaching +oo is a phenomenon related to
Qo (-) := > ;er Vi'(0) - Vi(0) losing ergodicity and approaching a phase transition.
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6 Conclusions and Outlook

We derived a generalisation of Bernstein’s and Hoeffding’s concentration bounds for the time
average of measurement outcomes of discrete time quantum Markov chains.

Our results hold under quite general and easily verifiable assumptions and depend on simple
and intuitive quantities related to the quantum Markov chain. We were also able to apply the same
techniques employed for showing the Bernstein-type inequality to provide a concentration bound
for the counting process of a continuous time quantum Markov process; this result complements
deviation bounds obtained using different techniques in [13]. While our strategy was inspired by
works on concentration bounds for the empirical mean for classical Markov chains [49, 35, 44, 27],
when restricted to the classical setting, our results provide extensions to empirical fluxes of the
corresponding classical bounds.

Our work here finds a natural application in the study of finite-time fluctuations of dynamical
quantities in physical systems, something of core interest in both classical and quantum statistical
mechanics. Our work provides the tools to deal with problems which are tackled using concentration
bounds in statistical models which involve the more general class of stochastic processes that can
be seen as output processes of quantum Markov chains (which include important examples, e.g.
independent random variables, Markov chains, hidden Markov models).

Our results should be useful in several areas. One is the estimation of dynamical parameters in
quantum Markov evolutions, where a natural extension of our results would be to the case where
measurements are chosen adaptively in time [36], and to more general additive functionals of the
measurement trajectory. A second area of interest is in the connection to so-called thermodynamic
uncertainty relations (TURs), which are general lower bounds on the size of fluctuations in trajec-
tory observables such as time-integrated currents or dynamical activities. TURs were postulated
initially for classical continuous-time Markov chains [7] (and proven via large deviation methods
[33]), and later generalised in various directions, including finite time [54], discrete Markov dy-
namics [56], first-passage times [30, 32], and quantum Markov processes Refs. [20, 25, 38, 41]. The
concentration bounds like the ones we consider here bound the size of fluctuation from above, and
are therefore complementary to TURs. It will be interesting to see how to use the concentration
bounds for fluxes obtained here to formulate “inverse TURs” that upper-bound dynamical fluctu-
ations in terms of general quantities of interest like entropy production and dynamical activity, as
happens with standard TURs.

Aknowledgements. This work was supported by the EPSRC grant EP/T022140/1.
Declarations.

Data Availability Statement. Data sharing not applicable to this article as no datasets were
generated or analysed during the current study.

References

[1] L. Accardi, A. Frigerio, and J. T. Lewis. Quantum stochastic processes. Publications of the
R.ILM.S., 18:97-133, 1982.

[2] N. H. Amini, M. Bompais, and C. Pellegrini. On asymptotic stability of quantum trajectories
and their Cesaro mean. J. Phys. A, 54(38):Paper No. 385304, 21, 2021.

[3] E. Amorim and E. A. Carlen. Complete positivity and self-adjointness. Linear Algebra Appl.,
611:389-439, 2021.

[4] S. Attal, N. Guillotin-Plantard, and C. Sabot. Central limit theorems for open quantum
random walks and quantum measurement records. Ann. Henri Poincaré, 16(1):15-43, 2015.

[5] S. Attal and Y. Pautrat. From repeated to continuous quantum interactions. Ann. Henri
Poincaré, 7(1):59-104, 2006.

22



(6]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
23]

[24]
[25]

[26]
[27]

[28]

S. Attal, F. Petruccione, C. Sabot, and I. Sinayskiy. Open quantum random walks. J. Stat.
Phys., 147(4):832-852, 2012.

A. C. Barato and U. Seifert. Thermodynamic uncertainty relation for biomolecular processes.
Phys. Rev. Lett., 114:158101, 2015.

I. Bardet, D. Bernard, and Y. Pautrat. Passage times, exit times and Dirichlet problems for
open quantum walks. J. Stat. Phys., 167(2):173-204, 2017.

M. Bauer, T. Benoist, and D. Bernard. Repeated quantum non-demolition measurements:
convergence and continuous time limit. Ann. Henri Poincaré, 14(4):639-679, 2013.

M. Bauer and D. Bernard. Convergence of repeated quantum nondemolition measurements
and wave-function collapse. Phys. Rev. A, 84:044103, Oct 2011.

B. Baumgartner and H. Narnhofer. The structures of state space concerning quantum dy-
namical semigroups. Rev. Math. Phys., 24(2):1250001, 30, 2012.

V. P. Belavkin. Nondemolition principle of quantum measurement theory. Found. Phys.,
24:685-714, 1994.

T. Benoist, N. Cuneo, V. Jaksi¢, and C.-A. Pillet. On entropy production of repeated quantum
measurements II. Examples. J. Stat. Phys., 182(3):Paper No. 44, 71, 2021.

T. Benoist, M. Fraas, Y. Pautrat, and C. Pellegrini. Invariant measure for quantum trajecto-
ries. Probab. Theory Related Fields, 174(1-2):307-334, 2019.

T. Benoist, L. Hanggli, and C. Rouzé. Deviation bounds and concentration inequalities for
quantum noises. Quantum, 6:772, Aug. 2022.

T. Benoist, V. Jaksié¢, Y. Pautrat, and C.-A. Pillet. On entropy production of repeated
quantum measurements I. General theory. Comm. Math. Phys., 357(1):77-123, 2018.

T. Benoist, C. Pellegrini, and F. Ticozzi. Exponential stability of subspaces for quantum
stochastic master equations. Ann. Henri Poincaré, 18(6):2045-2074, 2017.

S. Boucheron, G. Lugosi, and P. Massart. Concentration inequalities: A nonasymptotic theory
of independence. Oxford university press, 2013.

L. Bouten, R. van Handel, and J. M. Quantum control theory and applications: A survey.
SIAM J. Control Optim., 46:2199-2241, 2007.

K. Brandner, T. Hanazato, and K. Saito. Thermodynamic bounds on precision in ballistic
multiterminal transport. Phys. Rev. Lett., 120:090601, Mar 2018.

R. Carbone, F. Girotti, and A. Melchor Hernandez. On a generalized central limit theorem
and large deviations for homogeneous open quantum walks. J. Stat. Phys., 188(1), 2022.

R. Carbone and Y. Pautrat. Homogeneous open quantum random walks on a lattice. J. Stat.
Phys., 160(5):1125-1153, 2015.

E. A. Carlen and J. Maas. Non-commutative calculus, optimal transport and functional
inequalities in dissipative quantum systems. J. Stat. Phys., 178(2):319-378, 2019.

H. J. Carmichael. Statistical Methods in Quantum Optics 2. Springer Berlin, Heidelberg, 2008.

F. Carollo, R. L. Jack, and J. P. Garrahan. Unraveling the large deviation statistics of
markovian open quantum systems. Phys. Rev. Lett., 122:130605, Apr 2019.

E. B. Davies. Quantum theory of open systems. Academic Press, London, 1976.

J. Fan, B. Jiang, and Q. Sun. Hoeffding’s inequality for general markov chains and its appli-
cations to statistical learning. J. Mach. Learn. Res., 22(139):1-35, 2021.

M. Fannes, B. Nachtergaele, and R. F. Werner. Finitely correlated states on quantum spin
chains. Comm. Math. Phys., 144(3):443-490, 1992.

C. Gardiner and P. Zoller. Quantum noise. Springer, 2004.

J. P. Garrahan. Simple bounds on fluctuations and uncertainty relations for first-passage
times of counting observables. Phys. Rev. E, 95:032134, Mar 2017.

23



[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]

[40]

J. P. Garrahan and I. Lesanovsky. Thermodynamics of quantum jump trajectories. Phys.
Rev. Lett., 104(16):160601, Apr 2010.

T. R. Gingrich and J. M. Horowitz. Fundamental bounds on first passage time fluctuations
for currents. Phys. Rev. Lett., 119:170601, Oct 2017.

T. R. Gingrich, J. M. Horowitz, N. Perunov, and J. England. Dissipation bounds all steady-
state current fluctuations. Phys. Rev. Lett., 116:120601, 2016.

F. Girotti. Absorption in Invariant Domains for Quantum Markov Evolutions. PhD thesis,
Universita degli Studi di Pavia, 2022.

P. W. Glynn and D. Ormoneit. Hoeffding’s inequality for uniformly ergodic markov chains.
Stat. Prob. Lett., 56(2):143-146, 2002.

A. Godley and M. Guta. Adaptive measurement filter: efficient strategy for optimal estimation
of quantum markov chains, 2022.

J. Gough and M. R. James. The series product and its application to quantum feedforward
and feedback networks. IEEE Transactions on Automatic Control, 54(11):2530-2544, 2009.

G. Guarnieri, G. T. Landi, S. R. Clark, and J. Goold. Thermodynamics of precision in
quantum nonequilibrium steady states. Phys. Rev. Research, 1:033021, Oct 2019.

C. Guerlin, J. Bernu, S. Deléglise, C. Sayrin, S. Gleyzes, S. Kuhr, M. Brune, J.-M. Raimond,
and S. Haroche. Progressive field-state collapse and quantum non-demolition photon counting.
Nature, 448(7156):889—893, August 2007.

F. Hansen and G. K. Pedersen. Jensen’s operator inequality. Bull. London Math. Soc.,
35(4):553-564, 2003.

Y. Hasegawa. Quantum thermodynamic uncertainty relation for continuous measurement.

Phys. Rev. Lett., 125:050601, Jul 2020.

F. Hiai, M. Mosonyi, and T. Ogawa. Large deviations and chernoff bound for certain correlated
states on a spin chain. J. Math. Phys., 48:23301, 2007.

J. M. Hickey, S. Genway, I. Lesanovsky, and J. P. Garrahan. Thermodynamics of quadrature
trajectories in open quantum systems. Phys. Rev. A, 86:063824, Dec 2012.

B. Jiang, Q. Sun, and J. Fan. Bernstein’s inequality for general markov chains, 2018.

T. Kato. Perturbation Theory for Linear Operators. Springer-Verlag, Berlin Heidelberg New
York, 2nd edition, 1976.

B. Kiimmerer. Quantum Markov Processes, pages 139-198. Springer Berlin Heidelberg, Berlin,
Heidelberg, 2002.

B. Kiimmerer and H. Maassen. An ergodic theorem for quantum counting processes. J. Phys.
A, 36(8):2155-2161, 2003.

B. Kiimmerer and H. Maassen. A pathwise ergodic theorem for quantum trajectories. Journal
of Physics A: Mathematical and General, 37:11889-11896, 2004.

P. Lezaud. Chernoff-type bound for finite Markov chains. Ann. Appl. Probab., 8(3):849 — 867,
1998.

Y. Ogata. Large deviations in quantum spin chains. Commun. Math. Phys., 296:35-68, 2010.

M. Ohya and D. Petz. Quantum Entropy and Its Use. Theoretical and Mathematical Physics.
Springer Berlin Heidelberg, 2004.

I. R. Petersen and D. Dong. Quantum control theory and applications: A survey. IET Control
Theory & Applications, 4:2651-2671, 2010.

D. Petz and C. Ghinea. Introduction to quantum Fisher information, pages 261-281.

P. Pietzonka, F. Ritort, and U. Seifert. Finite-time generalization of the thermodynamic
uncertainty relation. Phys. Rev. E, 96:012101, Jul 2017.

M. B. Plenio and P. L. Knight. The quantum-jump approach to dissipative dynamics in
quantum optics. Rev. Mod. Phys., 70:101-144, Jan 1998.

24



[56]
[57]
[58]
[59]

[60]

K. Proesmans and C. V. den Broeck. Discrete-time thermodynamic uncertainty relation. EPL,
119(2):20001, 2017.

I. Sinayskiy and F. Petruccione. Open quantum walks. Eur. Phys. J. Spec. Top., 227(15):1869—
1883, 2019.

M. Srinivas and E. Davies. Photon counting probabilities in quantum optics. Optica Acta:
International Journal of Optics, 28(7):981-996, 1981.

M. van Horssen and M. Gutd. Sanov and central limit theorems for output statistics of
quantum markov chains. J. Math. Phys, 56(2):022109, 2015.

H. M. Wiseman and G. J. Milburn. Quantum measurement and control. Cambridge University
Press, 2010.

M. Wolf. Quantum Channels & Operations Guided Tour. Online Lecture Notes, 2012.

X. Zhan. Matriz Inequalities. Lecture Notes in Mathematics. Springer, Berlin, Heidelberg,
2002.

25



	1 Introduction
	2 Notation and preliminaries
	2.1 Quantum channels and irreducibility
	2.2 KMS-inner product
	2.3 Output Process of Quantum Markov Chains

	3 Quantum Markov Chains
	3.1 Bernstein-type Inequality
	3.1.1 Comparison to the classical concentration bound

	3.2 Hoeffding-type Inequality

	4 Quantum Counting Processes
	5 Extensions and Applications
	5.1 Concentration bounds for fluxes of classical Markov chains
	5.2 Reducible Quantum Channels
	5.3 Time-dependent and Imperfect Measurements
	5.4 Multi-time Statistics
	5.5 Parameter Estimation

	6 Conclusions and Outlook

