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The present work investigates the entanglement entropies of the Hawking radiations, the Page
times, and the scrambling times, for the eternal planar black holes in the holographic axion gravity.
The solutions correspond to a new class of charged black holes, because the boundary diffeomorphism
is broken due to the graviton mass induced by the axion fields in the bulk. The information
theoretical aspects of these black hole solutions is determined upon applying the island rule for the
entanglement entropy. Like non-extremal charged black holes, the radiation entropy grows linearly
in the no-island configurations, while is saturated at late times by asymptotic values set by the
Bekenstein-Hawking entropy in the island configurations, with the boundary being located slightly
outside the outer horizon. In particular, for the extremal black planes of holographic axion gravity,
we find that: (a) the entanglement entropy of the Hawking radiation is ill-defined at the early times
when the island is absent; (b) it tends to a distinctive constant at the late times; (c) the late-time
location of the island is indeed universal. Moreover, we investigate how the Page time is affected
by the holographic massive gravity deformation. For neutral solutions at the small deformation
parameter, and for charged solutions with almost-extremal deformation parameter, we find that the
Page transition happens at earlier times.

I. INTRODUCTION

Quantum information theoretic aspects and behaviour
of gravitational horizons have served us as a long-lasting
source of theoretically profound open questions. These
questions emerge unavoidably in the overlapping physics
of quantum field theory and Einstein’s field theory of the
curved spacetime. Typically, the standard semi-classical
calculations lead to uncomfortable results which violate
a principle fundamental to the known quantum physics:
the time-evolution unitarity of closed quantum systems.
Hawking’s initial semi-classical calculation suggests an
ongoing non-unitary process of black hole evaporation.
The improved prescription by Page realizes a unitarity
restoration with entropy decreasing right after the Page
time [1–3]. Indeed, reproducing the Page curve for the
entanglement entropy of Hawking radiation remains a
key ingredient in solving conclusively the information
problem in the gravitational quantum field theories.
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Recently, a considerable insight has been gained within
the “island paradigm” [4–9]. The entanglement entropy
of the Hawking radiation, as one computes accordingly,
may be limited during black hole evaporation [5–9], real-
izing the Page curve and the time-evolution unitarity of
all the process. The fine-grained entanglement entropy
of the Hawking radiation, in the spirit of quantum ex-
tremal surface prescription [4, 7] and after renormaliza-
tion [10, 11], is given by,

S(R) = min
{

ext
I

[Sgen]
}

. (1)

It is defined in terms of the generalized entropy
Sgen = Area(∂I)/4GN + Sm(R ∪ I) with I and R
denoting in order the island and radiation regions,
and GN being the Newton constant. Additionally, ∂I
represents the boundary of the island, the quantum
extremal surface, and the matter entropy Sm is the
von Neumann entropy of the quantum fields living
on the union of the island and the radiation regions.
This formula reveals that one first needs to extremize
the generalized entropy to find extremal points which
indicate locations of the island. Then one selects the
minimum value as the fine-grained entropy of radiation.
Interestingly, Eq. (1) can be also derived by means of the
replica method applied to the gravitational path integral
[12, 13]. Moreover, the island formula can be understood
by combining the AdS/BCFT correspondence and the
brane world holography [14–29].
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Preliminary works in this field focused on reproducing
successfully Page curve in two-dimensional black holes
using the semiclassical method in Jackiw-Teitelboim
(JT) gravity [7, 8, 13]. The island rule was generalized
to the entanglement entropy of the Hawking radiation
in higher dimensional black holes. For instance, the
Schwarzschild [30, 31], Reissner-Nordström [32], Charged
and neutral (generalized) dilaton [33–35], Kaluza-Klein
[36], rotating BTZ [37] black holes, Kerr-de Sitter
spacetime [38], the black holes in massive gravity [39]
and in the presence of higher derivative gravity terms
[40, 41], and hyperscaling violating black branes [42].
For further developments in this direction, see also the
non-exhaustive list [15, 43–47] and the references therein.

An increasing number of studies have been carried
out on the island proposal in the higher dimensional
de Sitter space [48] and cosmological scenarios [49–56]
and with other quantum information measures such as
the entanglement negativity, mutual information, and
relative entropy [57–64]. Despite remarkable achieve-
ments of the island paradigm, notable counterexamples
[65, 66] were shown against the general ability of the
island formula to recover the Page curve and solve the
information problem. However, in [67], the author found
a proper island in Liouville black hole which could solve
the puzzle appeared in Ref. [65]. Having these questions
in regard, it is interesting to examine the uncovered
aspects of the Island perspective for other black hole
geometries.

In this work, in the context of the holographic massive
gravity [68, 69] and by applying the island rule, we
attempt to compute the entanglement entropy of the
Hawking radiation and the Page curve for the AdS
black holes which are coupled to two auxiliary flat
baths. It should be noted that the coupling to such
a non-gravitational baths can induce a mass to the
bulk graviton [15, 70] so that the graviton mass is
essential for the existence of island [28, 71]. However,
here we only consider the graviton mass arising from
the holographic massive gravity setup and study its
effect on the Page curve. In fact, in the holographic
massive gravity models, giving a mass to the graviton
in the bulk, results in the momentum no longer being
conserved at the boundary. Strictly speaking, the bulk
graviton mass breaks the diffeomorphism invariance
of the gravitational action and thus, from holographic
point of view, the stress-energy tensor of the dual field
theory is not conserved and in turn the momentum
conservation will be violated (For a nice comprehensive
review on the holographic axion models and their
applications, see Refs. [72, 73].). A striking feature
of this model is that the black plane solutions of this
model, even in the absence of Maxwell tensor, have an
inner horizon due to the finite graviton mass. Namely
they play the same rule like charged black holes with

two horizons. Therefore, inspired by [32, 34, 36, 39, 47],
we can perform the separate island analysis for the
extremal and the non-extremal cases.

This paper consists of five sections. Section II begins
with investigating neutral, non-extremal, and extremal
planar black holes in the framework of the holographic
massive gravity. In Sections III and IV, we will obtain
the entanglement entropy of the Hawking radiation for
all kind of the planar black holes with and without the
island. In addition, the scrambling time and the Page
times are both analyzed and discussed, specially at the
end of Section III. Finally, our conclusions are drawn in
Section V. Thermodynamics of the planar black holes are
detailed in Appendix A.

II. BLACK PLANE SOLUTIONS

The aim of this section is to obtain a general family
of non-extremal, extremal, and also neutral black plane
solutions in holographic massive gravity. The action we
consider for (1+3)-dimensional spacetimes is formulated
as follows, [68, 69, 72, 74–77]

S =
1

16πGN

∫

dx4√−g
[

R+
6

L2
−K(X)

]

, (2)

In the above action, R is the Ricci scalar, L denotes the
AdS radius, and X = 1

2

∑2
I=1 ∂µΦ

I∂µΦI is the kinetic

term for the axions ΦI (I = x, y) which are shift-invariant
massless scalar fields. Notice that K is a generic scalar
function [68, 72, 74]. Bulk axion fields are described by
the linear solution ΦI = α xI , with α being a constant.
Interestingly, these scalars break translational invariance
at the boundary, as they induce an effective graviton
mass. By varying the action with respect to gµν , one
arrives at,

Gµν − 3gµν =
1

2

[

K ′(X)

2
∑

I=1

∂µΦ
I∂νΦ

I −K(X)gµν

]

(3)

with Gµν being the Einstein tensor. We have chosen to
use the units in which both L = 1 and 8πGN = M−2

p = 1.
In order to find a general family of static black planes,
we consider the following ansatz for the solutions,

ds2 = −r2f(r)dt2 +
dr2

r2f(r)
+ r2(dx2 + dy2) (4)

The blackening function, f(r), vanishes at the outer event
horizon which is located at r+. Substituting the above
ansatz in Eq. (3), the metric elements take the following
general form [68, 75, 76],

f(r) = 1−
(r+

r

)3

− 1

2r3

∫ r

r+

dss2K
(α2

s2

)

(5)
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The associated temperature, T = κ+/(2π) where κ+ is
the surface gravity of the outer horizon, is accordingly,

T =
(r2f(r))′

4π
|r=r+ =

r+
8π

[

6−K
(α2

r2+

)]

(6)

For neutral black planes corresponding to the massless
graviton, α = 0, the temperature is T = 3r+/(4π) [78].
We refer readers to Appendix A for more details about
the thermodynamics of our black plane solution.

We are interested in black plane solutions for a
power function, i.e. K(X) = Xn with n > 0, in order
to avoid the ghost and gradient instabilities [74]. In this
case, Eq. (5) yields,

f(r) =
1

r3
(r − r+)Q(r)

Q(r) = N2(r) −
α2n

6− 4n

{

N3−2n(r) for n < 3
2

− 1
(rr+)2n−3N2n−3(r) for n > 3

2

Nl(r) =

l
∑

m=1

rl−mrm−1
+ ; l ≥ 1

(7)

The solution1 (7) implies that there is always one outer
horizon at r = r+ corresponding to f(r+) = 0, whereas
the existence of the inner (Cauchy) horizon, Q(r−) = 0,
depends directly on the existence of the real root of Q.
In the case of a solution with two horizons, the metric
function can be expressed as,

f(r) =
1

r3
(r − r+)

[

N2(r)

− N2(r−)

{ N3−2n(r)
N3−2n(r−) for n < 3

2
(

r−
r

)2n−3 N2n−3(r)
N2n−3(r−) for n > 3

2

]

(9)

It is worth mentioning that since the line element of
spacetime must be spacelike between the horizons, the
above solution is true as long as the first derivative of f(r)
is positive at r+ and negative at r−, that is f ′(r+) > 02

and f ′(r−) < 0. Nevertheless, one can find a special
range of the mass generating parameter α in which the
inner horizon can be absent. To make it clear, let us
check this point in cases with K(X) ∈ {X,X2, X3}.

1 In the case n = 3/2 the metric function in Eq. (5) takes the
logarithmic form as

f(r) = 1−

( r

r+

)3
−

α3

r3
ln

( r

r+

)

(8)

which indicates a black plane solution with only one horizon at
r = r+.

2 One requires this condition for having positive temperatures for
the system.

• Type I: K(X) = X model

The case K(X) = X corresponds to the well-known
holographic model of momentum relaxation [79]. It
is easy to show that the inner horizon is located at

r− = 1
2

(√

2α2 − 3r2+ − r+

)

, for α values in the range
√
2r+ < α <

√
6r+ according to f ′(r+) > 0. Therefore,

the metric function (9) can be expressed as,

f(r) =
1

r3
(r − r+)(r − r−)(r + r+ + r−) (10)

It should be noted that outside the mentioned range for
α, this solution has only one horizon and the Cauchy
horizon will be absent.

• Type II: K(X) = X2 model

For this case, in the range 0 < α4 < 6r4+, we have always
a solution with two horizons which is given by,

f(r) =
(r − r+)(r − r−)

r4

(

r2 + r2+ + r+r− + r2−

+ r(r+ + r−)
)

(11)

Note that the temperature is positive in the mentioned
range.

• Type III: K(X) = X3 model

Finally for K(X) = X3, the black plane possesses two

event horizons at r = r+ and r = r− = α2

61/3r+
for the

range 0 < α6 < 6r6+. The metric can also be written as,

f(r) =
1

r6
(r3 − r3+)(r

3 − r3−) (12)

Generally, the upper bounds of the α ranges come from
the positiveness of the temperature. Using Eq. (6), in
the K(X) = Xn models, one can obtain,

αext = 6
1
2n r+ (13)

It is worth mentioning that for α values near this bound,
the black planes have two horizons and exactly at the
αext, the temperature is zero which implies the extremal

limit. Before leaving this section, we should consider the
extremal limit of our cases. In this limit two horizons r±
coincide together and hence the black hole possesses only
one horizon at r+ = r− = re. In this respect, the metric
function (9) becomes,

fe(r)=
1

r3
(r − re)

[

N e
2 (r)

− 3r2ne
3− 2n

{

N3−2n(r) for n < 3
2

−(rre)
3−2nN2n−3(r) for n > 3

2

]

(14)

where N e
l (r) =

∑l
m=1 r

l−mrm−1
e . For an example, for

the K = X case if α =
√
6r+, the metric function of the

extremal black plane (14) recasts the form,

fe(r) =
1

r3
(r − re)

2(r + 2re) (15)
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III. ENTANGLEMENT ENTROPY

In this section, we attempt to derive the entanglement
entropy of the Hawking radiation for our black branes
with or without the island configuration. Based on such
calculations, we can reproduce the Page curves discussed
in the context of black hole information paradox, with the
Page times and scrambling times for our case of study.

A. Entropy without Island

Let us first focus on the entanglement entropy of the
Hawking radiation in the absence of the island. Actually,
in the early time of the Hawking radiation, there are very
few Hawking quanta in the interior of black holes, so the
island configuration might not be necessary. The entan-
glement entropy of Hawking radiation observed from a
distant observer can be congruously described by the s-
wave approximation [30]. Under this approximation, the
dynamics of the radiation is effectively a 2-dimensional
CFT. Hence, we use the expression of von Neumann
entropy for the 2-dimensional CFT to estimate entan-
glement entropy in our 4-dimensional black hole setup.
Therefore, the finite part of the entanglement entropy of
the Hawking radiation is given by3 [30, 81, 82],

S(R) =
c

3
log

[

d(b+, b−)
]

(16)

where d(b+, b−) is the distance between the boundaries
b+(tb, b) and b−(−tb + iπκ−1

+ ) of the radiation regions in
the right and the left wedge of our Penrose diagrams as
illustrated in part (a) of Figs. 1, 2, and 3 for the neutral,
non-extermal, and extremal black plane, respectively. In
all panels, the 4-dimensional flat spacetimes are used as
auxiliary thermal baths to be glued to the both sides of
the two-sided planar black hole [8, 46]. Due to thermal
equilibrium, the temperature of faraway thermal bath
is the Hawking temperature defined in Eq. (6). The
geodesic distance between two points is obtained through

d2(O1, O2) = F(O1)F(O2)
[

(U(O2)− U(O1))

× (V (O1)− V (O2))
]

(17)

where F is the conformal factor and (U, V ) are Kruskal
coordinates (see Appendix B in more detail.). Now by

3 Note that the UV-divergent part of the entanglement entropy can
be absorbed into the renormalized Newton constant [80]. The
same outcome may be fulfilled by introducing a generic lower
bound cutoff scale in analogy to vacuum energy integrals in or-
der to avoid divergences at infinity. However, we here ignore
the cutoff dependence of the entanglement entropy as we only
care about how it scales with the subsystem, see Eq. (1). It is
worth mentioning that the UV divergence associated with the
endpoints in the bath gets canceled through the area and the
matter entropy contributions in the generalized entropy (1).

b+b−

r = 0

r = 0

r
=
r+

r
=
r
+

r
=

∞

r
=

∞

(a) Without island

R+R−

b+b−

r = 0

r = 0

r
=
r+

r
=
r
+

(b) With island

a+a−

r
=

∞

r
=

∞

R+R−

FIG. 1. (a) The Penrose diagram of the non-extremal neutral
black plane solutions without island in the presence of a flat
thermal bath (red lines). The Hawking radiation-identified
area R is divided into two portions, R+ and R−, which are
located in the right and the left wedges, respectively. The R+

andR− boundary surfaces are denoted respectively by b+ and
b−. (b) The Penrose diagram of the black plane solutions with
island in the presence of a flat thermal bath (red lines) [46].
The boundaries of the island are located at a− and a+.

taking together Eqs. (5) and (B7), we obtain that the
entropy without island has the following expression,

S(R) =
c

6
log

[

4κ−2
+ e2κ+r∗(b) cosh2(κ+tb)F(b)2

]

=
c

6
log

[

4b2κ−2
+ cosh2(κ+tb)f(b)

]

(18)

At the late-time limit (tb → ∞), writing coshκ+t ∼ eκ+t,
this entropy is linear in time, that is,

S(R) ≃ c

3
κ+t ≃

2πc

3
T t (19)

This finding implies that entanglement entropy of the
Hawking radiation in the absence of the island surface is
increasing linearly with time and becomes infinite at late
times which results in the information paradox.

B. Entropy with islands

Now we compute the entanglement entropy of the
Hawking radiation, however upon taking into account the
island contribution under the s-wave approximation [30].
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b+b−

r
=

0

r
=

0

r
=
r+

r
=
r
+

r
=
r
+

r
=
r+

r
=
r
−

r
=
r−

r
=
r−

r
=
r
−

r
=

∞

r
=

∞

(a) Without island

R+R−

b+b−

r
=
r
−

r
=
r−

r
=
r−

r
=
r
−

r
=
r+

r
=
r
+

r
=

0

r
=

0

(b) With island

a+a−

r
=

∞

r
=

∞

R+R−

FIG. 2. The Penrose diagram of the non-extremal charged
black planes without island (a) and with island (b) in the
presence of a flat thermal bath (red lines) [46].

Here, we assume the case when the boundary r = b of
the entanglement region R is far away from the horizon,
b ≫ r+, so that the s-wave approximation is valid. Thus,
we can use the entanglement entropy of the quantum
matter in the overall region of the union of the radiation
and island and the island region [30], that is,

Sm =
c

3
log

[d(a+, a−)d(b+, b−)d(a+, b+)d(a−, b−)

d(a+, b−)d(a−, b+)

]

(20)

Since the distance between the right wedge and the left
wedge is very large at late times, one can assume,

d(a+, a−) ≈ d(b+, b−) ≈ d(a±, b∓) ≫ d(a±, b±) (21)

The entanglement entropy of the matter, therefore, is
approximated as follows,

Sm(R∪ I) ≈ c

3
log

[

d(a+, b+)d(a−, b−)
]

(22)

where a+ = (ta, a) and a− = (−ta− iπ/κ+, a) denote the
boundary of the island as shown in part (b) of Figs. 1

and 2. Finally, the generalized entropy is written as the
sum of the above entropy of the quantum matter and the
area term with respect to boundaries of the island,

Sgen = 4πArea(∂I) + Sm(R∪ I) (23)

In Kruskal-Szekeres coordinates as Appendix B presents,
the generalized entropy can be expressed as,

Sgen = 2πa2 +
c

3
log

[

κ−2
+

(

e2κ+r∗(a) + e2κ+r∗(b)

− 2eκ+(r∗(a)+r∗(b)) cosh(κ+(ta − tb))
)]

+
c

3
log

[

abe−κ(r∗(a)+r∗(b))
√

f(a)f(b)
]

(24)

Indeed, to compute the entanglement entropy, one should
maximize Sgen in time direction t = ta upon finding the
position of an extremizing Sgen across all possible Cauchy
surfaces. It is obvious that the generalized entropy is
maximazed by ta = tb. As a consequence of the above
discussion, the time dependent part of the generalized
entropy is removed upon setting ta = tb, and the entropy
will become a constant at late times. On the other hand,
imposing on Eq. (24),

r∗(a) = − 1

2κ+
log

[ F2(a)

a2f(a)

]

(25)

and then extremizing the entropy with respect to a, i.e.
∂aSgen = 0 under the assumption ta = tb, one can derive
the location of the island. Therefore, we have,

2πa+
c

3

F ′(a)
F(a)

+
cF2(a)H′(a)

3a
(

af(a)− eκ+r∗(b)
√

f(a)F(a)
) = 0

(26)

where H(a) = a2f(a)
F2(a) . As we consider the configuration

in which the island is located near the event horizon, that
is a = r++ǫ with ǫ ≪ 1 [36, 39], using the approximation

f(a) ≈ f ′(r+)ǫ+O(ǫ2) (27)

the solution to Eq.(26) is given by,

a ≈ r+ +
r2+κ+c

2

36π2F2(r+)
e−2κ+r∗(b). (28)

Here F2(r+) = limr→r+ F2(r) when c ≪ 1, that is
c GN ≪ 1 upon restoring the Newton constant. This
finding is in agreement with the one in [83]. We note
that the conformal factor F is finite at the horizon. We
now check whether or not the quantum extremal surface
exists slightly outside the outer horizon at the late time
regime.

• Neutral Cases:
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As one considersK(X) = X , in the range 0 < α ≤
√
2r+,

the tortoise coordinate r∗ is obtained to be,

r∗ =

∫

dr

r2f(r)
=

8r+(3r
2
+ − α2)

κ+

√
β

arctan
[2r + r+√

β

]

− 4r3+
κ+

log
( (r − r+)

2

2(r2 + rr+ + r2+)− α2

)

(29)

where κ+ =
6r2+−α2

4r+
and β = 3r2+ − 2α2. Therefore, the

conformal factor (B7) reads,

F2|r+ =
(6r2+ − α2)

3
2

2r+
exp

[α2 − 3r2+
r+

√
β

arctan
(3r+√

β

)]

(30)

which is finite at the outer horizon and positive. Using
Eq. (28), we therefore obtain the location of the island
for small value of α, as follows,

a ≈ r+ +
α2(2b2 − br+ − r2+) + 6r2+(b

2 + br+ + r2+)

432
√
3π2r+(b − r+)

√

b2 + br+ + r2+

× exp
[π − 3 arctan

(

2b+r+√
3r+

)

√
3

]

(31)

Clearly, the result confirms that the quantum extremal
surface exists slightly outside the outer horizon.

• Charged Cases:

As mentioned in the previous section, in the range√
2r+ < α <

√
6r+ for K(X) = X , the inner horizon

appears before the outer horizon. Therefore, we obtain
the following expression for r∗,

r∗ =
1

2κ+
log(r − r+) +

1

2κ−
log(r − r−)

+
(r+ − r−)2(r+ + r−)

4κ+κ−r−r+
log(r + r+ + r−) (32)

where,

κ± =
(r± − r∓)(2r± + r∓)

2r±
(33)

Thus, the conformal factor is determined such,

F2(r+) =
1

r+
(r+ − r−)

1− κ+
κ
− (2r+ + r−)

1− (r+−r
−

)2(r+−r
−

)

2κ
−

r
−

r+

(34)
Finally, the solution to a is obtained as,

a ≈ r+ +
κ+r

3
+

36π2(b − r+)(r+ − r−)(2r+ + r−)

×
(r+ − r−

b− r−

)

κ+
κ
−

( 2r+ + r−
b+ r+ + r−

)

(r+−r
−

)2(r++r
−

)

2κ
−

r+r
−

(35)

It is obvious that the island position is outside the outer
event horizon. In addition, for the model K(X) = X2,
the location of the island is obtained to be,

a ≃ r+ +
2r2+κ

2
+

36π2(b − r+)

(

(b− r−)(r+ − r−)
)− κ+

κ
−

(2κ+r
2
+(b

2 + r2+ + r+r− + r2− + b(r+ + r−))

r+ − r−

)− (r+−r
−

)2(r++r
−

)3

4κ
−

r2
+

r2
− (36)

exp
[ (r+ − r−)(κ+r

4
+ + r−

(

2r4+ + 2r3+r− − 2r2+r
2
− − (κ− + 2r+)r

3
−
)

)

κ−r2−r
2
+
√
γ

(

arctan
(2b+ r+ + r−√

γ

)

− arctan
(3r+ + r−√

γ

))]

where γ =
2κ+r2+
r+−r−

+ 2r2− and,

κ± =
(r± − r∓)

4πr2±
(3r2± + 2r+r− + r2∓) (37)

Finally, the K(X) = X3 model results in,

a ≃ r+ +
r+

√

b2 + br+ + r2+

36
√
3π2(b − r+)

((r+ − r−)3(b2 + br− + r2−)

3κ+(b − r−)2r2+

)

× exp
[ 1√

3r2+

(

πr2+ − 3r2+ arctan
[2b+ r+√

3r+

]

+ 3r2−
(

arctan
[2b+ r−√

3r−

]

− arctan
[2r+ + r−√

3r−

]))]

(38)

where,

κ± =
3

2r2±

(

r3± − r3∓
)

(39)

It is straightforward, using Eqs. (36) and (38), to verify
that the island for both X2 and X3 is placed out of the
outer even horizon.
Now, substituting the approximate solution (28) into

(24), the late-time radiation entropy with island is ex-
pressed by,

S(R)= 2πr2+ +
c

3
log

[e2κr
∗(b)

κ2
+

F(b)F(r+)
]

(40)

+
c2r3+κ+

18πF(r+)2
e−2κ+r∗(b) +O(c3) ≈ 2SBH +O(c)
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As we observe, the main contribution to entanglement
entropy at late times is from the area term, that being
twice the Bekenstein–Hawking entropy of black planes.
The present results substantiates the previous findings in
the literature for other black holes e.g. [30, 33, 34, 36, 83].

C. Page Times and Scrambling Times

In early times and in the absence of the island, as we
have observed, the entanglement entropy grows linearly
in time. Nevertheless, at late times, the island appears
near the outer horizon and the resultant entanglement
entropy becomes constant, namely 2SBH . Equating the
asymptotic constant value of the entropy (40) with the
entropy without the island (19), the Page time for our
eternal black planes is obtained to be,

c tPage =
3SBH

πTH

(41)

The above finding implies that the island arises around
the Page time which itself is proportional to twice the
Bekenstein-Hawking entropy of the black hole. If the
massive gravity parameter α is set to be close enough
to the extremal limit (13), so that the inner and outer
horizons are sufficiently close each other, the Page time
is estimated as,

c tPage ≈
4πr2+

n(r+ − r−)
+

4πr+
3

(42)

Table I presents great agreements between the exact
and approximation results for the Page time. Notice that
r− is a function of α and r+ according to the equation
Q(r−) = 0. Clearly, the Page time does decrease upon
increasing the power of K(X) = Xn models. It means
that when the higher orders of massive gravity are added
to the theory we are getting the Page curves at earlier
time. Furthermore, for neutral black plane cases, in the
small massive gravity parameter limit, i.e. α ≪ 1, the
Page time is obtained in terms of α as,

c tPage = 4πr+ +
2πr+
3

α2n +O(α4n) (43)

whose leading term is the Page time for the neutral black
plane in the context of Einstein gravity, corresponding
to the massless graviton with unbroken diffeomorphism,
and the subleading terms capture the contributions of the
massive gravity. Since n > 0, this implies that the mass
deformation makes the evaporation of the neutral black
plane reaching more slowly the Page time compared to
the original theory with massless gravitons.
As a consequence, the radiation entropy of the radi-

ation increases linearly with time at early time, during
which no island is formed. Around the Page time, the
island can be formed near the horizon of the black hole
and the entropy takes a nearly constant value which is
twice the thermal entropy of the black plane.

Model X X
2

X
3

X
4

X
5

X
6

c t
Exact
Page 128.886 67.745 47.43 37.335 31.317 27.339

c t
Approx
Page 128.740 67.567 47.150 36.923 30.772 26.660

TABLE I. A comparison between the exact (41) and the ap-
proximated (42) values of the Page time for various holo-
graphic massive gravity models in charged black plane cases
as one takes α = 0.95αext to be near the extremal limit and
r+ = 1.

We now discuss the scrambling times of the planar
black holes in the massive gravity models of the present
study. As mentioned before, in our asymptotically AdS
black hole cases, we couple a flat bath at the boundary
of the spacetime. Therefore, the scrambling time, tscr,
is defined to be the minimum time we can recover the
information bits, after sending them from the boundary
(or the flat bath) to inside the black hole, in the form
of the Hawking radiation. If the observer sends the in-
formation from the boundary at r = b to the black hole,
then the time of arrival at the island surface r = a is
tscr = r∗(b) − r∗(a). To find this time, we first need to
obtain the tortoise coordinate r∗(b) from Eq. (28) by
redefining ǫ = a− r+. Thus,

r∗(b) ∼ 1

2κ+
log

[ r2+c
2κ+

36π2F2(r+)ǫ

]

(44)

The above expression together with Eq. (25), one finds
the scrambling time to be,

tscr = r∗(b)− r∗(a) ≃ 1

2κ+
log

[ c2r2+κ+

a2f(a)ǫ

( F(a)

F(r+)

)2]

(45)

Since the island is located near and outside the event
horizon, i.e. a = r+ + ǫ with ǫ ≪ 1, we can expand the
above relation as follows,

tscr ≃
1

2κ+
log

[ c2κ+

f ′(r+)ǫ2

]

=
1

2κ+
log

(

r2+

)

+ subleading trems ≃ 1

TH

log
(

SBH

)

(46)

In the above expression, we assumed that c ∼ ǫ ≪ SBH ,
that is, the central charge is much smaller than the
Bekenstein-Hawking entropy. Clearly, the scrambling
time logarithmically smaller than the life time of the
black hole. This result is in agreement with that one
derived in Refs. [84, 85]. Similar to the Page time, for
the charged cases with α ∼ αext, the scrambling time will
be small at large n as well.

IV. THE EXTREMAL CASES

In comparison to the non-extemal black plane, within
the island framework, we must perform an independent
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analysis for the entanglement entropy in the extremal
black plane. For instance, the radiation region for the
extremal charged black plane is only given by one region
R+ as the Penrose diagram illustrated in Fig. 3. As
shown in this Penrose diagram, the Cauchy surface in-
cluding b+ = (tb, b) touches the singularity at b0 = (tb, 0).
In the absence of the island, from Eqs. (16) and (17), the
finite part of the entanglement entropy reads

S(R) ∼ log
[

F(b)F(0)(U(b)− U(0))(V (0)− V (b))
]

(47)

One can easily check that the conformal factor for the ex-
tremal metric function (14) is divergent at the singularity
(r = 0) as

F|r→0 ∼
{

r−1 for n < 3
2

r2−2n for n > 3
2

(48)

As a consequence of this fact, the entanglement entropy
in the absence of the island (47) is ill-defined for such
a black planar. The same result has been reported for
other extremal charged black hole geometries, see e.g.

[34, 39, 47]. On the other hand, to compute the entangle-
ment entropy in the presence of the island configuration,
we first need to rewrite the matter part of Eq. (24) as
follows,

Sm =
c

3
log

[

κ−2
+

(

cosh(κ+(r
∗(a)− r∗(b))) (49)

− 2 cosh(κ+(ta − tb))
)]

+
c

3
log

[

ab
√

f(a)f(b)
]

In addition, equations 9 and 6 imply that the surface
gravity κ+ → 0 in extremal cases. Therefore, by taking
the limit κ+ → 0 from Eq. (49), the generalized entropy
for the extremal case [47] is written as,

Sgen = πa2 + lim
κ+→0

Sm ≈ πa2 (50)

+
c

3
log

[

ab
√

f(a)f(b)
(

(r∗(a)− r∗(b))2 − (ta − tb)
2
)]

in which the first contribution comes form area term.
In the above relation, we have used the approximation
cosh(x) ≈ 1 + x2/2. It is trivial to verify that ta equals
to tb, when we extremise Sgen with respect to ta. Hence,
we have,

Sgen = πa2 +
c

3
log

[

ab
√

f(a)f(b)
(

(r∗(a)− r∗(b))2
)]

(51)

Now, by varying Sgen with respect to a, one obtains the
following algebraic equation determining the location of
the island,

2πa+
c

3a
+
c

6

f ′(a)
f(a)

+
2c

3a2f(a)

(

r∗(a)−r∗(b)
)−1

= 0 (52)

Similar to the non-extremal case, we use the ansatz
that the island is located near the event horizon, that

is a = re + ǫ with ǫ ≪ 1, together with the following
approximations,

f(a) ≈ 1

2
f ′′(re)ǫ

2 +O(ǫ3)

r∗(a) ≈ − 2

r2ef
′′(re)ǫ

(53)

Hence, the solution to Eq.(52) reads,

a ≈ re +
c

6πre
−

c2
(

5 + r3ef
′′(re)r∗(b)

)

36π2r3e
+O(c3) (54)

For instance, we take the metric form the (15) for the
K(X) ∈ {X,X2, X3} model in the tortoise coordinate,

r∗X(b) = − 1

3(b− re)
+

2

9re
log

[ 1− re
b

1 + 2 re
b

]

(55)

r∗X2(b) = − 1

6(b− re)
+

1

9re
log

[ (1− re
b
)2

1 + 2 re
b
+ 3

(

re
b

)2

]

+
7

18
√
2re

arctan
[1 + re

b√
2 re

b

]

(56)

r∗X3(b) = − 1

b(1−
(

re
b

)3

)
+

1

9re
log

[ (1− re
b
)2

1 + re
b
+
(

re
b

)2

]

+
2

3
√
3re

arctan
[2 + re

b√
3 re

b

]

(57)

Since we assume that the cutoff surface locates far from
the horizon, b ≫ re, one obtains,

r∗X(b) ≈ r∗X2(b) ≈ r∗X3(b) ≈ −1

b
(58)

Therefore, the island location for the above examples is
determined to be,

a ≈ re +
c

6πre
+O(c2) (59)

Interestingly, Eq. (54) can also reproduce the results for
both the extremal Reissner–Nordström and the extremal
Hayward black holes in [47]. Indeed, our findings reveal
the universality of island position which is outside the
horizon re for all extremal configurations. Generally, by
substituting the approximate solution (54) into (51), the
late-time radiation entropy with island reads,

S(R) ≈ πr2e +
c

3
log

[ 12π
√
2b

cr2ef
′′(re)2

√

f(b)f ′′(re)
]

+
c2
(

5 + r3er
∗(b)f ′′(re)

)

18πr2e
+O(c3)

≈ SBH +O(c log c) (60)

The above finding for the late-time asymptotics of the
entanglement entropy of the Hawking radiation is in
line with the previous results [34, 39, 47]. That is,
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b+

R+

r
=

0 r
=
re

r
=
r
e

r
=

∞

(a) Without island

b+

R+

r
=

0

r
=
r
e

(b) With island

a+

r
=

∞

FIG. 3. The Penrose diagram of the extremal black planes
without island (a) and with island (b) in the presence of a
flat thermal bath (red lines).

the radiation entropy of the extremal charged planar
black hole does approximate a finite constant at the
late times, like the associate neutral and non-extremal
charged black hole solutions. However, we find that the
asymptotic constant value for the entanglement entropy
for the extremal charged black plane is approximately
the Bekenstein-Hawking entropy, rather than the double
of the Bekenstein-Hawking entropy for the non-extremal
and neutral cases. The reason behind this refers to their
causal structure. More precisely, the Penrose diagram of
the neutral and non-extremal charged black plane (see
Figs. 1 and 2) is the two-sided geometry, whereas the
Penrose diagram of the extremal charged black plane is
the one-sided geometry as shown in Fig. 3. Moreover, the
Page time was not found in the extremal cases, given the
absence of the linear growth of the entanglement entropy
in the early times.

V. CONCLUSION AND DISCUSSION

The present study has investigated the entanglement
entropy of the Hawking radiation from the black planes
in holographic massive gravity. One main distinction of
the black planes we explored here from common neutral
black planes is the appearance of the inner horizon due
to the induced mass of the graviton. To calculate the
entanglement entropy, we assumed that the eternal black
planes with/without an island are in thermal equilibrium
with a heat bath.

In the absence of the island, the entanglement entropy
of the Hawking radiation grows linearly with time forever
in neutral and non-extermal cases. This however implies
that the black plane spacetime evolves from a pure state
to a mixed state. Nevertheless, due to the different causal

structure for extremal black planes, one could not see a
linear growth of the entanglement entropy as such in the
early times.

We have observed, on the other hand, that for neutral
and non-extremal black planes, the entanglement entropy
of the Hawking radiation is bounded by a constant value
that is twice the Bekenstein–Hawking entropy (S(R) ∼
2SBH) in the presence of the island. However, in the
extremal case, this constant equals Bekenstein-Hawking
entropy (S(R) ∼ SBH). This difference seems natural
becauase the causal structure of the extremal case forms
one-side black plane.

Moreover, a universal feature for the existence of the
quantum extremal surface in the extremal black planes
has been found in our study. More precisely, for c ≪ 1,
there must be a quantum extremal surface situated in the
near-horizon region outside the extremal black plane, see
Eq. (54). This result holds independently of the model
specifying the chosen parameters. Moreover, we have
found for the neutral and non-extremal black planes that
the boundary of the island is located slightly outside the
outer horizon.

Finally, we have demonstrated how the Page time is
affected by the holographic massive gravity deformations.
To be more explicit, for either neutral solutions at the
small mass-generating parameter α → 0, or for charged
black planes with α ∼ αext, the Page time can happen at
earlier times.

Future studies can be carried out in order to investigate
the entanglement entropy of the Hawking radiation form
hairy black hole solutions in massive gravity, e.g. [86, 87].
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Appendix A: Thermodynamic quantities

In this appendix, we analyze the thermodynamics of
the black plane solution (5) by applying the solution
phase space method proposed in [88–92]. To do this, one
first needs to find the surface term Θ which is obtained
through the variation of the Lagrangian (2) with respect
to the dynamical field, namely,

δ
(√−gL

)

=
√−g

[

Eαβ
g δgαβ +

2
∑

I=1

EΦI δΦI
]

+
√−g∇µΘ

µ (A1)
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where Eis are the equations of motion (EOM) which are
given by,

Eαβ
g = − 1

16πGN

[

Rαβ − 1

2
Rgαβ − 3

L2
gαβ +K(X)gαβ

− K ′(X)

2
∑

I=1

∇αΦI∇βΦI
]

EΦI =
1

16πGN

∇α
(

K ′(X)∇αΦ
I
)

Θβ =
1

16πGN

[

∇αδg
αβ −∇βδgαα −K ′(X)

2
∑

I=1

∇βΦIδΦI
]

Then, we need to find the Noether charge Qµν associated
with the diffeomorphism generator ξµ from the Noether

current J µ = Θµ

(

δξg, δξΦ
I
)

− ξµL. It means that Qµν

finally reads from the on-shell relation J = ∇νQ
µν . Note

that the vector ξµ acts on the variation fields by Lie
derivative as follows,

δξgαβ = Lξgαβ = ▽αξβ +∇βξα

δξΦ
I = LξΦ

I = ξα∇αΦ
I (A2)

Using the above relations and imposing EOMs, the
Noether charge Qµν is given by,

Qµν =
1

16πGN

[

∇νξµ −∇µξν
]

(A3)

Having this quantity together with surface term enables
us to find the other main conserved charge tensor Kµν

which can be defined as follows,

√−gKµν
ξ = δ

(√−gQµν
ξ

)

−√−g
[

ξνΘµ
ξ − ξµΘν

ξ

]

(A4)

Notice that to get δ
(√−gQµν

ξ

)

, the variation of ξµ must

be vanishing, i.e. δξµ = 0. Therefore, the conserved
charge tensor is obtained as,

Kαβ
ξ = − 1

32πGN

[

2ξγ∇αδgβγ − 2ξγ∇βδgαγ − 2ξβ∇αδgγγ

+ 2ξα∇βδgγγ + δgγγ∇αξβ − δgγγ∇βξα + 2ξβ∇γδg
αγ

− 2ξα∇γδg
βγ + 2δgβγ∇γξα − 2δgαγ∇γξβ

+ 2K ′(X)

2
∑

I=1

(

ξαδΦI∇βΦI − ξβδΦI∇αΦI
)]

(A5)

On the other hand, based on the phase space method
[88–92], we can always build a manifold M in the phase
space whose points are identified by Ξ(xµ, pj) where pj
are the independent parameters4.
Moreover, the tangent space of such a manifold is built

upon a subset of perturbations, [88]

δΞ =
∂Ξ

∂pj
δpj . (A6)

4 Note that Ξs are solutions to the EOM in the phase space.

Now, combining Kµν with the parametric variations δΞ,
we can obtain the conserved charges associated with the
exact symmetries ξµ of the black plane solutions.

According to the metric coordinates (4) chosen for
a black plane, if one assumes δΣ to be a surface with
constant (t, r), the conserved charge variations for an
exact symmetry ξµ is defined as [88–90],

δHξ =

∫

δΣ

√−gKtr
ξ dxdy (A7)

For our case of study, since the dynamical fields Ξ =
{gµν ,ΦI} depend on the parameters pi = (r+, α), the
parametric variations appeared in (A5) are also given by,

δgαβξ =
∂gαβξ

∂α
δα+

∂gαβξ

∂r+
δr+

δΦI
ξ =

∂ΦI
ξ

∂α
δα+

∂ΦI
ξ

∂r+
δr+ (A8)

To read out the mass of the black plane solution (5), one
must choose the Killing vector ξµ = −∂t as the generator
to which the mass is associated. Note that the minus sign
has been adopted to make the mass to be positive. By
using Eqs. (A5), (A8), (A7), and the metric element (5),
we therefore arrive at,

δM = δH−∂t =
r2+

32πGN

[

6−K
(α2

r2+

)]

δr+ (A9)

Hence,

M =
1

32πGN

∫ r+

s2
[

6−K
(α2

s2

)]

ds (A10)

Note that here we have considered the volume of the
surface δΣ set to be one. In addition, according to the
definition of the surface gravity,

κ2
+ = −1

2
∇µξν∇µξν (A11)

the corresponding temperature is given by,

T =
κ+

2π
=

r2+f
′(r+)

4π
=

r+
8π

[

6−K
(α2

r2+

)]

(A12)

The horizon entropy is defined to be the conserved charge
associated with, the horizon killing vector ξh normalized
by the Hawking temperature T . Therefore, by choosing
ξs = ξh/T with ξh = −∂t, the entropy at the horizon is
obtained to be,

δS = δHξs =
4πr+
16πGN

δr+ = δ
( πr2+
8πGN

)

(A13)

And then,

S =
πr2+
8πGN

(A14)

These quantities satisfy the first law of thermodynamics,
that is, δM = TδS.
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Appendix B: Kruskal-Szekeres Coordinates

A general form of the conformal factor function in the
Kruskal-Szekeres coordinate is presented. First of all,
we take the following general ansatz for the metric of
spacetime,

ds2 = −r2h(r)dt2 +
dr2

r2f(r)
+ r2(dx2 + dy2) (B1)

Then, by considering the null geodesic, we can introduce
the tortoise coordinate as,

dr∗ =
1

r2
√

h(r)f(r)
(B2)

Now, the line element (B1) converts to,

ds2 = r2h(r)(−dt2 + dr2∗) + r2(dx2 + dy2) (B3)

On the other hand, by defining both ingoing and outgoing
radial null coordinates, i.e. v = t + r∗ and u = t − r∗
respectively, the above metric becomes,

ds2 = −r2h(r)dudv + r2(dx2 + dy2). (B4)

Now, switching to the new coordinates (U, V ) which are
defined by,

U = −κ−1
+ eκ+u, V = κ−1

+ eκ+v (B5)

where κ+ = r2+

√
f ′(r+h′(r+)

2 is the surface gravity, the
metric takes the following form,

ds2 = −F2dUdV + r2(dx2 + dy2). (B6)

where the conformal factor is given by,

F2 = − 4r2h(r)

r4+f
′(r+)h′(r+)UV

= r2h(r)e−2κ+r∗(r) (B7)

The final metric form presents the original metric (B1)
written in the Kruskal-Szekeres coordinates.
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