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Bosonic and Fermionic Holographic Fluctuation and Dissipation

at finite temperature and density
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In this paper we investigate some general aspects of fluctuation and dissipation in
the holographic scenario at zero and finite density. We model this situation with a
probe string in a diagonal metric representing a black brane. The string stretches
from the black brane to a probe brane thus simulating a stochastic driven particle.
In this scenario, we compute the admittance, the diffusion coefficient, the correlation
functions and the regularized mean square displacement, for bosons and fermions,
all from the metric components. We check these calculations with the fluctuation-
dissipation theorem. Further, we show that at finite temperature and density, the
mean square displacement in the limit of short times reproduces the usual quadratic
(ballistic) behavior, for bosons and fermions. For large times, we find ultraslow
diffusive processes in various cases, except for bosons at zero chemical potential. We
apply this general analysis in two different models: hyperscaling violation at finite
temperature and a charged dilatonic AdS black hole, both for bosons and fermions.
This is important because we found the fermionic diffusion in systems which allow

the appearance of Fermi surfaces and Fermi liquids.
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I. INTRODUCTION

The study of the dynamics of finite temperature and/or finite chemical potential systems
occupies an important part in physical sciences. Of particular interest is how such systems
respond to an external force and its diffusive process. Huge results in this direction can be
made studying the linear regime of those processes and the related quantities obtained from
this analysis. Thus it is interesting to explore methods to get relevant quantities in this
context.

As a tool for this study we can use the framework of AdS/CFT correspondence in its
broader form, applying its dictionary, for example, to analyze and describe aspects of this
kind of phenomenon.

The study of linear response in the context of Brownian motion using holographic models
started in [1] where it was proposed a set up based on an stretched string that goes from
the black hole horizon to a probe brane near the space-time boundary. The presence of a
horizon associated with a black hole allows one to calculate the Hawking temperature and to
obtain some quantities as functions of temperature. One then interpret the string endpoint
as a probe particle in a thermal bath. From the excitation of the string at the boundary
one reads the motion of the particle and finds the diffusion coefficient from the admittance.
They also calculate the mean square displacement, for short and long times reproducing the
ballistic and diffusive regimes, respectively.

This set up was used to study quantum critical points with Lifshitz symmetry in [2] and
with hyperscaling-Lifshitz symmetry in [3]. In [4] a description in terms of a metric written
as monomials of the holographic coordinate was presented and applied to many different
cases encompassing the previous results [1-3] and discussing further cases. In particular, in

Ref. ]3] a chemical potential at zero temperature was introduced in the case of the extremal



black branes. This was also discussed in [3] where a very low temperature compared to the
chemical potential was introduced.

In Ref. [6] an exponential factor was used to deform the AdS-Schwarzschild metric. This
deformation was inspired by the soft-wall model where a quadratic exponential dilaton is
included in the action [7]. This exponential factor was introduced in the metric in Ref. [§]
to guarantee confinement in a quark-antiquark potential. This metric was used in Ref. [6]
to obtain the admittance, the diffusion coefficient, compute the regularized mean square
displacement and verify the fluctuation-dissipation theorem for this set up. In Ref. [9],
this problem was reanalyzed including a backreaction from the exponential factor altering
the horizon function, generalizing the results of Ref. [6]. In Ref. [10], this set up with an
exponential deformation in the metric was further extended to include a non-zero chemical
potential allowing the discussion of bosonic and fermionic mean square displacements and
also to verify the fluctuation-dissipation theorem in both (bosonic and fermionic) cases.
In particular, the long time regime for both cases present a Sinai-like diffusion logarithm
behavior |11].

In this work we extend some finite temperature results [1-4] regarding the linear response
and diffusion in the literature to a general diagonal background metric. It is important to
mention that this previous results are restricted to bosons. We include a non-zero chemical
potential in this general metric allowing us to distinguish between the bosonic and fermionic
cases. Using the corresponding statistical distributions we calculate and present the values
of the mean square displacement for bosonic and fermionic cases. After obtaining closed
expressions, we get the limits of short and long times for zero and non-zero chemical po-
tentials for bosons and fermions. This is important because the diffusion and mean square
displacement were not discussed previously in the fermionic case, as we present here (we
discussed the fermionic case for an exponential deformed metric which is a particular case
of the present discussion).

As an application for these general results we apply our findings on two holographic
models of interest. First, we consider the hyperscaling-Lifshitz model at finite temperature
and zero chemical potential for bosons and fermions. This background was studied as a
holographic dual for a series of condensed matter systems and it was used in the holographic
study of Fermi surfaces |12]. Second, we discuss a charged dilatonic AdS black hole presented

in Ref. [13], as another application of our general results. This is a top-down model with



finite chemical potential which describes dual Fermi liquids with massless charged fermionic
modes. In this model, the entropy is a linear function of the temperature, for low 7. So, our
general results allow us to obtain the diffusion coefficient and mean square displacement of
fermionic systems which are relevant to the study of Fermi surfaces and Fermi liquid in the
holographic set up.

This work is organized as follows. In Section [, we start setting the class of metrics
explored here and calculating the Hawking temperature. From the Nambu-Goto action we
find the general equation of motion in the linear regime. Then we solve it using a patching
method. In Section [II, we find a general expression for the linear response function and
for the diffusion coefficient in terms of the general metric elements. In Section V] we
calculate correlation functions in the bosonic and fermionic cases. In Section [V we check
our results for the admittance and correlation functions with the fluctuation-dissipation

theorem for bosons and fermions. In section [VI, our goal is to calculate the regularized

2
reg

mean square displacement s: _(¢) for multiple scenarios. We begin establishing the boundary

conditions for the solutions and from them we get a general integral representation for sfeg(t).
After that, we specialize to four different cases: bosonic and fermionic at zero and non-zero
chemical potentials. For each of these cases we further obtain the regimes of short and
large times. At the end of this section we present a summary of this results and compare
them. Going ahead, in section [VII, we apply the previous results to a hyperscaling violation
d + 2 spacetime metric at finite temperature and zero chemical potential presenting some
interesting cases for particular values of the parameters of the model. In section [VIII] we look
at a top-down finite chemical potential model in 2+ 1 dimensions introduced in [13]. We use
it as an illustration for our general finite chemical results in the bosonic and fermionic cases
presenting interesting properties. Finally in the last Section [X] we show our conclusions

making general comments about the results. Some technical calculations are presented in

three appendices.

II. NAMBU-GOTO ACTION AND EQUATIONS OF MOTION

In this section we study the dynamics of the probe string, finding its equations of motion
and their solutions. The set up we are going to use [1] considers a probe string in bulk with

a black hole. One endpoint of the string interacts with the horizon (IR) and the other to a



brane near the boundary (UV). The endpoint near the UV behaves as a particle simulating a
stochastic motion. This set up was used to describe Lifshitz as well as hyperscaling violation
[2-4].

We start with a general diagonal metric

d
ds? = —gudt® + g,.dr® + Z giidx?, (1)
i=1
where we defined
b(r) :
= ; rr = N T ; :17"'7d’ 2
w=a)f0): g =g =) ) &)

Note that d is the number of spatial dimensions and r is the holographic coordinate. The
horizon function f(r) of the black hole is assumed to have a simple zero at r = 7, and goes
to 1 for r — oo.

In the particular case of asymptotically AdS spaces, a(r), c¢(r) and 1/b(r) go to r* as
r — 00, where the boundary is located. On the other hand, in the case of hyperscaling

violation, discussed in Sec. [VII|, the metric coefficients are given by
CL(T’) _ 7,2(z—0/d) ; b(’l“) _ 7“_2(1+6/d) : C(T) _ 702(1—9/d) : (3)

which also reduce to the AdS case when z — 1 and 6 — 0.

The Hawking temperature for the general metric, Eq. (), is given by

T = % %Uﬁ/(rh)]z _ ‘f’i;h)‘ Z((::)) ()

Let us now describe the motion of the probe string using the Nambu-Goto action:

1
2mal

Sna =

/dea\/—_, (5)

where o is the string tension, v = det(Va5) and Yos = gmnOaX"03X" is the induced metric
on the worldsheet with m,n =0,1,---,d+ 1.

We choose the usual static gauge, where t = 7, r = 0 and X™ = X"™(7,0). By using the
general metric Eq.(I]) and expanding the Nambu-Goto action keeping up to quadratic terms

X2 X", one gets:

- 1 do X2gii(7”) gtt(r>grr(r) _X/29ii(7”) gtt(r>g7‘r(r)
S0~ g 74 [ elr) (1) v




where X = 9,_,X and X’ = 9,_,X. From this action one obtains the EoM and define

Jee = i (Without sum over ¢ from now on) for any i,

o (X(t) (905l X7 (0200) Vgl (1)
or Grr (1) * gu(7)

—0. (7

Then, by using the decomposition X (t,7) = e“'h,(r), the EoM reads:

g /r gxx(r) gtt(r) w2gxx(r) grr(r) r)=
or <h“() Ve >+ w) 0 ”

For a general background metric this equation cannot be solved analytically. Then, we

will apply a standard patching method to obtain approximate analytical solutions, to be

presented in the next section.

A. General solution in the hydrodynamic limit

In this section we are going to consider approximate solutions for Eq. (8]) considering
three different particular cases, following Refs.[1-4]:

A) Near the horizon (IR);

B) Hydrodynamic limit: w — 0;

C) Far from the horizon (UV).
Then, we will match these expressions to get an approximate solution for the Eq. (8) near
UV, but keeping essential data from the IR and the hydrodynamic limit. This is useful to
describe the motion of the string endpoint simulating the stochastic behavior.

First, we consider the solution for region A:

han(r) = —2@) [1 EL LGB (i —1)]

gty | P\ alr)
_ 127(‘:)) [Hﬁlog (;“_h_l)] (9)

where A;(w) is a normalization factor. This solution is obtained in Appendix [Al
Now we solve the equation of motion for the hydrodynamic limit which is a general

solution in r but only up to order w. In this case one can neglect the term proportional to

w? in Eq. (8)

d TT dhw
o (o) —o, (10)
dr \/Grr dr



which implies that we are considering the condition

In general, close to the boundary we can take the metric coefficients as monomials

Az

a(r) ~r® b(r) ~r%, c(r) ~r
Using the condition in Eq. (1) in the UV (r — r},) one gets the constraint
a; — a, — 2a, > 0, (12)

which is saturated by the asymptotic AdS case with a(r), ¢(r) and 1/b(r) going to r* as
r — o0o0. Note that in the IR, r — r, + d, where 0 is a small finite positive quantity
(0 > 0) usually called the “stretched horizon” (see for instance [1] and references therein),
the condition Eq. (II) implies

W< An’T (r =) 4rT
—7rp) =
gxx(rh) gl‘x(rh)

5. (13)

This is the hydrodynamic limit considered from now on in this work.

Solving Eq. (I0), we obtain
) = Biw) [ T B

g:c:c
b(r’)
= Bl w
”/ 1) ()]

d?”/ —+ BQ(LU) s (14)

where Bj(w) and By(w) are integration constants with respect to r but are functions of w.
This can be seen as the general solution up to order w? of the equation of motion.
One can approximate the integral above in the IR using the fact that f(r) has a simple

zero at the horizon. Then we can write

BB YUmBIW) M+B()
STy m¢j7 ’
By (w)

= e (a ‘1) +Bale). =

In order to obtain the functions Bj(w) and Bs(w), we compare this expression with the

solution Eq. (@) for the deep IR region:

Bl( = _ZAl w V g:c:c Th BQ(W) = M ’ (16)



where A;(w) can be determined by a convenient normalization.

For the case far from the horizon (case C: UV region) we use the solution for case B (I4))

) = Ho(0) = Bio) [ ]+ Bt

= M — WGz (T ' o) v
R g:c:c(rh) (1 gxx( h) /Th+ﬁ ga:x(rl)f(r,) af(ff’,)d ) ‘ (17)

In the last expression we are interested mainly in the asymptotic behavior of h¢(r) for

large 7.

This solution will be used to describe the motion of the string close to the boundary
brane r — r,. Please note that this solution is valid in the regime of small frequencies, in
particular, it can be seen as an expansion for w/T < 1. This becomes clear when we notice
that the integral in Eq. (7)) is dominated by its near horizon part (r = ry,) since f(r) has a
simple zero in this region (f(r) = f'(ry)(r — ry)), while a(r) and b(r) are regular functions

at r = ry,. Using these facts one can approximate Eq. (7)) by

_Aw) [1 — ZM log (1
f/

Q

hf(UV)(T ~Tp)

) — 12 —iwQ(ry)

sz(rh) (h) a(;h) €
_ % [1 —iﬁlog <;) — T —iw Q(rb)] , (18)

where = and Q(r},) are functions resulting from the integral in Eq. (IT), which depends on
geometry. The function = is associated with intermediate values of  which is subdominant
with respect to the log term and therefore will be ignored in the following. On the other
side, Q(ry) depends on the asymptotic behavior of the metric functions for large r. Close to
the boundary, the metric coefficients behave as a(r) ~ r®  b(r) ~ r% , c¢(r) ~ r®  so that
the constraint, Eq. (I2]), implies that €(r,) vanishes in the limit r, — oco. In particular, if
the metric under consideration is asymptotically AdS, then a(r), ¢(r) and 1/b(r) go to r? as

r — 13, 50 that Q(ry) ~ 1/r3, which is very small for large ry.

III. ADMITTANCE AND DIFFUSION COEFFICIENT

In this section we proceed to calculate the admittance from which we find the diffusion
coefficient. The admittance is the linear response of the system to an external force. Thus,

first we need to introduce an small external force acting on the boundary particle. With
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this purpose, we turn on an electromagnetic potential A, on the UV brane. This will not
change the bulk dynamics but will introduce an external force to the string endpoint. The
linearized Nambu-Goto action, Eq. (6)), then becomes (with unit charge)

]- y TT rr TT T 7
S=- //dtdr{ngi Vi _ xndm Vot Vgtt}—l—/dt(AmLAm)
dra v Gt Grr

From this expression we get a modified equation of motion in the brane position given by

(19)

T=Tp

Get(73)

ol )gmm(rb)X'\T:Tb — 2 F =0, (20)
rr\"b

with F' = 0,A; — 0;A,. Since X' = 9,X and X (t,7) = e“'hC(r), we can write from Eq. (I7)

F(w> — _iWAl(w) gm(rh)f(rb) ~ _iWAl(w) V gxx(rh) (21>

2mal! 2mal! )

Note that for this regime of small frequencies and large string energy (large 1y, f(rp) &~ 1) the
force on the particle depends only on the IR structure of the metric. Then, the admittance

can be written as

(1 — iwgee(rn) [ G dr’)

hE (1) . oa(r)F(r)/a(r’)
Y(w) =-=- =27« . 22
“= T ogenlrn) 2
So, its imaginary part is
2ma/
Sy(w) = ——— . 23
( ) wgwx(rh) ( )

The results expressed in Egs. ([22)-(23) are valid for any metric in the form of Eq. (1) in
the regime of small frequencies, as proposed in Ref. [4].

From the response function x(w), Eq. (22), we can calculate the diffusion coefficient D.
It is given by [2] :

2ma/ B 2T

1
D = — lim(—wx(w)) = = , 24
5 w—>0( ( )) ﬁg:c:c(rh) g:c:c(rh) ( )
where § = 1/T. We can rewrite this result just in terms of the metric using () as
/ !
p = @)l Ja(ra) (25)

20sa(rn) \| O(rn)
At this stage we have found the linear response and the diffusion coefficient as functions

of the black hole radius r,. Also we have the temperature as function of the same parameter,
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so in principle we can invert the equations to get results as functions of temperature. On
the other hand, as temperature depends of different parts of the metric compared with for
example admittance we can not write at this point a general expression for it as function of
temperature. We will need then to specialize to some particular model to get such relation.

Before we conclude this section, let us comment that the real part of the admittance

X(w), Eq. 22), is given by

/

Ry(w) = 27« dr
x) / Gea(r) £ () /()

ﬁ;(m) log G) , (26)

where we considered the approximation that the integral is dominated by the near horizon

Q

(IR) region, as discussed after Eq. (I8). Note that this expression is independent of the
frequencies, at least in the hydrodynamical limit w — 0. This result is in consonance with

Kramers-Kronig relations such that the real part of the admittance is an even function in w.

IV. CORRELATION FUNCTIONS

The mean square displacement is a measure of the variance of the random walk of the
particle in the thermal bath from the motion of the probe string. In the following, we are
going to calculate in general grounds this quantity using the results from previous sections.

First, in order to obtain the mean square displacement one needs to impose ingoing and

outgoing boundary conditions near the horizon

A(w)

ht(r) = 79 O (€™ + B(w)e "]
— A(w) eiﬁlog(i—l) w e_iﬁ lOg(i_l)

In the UV region the solution for small w considering these modes is

UV .\ _ M iw - ’ b(r') P
ho"(r) = G (Th) [(1 9oz (h) /rh+e G (") f(17) a(T’)d )

+B) <1+iwgm(rh) / T+ ; (r/)f?fj”)’> a(r')dﬂ)] . (28)

where the coefficients A(w) and B(w) are the same as in the IR region.
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Matching the UV solution with the Neumann boundary condition in r = 7}, one obtains
that coefficient the B(w) is a pure phase ¢™? (see the Appendix [B). On the other side

imposing Neumann b.c. at the IR one obtains a discretization of the frequencies as

~wf'(ra) fa(rn)  4Ax*T
Aw = log () \/ b(rn) ~ log (1)’ (29)

analogous to the result found in [1]. For details, see the Appendix [Bl

A. Grand canonical ensemble and correlation functions

In the grand canonical ensemble, the density operator is defined as

6_B(Zw>o walaw _/Jaizaw )

where a/ and a,, are the usual creation and annihilation operators which satisfy
<aTa>=%- (af al) =0:  (apa,) =0 (31)
ww 65(“’—#) :l:l’ Wn W ) wHw .

Note that the plus (minus) sign corresponds to the fermionic (bosonic) case. With these
operators, one can write down the solution for the equation of motion near the boundary
X(t,r) =Y (a,hl (r)e ™ + al,(h5Y (r))"e“") (32)
w>0
where we used explicitly the quantization of the frequencies obtained in the previous section.

Then, the two point function for the string endpoint reads
(x(t)x(0)) = (X (t,1)X(0,7p))

hw Vi (Tb)hglv (rb)ei‘*’t + th (rb)hg,v*(rb)e_im
Z Z 66(“}_“) 41

+th(rb)hg,V*(rb)e—iwt)5W

D Dl AL i Ly (33)

66("-’_#) +1
w>0

w>0 w'>0

Substituting in the above equation the expression for hYV (r,) given by (28), taking into
account the fact that A(w) ~ w~2 from Eq. (BII)), and disregarding terms of order w?, we

obtain

472a/T 1 [ 2cos(wt) it
w00 = T (2 s (31)
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Considering the approximation

one can rewrite

Analogously, one can obtain

(alB)at) = (X(t,)X(1,1)
uv 2 2
= 2 ol (G + )

w>0
_ O/ /OO d_w 2 —+ 1
 Gea(rn) Jo w \ Pl £1

= (2(0)z(0)) . (36)

Note that in Egs. (33)- ([B6) the sums and integrals span over all positive frequencies
w. On the other side, the modes present in [hYY (r,)|? are the first terms of an expansion
for w/T < 1, as discussed after Eq.(I7). As we show in Appendix [C| when we substitute
|RYV(ry)|? by Eq. (28) in the above equations, the frequencies w > T are exponentially

suppressed. Then, it is a good approximation to keep only the first terms in an expansion

of w/T for |hYY (ry)]2.

V. FLUCTUATION-DISSIPATION THEOREM

In this Section, we are going to verify the consistency of our results with the fluctuation-
dissipation theorem, using the admittance obtained in Section [Tl and the correlation func-
tions in Section V]

Starting from the correlation functions (x(t)z(0)) and (x(0)x(t)), one can define a sym-

metric Green’s function as:

Gsym(t) = 5 ((2(1)2(0)) + (£(0)2(2))) - (37)
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The fluctuation-dissipation theorem in the presence of a chemical potential for the bosonic

[14] and fermionic [15] cases, can be written as

Gagm(t) = F (1 + 2np,r) Sx ()], (38)
where F![- - -] denotes the inverse Fourier transform, np r are the Bose-Einstein and Fermi-

Dirac distributions, and Jx(w) is the imaginary part of the admittance. Note that the
frequencies in this equation are positive physical quantities.
Then, one can rewrite of the r.h.s of equation (38)) as Fourier transforms as

_ 1 > 2 W
FoO+2mp) Sx(W)] = 5 | <”m) Sx(@)e™

o > dw 2 ‘
= i 1 - 1wt
9wz (Th) /—oo |w] < + eBlwl—p) £ 1) € (39)

where we used the admittance, Eq. (23), and the plus (minis) sign represents fermions

(bosons).

On the other hand, from the correlation functions, Eqs. (33]), the L.h.s. of Eq. (31)

becomes
% *dw [ 4cos(wt) , ,
GB,F 1) = / e —iwt iwt
Sym( ) Gom Th) . w B £ 1 +e +e
O/ e’} dw 2 (e—iwt + eiwt) ot -
_ o —iw w ] 40
e A ( ZEEnE R (40)
Since

/0 " dwf () + / " df () = / " dwf (e, (41)

—00

the Eq.(40) becomes

o © dw 2 -
Gop = — [ (2 ) et 42
s = o T (dﬂw-wl* ) 42)

which coincides with Eq. (89). Therefore, it completes the check of our calculations with

the fluctuation-dissipation theorem.

VI. MEAN SQUARE DISPLACEMENTS

From the results of Section [[V] one can calculate the regularized expression for the mean

square displacement as:

Sreg(t) = ( [2(t) —2(0)]* ) = (: [X (¢, 1) — X(0,m)]" 1) , (43)
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where the double dots notation : [- - -] : means that we are using normal ordering. Explicitly,

2 (1) = o /OOO dw 4(1 — cos(wt))

B Gzx (Th) w

w  ePlw—n) 41

S [ dw sin? ()
= —_ 2/ (44)
Guz(mh) Jo  w eBlo—m +1

In the following, we are going to calculate the regularized mean square displacement in

various interesting cases.

A. Zero chemical potential

In this section, we study the particular case of zero chemical potential from previous
results. This is interesting, for instance, in models which describe the superfluid Bose-Mott
insulator transition [16] and massless Dirac fermions in graphene |17, [18].

For zero chemical potential, the mean square displacement, Eq. (@4), reads

2 (1) = 8o’ /Owd_wsin (%) (45)

reg 9o (1) w el +1

This expression is valid for the bosonic (—) and fermionic (+) cases. In the following we

discuss separately these two cases.

1. Bosons

To solve the integral ([45]) for the bosonic case (—), we follow [6] and find

For the short time approximation ¢ < 3, we have
2 ./ t2
- ngm (Th> E ’

which is the expected result for the ballistic regime. Considering now the approximation for

Sreg(t) (47)

large times ¢ > (3, one finds

s2 (1) ~

reg

(48)

which is the standard diffusion result.
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2. Fermions

Now, considering the fermionic case (4) corresponding to the integral (45]), we have

/ o] s a2 (wit
82 (t) — 8o / d_wsm ( 2 )
0

20{/ in
= = _log| —2—|. (49)
Gy tanh <%)

In the limit ¢ < 8 (short times) one can approximate this expression by

2./ 2

9 ot
Sien(t) " ————, 50
reg( ) 6gmm(rh> 52 ( )

in agreement with the well known result for the ballistic regime.
For large times, or t > (3, we have that
20/ mt
2

Speglt) ~ ——=log | — | 51
(0~ 2o (52 (51)

which is a Sinai-like subdiffusive regime [11].

B. Finite chemical potential

In the case of a finite chemical potential the mean square displacement is given by Eq.

(@4) which we repeat here for convenience

2= % /00 dw sin® ()
0

reg Gea(r) Jo  w Bl £1°

(52)

In the following, we specialize to the bosonic (—) and fermionic (4) cases.

1. Bosons

In order to calculate the mean square displacement given by the above equation for the

bosonic case, we take p < 0, and consider the series expansion

1 e Blw—p) o
_ _ —B(w—p)(n+1)
Bl —1  1—eBl—m Z%e : (53)
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Then,

—B(w— wt
Shreg (1) Z / e~ Blo—mn 81112(?). (54)

g:c:c

Performing the integral, one gets

2 t2
§heg(t) = —e Zeﬁwlog <1+ . 62)' (55)

This expression can be rewritten in a formal way as

201 {2Li0(17°) (0, ") — e [Q)(O’LO) (e“ 0 1+z’3)
gxx(rh) ’ Y ﬁ

+ 3010 (d‘, 0,1— z%)] } . (56)

In this equation we used the following notation: L (x,y) is the first derivative of the

S2Brog (t> =

polylogarithm function of order n with respect to its first argument x; ®©19(z, y, 2) is the
first derivative of the Lerch transcendent function with respect to the second argument y.

First we consider ¢ < (3, which is the short time approximation, and then from Eq. (53,
we find

/ o Bun\ 42 / 2
) % 270 (Z C: ) o ) o7
In the right hand side of this equation we used the polylogarithm function of order 2,
Liy (eﬁ“). This equation gives the usual ballistic behavior since it goes like #2.

On the other side, in the late time approximation ¢ > /3 the sum in Eq. (55) is dominated
by its first term and we have

4o/ t
s%reg(t) ~ T log <B) ) (58)

gxx(rh)

This equation corresponds to a subdiffusive regime which is due to the presence of the non-

zero chemical potential in this case. This result is analogous to what was found in classical

physical systems in [11] or in Lorentz invariant bosonic theories [10].

2. Fermions

Now, we consider the regularized mean square displacement for the fermionic case. From

Eq. (#4), with x> 0, we have
8o ® dw [ sin?(<)
ol = o [ (EEL) (59)

Gz (Th) w \eflw—n 41
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In order to evaluate this integral we resort to the Sommerfeld expansion:

/Ood_w sin?(4) ) _ /’“‘ SmQ(w_i)der...
0o w \efle-m 41 0 w
1 .
= 5 (=Ci(tu) +log(tp) +7) + -, (60)

where Ci(z) is the Cosine integral function, v is Euler-Mascheroni constant and we dis-
regarded terms of order 1/u%3% and higher, since we are considering the low temperature
regime, puff = £ > 1.

The mean square displacement, Eq. (59), for small times ut < 1, can be approximated

as

O/

Streg(t) & mﬂ2t2 : (61)

This expression for s? gives the well known ballistic regime #2.

On the other hand, taking the large time approximation ut > 1 in Eq. (59), we obtain

/

4o
Streg(t) & ) log (tp) (62)

which corresponds to a subdiffusive behavior logt, as in the bosonic case discussed above.
Note that this behavior also appears in classical set-ups as in Ref. [11]. In Ref. [10] we

found a similar fermionic behavior for a Lorentz invariant context.

C. Summary and discussions on s?eg

We can now summarize the results of this section on Table [l First, one can note that

2

%g ~ 17 for short times. This is expected

for all scenarios we get the usual ballistic regime s
since for this situation the particle do not had completely felt the characteristics of the
environment. Another feature for all these results is the proportionality to the inverse of
Gzz (1), showing the dependence on the IR of the metric in the direction of motion of the
test particle.

For the bosonic case, the short time behavior at zero chemical potential is obtained
directly just taking the g = 0 limit from the finite chemical potential result. However, at
large times, one can not obtain the zero chemical potential case by taking the above limit.
In this case it is necessary to go back to Eq. (44) and recalculate this quantity. Then

turning on a chemical potential changes the long time behavior of the regularized mean

square displacement for the bosonic scenario.
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Description  |sZ,,(t) short times S2eg(t) large times
. _ 2o/ t? 2ol t
Bosonic p =10 73%1?%) 7 gzz(?h,) 5=Dt
: 22/ 1 t2 40/ t\ _ 28D t
Bosonic p # 0 gm—?rh)h? (eﬁ“) i gm‘z‘rh)eﬁ“ log <3> = Teﬁ“ log (3>
<. o 2ol 2 20/ mt\ _ BD mt
Fermionic p =0 890m () B2 T () log (2 ) = ==log (26>
o ) 4o/ _ 28D
Fermionic p # 0 ng—(rh)'“ t gm?rh) log (tp) = == log (tu)

Table I: Mean square displacement for zero and non-zero chemical potential for bosons and

fermions.

In doing the present analysis it is necessary to bear in mind that the term g,,(r) will
bring a non-trivial dependence on the temperature and on the chemical potential. So, in
general, the temperature behavior of these quantities depends heavily on the particular form
of the metric. In the following sections we apply the results obtained here for two set ups
as a illustration for those aspects.

As a general comment, it is interesting to note that the set up discussed above for bosons
and fermions at zero or non-zero chemical potential verifies the fluctuation-dissipation the-
orem. This is done relating the imaginary part of the admittance with the two point corre-

lation functions calculated above, as discussed in Section [V

VII. HYPERSCALING VIOLATION AT FINITE TEMPERATURE FOR
BOSONS AND FERMIONS

In this section, we apply the general results obtained in the previous parts of the text to

a particular system, the Lifshitz-hyperscaling family of metrics:

2 dr?
ds? = =7 <_r2z f(r)dt? +r?di? + 7 (:)Tz) : (63)

where z and 6 are the Lifshitz (or dynamical) and hyperscaling violation parameters respec-

tively, and d is the spacetime dimension. The horizon function is given by

Th

fry=1- (") (64)

r

This problem was studied by the authors in Refs. [3] and [4] for some particular cases

without fermions. In our presentation we will discuss the Lifschitz-hyperscaling violation
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metrics at finite temperature for fermions and bosons at zero chemical potential.

The constraint in equation (I2) applied for the hyperscaling-Lifshitz metric case becomes
20
F + 2+ 1 2 0 (65)

It is also important to note as pointed in [19] that the null energy condition imposes addi-

tional constraints in the values of the parameters 6 and z, explicitly

(d—0)(d(z—1)—6) =0
(z=1)(d+z—0) >0 (66)

In order to have a positive specific heat we need to impose one more condition [19]

d—0
>

0. (67)

z

Considering that the number d of spatial dimensions in the boundary is a positive number

and imposing all these conditions results in the parameters assuming the possible values

(i) 2<-3,02> —g(z +1), (68)
(i1) —-3<z2<0,60>d, (69)
(1) 1< z<2, —g(z—i-l)gﬁgd(z—l), or § =d, (70)
(iv) z2>2, —g(z—i—l) <0 <d. (71)

In this background, we then calculate the response function, the diffusion coefficient, and
the mean square displacement from our general discussion of the previous sections. This
will allow us to understand the independence of the diffusion process on different hyper-
scaling parameters, dynamical exponents, and dimensions for bosons and fermions. Also, it
will be illustrative to explore some particular configurations of those quantities, presenting
some cases in detail. Such Analysis is interesting since those types of gravitational systems
are relevant as holographic duals for some condensed matter systems. In some works, for
example, they are seen as possessing Fermi surfaces in the boundary theory such as strange
metals [12,116,19-23]. In other cases, they were used to study the behavior of some (bosonic)
theories close to critical point [2, 13].

The horizon function Eq. (64]) implies that the Hawking temperature reads

B |d+ z — 0|

T
47

Ty (72)
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Then, we can write the admittance from Eq. (23]) as

2o/ AT ~2(d=0)/=d
N _ T-2(d—6)/=d 73
W) == (|d+z—9|) (73)

Note that the condition (67)) implies a negative exponent for the temperature dependence of
the imaginary part of the admittance, which is the usual behavior for holographic systems
such as the ones investigated in Ref. [1].

Now, using Eq. (24)), the diffusion coefficient for this model is

A —2(d—0)/zd
D= 271'0/ (m) T(—2(d—9)+zd)/zd' (74)
Z E—

It is interesting to note that this diffusion coefficient could increase or decrease with the
temperature depending on the choice of the parameters z, d, 6.

In the particular case where d = # one has the usual Einstein diffusion proportional to 7.
On the other side, for d — 0 = zd one has the diffusion coefficient proportional to 7-!. This
behavior was also found in Ref. |1] for pure AdS space. These cases are thermodynamically

stable accordingly to the condition given by Eq. (67]).

A. Bosons

The regularized mean square displacement for the bosonic case without chemical potential

(n=0), Eq. (6]), on a Lifshitz and hyperscaling violation metric reduces to

ArT O\ HEOE inh (Tt
2 1
t) = 2d | ——— 1 — . 75
SBreg() a<|d—|—z—9|) Og( Ttn ) ( )
For short times one reobtains the ballistic regime
20{/ AT —2(d—0)/zd
2 2
t) = —|(—— Tt 76
balt) = (i) () (76
and for long times we find
ArT O\ dE
7r z
4 _% d—6
T E 2d—9
= 21/ | ——— T) a= "¢ 7
() @ ()

which is the usual diffusive behavior in time.
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B. Fermions

Now, we are going to analyze the fermionic case with zero chemical potential within

a Lifshitz and hypescaling violation metric. So, here we will calculate the mean square
displacement for this system. We get from Eq. (50) that for short times one has

) 20 1 L AxT O\ RO g2

halt) = s =2 () 7

which is the typical ballistic behavior while for long times, in turn, from Eq. (&1I), one finds

20/ it 47T —2(d=0)/zd it
2 )~ ——log|— ) =20 ——— P
el ~ 00 Og(%) o <|d+z—e|) °g<2/3)’ (79)

which corresponds to a fermionic subdiffusive regime analogous to the classical (Boltzmann)

ones found in Ref. [11].

(78)

Now, we are going to discuss two special cases: # = d, which reproduces the Einstein
diffusion coefficient, and # = d—1, in which the admittance goes with the inverse temperature

as in the pure AdS case, in the next two sections.

C. The particular case 0§ =d

In this section, we discuss the Lifshitz and hyperscaling violation at zero chemical poten-
tial (1 = 0) presented above for the particular case of § = d. In this case, the admittance,

Eq. (73), is independent of the temperature

2ma/
g = 80
X(@loma = 22 (50
and the diffusion coefficient, Eq. (7)), becomes
D|9:d = 27TO/T, (81)

which is the usual expected behavior for Brownian motion, as obtained by Einstein in his

original formulation of the problem.

1. Bosons

The regularized mean square displacement for bosons, Eq. (7)), in this case is given by

sinh(Tm)) |

Ttr (82)

BreaDlog = 20 1og(
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Taking this expression in the limit of short times, one finds the usual ballistic regime

20/
s (Oloa = ~-(Ttm)? (53)
while for long times one finds
Shreg(t)|9=a = 27/ Tt = Dt , (84)

which is also the usual Einstein diffusive regime.

2. Fermions

In this case (0 = d) the fermionic mean square displacement from (78]) for small times

reads the natural ballistic profile

t2
S%reg(t)|9:d ~ 20/? : (85)
From the diffusive regime ([79), we get
7t
S%\mg(t)‘@:d ~ 2a' log (2—) , (86)

which is also a subdiffusive behavior as the ones found in Ref. [11].

It is interesting to note that in this case § = d there is no dependence on the dynam-
ical exponent z in the admittance, although the diffusion coefficient and the mean square
displacement depend on the temperature.

In ref. [19] the authors consider d —6 as an effective spatial dimension so that one obtains
a 0 4+ 1 dimensional system regarding the entropy of the system. However, even for 6 = d

one finds non zero spatial correlations, as we found above.

D. The particular case § =d —1

The particular case # = d — 1 is interesting because it can be related to a compressible
state with hidden Fermi surfaces, as discussed in Ref. [12]. In this case without chemical

potential, the imaginary part of the admittance, Eq. (3], gives

ona! [ AnT \ ¥/
7Ta< T ) (87)

Cx - _ -
Sx(@)lo=a-1 w \|z+1]
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By the condition (67) which keeps the specific heat positive one finds that in this case one
has z > 0, so that the imaginary part of the admittance is proportional to some inverse
power of the temperature. It is also remarkable that for 2 — oo the imaginary part of the
admittance becomes a constant independent of the temperature.

The diffusion coefficient, Eq. (74]), will be now

4 —2/zd
Dlp—q_1 = 2ma/ <| I1|) T2/, (88)
2

If 2 — oo this diffusion coefficient becomes proportional to T, and if zd = 2 it becomes a

constant.

1. Bosons

From Eq. (73) one finds for § = d — 1

Balt) = 20('(‘311;‘) 7 o <7Sin};;”)) | (89)
Then, for short times one has the ballistic regime
—2/2d
s2l3reg(t)|9:d_1 _ 2?0/ (|Zji71|) / (7rT)2—2/zd 2 (90)
and for long times the diffusive response
2 / o -Z41
s Olias = 20 () wTE o1)

Note that for z > 2/d the mean square displacement is proportional to 7* with « > 0, in

both regimes. If 2 — oo, then the ballistic regime goes with 7 and the diffusion as T'.

2. Fermions

For fermions in this special case and for short times the mean square displacement, Eq.

([78)), becomes

AT —2/zd t2
i ) (92)

|2+ 1 B2
In the diffusive regime (long times) we have, from Eq. (9), that

S%‘rog|9=d—l =2d/ <|Z T 1|) log <ﬁ) . (93)

Ba(Olo-as = 20
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VIII. CHARGED DILATONIC ADS BLACK HOLES

Our objective here is provide an application of ours findings to a non zero chemical
potential system. As an example, we consider the Gubser-Rocha model [13, [16], which is a
top-down construction from eleven to four spacetime dimensions for a charged dilatonic AdS
black hole. In this model there are fermionic modes which indicate the presence of Fermi

surfaces. The lagrangian in four dimensions is given by

1 1 6 )
_p_ l,¢/V3p2 _ 2
L=R 1€ Fy, 2(@@) 73 cosh <\/§) , (94)

and it is a particular case of an Einstein-Maxwell-dilaton system. The solution of the
corresponding equations of motion are |21, [24]

3/2 —3/2
ds? — 2_22 (Q + 1) (= f(r)dt* + d7*) + Ledr” (9 + 1) ; (95)

r r2f(r) \ r
B B3 Q\ ., .
A=l ¢_71n(1+7), f=1-ow (96)

In the above equations, @) is related to the black hole charge, i > 0 is related to the black hole
mass and L is the AdS radius. The black hole horizon is located at r = (4L?)/3 — Q = ry.

Defining the new coordinate 7 = r + @ so that 7, = r, + @, then

pLE -y VB0 [1 - f_h} | (97)

le_?’ 12/3

7

which is similar to that of a Reissner-Nordstrom charged black hole with chemical potential

= V3R (98)

1,2/3

given by

The Hawking temperature, using the r coordinate defined in Eq. (@5), is then given by

3 onN1/6
T= s (1) (99)

Then, the imaginary part of the admittance can be written from Eq. (23) as a function of

the temperature as

3o/ - -1/3 90/@
S = — (pL? =— = 100
Sx(w) 2wT (AL?) 2wTp2L?’ (100)
while the real part from Eq. (206) is Ry ~ —27a’/3r}. Note that the real part of the
admittance is small compared with its imaginary part since the former does not depend on

the frequency w which is small.
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The diffusion coefficient for this model, from Eq.(24]), reads

D 9Qa’

=< 101

which is temperature independent and decreasing for a growing chemical potential.

A. Bosons

The bosonic case is characterized by imposing the condition on the chemical potential

i < 0. Then, for short times t < 3, Eq. (57)) gives

2a/ 12 90/Q t2
2 t) ~ L By = — 7:[1 Bry Z_ 102
SBrcg( ) gxx('rh) 12 (6 ) 52 27T/J/2L2T 12 (6 ) B2 ’ ( )
which decreases when |u| increases.
On the other side, for long times, ¢t > 3, from Eq.(5S), one finds
4o/ t 90/Q t
2 ~ B — B
t) ~ 1 — | = 1 - . 103
) % e i0g () = S0 oy (1) (103

Since p < 0 the diffusion also drops down when || grows.

B. Fermions

The fermionic case is described by p > 0. So, for short times, from Eq.(61l), we obtain:

/ 9/
Rty 2 = VG

~ = 2. 104
gm(rh)'u 2w 2T (104)

Note that if one keeps @) fixed, there is no dependence on chemical potential for this result.

On the other hand, for long times we can use the results in Eq. (62]) to obtain:

4o/ 90/
log (tp) =
Vs

Stveg(t) & log (tu) , (105)

- Gza (Th)

which diminishes for growing pu.

IX. CONCLUSIONS

In this work we presented some results regarding the dynamics of a particle in a thermal

bath at finite density, in the linear regime, using holographic methods. For a general diagonal
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metric, we obtained expressions for linear response function, mean square displacement,
correlations functions and diffusion coefficient, in terms of the metric elements. As we
showed here, the mean square displacement differs for fermions and bosons. Also, we have
verified the fluctuation-dissipation theorem for zero and non-zero chemical potentials for
both statistics. As these results are presented in terms of the metric components, this is a
quite general result.

Since we have a general relation between different metric elements and physical quantities
as the admittance, the regularized mean square displacement and temperature, it is possible
to choose particular backgrounds in order to produce systems with holographic duals that
may have some desired physical behavior.

For all these results we see a dependence on the IR part of the metric in the direction
of the electrical field on the brane, which acts as an external force for the system. This is
quantified by the presence of g,.(ry) in the general expressions.

For the admittance, we have found the hydrodynamic behavior w™! of its imaginary part,
in accordance with the literature [1-4]. However, one finds different temperature behaviors
with respect to different choices of the metrical components. Note also that the admittance
does not depend on the statistics.

For the regularized mean square displacement for bosons we found, in the late times limit,
that the effect of turning on the chemical potential makes the diffusion process slower. The

usual behavior s7,, ~ ¢ then becomes a Sinai-like diffusion, s7,, ~ logt. On the other hand,

2

reg ~ log irrespective the value of the chemical potential.

for fermions, we always find s

In the first application, we studied the Hyperscaling-Lifshitz background exploring dif-
ferent values for the parameters z and 6 for varied number of spatial dimensions d. It
interesting to say that using this freedom of choice it was possible to obtain some interesting
cases without violating the thermodynamic stability. For instance, the usual Einstein linear
dependence of the temperature in the diffusion constant can be found, for a certain choice
of parameters (d = 0).

For the Gubser-Rocha model, Section [VIIIl, our second application, we found that the
diffusion coefficient does not depend on the temperature and it is inversely proportional
to the chemical potential. For bosons, the regularized mean square displacement decreases

when the absolute value of chemical potential increases. Also, this quantity is inversely

proportional to the temperature. As expected, the presence of a non-null chemical potential
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makes the diffusion processes becomes slower. The same behavior is found for the fermionic
case, but now sfog ~ logt and it is inversely proportional to the square of temperature.

We presented here calculations allowing us to determine the diffusion coefficient, the
admittance and the mean square distance for fermions which are relevant for systems with
Fermi surfaces and Fermi liquids. We hope that the discussion presented here might help

finding new applications for holographic systems, in particular for fermionic ones.
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Appendix A: Solution for the EoM

Here in this Appendix we are going to find the solution for the EoM, Eq. (8)), following
Refs. [1-4]. First we will show how to rewrite the EoM into a convenient form using the
Regge-Wheeler (tortoise) coordinates as a Schrodinger-like equation in Appendix [Al We
then obtain the solution near the horizon in Appendix [A2l The solutions for the other
regions are discussed in Section

1. Regge-Wheeler coordinate and Schrodinger-like equation

First, we assume that the metric elements a(r),b(r) and c(r), defined in Eq.([2]), are

regular functions at » = rj, and the function f(r), dubbed the horizon function, has the
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following asymptotic values:

lim f(r) ~ f'(ra)(r — rp); and lim f(r)=1. (A1)

r—rh r—00

The equation of motion, Eq. (8]). up to quadratic terms in the Nambu-Goto action reads

a gwx gtt 051' gmm grr 0251'
Pl G - =0. (A2)
07“ Grr 07“ vV Gt 0152

Substituting the following Fourier decomposition

Sx(t,r) = hy(r)e ™" (A3)

into the above equation of motion, one finds

a Gzx vV it 8hw ) 2 Gzx vV Grr
e — | tw'——h,=0. A4
or ( Ve Or “ V9t (44)

It is convenient to use the Regge-Wheeler coordinate. It naturally comes if we rewrite the

line element as
’f"f‘d 2
ds® = gy, (dt2 _ u) T (A5)
Gt
Then, the Regge-Wheeler coordinate r, is defined by

2 o
dr? = grrdr = dr, = I . (A6)
Gt vV g

The boundary conditions in this new coordinate are lim,_,,, r.(r) — —oo and

lim, o () — 0. So, the equation of motion (A4 can be cast in the form

dzhw d IOg(g:c:c) dhw 2
=0. A
e + ar dr. +w"h, =0 (A7)
We rewrite the above equation as
d?h,, dh,
it a(r,) a. b B(ra)h, =0 (A8)

which can be transformed into Hill’s standard form [25]

d*,
02 + Q(r ), =0, (A9)
by putting
hy(re) = exp [—#] Ve, (A10)
alr,) = ;lé, (A11)
Qr) = —29% L2 g (A12)
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Comparing Eq. (A7) with (AS) we have:

_ d10g Gus

a(ry) = ar- e B(r.) =w’ (A13)
Equation (A1) gives
dlogg., dA
C089az _ O2 o A(r,) = log gre (A14)
dr, dr,
Substituting the above result into Eq. (AI0) we get
A(r.
ot = exp |20,
{ log gm]
= exp |— Yy
2
_ Yulr) (A15)
v Gz
and Q(r), Eq. (AI2), is given by
ldae 1 ,
Qi) = S 2dr, 1 +h
_ ldr d (drdlogg,\ 1(drdlogg. 2+w2
 2dr.dr \dr, dr 4 \dr, dr

1 1 1 1 2
1VOu d (VO dlogge.\  1gu (dlogge. ) (A16)
2 \/grr d?" vV g7‘7‘ d?" d?"

4 Grr
Then, Hill’s equation ([A9), can be written as a Schrodinger-like equation:

d*¢,

T3 T W = V(). =0, (A17)

where 1, is defined as 1,,(r.) = \/Gzzhw(r+), and the potential is given by

1 Gu 9 (I dlog(ger)\ | 1 g ((dlog(gee) )’
V=5 g ar (¢g,— o )i\ e ) (AL8)

In terms of the metric functions, Eq. (2]), this potential reads

Vi = L0 Jol) d ( a(r) f<r>dc<r>> La(r) f2(r) (dc(r)) | (A19)

2 b(r) dr b(r) c(r) dr * 46(r) (r) \ dr

Notice that V' (r,) = 0 as expected as f(r;) = 0. Furthermore it has units of squared energy.
Now, one can obtain the solution of the Schrodinger-like equation (A7), into two different

regions: near by and far from the horizon.
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2. Region A: Deep IR

The deep IR regime is the near horizon region, defined by
e~ V() < W (A20)

This happens because V (r) is modulated by f(r), and near the horizon this function becomes
arbitrarily close to zero as can be seen in Eq. (A19)).
In this region, the Schrodinger-like equation ([AIT) is written as
Y aw

2
dr?

+ wihay =0 = Pa, = Are” ™™ + Age™™. (A21)
The tortoise coordinate r,, Eq. (A6, is given by

dre _ \/Ger | b(rn) 1 SRR LG
dr g\ alr) f/ra)r—rn) 7 () a(T’h)l g( 1)’

Tn
where Eq. (Al was used. From Eq. (AIf) and considering only the ingoing solution
(A3 =0) in Eq. (A21]), one finds

(A22)

hau(r) = 2 (A23)
gww(rh)

Since one is interested in the long wavelength limit (w — 0), using (A22]), the above equation
reads
A

S w b(rp) < r )
— |l -ty —=log | ——1])]. A24
) | e\ el (A24)
Note also that Q(r), Eq. (AI2), near the horizon becomes Q(r) &~ w?, since r ~ r}, and

hAw(T) =

using Eq. (@), one gets

\/% ] a(rh) m f(r)=
N R D) Tl_w f(r)y=0. (A25)

Appendix B: Neumann boundary condition and Normalization

1. Neumann boundary condition

The coefficient B from Eq. (28) can be obtained from a Neumann boundary condition

at UV in the position r = r,. At zero order in w, it is simply

B=1. (B1)
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In general, keeping higher orders in w this coefficient will be a pure phase e’ for some @

real. This will happen because the general solution can always be written as

hyV(r) = A(w) [g(r) + B(w)g*(r)], (B2)
that implies
Blw) = — ;Tj*(&)) = (B3)

From a Neumann boundary condition near the horizon the coefficient B can obtained

a,him(r) U PR LGOI 1} .
r/rp=1+e p{ f'(rp) | a(ry) g<€) ) (B4)

== g e(r)

which is a pure phase in w.

2. Normalization

Now we proceed to find the coefficient A in Eq. (28). With this purpose, we write the

Klein Gordon inner product, as

(fag):_

i p . .
271'0//de |h|n gxx(faug aufg )a (B5)

where h is the induced metric on the Cauchy surface >, n* is the normal vector to this
surface, f and ¢ are solutions of the equations of motion.
As a Cauchy surface we take a constant time slice of our worldsheet. Therefore we have

in the present situation

1
nt = LO), h=gp. B6
(\/gtt ) 9 ( )

Thus the Klein-Gordon inner product becomes

(1h0) = ~5 [ e\ [22g. 0057 = 001 (B7)

In order to obtain a proper normalization, we demand that (X (¢,7), X(¢,7)) = 1. Then,

for X (t,r) = e “th,(r) we get
e G
T — Gz | N \T
7TOé/ - gttg

(X(t,r), X(t,7)) =
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S e / \F ealt (B8)

For regular functions b(r) and a(r) this integral will be dominated by the near horizon

region because of the zero in f(r). Therefore, we can approximate this integral by

(X(0 7). X (1) ~ 2 1Aw)? 2%:’39;(( ) / R0

h Th
b(T1h) Gau( ”’ dr 1

a(rp) f’ Th) rh rp =1

22

(BY)

where we used the near horizon expression for h,(r) Eq.(27), keeping only terms smaller

than O(w?). The final result is

(X)X (0) & 22| [t [P L
W 2 b(rh) gm(rh) 1
~ 7m/|A(uJ)| ) Frn) log (E)’ (B10)

where the integral was regularized considering in the lower limit of integration

r, — 15, + €. Imposing the normalization condition we obtain

ma! f'(rp) a(rn)

A=\ g log (1) \ B

(B11)

Appendix C: High frequencies suppression

In the text calculations we see integrals in the form

/ " doh(w) LY (C1)

ebv 4+ 1

where g(wt) is a periodic function such as cos(wt) or sin(wt), with maxima and minima for
the arguments equal to nm with n =0, 1,2, ... . Note that this kind of integral is dominated
by the frequencies w < T, where T' = 1/ is the temperature of the system. Making the

change of variables:

the integral becomes

/0 T vy 9@) (C2)
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with & = 3/t. The function egffil works like a “filter”, each maximum (minimum) chooses

one specific value of x of the function h(z). Those values are given by x = nz. For the n-th

maximum (minimum) P, we have:

+1
P =—. C3
ekmr +1 ( )
For x, = nm > 1/k we can approximate:
), & e hT (C4)

This means that for large values of z,, the function h(x) is exponentially suppressed. In

terms of frequencies we can write that:

1 t 1
Tp =Wt > == —= w, >—-=T C5
Py 3 (C5)

Thus, frequencies higher than the temperature are exponentially suppressed in the integral.
Then, it is a good approximation to take frequencies smaller than the temperature T in
the function h(w) in the integral. In the case where the chemical potential is non-zero, the

relevant integral is

> g(wt)
after the change of variables
w—y=1tw—p) (C7)

this integral becomes

| By L2 (©8)

€ ety +1

where k = /t. Then, in an analogous way we conclude that for

s it
Yn =07 > =
= w,—u>T (C9)

the function A is exponentially suppressed.
Note that in the case of fermions we have p > 0 and then w, > w, — p making that

frequencies satisfying

wo > T (C10)
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Become exponentially suppressed as well.
For bosons, in the limit of |u| < w,, or |u| < T we have that (C9)) implies that frequencies
wy > T are suppressed too. On the other hand, in the case of || > T, 2 = e™?* > 1 and

we can write

/0 h dwh(w)eﬁ(g& _1 /0 " doh(w) 2D (1)

won) — 1 g e — 17
z

from this we can use the same argument carried out after Eq. and conclude that

frequencies
wp > T, (C12)

are essentially irrelevant for the integral.

[1] J. de Boer, V. E. Hubeny, M. Rangamani and M. Shigemori, JHEP 07, 094 (2009)
doi:10.1088/1126-6708,/2009/07/094 [arXiv:0812.5112! [hep-th]].

[2] D. Tong and K. Wong, “Fluctuation and Dissipation at a Quantum Critical Point,” Phys.
Rev. Lett. 110, no.6, 061602 (2013) [arXiv:1210.1580! [hep-th]].

[3] M. Edalati, J. F. Pedraza and W. Tangarife Garcia, “Quantum Fluctuations in Holographic
Theories with Hyperscaling Violation,” Phys. Rev. D 87, no.4, 046001 (2013) [arXiv:1210.6993
[hep-th]].

[4] D. Giataganas, D. S. Lee and C. P. Yeh, “Quantum Fluctuation and Dissipation in Holographic
Theories: A Unifying Study Scheme,” JHEP 08, 110 (2018) [arXiv:1802.04983! [hep-th]].

[5] P.Banerjee, “Holographic Brownian motion at finite density,” Phys. Rev. D 94, no.12, 126008
(2016) [arXiv:1512.05853 [hep-th]].

[6] N. G. Caldeira, E. Folco Capossoli, C. A. D. Zarro and H. Boschi-Filho, “Fluctuation and
dissipation from a deformed string/gauge duality model,” Phys. Rev. D 102 (2020) no.8,
086005 doi:10.1103 /PhysRevD.102.086005 [arXiv:2007.00160! [hep-th]].

[7] A. Karch, E. Katz, D. T. Son and M. A. Stephanov, “Linear confinement and AdS/QCD,”
Phys. Rev. D 74, 015005 (2006) [arXiv:hep-ph/0602229 [hep-ph]].

[8] O. Andreev and V. I. Zakharov, “Heavy-quark potentials and AdS/QCD,” Phys. Rev. D 74,
025023 (2006) |arXiv:hep-ph/0604204 [hep-ph]].


http://arxiv.org/abs/0812.5112
http://arxiv.org/abs/1210.1580
http://arxiv.org/abs/1210.6993
http://arxiv.org/abs/1802.04983
http://arxiv.org/abs/1512.05853
http://arxiv.org/abs/2007.00160
http://arxiv.org/abs/hep-ph/0602229
http://arxiv.org/abs/hep-ph/0604204

[9]

[11]

[12]

[15]

[16]

[20]
[21]

22]

36

N. G. Caldeira, E. Folco Capossoli, C. A. D. Zarro and H. Boschi-Filho, “Fluctuation and
dissipation within a deformed holographic model with backreaction,” Phys. Lett. B 815,
136140 (2021) doi:10.1016/j.physletb.2021.136140 [arXiv:2010.15293! [hep-th]].

N. G. Caldeira, E. F. Capossoli, C. A. D. Zarro and H. Boschi-Filho, “Fermionic and bosonic
fluctuation-dissipation theorem from a deformed AdS holographic model at finite temperature
and chemical potential,” Eur. Phys. J. C 82, no.1, 16 (2022) doi:10.1140/epjc/s10052-021-
09963-3 [arXiv:2104.08397' [hep-th]].

A. Bodrova, A. Chechkin, A. Cherstvy et al., “Underdamped scaled Brownian motion: (non-)
existence of the overdamped limit in anomalous diffusion”, Sci. Rep. 6 30520 (2016)

L. Huijse, S. Sachdev and B. Swingle, “Hidden Fermi surfaces in compressible states of
gauge-gravity duality,” Phys. Rev. B 85, 035121 (2012) doi:10.1103/PhysRevB.85.035121
[arXiv:1112.0573] [cond-mat.str-el]].

S. S. Gubser and F. D. Rocha, “Peculiar properties of a charged dilatonic black hole in AdSs,”
Phys. Rev. D 81, 046001 (2010) [arXiv:0911.2898] [hep-th]].

D. N. Zubarev, “Nonequilibrium Statistical Thermodynamics,” (Plenum Press, New York,
1974)

Y. A. Markov and M. A. Markova, “On the fluctuation-dissipation theorem for soft fermionic
excitations in a hot QCD plasma,” Nucl. Phys. A 840, 76-96 (2010) [arXiv:0909.0377/[hep-ph]].
J. Zaanen, Y. W. Sun, Y. Liu and K. Schalm, Holographic Duality in Condensed Matter
Physics, Cambridge University Press, 2015.

K. Novoselov, A. Geim, S. Morozov et al. “T'wo-dimensional gas of massless Dirac fermions in
graphene”. Nature 438, 197-200 (2005). https://doi.org/10.1038 /nature04233

L. Moriconi, and D. Niemeyer. “Graphene conductivity near the charge neutral point.” Phys-
ical Review B 84.19 (2011): 193401.

X. Dong, S. Harrison, S. Kachru, G. Torroba and H. Wang, “Aspects of holography for
theories with hyperscaling violation,” JHEP 06, 041 (2012) doi:10.1007/JHEP06(2012)041
[arXiv:1201.1905/ [hep-th]].

S. A. Hartnoll, A. Lucas and S. Sachdev, Holographic Quantum Matter, MIT Press, 2018.

S. S. Gubser and I. Mitra, “The Evolution of unstable black holes in anti-de Sitter space,”
JHEP 08, 018 (2001) doi:10.1088/1126-6708/2001/08/018 |arXiv:hep-th/0011127 [hep-th]].

N. Ogawa, T. Takayanagi and T. Ugajin, “Holographic Fermi Surfaces and Entanglement


http://arxiv.org/abs/2010.15293
http://arxiv.org/abs/2104.08397
http://arxiv.org/abs/1112.0573
http://arxiv.org/abs/0911.2898
http://arxiv.org/abs/0909.0377
http://arxiv.org/abs/1201.1905
http://arxiv.org/abs/hep-th/0011127

37

Entropy,” JHEP 01, 125 (2012) doi:10.1007/JHEP01(2012)125 [arXiv:1111.1023 [hep-th]].

[23] S. Kachru, X. Liu and M. Mulligan, “Gravity duals of Lifshitz-like fixed points,” Phys. Rev.
D 78 (2008), 106005 doi:10.1103/PhysRevD.78.106005 [arXiv:0808.1725' [hep-th]].

[24] M. Cvetic, M. J. Duff, P. Hoxha, J. T. Liu, H. Lu, J. X. Lu, R. Martinez-Acosta,
C. N. Pope, H. Sati and T. A. Tran, “Embedding AdS black holes in ten-dimensions
and eleven dimensions,” Nucl. Phys. B 558 (1999), 96 do0i:10.1016/S0550-3213(99)00419-8
[arXiv:hep-th /9903214 [hep-th]].

[25] W. Magnus, S. Wrinkler, Hill’s Equation, Dover, 1979.


http://arxiv.org/abs/1111.1023
http://arxiv.org/abs/0808.1725
http://arxiv.org/abs/hep-th/9903214

	Bosonic and Fermionic Holographic Fluctuation and Dissipation at finite temperature and density
	Abstract
	Contents
	Introduction
	Nambu-Goto action and equations of motion
	General solution in the hydrodynamic limit

	Admittance and diffusion coefficient
	Correlation functions
	Grand canonical ensemble and correlation functions

	Fluctuation-dissipation theorem
	Mean square displacements
	Zero chemical potential 
	Bosons
	Fermions

	Finite chemical potential 
	Bosons
	Fermions

	Summary and discussions on sreg2

	Hyperscaling violation at finite temperature for bosons and fermions
	Bosons
	Fermions
	The particular case =d
	Bosons
	Fermions

	The particular case =d-1
	Bosons
	Fermions


	Charged dilatonic AdS black holes
	Bosons
	Fermions

	Conclusions
	Acknowledgments
	Solution for the EoM
	Regge-Wheeler coordinate and Schrödinger-like equation
	Region A: Deep IR

	Neumann boundary condition and Normalization
	Neumann boundary condition
	Normalization

	High frequencies suppression
	References


