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Measurements in the quantum domain can exceed classical notions. This concerns fundamental questions
about the nature of the measurement process itself, as well as applications, such as their function as building
blocks of quantum information processing protocols. In this paper, we explore the notion of entanglement
for detection devices in theory and experiment. A method is devised that allows one to determine nonlocal
quantum coherence of positive operator-valued measures via negative contributions in a joint distribution that
fully describes the measurement apparatus under study. This approach is then applied to experimental data for
detectors that ideally project onto Bell states. In particular, we describe the reconstruction of the aforementioned
entanglement quasidistributions from raw data and compare the resulting negativities with those expected from
theory. Therefore, our method provides a versatile toolbox for analyzing measurements regarding their quantum-
correlation features for quantum science and quantum technology.

I. INTRODUCTION

Quantum phenomena are understood today as novel re-
sources for advanced quantum operations that constitute the
foundation of modern quantum technologies. A variety of no-
tions of nonclassicality, such as entanglement, are results of
quantum superpositions of states. Such quantum interference
phenomena, nowadays collectively referred to as quantum co-
herence, can provide the sought-after resources for quantum
information processing [1–3]. While the notion of coherence
has a longstanding tradition in quantum optics [4–8], only re-
cently have broader concepts of quantum coherence been rec-
ognized and extensively studied in the context of operational
usefulness in quantum information theory. This encompasses
entanglement of multipartite quantum states as the essential
nonlocal component of quantum coherence [2, 9]. For in-
stance, entanglement is the basis for steering [10], as well
as generalized notions of conditional quantum correlations
[11, 12].

Equally fundamental, yet less frequently addressed, is the
matter of the quantumness of measurements. Recently, how-
ever, this topic has gained considerable momentum, and mul-
tiple theoretical methods for the certification of quantum fea-
tures of detectors were put forward [13–19]. Making the
leap from state-based quantum coherence to quantifying the
quantum performance of measurement devices is important
for measurement-based quantum computation, providing an
equivalent approach to state-based information processing
[20, 21]. Beyond its relevance for such application, general
observables, determined by so-called positive operator-valued
measures (POVMs, that project onto nonclassical states are
essential for quantum protocols. For example, entangled Bell-
state measurements (BSMs) are paramount in quantum tele-
portation and, by extension, in quantum repeaters for quantum
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communication via entanglement swapping; see, e.g., Ref.
[22] for a recent experiment. In addition, pioneering exper-
iments have reported on the quantumness of measurements
[23–25]. For example, experiments have confirmed the non-
commutativity of certain observables [26, 27] and proved the
incompatibility of quantum measurements with classical sta-
tistical models on a quantitative basis. Furthermore, funda-
mental measurement-induced quantum coherence effects of
sequential measurements have been investigated [28]. How-
ever, a generally applicable strategy for a theoretical and ex-
perimental certification of nonlocal coherence of measure-
ments is still missing.

In the context of quantum optics, the close relation be-
tween entanglement and quantum coherence of multimode
light is well known [29–31], and quantitative relations be-
tween single-mode nonclassicality and multimode entangle-
ment have been established [32]. In this context, quasiprob-
abilities are arguably the most essential and widely applied
tool for the characterization of quantum states of quantum
fields; see Ref. [33] for a recent review. Nonclassical mul-
timode radiation fields are identified through the failure of
such quasiprobabilities to find a correspondence in classical
probability theory, typically displayed through negativities.
Even though exceptions exist [34], in general, the origin of
such negativities, be it single-mode quantum effects or entan-
glement, cannot be distinguished. Moreover, certain notions
of quantum coherence are not detectable via quantum-optical
quasiprobabilities. To mitigate this limitation, a construction
of quasiprobabilities for general notions of quantum coher-
ence of states has been formulated [35]. This includes the
theory of entanglement quasiprobabilities, whose negativities
are a necessary and sufficient criterion for the identification
of entanglement, for either bi- and multipartite states [35].
Such entanglement quasiprobabilities even found applications
in experiments to probe sources of entangled light [36].

The experience from quantum optics can serve as a guide
to further extend detector characterization strategies to mod-
ern concepts. For example, the nonclassical properties of
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single-photon detectors have been studied in experiments via
quantum-optical quasidistributions [37]. Such a quasidistri-
bution applies to detectors and is nonnegative for classical
detection devices but not necessarily normalized, contrasting
quasiprobabilities of states. A similar methodology for detec-
tor entanglement has not been established or implemented to
date. Moreover, very recently, the relation between quantum
coherence and entanglement of measurements has been stud-
ied in theory [38], analogously to the connection of single-
mode nonclassicality and entanglement for states. Despite
this intriguing relationship, however, the approach provides
neither a practical nor an intuitive tool for the quantitative
assessment of detector entanglement akin to negativities in
quasiprobabilities.

In this paper we introduce and implement a methodology
for the entanglement characterization of POVMs in terms of
quasidistributions. This allows us to assess the entanglement
of detection devices on the basis of negativities in those distri-
butions, constituting a necessary and sufficient method to de-
tect entanglement of measurements. Using data from detector
tomography, we present in great detail the reconstruction of
such quasidistributions for general two-qubit measurements
in experiments. The resulting negativities of this treatment
are then compared with the predictions for ideal BSMs to as-
sess the quality of detector entanglement. By mixing POVM
elements, we further show that non-entangled measurements
are accompanied by nonnegative distributions. Moreover, a
probe-state method is devised as a sufficient criterion to probe
POVM entanglement, which is applied theoretically to study
qudits and multipartite settings. Thereby, we provide a prac-
tical toolbox for studying the quantum performance of detec-
tors with respect to their entanglement features for fundamen-
tal studies in quantum science and applications in quantum
technology.

II. POVM ENTANGLEMENT

In this section we establish the notion of entanglement of
detection devices. The paper performs a different data anal-
ysis of the experiment reported in Ref. [39], implementing
a detector tomography for BSMs, and develops the theory
of entanglement quasidistributions for detectors, being based
on entanglement quasiprobabilities for bi- and multipartite
states [35]. An experimental reconstruction of entanglement
quasiprobabilities for a Bell state was carried out [36]. Also,
the role of complex numbers for the notion of entanglement
was experimentally explored in this manner by studying two-
rebit states [40]. Still, to date, experimental entanglement
characterization of POVMs carried out using the approach
of entanglement quasiprobabilities is lacking. A key feature
of our approach is that detector entanglement is intuitively
displayed via negativities in joint distributions of POVM el-
ements. The underlying method for two qubits employs the
two-qubit state representation known as standard form [41],
being a correlation-diagonal representation in Pauli matrices,
which is discussed later.

We formulate the formal aspects of POVM entanglement

in Sec. II A. Theoretical expectations for BSMs are discussed
in Sec. II B. The experiment under study is described in Sec.
II C. We conclude this section with an outline of the remainder
of this work, Sec. II D.

A. Defining POVM entanglement

Let Πk be an element of a POVM, obeying ∀k : Πk ≥ 0 and
∑k Πk = 1. As it applies to the experiment under considera-
tion, we restrict ourselves to finite-dimensional Hilbert spaces
for the sake of simplicity, especially, two qubits in the fol-
lowing sections. Similarly to the definition of separable states
[42], we say that a POVM is separable if the decomposition

Πk = ∑
a,b

Qk(a,b)|a〉〈a|⊗ |b〉〈b|, (1)

in which Qk is a nonnegative joint distribution, holds true for
all k. If this is not the case, we say the detection is entan-
gled. Since local projectors form a generating set of the entire
space of operators [43], the above decomposition is always
possible when relaxing the nonnegativity constraint. Specifi-
cally, Πk is entangled if Qk � 0, meaning there exists an en-
try Qk(a,b) < 0 for at least one pair (a,b). Here, the word
quasidistributions, rather than quasiprobability, is appropri-
ate since a POVM element Π is not necessarily normalized,
tr(Π) 6= 1, and quasiprobabilities require a unit normalization.
In general, the representation via such quasidistributions is
not unique [35]. The construction of optimal entanglement
quasiprobabilities that ensure nonnegativity for the separable
states was derived in Ref. [35]. This method straightforwardly
extends to POVMs as Π/tr(Π) describes a quantum state, be-
ing possible in finite-dimensional spaces where tr(Π) < ∞ is
always obeyed.

For the scenario of two qubits and using local trans-
formations T (A) ⊗ T (B), two-qubit states can be put into
the so-called standard form [T (A) ⊗ T (B)]ρ[T (A) ⊗ T (B)]† =
∑w ρwσ⊗2

w , which is diagonal in the Pauli matrices σw, w ∈
{0,x,y,z} [41]. This principle extends to general two-qubit
POVM elements Π. How to obtain this standard form from
data was derived in Ref. [36] and is the basis to obtain op-
timal quasidistributions via solutions of the so-called separa-
bility eigenvalue equations [35]. Thereby, optimal quasidistri-
butions for entanglement can be computed that are negative if
and only if the POVM element is entangled, extending beyond
two qubits too [35].

To clarify, the entanglement of a measurement device is
here defined through one or multiple POVM elements that
are not nonnegative combinations of local product projectors
[Eq. (1)]. As demonstrated later (Sec. V C), this further
means that for certain states detection outcomes are possi-
ble that are incompatible with local (i.e., separable) POVMs
alone. This is achieved by so-called entanglement-probing
states for nonlocal POVM elements, mirroring the entangle-
ment of states when certified through entanglement witnesses
[44]. We emphasize that our approach, despite this similarity,
characterizes the entanglement of the measurement scheme
under study, as represented through its POVM. In addition,
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FIG. 1. Ideal entanglement quasidistributions Qk for k ∈ {0,x,y,z} [Eq. (2)] for Bell-projection POVM elements [Eq. (3)]. Positive contribu-
tions (+1/3) display classical detector correlations while negativities (−1/6) are an unambiguous certification of POVM entanglement. Local
projectors |w±〉〈w±| (left Bloch-sphere plots) are eigenstates of the Pauli matrices σw for w ∈ {x,y,z}, allowing for a decomposition of the
POVM elements according to Eq. (1).

in our following experimental study, the possibility to record
outcomes that are incompatible with local detection devices
is uniquely identified through negativities in the previously
discussed entanglement quasidistributions Qk of POVM ele-
ments Πk.

B. Predictions for BSMs

Suppose the standard form Π = ∑w∈{0,x,y,z}πwσ⊗2
w . Then

the optimal quasidistribution in a compact form reads [35, 36]

Q
(

w(A)
±(A) ,w

(B)
±(B)

)
=
(q

3
+ |πw(A) |±(A)±(B)

πw(A)

)
δw(A),w(B) ,

(2)
with the parameter q = π0 − |πx| − |πy| − |πz| and the Kro-
necker symbol δ . Furthermore, w± labels the eigenstates of
Pauli operators, σw|w±〉=±|w±〉, and the superscripts deter-
mine Alice’s (A) and Bob’s (B) subsystems, including signs
of their eigenvalues. Note that q≥ 0 and q < 0 apply to sepa-
rable and inseparable operators, respectively [35].

As an example, consider a BSM, represented by the set
{Π0,Πx,Πy,Πz}. Each element Πw is a projector Πw =
|ψw〉〈ψw| for a Bell state |ψw〉 that is already in standard form.

That is, we have

Π0 =
σ
⊗2
0 −σ⊗2

x −σ⊗2
y −σ⊗2

z

4
,

Πx =
σ
⊗2
0 −σ⊗2

x +σ⊗2
y +σ⊗2

z

4
,

Πy =
σ
⊗2
0 +σ⊗2

x −σ⊗2
y +σ⊗2

z

4
,

and Πz =
σ
⊗2
0 +σ⊗2

x +σ⊗2
y −σ⊗2

z

4

(3)

for the Bell states |ψ0〉 = (|0〉⊗ |1〉− |1〉⊗ |0〉)/
√

2, |ψx〉 =
(|0〉⊗ |0〉− |1〉⊗ |1〉)/

√
2, |ψy〉= (|0〉⊗ |0〉+ |1〉⊗ |1〉)/

√
2,

and |ψz〉 = (|0〉⊗ |1〉+ |1〉⊗ |0〉)/
√

2, respectively, using the
computational basis {|0〉, |1〉}. Applying Eq. (2), the result-
ing ideal quasidistributions for BSMs are depicted in Fig. 1.
The negativities in those quasidistributions tell us that pro-
jective measurements onto Bell states are in fact entangled.
Those entangled POVM elements of ideal Bell projectors will
be compared with our experimental reconstruction later in this
paper.
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FIG. 2. Sketch of the detection scheme that implements a BSM. A
comprehensive characterization of our realization can be found in
Ref. [39]. Because of the final detection in the D-A basis, the POVM
elements are labeled as ΠAA, ΠAD, ΠDA, and ΠDD throughout this
work, indicating between which detectors coincidences have been
recorded.

C. Experimental setup

Consider the entangling detector (Fig. 2), which is based
on the use of a photonic control-sign gate (C-SIGN) for po-
larization qubits [39, 45–47]. The C-SIGN gate acts on a
pair of computational two-qubit basis states as | jA〉⊗ | jB〉 7→
(−1) jA· jB | jA〉⊗| jB〉 for jA, jB ∈ {0,1}, introducing a π-phase
shift when both qubits take the value true jA = jB = 1. Two
photons from degenerate spontaneous down-conversion arrive
at a partially polarizing beam splitter (PPBS), whose trans-
mittivities are TH = 1 for the horizontal (H) component and
TV = 1/3 for the vertical (V ) component; therefore, quantum
interference can only occur for vertical components, resulting
in the desired state-dependent phase shift. Two extra beam
splitters of this kind, rotated by 90◦, are inserted into the two
output ports in order to balance polarization-dependent loss
[48]. The gate works in postselection, accepting only events
leading to a coincidence between the two outputs.

The action of the gate leads the entangled states√
2
−1/2

(|z+x+〉 ± |z−x−〉) to |x±x+〉 and similarly
√

2
−1/2

(|z+x−〉 ± |z−x+〉) to |x±x−〉. Considering the
polarization encoding in Table I, this implies that the four
states in the Bell basis can be discriminated after the gate by a
separable measurement in the diagonal basis. In combination,
we expect POVM elements to correspond to projectors on
Bell states [39]. The main factors causing a departure from
the ideal can be identified in the actual values of TH and
TV , imperfect visibility, and local phase shifts. These cause
not only mixtures but also an unbalance of the expected
probabilities. A complete characterization of the BSM
experiment was presented in Ref. [39]; we use the same set
of data for our analysis of quasidistributions here.

TABLE I. Computational bases (first column) as chosen for Alice
(second column) and Bob (third column) in terms of polarization
states. Also, the relation to eigenstates |w±〉 of Pauli matrices σw
are provided. (Note that irrelevant global phases are not included.)

Computational Alice Bob
|0〉= |z+〉 |H〉 |D〉
|1〉= |z−〉 |V 〉 |A〉
|0〉+|1〉√

2
= |x+〉 |D〉 |H〉

|0〉−|1〉√
2

= |x−〉 |A〉 |V 〉
|0〉+i|1〉√

2
= |y+〉 |L〉 |R〉

|0〉−i|1〉√
2

= |y−〉 |R〉 |L〉

D. Preliminary summary and outline

Analogous to the notion of inseparability of states [42], the
notion of inseparable POVMs was established in this section,
which naturally extends to more than two parties. Since even
nonlocal operators can be expanded via products of local oper-
ators [43], we argued that entangled POVM elements may be
expressed in this manner, however, requiring negative expan-
sion coefficients which are not needed for separable detectors.
This defines the concept of entanglement quasidistributions
of POVMs, and negativities in such distributions are a nec-
essary and sufficient criterion for entanglement of detection
devices. This approach also unifies quasiprobabilities for en-
tangled states [35] with quasidistributions for detector entan-
glement. As examples with specific relevance for the continu-
ation of this work, we considered BSMs in two-qubit systems.
An additional probe-state method to witness POVM entangle-
ment in multipartite qudit systems is introduced at the end of
this work, complementing the quasidistribution approach.

In the remainder of this paper, the specific steps from raw
data to entanglement quasidistributions for a BSM are laid
out, further applying to arbitrary two-qubit measurements.
Specifically, the data processing for the detector tomography
is described in Sec. III. Further processing then yields the
sought-after entanglement quasidistributions in Sec. IV. A
concluding discussion is given in Sec. V, which includes a
comparison with our theoretical predictions. For instance,
the quality of the BSM is assessed by analyzing the maxi-
mal negativities, the negativities with the highest statistical
significance, and the total negativities. Also, a comparison
with separable detectors is carried out, where non-entangled
POVMs can be straightforwardly mimicked by mixing data to
eliminate quantum correlations. This leads to a description of
POVMs via quasiprobabilities with negativities in joint distri-
butions as unique signatures of its entanglement.

III. DATA PROCESSING I: DETECTOR TOMOGRAPHY

In this section, we start with presenting the measured data
in Sec. III A, suitable local computational bases are estab-
lished in Sec. III B, the POVM is reconstructed in Sec. III C,
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FIG. 3. Raw data in the form of the total number of measured co-
incidences from both detectors (top plot) and the resulting relative
coincidences for each POVM element Πk. Axes label the input prod-
uct states for horizontal (H), vertical (V ), diagonal (D), antidiagonal
(A), right-circular (R) and left-circular (L) polarization for realizing
the detector tomography. Note that bars for relative coincidences
are filled to the value 1/4 to easily distinguish between above- and
below-average count rates, i.e., the deviation from uniformity of the
total counts distributed among the four individual POVM elements.

and corrections for unphysical features of POVM elements are
discussed in Sec. III D.

A. Raw data

Data for each POVM element are recorded for product
states |a〉 ⊗ |b〉 with known polarization to implement a de-
tector tomography. For each element, the coincidence counts
Ek(a,b) for k ∈ {AA,AD,DA,DD} can be summed to obtain
the total counts for each probe state, E(a,b) = ∑k Ek(a,b).
Thereby, relative frequencies

pk(a,b) =
Ek(a,b)
E(a,b)

= tr(Πk|a〉〈a|⊗ |b〉〈b|) (4)

can be defined, yielding the probabilities for the following
reconstruction. Those total counts and relative coincidences
are shown in Fig. 3, representing our raw data. The probe
states for both subsystems comprise |H〉, |V 〉, |D〉 = (|H〉+

|V 〉)/
√

2, |A〉= (|H〉−|V 〉)/
√

2, |R〉= (|H〉− i|V 〉)/
√

2, and
|L〉= (|H〉+ i|V 〉)/

√
2, being the common mutually unbiased

bases of a polarization qubit.

B. Local computational bases

As outlined in Ref. [39], it is convenient to consider well-
chosen local bases. That is, Alice uses a horizontal-vertical
basis and Bob employs a diagonal-antidiagonal one. This
choice has no effect on the entanglement but changes repre-
sentations of Pauli matrices that are used to determine corre-
lations and that are formulated in terms of the computational
basis {|0〉, |1〉}: σz = |0〉〈0|− |1〉〈1|, σx = |0〉〈1|+ |1〉〈0|, and
σy = i|1〉〈0|− i|0〉〈1|. In Table I, the choices of bases for the
measured data are provided. With that, local Pauli matrices
can be straightforwardly obtained,

σw = |w+〉〈w+|− |w−〉〈w−| for w ∈ {x,y,z}, (5)

which is relevant for determining the correlations
tr(Πkσw(A) ⊗ σw(B)) for the POVM elements Πk under
study. For completeness, the 2× 2 identity can be expressed
symmetrically as

σ0 =
1
3

σ0 +
1
3

σ0 +
1
3

σ0

=
1
3 ∑

w∈{x,y,z}
(|w+〉〈w+|+ |w−〉〈w−|) .

(6)

C. Correlation matrix and POVM reconstruction

Our goal is now to decompose the elements Πk in terms
of Pauli matrices, Πk = ∑w(A),w(B)∈{0,x,y,z}πw(A),w(B)|kσw(A) ⊗
σw(B) , also defining a Pauli-correlation matrix Ck =
[πw(A),w(B)|k]w(A),w(B)∈{0,x,y,z}. This further yields the computa-
tional basis expansion of Πk from the informationally com-
plete set of measurements. For a measured probe state, e.g.,
|a〉⊗|b〉= |w(A)

±(A)〉⊗|w
(B)
±(B)〉, we can use Eq. (4) and the bases

in Table I to obtain the desired coefficients from the data in
Fig. 3. To this end, we can define the matrix of relative coin-
cidences Pk = [pk(a,b)]a,b∈{H,V,D,A,R,L} and sampling matrices

S(A) =


1
3

1
3

1
3

1
3

1
3

1
3

0 0 1 −1 0 0
0 0 0 0 −1 1
1 −1 0 0 0 0



and S(B) =


1
3

1
3

1
3

1
3

1
3

1
3

1 −1 0 0 0 0
0 0 0 0 1 −1
0 0 1 −1 0 0

 .
(7)
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Together, those matrices deliver the sought-after expansion
coefficients via

Ck =
1
4

S(A) Pk S(B)T

=
[
tr
(
Πk

1
2 σw(A) ⊗ 1

2 σw(B)

)]
w(A),w(B)∈{0,x,y,z}

=
[
πw(A),w(B)|k

]
w(A),w(B)∈{0,x,y,z}

,

(8)

using orthogonality in the form tr(σwσw′) = 2δw,w′ . The coef-
ficients of the sampling matrices in Eq. (7) describe the rela-
tions in Eqs. (5) and (6) as well as Table I.

From the computed coefficients, i.e., elements of Ck, one
also obtains the basis expansion of Πk as the expansion of the
Pauli matrices is known. In Fig. 4, this bipartite basis expan-
sion as obtained from the data is depicted. We find that, from
top to bottom, the POVM elements resemble projective mea-
surements for the Bell states |ψ0〉, |ψx〉, |ψz〉, and |ψy〉. The
fidelities with those projectors were reported previously [39],
using a different reconstruction approach, and are all above
90%.

D. Noise addition for indefiniteness

Within the numerical precision (10−9), the reconstructed
POVM elements satisfy ∑k Πk = 1. However, the positive
semidefiniteness, Πk ≥ 0, is slightly violated, constituting a
common issue in tomographic reconstruction schemes. This
indefiniteness can be easily accounted for without falsely in-
creasing POVM entanglement properties; this is discussed in
the following.

For the aforementioned correction, we consider a uniform
white-noise addition

Πk 7→ (1− p)Πk + p
1
4
1 (9)

for all four POVM elements and 0 ≤ p ≤ 1. Since the two-
qubit identity 1 = σ

⊗2
0 is a product—hence, uncorrelated—

operator, the above mixing operation with the separable 1

cannot increase inseparability. Moreover, ∑k Πk = 1 is also
not influenced by this mapping. In the following, the mix-
ing probability p is chosen such that Πk ≥ 0 is simultaneously
satisfied for all k. Importantly, this procedure makes sure that
negativities we observe in quasidistributions are a result of en-
tanglement and not a result from slightly unphysical POVM
reconstructions.

Let −λmax. neg. be the minimal eigenvalue of all POVM el-
ements. (We set λmax. neg. = 0 if all elements are already pos-
itive semidefinite.) To further enhance numerical stability, we
can add a small extra margin, λmax. neg. 7→ λmax. neg. + 10−5,
implying positive definiteness Πk > 0. In our case, we get
λmax. neg. ≈ 0.05 in this manner, which is comparably small
considering maximal positive eigenvalues that are close to
unity. Finally, the map in Eq. (9) results in a proper (i.e., phys-
ical) POVM for p = λmax. neg./(λmax. neg. +1/4). The thereby
obtained POVM is used for further entanglement characteri-
zation, despite resulting in reduced quantum correlations be-
cause of the extra uncorrelated noise.

FIG. 4. Reconstructed Πk in terms of the real (left column) and imag-
inary (right column) parts in the computational basis |k(A)〉〈l(A)| ⊗
|k(B)〉〈l(B)| for k(A), l(A),k(B), l(B) ∈ {0,1}. Imaginary contributions
are comparably small. Real parts show relations to measurements in
terms of Bell-state projectors. No corrections for imperfections have
been carried out to determine the decomposition shown.

IV. DATA PROCESSING II: QUASIDISTRIBUTION
RECONSTRUCTION

In this section, the reconstruction of entanglement quasidis-
tributions is carried out, which is based on the results of the
preceding section. The transformation of correlation matri-
ces to the standard form is presented in Sec. IV A, and the
thereby implied transformation of local bases states is given
in Sec. IV B. The propagation of uncertainties via a common
Monte Carlo approach is explained for completeness in Sec.
IV C.
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A. Transformation to standard form

As developed in Ref. [36], the numerical transformation
of the correlation matrices Ck, containing the expansion co-
efficients of Πk in a Pauli-operator expansion, is a two-step
process. The first transformation removes local elements
such that coefficients for σw⊗σ0 and σ0⊗σw vanish for all
w ∈ {x,y,z}. The second step is a rotation for concluding
the diagonalization, meaning that coefficients for σw⊗σw′ be-
come zero for w 6= w′.

In Fig. 5, the two steps are depicted, exemplified for Πk
with k = AA. One can see how Ck is successively becoming
more diagonal. The first step, (i)7→(ii), acts like a Lorentz
boost operation on the Pauli-expansion [36, 41]. In terms of
the operators themselves, this describes a local invertible op-
eration

Π 7→
[
L(A)⊗L(B)

]
Π

[
L(A)⊗L(B)

]†
, (10)

where the inverse for both L(A) and L(B) exists but is generally
not unitary. The second transformation (ii) 7→(iii) is a SO(3)
rotation in the Pauli representation. It is worth mentioning
that the rotations are chosen such that the ordering of magni-
tudes and signs along the diagonal are preserved, which helps
to minimize rotations on the Bloch sphere and preserves direc-
tionality to some extent when compared with our initial local
basis choice. The obtained rotations act as a local unitary on
the operators

Π 7→
[
U (A)⊗U (B)

]
Π

[
U (A)⊗U (B)

]†
. (11)

Eventually, we obtain the sought-after standard form to which
we can apply the quasidistribution as expressed in Eq. (2),
likewise

[
U (A)L(A)⊗U (B)L(B)

]
Π

[
U (A)L(A)⊗U (B)L(B)

]†

= ∑
w∈{0,x,y,z}

πwσ
⊗2
w =

6

∑
k,l=1

Q(ak,bl)|ak〉〈ak|⊗ |bl〉〈bl |,
(12)

where we relabel the states [x+,x−,y+,y−,z+,z−] as
[a1, . . . ,a6] and [b1, . . . ,b6] for convenience and Q is the so-
lution in standard form (2). The numerical specifics for deter-
mining the boost-like and rotation operations can be found in
the Supplemental Material of Ref. [36].

B. Local basis transformations

Conversely to the previous relation, we can express the
POVM element as through the inverse transformation. That

is, we have

Π =
6

∑
k,l=1

Q(ãk, b̃l)|ãk〉〈ãk|⊗ |b̃l〉〈b̃l |

=
[
U (A)L(A)⊗U (B)L(B)

]−1

×

[
6

∑
k,l=1

Q(ak,bl)|ak〉〈ak|⊗ |bl〉〈bl |

]

×
[
U (A)L(A)⊗U (B)L(B)

]−†
.

(13)

In this formula, we use normalized states and a correspond-
ingly renormalized distribution, given as follows:

|ãk〉〈ãk|=
L(A)−1U (A)†|ak〉〈ak|U (A)L(A)−†

〈ak|U (A)L(A)−†L(A)−1U (A)†|ak〉
,

|b̃l〉〈b̃l |=
L(B)−1U (B)†|bl〉〈bl |U (B)L(B)−†

〈bl |U (B)L(B)−†L(B)−1U (B)†|bl〉
, and

Q(ãk, b̃l) =Q(ak,bl)〈ak|U (A)L(A)−†L(A)−1U (A)†|ak〉

×〈bl |U (B)L(B)−†L(B)−1U (B)†|bl〉.

(14)

Similarly to the previous two-step description, we depict the
resulting transformation of both local states from standard
form over rotations [U (A)⊗U (B)]−1 to the final boost trans-
formations [L(A)⊗L(B)]−1 in Fig. 6.

We can also confirm that the POVM element expressed by
this quasidistribution and the corresponding local states does,
within the numerical precision, exactly describe the previ-
ously reconstructed POVM element in Fig. 4. This demon-
strates the successful representation of an entangled POVM
via quasidistributions.

C. Error propagation

The methods described so far have been applied to estimate
mean values. To determine uncertainties, a random sample
for a Monte Carlo error propagation is prepared. Each sample
element undergoes the aforementioned processing, allowing
one to estimate the resulting fluctuations. The ensuing error
estimates for our quasidistributions are depicted in Fig. 7.

To implement the error propagation, a sample of 10000 rel-
ative coincidence matrices [Pk(a,b)]k∈{AA,AD,DA,DD} is gener-
ated for each probe-state setting (a,b). This sample is dis-
tributed with a mean that corresponds to previously deter-
mined relative frequencies µk = Pk(a,b) = Ek(a,b)/E(a,b)
[Eq. (4)]. Fluctuations are implemented through the covari-
ance matrix of the counting statistics Σk,k′ = [δk,k′Pk(a,b)−
Pk(a,b)Pk′(a,b)]/[E(a,b)− 1] to describe the standard devi-
ation as well as cross-correlations in the data. These uncer-
tainties are multiplied by 1.05 to provide an extra 5% error
margin as a safeguard to counter common issues, such as un-
dersampling. The sample elements generated in this manner
are further chosen to be normalized and nonnegative as they
resemble probabilities Pk(a,b)≥ 0 and ∑k Pk(a,b) = 1.
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FIG. 5. Transformation to the standard form of the correlation matrix CAA = [πw,w′|AA]w,w′∈{0,x,y,z} that describes the POVM element ΠAA as
an example. The initial matrix (i) is transformed such that πw,0|AA = π0,w′|AA = 0 holds true for (ii), thus removing local correlations that are
given via an identity in one subsystem. Then the fully diagonal form in (iii) is obtained by local rotations, resulting in coefficients πw,w′|AA = 0
for w 6= w′.

FIG. 6. Local state transformation on the Bloch sphere as obtained from the diagonalization steps in Fig. 5 for ΠAA, but in inverse order from
left to right. Also compare Eqs. (12) and (13) in this context. The first transformation constitutes a rotation and the second one is an invertible
but not orthogonality-preserving Lorentz boost.

As mentioned before, each sample element is treated with
the reconstruction approaches established in Secs. III and IV.
The standard deviation, for example, of the resulting sample
of quasidistributions then provides the error margin, as de-
picted in Fig. 7. This concludes the full reconstruction from
detector-tomography raw data to quasidistributions.

V. DISCUSSION AND CONCLUSION

After comprehensively presenting the data processing ap-
proach, our conclusions from this reconstruction are presented
in this section, together with the implications pertaining to the
entangled nature of the realized BSM. A brief discussion is
provided in Sec. V A. An additional comparison with sepa-
rable POVMs is done in Sec. V B. Moreover, a probe-state
method to certify POVM entanglement is introduced and ap-
plied to high-dimensional and multipartite systems, addition-
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FIG. 7. Reconstructed quasidistributions (left column) for all POVM elements, including a one-standard-deviation error margin (black bars).
The right column shows the corresponding local states for the decomposition according to Eq. (1). In comparison with the ideal cases (Fig.
1), one can observe here the same general structure of POVM elements. In theory, the maximal negativity is −1/6 ≈ −0.17. Here, we find
the highest negativities as −0.20± 0.06 (mind the error margin), −0.14± 0.01, −0.13± 0.02, and −0.14± 0.02 for AA, AD, DA, and DD,
respectively.
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ally allowing us to probe noise robustness of detector entan-
glement when scaling the system size. Eventually, we sum-
marize the findings of the paper in Sec. V D.

A. Results

The entangled POVMs in Fig. 7 are locally described via
Eq. (1), however, requiring the depicted negativities in the
joint distribution to capture the detector entanglement of the
experimentally implemented device. Furthermore, these re-
sults structurally relate quite well to the ideal POVM elements
that one expects for unperturbed BSMs (Fig. 1). For instance,
the nonlocal (negative) and local (positive) contributions are
found in the same pattern that one can see in the theory plots.

In terms of statistical significance, we find that the most
significant negativities are 15 standard deviations for ΠAA, 17
standard deviations for ΠAD, 8 standard deviations for ΠDA,
and 16 standard deviations for ΠDD below the classical thresh-
old of zero. Therefore, our results show a highly significant
POVM entanglement of the implemented detection scheme.
(Note that those highest significances do not necessarily coin-
cide with the ones that exhibit the highest absolute negativity
reported in Fig. 7.) Furthermore, using the same POVM el-
ement order, the cumulative negativities, i.e., the sums over
all negative entries of Q, are −0.77± 0.08, −0.65± 0.03,
−0.65± 0.05, and −0.72± 0.03. For comparison, the per-
fect case yields −1 for all Bell-type POVM elements (Fig. 1
with six negative contributions with the value −1/6), not be-
ing drastically larger than what we find for our data.

We emphasize that, except for accounting for unphysical
eigenvalues of POVM elements by mixing with separable
noise, no corrections for imperfections, such as deconvolu-
tions of attenuations and postprocessing for other sources of
noise, have been carried out. Still, a highly significant verifi-
cation of detector entanglement that is essential for quantum
information processing was confirmed with our methodology.
Furthermore, the framework provides an intuitive (visual) sig-
nature of entanglement of detectors and yields a unified foun-
dation with entanglement of states by virtue of analogous en-
tanglement quasiprobability methods [36]. Also, since such
analog methods for states extend to multipartite and qudit en-
tanglement [35], the POVM framework discussed here is sim-
ilarly extendable to high-dimensional scenarios.

B. Comparison with separable POVMs

For completeness, we may also show that separa-
ble POVMs truly lead to nonnegative—i.e., classical—
distributions. To this end, it is worth mentioning the known
fact that the uniform mixture of a Bell state with any of the
other Bell states results in a separable operator. Thus, we
might mix our data accordingly to probe if this indeed pro-
duces non-entangled POVMs.

For example, we can combine POVM elements which are
identical in one of the indices to produce new POVMs, such as
{ΠA∗ = ΠAA +ΠAD,ΠD∗ = ΠDA +ΠDD} and {Π∗A = ΠAA +

FIG. 8. Quasidistributions for POVMs that combine two Bell-like
states and are therefore expected to be separable. Our reconstruction
correctly reveals this feature.

ΠDA,Π∗D = ΠAD+ΠDD}. In terms of data, this means adding
counts Ek(a,b) accordingly and following the same recon-
struction approach as carried out for the BSM. The results of
this treatment can be found in Fig. 8. Indeed, the quasidis-
tributions for both sets of POVMs appear to be nonnegative,
as one expects for separable POVMs. In terms of our device,
this means that it is vital to record the outcomes of both detec-
tors to be able to harness the detector entanglement in quan-
tum protocols as the loss of that information results in a local
model of the measurement device.

C. Entanglement-probing states for POVM entanglement

We consider further examples to highlight the versatility of
our approach. Before that, we make the observation that the
entanglement of a POVM element Π can be simply related to
entanglement of states. That is, the rescaled operator

ρPOVM =
Π

tr(Π)
(15)

describes a proper quantum state. For infinite-dimensional
systems, such a normalization may not be possible; still, in
such cases, finite-dimensional subspaces that show the entan-
glement may be constructed [49].

For entangled states, here ρPOVM, one can construct entan-
glement witnesses to probe. Specifically, an operator L exist
such that

tr(ρPOVML)> gmax(L), (16)

where gmax(L) is the maximal expectation value of L for sep-
arable states; see Ref. [50] and references therein. Further-
more, it was shown that L can be translated with the identity
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and rescaled with a positive factor without altering the relation
in the above inequality [50], e.g.,

tr(Πρprobe)

tr(Π)
> gmax(ρprobe), (17)

where ρprobe =α1+βL [hence gmax(ρprobe) =α+βgmax(L)]
is chosen such that it represents a valid probe state for the
POVM element Π.

Now, gmax(ρprobe) can now be interpreted as the maximal
outcome that a separable measurement can produce for the
probe state. Therefore, the inequality (17) shows that the
probe state produces an outcome for the POVM element Π

under study that exceeds the expectation of separable POVMs.
The probe-state method allows us to study the scaling be-

havior of entanglement as a function of the local dimension as
well as the number of parties in a multipartite setting.

We begin with a multipartite setting in which separability is
based on projectors of the form

⊗n
j=1 |a( j)〉〈a( j)| for n parties.

As a particular example, we consider a Greenberger–Horne–
Zeilinger (GHZ) projector mixed with white noise (modeled
through the identity)

Π = ε1+(1− ε)|GHZ〉〈GHZ|, (18)

with tr(Π) = ε2n+(1−ε) and |GHZ〉= (|0〉⊗n+ |1〉⊗n)/
√

2.
Thus, we have an ideal GHZ measurement for ε = 0, and
ε → 1 yields the identity that is non-entangled. As the
entanglement-probing state, we consider

ρprobe =
1+(|0〉〈1|)⊗n +(|1〉〈0|)⊗n

2n . (19)

Using the exact results from the Appendix, we obtain

gmax(ρprobe) =
1+21−n

2n . (20)

The left-hand side of the inequality (17) reads

tr(Πρprobe)

tr(Π)
=

ε2n +2(1− ε)

2n[ε2n +(1− ε)]
. (21)

Therefore, inequality (17) holds true when the noise is up-
per bounded as

ε <
2n−1−1

3×2n−1−1
. (22)

In the limit of a macroscopic number of qubits n→ ∞, this
means that up to 33.3% white noise can be tolerated in the
detection without losing the entanglement properties of the
POVM element under study. By comparison, we have 20%
noise resilience for the bipartite case, n = 2.

Next, we explore a two-qudit system with a local dimen-
sion d for each. Analogously to the previous example, the
POVM element based on maximally entangled (ME) projec-
tors is considered,

Π = ε1+(1− ε)|ME〉〈ME|, (23)

with |ME〉 = d−1/2
∑

d−1
k=0 |k〉 ⊗ |k〉. Here, the probe state is

chosen as

ρprobe =
1
d2

1+ d−1

∑
k,l=0
k 6=l

|k〉〈l|⊗ |k〉〈l|

 . (24)

Again, the general results in the Appendix provide the bound

gmax(ρprobe) =
1+
(
1− 1

d

)
d2 . (25)

Similarly to the previous example, the inequality (17) renders
it possible to find the limit of the noise contribution to ensure
entanglement of the POVM element,

ε <
d−2+ 1

d

d2−2+ 1
d

. (26)

For two-qubit measurements d = 2, we have a measurement-
noise threshold of 20%, and the noise sensitivity of the POVM
element increases as ∼ 1/d for local dimensions d→ ∞.

D. Summary

In summary, we introduced a framework to assess entan-
glement of POVMs. Based on our definition of a separable
POVM in terms of nonnegative mixtures of local (i.e., prod-
uct) projectors, entangled POVMs cannot exhibit such a local
representation. Rather, nonlocal coherence contributes to the
recorded measurement outcome from entangled POVMs, even
when separable states are measured. As an intuitive approach,
it was shown that these nonlocal measurement features can
be represented in terms of pseudomixtures, meaning a local-
like representation (preserving product projectors) is possible
when allowing for mixing ratios that include negative contri-
butions, while being strictly nonnegative for classically corre-
lated detection schemes. The negativity of the thereby defined
joint quasidistribution constitutes a necessary and sufficient
criterion for POVM entanglement. Complementing quasidis-
tributions, a probe-state method was devised and applied the-
oretically to qudits and multipartite detection scenarios that
leads to measurement outcomes that exceed the capabilities
of separable detectors.

We studied in detail BSMs because of their fundamental
and applied importance. We provided the comprehensive step-
by-step reconstruction from raw detector-tomography data
to fully reconstructed quasidistributions, including error es-
timates. With high statistical significance, it was then certi-
fied that the experimental detection scheme under study does
include negativities in the quasidistributions of each POVM
element. This means that the operation of this detector cannot
be explained in terms of local coherence effects alone for any
of the possible measurement outcomes, identifying entangle-
ment as a essential quantum resource for the function of this
device. As a counterexample, we also showed that our data
processing method correctly leads to nonnegative joint distri-
butions for separable POVMs, thus admitting a local measure-
ment model.
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Therefore, our highly sensitive and comparably easily ac-
cessible diagnostic tool offers an alternative approach to
characterizing quantum detectors regarding their quantum-
correlation properties. This not only renders it possible to
decide the fundamental question whether a local description
of a specific quantum measurement is possible but also pro-
vides a practical means to assess the nonlocal performance of
detection devices for quantum-technological applications.
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Appendix: Exact upper bounds for test operators

Consider an operator

Λ =
d−1

∑
k,l=0

(|k〉〈l|)⊗n−
d−1

∑
k=0

(|k〉〈k|)⊗n (A.1)

acting on n, d-dimensional parties. Our goal is to find the
maximal overlap of this operator with pure product states. To
this end, the separability eigenvalue equation from Ref. [50] is
applied. For the jth subsystem and the kth component thereof,
the equation reads

n

∏
i=1
i6= j

a(i)∗k

(
d−1

∑
l=0

a(1)l · · ·a
(n)
l −a(1)k · · ·a

(n)
k

)

=〈a(1), . . . ,a( j−1),k,a( j+1), . . . ,a(n|Λ|a(1), . . . ,a(n)〉

=g〈k|a( j)〉= ga( j)
k ,

(A.2)

where |a(1), . . . ,a(n)〉 is an n-partite tensor product of normal-
ized vectors and g denotes the sought-after separability eigen-
value that yields the maximum.

Multiplying the Eq. (A.2) by a( j)∗
k results in an expres-

sion on the leftmost side of the equation that is independent
of j and g|a( j)

k |
2 on the rightmost side. Thus, |a( j)

k | = rk is
constant with respect to j. Note that the normalization now
reads ν = ∑

d−1
k=0 r2

k = 1. Further, using the summed phase

Φk =∑
n
j=1 arg(a( j)

k ) as an abbreviation, the separability eigen-
value reads

g =〈a(1), . . . ,a(n)|Λ|a(1), . . . ,a(n)〉

=

∣∣∣∣∣d−1

∑
k=0

rn
k eiΦk

∣∣∣∣∣
2

−
d−1

∑
k=0

r2n
k .

(A.3)

This is maximal when eiΦk is constant with respect to k, sum-
ming only terms that are in phase.

Finally, we can optimize g under the constraint of normal-
ization ν using the method of Lagrangian multipliers,

0 =
∂g
∂ rl
−µ

∂ν

∂ rl
. (A.4)

After some straightforward algebra, the resulting identity can
be recast into the form

d−1

∑
k=0

rn
k =

µ

n
r2−n

l + rn
l . (A.5)

Another possible solution is rl = 0. Again, the left-hand side
of the identity is independent of l, implying a constant rl =
1/
√

d′ to satisfy the normalization when d′ many rks are non-
zero. Inserting this result, we obtain

g =
d′(d′−1)

d′n
. (A.6)

For n = 2, g is strictly monotonic increasing with d′, and gmax
is obtained for d′= d. The contrary is true for n> 2 and d′> 1
(d′ = 1⇒ g = 0), and gmax is thus obtained for d′ = 2.

As a final remark, it is worth mentioning that the operator
Λ has a maximal (ordinary) eigenvalue d− 1 and a minimal
eigenvalue −1.
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