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QUANTUM TALAGRAND, KKL AND FRIEDGUT’S THEOREMS
AND THE LEARNABILITY OF QUANTUM BOOLEAN FUNCTIONS

CAMBYSE ROUZE, MELCHIOR WIRTH, AND HAONAN ZHANG

ABSTRACT. We extend three related results from the analysis of influences of Boolean
functions to the quantum setting, namely the KKL Theorem, Friedgut’s Junta Theorem
and Talagrand’s variance inequality for geometric influences. Our results are derived by
a joint use of recently studied hypercontractivity and gradient estimates. These generic
tools also allow us to derive generalizations of these results in a general von Neumann
algebraic setting beyond the case of the quantum hypercube, including examples in in-
finite dimensions relevant to quantum information theory such as continuous variables
quantum systems. Finally, we comment on the implications of our results as regards
to noncommutative extensions of isoperimetric type inequalities, quantum circuit com-
plexity lower bounds and the learnability of quantum observables.

1. INTRODUCTION

Let Q, = {—1,1}" be the Boolean hypercube equipped with the uniform probability
measure fi,. For any f : Q, — R, we denote by Var(f) = Var,, (f) its variance, i.e.
Var(f) = E|f —Ef|?>. For each 1 < j < n, the influence of the j-th variable on f is given

by
(f—f%)z
2

where f%(z) = f(z%) and 2% denotes the vector in €2, obtained by flipping the j-th
variable, that is, for z = (xy, ..., x,),

Inf, f:=E

9

@ .
T = (x:l’...7xj717_xj7xj+17...7xn).

The notion of influences appears naturally in many contexts ranging from isoperimetric
inequalities [KMS12, CEL12|, threshold phenomena in random graphs [FK96], cryptog-
raphy [LMN93], etc. For these reasons, the last three decades witnessed an extensive
study of their properties, which led to many applications in theoretical computer sci-
ence (hardness of approximation [DS05, Hs01] and learning theory [OS07]), percolation
theory [BKS99], social choice theory [Mos12, BOL85| to cite a few.

Karpovsky [Kar76] proposed the sum of the influences (also called total influence),

Inf f:= Inf; f,
j=1
as a measure of complexity of a function f. This first intuition was then made rigorous in
[LMN93] and [Bop97] where tight circuit complexity lower bounds in terms of the total
influence were derived for the complexity class AC? of constant depth circuits. A simple

lower bound on Inf f in terms of the variance can be derived from Poincaré inequality:
For all f: Q, — R one has [O'D14, Chapter 2]

Var(f) < Inf f. (1.1)
1
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Functions on the hypercubes €, that take only values in {—1,1} are of particular
interest. These are the so-called Boolean functions and play important roles in social
science, combinatorics, computer sciences and many other areas. See [dW08, O’D14] for
more information. Note that the LP-norms, 1 < p < oo, of Boolean functions are always
equal to 1, where the weighted LP-norm of a function f : €2, — R is defined as

11 = (E[IP])7 . (12)

A Boolean function f : €, — {—1,1} is said to be balanced if Ef = 0. If f is a Boolean
function, the influence of the j-th variable can further be expressed as

Inf; f = P({w € Qu | fx) # F@®)}).

The Poincaré inequality (1.1) implies that there exists j € {1,...,n} such that Inf; f >
1/n. Note that Poincaré inequality (1.1) can be tight, e.g. for balanced Boolean function
f(z) = 1. So it may happen that the total influence ~ variance. Is it possible that all
the influences are small simultaneously, that is, Inf;(f) ~ Var(f)/n for all 1 < j < n?
Quite surprisingly, the answer is negative; a celebrated result of Kahn, Kalai and Linial
[KKL88] predicts that every balanced Boolean function has an influential variable. More
precisely, Kahn, Kalai and Linial [KKTL88] proved that for any balanced Boolean function
f on €, there exists 1 < 7 < n such that

C'log(n)

n

, (1.3)

where C > 0 is some universal constant. So some variable has an influence at least
Q(log(n)/n), which is larger than the order 1/n deduced from Poincaré inequality.

This theorem of Kahn, Kalai and Linial (KKL in short) plays a fundamental role in
Boolean analysis. It was further strengthened by Talagrand [Tal94] and Friedgut [Friog8]
in different directions.

In his celebrated paper [Tal94], Talagrand proved that for alln > 1 and f : Q, — R,
we have for some universal C' > 0 that

Vel < 03— DI
=7 T Tog(1D, 1/ D7)

(1.4)

where D, f(z) = 1(f(z) — f(z®)). Note that if f is Boolean, then D;f takes val-
ues only in {—1,0,1}, so that |D;f|l1 = ||D;f||3 = Inf; f. Therefore, this inequality
of Talagrand (1.4), as an improvement of Poincaré inequality (1.1), immediately im-
plies the result of KKL. There are plenty of extensions of Talagrand’s inequality (1.4)
[OW13a, OW13b, CEL12|, which has become a central tool in theoretical computer
science [O’D14]. Moreover, it provides a powerful tool to study sub-diffusive and super-
concentration phenomena [BKS03, BKS99, Chal4, GS15, ADH17, Sos18, Tan20] ubig-
uitous to many models studied in modern probability theory (percolation, random ma-
trices, spin glasses, etc.); see the review articles [CEL12, Led19] and references therein
for more details.

Also related to the KKL theorem, Friedgut’s Junta theorem [Fri98] states that a
Boolean function with a bounded total influence essentially depends on few coordinates.
More precisely, a Boolean function f : Q,, — {—1,1} is called a k-junta, for k € {1,...,n}
independent of n, if it depends on at most k coordinates. When k£ = 1, the function
is called a dictatorship. If f is a junta, it is an immediate consequence that the total
influence does not depend on n, i.e. Inf f = O(1). Friedgut’s Junta theorem provides
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the following converse statement: for any Boolean function f: €, — {—1,1} and ¢ > 0,
there exists a k-junta g : Q, — {—1,1} such that

If=gll2<e,  with k=209, (1.5)

Since its discovery, Friedgut’s Junta theorem has found many applications in random
graph theory and the learnability of monotone Boolean functions [OS07].

Judging from the range of applicability of these results, it is natural to consider their
extensions to noncommutative or quantum settings. Partial results in this direction
were obtained by Montanaro and Osborne [MO10a]. There, Boolean functions on the
hypercube €2,, were replaced by quantum Boolean functions on n qubits, that is, operators
A € M,(C)®" acting on the n-fold tensor product of C? with the additional conditions
that A = A* and A? = 1. Here and in what follows, M}, (C) denotes the k-by-k complex
matrix algebra. Then, the L?-influence of A in j-th coordinate is defined as Inf? A=
|d; A3, where we used d; to denote the quantum analogue of the bit-flip map

d; =T1°0"V g <I[ — —tr) @ I8n=9)

2
with I being the identity map over Ms(C), and replaced the normalized LP-norm on €2,
by the normalized Schatten-p norm on My(C)®". The quantum influence has already
found interesting applications to quantum complexity theory [BGJ*22]. In this frame-
work, Montanaro and Osborne [MO10a, Proposition 11.1] proved a quantum analogue
of Talagrand’s inequality (1.4). However, this does not yield a quantum KKL as in the
classical setting since we do not have the identity ||d;A|; = ||d;A||3 for general quantum
Boolean functions. In the worst case, we may even have ||d;A|; = ||d;All2 (j is a bad
influence according to [MO10a, Definition 11.2]) and thus (1.4) will not help anymore.
For this reason, the problem of whether every balanced quantum Boolean function has
an influential variable still remains open; see [MO10a] for some partial results and more
discussions.

In fact, the observation that ||d;All1 # ||d;A||3 is not exclusive to the quantum set-
ting, and also arises for instance when considering extensions of the setup of Boolean
functions on the hypercubes to functions on smooth manifolds, after replacing the uni-
form distribution on €2, by an appropriate finite measure, and the discrete derivatives
D; by the partial derivatives associated to the differential structure of the manifold. In
this setting, analogues of the previous results were recently obtained for the L!-influences
Inf; A = ||d;Al|1, which is sometimes called geometric influence for its relation to isoperi-
metric inequalities [KMS12, CEL12, Aus16, Boul7].

In this paper, we propose to take the above considerations as a starting point for
establishing quantum analogues of (1.1), (1.3), (1.4) and (1.5) based on the L'-influences.
Our first main result (Theorems 3.2 and 3.6) states that for any self-adjoint operator A
on n qubits with ||A|| <1 we have

I ANl (1 + [ld; AllL)
1+ log™ (1/[|d;All1)

|A — 27" tr(A)||2 =: Var(A) < CZ (1.6)

for some universal C' > 0, where log™ refers to the positive part of the logarithm. In
particular, this suggests that every balanced quantum Boolean function has a variable
that has geometric influence at least of the order log(n)/n. We also prove a quantum
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L*-Poincaré inequality (Theorem 3.1): for any operator A on n qubits we have
JA =27 tr(A)[l; <) Infj A, (1.7)
j=1

Therefore our result provides an alternative answer to the quantum KKL conjecture
[MO10a, Conjecture 3 of Section 12] in terms of geometric influences (Theorem 3.9).
The inequality (1.6) is inspired by some results in the classical setting; see for example
[KMS12, CEL12]. Since (1.6) will be our main focus, rather than (1.4), to distinguish
them in the sequel, we shall refer to (1.6) as (L!-)Talagrand’s inequality, and (1.4) as Ta-
lagrand’s L*-L* variance inequality as did in [Led19]. We also have a qubit isoperimetric
type inequality and a stronger form of L!-Poincaré (1.7); see Section 6.4 below.

Our second main result is a quantum analogue of Friedgut’s Junta theorem (Theorem
3.11 and Corollary 3.12): for any quantum Boolean function A € My(C)®" and ¢ > 0
there exists another quantum Boolean function B € My(C)®" that is supported on k
subsystems such that

arome2(a) Infl(A)°
JA—B|,<e  with kgz—?—ﬂp%%, (1.8)
where Inf’(A) := 37 | Inf}(A) with Inff(A) = [|d;A[]p.

The proofs of Equations (1.6) and (1.8) make use of recent noncommutative general-
izations of hypercontractive inequalities and gradient estimates [0Z99, MO10a, KT13,
TPK14, CM17a, DR20, BDR20, WZ21, GR21, Bei21]. Moreover, the generality of these
tools also allows us to further extend most of our results to the abstract von Neumann
algebraic setting which contains both our previously stated results and their classical
analogues previously established in [CEL12, Boul7], but also other extensions arising in
noncommutative analysis and quantum information with discrete and continuous vari-
ables. As for their classical analogues, we expect our results to find many new applica-
tions to quantum information and quantum computation.

The rest of the paper is organized as follows: in Section 2, we recall useful definitions
and results from the Fourier analysis on the quantum Boolean hypercubes including
Poincaré inequality, hypercontractivity, intertwining and gradient estimates. Section 3
is devoted to the statement and proof of our main results, namely a quantum L!-Poincaré
inequality (Theorem 3.1), quantum Talagrand inequality (Theorem 3.2), and quantum
KKL theorem (Theorem 3.9) and a quantum Friedgut’s Junta theorem (Theorem 3.11
and Corollary 3.12). These results are then extended to the general von Neumann
algebraic setting in Section 4. Finally, examples and applications to quantum circuit
complexity and quantum learning theory are provided in Sections 5 and 6.
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2. QUANTUM BOOLEAN ANALYSIS

Let us start by recapitulating the framework of quantum Boolean functions from
[MO10a]. As a quantum analogue of functions on the Boolean hypercubes, i.e., functions
of n bits, we will take observables on n qubits. In other words, our algebra of observables
is My(C)®™ 2 Myn (C) endowed with the operator norm || - ||. In what follows, we denote
by tr the trace in Ms(C)®™, and by try the partial trace with respect to any subset T of
qubits. Following [MO10a, Definition 3.1], we say A € My(C)®" is a quantum Boolean
function if A = A* and A? = 1. Here and in what follows, 1 always denotes the identity
operator. A quantum Boolean function A is balanced if tr(A) = 0.

One pillar of analysis on the Boolean hypercube is that every function f : €2,, — R has
the Fourier-Walsh expansion, i.e. can be expressed as a linear combination of characters.
Our quantum analogues of the characters for 1 qubit are the Pauli matrices

/10 (01 (0 —i (1 0
9=\ 1) =1 0) 27\i o) 7 \o —-1)"

Clearly, these are quantum Boolean functions, and they form a basis of My(C). For
s=(s1,...,8,) €{0,1,2,3}", we put

O-S::O-sl®"'®o-sn-

These are again quantum Boolean functions, and form a basis of My(C)®". Accordingly,
every A € M,(C)®™ can uniquely be expressed as

A= > A, o, (2.1)

5€{0,1,2,3}n

where Es € C is the Fourier coefficient. Given s € {0, 1,2,3}", we call the set of indices
J such that s; # 0 the support of s, and denote it by supp(s). Its cardinality is denoted
by |supp(s)|. Similarly, the support of A is defined by

supp(4) := | supp(s), (2.2)
5|A\s;£0
and its cardinality is denoted by |supp(A)|. In analogy with the classical setting, an
arbitrary operator A € My(C)®™ is called a k-junta if |supp(A)| < k. As the Pauli
matrices are orthonormal with respect to the normalized Hilbert—Schmidt inner product,
the coefficients /Als can be recovered by

~ 1
Ay = —tr(oA).

2n
Note that whenever A is self-adjoint, the coefficients A\S must be real. The quantum

analogue of the bit-flip map is given by

. 1 . -~
d;(A) =107V (H - 5“) QI = Y A

5€{0,1,2,3}"
5;7#0
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Here I denotes the identity map on M,(C). Note that Lo := I — 1tr satisfies £ = Lq,
so that d? =d;.

For p > 1, we denote by Inf(A) := [|d;A[|} the LP-influence of j on the operator A €
M,(C)®", and by InfP(A) := > 7 Infl(A) the associated total LP-influence, where the
normalized Schatten-p norm of an operator A € M,(C)®" is defined as (|A| := (A4*A)'/?)

1Al = (Zintr yAyp);.

The L'-influence is also called the geometric influence. For the L2-influence we have

If2(4) = 3 Q%tr((de)*dj(A)) _ 2inm~<A*c<A)) (2.3)

J=1

with £ := Z?Zl d;. The operator L is the generator of the tensor product of the quantum

depolarizing semigroups (P;)i>o for the individual qubits:

tr on 1
P=e*=(e'T+(1-e")=()1 — tr(-). 2.4
et = (- eSO1) o g ) (2.
It is a tracially symmetric quantum Markov semigroup, whose general properties are
discussed in Section 4.
In the Fourier decomposition, we have the following convenient expressions for the
L?-influence:

W) = > Jsupp(s)]| AP (2.5)
5€{0,1,2,3}"
and the semigroup F;:
P(A) = Y etwrtlig, (2.6)
5€{0,1,2,3}"

In addition we need the following further facts:

Lemma 2.1 (Poincaré inequality, see Proposition 10.9 of [MO10a]). For all A € My(C)®"
such that tr(A) =0 and t > 0, one has

[1P(All2 < e[| A]l2.

This inequality is equivalent to

Var(A) < (IANZ = 1P(A)]2).

1 —e 2

and is also equivalent to

Var(A) < Inf?(A).

Lemma 2.2 (Hypercontractivity, see Theorem 8.4 of [MO10a}). For all A € My(C)®",
t>0andp=np(t)=1+e? one has

[E(A)l2 < [|A]lp-
Lemma 2.3 (Intertwining). For all j € {1,...,n} and t > 0 one has
d; P, = Pd;.
Proof. Follows easily from the definitions of P, and d;. O
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We denote by T' : My(C)®" — My(C)®" the carré du champ operator associated to
P, = e ** which is defined via:

OT(A) := L(A")A+ AL(A) — L(ATA) = > dj(A)A+ A*d;A — dj(A*A) .
j=1
Lemma 2.4 (Gradient estimate [JZ15, WZ21]). For any A € My(C)*™ and all t > 0,
F(PA) < e PT(A).

We close this section by remarking that classical Boolean functions are special quantum
Boolean functions. In fact, the Fourier-Walsh expansions of classical Boolean functions
correspond to (2.1) when restricting s € {0,3}" .

3. MAIN RESULTS FOR QUANTUM BOOLEAN FUNCTIONS

In this section we state and prove our main results in the restricted setting of the
quantum Boolean cube.

3.1. A quantum L!-Poincaré inequality. We start with the following L!-Poincaré
type inequality; see also [DPMRF23] for variations of this inequality and Section 6.4 for
a stronger form.

Theorem 3.1. For all A € My(C)®", one has
|A—27"tr(A)||; < Inf'(A). (3.1)
Proof. This follows from a simple use of the triangle inequality for the L'-norm as well

as monotonicity under the normalized partial trace. O

3.2. A quantum L!-Talagrand inequality. We first prove a quantum L!-Talagrand
inequality on quantum Boolean cubes that can be extended to more general von Neu-
mann algebras; see Section 4. We will see later that on quantum Boolean cubes the
estimates can be improved, so that we may deduce a sharp quantum KKL theorem for
L'-influences.

Theorem 3.2. For all A € My(C)®™ with ||A|| <1 one has

[, Al (1 + |4, AlL)
V. 3.2
i Z 11+ log" (1) [, Al)] 2 (3.2)

for some universal C' > 0.

Proof. Differentiating the function ¢ — || P,(A)||3 one gets

T/2 1

T n
JAI2 = [Pr(A)2 = 2 / S ld; PAY dt = / S ld; PuAl2 dt.
j=1 i=1

By intertwining (Lemma 2.3) and hypercontractivity (Lemma 2.2),
1d; PoeAll2 = || Ped; P All2 < [|d; PeAlpe)
with p(t) = 1 + e~ %. By Holder’s inequality,
i PiAllpy < lld; A d; PA| 7O
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For the term with the L'-norm we use intertwining again and L'-contractivity of (P;)¢o
to get ||d; P A|l1 < ||d;All;. For the term with | - ||-norm we use the bound derived from
Lemma 3.4 below, which gives ||d; PA| < (e! — 1)~/2. Altogether,

|d; Py Allx < ||d; PtAHp y < (e — 1) =0 2p(t) d; AHW)-

As a consequence,

2—p(t)

n T/2
IAN13 = | Pr(A)113 §4Z||de||1/0 (¢ — 1) ;AL dt. (3.3)
=1

Since €' — 1 > ¢ and p(t) > 1, we have

1-p(t) 1—p(t)

(e —1) w0 <t D

Choosing T = 1, we further show in Lemma 3.3 below that, given a = ||d;A]|1,
1/2
/ P <o 1T
0 (1 +1log™(1/a))/?

for some universal constant C' > 0. We finish by combining (3.3) and the bound (with
T=1)

1
Var(4) < —— (141 - | Pr(4)]3)

derived from the Poincaré inequality (Lemma 2.1). O

Lemma 3.3. There exists a universal C > 0 such that for a >0, a > 0, p(t) = 142
and 0 <r < min{l, 1/2a}, we have

/ "o 21 gy < L C(l+a)
0 = Va (1+log'(1/a)/?

Proof. Note that » < 1 and 1 < p(t) < 2, we have

/ "1/ 201 gy < / 2201 gy
0 0

Now we estimate the right hand side in two cases. If @ > 1, then a?P®M-1 < ¢ and thus

/ + 1/2 2/p 1dt<a/ t*1/2dt:2a\/7_“§2<1+a).
0 0

If a < 1, then a?P®~1 < 2 for 0 < ¢ < r. In fact, for t € [0,7] C [0,1/2a], we have
2 et —1 _ at
B I S
p(t) eat +1 = 27
which is equivalent to
p(B) =4(” =1) = B(e” +1) >0,

for 8 € [0,2ar] C [0,1]. This is clear as ¢(0) = 0 and ¢/(8) = (3 — B)e? —1 > 0 for
B € 10,1]. Hence

T 1/2a 9 z/4
/ 122/p(0=1 1y < / 1/2500/2 gy /_/ y71/2efydy,



QUANTUM TALAGRAND, KKL. AND FRIEDGUT’S JUNTA THEOREMS 9

where x = log(1/a) > 0. It remains to show that there exists a universal constant C' > 0

such that for all x > 0,
9 x/4 . C
— ey < —— 3.4
V2 e s (3.4

2/
oy = 2 [Ty,

is continuous on (0, 00), and we have

lim f(z)= \/5/ y e Vdy = V2r,
0

T—+400

In fact, the function

and by L’Hopital’s rule

~1/2
lim f(z) = liI(r)l+ V8x2(1 4 z)%?%. (%) e 4 = 42,
z—

z—0t

Then (3.4) follows and the proof is complete. O
It remains to prove the following technical lemma:

Lemma 3.4. Let n > 1 and (P;)i>o be the quantum depolarizing semigroup on n-qubits
defined in (2.4). Then for allt > 0 and all A € My(C)®™ we have

- N IA]*
> (d;PA)*d;PA < p—

j=1

1. (3.5)

In particular, for each 1 < j < n,

) | AJI” |A]
(d; P A) d; P A < etjl and |d; RA[l < Jo—1
Proof. By definition of (FP;)¢>o:
HAH21 > P,(A*A)

(
> P(A*A) — P(A)*P,(A)

—
—

=22 [ PI(P_,A)ds

2
> 2

—~
~

e’ds - T'(PA)

S— 5—

= 2(c' — V)I(P,A),

where (1) follows from the differentiation of s — Ps(P_s(A*)P,—s(A)), whereas (2) fol-
lows from gradient estimates Lemma 2.4. Now we claim that for all A and for each
1 <7 <n we have

di(A)* A+ Ad;(A) — dj(A"A) = d;(A)"d;(A) (3.6)
and thus .
AU(A) > " d;(A)*d;(A). (3.7)

Let us first finish the proof of the lemma given (3.7). Applying (3.7) to P,A, we may
proceed with the previous estimate as
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IA]1 > 2(e' = )I(PA) > (¢ = 1) Y (d;PA)d;PA,
j=1
which proves (3.5).
Now it remains to show (3.6). For this we decompose A = >, A¥ @ --- @ A¥ into a
sum of tensor products, where k in A;‘? = Agk) is just an index, then

d;(A)* A+ A*d;(A) — d;(A*A)
=Y (AN AL @ ® [Lo(A)"Af + (A%)"Lo(A)) — Lo((A)"AD] ® -+ @ (AF)" Al
k,l

n n

and
d;(A)d;(A) =) (AN AL @ - @ [Lo(A]) Lo(A)] @ - - ® (A})* A,
k.l
For any X,Y € M5(C), a direct computation shows

Lo(X)'Y + X*Lo(Y) = Lo(X*Y) = X*Y + % tr(X*Y) — %tr(X*)Y - % tr(Y)X*,

and
Lo(X)Lo(Y) = XY+ tr(X7) r(¥) = 3 tr(X)Y — 2 (V)X
Thus
Lo(X)Y + X" Lo(Y) = Lo(X"Y) — Lo(X)"Lo(Y) = 3 tr(X"Y) = 1 tr(X") (Y

So (3.6) is equivalent to

SoAf) Al @ |3 (A8 A — S (A ()| @ (A5) AL >0,
Kl
which can be reformulated as
T)(A°A) > T;(A)T;(A) (3.8)

with 7j := U~V @1 tr I®"=9). Now (3.8) follows from the Kadison-Schwarz inequality
[Wol12, Chapter 5.2] and that % tr is unital completely positive (over M(C)). This
finishes the proof of the claim (3.6) and thus the proof of the lemma. u

Remark 3.5. Following the argument in [CEL12, Proof of Theorem 1], one can prove a
quantum analogue of (1.4) using similar properties of quantum depolarizing semigroups.
In fact, the proof of (1.4) does not even require strictly positive Ricci curvature lower
bounds, i.e. Lemma 2.4 can be weakened. We will not discuss it here as (1.4) is not our
main focus and a quantum analogue was already obtained in [MO10a).

The quantum Talagrand inequality Theorem 3.2 implies a quantum KKL for L' influ-
ences (following a similar argument in Lemma 3.8 below): for balanced quantum Boolean
A on n-qubits,

1
max Inf(A4) > C’M .
1<j<n n
Recall that for classical Boolean functions the sharp order is log(n)/n, which can be

captured by tribes functions [O’D14, Chapter 4]. In fact, the order log(n)/n is also
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sharp for quantum Boolean functions, which can be seen from the following improved
version of quantum Talagrand Theorem 3.2:

Theorem 3.6. For every p € [1,2) there exists a constant C,, > 0 such that for every
n € N and A € My(C)®™ with ||A]| <1 one has

i (A) |21+ [|d;(A)[2)
Var(A) < C, Z 1+ log™ (1/]|d;(A)|p)

where the constant can be chosen of order Cp, ~ C/(2 —p) as p /2. In particular, for
p=1:

s (A) 1 (1 + [1d;(A) )
vortd <Cz 1+1og (/)

Proof. Let T > 0 be such that p < 1+ e~27. By the Poincaré inequality we have

Var(4) < 1 (1418 - NPr (8] = 1—gr [ Zud (PUAI3

By intertwining and hypercontractivity,

= an PAAN Bt < — /an N d

with p(t) =1+ e~ 2.
By interpolation and ||d;A| < 2||A|| <2,

2 ) 7
m/ E |d;(A ||2 dt < _6_2’1"/ g |d;(A |2p/p d; (A)[[2—#/7®) gy
’ 0
; _
< qudj(/l)”g/o Iy (A) /0D gy
i=1

If [dy(A) 2 > 1, then [[d;(A) [0 < [[d;(A)]z, so that

8 o [ p(2/p(t)-1) 8T 2
——7 (A5 [ 11d; (A5 dt <————=ld;(A)];
1—e 0 l1—e
8T
<7l (I + 1 (AIE).

-1
If |d; (A5 < 1, then [|d;(A)[E*PO7D < [ld;(A) 57 (recall that p(2/p(t) — 1) > pt/2
by the proof of Lemma 3.3) and thus

8 T _ 8 4
e G [ NG i < / Iy (A di

_ 16 — s (A"
ere LGl ey

1—a 172 3T 1+at
e <max{ —,2 l, a>1. (3.9)
loga 2 1+ loga

We claim that
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Applying (3.9) to a = [|d;(A),?, we obtain

L” d;(A)|P — ||d;(A )HPT/Q < 16max{ 2} Iy (A) |21+ [|d; (A)[[2)
1 — g2 1% plogl/Hd( N = 1—e 2T 1+ log™ (1/[d;(A)E)

Now let us prove the claim (3.9) which we divide into two cases. When a € [1, €], we
have

_—T)2 —1
1—a <z 1+a >

! (3.10)
loga — 2° 1+loga — 3’ '

which are nothing but
T
fi(a) == §loga —1+a 12>, fa(a) :=3a+3— (a+aloga) > 0.

A direct computation shows that when a € [1, €]

fila) =

1T, T

(a7 —1) >0, thus fila) = f1(1) =0,

and
f3(a) =1—loga >0, thus  fo(a) = fo(1) = 5.
This proves (3.10) and thus the claim when a € [1,e]. When a > e, we have 2loga >
1+ loga, and
_ o =T)/2 -1
l—a < 2 < 21 +a™)
loga — 14+loga = 1+loga

: (3.11)

which proves the claim for a € [1, ¢].
Noting that 87" < 16 max {£ 2} we thus just proved for all e727 > p — 1, one has

[T 1+10g 1/de( )H?) '
Choosing T' = —3 log(p — 1), the above inequality becomes

i (A) |21+ [|d;(A)[2)
Var(A) < G, Z 1+ log™ (1/)d;(A)|E)

Var(A) <

16 max{— % log(p—1),2}
2—p

with C, =

which is of the order 32/(2 —p) asp 2. O

Remark 3.7. The above Theorem 3.6 (when p = 1) improves Theorem 3.2, since it gives
the right order of quantum KKL as we shall see in the next. However, Theorem 3.2 can
be easily extended to more general von Neumann algebras, which will be discussed in
Theorem 4.3. The generalization of Theorem 3.6 is also possible but requires additional
assumption which we will not discuss in the general von Neumann algebra setting.

3.3. A KKL theorem for quantum Boolean functions. Our quantum KKL theo-
rem for geometric (L'-)influences follows as a simple corollary of Theorem 3.6. First we
need an elementary lemma.

Lemma 3.8. [fn €N, ay,...,a, >0 and ¢ > 0 such that

Z a] 1+aj > ¢
L+log*(1/a;) =
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then
logn

max a; > min {2, 1}

1<5<n - n

Proof. If max;<j<,a; > 1/y/n, we are done, so we can assume a; < 1/y/n < 1 for all
j€{1,...,n}. Then we have

z
1+ log( l/aj

2
<— N g,
_1+%10gn; !

4n
< max a; . U
logn 1<j<n

Theorem 3.9. For every 1 < p < 2, there exists a constant C, > 0 such that for any
n > 1 and any balanced quantum Boolean function A € My(C)®"

max Inf?(A) > Cplog(n) .

1<j<n 7 n

Proof. Since Var(A) = 1 for any balanced quantum Boolean function, the result follows
from Theorem 3.6 with the help of Lemma 3.8. U

All combined, we have shown that every balanced quantum Boolean function has a
geometrically influential variable. In fact, suppose that A € My(C)®" is a balanced
quantum Boolean function, then

1A =27 tx(A) s = [| Al = [|A]; = Var(4) = 1.
According to L'-Poincaré inequality (3.1),

> AL =1
j=1

One may wonder if Infj(A) = ||d;Al, ~ 1/n for all 1 < j < n is possible. However,
our Theorem 3.9 for p = 1 indicates that this is not the case. There exists j such that
Inf}(A) > C'log(n)/n for some C' > 0.

Remark 3.10. In [MO10a, Conjecture 3 of Section 12], the authors have conjectured a
similar KKL-type result for the quantum L*influences Inf?(A). While this influence
coincides with the L!-influence Inf;(A) when A is a classical Boolean function, this is
not the case in the quantum setting. Hence, this conjecture in [MO10a] remains open to
the best of our knowledge.

3.4. A Friedgut’s Junta theorem for quantum Boolean functions. We recall
that a Boolean function g : €, — {—1,1} is called a k-junta if it only depends on a
set of at most k& < n bits. In [Fri98], Friedgut showed that for any Boolean function
fi{-1,1}" = {~1,1} and € € (0,1), f is e-close in 2-norm to a 200" //2)_junta, where

Inf? f = "Inf? f (3.12)
j=1
denotes the total L*-influence of f, with Inf?( f) == |ID;fll5- More recently, Bouyrie

[Boul7] proved an L' version of Friedgut’s junta theorem, more adapted to continuous
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models, based on the proof techniques developed in [CEL12] (see also [Ausl6] for a
previous account of the result upon which the proof of [Boul7] relies). The next theorem
constitutes a quantum generalization of the L' Friedgut’s Junta theorem; see Corollary
3.12 followed. Recall that we define k-juntas for operators that are not necessarily
Boolean.

Theorem 3.11. For any A € My(C)®™ and any ¢ > 0 small enough, there exists a
k-junta B € My(C)®™ with ||A — Bz < e and

301n(4) 1Al Infl(A)G
Inf?(A)5
Moreover, B can be taken to be 2711 trp(A) for some set T C {1,...,n} of n—k qubits.

k<2

Proof. Let d = %2(’4). If d <1, then

2
4 -2 e ()3 < Sy (A)3 < nf?(4) < (3.13)
jET
for any subset T of {1,...,n} by the (non-primitive) Poincaré inequality for the tensor

product of depolarizing semigroups restricted to the subset 7' (see [Bar17, Example 3.1]).
Let us now consider the case d > 1. Let
Inf?(A)® 2154
Tnf!(A) < Inf"(4)° }

T=<7€{l,..., <
Pt Inf'(A)° T2
and B = 27T trp(A). The matrix A — B has the Fourier decomposition
A—B= Z A\sas.

86{0717273}”
s|lr#0

By Plancherel’s identity,

|A— BH% = Z |A\s|2 = Z |A\s|2 + Z |A\s|2'

s|lT#0 s|lT#0 s|lT#0
|[supp(s)|>d [supp(s)|<d

Let us treat both summands on the right side separately. For the first summand,
2

~ 1 ~ 1 €
STOAP S Y )| A < S InfA) = 5,
s|7#0 s|7#0
|sup1?(s)|>d |sup1?(s)|>d

where we used formula (2.5) for Inf?.
For the second summand,

Z |A\S|2 < o2t Z e—2t|supp(s)\|;1\8|2

s|7#0 s|7#0

Isupp(s)|<d
< e2dt Z Z €f2t|supp(s)\ ‘A\S‘Q

jeT 36{0717273}n

=) " Inf}(P(A))
JjeT

for any ¢ > 0. Here we used (2.6) for the depolarizing semigroup.
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Now take ¢ = log2. By intertwining (Lemma 2.3), hypercontractivity (Lemma 2.2)
and interpolation,

Inf?(Poga(A)) = ||d; (Poga(A))13
= || Ploga(d;(A))13
< [ld; (A)[134
< [|d; (A) 13715 (A) 5
Since d; is a projection, ||d;(A)|l2 < ||Al|2. Moreover, by definition, for j € T

Inf?(A) 273
d:(A)]|%° = Infl(A)8/° < nfl(A).
1d; (A7 i (A) Wi (A) | A] i(A)

Therefore,

> AR <A T Ndi (A (A)])5

S|T7£O jeT

|supp(s)|<d
Inf2 A)
fl
- Inf1 A) Z

< 4" e )

S e Inf2 (A) Ian(A)
E

< 5

-2

where we used the elementary inequality = < e*/? for 2 > 0 in the last step.
Altogether we have shown that ||A— B||3 < 2. Moreover, B is a k-junta with k = |T¢|.

Since
Inf2(A)5 9—15d

I f1 A > ——————
W) = Ty AT
for every j € T, we have
Inf?(A)% 2-154
Inf!( I f1 T ———.
() 2 2ty () 2 T o 5 T

Hence

215dHAHQInf1( )? _ i 1 A3 Inf (A4)° -
Inf?(A)> Inf?(A)5

In the next corollary we restrict ourselves to quantum Boolean functions.

kE=|T¢ <

Corollary 3.12. For any quantum Boolean A € My(C)®™ and any e > 0 small enough
there exists a quantum Boolean k-junta C € My(C)®™ with ||[A — C||s < € and

270Tf2(4) [nfl (A)6

2 _—

- Inf?(A)5
Proof. By Theorem 3.11 there exists a self-adjoint k-junta B € My(C)®" such that ||A—
Bll; <eand k < 9 Inf'(A)%/ Inf?(A)°. Let us now define C' := sgn(B) as follows:
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Given the spectral decomposition B = ), \;|¢;) (¢5], sgn(B) = >, sgn(N;) ;) (4], where
the sign function sgn is defined as

1, x>0,
)= {1y L2y
Note that |A 4+ sgn(\)| > 1. Then
A —sgn(A)[* < [(A = sgn(A)) (A +sgn(A))]* = [A* — 1

and
2"[B—Cll3 =) A —sen(M)P < )N — 12 =2"(B> - 1]3.

Therefore,
|A=Cll2 < [[A= B2 + [|1B = Cll < |[A = Bll2 + || B* = 1|2

8 s

< e+ |B =A%
<e+|[[(B—A)Bl:2+ [[A(B = A)ll
<e(L+1B+ 1Al

)
< e(1+2||A))
< 3e.

where in (1) we have used that A? = 1, whereas in (2) we used the fact that B =
27Tl trp(A) for some set T of qubits, so that ||B|| < ||A]| < 1. Moreover, we know the
size of T from Theorem 3.11. The result then follows after rescaling of € to /3. O

Remark 3.13. In the case of a classical Boolean function f, we know that Inf f = Inf' f =
Inf? f and the bound in Corollary 3.12, simplifies as
270 Inf(f)
k<e = Inf(f). (3.14)

We therefore recover the classical Friedgut’s Junta theorem.

Remark 3.14. In the classical setting, other junta-type theorems related to Fourier anal-
ysis of Boolean functions may be found in [FKN02, ADFS04, Bou02, KN06, KS02,
DFKOO06]. While extending these results to the present quantum setting is an inter-
esting problem, their statements do not directly involve the notion of influence that is
central to our study. This interesting direction of research will therefore be considered
elsewhere.

4. VON NEUMANN ALGEBRAIC GENERALIZATIONS

In this section, we generalize the main results from the previous section to the general
von Neumann algebraic setting. Apart from technical challenges that arise from the
fact that the underlying Hilbert space can be infinite-dimensional and the operators
involved can be unbounded, most proofs run parallel to the ones for qubits once the
appropriate assumptions are identified. As demonstrated in the next section, these
hypotheses are satisfied for a number of interesting examples besides the qubit systems
treated in Section 3.

We start recapitulating some basic von Neumann algebra theory. As a general refer-
ence, we refer to [Tak02, Tak03]. Let H be a Hilbert space and B(#) the space of all
bounded linear operators on ‘H. The o-weak topology on B(H) is the topology induced
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by the seminorms |tr( - z)|, where z runs over the set of all trace-class operators. A von
Neumann algebra M on H is a unital *-subalgebra of B(#H) that is closed in the o-weak
topology. A linear functional on M is called normal if it is continuous with respect to
the o-weak topology. The set of all normal linear functionals on M is denoted by M.,
and the obvious dual pairing between M and M, establishes an isometric isomorphism
between M and (M.)*.

A state on M is a positive linear functional ¢: M — C such that ¢(1) = 1. A state
is called faithful if p(z*x) = 0 implies = 0. For a faithful normal state ¢ on M let H,,
denote the completion of M with respect to the inner product

(+; )t MX M= C, (z,y) = p(z"y),

and let A,(x) denote the image of x inside H,. The GNS representation is defined by
() Ay (y) = Ay(zy). The vector A,(1) is a cyclic and separating vector for m,(M),
which is denoted by ,. We routinely identify M with m,(M).

For the definition of the noncommutative LP spaces, we need some basic modular
theory. The operator

So: Ap(M) = Ay(M), Ay(x) = Ay(z")

is a closable anti-linear operator on H,,. Let S denote its closure and S = JAY?2 the polar
decomposition of S. The operator J is an anti-unitary involution, called the modular
conjugation, and A = S*S' is called the modular operator.

The symmetric embedding iy of M into H,, is given by is(z) = AYV4A,(z) and the
symmetric embedding ¢; of M into M, is uniquely determined by the relation

(i2(27), 12(y)) = ia(2)(y),

or in other words, i; = i5Ji5 if we view J as an isomorphism between H, and ﬁso = ’H:;.
Kosaki’s interpolation L spaces [Kos84] are defined as the complex interpolation space

LP(M, ) = (Mo, i (M) 1y
for p € (1,00). Thus we get embeddings i,: M — LP(M, ) for p € (1, 00) with
lip ()] < flia () 17 flc] =177

for all z € M. In particular, L?*(M, ¢) = H,, isometrically, and the definition of iy is
consistent with the definition given before under this identification.

In the case M = M,,(C), every state ¢ on M is of the form ¢ = tr(- ) for some density
matrix o. The state ¢ is faithful if and only if ¢ is invertible. In this case L?(M,(C), )
can be identified with M, (C) with the norm tr(|-|?)'/?, and the embedding i, is given by
ip(r) = oY/?Pzot/?P. In particular, ||i,(z)| = tr(|oY/?Pzo!/?P|P)Y/P which is the expression
for the LP norm commonly used in quantum information theory.

A quantum Markov semigroup (QMS) on M is a family (P;):>o of normal bounded
linear operators on M such that

o Py =1idn, PsP = Psyy for s,t >0,

e Py(x) = x as t \,0 in the o-weak topology for every z € M,

° E?,k:l yi Pu(ziag)ye > 0 for all @y, ..., 2n, 1, ..., yn € M and t > 0,

e P(1)=1forallt>0.
If (P;)>0 is a quantum Markov semigroup on M, then P, has a pre-adjoint (F;).: M, —
M, for every t > 0, and ((P;)«)¢>0 is a strongly continuous semigroup on M,.. The QMS



18 CAMBYSE ROUZE, MELCHIOR WIRTH, AND HAONAN ZHANG

(P;)i>o is called KMS-symmetric with respect to ¢ if

(ia(Py()), i2(y)) = (ia(2), i2(Pi(y)))

for all z,y € M and ¢t > 0. In this case, for all p € [1,00) and ¢ > 0 the operator
ip(M) = iy (M), ip(x) = ip(P(2))

extends to a contraction Pt(p ) on LP (M, p), and (Pt(p ))tzo is a strongly continuous semi-
group. In particular, (FP,), = PY. Occasionally we also write P> for P,.
The generator of (P*)),g is defined by

D(L,) = {x € (M) | limn %(:c _ PP (2)) exists}),
£,(r) = lim - (z — PP (),

where the limit is taken in the norm topology if p € [1,00) and in the o-weak topology
if p = 0o. We also write L for L. Note that there are differing sign conventions for the
generator; with our convention, £, is a positive self-adjoint operator on L*(M, ).

We make the following assumption:

(HO):  There exists a *-subalgebra A of D(L£) which is o-weakly dense in M and invari-
ant under (P;)¢>o.

We can then define the carré du champ operator as follows:
1
i AXx A= A Day) = 5 (L()y +27L{y) = L(27y)).
We write I'(z) for I'(z, z).
We will further use the following assumption:
(H1): Bakry Emery gradient estimate: There exists K € R such that

[(Py(z)) < e ?MP(T(x))
forall x € Aand t > 0.

To avoid case distinctions, the following notation will come in handy:

eQthl

t .
GK(t) _ 2/ eZstS _ { 74 lfK#Oa
0

2t it K=0.

Further, we write K_ for the negative part of a real number K. The following result is
an analog of Lemma 3.4.

Lemma 4.1. If (P,)i>o is a QMS satisfying (H0)-(H1), then
1 &S

eK(t) (Pt<x*x) — Pt(x)*Pt<:L’)) < (BK(t)

[(Fi(x)) <

forallz € A andt > 0.
In particular,

if K >0,
if K <0

forallz € A andt € [O,L).

2K _
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(H2): There exists a finite family of linear self-adjoint maps d;: A — M, j € J, such
that

(ia(2) = > llia(d;(2))I1” (H2-1)

€T
and a constant M > 0 such that

max||d; (@)|| < MI|P ()| (H2-2)

for all z € A.

Note that (H2-1) implies in particular that the series on the right side converges for
all z € A, and by polarization,

(ia(2),i2(L(y))) = Y _(ia(d;(x)), ia(d; () (4.1)
JET
for all x,y € A.
In this situation we define the p-influence of the j-th variable on = by Inf? (x) =
lip(dj())[|” and the total influence of x by Inf"(z) = 3. ; Inf?(x).
We say (P;)i>o is primitive if Py(z) — ¢(x)1 o-weakly as t — oo for every x € M.
Theorem 4.2 (L'-Poincaré inequality). If (P)io is a primitive KMS-symmetric QMS
on M satisfying (HO)-(H2) with K > 0, then

K
R i = plonl < T (o)
for all x € A.

Proof. By duality and o-weak density of A in M, we have

i = o 1)] = sup fis( = o)1) = sup ia(2)ly — o)D)
lyll<1 llyll<1

Since (P;)>o is primitive,

i1 (2)(y = @(y)1)] = lim [i1(2)(y — Pr(y))]
Ammwwa@»ﬂ
Am@mmwwﬁmm»ﬁw

Now by the consequence (4.1) of (H2-1),

/000@2(3;*), in(L(P, dt‘
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By Lemma 4.1 and (H2-2),

[ s < v [ i< VRl [T g = Tl

All combined, we obtain the desired inequality. O

To prove our general noncommutative version of the L!-Talagrand inequality, we need
some more assumptions on (F;);>o, which we collect in the following:

(H3): Poincaré inequality: There exists a constant A > 0 such that

Allia(z = p(@)D)|* < (i), i2(L()))

for all z € A.
(H4): Hypercontractivity: There exists a constant a > 0 such that

li2(Fi ()] < [Jip(2)]

forallz € A, t>0and p=1+ e 2,
(H5): Intertwining: There exists a constant u € R such that

i (dj (Pe())]| < e [lip(Pe(dy(2)))]
forallz € A, j € T, pe[l,00] and t > 0.

In fact, it is well-known [OZ99] that hypercontractivity (H4) implies Poincaré inequal-
ity (H3).

The proof of the following theorem follows the argument given by Cordero-Erausquin
and Ledoux [CEL12, Theorem 6] in the commutative case. We refer to the appendix for
the details.

Theorem 4.3 (L'-Talagrand inequality). If (P;);>0 is a KMS-symmetric QMS on M
satisfying (HO)—(H5), then there ezists a constant C' > 0 depending only on the constants
K, M,a, A\, pu such that

Inf}(z)(1 + Inf}(z))
(1 + log™ (1/ Tuf (2)))

liz(x —p(@)D|P < C Y

JET
for all x € A with ||z| < 1.

Again following [CEL12], we can also give a generalization of Talagrand’s inequality
(1.4) in this setting.

Theorem 4.4. If (P) is a KMS-symmetric QMS on M satisfying (HO), (H2)-(H5),

then
e (20— )+ /2X Inf2
liz(z — p(2)1)|? < 6(1 — nfj ()
« e jeg 1+ log( Inf?(x)/ Inf} (7))
for all x € A.

Proof. By the Poincaré inequality (H3), we have

liz(z — @(2)1)]* < (l2(@)II* = [li2(Pr(2))]1*

1—e!
for T'=1/2\.
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Arguing as in the proof of Theorem 3.2, we get

iz (@)II* = [liz(Pr(= ||—22/ i (P2()))[|* dit.

JET
By (H4) and (H5),

li2(d; (Pe(2)| < e [liz(Peld; (@) < €™ (e (d; ()]

with p(t) = 1 4 e~2%,
After the change of variables s = p(t) and application of Holder’s inequality we get

iz = () V* < 7= 12/ T gy (d; () | dt

Jje€T
— /20—1 2
ey Z/ sl ) ds
]EJ
e(2a—p)+ /2X
2
< l_elz/nz o) ds
JjeET
eBe—m+ /22 ? 1/ \4/5—2 T f2( \2—2/5
JjeET
(2a—p)+/2X
= ﬁZInF / (Inf; (z )/Inf?(a:))Q/S*2 ds.
]EJ

From here, the claimed inequality follows from an elementary bound on the last integral
(compare [CEL12, Theorem 1]). O

Since the p-influences for different p do not coincide in the quantum setting, this
version of Talagrand’s inequality does not imply a KKL bound. However, we still have
the following weaker bound as consequence of Theorem 4.3. Again, the proof can be
found in the appendix.

Theorem 4.5. If (P,) is a KMS-symmetric QMS on M satisfying (HO)-(H5) and the
cardinality n of J is finite, then there exists C' > 0 depending only on the constants

K, L, M,a,\, i such that
V1
max Inf? i(r) > C'——— oen

JjeT n

for all self-adjoint x € A with |jiz(x)|| =1, ||z|| < 1 and p(z) = 0.

Remark 4.6. The sharpness of the bound derived in Theorem 4.5 in the present general
context was shown in [KMS12].

To prove our generalized version of Friedgut’s junta theorem, we need one last as-
sumption on (F;). For that purpose, if Z C J, let Ez denote the orthogonal projection

onto (.7 t2(ker d;) in L*(M, o).
(H6):  There exists a constant v > 0 such that
vllia(x) = Ex(ia())|” <) llia(di(2))||?
1€L
for every r € Aand Z C J.
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If (P,) is primitive, then E7(i2(x)) = i2(¢(x)1). Thus (H6) is a strengthening of the
Poincaré inequality from (H3) in the case of primitive QMS.
Lemma 4.7. If (B;) is a KMS-symmetric QMS on M satisfying (H0), (H2), (H4)-(H6),
then for any x € A, t,n >0 and T C J such that Inf} (x) < n for alli € T one has

—put

(6~ Ex)ia(A@))? < (Tt ()50 (Inf?(2)) -9,

176720“5
1+672o¢t .

Proof. By (H6) we have
lia(Pe()) — Ex(ia(P(2)))|* < ZHZz I

ZEI

where q(t) =

By (H4), (H5) and interpolation,
li2(di(Pe() )| < e [liz(Pi(di()) |
< e M lipe (di(@)) |
< e flia(di()) 172 (di () 0.

Therefore,
I(id — Ex) (ia( Py(2))|? < ZHH N A CAC)]
i€l

~ q(t) 1—q(1)

e M 2 2
S (ZHH Pl ) (ZHZz DI )

1€l €L

» at) 1-q(t)
<f (Z?ﬂﬂf%(q:)) (Z Inf?(a:))

v i€l JET
T (YO (Tnf? () Y10
= T(nlnf ()" (Inf*(x)) . O

Lemma 4.8. If A is a positive self-adjoint operator on a Hilbert space H, then
g — e ell5, < t] A3,
for every € € D(AY?) and t > 0.

Proof. This follows by the spectral theorem from the scalar inequality (1 —e™%®)? < tx
for t,z > 0. O

A version of Friedgut’s junta theorem in this setting now reads as follows. Again, the
proof can be found in the appendix.

Theorem 4.9. Let (P;) be a KMS-symmetric QMS on M satisfying (H0), (H2), (H4)-
(HG). There exists a constant C' > 0 depending only on a and v such that for every
x €A and 0 < e < 2/v there exists a set T C J such that ||iz(x) — Ez(iz2(x))|| < € and

Inf' ()2 exp (Cu 4 Cinf? (:”) log 21n52(1)> if Inf?(z) > 1

2
Inf! (z)? exp (C’,u + Clnf (x) log I:s (m)) otherwise,

|T\I| <

Inf2(z)

where p— = —p if p <0, and 0 otherwise.
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5. EXAMPLES

5.1. Classical case. The results in [CEL12, Boul7] fit into our framework by choosing
the commutative von Neumann algebras, i.e. (M, p) = L>®(X, u) with X a probability
measure space.

5.2. Generalized depolarizing semigroups. We start with a simple weighted gener-
alization of the depolarizing semigroup, also known as generalized depolarizing: given a
full-rank state w over C¢,

e = (e7tid+(1—e ") tr(w-)1)®n.

We verify assumptions (HO)-(H5) for the semigroup (e« );so . First of all, since we are
in a finite dimensional case, (HO) is directly satisfied. (H1) was proved in [JZ15] with
K = 3. With d;(z) = id®U Y @ (id — tr(w-)1) ® id®™ 9 a direct computation shows
(2, Lo(@))o = D _{d;(), dj(2))e,
j=1
which settles (H2-1). Condition (H2-2) with M = /2 follows as in Equation (3.7).
Condition (H3) with A = 1 is easy to check for n = 1, one for arbitrary n follows by
tensorization. The best constant « satisfying (H4) for any n has been shown in [BDR20,

Theorems 24 & 25|, whereas a lower bound on « was found e.g. in [TPK14, Theorem
9]. A direct computation shows (H5) with p = 1.

5.3. Quantum Ornstein—Uhlenbeck semigroup. Next, we consider the generator
of the so-called quantum Ornstein—Uhlenbeck semigroup [FRS94, CFL00, CS08]. The
latter acts on the algebra B(¢?(N)) of all bounded operators on the Hilbert space ¢?(N)
of square-summable sequences. Denoting by a and a* the annihilation and creation
operators of the quantum harmonic oscillator, which are defined by their action on a

given orthonormal basis {|k) }xen of H = (*(N) =~ L*(R) as follows:
VElE=1) k>1
0 else ,

a*lk) = vk +1|k), and alk) = {

the generator of the quantum Ornstein—Uhlenbeck semigroup takes the following form
at least on finite rank operators:
/~L2 )\2
L(z) = ) (a*ax — 2a*ra + xa*a) + ) (aa*z — 2azxa” + raa™),

where > A > 0. Denoting v = A\?/u?, it has a unique invariant state
O =1 =v) Y _ V" n)(n|.
n>0

Here we will use the notion of a Schwartz operator [KKW16]: an operator z € B(L?*(R))
is called a Schwartz operator if for any indices «a, 5,a/, 8" € N,

sup {|(P7Q ¢, 2P7 QY ¢)| : ¢, € B(R), [l lo]| <1} < o0,
where G(R) denotes the set of Schwartz functions over R, @ : (z — ¥(z)) — (z —
xp(x)) is the so-called position operator and P : (z +— ¥(z)) — (z — —it)’(x)) is the
momentum operator. We denote by &(H) the algebra of Schwartz operators.
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Proposition 5.1. The semigroup generated by L and derivations d, := |a,-] and dg. =
la*, -] satisfy the conditions (HO)-(H5) with respect to the algebra A = S(H).

Proof. The set &(H) of Schwartz operators is a *-subalgebra of B(L?(R)) [KKW16,
Lemma 3.5]. Moreover for any p > 1, the set Sy(H) of finite-rank Schwartz operators is
dense in the space T,(H) of Schatten-p operators [KKW16, Lemma 2.5]. Therefore, since
finite-rank operators are o-weakly dense in B(H), this also holds for G(H). In order to
show that &(H) is invariant with respect to the semigroup generated by £, we use tools
from noncommutative Fourier analysis: given a trace-class operator x, its characteristic
function is given by

Xa(2) = tr(zD(2)),

where D(z) := e*¢ ~%¢ for z € C, is the so-called one-mode displacement operator. By
the quantum Plancherel identity, we have that for any two trace-class operators x,y
[Holl1],

a(ay) = [ R ).

Moreover, the quantum Ornstein—Uhlenbeck semigroup can be represented by a family of
quantum channels e’ modelling a quantum beam-splitter of transmissivity n = e~ (W=t
and with environment state o,, can be shown to induce the following action on charac-
teristic functions:

Xe(2) = Xerer (1) (2) = Xa (V7T 2) Xop (V1 — 1 2) = Xa(y/7 2) e BNFDA=MIER2

with N = 2 “~z. Therefore, for any «,,a',3 € N and normalized v, ¢ € &(R),
denoting y := |P?' Q% p)(PPQ™y|, we have

(PPQ ¢, e!“(T) PP Q" ¢) = tr(y ¢'“(T))

= tr(e" (y)T)

:/ ﬂXy(\/_Z) @N+1)(1-n)|z[? /QXT(Z)

:/ ﬂxy( ) =N /20

nm
< 00,

where we used that u +— e*(ZN“)(l*"”“Q|/2"XT(u/\/7_7) is a Schwartz function, see [KKW16,
Proposition 3.18]. Finally, by [KKW16, Proposition 3.14], for any z € &(H), L(x) is
closable with closure in &(#). Hence, (HO) is satisfied for the algebra A = S(H) .
Property (H1) can be easily derived from the canonical commutation relation [a,a*] =1
and gives K = (u? — \?)/2 (see e.g. [CM17b]). Property (H2) is satisfied for the maps
d, :=[a,] and d,« := [a*,-]. The Poincaré inequality (H3) follows from the characteriza-
tion of the spectrum of the generator £ established in [CFL00]. The hypercontractivity
constant in (H4) was estimated in [CS08]. The intertwining relation of (H5) was found

in [CM17h). O

5.4. Group von Neumann algebras. Let G be a countable discrete group with unit
e, L(G) the group von Neumann algebra on (*(G) generated by {)\,, g € G} where X is
the left regular representation of G. We denote by 7(x) = (20, d.) the canonical tracial
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faithful state. Here and in what follows, 4, always denotes the function on G that takes
value 1 at g and vanishes elsewhere.
A function ¢: G — [0,00) is a conditionally negative definite (cnd) length function if

¥(e) =0, ¥(g7") = 1(g) and
> Flg)f(h)(g™'h) <0

g,heG

for every f: G — C with finite support such that deG f(g)=0.
By Schoenberg’s Theorem (see for example [BO08, Theorem D.11}), to every cnd
function one can associate a T-symmetric quantum Markov semigroup on L(G) given by

P, = e WO\,

g

For a countable discrete group G, a 1-cocycle is a triple (H,7,b), where H is a real
Hilbert space, m: G — O(H) is an orthogonal representation, and b: G — H satisfies
the cocycle law: b(gh) = b(g) +7(g)b(h), g, h € G. To any cnd function 1 on a countable
discrete group G, one can associate with a 1l-cocycle (H,m,b) such that ¢(g~'h) =
16(g) — b(R)||*,g,h € G. See [BO08, Appendix D] for more information.

Fix an orthonormal basis (e;);es of H. In case G is finite, the index set J can always
be taken to be finite. Let A be the linear span of the operator )\,, g € G, and let

dj: A= L(G), dj(Ag) = (b(9); €j)Ag-

The space A is contained in the domain of the generator £ of (P;) and L()\,) = ¥(g)A,
for g € G. Moreover, I'(Ag, Ap) = (b(g), b(h))Ay-1p, for g, h € G.

Clearly, condition (HO) is satisfied. Condition (H1) is satisfied with K = 0 [WZ21,
Example 3.14]. For condition (H2) note that if x = > f(g)A, € A, then

Yo dil@)di@) =" D fl9)f (M) ()

eI JET g.heC

= F@)f () Y (b9), en)(b(h), e5)Ag1n
ieJ 9,h€CG

= 3" T (h){b(g), bI) A1
g,heG

=" F@)f ()T (Mg, M)
g,heG

=T'(2).

In particular, d;(z)*d;(z) < TI'(z) for every j € J. Moreover,

S lislds (@) = 3 w(dy () dy () = 7(0(w)) = {in(a), in (@)

jeT jed
Thus condition (H2) holds with M = 1. Condition (H3) holds with the spectral gap
A = infgyg)>0¥(g) of L. Since d;P, = P,d;, condition (H5) is always satisfied with
w=0.

Condition (H4) is known to hold for certain discrete groups. For free groups, it is
known that (H4) holds with a = 2 [JPP*15, Theorem A]. We refer to [JPPP17] for more
examples including triangular groups, finite cyclic groups Zy, N > 6, infinite Coxeter
groups etc. with 0 < a < oc.
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6. APPLICATIONS

6.1. Influence and circuit complexity lower bounds. As mentioned in the intro-
duction, Karpovsky [Kar76] was the first to propose the total influence, as a measure
of complexity of a function f. This intuition was then made rigorous in [LMN93] and
[Bop97] where tight circuit complexity lower bounds in terms of the total influence were
derived for the complexity class ACY of constant depth circuits.

Similar results were recently derived in the quantum setting. For instance, [BGJ*22]
show a direct link between the notion of L?-influence and the complexity of quantum
circuits. More precisely, they showed that for a quantum circuit U, that is a unitary
matrix in My(C)®" [BGJT22, Theorem 12]

1
3 CiS*(U) < Cost(U) ,
where the L2-circuit sensitivity CiS*(U) is defined as

CiS*(U) = e, Inf*(UOU*) — Inf*(0)],

and where Cost(U) refers to the cost of the circuit and was introduced in a series of
seminal papers by Nielsen and coauthors [Nie06, NDGD06a, NDGDO06b, DN08] as a lower
bound on the minimal number of one and two-qubit gates required from a given universal
gate-set in order to synthesize the unitary U. More precisely, given traceless self-adjoint
operators hq,...,h,, that are supported on 2 qubits and normalized as ||h;|| = 1, the
circuit cost of U with respect to hq, ..., h,, is defined as

1 m
Cost(U) := inf/ Z I7;(s)| ds ,

where the infimum above is taken over all continuous functions r; : [0, 1] — R satisfying

U:Pexp(—i/o1 H(s)ds),

and

= Z rj(s) h;
j=1
where P denotes the path-ordering operator. We start by providing a simple bound on
the p-influences for p € [1,2] (for convenience we may write %(O) for S 4 (0) @ 1):
Proposition 6.1. For any j € {1,...,n}, let N; Cc {1,...,m} be the minimal set of
qubits such that t]”(U(t‘rfj‘(O) ® 1)U*) = U( ‘N‘(O) ® 1)U* for any O € My(C)®"
Then, for any self- adjomt matriz O € MQ(C)@’" with ||O||2 < 1 and all p € [1,2] we have

Inf?(UOU*) < Z Id;Ol5 1{7 : i € N;}|.

i=1
In the case p =2 and denoting L := max; |{j: i € N,}|, we get
Inf>(UOU*) < L Inf?*(0).
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Proof. For p € [1,2] and any O € My(C)®™ with ||O]] < 1, we have

trj

Inf?(UOU™) Z |lvour — ZHwourl,

* r' *
< Z lvour - 7](UOU I

gZHUOU*
:Z| O
gz(Zno—ﬁ 0z

Jj=1 4eNj;

sZZHO—tﬁ )|

j=14eN;

< Z 10— HO) g1 i € Ny}

(O

where in the second inequality above we use that the partial trace tr; is a projection
onto the algebra of operators supported on {;}¢, and therefore minimized the distance to
that subalgebra. The third inequality follows from the non-primitive Poincaré inequality
from Equation (3.13). O

1"N

Remark 6.2. The assumption t%"(U(;N (O)® 1)U*) = U(Q‘N +(0) ® 1)U* can be in-
terpreted as a lightcone condition: let’s consider for simplicity n a unitary circuit in

brickwork architecture of the form U = U ‘Ut U, where for each j, U¥*T! =
U2]Jrl ®---® UQJJr1 and U% = U ® --QUY, n_1, Where by U] | we mean a unitary
with non—trwlal support on qublts r and r—+1. Hence, for any set Ny = {1,...,n;} and

any observable Oye supported on N,
UON:U* =U" ... U'One(U)* ... (U

is supported in the set {n; — ¢+ 1,...,n}. Hence, for ny = ¢ + 1, the condition holds.
In other words, n; scales linearly with the depth ¢ of the circuit U. The above simple
argument generalizes easily to higher dimensions and general local unitary circuits.

In the case when p = 1 we can bound the total L' output influence in terms of the
total L' input influence.

Proposition 6.3. For cmyj e {1,...,n}, let N; C {1,...,m} be the minimal set

tI‘N

of qubits such that %( ‘N (O =U NLF 5 (0)U* for any O € M,(C)®" and denote
L :=max; |{j: i€ N;}. Then, for any such matriz O € My(C)®"

Inf'(UOU*) < 2L Inf'(O) .
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Proof. For any O € My(C)®",

trj

Inf' (UOU™) Z |vou — X UoU)|h

trj

<ZHUOU* (O |+

(0)U" - - (UOU)|

2|N|
<QZ”O Q\N\ ”1

<233 40l

j:l ieNj

< 2L Inf'(0O)

where in the second inequality above we used the definition of N; and that the partial
trace tr; is contractive in | - ||; norm. The third inequality follows from simple triangle
inequality and monotonicity of the L'-norm under partial traces. O

Finally, we find a bound on the variation of the L!-influence through a circuit U
in terms of the cost of a unitary U. We define the L!-circuit sensitivity of a unitary

U € My(C)®™ as

CiS'(U) = e, Inf (UOU*) — Inf' (0)].

Theorem 6.4. The L'-circuit sensitivity of a unitary U € My(C)®™ is a lower bound
on the circuit cost:

Cis’(U) < 8 Cost(U).

Proof. Our proof follows similar steps to those leading to [BGJT22, Theorem 12] (see
also [Eis21, MAVAV16]): we first show that, for a unitary U; = e~ where H acts
non-trivially on a set S of k qubits, and O with ||O|; =1,

| Inf' (U,0U;) — Inf'(0)| = |Z 1d;(O(t)[lx — [|d;(O)]|1]
—|Z |d;(O)) Iy — Ild;(O)]]1]
JjES
<> 11d;(0(t) = d;(O)[h
j€eSs
/ Z Hd €7ZSHH O] ZSH” ds
jES
< 2kt ||[H, Ol[lx
< 4kt||H|[|O]lx

— a4kt 1], (6.1)
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where we denoted O(t) := U,OU;. Back to our original problem, we take a Trotter
decomposition of U such that for arbitrary small € > 0,

U —-Vn[[<e
where Vi is defined as follows:
N
VN = H Wj,
j=1
_ i~
W, = exp ( - N ; Tj(ﬁ) hj) ,
so that
W, = lim Wl
l—o0

W(l (Wl W% )l’

i
W, ;= exp ( N Tj(ﬁ) hj) .
Next, we define O, = W,0, W7 with Oy = O. We have,

| Inf'(O,) — Inf'(O,—1)| = | Inf' (W,,0,-, W) — Inf' (O, _1)]
= limsup | Inf (Wygl)On,ﬂ/Vél)*) — Inf'(O,_1)|

3510 (2)

< lim sup i ?

()l

where the inequality follows from (6.1) for k = 2 and ¢t = % Summing over 7, we get
N

| Inf (UOU™) — Tnf!(O 8 sz:

nzl J=1

m

5(12) |+ 1 1! (UOU™) — Inf (VyOV).

Since the circuit cost is expressed as Cost(U) = inf(,. ), imy_ o0 % ZnN:1 > e ’Tj (%) ’,
and since the influence of UOU* can be arbirarily well approximated by that of VOV
as N — oo, the result follows. O

Remark 6.5. Combined with our quantum Friedgut’s Junta theorem 3.11 the above re-
sults show that for any observable O with Inf'(O), Inf*(O) = O(1) and ||O||y = O(1),
and for any unitary U with L = O(1), the output observable UOU* can be well ap-
proximated by a k-junta with & = O(1). Taking again the simple example constructed
in Remark 6.2, we recover the simple fact that, for a 1-qubit Pauli matrix evolving ac-
cording to a circuit of constant depth, the output observable will still be supported on
a constant size region. While it would be interesting to find some non-trivial situations
where our bounds still hold, we leave this question to future work.
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6.2. Learning quantum Boolean functions. In this section, we use our quantum
Friedgut’s Junta theorem 3.11 to provide an efficient algorithm for learning quantum
Boolean functions. Our argument relies on the following quantum generalization of
Goldreich-Levin theorem (see [MO10a, Theorem 7.6)):

Theorem 6.6 (quantum Goldreich—Levin). Given an oracle access to a unitary operator
U on n qubits and its adjoint U*, and given 6,y > 0, there is a poly (n, %) log (%)—tz’me
algorithm which outputs a list L = {s1,...,Sn} such that with probability 1 — §: (1) if
|Us| >~ then s € L; and (2) for all s € L, |Us| > ~/2.

Once the quantum Goldreich—Levin algorithm has been used to output a list of Fourier

coefficients, the following lemma, which is also taken from [MO10a], can be used to
compute them:

Lemma 6.7. [MO10a, Lemma 7.4] For any quantum Boolean function A, and any
s € {0,1,2,3}™ it is possible to estimate 121\3 to within £+n with probability 1 — § using
(’)(ni2 log (%)) queries.

Combining Theorem 6.6, Lemma 6.7 with our Theorem 3.11, we directly arrive at the
following result:

Proposition 6.8 (Learning quantum Boolean functions). Let A € My(C)®™ be a quan-
tum Boolean function. Given oracle access to A, with probability 1 — §, we can learn A
to precision € in L* using poly(n, 4%, log (%)) queries to A, where
Infl (A)2e ™" Toe
k<k(e)= Inf'(A)? 481024 1o 2020
—— e € £
Inf?(A)
Proof. By Theorem 3.11, we have a quantum Boolean function B = 27 /Tltry(A) €
M,(C)®™ supported on a region T° of k qubits such that ||A — Bl|s < e, with k& < k(e).
Next, we use the quantum Goldreich—Levin algorithm of Theorem 6.6 in order to output
alist L= {sM, ... sMYC{0,1,2,3}" of corresponding significant Fourier coefficients

21Inf2(A)
1>

if Inf2(A) >1;

else

Ay, 1 £ j < m. Denoting the operator Ay := >, Ao, as well as the set of strings
s€40,1,2,3}" with sp =0 as L', we get

1A= ALl =1 ) Aol

seL¢
(2 a)"
seL¢
1
(X Eex )
se(LUL/)e seL\L
< < A2 4 Eﬁ)Q
seL’c seL’\L
1
< <82 + @)2
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Moreover, by Theorem 6.6, we have that with probability 1 — &, if s ¢ L, then |A,| < 7.
Therefore we have that with that same high probability

|A—Arlls < (2 +4%4%)2. (6.2)

It remains to evaluate the coefficients A\s for s € L. This can be done within precision
+n with probability (1 — §) using O(n% log (%)) queries of A according to Lemma 6.7.

Moreover, since A is a quantum Boolean function, there are at most % coefficients A\S
such that |A,| > 2. Therefore, with high probability |L| < %. Choosing v = €27% so
that ||A — AL|lz = O(e), we need to evaluate 4/72 = O(4*) such coefficients. The result

follows. U

6.3. Learning quantum dynamics. Proposition 6.8 extends the domain of applica-
bility of Proposition 41 in [MO10b] where the authors provided an efficient algorithm to
learn the evolution of initially local observables under the dynamics generated by a local
Hamiltonian. While the proof of [MO10b, Proposition 41] requires the Lieb—Robinson
bounds in order to control the sets of sites of large influence in terms of the support of
the initial observable and the light-cone of H, our argument has the advantage of not
putting any geometric locality assumption of the quantum Boolean function A.

To further illustrate our result, we consider the following generalization of the setup
of [MO10a, Proposition 41]: let A be a finite set of size |A| = n endowed with a metric
d(+,-). We suppose that there is a monotone increasing function g on [0, 00) and constants
C, D > 0 such that

HyEA’d(az,y) gr}’ < g(r) SC(1+T)D, r>0,reA.

The constant D typically denotes the spatial dimension in the case of a regular lattice.
We consider a quantum spin system on the point set A by assigning the Hilbert space
H, = C? to each site # € A. For any subset 7' C A, the configuration space of spin
states on T is given by the tensor product Hy = @,cr Ho, and the algebra Ay :=
B(Hr) of observables on T acts on the Hilbert space Hy. We consider a Hamiltonian
Hpy =" vcphx, where hy € B(Hx) is a local Hamiltonian, i.e. a self-adjoint operator
on Hy, for each X C A. In what follows, we denote the diameter of a set Z C A
by diam(Z) := max{d(z,y)|xz,y € Z}. We further assume the following requirements
[IMKN17, Assumption AJ:

(i) There is a decreasing function f(R) on [0, 00), such that

wae Y ol < f(R). R0
Z3x
diam(Z)>R

(ii) The following constant is independent of the system size n:
Cor=max } 3 [lhg|| < oo.
yeEAN Z3z,y

Strictly speaking, condition (ii) only makes sense when considering a family of Hamilto-
nians H, defined on an increasing family of sets A all included in a countable set 3. We
will however favour simplicity over rigour here.
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By [MKN17, Theorem 2.1], for any two one-local Pauli operators o,,, 05, with j # 4,
and all R > 1 we have that, given d;; = d(i, j)
e e 0 |
< 2ev /R At g(dy;) f(R) + 2Cy t R max{d;;, R}" f(R) "~ %i/F
for any ¢ > 0, where v and Cy are positive constants independent of A, ¢, R,7 and j.

Proposition 6.9. With the above assumptions, we further assume that there is R > 1
such that for all i € A, the constants

Coi= 3" e/ 4 tg(dy) f(R) +t R max{dy;, R}” f(R) "~/
JEA
can be bounded by constants independent of the size n of the system. Then, with proba-

bility 1 — &, we can learn the quantum Boolean functions e g e~ HAr to precision ¢ in
L? using poly(n, exp(exp(e 2| log(e)])),log (%)) queries to e= s and M.

Proof. In view of the dependence of k on the influences in Proposition 6.8 on the
influences, it is enough to control Inf'(e*rg, e~™Hr) and Inf?(efag, e~"1r) inde-
pendently of the size of the system. We clearly have for any A € My(C)®" that
Inf'(A) < > jen lld; A and Inf?(A) < > e lld;All*. Moreover, by the following well-
known expression for the partial trace

1 1
5 tr;(A) ®1; = 1 Z oy, Ao, ,
5
where o, are Pauli matrices on site j, we have that

||de||:HA—iZcrsjAosj :i”:m— 3 o, Aay, Si S A o]l

szasj;él szasj;él

Therefore,

\/Inf2 (e”HAcrs(i)e—”HA), Inf! (eitHAcr

s(i)eiitHA)
< ; Z eVt—dii /R 2t g(di;) f(R) + Cot R max{d,;, R}D f(R) pvt—dij /R
JEA

t

Remark 6.10. Our result in Proposition 6.8 has the advantage that it does not assume
in advance that A is (close to) a k-junta. This comes at the price that the dependence
of the query complexity on the approximating parameter ¢ scales doubly exponentially
with the latter. For the same reason, our dynamics learning method in Proposition 6.9
allows us to extend the class of Hamiltonians considered in [MO10a] to Hamiltonians
satisfying a weaker power-law decay, at the cost of a much worse dependence on e. This
dependency on ¢ is also not new in classical setting [BT96, OS07].

Remark 6.11. In a recent article [CN'Y23], the authors provide an algorithm for learning
any unitary k-junta U with precision € and high probability which uses O(f + i—z) queries
to U (see Theorem 29), extending a previous quantum algorithm for learning classical
k-juntas reported in [AcS07]. While the dependence on ¢ is much tighter than ours, the
two results are incomparable, since we replaced the requirement that U is a k-junta by
the weaker condition that it has influences Inf' U, Inf> U = O(1).
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6.4. Quantum isoperimetric type inequalities. Closely related to the concentration
of measure phenomenon and functional inequalities, isoperimetric inequalities provide
powerful tools in the analysis of extremal sets and surface measures. Given a metric
space (X, d) equipped with a Borel measure p, the boundary measure of a Borel set A
in X with respect to p is defined as [Led00, Led01, BGL14]

1
W (4) = lim 2 (4 4)
r—07r
where we recall that A, := {x € X|d(z, A) < r} is the (open) r-neighbourhood of A.

The isoperimetric profile of u corresponds to the largest function I, on [0, #(X)] such
that, for any Borel set A C X with p(A) < oo,

ph(A) = L (u(A)) . (6.3)

In the case of the canonical Gaussian measure v on the Borel sets of R* with density
(2m) =/ 2¢~1e"/2 with respect to the Lebesgue measure, with the usual Euclidean metric
induced by the norm |z| [Led01, Theorem 2.5]:

I,=00d!

where ®(t) = (2r)"/2 [*__e=*"/2dx is the distribution function of the canonical Gaussian
measure in dimension one. Moreover, equality holds in (6.3) if and only if A is a half-
space in R¥. Moreover, as a — 0, we have

1
2

O 0 L(a) ~ a<2 log %) . (6.4)

Similar isoperimetric inequalities were also derived for hypercontractive, log-concave
measures [BLI6] (see also [Mil09, Mill0]). When k& = 1, the boundary measure of a
Borel set A can be expressed in terms of the geometric influence || f/||; of a smooth
approximation f4 of the characteristic function of A. In other words, u*(A) ~ Inf'(f4).

This observation allows us to generalize the notion of isoperimetric inequality in the
context of smooth Riemannian manifolds to discrete settings. In the context of the
classical Boolean hypercube 2, the edge isoperimetric inequality states that for any m,
among the m-element subsets of the discrete cube, the minimal edge boundary is attained
by the set of m largest elements in the lexicographic order [Ber67, Har64, Har76, Lin64].
In particular, for any set A C €2, of vertices

@A) = 08(12) = 20 (A)log, () (6.5)

where we recall that p,, is the uniform probability measure on €2,,, and f4 corresponds to
the characteristic function of set A. Here, 0A simply corresponds to the set of vertices
in the complement of A that are adjacent to A. This inequality is moreover tight when
|A] = 27 for some d € N (take for instance A to be the vertices of a d-dimensional
subcube). We notice the similarity with (6.4) up to the change of power in the logarithmic
factor.

Similarly, consider a finite graph G = (V, E') with set of vertices V' and set of edges FE
with bounded degree d (i.e. each vertex has at most a fixed number d adjacent edges).
The graph G is said to satisfy the linear isoperimetric inequality if

Card(0A) > h Card(A4),

for some h > 0 and all subsets A of V such that Card(4) < £ Card(V). The so-
called Cheeger constant h of the graph can be related to the spectral gap A of the graph
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Laplacian via Cheeger’s and Buser’s inequalities. Here, Card(0A) plays the role of 1 (A)
and can be once again related to a notion of influence. The linear isoperimetric inequality
can be understood as a weaker form of isoperimetry than the one derived for log-concave,
hypercontractive measures, and hence only implies exponential concentration for the
normalized counting measure on G. Moreover, one should not expect to recover the
stronger Gaussian type isoperimetry in this setting, since the hypercontractivity constant
for graph Laplacians is known to scale with the size of the graph [BT06].

Linear isoperimetric inequalities were also considered in the more general context of
Markov chains over finite sample spaces. For instance, in the case of a continuous time
Markov chain with transition rates Q(z,y) and unique reversible probability measure 7
with non-negative entropic Ricci curvature, [EF18] established that for any set A,

7 (04) > L V@A m(A)(1~ 7(4))
where A is the spectral gap of @, Q. = min{Q(z,y) : Q(z,y) > 0} and 77(9A) =

> veayeae Q(x,y)m(x) denotes the perimeter measure of A. We also note that extensions
of such inequalities in the quantum setting were obtained in [TKR*10].

Interestingly, such inequalities are well-known to be equivalent to an L!-Poincaré in-
equality. It is then natural to ask whether one could recover the type of isoperimetry
found for the Gaussian measure and uniform measure on the hypercube in other discrete
and quantum settings by further assuming hypercontractivity of the (quantum) Markov
chain. This is indeed the case, as we prove by a direct appeal to Talagrand’s inequality:

Theorem 6.12 (Qubit isoperimetric type inequality). For any projection Ps onto a
subspace A C (C%)®,

C n 2
lrgjagllnf (Pa) > . 7(A)(1 —7(A)) log (T(A)(l — T(A))) . (6.6)

for some universal constant C, where T(A) := 27" tr(Py).

Proof. As mentioned in [CEL12], this is a simple corollary of Talagrand’s inequality
Theorem 3.2 after assuming that

A1 —7(A))\3

() < (20 TNy
n

for every j € {1,...,n}, since otherwise the result directly holds. O

Remark 6.13. Similar to the quantum KKL conjecture of Montanaro and Osborne, it is
reasonable to conjecture the following L? variant of (6.6)

9 C n
1rgjl<xnlnf (Pa) > gT(A)(l —7(A))log <T(A)(1 — T(A))) . (6.7)

We end this section by remarking the following L!-Poincaré inequality that is stronger
than Theorem 3.1. See [ILvHV18] for the discussions on the classical Boolean cubes.

Theorem 6.14. For all A € My(C)®", one has

1/2
|A =2 tr(A)|, <7 (Zd ) <V2r||T(A)Y?; . (6.8)

1
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Remark 6.15. Using the inequality
X+ Y5 < IXIE YR 0<p<1
for p = 1/2 we get

1/2 n
<A>> SZH@‘(A)* )2 an )l -

So (6.8) is stronger than (3.1) up to the multiplicative constant .

Proof of Theorem 6.14. Recall that we have proved (3.7)
Z d;( ) < 2I'(A).

So we have the second inequality of (6.8) by operator monotonicity of  + z'/2. Now
let us prove the first inequality of (6.8). We denote by (A, B) — (A, B) := 27" tr(A*B)
the normalized Hilbert—Schmidt inner product. By semigroup interpolation (2.4) and
duality,

|A—2""tr(A)|l; = sup [(A—2""tr(A), B)|

IBll<1

% sup / <[,Pt(A),B)dt'
|B]I<1

< su d;A,d;P,B)| dt.
B”%/ 2;|<] \P.B)

Now recall that we have the following inequality:

<|(E) ]

To prove it, form the operators X := 377 | X;®|j) (1| and Y := Y77 | Y;®|5) (1]. Then
Holder’s inequality gives

XY [ < X - Y= 1) - 1Yy 72,
which, together with

n 1/2

> (X))

j=1

(6.9)

n

> (XY <

j=1

n

> Xy

j=1

= [ XY,

1
yields (6.9). Now apply (6.9) to (X;,Y;) = (d;A,d;P,B) to get

n 1/2
(Z dj<A>*dj<A>>

To conclude, we use Lemma 3.4 together with

< dt
/ =7. O
0 et — 1

n 1/2

> (d;A,d;P,B

J=1

P,B)

1
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7. DISCUSSIONS

We end this paper with the following discussions.

7.1. Equivalence between log-Sobolev and Talagrand’s inequalities. In Theorem
4.3, we derived a general noncommutative extension of Talagrand’s inequality. Our proof
requires the joint use of the hypercontractivity inequality (H4) with the intertwining
relation (H5). It is hence legitimate to ask whether, in return, such Talagrand-type
inequalities imply hypercontractivity. This question was answered in the positive in the
classical, continuous setting in [BH99, Proposition 1], and later on for discrete spaces in
[V616]. Tt would be interesting to consider the similar problem in the quantum setting,
which we leave to future work.

7.2. Learning low-degree quantum Boolean functions. An alternative notion of
complexity than the support condition for k-juntas is that of the degree: a bounded
function f : Q, — [—1,1] is said to have degree at most d € {1,...,n} if for any
string s € {—1,1}" with Hamming weight |s| > d, the Fourier coefficient f(s) = 0.
In particular, Boolean functions of degree at most d are d2¢! juntas [NS94]. As a
main tool for the result, the authors derived a simple lower bound on the degree of the
function in terms of its total influence. This observation can be used in conjunction
with the Goldreich-Levin algorithm in order to devise a learning algorithm which makes
poly(n) random queries to f. More efficient algorithms were proposed in the past decades
[LMNO93, TRR ™21, Man94|. However all these algorithm have a query complexity scaling
polynomially with n. In the recent article [EI22], the authors show that any low degree
Boolean function can be approximated to € precision in L? with probability 1 — § from
(’)(poly (é, d) log (%)) random queries to the function. While this result is incomparable
to the ones we report in Section 6.2, it would be interesting to find a quantum extension
of it. The result of [EI22] uses the so-called Bohnenblust-Hille inequalities. The study
of Bohnenblust—Hille inequalities has a long history and these inequalities have found
many applications in various problems. A Boolean analogue was known [DMoP19] and
has led to interesting applications to learning theory [EI22]. Here we formulate and
conjecture a quantum analogue of Bohnenblust—Hille inequality and explain why it is
useful to learning problems in the quantum setting.

Conjecture 7.1. Fix d > 1. Then there exists Cy > 0 depending only on d such that
for alln > 1 and all A € My(C)®" of degree at most d i.e.

A= Z A\sasa
s€{0,1,2,3}:|s|<d
we have
d+1
2d
~2d
> A < CallAll - (7.1)
$€{0,1,2,3}":|s|<d
where the degree |s| of a string s is defined as the number of components that are different
from 0.

If Conjecture 7.1 holds, we expect that it can be used in a similar fashion as in [EI22]
in order to devise a highly efficient algorithm for learning quantum Boolean functions of
small degree in terms of query complexity.
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In fact, this conjecture has been resolved after an earlier version of this paper was
post out. It was first resolved by Huang, Chen and Preskill [HCP23]. Later on, another
proof was found by Volberg and Zhang [VZ23].

Data availability statement. No data was generated as part of this work.

APPENDIX A. PROOFS FROM SECTION 4

Proof of Lemma 4.1. Let F(s) = Py(P,_s(x)*P,_s(x)). Since z € A, the map F is o-
weakly differentiable on [0,¢] and

F'(s) = =P L(P_s(x)"Pi_s(2)) + Ps((LP—s(2))" Pi—s(x)) + Ps(Pr—s(x)"LP_())
= 2Psr(Pt—s(x))
Hence if w € M, is positive, then
w(F(z"zr) — Py(x)" Fi(x)) = w(F(t) — F(0))

- /Otw(F’(s))ds

=2 [[w(PI(P ) s

> 2u((R(o) [ s
= ex(t)w(I'(Pi(x))).

This implies the first inequality. The second inequality follows from the fact that P; is
unital and positive.

The last part is easy to see for K > 0. If K <0and 0 <t < —ﬁ, then
1 — 62Kt
er(t) = — = 2(1 —e Nt > t. O

Proof of Theorem 4.3. As a consequence of (H3),
. 1 . .
liz(@ = p(@)VI* < T—=5z7 ([li2(@)I* = lli2(Pr(2))]*)-

Since (Pt(2))t20 is a symmetric contraction semigroup on L*(M, ), the map t —
|i2(Py(z))||? is differentiable and

i) = liaPraI =2 [ (ialPio) ia( £P))
- / S ia (d(Fila)) 2 dt

jeT

T/2
_4/ > llia(dy(Pa()))|* dt.

JjeET

where the second to last step used (H2-1).
By (H5) and (H4),

li2(d; (Par ()| < e [|iz(Po(dj(Po(x))| < e [lipee) (d (Pi()))
with p(t) = 1 + e 2,
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By interpolation,
i (A (P < lis (d5(Py()) 70y (P () |12, (A1)
To the first factor we apply (H5) again and the contractivity of Pt(l) to get
i1 (d(Pe(2)))| < e lin (Pe(d; ()| < e [lis(d;(2))]]- (A.2)

To bound the second factor in (A.1) in the range [0
(H2-2) to obtain

,ﬁ}, we use Lemma 4.1 and

M
ld; (Pi(2))I| < M|[D(Py())[I'? < 7 (A.3)
If we plug (A.2) and (A.3) into (A.1), we obtain
lipcey (s (Pe(2))| < MmO QmVRON] G, (d; () |70

for 0 <t < 1/2K_. Therefore,
i () [|” = |li2( Pr (= ))||2

<4M/ e 2u(1+1/p(®))t y—(1=1/p(t)) Z”Zl H2/p(t
jeJ

T/2
— 1M Y lds (o) / e O 0 () [P0
JET 0
provided 7" < 1/K_. With T" = min{2,1/K_,1/a}, the result follows from Lemma
3.3. U

Proof of Theorem 4.5. By Theorem 4.3 there exists a constant C' > 0 with dependence

as indicated in the statement of this theorem such that

Inf x)(1+ Inf,(x))
o< Z +log (1/ Inf}(z)))/?

for all z € A with [[iz(x)] =1, H:cH <1 and p(z) =0.
Now the conclusion follows from Lemma 3.8. O

Proof of Theorem 4.9. The proof follows the same lines as the one of Theorem 3.11. Let
us first consider the case Inf?(z) > 1. Let Z = {j € J | Inf}(:p) < n} for some number
n > 0. By the triangle inequality and the contractivity of Ez, we have

[i2(z) — Ez(iz(2))|| < |li2(z — Po(2))|| + [[(id — Ez)(i2(Pe(2)))]| + [ Ez(i2(z — Pe(x)))]]
< 2[[ia(z — Po(x))[| + [|(id — E7)(i2(Pi(2)))]|-
It follows from Lemmas 4.7 and 4.8 that

—put
o (z) — Ez(i < 24/t Inf? Tt ()12 T2 () (1—a(0)/2
lia(2) = Exz(iz(2))|| < 24/t Inf*(2) + ——(n Inf () nf”(z)

176_20“&

with Q(t) = Tre 2at- For
ve 2 t)
B 2 B (%HJ) /a(
16If(z)’ | Inf'(x) Inf(z)0—a0)/a0

we obtain ||is(x) — Ez(iz(x))]| < e.
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Moreover, by definition of Z, we have Infjl- (x) > n for every j € J \ Z. Thus

7z < i) _ (26’”
N n

2/q(t)
Inf! (:L’)Q Inf? (aj)(l_Q(t))/q(t) )
ve

The elementary inequality r < e” — 1 for r > 0 together with Inf2(:c) >1land e <2/v
implies
2 < et + 1 _ 16 Inf?(z) (exp( 20e? ) N 1) < 16 Inf?(z) (exp (i) N 1>.
qt) = ot ae? 16 Inf?(x) T« v
Let C' = % (exp (%) + 1). Hence

9en-t\ O (@)/e*
VAWARS < ) Inf! (z)? Inf2(z) 1-90)/a®)

ve
9 C'Inf?(z)/e?
— Cu- [ 2 Inf!(z)? Inf2(x)(lfq(t))/q(t).
ve
Furthermore,
1—q(t) < 1 16 Inf?(z) < C Inf*(x)
qit) ~at a2 T g2
Altogether,
C Inf? 2 Inf?
|7\ Z| < Inf'(z)*exp (C’,u_ + n2 (z) log = <w>) .
€ ve
The bound in the case Inf?(z) < 1 follows by rescaling. O
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