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Abstract

We show how the replica method can be used to compute the asymptotic eigenvalue spec-
trum of a real Wishart product matrix. For unstructured factors, this provides a compact,
elementary derivation of a polynomial condition on the Stieltjes transform first proved by
Miiller [IEEE Trans. Inf. Theory. 48, 2086-2091 (2002)]. We then show how this compu-
tation can be extended to ensembles where the factors are drawn from matrix Gaussian
distributions with general correlation structure. For both unstructured and structured en-
sembles, we derive polynomial conditions on the average values of the minimum and max-
imum eigenvalues, which in the unstructured case match the results obtained by Akemann,
Ipsen, and Kieburg [Phys. Rev. E 88, 052118 (2013)] for the complex Wishart product
ensemble.
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1 Introduction

In this note, we describe how the replica method from the statistical mechanics of disordered
systems may be used to obtain the asymptotic density of eigenvalues for a Wishart product matrix
1

K=WX1T"'XZXL"'X1, (1)

where the factors
X, € R 2)

are independent Gaussian random matrices. In the simplest case, the factors are real Ginibre
random matrices, i.e., they have independent and identically distributed standard real Gaussian
elements (X,);; ~ N(0,1), though the complex Gaussian case is also often studied [1-15]. We
will also consider cases in which the elements of each factor are correlated.

Not all of our final results are novel. Rather, our overarching objective in reporting these
replica-theoretic derivations are to note their simplicity, as the replica method has to the best of
our knowledge not seen broad application to the study of product random matrices [9], despite its
common usage in other areas of random matrix theory [ 16-22]. For a discussion of the application
of the cavity method to Wishart product matrices, we direct the reader to the work of Dupic and
Pérez Castillo [9], or to recent work by Cui, Rocks, and Mehta [23].

1.1 Applications of Wishart product matrices in science and technology

The spectral statistics of Wishart product matrices are of interest in many areas of physics and
applied mathematics [7,8]. For example, they describe the covariance statistics of Gaussian data
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propagated through noisy linear vector channels [1]—in other words, the covariance statistics of
certain linear latent variable models [24]—and transport in simple models for chaotic systems [11,
25]. Both real and complex Wishart product matrices are of particular interest in mathematical
physics because certain features are amenable to exact study [2-13,15].

Most commonly, Wishart product matrices are studied either at finite size or in one of three
asymptotic limits. Adopting the nomenclature that the factor dimensions n, are the “widths” and
the number of factors L is the “depth” of the product, these limiting regimes are as follows:

* The thermodynamic limit, in which the widths are taken to infinity proportionally, i.e.,

) n
ng,++,n;, — 00 with —e—>ae€(0,00), 3)
o

for fixed depth L [1-4,8,26,27]. This is the regime on which we focus.
* The ergodic limit, in which the depth L — oo for fixed widths n, [7,8,12,26,28].

* The double-scaling, or critical, regime, in which the depth L and widths n, tend jointly to
infinity [7,8,11,15,27-29].

Properties of the thermodynamic limit of real Wishart product matrices have recently attracted
attention in the machine learning community, as they appear as the Neural Network Gaussian
Process Kernel Gram matrix of a deep linear neural network with Gaussian inputs [23,27,30-34,
34-36]. In this case, n, represents the number of datapoints on which the kernel is evaluated, n;
is the input dimensionality, and n., ..., n; are the widths of the hidden layers. The spectrum of this
kernel matrix determines the generalization properties of a network in the limit of infinite hidden
layer width [31-33]. The present note is based on our recent work on deep linear networks in
Ref. [31]; we direct the interested reader to that work and references therein for more background
on generalization in deep linear neural networks.

1.2 Roadmap

Our paper is organized as follows:

* In §2.1, we briefly introduce the Edwards-Jones [18] approach to computing the resolvent
of a random matrix using the replica method.

* In §2.2, we apply the Edward-Jones method to compute the limiting spectral statistics of
Wishart product matrices with uncorrelated factors. The details of this computation are
deferred to Appendix A. This recovers a polynomial condition on the resolvent first proved
by Miiller [1].

* In §2.3, we extend this approach to structured Wishart product matrices where the factors
have correlated rows and columns, deferring the details of the computation to Appendix B.
We obtain a condition on the resolvent in terms of the spectral generating functions of the
factor correlations, which to our knowledge as not previously been reported for L > 1 [37].

* In §3.1, we introduce the spherical spin glass method for computing the averages of the
minimum and maximum eigenvalues of a random matrix using the replica trick [38-41].



SciPost Physics Lecture Notes Submission

* In §3.2, we apply this method to Wishart product matrices with uncorrelated factors, with
the details of the computation given in Appendix C. The resulting polynomial conditions on
the minimum and maximum eigenvalues match the results obtained by Akemann, Ipsen,
and Kieburg [5] for the complex Wishart product ensemble.

* In §3.3, we extend this approach to ensembles with row-structured factors, deferring the
details of the calculation to Appendix D. As in our analysis of the resolvent for structured
ensembles, this result has to our knowledge not been previously reported for L > 1.

* In §4, we conclude by discussing the outlook for the application of the replica method to
product matrix ensembles.

2 Replica approach to computing the resolvent

Before summarizing our results, let us briefly record our notational conventions. We denote vec-
tors and matrices by bold lowercase and uppercase Roman letters, respectively, e.g., x and X. For
an integer m, I, denotes the m x m identity matrix, while 1,, denotes the m-dimensional vector
with all elements equal to 1. We use o< to denote equality up to irrelevant constants of propor-
tionality. Finally, we warn the reader that we will often leave implicit the domains of integrals.

2.1 The Edwards-Jones method for computing the resolvent

In the thermodynamic limit ng,--- ,n; — 00, n,/ny — a, € (0, 00), the eigenvalue density p(A)
of K is self-averaging, and can be conveniently described in terms of its Stieltjes transform

1

G(z)= lim —u[(K—2I, 1, 4
ng,...,N =00 Ny

from which the limiting density can be recovered via

p(A)= limllm G(A—ie). 5)
el0 T

To compute the the Stieltjes transform using the replica method from the statistical physics
of disordered systems [16,42,43], we follow a standard approach, introduced by Edwards and
Jones [18]. This method proceeds by writing

5}
G(z)= 25 ©)
0z
for
) 2
g(z)=_lim —logZ(z), 7
ng,...,11, =00 11
where the partition function is
_ LT
Z(z)= J dw exp (_EW (21, — K)w) . (8)
R"0
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In the thermodynamic limit, we expect g(z) to be self-averaging, i.e., to concentrate around its
expectation Eg over the random factors X,. The expectation ElogZ can be evaluated using the
identity Elog Z = lim,,_,, m 'log EZ™ and a standard non-rigorous interchange of limits:

g= lim EIlillogZ =lim lim LlogEZm. )]

ng,...,Np =00 ng m—0 ng,...,n; =00 mng

As usual, we evaluate the moments EZ™ for non-negative integer m, and assume that they can be
safely analytically continued to m — 0 [42,43]. Here, as in other applications of the replica trick
to the Stieltjes transform, the annealed average is exact, in the sense that the replica-symmetric
saddle point is replica-diagonal [16-18] (see Appendices A and B).

2.2 Spectral moments for unstructured factors

In Ref. [1], Miiller proved that the Stieltjes transform of a Wishart product matrix with unstruc-
tured factors (i.e., (X;);j ~iiq. N(0, 1)) satisfies the polynomial equation

zG(z)+ 1 L zG(z)+ 1
"G l_[( ) (10

see also Refs. [3-5,9,10]. As noted by Burda et al. [3], the condition (10) can be expressed more
compactly as

:M(Z)+1ﬁ(1+W) 11)

in terms of the moment generating function

M(z) = kz _kl r(KK) = nlotr[(zlno _K) K] = —2G(2) — 1, (12)

where we assume that the formal series converges. Our first result is a derivation, presented in
Appendix A, of (10) using the Edwards-Jones method outlined in §2.1.
In the case L = 1, the equation for the Stieltjes transform reduces to

G 1 G 1
2G(z) + _q_7% (2)+ (13)
G(z) a
which can be re-written as
1 aq
0 + - 14
G(z) oa;+G(2) (14)
which is the familiar result for a Wishart matrix. In the equal-width case a; =:-- = a; = a, we
have the simplification
G(z)+1 G(z)+1\*
2GR +1 _ (1 _ ZL) _ (15)
G(z) a

In the context of deep linear neural networks, this special case has a natural interpretation as a
network with hidden layer widths equal to the input dimensions. If L. = 2, this is a cubic equation,
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Figure 1: Eigenvalue densities for unstructured Wishart product matrices for depths
L =1 (left) and L = 2 (right) for varying widths a; = --- = a; = a, indicated by shades
of red. Solid lines show the result of solving equation (15) numerically, while shaded
areas show the results of numerical eigendecompositions of matrices of size ny = 2048.
Importantly, each empirical histogram is obtained for a single realization of the random
matrix.

which can be solved in radicals, though the result is not particularly illuminating [9, 23]. In the
square case a; = --+ = a; = 1, we have the further simplification

0=2'G(z)!" —2G(z)—1. (16)

As shown in previous works, this can be solved to obtain an exact expression for the eigenvalue
density [10]. More generally, the equation (10) must be solved numerically. We show examples
for L =1 and L = 2 in Figure 1, demonstrating excellent agreement with numerical experiment.
We direct the reader to previous work by Burda et al. [3] and by Dupic and Pérez Castillo [9] for
further examples.

2.3 Spectral moments for structured factors

Importantly, the replica approach is not limited to the study of ensembles where the factors have
independent and identically distributed entries. It also allows one to tackle with relative ease the
more general setting where the factors are independent matrix Gaussian random variables, i.e.,

E[(X,);;]1=0, a7
E[(X);j(Xed] = (Z)u Ty (18)
for row-wise covariance matrices
¥, € R (19)
and column-wise covariance matrices
I, € R, (20)

For the thermodynamic limit to be well-defined, we have in mind an ensemble defined by se-
quences of covariance matrices X,(n,), I';(n,_;) such that the bulk spectral statistics of these ma-
trices tend to deterministic limits (see Appendix B for a more precise statement of our assumptions
on these matrices).
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We can equivalently define this ensemble by

1 1/2
1
nL .o .nl

1/2
1

1/2
L

1/2

T T 1/2., /2
K= yAD AN Loy AD A% RIS e M il 1)

for Z, an unstructured Ginibre matrix with standard Gaussian elements (Z;);; ~ N(0,1). This
re-writing makes it clear that we may take the columns of all factors except X; to be uncorrelated
without loss of generality, as the ensemble with

E[(X);;1=0, (22)
E[(X)i;; (X )] = ()i (£=2,...,L) (23)
E[(X1);j X1 ] = ()T (24)
for
£ =5"1,,5? (25)

is identically distributed, where we write I'; ; =1, for brevity. As a result, we henceforth set

r,=I for £=2,...,L, (26)

-1
hence ¥, = %, for all £ = 1,...,L. Moreover, we may take the covariance matrices 3, to be
diagonal without loss of generality, as the random Gaussian factors are rotation-invariant. In the
case where the columns of the first factor are uncorrelated, i.e., I'; = L, then the ensemble
is rotation-invariant, and one can consider only row structure without loss of generality. This
ensemble describes the kernel of a deep linear neural network with independent input examples,
or more generally the covariance of a linear latent variable model [24].

For matrices from this correlated ensemble, we show in Appendix B that the moment gener-
ating function M(z) of K satisfies the self-consistent equation

L
_ -1 M(z) _1(M(2))]
s=wg e[ ][ 52 (2] e
Here, the functions
My, (2) = lim nltr[(zlnz—ﬁg)_lzg] (28)
nyg—0o0 y)

are the moment generating functions of the matrices ¥,, and the inverse functions Mgzl (z) satisfy
_1 _ . .
(Mz:[ o My, )(z) = z. We can re-write this as

z
TRETEIEO)

This condition can of course be equivalently written in terms of the resolvent G(z). Moreover,
the inverses of the spectral generating functions can be equivalently expressed in terms of the
S-transform from free probability theory [26].

M(Z) - Mrl (29)




SciPost Physics Lecture Notes Submission

In the case L = 1, this ensemble reduces to the ordinary correlated Wishart ensemble [37,
44,45], and (27) recapitulates the result previously obtained by Burda et al. [37]. However, the
general L > 1 case does not appear to have been reported in the literature [24,37,44-46].

In the case in which the first factor has uncorrelated columns, i.e., I'y =1, , we have

1
My, (2) = Z—1 (30)
and
1 1
M (z)=1+-, 31
1 Z
hence we obtain the simplified condition
L
M 1 M M
= M@+ ]_[[ (Z)M;( (z))]. (32)
M(z) gL ag *\ a
If L =1, we can further simplify this condition to
a2 M(z)
M = 33
z1(M(z)+1) a 3

recapitulating the result of Burda et al. [37]. It is easy to confirm that this result reduces to that

which we obtained before for the unstructured case. For X, =1, , we have

1
Ms, (z) = T (34)

and
1 1
M; (z) =1+ ot (35)
hence (32) reduces to (11). Another simplifying case is when all layers are identically structured,

ie., Mgl(z) = .-+ = My, (2), and the widths are equal, i.e., a; =--- = a; = a. Then, we have the
simplified condition

a M(z)z /1 _ M(2)
MEl(M(z)(LIrM(z)) )_T' 39

To gain intuition for how the structured case differs from the unstructured setting, we consider
a simple example. With the application of neural network kernels in mind, we include structured
correlations only in X;, corresponding to the case in which the dataset is composed of independent
samples drawn from a Gaussian distribution with correlated dimensions. We keep the remaining
factors unstructured—i.e., %, = I, for £ = 2,..., L—corresponding to a setting in which the
weights of the network are drawn independently. This is the standard setting for deep linear
neural networks, where the weights at initialization are assumed to be independent and identically
distributed [27, 30, 32, 33].

As a toy model for structured data, we consider a gapped model in which a fraction y € [0, 1]
of the eigenvalues of %; are equal to o > 1, while the remainder are equal to unity. In the case
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Figure 2: Eigenvalue densities for structured Wishart product matrices for depths L =1
(left) and L = 2 (right) of width a; = -+ = @; = a = 4. The correlation structure
is as described in the main text, with My, (z) given by (37) with y = 1/8 and varying
signal eigenvalues o, indicated by shades of green. Solid lines show the result of solving
equation (38) numerically, while shaded areas show the results of numerical eigende-
compositions of matrices of size n, = 2048. Importantly, each empirical histogram is
obtained for a single realization of the random matrix.

y = 0, this reduces to the unstructured spectrum considered before. For simplicity, we restrict our
attention to equal-width factors a; = --- = a; = a. With this setup, we have
o) 1
My (z)=y—+(1—-7)—0, (37)
Z2—0O z—1

and the simplified condition on the generating function

az _ M(2)
My, ((1 M@+ M(z)/a)L—l) =T (38)

We show examples of this model for L =1 and L = 2 in Figure 2, demonstrating excellent agree-
ment with numerical experiment. As the signal eigenvalue o increases, we see that the bulk
density separates into two components. It will be interesting to investigate this effect, and other
effects of structured correlations, in future work.

For this simple data model, we can also study the case in which all layers include identical
structure, i.e., My, (2) = My(2) = --- = My, (2). In the equal-width case a; = --- = a; = q, this
gives the simplified condition noted above in (36). In Figure 3, we compare the results of solving
(36) for this model to numerical experiments, showing excellent agreement. Interestingly, in this
case the gap in the spectrum that is present for . = 1 (for which this model is identical to that
considered above and in Figure 2) is not present at L = 2.

3 Replica approach to computing the extremal eigenvalues

3.1 The spherical spin glass method for computing extremal eigenvalues

In the thermodynamic limit, we expect the typical minimum and maximum eigenvalues of K,
which define the edges of the bulk spectrum, to be self-averaging. Conditions on these eigenvalues
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Figure 3: Eigenvalue densities for structured Wishart product matrices for depths L =1
(left) and L = 2 (right) of width a; = --- = a; = a = 4. The correlation structure is
as described in the main text, with My, (z) = --- = My, (2) given by (37) with y = 1/8
and varying signal eigenvalues o, indicated by shades of purple. Solid lines show the
result of solving equation (36) numerically, while shaded areas show the results of nu-
merical eigendecompositions of matrices of size ny = 2048. Importantly, each empirical
histogram is obtained for a single realization of the random matrix.

can be obtained from the condition (10) on the Stieltjes transform (see Ref. [5]), but they can also
be computed using a direct, physically meaningful method.

In this approach, the eigenvalues are interpreted as the ground-state energies of a spherical
spin glass, as studied by Kosterlitz, Thouless, and Jones [38], and in subsequent random matrix
theory works [39-41]. Our starting point is the min-max characterization of the minimum and
maximum eigenvalues as Rayleigh quotients:

Apin(K) = min w' Kw, Anax(K) = max w' Kw. (39)
weR™,|wl||=1 weR"™0,||w||=1

We first consider the computation of the minimimum eigenvalue. We introduce a Gibbs distri-
bution at inverse temperature 3 > 0 over vectors in the sphere S™~!(,/n,) of radius ,/71y in n,
dimensions, with density

1
p(w; B,K) = ———= exp[—BE(w,K)] (40)
Z(p,K)
with respect to the Lebesgue measure on the sphere. Here,

1
E(w,K)= EWTKW (41)

is the energy function associated to the minimization problem (39), and the partition function is
§"071( /1)

As f3 — o0, the Gibbs distribution (40) will concentrate on the ground state of (41), which is the
eigenvector of K corresponding to its minimum eigenvalue. We denote averages with respect to

10
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the Gibbs distribution (40) by (-) p.k- Then, recalling our definition of E in (41) and the Rayleigh
quotient (39), we have

: 2 . 0g(B,K)
EAin(K) = lim E—(E = lim ———, 43
mm( ) [5220 n0< )[a’,K ﬁglgo 3[3 (43)
where we have defined the reduced free energy per site
2
g(B,K) =—n—1E10gZ(/3,K)- 44
0

In the thermodynamic limit, we expect log Z to be self-averaging, and it can be computed using
the replica method.

We can also use this setup to compute the minimum eigenvalue. We can see that this compu-
tation is identical up to a sign, and that

2
EA K)=— lim E—(E) gg= lim ————— 45
max(K) Gim Tlo< )—px B S (45)
As the rank of K is at most min{ng,...,n;},
Apin(K) =0 if min{ay,...,a;} <1. (46)

If min{a,...,a;} > 1, then we expect the minimum eigenvalue to be almost surely positive.

3.2 Extremal eigenvalues for unstructured factors

As in our study of the Stieltjes transform, we first consider an ensemble with unstructured factors,
ie., (X¢)ij ~iia N(0,1). Deferring the details of the replica computation to §C, we find that the
edges of the spectrum can be written as

1\ A

EA min /max = (HZ)U(HZ) 47)

(=1
where A is a solution to the equation

_ 1
= ZL n
(=1 oy+A

This computation is somewhat more tedious than that of the Stieltjes transform, as the replica-
symmetric saddle point is not replica-diagonal.

These conditions are identical to those obtained by Akemann, Ipsen, and Kieburg [5] for the
complex Wishart ensemble. In general, one must determine which of the solutions to these equa-
tions give the edges of the spectrum. However, as noted by Akemann, Ipsen, and Kieburg [5],
they are exactly solvable in the equal-width case a; = -+ = a; = a. With this constraint, A is
determined by the quadratic equation LA2 + (L —1)A— a = 0, which gives

A —1. (48)

4La+(L—12—(L—1)
2L ’

(49)

11
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Figure 4: Maximum (left) and minimum (right) eigenvalues of Wishart product matri-
ces for varying depths L (with higher values indicated by lighter shades of blue) and
varying widths a; = a, = --- = a; = a. In each panel, the theoretical predictions from
equations (50) and (52), respectively, are plotted as solid lines, while the open circles
show the results of numerical eigendecompositions for 10 realizations of matrices of size
ny = 1000.

and thus

a+A A\t
Fldpax= —————(1+=] . 50
max a—(L—l)A( a) (50)

Considering the minimum eigenvalue, we have the quadratic equation LB2—(L —1)B—a = 0 for
B = —A, which yields

5o VALa+ (L—12+(L—1)

2L (51)

and thus

a—B B\
Edpin=————(1—-= . 52
i a+(L—1)B( a) (52)

If L = 1, this recovers the familiar results for Wishart matrices. In the square case a = 1, we have
the further simplification

1 L
IEAmaX=(L+1)(1+Z) R (53)

while A,;, = 0, as noted previously by Dupic and Pérez Castillo [9]. In Figure 4, we show that
these results display excellent agreement with numerical eigendecompositions.

3.3 Extremal eigenvalues for factors with correlated rows

As in our analysis of the resolvent in §2.3, we can extend the computation of the extremal eigen-
values to ensembles with correlated factors. For the sake of simplicity, we focus on ensembles with
only row-wise structure, i.e.,

E[(X¢);;]1=0, (54)
E[(Xe)ij Xl = ()b j1- (55)

12
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As discussed in §2.3, this restriction can be made without loss of generality so long as 'y =1, .
We provide further discussion of why this restriction simplifies the computation in §D; briefly, it is
compatible with the spherical constraint.

Then, deferring the details of the computation to §D, we find that the edges of the spectrum
are determined by

LA A
IEAmm/max (1+ )l_[a_eMz_ll (a_i), (56)

(=1
where A is a solution of
1

= - (57)
S (1 (A) — 1)/ 1y (A)

for

o Efl(A/ae) -
g ( )__XUWX_;;)/—(IQ/(M. (58)

Here, (Mg 1 )’ denotes the first derivative of M -1 with respect to its argument; u, is therefore pro-

portional to the multiplicative inverse of the logarlthmlc derivative of My, ! As in the unstructured
case, one must determine which of the solutions to (57) give the edges of the spectrum [5].
In the unstructured case, we have

ue(z) =1+ z (59)
ay
for{ =1,...,L, hence we recover the result of §3.2.
To demonstrate the effects of structure, we revisit the equal-width model with structure in the
first layer and no structure elsewhere, as introduced in §2.3. In this case, we have u,(z) = 1+z/a
for{ =2,...,L, hence we have the simplified equation

_ A (4 A\
= (1) A2 (2) (1+4), -
where A is a solution of
[(LA+ a)uq(A) — (@ +A)](1 +A) = (a +A)u; (A). (61)

In Figure 5, we show that this result agrees with with numerical eigendecompositions for matrices
with varying fraction of signal eigenvalues y.

4 Conclusion
We have shown that the replica method affords a useful approach to the study of product random
matrices. These derivations are straightforward, but they are of course not mathematically rigor-

ous [42,43]. We conclude by briefly discussing the utility of these results vis-a-vis open questions
in the study of product random matrices.

13
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Figure 5: Maximum (left) and minimum (right) eigenvalues for structured Wishart
product matrices for depths L = 1 (top) and L = 2 (bottom) of varying widths
a; = -+ = a; = a. The correlation structure is as described in the main text, with
My, (2) given by (37) with signal eigenvalues o = 100 and varying signal fraction v,
indicated by shades of green. Solid lines show the result of solving equation (60) nu-
merically, while the open circles show the results of numerical eigendecompositions for
10 realizations of matrices of size ny = 1000.

The most notable utility of statistical physics methods, including the replica trick, in random
matrix theory is that they allow for the study of non-invariant ensembles. Dating back to the
seminal work of Bray and Rogers [17,47], sparse ensembles have been of particular interest [9,
17,41]. We hope that the methods described in this work will enable further investigation of
products of sparse random matrices and of other non-invariant product ensembles. It will also
be interesting to investigate Gaussian ensembles with general correlations between the factor
matrices [9,37,45,46]. We remark that the approaches used in this work are particularly simple
due to the independence of different factors, i.e., E[(X;);;(X¢ )] = 0 if £ # ¢’, hence studying
ensembles with correlated factors would require a somewhat different replica-theoretic setup.

In the context of neural networks, the structured ensemble with row-wise correlations stud-
ied in this work has a natural interpretation as the neural network Gaussian process kernel of a
deep linear network where the features and input dimensions are correlated but the datapoints
are independent samples. It will be interesting to study the spectra of such kernel matrices in
greater detail in future work. To enable future studies of generalization in deep nonlinear random
feature models and wide neural networks [31,48], it will be important to extend to extend these
approaches to the nonlinear setting [34-36,49]. Finally, it will be interesting to investigate the

14
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spectra resulting from the non-Gaussian factor distributions that arise in trained Bayesian neural
networks [32,33].
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A Computing the Stieltjes transform for unstructured factors

In this appendix, we derive the result (10) for the Stieltjes transform of a Wishart product matrix
with unstructured factors. Our starting point is the partition function (8) in the Edwards-Jones
[18] approach. We divide the details of the derivation into two parts. In §A.1, we evaluate the
moments of the partition function. Then, in §A.2, we derive the replica-symmetric saddle point
equations and use them to obtain the desired condition on G(z) and M(z).

A.1 Step I: Evaluating the moments of the partition function

Introducing replicas indexed by a = 1,...,m, the moments of the partition function (8) expand

as
fl_[dw exp(——lew‘llIz)Eexp( Z:(W‘I)TXT XTXL ‘X w ) (62)

Using the fact that the rows of X; are independent and identically distributed standard Gaussian
random vectors in R™-1, we have

a\Tvy T . T
Ex, exp (%—n ;(w ) X)X X X W ) (63)
i m —ny/2
— Ty T T
= det (InLl — m ;XL—l . ~X1Wa(wa) X1 e XL—l) (64)
= det(I,, — C; ) /2 (65)

where in the last line we have applied the Weinstein—Aronszajn identity to express the determinant
in terms of the Wick-rotated overlap matrix

i
cab = —(wa)TXlT . 'Xz—le—l X Wl (66)

a
L nL...nl

15
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We enforce the definition of these order parameters using Fourier representations of the §-distribution
with corresponding Lagrange multipliers Cfb , writing

Y= ) Grifny o2 P (-5 ween)
i m
xexp| — COw)TXT ... xT X, ;- X;wP |. (67)
21, 1 my a,;:; L 1 -1

Here, the integrals over C; are taken over m x m imaginary symmetric matrices, while the integrals
over C; are taken over imaginary symmetric matrices. This yields

EZ™ = f 'dCL dC, exp (—T;—L[tr(CLéL) + logdet(I,,, — CL)])

(47‘Cl/TlL)m(m+1)/2
m . m
X f l_[dwa exp (—% Z ||Wa||2)
a=1 =
m
xEx  .x, lexp(an . Z (wa)TxlT'--Xz_le_l-~-X1Wb). (68)

We can easily see that X; _; may be integrated out using a similar procedure, and that this may
be iterated backwards by introducing order parameters

C;b = ny--my (W)X - 'XZ—1X€—1 X w, (69)
yielding
— dc,dé, dc, dé,
(4mi/ny)mim+1)/2 (4mi/ny )mm+1)/2

L
exp (—% Z n[tr(C,€Cy) + log det(I,, — C, é:e+1):|)
fl_[dw exp (——Zn w2 + Z éfb(wa)wa>, (70)
a b=1

where we have defined €;,; = I, for brevity. We then can evaluate the remaining Gaussian
integral over w*:

= a _i_Z N aj2 ab(,a\Tiab
fgdw exp( 2;nw P+ ZC (W) w ) 71)

a b=1
J l_[ dw® exp (—— Z (264p — C‘lb)(wa)T b) (72)
a,b=1
o< det(€y —zI,,,) /2. (73)
where we discard an irrelevant constant of proportionality. Therefore, we have
dC]_ dél dCL déL npm N N
m DECEY — .
EZ™ o< f (@i, 72 (@ni/m, T2 ex ( 2 S(Cy,Cy,- ..,CL:CL)) (74)
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for
A A 1 A
S(Cy,Cq,...,C;,C ) = —logdet(C; —21,,)
m
L
1 A A
+— Z a[tr(C,Cp) + logdet(I,, — C,Cyy1)] (75)
=
where we recall the definition €;_; = I,,. In the thermodynamic limit ng,ny,...,n; — oo, this
integral can be evaluated using the method of steepest descent, yielding
2
——ElogZ = extr S, (76)
ny C,6,...,C,¢L

where the notation extr means that S should be evaluated at the saddle point
a8 s
—_— == EI].,,L (77)
0 Cé 0 Cl ( )

A.2 Step II: The replica-symmetric saddle point equations

As is standard in the replica method (see e.g. Ref. [42]), we will consider replica-symmetric (RS)
saddle points, where the order parameters take the form

Co=qeL,+c1,1), (78)
Cr =gl + 61,1 . (79)

Under this Ansatz, we will now simplify S in the limit m — 0 using standard identities (see Ref. [31]
and Refs. [42,43]). We have

1 A
lim — tr(CgCe) = lim [qu/\M + qeél + Ce(/je + mC[é\e] (80)
m—0 m m—0
=qeq¢ + ey +cqp- (81)
Using the matrix determinant lemma, we have
1 A 1
lim —logdet(C; —2I1,,) = lim — logdet[(§; —2)1,,, + &; lmll] (82)
m—0m m—0m
1 A
= log(d4; —2) + lim —log(l + o ) (83)
m—0 m q1— %
. ¢
=log(@, —=) + —, (84)
-

and, similarly;,

1 A . Qo€ +¢oQria
lim — logdet(I,, —C,C =log(1— —_— 7 85
Jim — logdet(I, — C¢Cy1) =1og(1—q¢de+1) T (85)
This gives
. . 41
lim S =log(g; —2) + =
m—0 1—
L qeCoiq +Co4
. A . A 0Ce+1 T Ceqy
+ E :ae (Qqu +qeé + ¢y +108(1—Qe%+1)——1+ "y H) (86)
- +1

(=1

17
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with the boundary condition §; .; =1, ¢; .1 = 0.
We also have
a8 1 ¢
G)=—Ilm—=——— L (87)
m—0 0z z2—q, (2—@q1)?
where the order parameters are to be evaluated at their saddle point values.
From the equation 8S/dq, = 0, we have
LA e+1 Co41 QeCe+1 +CeGes1
0=q,+¢— — — - Qe+1 (88)
1—qdee1 11 (1—qe@e1)?*
for ¢ =1,...,L. From the equations 8S/3§G, = 0, we have
1 ¢
0= —— +ay(qy +c1) (89)

28 (3—§)?
if £ =1, and

qi—1 Co—1 Qo186 + ¢y

Ozae(Qe"‘Cf)—ae—l(
if { > 1. From 9S/dc, = 0, we have

CAM+1
T T
1-qqp1
for { =1,...,L. Finally, from S/9¢, = 0 we have

0=gq

— + A - qe
1—=q1qr 1—q1q  (1—qp-1G,)?

)

(90)

(oD

(92)

(93)

(%94

(95)

O=——F+a1qy
z2—(q;
if =1 and
de—1
O=ayq—ap17———F
1—q¢-1q,
for £ > 1.
Simplifying, we find that the replica-nonuniform components are determined by the system
Qe=—qz+} £=1,...,L)
1—q¢Gp11
1 1
q1 = — A
12—
ayp_ _
g =220 (t=2,..,1),

a; 1—qp14,

while the uniform components are determined by

A A2
L Gy,

Ce— - (621, ,L)
(1—q¢Gg41)?
1 ¢

aQ=—7"7">3

! a; (2—4,)?
a1 Co— +q2_é

= et (t=2,...,1)

a; (1—qp-1G,)?

18
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Recalling the boundary condition §;,; = 1, ¢;.1 = O, it is easy to see that we should have
cg=¢ =0forall{ =1,...,L. Then, the Stieltjes transform is given by G(z) = —a;q;, where q;
is determined by the system

gy = — 2 (t=1,...,1) (100)
1—qGp41
1 1

G =—— (101)
az—(q
Ayp_ _

4= 6_1—1 Qo1 (t=2,...,L). (102)
ay 1—qy1qy

These equations can be simplified with a bit of algebra, as in our prior work [31]. From the
equation

gy =—21 (103)
1—q¢4p1
we have
g =LAt (104)
qeqe+1

for{=1,...,L. Then, for £ =2,..., L, the equation

Qp—1 g1

Q= — (105)
ar 1—q414,
yields
A R S S
QeA AQ@+1 _ % 1q€ 1qu 1 ACIe' (106)
qede+1 & de  qe—19¢
If we define A by
a1q:14; =A (107)
such that
4, — 4 A
L9~ (108)
192 ai1q
we have
A n Qb B —d
oD _Hhd D (109)
4243 @242 q19s
A
=—F. (110)
®2q2
It is then easy to see that
g — § A
G = ¢ —dp+1 (111)

dede+1 ]y
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for £ =1,..., L. This yields the backward recurrence

. AN,
a=(1+2 )i 112)
ay
for { =1,..., L, which can be solved using the endpoint condition §;,; = 1, yielding

k A
qezl_[(1+g). (113)

j=t J

Then, using the fact that q; and §, are related by the equation

1 1
Q1= — A D (114)
a1 2—0q;
we have
. 1—za
g =——a (115)
a1q
o)
Therefore, we have the equation
1—2za1q L 1—2za1q
_ 1 1:1_[(1_ 1 1) 117)
191 =1 Qg
which, substituting in G(z) = —a;q;, yields the condition
L
G(z)+1 G(z)+1
%2“(1_&) (118)
G(z2) o1 ay

on the Stieltjes transform. This is the result claimed in (10).

B Computing the Stieltjes transform for structured factors

In this appendix, we derive the result (27) for the Stieltjes transform of a Wishart product matrix
with correlated factors. This computation parallels our analysis of the unstructured case in §A.
Again, our starting point is the Edwards-Jones [18] partition function, and we once again first
evaluate its moments in §B.1 and then derive and simplify the replica-symmetric saddle point
equations in §B.2.

B.1 Step I: Evaluating the moments of the partition function

Introducing replicas indexed by a = 1,...,m, the moments of the partition function (8) expand
as

fl_[dw exp (——lew ||2)]Eexp( Z(WQ)TXTmXIXLlew“).

(119)
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We will first integrate out X; . For brevity, define the matrix A; € R™~1*™ by

1 a
(Apjq = ﬁ@%q - Xgw?); (120)

such that the required expectation is
Ex, exp (2n Z(w“)TxT XX -Xlwa) Ex, exp( tr[ATXTXLAL]) . Q21
L

Let Z; € R™*™-1 be a real Ginibre random matrix, with independent and identically distributed
elements Z;; ~ N(0, 1), such that

X, = %1/%z, T}/ (122)

in distribution. Then, we can easily evaluate the expectation using column-major vectorization:
E LufATX/ XA ]) =E t (2] %,Z,T)*A, A TV (123)
x, €XP 5 r LAL 7, €Xp r L4r L

_IEZLeXp( vee(Z,)T[(T)*AA] T 1/2)®ZL]Vec(ZL)) (124)

= det(I —i(r}* A AT T M) @3, )12, (125)

npny

where vec(-) denotes the column-major vectorization of a matrix and ® denotes the Kronecker
product [50]. Using the mixed-product property of the Kronecker product and the Weinstein—Aronszajn
identity [50,51], we have

det(I,, ,, , —i(T}*AAT}?) 0 8) =det (I, —i(T}A, ®2)A]T;®1,))  (126)
= det(1,,,, —i(A]T;? ® InL)(I‘l/zAL ®%,)) (127)
= det(I,,,, — i(A[rLAL) ®%.). (128)

We now introduce the Wick-rotated order parameters

i
CH =i(A] T AL = ﬁ(w‘l)TxlT---xLT_lerL_1 e XwP, (129)
oy

which differs from the order parameters used in our previous computation due to the inclusion of
the column correlation matrix T';.

We enforce the definition of these order parameters using Fourier representations of the &-
distribution with corresponding Lagrange multipliers CA’E”’, which gives

dc; d¢; n; R 1
m _ J @i/, 72 exp (—? [tr(CLCL) + n—Llogdet(Ian —C;® ZL)D

m . m
X J l_[dwa exp (—% Z ||w“||2)
a=1 =1

Z COw)TX] - X]_TpX, - ~X1wb) . (130)

x E exp
Xy, Xp
1oeeo AL —1 (:ZnL 1
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We now integrate out X;_;. Define the n;_, x m matrix

1

(Ap-1)jo = ——=X; - Xyw7);, (131)
nL_l'.'nl
such that

. m
Ex, , exp 2— >t w)TX] X T Xy X W (132)

np—1 a,b=1
=Ex, , exp(ztr[CL I 1XL 1T XA 1]) (133)
=Eg, exp( u[C Al T2z] w2 w2z, T AH]) (134)

where we write

1/2

X, =327, T} (135)
for a standard n;_; x n;_, Ginibre random matrix Z; ;. Defining the matrix
5, =521, %% e R, (136)

we can see that we can evaluate and simplify the expectation over Z;_; in the same way as we
did the expectation over Z;, yielding

det(Ip, | — i(éLAI_1FL—1AL—1) %, )2 (137)
This can in turn be written in terms of the order parameters
C,,=iA] T, 1A ;. (138)

Then, as in the unstructured case, we can see that we can iterate this procedure backward by
introducing order parameters

i
Cll=——w)'X] X TX - Xw, (139)
n]_ .o ne
yielding
— dc,d¢, dc, d¢,
| (4mi/ny)mim+1)/2 (4ri/n; ymm+1)/2

L
1 A 1 N -
exp (_E E :ne [tr(ce C)+ n log det[I,,, —(C;Cy11) ® EZ]D

(=1
m iZ m
X dw® exp| —— > [[w?* + Cab(wh) T wh (140)
Jg p 2 ; aZl

where for the sake of brevity we have defined

1/2

£ =%"T 5, (141)
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fort=1,...,L—1 and

i}L - EL, (142)
and €;_; =1I,,. The integral over w® is now once again a matrix Gaussian, and yields
det(€; ®T; — 21, )7'/2 (143)

up to an irrelevant constant of proportionality. Therefore, we obtain

dc,d¢ dc, dC . .
1981 f LC>L exp(—%sml,cl,...,CL,CL)) (144)

m RO
EZ™ o< f (47-Ci/n1)m(m+1)/2 (47-[l‘/nL)m(m+1)/2

for

A A 1 A
8(C1, €61, Cp, €)) = —— det(&y ®T; —21,,.)
mng

L

1 A 1 R -

t— E :ae [tf(CtzCe) + ——logdetlIy, —(CrCy11) ® Ze]], (145)
=1 ¢

where we recall the definition €; ,; = 1I,,.
In the thermodynamic limit, we expect that

1 A
Tl_ log det[lmn[ - (CEC€+1) ® ZZ] ~ 0(1), (146)
4

provided that the spectrum of %, is sufficiently generic. It clearly holds in the unstructured case
%, = oyl,,, in which we have

1 A R
— logdet[IL,,, — (C;Cy41) ® B¢ ] =logdet[I,, —0¢C;Cppq]- (147)
¢

Under the assumption that this scaling is valid, we can evaluate the required integrals using the
method of steepest descent.
B.2 Step II: The replica-symmetric saddle point equations
We now make an RS Ansatz
Cr=ql,+cl,1], (148)
Co=qLn+ 61,1 (149)

The fist set of new terms relative to our calculation in the unstructured case are

min,z log det[I,,, — (€)@ %] (150)
More generally, we have
det[L,,, — (C,Cri1) ® %] (151)
= det[Ln, — qee+11n ® B¢ — (a1 + clps1 + melpar)(1,1),) ® 5] (152)
= det[L, ® (I, — qp+15¢) — (Qelgs1 + Celar + Merle1) (1, ® Tg)(1), ®1,,)] (153)
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Assuming that I, —qygy41 %), is invertible, we may use the multiplicative property of the determi-
nant and the mixed-product property of the Kronecker product to expand this as

det(I,, — qeGe+1Z)"
x det{Ln, — (qela1 + Cles1 + mepe)[ 1y ® (I, — 1B ' B ](1,, ®1,)}.  (154)

Then, by the Weinstein—Aronszajn identity, we have

det{Tun, — (Qeles1 + celrr1 + M) 1y ® (L, —qede15) ' 2 ](2,, © 1)} (155)
= det{I,, — (q¢Crs1 + CGps1 +mepr)(1) ®T, )1, ® (I, — 1 3) 7 2, 1} (156)
= det[L,, —m(qeés1 + Qo1 + merlr1) Ty, — Qe Ze) " By (157)
This yields
ming det[T,yn, — (CCpir) ® ] (158)

1 o
= e logdet(I,,, — q¢qe+12¢)

1 . . . N o N
+ ———logdetlI, —m(qCr + ceder +melyn )Ty, — Qee 2e) %] (159)
¢

Here, we write E4, for expectation with respect to the limiting empirical distribution of eigenvalues
of the matrix ¥,. Assuming no issues arise in interchanging limits in m and n,, we can then use
the series expansion of the log-determinant near the identity [33] to obtain

1 A n o A @ e
— logdet[I,,, —m(qye 1+ codor1 +mce1) Ty, —qedes1Ze) ™ 2] (160)
¢
n A 1 A @
=—(qes1 + CzQe+1)n— tr[(T,, — qede+15) " 2]+ O(m) (161)
,
= —(q¢lgs1 + Cele1)E [ % }+O(m) (162)
= 7 Qel41 T e+ ), 1—qu8,016, .

Therefore, we have

1 A = A o
o det[I,,, —(C;C11) ® Xy ] =Es, log(1 —qeqe416)

—(qCe41 +¢(4e+1)Es, [#]
1-49¢qp+164
+ O(m). (163)
By an identical argument, we have
71é1

1 A N
——det(C, ®T; —zImno) =E, log(y1G; —2)+E,, [
Y191 —2

] + O(m). (164)
mn,

Combining these results, we obtain

lim $ =E, log(y1q; —2) +E, [&] —log(2m)
m—0 ! "Ly1G1—=

L
+ Z ay (qgfle + el + Gy + Eg, 1og(1 —qeG110¢)
=1

A A Oy
— Q41+ ¢(Ge+1)Eq, [—1 R ] ) (165)
+
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with the boundary condition §; .; =1, ¢; .1 = 0.
Moreover, we have

. 2§ 1 7161
G(z)=—1lim — =—E [—A ] —E [—A , (166)
m—0 0z "lz—r116; " (2 —7181)2

where the order parameters are to be evaluated at their saddle point values.
From the equations 9S/dq, = 0, we have

A A n R Gy R s A Gy 2
0=+ —(Qes1 +Er1)Bs, | T~ et (@1 + e )lenEs, | T 550 TS
+1 +1

(167)
forall £ =1,...,L. From the equations dS/dq, = 0, we have
71 rit
0=-F [—A}—E |:—A:|+a(q +¢p) (168)
"lz—nd " (2 —7141)? I
for { =1 and
o
0=ay(qe+cg)—ar—1(qe—1 + c-1)Es, , [W]
-1 -1
. . Gy 2
—ap1(qe-18¢ +¢0190)901Es,_ T g 860 (169)
-1 -1
for{ =2,...,L. From dS/dc;, = 0, we have
A 4 Gy
0=4q;—qu+1Es [— " ] (170)
01— 4416
for  =1,...,L. Finally, from dS/9¢, = 0, we have
0=—F, [L] +alq; 171)
Z2—71q1
for { =1 and
Gy
O=ayqp—a;_1q9i—1E; [f] (172)
e T
fort=2,...,L.

As in the unstructured case, we can decouple the replica-uniform components from the replica-
uniform components. This yields the system

N Gy

dr =qe+1Es [f] £=1,...,L) (173)
01— 80416
1

g =—E, [L] (174)
ay zZ—Y1q1
g1 61

qQ = qr—1Es,_ [f] (£=2,...,L) (175)
ap 0 1—qp 48064
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for the non-uniform components. Given a solution to that system, the replica-uniform components
are determined by the linear system

A Gy
C=Cn1Es, | ———=
1—q¢Ge416¢

. 2
A A A O¢
+ Qs + ¢ede+1)de1Es, [(m) ] (t=1,...,L) (176)
+1
24
1 Y1C1 :|
6 =—E, | —211 177)
Ty Y1|:(Z—Y1Q1)2
A1 G
= . Es | —2t1
* ay e 0Z_1[1“1£—1‘A1e512—1]

~ 2
- A A Oy_
+ —(q18 + ¢—180)q—1Eo,, [(—Al - ) ] (£=2,...,L). (178)
ay 1-qp19¢6¢

Recalling the boundary condition §;,; = 1, ¢4, = O, it is easy to see that we should have
¢g=¢C¢ =0forall{=1,...,L. Thus, as in the unstructured case, the annealed average is exact.

Our task is therefore to solve the system of equations for the replica non-uniform components
of the order parameters,

A o)
4 = qp+1Es, [+] (=1,...,L) (179)
1—-q¢G¢4+10

1

q1=—E,, [LA} (180)
a; Z2—Y1q01
ay_ Oy_

Q= qu—lEél_l [+] (£=2,...,L), (181)
ay 1—-qp19¢6¢4

subject to the boundary condition §; ,; = 1, in terms of which the resolvent is given as
G(z)=-E,, [;] . (182)
2—71q1
As a sanity check, we can see immediately that this reduces to our earlier result in the unstructured
case Xy =1,y =1, .
We start by writing these equations in terms of standard objects in random matrix theory. We

have
Gy, 10 1
E@ |: qqu-i—l €~ ] = Mi:[ (—A ) (183)
1—q¢Ge416 QeG4

for My, (z) the moment generating function of %,. Similarly, we have

E,, [ﬂ] = Mr, (3) (184)
Z2—7"1q1 q1
Then, we have
1
q¢q¢ = M5 (A—) #¢=1,...,L) (185)
P\ Qe
. 1 4
4141 = —Mf, (—) (186)
a q1
A ay_q 1
qr§y = —Ms ( - ) £=2,...,L). (187)
B g, TEe g4,
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Moreover, we observe that the equation for G(z) implies that

19141 =E, [—qulA ] (188)
Z2—r1q1
Z
=EY1[ - }—1 (189)
Z2—r1q1
=—2G(z)—1 (190)
= M(2). (191)
Thus, for £ =2,...,L, we have
. ap_ 1
Qe =—"Ms, ( - ) (192)
ay Qe—19¢
_ N
= —qp-19¢-1- (193)
g
This relation can easily be iterated backward to give
A a A
e = — 0141 (194)
127
forall £ =1,...,L, where the £ = 1 case is of course a tautology. But, we have a,q,4; = M(2),
hence we obtain
N 1
M(z) = a;q,q, = a;Ms, (A—) (195)
dede+1
for£ =1,..., L. Assuming the invertibility of Mi}ﬂ’ we therefore have
1 M
— = (—(Z)) (196)
dedo+1 ¢ 7
for { =1,...,L. Using the boundary condition §;,; = 1, we have
1 M
Lo (_(Z))_ (197)
qr L ar,
For{ =1,...,L —1, we can multiply through by q,,;§,,; to obtain
M M
i M)y (M) 108)
qe Qo1 g
This gives
-1
1 1 g;
S I s (199)
q 4L (=j q;
-1
M M M
=M (—(Z)) l_[ [—(Z)Mﬁ‘1 (—(Z) )] (200)
L ar, i=t aj+1 j aj
L
__a p[M@),, (MG 201)
M(z) il oa %\ q; '
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Using the relation a,q,q, = M(z), we have

L
R M(z) _1(M(Z))]
= M- . 202
o U [ ag O\ oy (202)
j=t
We can now finally use the equation
. Z
M(z) = a191G; = M, (T) (203)
41
to write
Z
h=—F—""" (204)
My (M (2))

hence we obtain the closed equation

VTG ﬁ[M(Z) s (2] (205

1

This is the result claimed in (27).

C Computing the extremal eigenvalues for unstructured factors

In this appendix, we use the method outlined in §3.1 to obtain the conditions reported in §3.2 on
the maximum and minimum eigenvalues of Wishart product matrices with unstructured factors.
As in our derivation of the Stieljes transform in §A, we divide the replica computation of the
minimum and maximum eigenvalues into two parts. We first compute the moments of the partition
function in §C.1, and then simplify the replica-symmetric saddle point equations in §C.2.

C.1 Step I: Evaluating the moments of the partition function

Again, we introduce replicas indexed by a = 1, ..., m, which gives the moments of the partition
function for the spherical spin glass (42) as

m 1 _ m
EZm:Jl_[dwa [116(1_H_ol|wa”2) Eexp ﬁZ(wa)TxI...XIXL...Xlwa )
(206)

where we enforce the spherical constraints with &-distributions. It is easy to see that the matrices
X, can be integrated out much as before, except for the fact that the order parameters we introduce
should be real, i.e.,

ab —
ceb =

ny-eong (WH)TXIT o 'XZ—1X€—1 X w, (207)
1

28



SciPost Physics Lecture Notes Submission

and that the boundary condition is now €; ; = —p1L,,. Iterating backwards, this yields
— dc,dG, dc; d¢;
(4ni/n2)m(m+1)/2 (47-”’/nL)m(m+1)/2

L
1 A A
exp (—5 E ny[tr(C,Cy) + log det(I,, — C, Cl+1)])

=2

X f [ Jaw [l_[ (1 - —Ilw‘lllz)} det(I,, — G, G,) ™72, (208)
a=1

where we recall that

1
cab = —(w) wb, (209)
n
By the spherical constraint, we have
n 1
cla=2L=_—, (210)
np o

It is therefore useful to instead introduce order parameters

1
FP = —(w") wP (211)
Ng
via Fourier representations of the §-distribution, such that F*® = 1 and C; = F/a,. Integrating
over F with F®® = 1, the corresponding Lagrange multipliers F%* automatically enforce the spher-
ical constraint. Then, after evaluating the remaining unconstrained Gaussian integral over w%, we
obtain

dF dF dc,dé, dc, dé,
(4m/no)m(m+1)/2 (4m/nz)m(m+1)/2 (47-[l‘/nL)m(m+1)/2

EZ™ oc exp(%s) (212)

for

A A N 1 A 1 A 1 A
S(F,F,C,y,Cy, -+ ,C;,Cp) = — tr(FF) — — log det(F) — —a; log det(I,, — a;lFCZ)
m m m

L

1 A 2
- Z ay[tr(C,Cy) + logdet(T,, — C;Cyy1)]). (213)
=2

As in our computation of the Stieltjes transform, this integral can be evaluated using the method
of steepest descent, yielding

g=— extr S. (2149

Again, we will consider only replica-symmetric saddle points.
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C.2 Step II: The replica-symmetric saddle point equations
We make an RS Ansatz
F=1—f),+f1,1]
F=F -, +f1,1]
Ci=qln+c1,1] (t=2,...,L)
Cr=4uL, +81,1] ((=2,...,L).
Again, we use standard identities to obtain

f

A N

1 N A A
lim — logdet(F) =log(F —f)+
m—0m

lim ltr(Ff")=13"—ff,

m—0 m
and
-1 A —1pa
1 A a; (1—f)ey+aj fq
lim — logdet(L,, — a7 FCy) = log(1 — a7 (1 — £)§,) — — ! ,
b M gdet(I,, 1 2) g( 1 (1-1)42) 1—a;1(1—f)q2
yielding
e f
limS=F—ff—log(F—f)———
m—0 F —
-1 A —1ra
_ . a; (1—f)ey+aj fay
— oy (log(l—all(l—f)%)— — v
1—(11 (1_f)q2
L qeCpiq +¢oq
A A A A LY0+1 0490+1
- 0‘@(CI@(M+CIM+Ce‘1£+108(1—%q“1)—%),
(=2 —qpqp+1
where we recall the endpoint condition §; .; =—f, ¢;41 =0.

(215)
(216)
(217)
(218)

(219)

(220)

(221)

(222)

For brevity, we define ¢; = a;'(1—f) and ¢; = a;' f. Then, by comparison with our previous

results, the saddle point equations for { = 2,...,L are

N Gos1
q¢ = —1 A
—q¢90+1
Qp—1 g1
qQ = ——1 ~
ay 1—qp19;
A A2
¢ = Cov1 T Ceqy 4
= T A o
(1—q¢Ge+1)?
2 A
_ C—1t dy_1Ce
C[ =

ar (1—qp14¢)*
The saddle point equation dS/dF = 0 yields

(223)

(224)

(225)

(226)

(227)
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while the equation 85/8f = 0 yields
0=—f— AfA , (228)
(F—f)?
hence we have
O 1
F—f=—_ 22
f=1= (229)
and
2 f
f=—7—"—=. (230)
(1-£)
Finally, the equation dS/df = 0 yields
A §2c, +¢
0=— q2 1 2 (231)

C(1-q14)2

Then, we can easily eliminate the Lagrange multipliers £ and f . The remaining system can be

written compactly as

g, = —11 (t=2,....1)
1—q4Gp41
A, qp_

g == (t=2,...,L)

ap 1—qp1q,
b = Eer + ey,
(1 —qeGe41)?
o= ap_q S+ a8
a; (1—qp14,)?
where we have the definitions

£=1,...,L)

=o' (1—-f)

— -1
aa=aj f

and the endpoint conditions

Moreover, we have

EAin =— lim lim 98

= lim lim —
B—00 m—0 9‘1L+1

. cLq
(log(l-quL+1)--——E—éil——)

= _aL lim "
1—q1qr11

p—o0 0qr 41

. qr CL
=qa; lim ( ),
Ppooo\14Bq,  (1+PBqy)?

31
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(233)

(234)

(235)

(236)
(237)

(238)

(239)

(240)

(241)

(242)

(243)

(244)
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where the order parameters are to be evaluated at their saddle point values. Our task is therefore
to solve the saddle point equations in the zero temperature limit.

We first simplify the replica-nonuniform saddle point equations using the same trick as before.
To do so, it is useful to define an auxiliary variable ¢, by

A

q>
1—q14s°

such that the system of equations is identical to what we encountered in §A.2. Then, letting

4 = (245)

A= 191G, (246)
we have the backward recurrence
N AN,
a=(142 ) (247)
ay
for { =1,...,L, which can be solved using the endpoint condition §;; = —f, yielding
L A
Gy = — 1+— 1. 248
G =—P g ( aj) (248)

This shows that we should have §, ~ O(f) and g, ~ O(1/). With these scalings, we have

Cr

EApin =a; lim ————. (249)
M pooo (14 gy )?
To obtain q;, we use the equation
A
Qg
which gives
A A
g =—=- , (251)
P ag, Bla, +A)
hence
+A)?
EA. = a, lim (aL ) . (252)
B—o0 ar

The equations for the replica-uniform components can be simplified after a bit of tedious but
straightforward algebra. Deferring the details of this computation to Appendix C.3, we obtain an
expression for c; in terms of ¢y,

A2 L
aicy 4y aj 1
=29 . (253)
L a q%(l_[aj—i_A)l—ZL A

Jj=1 j=1 a;+A

along with the condition

L A

L4 =i

&= (254)
q1 1 _Zj=1 m
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where we again have defined A= a;q;§;. Recalling the definitions
@ =a;'(1-1) (255)
= afl f (256)
R f
&H=E——=, 257
=72 @7
we can use the condition on ¢; to obtain a closed equation for A,
L A
1 1@t
AT T~ A (258)
1-3 j=1 o;+A
Then, recalling that
L
A
Ge=—P (H—), (259)
j=t %
we have
A% L=l (X]' +A 2
a -
L j=1 J
o)
a; +A\?
EApin = lim a ( L ) crL (261)
o0 aL
L
1 +A
= lim ik (262)
oo 1 _ijl aj+A (=

To solve these equations in the limit 3 — oo, it is clear that we should have §; ~ O() and
1—f ~O(1/B), such that A= a;q:G; = (1 —f)G; ~ O(1). Then, A is determined by the limiting

equation

L A
A 1L A
1 Zle a+A

and the minimum eigenvalue is given by

5

L
1
Elmin:l—Zﬁ“(l-'__

We can re-write the equation for A as

33
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(264)

(265)
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and the equation for the minimum eigenvalue as

1\ = A
EA, = (1+;\)]_[(1+a—£). (266)

=1

For self-consistency with the fact that we should have g; > 0, we expect to have A < 0.
Then, letting B = —A, we obtain the result claimed in §3.2. Similarly, considering the maximum
eigenvalue, we must take § — —oo through negative values of 3, hence we expect A ~ O(1)
to be positive. Then, we can read off the result reported in §3.2. It is easy to confirm that this
condition for the edges of the spectrum is identical to the condition given in equations (70) and
(71) of Akemann, Ipsen, and Kieburg [5] for the complex Wishart case, with their ¥, = a, —1 and
g =—(A+1).

C.3 Simplifying the recurrence for the replica-uniform order parameters

In this appendix, we solve the saddle point equations for the replica-uniform components of the
order parameters in our computation of the minimum and maximum eigenvalues. This analysis
amounts to solving a recurrence relation, and follows our approach in [31].

We first eliminate the variables ¢, by solving the equation

A D
Co+1 T Cedy 4

G = p (267)
(1—q¢4g+1)?
to obtain
1—qudes1 ) 1
¢ = (%) & —5Ci1 (£=1,...,L). (268)
q€+1 {+1
Then, for £ = 2,..., L, the equation
2 A
ag_q Ce—1 191G
¢ = {—1 €A1 2 (269)
ap (1—qp-19¢)
yields a three-term recurrence
AD 2 A2 A2
QA1 4 9 . a 194 |, 4,
—— &= 5 (1—qe)’+ — |¢e— 7 G (270)
a i a; (1—q4-19) 71
for { =2,..., L, with initial difference condition
1—q132)> 1
¢ = ( Aqlqz) b — ¢y (271)
ds q,
and endpoint condition ¢;,; = 0. Substituting in the formula
A
0=~ (272)
Aeqe
and using the recurrence
A AN,
a=(142 )aa, (273)
ay
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we have
. A G A
=——= , 274
dedo+1 @ 4 2+ A (274)
hence we obtain the simplified recurrence
Ap_1 . a;+ay_+2A, a, +AN?
g, =——= & —( : ) Cot1 (275)
Ay 7 7
and the initial difference condition
a; +A?
qlcl = 61 —( ! ) 62 (276)
a1
We now further simplify our task by defining new variables i, such that
& = a1G3city 277)
which obey the recurrence
2
Ayp_q . ap+ay_ +2AA a; +A n
Sl = - ity — | = Ugq (278)
Qy Qy Qy
for { =2,..., L, with the initial difference condition
1 n aq +A 2 n
— =Uu; — Uy (279)
aq ay
and endpoint condition ;. = 0. If L =1, we simply have &i; = 1/a;.
To solve this recurrence for L > 1, we observe that it can be re-written as
ap +A oy o ay_1 +A
g — = L [ ——T —ﬁe—l] (280)
(0] Ay Ay +A Ap_1
for{ =2,...,L. Then, it is easy to see that
ay +A Ay, o ap_1+A
gy — il = ——— [ = ﬁe—ﬁf—1] (281)
oy ap op+AL a4
ay_1y_y QA ay_ ay_o+A, .
_ % %ea -1 [ (-2 ue—1—ue—z} (282)
Qp Oy Qyp +A Ap_1 +A QAp_o
a a oy a a; +A
=1 = -1 2 [ 1 Az—ﬁ1]: (283)
apay+tAa_1+A  ay+AL oy
hence
ay+A 1 «a oy_ a
= — g + —— 2 [l — (aq + A, ] (284)
oy apay+Aay 1 +A  a,+A
By the endpoint condition #i;,; = 0, we then have
1 a oy _ a
i, = FyrD— Loy — (g +A),), (285)

a_LaL +Aa;_ 1 +A  a,+A
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hence

1 1 ap_ a
b= )y, — (0 + A )
ap+A a1 +A) o, +A oy +A

Iterating backward, we obtain

L 1 -1 a;
ﬁ[ :[alﬁl—(al +A)a2] (Za +A> (l_[ a‘fj'A)
J

j=¢ ~J j=2

for { =2,...,L. In particular, we have

1

L
ﬁz = [alﬁl - (a]_ +A)ﬁ2]z
=2

We now use the initial difference condition to write i, in terms of i,

n= (o) (0-2)
Uy = u——1,
2 a1+A ! aq

which gives a closed equation for #i; :

L
alﬁl—lz(l +Aﬁ1)(a1 +A)Z ,
= C(j +A

and, for £ =2,...,L, an expression for i, in terms of i;:

M=
KL
+ -
>
N~
N
fS— o~
v
R
+ |
N
N~

The equation for #i; simplifies to

which yields

If L =1, this recovers the expected result that ii; = 1/a;. From this result, we have
A A2 oA
€1 = 014,61t
L A
a1 21:1 a+A

1
I _a
g 1_Zj=1aj+A

(286)

(287)

(288)

(289)

(290)

(291)

(292)

(293)

(294)

(295)

which will allow us to obtain a self-consistent equation given the definition of ¢; in terms of f.
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Recalling from §C.2 that EA_;, is given in terms of c;, we use the condition

. R a; +A
q%CL:CL ( L ) Cre1 (296)
ar
to obtain
L
1, ac q Qa;
L= 50 = = 1(1 +Al;) l_[ - (297)
q; oy qL =1 aj-i-A

as€y .y =0and ¢ = alqlclue by definition, and

N 1 . Log
”L:a_L(l +an) ([ [= . (298)
J

j=1

Q
+
>

Substituting in the value of i;, we find that

A2 L
a1 9 aj 1
CL = E(l |a_+A)1_ZL_ A C (299)

These are the results reported in §C.2.

D Computing the extremal eigenvalues for row-structured factors

D.1 Step I: Evaluating the moments of the partition function

As in our study of the unstructured case, we consider the moments of the partition function of the
spherical spin glass:

Jl_[dw []_[5(1——||w ||2)]Eexp( =P o Z(w“)TXT XX, - Xlw)

(300)
Again, we can integrate out the matrices X, iteratively, introducing the order parameters
1
C;b = ﬁ(wa)TxlT .. 'Xz——le—l s Xlwb, (301)
1 L
and the modified boundary condition €;,; = —pBI,,. Then, iterating backwards until only the
vectors w? remain, we have
- dC,dC, dc, d¢,
(47-Cl'/n1)m(m+l)/2 (4rri/nL )m(m+1)/2

L
1 A 1 2
exp (_5 Z g [tr(ce Co)+ ng logdet[L, —(C¢Crs1) ® EZ]D

(=2

m m
X J ]_[ dw? []_[ 5 (1 - ni0||wa||2)] det(I,,, —(C, &) ® £)) ™72, (302)
a=1 a=1
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where we recall that

1
cab = —(w) wb, (303)
n

As in the unstructured case, the spherical constraint means that it is useful to introduce order
parameters

Fob = l(wa)wa (304)
No
via Fourier representations of the &-distribution, such that F** = 1 and C; = F/a;. It is this
step—and, concretely, the spherical constraint—that would be difficult to tackle in the presence
of column-wise correlations in the first factor, as one would have Cfb = (w)'T;w?/n,, which is
not immediately compatible with the spherical constraint.
Then, after evaluating the remaining unconstrained Gaussian integral over w", we obtain

dFdF dc,d¢ dC; dC
24> LCL exp(%s) (305)

m DR
EZ™ < (4mi/ny)mm+1)/2 | (47i/n,)mm+1)/2 (41i/n, ym(m+1)/2

for

N A A 1 A 1 A 1 1 A
S(F,F,Cy,Cy, -+ ,Cp,Cp) = — tr(FF) — — log det(F) — —a; — log det(I,,, — a;l(FCZ) ® %)
m m m n

L

1 A 1 A

— ; E ay [tr(C[CZ) + n—e logdet[Imn[ - (CeCe+1) ® ze]] . (306)
=2

Again, under the assumption that the spectra of the matrices X, are sufficiently generic, the action
S is O(1), and the integral can be evaluated using the method of steepest descent.

D.2 Step II: The replica-symmetric saddle point equations

As elsewhere, we make an RS Ansatz

F=1—f),+f1,1] (307)
F=F—f,+f1,1] (308)
Ci=qln+c1,1] (t=2,...,L) (309)
Cr=4uL, +81,1] (t=2,...,L). (310)

Combining our analysis of the extremal eigenvalues in the unstructured case with our analysis of
the Stieltjes transform in the structured case, we have

A

limS:ﬁ—ff—log(ﬁ—f)— Af ~
m—0 F

A A N 2!
—a (Eol log(1—¢1G201) — (9163 + ¢1G2)Eq, [—AD
1—-q1420,
L
—Z af(%fle + 4o + ¢4 + Eg, 10g(1—qeGe110¢)
=2

A A Oy
—(qe€e41 +¢4e41)Eq, [—1 R ] ) (31D
+
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where we recall the endpoint condition §;,; = —f, ;1 = 0 and, for brevity, we define q; = a;l(l— 1)
and ¢, = a;l f.

Then, by comparison with our previous results, we can read off that, after eliminating F' and
f, the saddle point equations can be written as

N n o
qe = qp+1Eq, [+] £=2,...,L) (312)
1—q¢Go410¢
oy Oy
Ay 1—q1900¢1

: : IE [ Ge ]
& =¢ —_—
ET T 1 — 0804004

2
A N A 0y
+(qeles1 + ¢0Ge+1)4p1Eo, [(—1 sy 06) ] (t=1,...,L) (314)
+1
Q1 Oy¢—1
Cp = cr—1Eq,_ [—A ]
ay 71 —qp1G001

2
Qy— A A Oyp—
+ (g1 &+ ¢-180)91 B, [(—1 ) ] (t=2,...,L), (315
ay 1—q14,0¢

where we have the definitions

@ =o' (1—f) (316)
clza;lf (317)
\ f
= — 318
=07y 18
and the endpoint conditions
dr+1=—P (319)
6L+].=0' (320)
Moreover, we have
. . 0§
a; lim i(IE log(1+fBq o)+ Bc E [L]) (322)
= L/j—>oo3/5 o, 108 q1.01 LB, 1+ fq.0,
2
. 4.0 oy oy
=a; lim (B, | —2t— 4B, | —— |- E, || —2—
aLﬁggo( UL|:1+ﬂqLUL:| “ GL[1+/5QLUL] “ha GL[(1+/5QLUL) :D
(323)

where the order parameters are to be evaluated at their saddle point values. Our task is therefore
to solve the saddle point equations in the zero temperature limit.
To solve for the replica-uniform components, we define an auxiliary variable §; by

A A o1
01 = 42Eq, =0, ) (324)
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such that we have the same system of equations as in our analysis of the Stieltjes transform.
Writing

A= a1q1qs, (325)
we have
A
4, = — 326
9ede o (326)
forall £ =1,...,L, and the expression
1 A
— = M (—) (327)
Qede+1 “\ay
forall{ =1,...,L in terms of the moment generating functions of the correlation matrices.
Then, using the boundary condition §;.; = —f3, we have
1 A
L ——pu5! (£) (328)
qr P\ag
For{ =1,..., L, we multiply through by q,,,§,, to obtain
A A
e _ 2y (—) (329)
Q@ G T\

hence we can iterate backward to obtain

i _ Qe Qev2 4L

(330)
qq q¢ de+1 qr—
L1, A
= Mz_.l(—) (331)
j=¢ Fr1 T\ G
whence
L
1 A A
i [ 155 (_) (332)
ql A it aj J C(j
and
LA A
G=—p| | =M — | 333
e ﬂgaj 5 (aj) (333)

The equations for replica-uniform components can be simplified after a bit of algebra, which
we defer to §D.3. This computation results in the condition

L
] d; ijl(.uj - 1)/Mj
&
Q1= (e — 1)/

&= (334)

and the equation

q; 1 1
=——0— I >
Q1 B 1—=30 (ue — 1)/

L (335)
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where we define

a, Mz, (A/ay)

Uy = —— (336)
A (Mg)(Afay)
to express
Q%10 V]_ A
Eo || m——— ) |=— (1) (337)
1-q¢Gp+109 7
in terms of My, .
When combined with the definitions
G =a'(1-f) (338)
= aIlf (339)
) f
= , 340
“=a-y (340
the equation for ¢; gives a closed equation for A= a;q;4; = (1 —f)q;:
1 M= D/p (341)
= - .
A 130w — 1)/

Using the results of §D.3, we may re-write the expression obtained above for EA;, in terms
of My, and y;:

2
. q:;01 or or
EApin = 1 E |——|+¢E, | ————|— E — L
min aLﬁi’ngo( UL[l‘*‘ﬁQLO'L] “ UL[1+ﬁQLUL] b UL[(1+/3‘1LUL) ])

(342)
1A 1 A 1 A
=q; lim (——————c —cp——(u —1)) (343)
b pooo Ba, Pqa g LﬁCIL ar, t
=— lim (—c +—, (344)
p—oo\Pq, = P
as
q1.07, 1 1
E [—:|:——M ( A ) (345)
L1+ pq oy B P qrdr+1
1A
=—=— (346)
Ba
and
Ba; )2:| [( 41914107 )2]
E ( =E —_— (347)
UL[ 1+ Bq, 71 \1—qpd410;
A
ar
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Given the results we have obtained thus far, we expect that g, ~ O(1/), g, ~ O(B), A~ O(1),

and
o1 1
a=—=—-—q=—+0(1/B)
a a a;
as 3 — oo. Then,
_ Aug
]E)Lmin - ﬂll)ngo ﬂqL Cr
Au; 1 1

— lIim G— T
pooo Bay THL 1= (g — 1)/

1 LA (A

= Rl Vg g
1- Y (e —1 a; ¥ \a;)’

k=1Mx )/.ukj:1 J J

where we use the fact that

We thus have found that
1\ A A
EApin=(1+= —M_l(—),
min ( A) !:! a 2 a
where A satisfies

1 N W=D )
A 1= () — 1)/ (A)

or, equivalently,

A= — L —1,
Do (We(A) — 1)/, (A)

for

a M5MA/a)

M= e Wap

This is the result claimed in §3.3.

(349)

(350)

(351)

(352)

(353)

(354)

(355)

(356)

(357)

D.3 Simplifying the recurrence for the replica-uniform order parameters

In this section, we simplify the recurrence, derived in §D.2 that determines the replica-uniform
order parameters in the extremal eigenvalue computation for row-structured matrices. We want
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to simplify the linear system

N A gy
=l 1—q4Gp1107

2

A A \A 9y

+(Qee+1 + ¢4e+1)4e11Eo, [( —y 10@) } (t=1,....L) (358)
+

_ 0y 091
Cp = CZ—lEU ~
-1 1 _
Ay q¢—19¢0¢—1

2
Qy— A A Oy—
+ —=(qp18 + ¢1—140)q1Eo, [(—1 ) } (t=2,...,L) (359)
ay 1—q1400¢1

for fixed c;, using the boundary condition ¢;,; = 0.
Regrouping terms, we have

A N 2
A oA 9¢9¢+10¢ 9¢9¢+10¢ R
Qeqe+1Ce Z(E [— ]‘HE [(— ) Dce 1
" L1 —qeGp100 7N —qdp 4100 "

A A 2
+(q“1E(,[ [( 1den T¢ ) DQ €=1,..,L)
qe 1—qG410
(360)
A A 2
Qy N q¢—19¢0¢—1 q¢—19¢0¢—1
ay T 1—qp 140 7N 1—qp1G00¢—1 !
A 2
+ (qli_lEal_l [(—q“lq‘f"‘l ) Dée (t=2,...,L).
qe 1—qp-1G¢0¢—
(361)

As in our analysis of the replica nonuniform components, we write the expectations in terms of
the spectral generating function. As noted before, we have

Gpi1O 1
Ea'[|: QthA—l ¢ ]=M>:l( - ) (362)
1—qGp410¢ qeqe+1

forall £ =1,...,L. Similarly,

- 2
o 1 1 1
ng[(%)]:_z\/&e( k )_ k Mg( k ) (363)
1—q¢qe+10¢ Qedes1/ Qde+1 “ \Qede+
where MélZ () denotes the first derivative of My, with respect to its argument. From our analysis
above, letting

A= a1q14s, (364)
we have
1 A
Ms, ( — ) = — (365)
9¢9¢+1 7

forall{ =1,...,L. Thus,

[ Q4100 ]_A
oy -

- — (366)
1—-qGp+10 ay
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while
. 2
o A 1 A
E,, [(—q‘qgfl £ ) ] =2 M (Mz_l (—)) (367)
1—qq+10¢ a  qeqes1 " t\ay
Writing
Ay 1 / -1 A
Uy =—— M (M (— (368)
A que P\ \ay
_ Y A / -1
== () (v (2,) e
_ag My Wa) (370)
A (MgY (A ay)
such that
A 2
9¢9¢+19¢ ) ] A (
PR =—(u—1), (371)
o [(1—Qe%+1aé ay
we have
s . A Qe+1
Qeqe416 = —MMH + q__( ¢ —1)c (£=1,...,L) (372)
¢
Qe-19ece = - a—(ue—l —1)¢ (£=2,...,L). (373)
¢
Using the fact that
N A
Qde = —> (374)
we can re-write this as
q€+1 C M(Ce+1+ —(,U,g—l)Cg £=1,...,L) (375)
de qg
Ky — 1), (t=2,...,L). (376)
q
We now solve the first equation for ¢,, yielding
1 A
¢ = & (Qeﬂ MMH) 377)
Me—1qp1 \ qg
for £ =1,..., L. Substituting this into the second equation, we have
1 4 (4 p M (G, R A
~ ( L MMH) L — pea e )+ (e — 12 (378)
=141 \ Gy pe—1 =1 \gp—
Expanding and adding ¢, to both sides, we have
Me M e, -1 Qe Me—1 4
& — —— 1 =————— 1 — ——C, (379)
Me—1" W@ e — 14 pg—1—1
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or
e (q€+1 6 — 6“1) _den B (Aqe &y — ée). (380)
we—1\ gy Qe Me—1—1\q
This can be iterated backward, yielding
g (fluh . )_fleﬂ Ue—1 ( q A)
~ C—Cpp1 | = ~ Cp—1—C (381)
pe—1\ g " Qe pea—1\4
_ CAle+1 Ug—2 (ilﬂ—l Cpog— 6(—1) (382)
Go—1 Me—2—1\ G2
(383)
= _q€+1 Ml (?_261 - 62) (384)
g b1 —1\q
forall{ =2,..., L. Re-arranging, this gives
o A 1 A
b= it + L E L (‘#61 —62) (385)
de+1 d2 Me M1—1\q
for £ =2,...,L. Using the boundary condition ¢; . ; = 0, we then have
A 1 .
=Lt th (B g, (386)
q2 Mr p—1\q
hence we obtain
L
A A 'L': L — 1
b=t (?—261 —éz)z J (387)
4o 1 —1\qy P
for{ =2,...,L. To obtain a closed equation for ¢;, we use the condition
1 4o , A
G = & (iﬁﬁ - H1C2)- (388)
p1—14s \q
As in our previous analysis, it is useful to make the change of variables
& = 0‘1€1f€1ﬁe, (389)
which satisfy
L
A A "JJ L — 1
=21 (ﬁﬁﬁl —ﬁz)z ’ (390)
4o 1 —1\qy P
for{ =2,...,L, and the condition
A G (0
1= iﬂ (gﬁl - M1ﬁ2) . (391)
=14 \q;
This condition can be solved for i, in terms of i,
14 -1
fy=—2 (ﬁl -4 ) (392)
U1 4y A
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which gives the self-consistency condition (from i, = i)
Loyi—
)
This can be re-written as
Al Lpj—1
1 j
- = > (394)
AU1 +1 ]:21 ‘U/]
which gives
L
R 1 Z]‘=1(.U'j_1)/.uj
iy == - . (395)
A1 _Zj=1(.uj - 1)/.Uj
For{ =2,...,L, we can then write
Qo Al +1 < pj—1
fp === (396)
@ A T
hence
L
g1 2= =D/ uy
iy = === - (397)
G A1=30 0 (e — 1)/ e
forall{=1,...,L.
In terms of the original variables, we then have
& = al@%clﬁé (398)
L
a1919¢ Zj:f(“j —D/y;
=C i3 (399)
A 1= (e — 1)/
L
4y Zj:e(.uj —1)/u;
=c— - . (400)
91— (e — 1)/ uk
Finally, for £ =2,..., L, we obtain
L
q 1 11—y Zj:g+1(.u'j_1)/.ulj
g =—c— - (401)
Qi Mo 1=20 (e — 1)/
with
1 1
c; = q—Lc — (402)

1
G P 1=3 (e — 1)/

in particular. These are the results reported in §D.2.
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