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Abstract

Airplane refueling problem is a nonlinear unconstrained optimization problem
with n! feasible solutions. Given a fleet of n airplanes with mid-air refueling tech-
nique, the question is to find the best refueling policy to make the last remaining
airplane travels the farthest. In order to deal with the large scale of airplanes
refueling instances, we proposed the definition of sequential feasible solution by
employing the refueling properties of data structure. We proved that if an air-
planes refueling instance has feasible solutions, it must have the sequential feasible
solutions; and the optimal feasible solution must be the optimal sequential feasi-
ble solution. Then we proposed the sequential search algorithm which consists of
two steps. The first step of the sequential search algorithm aims to seek out all
of the sequential feasible solutions. When the input size of n is greater than an
index number, we proved that the number of the sequential feasible solutions will
change to grow at a polynomial rate. The second step of the sequential search
algorithm aims to search for the maximal sequential feasible solution by bub-
ble sorting all of the sequential feasible solutions. Moreover, we built an efficient
computability scheme, according to which we could forecast within a polynomial
time the computational complexity of the sequential search algorithm that runs
on any given airplanes refueling instance. Thus we could provide a computational
strategy for decision makers or algorithm users by considering with their available
computing resources.

Keywords: Airplane refueling problem (ARP), Sequential search algorithm (SSA),
Polynomial-time algorithm, Efficient computability scheme



1 Introduction

The Airplane Refueling Problem (ARP) was raised by Woeginger [1] from a math
puzzle problem [2]. Suppose there are n airplanes referred to Ay, -+, A,, each A; can
carry v; tanks of fuel, and consumes c¢; tanks of fuel per kilometers for 1 < i < n.
The fleet starts to fly together to a same target at a same rate without getting fuel
from outside, but each airplane can refuel to other airplanes instantaneously during
the trip and then be dropped out. The goal is to determine a drop out permutation
7 = (7(1), -+ ,m(n)) that maximize the traveled distance by the last remaining air-
plane. Previous research on ARP centralized on its complexity analysis and its exact
algorithm [3-6]. Related research also focused on equivalent problem of ARP such as
the n-vehicle exploration problem [7-9]. Hohn [3] pointed out that ARP is a complex-
ity form of the single machine scheduling problem, and regarded the complexity of
ARP as an open problem. Vésquez [4] studied the structural properties of ARP such as
connections between local precedence and global precedence. Iftah and Danny [5] pro-
posed a fast and easy-to-implement pseudo polynomial time algorithm that attained a
polynomial-time approximation scheme for ARP. Li et al. [6] put forward a fast exact
algorithm for the first time by searching for all the feasible solutions satisfied with some
necessary conditions. They run the algorithm on some large scale of ARP instances and
got more efficient results than previous algorithms using pruning technique. However,
the authors did not investigate the theoretical computational complexity the fast exact
algorithm will perform on worst case, and did not prove that how fast and to what
degree will the fast algorithm be when perform it on larger scale of ARP instances. Is
it an exponential-time algorithm, or is it probably a polynomial-time algorithm?

The above questions are investigated and addressed in this paper. We are mainly
interested to the performance of an algorithm on instances with large scale, and we
mainly care about that how long will a given algorithm take to solve real-life instances.
What we mainly concern is to explore the possibility of a fast exact algorithm which
is efficient on larger size of ARP instances, since a superior algorithm is able to handle
the large size problem in any reasonable amount of time [10]. According to the theo-
retical analysis on the algorithmic upper bound, we explained why there will exist an
”inflection point” for the algorithmic complexity. Besides, we proved that the algo-
rithmic complexity grows at a polynomial rate when the input size of n is getting to
be sufficiently large. We also proposed an efficient computability scheme to predict
the sequential search algorithmic complexity for any given ARP instance. The idea of
efficient computability is inspired by the following research. In book [11], the authors
mentioned that it is possible to quantify some precise senses in which an instance may
be easier than the worst case, and to take advantage of these situations when they
occur. They also pointed out that some ”size” parameters has an enormous effect on
the running time because an input with ”special structure” can help us avoid many of
the difficulties that can make the worst case intractable. In [12], the authors provided
a worst-case explanation for the phenomenon that why some real-life maximum clique
instances are not intractable. They claimed that real-life instances of maximum clique
problem often have a small clique-core gap, however real hard instances are still hard
no matter the input size is large or small.



2 Preliminary

We consider a permutation order m and its related sequence Ay 1y = Az = -+ =

Arn), where Ay refuels to Ay ;) for any i < j. In Figure 1, let Sy = ) x(;) denotes
i=1

i=
the total distance that the n airplanes can approach, and z,(;) denotes the distance
that Ay travels farther than Ay;_q), which is also the flight distance that A
contributes to S separately.
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Fig. 1 Description of ARP with order 7.

Then ARP is transformed into the following scheduling problem: Given n air-
planes with vy, vs,--- ,v, as fuel capacities, and ¢y, ca,- - ,c, as fuel consumption
rates respectively. The goal of ARP is to find a drop out permutation = =
(m(1),7(2),--- ,m(n)) that maximizes Sy.

S = & + o+ M (1)
Cr(1) """+ Cr(n) Cr(n)

We use C to denote the cumulative sum of fuel consumption rates. For an order
= (n(1),7(2),--- ,m(n)), assume Cr,y = 0, and Cry = > Cq() for any [ < n.

t=1+1
For general case, we use C, to denote the current sum of fuel consumption rates.

Particularly, for 7, C;, could be Cr ;) for any 1 <i < n.

Since each S, corresponds to a permutation order of n airplanes, there are totally
n! of S; needs to be compared to get the optimal solution.

A special case of n-vehicle exploration problem [7] is extended to ARP as follows.
Theorem 1. In an ARP instance, if

V1 V2 Un—1 Un
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then the optimal sequence is Ay = Ay = --- = A,.
For general case of ARP instances, we randomly choose two neighbored airplanes
A; and A; from 7 and suppose C, is the cumulative sum of fuel consumption rates of
all the airplanes that take precedence over A; and A;.
If Aj = Ai7 then

Uj + U
¢i+e+Co ¢ +C,

S(j,i) = Tr(g) T Tn(i) =

otherwise,
(3 Uy

+ .
Ci+Cj+Co Cj+co

S(ig) = Tr(i) + Tr(j) =

Consequently, if

CiX(::-‘rCo) > ij(:jJrCO), then Sg; ;) >S4 ). Otherwise, if

i ]
ooy S Txtegcy then Sga) < S
Definition 1. Given current cumulative sum of fuel consumption rates C,, the
relative distance factor of A; is defined as ¢(A;,C,) =

3 Overall strategy

We mainly focused on seeking for the polynomial-time algorithm to solve the large
scale of ARP instances. At first, we proposed the definition of the sequential feasible
solution. Then we put forward the sequential search algorithm (SSA) by bubble sorting
all of the sequential feasible solutions. The computational complexity of the SSA
depends on the number of sequential feasible solutions for any given ARP instance.
In studying the complexity of an algorithm, instances with larger inputs are of more
priorities than other kinds because the larger inputs determine the applicability of the
algorithm [13]. It is common that an algorithm runs in exponential time on small size
of instances, it is still exponential-time on larger size of instances, especially on worst
case of difficulty problems. For this reason we mainly centralized on the worst case of
ARP instances, and to investigate the corresponding algorithmic complexity.

We focused on two major challenges. One is that will the running time of the SSA
decline down to polynomial-time if the input size of n gets to be sufficiently large?
The other challenge is that how can we predict the specific computational complexity
of any given ARP instance in polynomial time before we running the SSA on it? The
answer to the first question is positive. Different from previous work, the SSA runs in
exponential time only in small inputs size, but when it comes to instances with larger
inputs, the SSA will change to run in polynomial time. To be specific, the number of
the sequential feasible solutions is upper bounded by 2"~2 when n is in small size, and
changes to be upper bounded by ’"72012” when n is greater than 2m, which is referred
to an "inflection point”. To be noticed, here the index number m can be obtained in
polynomial time, and the m does not depend on n. Thus we proved that for large scale
of ARP, the SSA changes to be a polynomial-time algorithm. The key point to answer



the second question is to predict the index number m for any given ARP instance in
polynomial time. We proposed an algorithm to estimate the m for the worst case, and
we improved the algorithm for general case by using heuristic method to attain the
computational complexity in the design of the efficient computability scheme.

In section 4, we proposed the definition of sequential feasible solution, and con-
structed the SSA by bubble sorting all of the sequential feasible solutions. We
sharpened the upper bound of the number of sequential feasible solutions to 2"~ 2.
In section 5, by exploring the computational complexity of ARP instances from a
dynamic perspective, we found that the computational complexity of the SSA grows
at a slowing down rate when the input size of n gets to be greater than an ”inflection
point”. In section 6, our efforts were devoted to construct the efficient computability
scheme. We proposed a heuristic algorithm to quantify an estimated m for general case
of APR instances. Then we explained how to use the efficient computability scheme to
predict computational complexity before we choose a proper algorithm for any given
ARP instance.

4 Sequential feasible solutions and the complexity
upper bound
Definition 2. A sequence m = (w(1),m(2),--- ,7(n)) is called a sequential feasible

solution, if for each pair of airplanes Ar;y and Ay for i < j in w, at least one of
the following two inequalities holds.

Ur () U (4)
< (2)
ey (Cniiy + Cri)) (i) (Cn(y) + Cris)

U (4) Yz (5)
< 3)
Ca(i)(Cn(i) + Crn) i) (en() + Cnia))
Where Crny =0, and Crqy = Y cp for any I <n.
t=1+1
Lemma 1. For each pair of airplanes A; and A;j withv;/c? > vj/c? and v;/c; < vj/cj.

(1) v; <wvj, and ¢; < G-

(2) For any Co >0, e < CJ+C
Proof(1) Since £ < £ < 5‘;2‘ < 1, it follows that v; < v; and ¢; < ¢;.

(2) Since ¢; < cJ7 we have L<EL citlo 1 then —Yi- <

cj+C. c;i+C cj +C
Therefore for any C, > O

U]
' ¢y +C’ < c;j+Co " O

Lemma 2. For each pair of airplanes A; and A; with v;/c? > v; /c and v;/c; < vj/cj.

If there exists a sum of fuel consumption rates C,, such that 2

‘ et < GlGren
Then, for any C > C,, it follows that ooty < cj(cj]+0)'

Proof. Since %% < &idCo o atC it follows that

vjCq c;j+Co c;j+C" 0

Vi Vi
aleitey < cj(e;+C)"

Theorem 2. Given an ARP instance:



(1) If it has feasible solutions, it must have sequential feasible solutions;
(2) The optimal feasible solution must be the optimal sequential feasible solution.

Proof(1) Given n airplanes Ay,---,A,, we can obtain a sequential feasible solution
by running Algorithm 1. The computational complexity of Algorithm 1 is O(n?).

Algorithm 1 Find — Sequential FS(A)
Require: A= {4;,---,A,}
Ensure: 7 = (7(1),--- ,7(n))

1: k<n, C,<0

2: while £ > 1 do

3 Yo <= p(A1,C,), see Definition 1

4: ko <=1

5: for i :=2 to k do

6: if (p(Ai, OO) > QYo then
7 ko < i

8: Po = p(A;, Cy)

9: end if

10: end for

11: Co <= Cy + cy,
12: A<= A\{A4;,}
13: if £ < n then

14: count <= 0

15: fori:=k+1tondo
16: if k, > 7(i) then

17: count < count + 1
18: end if

19: end for

20: end if

21: ko < ko, + count

22: (k) <k,
23: Ek<=k—-1
24: end while

(2) Given an n-airplane instance, we will prove that its optimal feasible solution must
be a sequential feasible solution. Suppose the optimal feasible solution 7* is not a
sequential feasible solution, then there exist two airplanes Ay.(;) and Ag.(;) that
do not satisfy the requirements of sequential feasible solution. Suppose Ay-(;) =
Agr«(a)y = Ag«(j), here A *(A) denotes the set of alrplanes travel between A, ;) and

Az (jy- Suppose Cr-(jy = Z Cre(ty and Cre(gy = Z (). Then it follows that
t=j+1 t=i+1

Ur=(4) S Uz (5)
Cre (i) (Cr(i) + Cre(s)) ~ Cre() (Cae(j) + Cr=()




and
U (4) S V= (5) )
Crr (i) (Cae (i) + COne(i)) ~ Cro(j)(Car(5) + Cr=())

According to Theorem 1, if vw*(i)/ci*(i) < vw*(j)/cfr*(j), then vge()/creiy >

U« (j)/Cre(j)- According to Lemma 2, for any C' > Cr-(jy, Ag-(;) must refuel to
Ag«(;) in a sequential feasible solution, which is contrary to the assumption that
7* is the optimal solution. If vﬂ*(i)/ci*(i) > Uw*(j)/Ci*(j), then it follows that
Ve (i) Cre= (i) < Vg () / Co= () AN Crx(5) < (). If we switch the order of Aq«(;) and
Ag«(j) to attain a new ordering 7 and its related sequence is Ar«(;) = Ar-(4) =
Ag«(i)- It follows that

Ur (i) Un+(4) U (5)
Si = + +
Crr(i) T Cre(j)  Cro(i) + Cre(i) + Crra)y - Crvi) T O

and

Y (4) Uz*(A) Uz (4)

S = .
Cre() F Cre(i)  Cro(i) + Cre(g) + Crrga)  Cre() + Cre(i)

Since cqx(j) < Cr(j), then it follows that Si > Sr, which is contrary to the
assumption that 7* is the optimal feasible solution.

Therefore the optimal feasible solution of ARP must be the optimal sequential
feasible solution.

O

Definition 3. An ARP instance is called a worst case when it has the greatest
number of sequential feasible solutions for given input size of n.

Definition 4. An airplane refueling instance is called a complete reverse order
sequence, if

V1 (%) Un
- > -5 > > -5
51 &) Cn
and v v v
1 2 n
P— — < ase < _
C1 C2 Cn

In [8], the authors introduced cluster as a tool to model the computational complex-
ity of n-vehicle exploration problem and they claimed that the complete reverse order
instances have greater computational complexity than the other kinds of instances.
According to which, we pose the following Lemma 3.

Lemma 3. The worst case must be a complete reverse order sequence for any given

input n = 3.
Theorem 3. For a worst case of n-airplane instances with vy /c3 > -+ > v, /c2 and
vi/c1 < o < vpfen, let Q, represents the number of its sequential feasible solutions,

then Qn < 272 forn > 2.

Proof. Given a worst case of ARP with vy/c? > -+ > v, /c2 and vy /c; < -+ < v, /cp,
we will prove that @,, is upper bounded by 2”2. To reduce the search space from n!
to 2772 is not an obvious work, so we introduce combination into the proof because of
202 =CY ,+CL_y 4.+ CI75. Here CF_, relates to the number of the sequential



feasible solutions when p airplanes are chosen that lie between Ay, and A, for
0 < p < n—2 here m(n) is the farthest position in an order 7.

When n = 2, we've shown that Q3 = 1 = 2272, We use C{ to calculate Q, which
means, from combination point of view, that no airplane is chosen between A ) and
Ao, whose combination is account for increasing the number of sequential feasible
solutions.

CY: Ay = A
When n = 3, we have Q3 < 2 = 2°72. When A is A, (3), A is available between A;
and Az that possible leads to O} sequential feasible solution. When A, is Az (3), there
is another sequential feasible solution if and only if ch(Zg ) > clx(z ol No other
airplane is possible between A, and A3z, which leads to C sequential feasible solution.
There is no possibility when Az takes the farthest position in a sequential feasible
solution. By running through all the possible situations, it follows that Q3 < C{ + C1.

Cl: A3 = Ay = Aj,or Ay = Az = Ay,
C? : Al = A3 = AQ.

When n =4, let Ay is Ar(4), then the rest of 3 airplanes correspond to at most 2
sequential feasible solutions, when it satisfies eq. (4). So the rest 3 airplanes correspond
to at most CY + C] = 2 sequential feasible solutions.

V4 V2
>
calca+cr+c3)  calca+c1+c3)

(4)

If Ag is Ay, then it follows that:

V2 U1
> .
co(cateates)” erer+ea+cs)

Combining eq. (4) with eq. (5), and by Lemma 2, it follows that:

V4 V2 U1
> > .
calea+catc3) calcatea+cs)  ciler +ca+cs)

(6)

According to eq. (6), there is at most C] = 1 sequential feasible solution as A; =
A4 = A3 = AQ.

If Az is Ay, there is at most CY possible sequential feasible solution.

By summing up all the above cases, we have Q, < CY+Ci+Ci{+CY = CY+C3+C3.

C2: A= Az3= Ay = Ajor Az = Ay = Ay = A
Cy: Ay= A= A3 = Ay

Ay = Ay = Az = As
Cl: A= Ay = Ay = A



When n = k, suppose there are at most 2°~2 sequential feasible solutions. More-
over, there are at most C},_, sequential feasible solutions when p airplanes are chosen
between Ay ;) and Ay.

When n = k+1, suppose vy /c; > ka/c%_H and vg /¢ < Vpt1/Ch1. Qp1 consists
of k parts.

1) There is at most C?_, sequential feasible solution when Aj takes the farthest
k—1
position and A1 takes the second farthest position.

(p+1) When p airplanes lie between A;(x41) and Ag1, the number of sequential feasible
solutions consists of two parts. The first part refers to C,f:é sequential feasible
solutions when A is Ar(x41) and the rest of k airplanes form a k-airplane worst
case; The other part refers to C_, sequential feasible solutions when A; does not
take the farthest position. Totally there are C’,f:; +CY_, = C¥_, sequential feasible
solutions in this case. Thus for each C},_,, when we add A1 into the new sequence,

from the view of combination, the number of sequential feasible solution changes to
be CP_,+CP, =CP_,.

k) There is at most C’kjl sequential feasible solution when (k—1) airplanes lie between
k—1
Azkyr) and Agqq.

Qui1 SCP_1 + (CR o+ Ch_o) 4+ + (CrZ + CFa) + G

=C)_ 1 +Cl o+ + O+ G (7)

:Qk—l
Therefore, Q,, is upper bounded by 2772, O
Corollary 1. For the worst case of ARP instance with vi/c? > --- > v,/c and

vi/c1 < - <y /. Suppose we have determined all of the airplanes that take prece-
dence over A,, then there is only one dropout order for the rest of airplanes in a
sequential feasible solution.

5 The SSA is a polynomial-time algorithm to solve
the large scale of ARP

Given an ARP instance with vi/c > -+ > wv,/c2 and vi/c; < -+ < w,/cp,
©(Ap,,C) =2 ¢(A,—1,C) for any C > Cp—1 .

2 2
Up—1C;, — UnCr_q

Cnfl,n - (8)

UnCn—1 — Un—1Cn
Lemma 4. For the worst case of ARP instances with vi/c? > -+ > v,/c2 and

n
vifer <o < vp/en. Suppose 0 < Cp_1 < Y. ci, then there exists an index number
k=1
m
m associated with a cumulative sum of fuel consumption rates as Cp, = > g, such

k=1
that (A, C) > ¢(Ap_1,C) for any C > Cp,.



Proof. Since ¢; < --+ < ¢, we could determine m by iteratively adding ¢; to C,,, =
m

> ¢ fori=1,---,m, such that C,, > C,,_1 ,. The existence of m is evident.
k=1

Given the index number m and its related C,,, according to Lemma 2, if
©(An,Cn) > ©(An-1,Cn), then p(4,,C) > ¢(A,_1,C) for any C > C,,. O
Lemma 5. For the worst case of ARP instances with vi/ci > --- > v,/c? and

v1/c1 < -+ < Uy /. If we have determined the index number m according to Lemma 4,
then @, < %20;71 when n > 2m.

Proof. In the proof of Theorem 3 we introduce combination number to calculate the
number of sequential feasible solutions. For a given worst case of ARP instance, @,
is upper bounded by 2”72, which is equal to Zz;g C?_,. Hence @Q,, is divided into
(n—1) parts, and each part has at most C¥_, sequential feasible solutions for 0 < p <
n — 2. Here, C? _, means that only p airplanes are chosen from (n — 2) airplanes to
travel between A.(,) and A, in a sequential feasible solution. Thus there are (p + 1)
airplanes have the possibility to take precedence over A,, and to increase the number
of sequential feasible solutions.

According to Lemma 4, given a worst case of ARP instance, we can determine
the index number m, such that for large scale of worst case of ARP instances with
n > 2m, it follows that at most (m — 1) airplanes are available to be chosen to locate
between A.(,) and A,, which means that @, is composed by at most m parts such

0 1 m—1
as C’I’L*Q’ Cn72, Ty C’I’L—Q .

Qu=C) o+ Ch y+-+C1! (9)

We will show that @, in eq. (9) is less than mTzC;” when n is bigger than 2m. It
follows that eq. (10) and eq. (11) are true when n > 2m.

Cpoa <Chp<---<CO0) (10)

Qn < mC™}!

mM=2)x(n=3)x--x(n—m)

(m—1)x(m—2)x---x1

(n—=—m) nxmh-1)xnmN-=-2)x--x(n—m+1)

nx(n—1) X mx(m—-1)x(m—-2)x---x1 (11)

m2Xnx(n—l)x(n—2)><~~~><(n—m+1)
mx(m—1)x-.--x1

=m X

[ V)

m2 x
- X

3]

n
m
=—xCr

n

Thus it follows that @, < %26';" when n > 2m. O

Theorem 4. For large scale of the worst case of ARP instances with vi/c3 > -+ >
vn/c% and vi/e; < -+ < vy/cn. Suppose we have found the indexr number m by
Lemma 4 and n > 2m. Then there exists an N = 2m such that Q,, < mTQC,’L” for each
n > N. In addition, when n > N, @, is upper bounded by n™.

10



Proof. According to Lemma 5, @, is less than mTZCZl” when n > 2m. According to
Lemma 4, it points out that there exists an index number m and N = 2m, such that
@, is upper bounded by n™ when n > N.

m2xnx(n—1)x--x(n-—m+1)
nxmx(m-—1)x---x1

2
m
Qn < 707? = =n"<n™ (12)

O

The SSA similar with the fast exact algorithm [6] is proposed in Algorithm 2 by
bubble sorting all of the sequential feasible solutions to get access to the optimal feasi-
ble solution. The computational complexity of Algorithm 2 is O(n?Q? ). By Theorem 3,
Q. < 272 for small size inputs instances, and by Theorem 4, @,, < n™ when the
input size n is greater than 2m. The computational complexity of Algorithm 2 is
presented as follows.

O(n?2*"=%), 2<n<2m

o(n*Q?) = 13
(TL Qn) { O(n2m+2)7 n>2m ( )
o-Qn
A
o an
I' //
/ e
4
// / -0
s
/.
/
/i P
7
a
/ |
I
e !
/ ;
0 2m n;

Fig. 2 A scaler measure of the Q,, here the scaler a equals to 2m/22m~2,

According to Theorem 4, a turn toward polynomial running time of Algorithm 2
occurs when the input size n is greater than 2m. From another viewpoint, given a
large set of airplanes with an index number m, if n is greater than 2m, then the SSA
will run in polynomial time. As is shown in Figure 2, the number of sequential feasible
solutions has experienced an exponential rapid rise and then its growth rate is under
the trend of slowing down. Such a dynamic pattern of @,, looks quite similar with the
curve of production function [14] if we add a scaler « to the complexity measurement

11



Algorithm 2 Sequential — Search — Algorithm(A)
Require: A
Ensure: 7* and S*
1: Step 1: Run Search — all — Sequential(A,0,0)
2. Define Function: II <= Search — all — Sequential(A, v,, C,)
3 Sort Ay, As, -+, A, in decreasing order of ¢(A4;,C,) (see Definition 1) to get a
new sequence sa(1),- -, sa(n)
if n =1 then
if p(Asq(1),Co) < @o Or , = 0 then
< (sa(l))
II < {r}
end if
end if
10: if n = 2 then
11: if p(Asq(1),Co) < @o Or , = 0 then

© 2 3> qom

12: T < (sa(2), sa(1))

13: II < {r}

14: end if

15: end if

16: if n > 2 then

17: fori:=1ton—1do

18: if p(Asq(i), Co) < @o Or 9, = 0 then

19: Let Agq(;) run the farthest position in the current sequence
20: for j:=i+1tondo

21: if ©(Asa(iy; Co) = ©(Asa(j), Co) then
22: A< .A\{Aﬂ.(sa(z))}

23: Po = (P(Asa(i)» Co + Csa(i))

24: IV <= Search — all — sequential(A, 0o, Co + Cga(i))
25: for Each element k in I17 do

26: if k& > sa(i) then

27: k<k + 1

28: end if

29: end for

30: I <= {(Il7, sa(i))}

31: end if

32: end for

33: end if

34: end for

35: end if

36: Step 2: Run Bubble — sorting — Sequential (A, II)

37: Define Function: (7*,8*) <— Bubble — sorting — Sequential (A, II)
38: m < the number of rows in II

39: S* <=0

40: for 7 :=1 to m do

41: S° <= Stiy, see eq. (1)

42: if S° > S* then

43: S* <= SH(Z)
44: I H(Z) 12
45: end if

46: end for




which adjust the slope of line OP equals to 1 in Figure 2. The growth rate of @),, attains
an utmost at point P when n equals to 2m. The turning point of 2m is regarded as an
”inflection point”: when n is less than 2m, the upper bound of @,, has risen sharply
but when n ia greater than 2m, although the amount of possible sequential feasible
solutions has been rising steadily, its growth rate is getting slowing down.

Corollary 2. For a large scale of the worst case of APR instance with vy/c3 > -+ >
Un/c% and vi/c; < -+ < wvp/c,. There exists an input size of N = 2m, such that when
n > N, Algorithm 2 runs in polynomial time.

Corollary 3. Suppose A is a set of n airplanes with v1/c? > -+ > v, /c2 and S <
vi/e; < -+ < vy/en < L. There is an upper bound of index number m related to A.
For any ARP instance chosen from A, and each airplane’s flight distance is limited
in the interval [S, L], then its index number m must be no greater than m.

m
Proof. Since ¢; < - -+ < ¢y, the cumulative sum of fuel consumption rates C,,, = > ¢

k=1
must be a monotone increase function of m. Airplane A,, is the airplane with the
largest v, /c, in the interval [S, L]. A, takes precedence over airplane A,,_; when the
cumulative sum of fuel consumption rates is greater than C,_; . Then Corollary 3 is

verified if we set M = Cp—1,n/C1. O

The following Algorithm 3 is proposed to estimate the m and Q,,.

Algorithm 3 Estimate — SSA — Complexity(A)
Require: A
Ensure: m, and @,
1: Sort A in decreasing order of ¢(A;,0), see Definition 1
2 m<1
Cm =
A<={As, - A1}
while m < n — 1 and ¢(A,,Cpn) < maz{p(A;,Cp) and A; € A} do
m&<m+1
Con <= Cpm +cm
A<= A\{Ama T 7An—1}
Qu = O
10: end while

© ® 3> e ®

6 Efficient computability scheme for ARP

Given an instance of ARP, we could acknowledge within polynomial time how much
time the SSA runs on it, according to which we choose a proper algorithm considering
available running time. In Theorem 3, we claimed that the upper bound of @, is
2"~2, However, in Theorem 4 we proved that an instance is polynomial-time solvable
when its input size of n is greater than 2m. Here the index number m is regarded
as an ”inflection point” of the number of possible sequential feasible solutions: the

13



computational complexity of given instance grows exponentially for m < n < 2m, but
grows polynomially for n > 2m. For this reason, to predict @,,, we shall just find the
index number m.

The main idea of efficient computability is that, given an ARP instance, especially
for large scale of ARP instances, we shall forecast in polynomial time the particular
computational complexity that the SSA runs on it, which provides useful information
to decision makers or algorithm users before they try to solve it.

According to eq. (9) in section 5, @, is an aggregation of m parts, and each
part is upper bounded by Cf;é for 1 < i < m, here Cf;lz is the maximal amount
of potential sequential feasible solutions when there are ¢ airplanes take precedence
over the airplane with the greatest v;/c; for 1 < j < n. We propose the following
Algorithm 4 to get an approximate value of m by using heuristic method.

Algorithm 4 Heuristic — SSA — Complexity(A)
Require: A
Ensure: m’ and Q,,
: Sort A in decreasing order of ¢(A;,0), see Definition 1
:fori:=1ton—1do
Let A; takes the farthest position
Running Algorithm 1 to get a sequence °
Calculate S, according to eq. (1)
end for
7 < arg max{Syi,1 <i<n}
Find m’ such that 7*(m’ + 1) = arg maz{

2 /
m m
Qn = 7-Cp

Ve (4)

C’lr*('i)

® @ TR w N

©

We consider some possible situations in addition to pose a comprehensive mecha-
nism of efficient computability:

(1) Special case in Theorem 1 with v1/c? < --- < w,/c2, and v1/c; < -+ < v, /cp. Such
instances are easy to solve.

(2) Not complete reverse order sequence. Such instances can be transformed into lower
dimensional form which are relatively easy to solve.

(3) Complete reverse order sequence including the following three categories:

(3-1) When m << n, such instances are easy to solve;

(3-2) When m =~ n/2, such instances are similar with worst case. But once m is fixed,
and when n gets sufficiently large, the number of sequential feasible solutions
changes to be less than mTZC,T;

(3-3) When m = n, such instances are easy to solve at this case. But if we increase the

input scale of n to 2m, it changes to be above two cases.
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7 Numerical illustration

7.1 Example 1

We build an ARP instance contains 60 airplanes with vi/cf > -+ > v,/c2 and
v1/e1 < -+ < vy/cn. The data of example 1 is partly displayed in Table 1.

Table 1 Data of Example 1

A A A As Ay As Ag Ao Ao Aso Ago Aso Aeo

v, 4 6.27 8.73 11.36 14.18 17.18 31 78.27  143.73  227.36  329.18  449.18
c; 2 3 4 5 6 7 11 21 31 41 51 61

The index number of Example 1 is m = 6 by running Algorithm 3. Suppose we
choose different fleet of airplanes from the 60 airplanes in example 1 to get various
ARP instances with different input size of n, we can calculate their number of sequen-
tial feasible solutions of @, according to part 1 in Algorithm 2. The different @,, is
displayed in Table 2.

Table 2 Corresponding @, of Example 1

n 6 12 24 36 48 60
Qn 1 399 2,323 4,374 6,355 8,406
m—zcgy 6 2,772 2.02x10° 1.95x10%  9.20x 10  3.00 x 107

gfi—2 16 1024 419 x 106  1.72x 1010 7.04 x 1013 2.88 x 1017

7.2 Example 2

We build an ARP instance contains 1000 airplanes with vy /c? > -+ > v,/c2 and
v1/c1 < -+ < vy/c,. The data of example 2 is partly displayed in Table 3.

Table 3 Data of Example 2

A A1 Ao Aao0 Agoo Asoo A1000

v 1 11,809 39,809 83,711 143,610 219,490
¢; 1 3,981 7,981 11,981 15,981 19,981

By running Algorithm 3, we get m = 16. Similar with the curves in Figure 2, there
are two types of growth rate of the computational complexity, one is in exponential way
that is upper bounded by 2”2, and the other is in polynomial way that is less than
%20;”. To show the efficient computability scheme, we select the first 2m, 10m, - --

)
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60m airplanes to compose an instance respectively, and calculate the index number
m' by Algorithm 4. Numerical results are displayed in Table 4.

Table 4 Comparison between different Qy,.

2 / 2
n m’ m C’rT m C:;Ln 2n72
n n

2m 13 1.83 x 10° 4.81 x 109 1.07 x 10°

10m 10 1.42x 101 6.50 x 1021 3.65 x 1047
20m 10 8.41 x 107  3.16 x 1026 5.34 x 109°
30m 10 3.39 x 1019 1.57 x 1029  7.80 x 10143
40m 10 4.63x 1020  1.25 x 1031 1.14 x 10192
50m 10 3.50 x 1021 3.70 x 1032 1.67 x 10240
60m 10 1.82x 1022 5.85x 1033  2.44 x 10288
1,000 10 2.63 x 1022 1.08 x 103%  2.68 x 10300

A further explanation of Theorem 4 and Corollary 3 is that given a relatively
large set of airplanes, if we have found the index m, then for any n-airplane refueling
instance drawn from the set of airplanes, the ”inflection point” must be less than 2m,
and the computational complexity is less than %20? For example, we choose 500
airplanes from the 1000 airplanes, and we get m = 10 (which is less than m = 16).
The computational complexity comparison results are presented in Table 5.

Table 5 Complexity analysis for random

instance
n = 500 upper bound of @,
Qn <2772 8.18 x 10'4?

Qn < Z2CT form =16 2.93 x 10%°
Qn < 2C™ for m =10  4.92 x 10'°
Qn < ™20 form’ =6 1.17 x 106

8 Conclusion

We proposed the SSA to solve the large scale of ARP instances, and posed an effi-
cient computability scheme. We found that the computational complexity of the SSA
running on ARP will decline from an exponential level to a polynomial level with the
increasing input size of n. Thus we proved that for any ARP instance the running
time of the SSA will grow at a polynomial rate when the input size of n overpasses
the "inflection point”. Moreover, we constructed an efficient computability scheme to
forecast in polynomial time the particular running time of the SSA running on any
given ARP instance, according to which we could provide computational strategy for
decision makers and algorithm users.
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