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Abstract

We present a Sugawara-type construction for boundary charges in 4d BF theory and in a
general family of related TQFTs. Starting from the underlying current Lie algebra of boundary
symmetries, this gives rise to well-defined quadratic charges forming an algebra of vector fields.
In the case of 3d BF theory (i.e. 3d gravity), it was shown in [1] that this construction leads to a
two-dimensional family of diffeomorphism charges which satisfy a certain modular duality. Here
we show that adapting this construction to 4d BF theory first requires to split the underlying
gauge algebra. Surprisingly, the space of well-defined quadratic generators can then be shown to
be once again two-dimensional. In the case of tangential vector fields, this canonically endows
4d BF theory with a diff (5?) x diff (S?) or diff(5?) x vect(5?)ap, algebra of boundary symmetries
depending on the gauge algebra. The prospect is to then understand how this can be reduced
to a gravitational symmetry algebra by imposing Plebanski simplicity constraints.
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1 Introduction

1.1 Motivations

Recently, a vast effort has been directed towards understanding the structure of gauge theories at
codimension-2 boundaries. This is the location where symmetry charges and their algebras are
revealed and may be studied in order to gain insights into the fine structure of the classical and
quantum theory. In the context of gravity, this is of particular importance because (asymptotic)
boundary charges provide the very definition of physical quantities such as energy and momenta,
and encode a wealth of information about the interior region. This is relevant for the study of
classical phenomena such as (say) radiation, but also holds promise for defining quantum gravity
itself, for example through AdS/CFT and celestial (or flat space, or Carrollian) holography in the
case of asymptotically-AdS and asymptotically-flat spacetimes.

It has been proposed recently that a notion of holography could be meaningful (and potentially
more fundamental) even at finite distance [2-8]. Such a “local holography” is based on the study
of the charges and symmetries associated with finite subregions. These come indeed equipped with
a quasi-local algebra of charges, whose exact form depends on the formulation of gravity being
considered and whose representation theory can in principle be used to define building blocks of
the quantum theory. Since classical gravity contains this rich quasi-local symmetry structure and



given the availability of geometric quantization tools [9-11], it seems reasonable to try to approach
quantum gravity from the complete understanding of the symmetry structure of the underlying
(semi-)classical theory.

This picture, if taken seriously, suggests that one should aim at understanding the most general
symmetry algebra which can be supported on boundaries of gravitational systems. In the case
of asymptotic boundaries in three and four spacetime dimensions, this has in part motivated for
example the study of various extensions of the BMS algebra. For arbitrary boundaries at finite
distance, a universal notion of quasi-local boundary (or corner) symmetry algebra for metric gravity
has been proposed in [2, 3] (see also [4-7]). An important question which remains open is that of the
dependency of the corner symmetry algebra on the variables and the formulation of gravity being
considered. There are indeed general arguments showing that different formulations of gravity can
turn on different corner charges (and potentially lead to a notion of dual charges [12-16]) and
thereby lead to different symmetry algebras.

An interesting setup to study these questions is 3-dimensional (3d hereafter) gravity. Since this
theory is topological, one can reasonably think that a complete understanding of the boundary sym-
metry algebra should be achievable, both at finite distance and for asymptotic boundaries. It should
also be possible to understand the differences (if any) between the metric and the connection-triad
formulation. This has recently been studied in details in [1, 17], where it has been shown that the
obtention of diffeomorphism charges from charges of field-dependent internal gauge transformations
naturally also leads to a notion of dual diffeomorphisms. This is the construction which we here
aim at extending to 4-dimensional (4d) BF theory. For this, let us first recall the results of [1, 17].

1.2 Summary of the 3d construction

The starting point of the analysis of [1, 17] is a general Lagrangian for 3d gravity, built from a
triad e and an independent spin connection w, and containing four Lorentz-invariant terms. This
defines the so-called Mielke-Baekler model [18]

1
L= ?e/\ [eNe|l+201e NF +oywA <dw+ g[w/\w]> + o3e A dye. (1.1)
The couplings (0g, 01, 02,03) multiply respectively a volume term, the standard Hilbert—Palatini
Lagrangian, the Chern—Simons Lagrangian for w, and a torsion term. Below we will also consider
a general Lagrangian for 4d topological theories, and explore the role of the various couplings.

In order to understand the meaning of the couplings in (1.1) we compute the equations of
motion

2F +ple Ne] = 0, 2dgye+gle Ae] = 0, (1.2)

which show that there is a source for internal curvature and torsion measured by the following
combinations of the couplings of the Lagrangian:

o001 — O’% 0103 — 0002 (1.3)

2 ) )
o] — 0203 o1 — 0203



We restrict to the sector 07 — o903 # 0 because otherwise the equations of motion only have the
trivial solution e = 0. The second equation of motion in (1.2), which is the torsion equation, is
solved by w = I' — ge/2 with I'(e) the torsionless Levi-Civita connection. Using this in the first
equation of motion leads to its second order form, which is

2
Ry + 20gu = 0, R3A=p+ L. (1.4)
This metric equation of motion shows that the combination A of the initial four couplings of (1.1)
plays the role of the cosmological constant.

We are now interested in the symmetries and the charge algebra, which we want to study from
two points of view: 1) the internal gauge transformations parametrized by Lie algebra elements, and
2) the diffeomorphism transformations parametrized by vector fields. First, the theory is invariant
under the internal Lorentz transformations 67 and translations 67 acting as

57 e = e, al, o) e =dug+ qle, ¢, (1.5)
67w = d,a, 53,@ = ple, @), (1.5b)

where (o, ¢) are Lie algebra-valued 0-forms. The covariant phase space formalism can then be used
to derive the charges generating these Lorentz transformations and translations. For this we first
compute the symplectic structure

Q= 00, (1.6)
M
where 6 is the symplectic potential and My is a 2d Cauchy slice with codimension-1 boundary
S, and we then obtain the charges from the formula §7(a) = —67 1, where u denotes the
interior product in field space. Restricting for the moment our attention to field-independent gauge
parameters, we find that the charges are integrable and given by

J(a) = 2}{704(016 + o9w), T(p) = 2%9¢(01w + o3e). (1.7)

We can then obtain the Poisson brackets of these charges from {J(«a),J(8)} = —d6J u (557 Q.
Defining the generator P := T — ¢J /2, we find that these charges form the centrally-extended
current algebra

(T(0),P(6)} = Plad]) — &1 7{5 adé, (1.8a)
(T(0), T (B)} = T ([, B]) — 2 7{5 adp, (1.8b)

(P6). PO} = A (J<[¢, D-af ¢dx> , (18¢)

where the central charges are ¢; = 207 — qoo and ¢o = 209. This is the current algebra built on the
isometry algebra of the 3d Lorentzian spacetime with cosmological constant A, i.e. is0(2, 1), s0(2,2),



or s0(3,1) when A = 0, A > 0, and A < 0 respectively. This current algebra is defined at any location
in the bulk of the theory, for any codimension-2 boundary. An interesting question is that of the
status of the universal enveloping algebra, built from the generators (1.7) by considering arbitrary
field-dependent smearing gauge parameters o and ¢. A priori with arbitrary field-dependency the
resulting charges are not integrable. This is the question we have studied in [1, 17] in the case of
a field-dependency of the type' £1e and €.w, which gives rise to charges that are quadratic in the
basic fields (e,w). This is also what we aim at generalizing to 4d BF theory in the present work.
As we will now explain, such quadratic charges are related to diffeomorphisms, and also give rise
to a notion of dual diffeomorphisms.

Since the theory (1.1) is topological, one can realize its diffeomorphisms on-shell of (1.2) as
field-dependent gauge transformations. Explicitly, one can check that the Lie derivative 67 = Ly
can be obtained as

6P ~ 67

Eaw

+07 .. (1.9)

We want to see what this entails at the level of the charges. Indeed, field-dependent gauge trans-
formations do not generically lead to integrable charges unless one imposes extra conditions, on
the dynamical fields and/or on the gauge parameters. Typically these conditions are automatically
picked when building the residual symmetries for a spacetime with fixed (e.g. asymptotically-flat
or AdS3) boundary conditions. Here since we want to describe the symmetry charges associated
to an arbitrary codimension-2 boundary we have to be careful about the integrability. One can
easily check, either using the covariant phase space to construct the charge for the symmetry L, or
by computing §D(¢) = §J(£aw) + T (£e), that when ¢ is field-independent the diffeomorphism
charge is given by

§D(€) ~ £5(201(£_| w)e + o2 (§aw)w + o3(Eue)e) — L6, (1.10)

where we have used § to explicitly denote the fact that the charge is non-integrable. Indeed,
it contains the familiar non-integrable piece £.6 for diffeomorphisms, where # is the symplectic
potential. As usual, this can be made integrable without boundary conditions on the fields by
considering diffeomorphism transformations which do not move the boundary, i.e. tangent vector
fields. For tangent vector fields, we then get the integrable charge

D) = J(Eaw) +T(Ege), (1.11)

whose expression mirrors (1.9).

The observation made in [1, 17] is that one can extend the present construction by asking the
following question: Is there another combination of field-dependent internal gauge transformations
which leads to integrable charges and to a closed algebra with the other symmetry generators?
In other words, we view the current algebra (1.8) as the fundamental algebra of the theory, and
search for field-dependent generalizations. Since the generators J and P are linear in the funda-
mental fields (e,w), searching for field-dependent combinations as in (1.11) amounts to considering

"Here s denotes the spacetime interior product.



quadratic generators. This is the spirit of the so-called Sugawara construction [19-21], which is
usually written in terms of Fourier coefficients on the codimension-2 boundary (this interpretation
will however not immediately be available in the 4d case later on). The answer to the above ques-
tion is that there are indeed other field-dependent charges to consider, as the space of well-defined
quadratics is actually 2-dimensional. More precisely, in addition to (1.11), for tangent vector fields
one may equally well consider the generator

D*(€) = pT (€s€) + T(g ) + 5 (T(€se) = T(€2w)). (1.12)
Together with the above diffeomorphism charge this forms the algebra
{D(€), D*(Q)} = =D*([¢, <), (1.13a)
{D(£), D)} = =D([¢, ¢, (1.13b)
{D*(£), D*(Q)} = =AD([£, <)) (1.13c)

Up to the central extensions, which are not present since here we are considering tangent vector
fields, this is a “diffeomorphism version” of the (J,P) current algebra (1.8). Starting from this
latter, we have therefore managed to construct a well-defined algebra of quadratic generators whose
parameters are vector fields. This algebra features once again the cosmological constant X, and
reduced in the case A = 0 to the centreless bmss algebra. When A # 0, we can alternatively
introduce DF := (D + A~1/2D*)/2 to obtain the direct sum of two Witt (or centreless Virasoro)
algebras.

It is clear from (1.13) that the existence of D* is due to the possibility of swapping the fields
e and w in the field-dependent gauge parameters, which in turn is allowed since both fields are
1-forms. This immediately raises issues for a potential extension of this construction to the 4d
case, where the fundamental fields are a 1-form and a 2-form. We will however solve this puzzle
and show that the 4d theory also admits similar field-dependent charges in addition to the usual
diffeomorphisms. Another insight into the duality in the 3d case comes from evaluating D and D*
on the asymptotic Killing vector field preserving e.g. BMS3 boundary conditions. Doing so, one
finds that D*(£%,£",£9) = D(£%,£7, AY) [1], which shows that the duality is a modular duality
between the temporal and angular directions. This is also a property which clearly cannot extend
to a 4d setup since in this case there are two angular directions.

This brief summary of the construction of [I, 17] shows that there is a meaningful way in
which one can realize a 2-dimensional algebra of vector fields, starting form the current algebra
(1.8), by considering field-dependent internal gauge transformations. This algebra of vector fields
reproduces, at finite distance and without the need for any boundary conditions, the centerless
bmss or double Witt algebra depending on the cosmological constant. It should be noted that this
generic construction cannot be achieved in the metric formulation (unless of course one introduces
BMS or AdS3 boundary conditions).

We now set out to build an analogue of this construction in 4d BF theory. Just like we have
started here from a general 3d Lagrangian (1.1), in the 4d case we will also consider a general
family of topological quantum field theories (TQFTs hereafter) in order to keep track of the role
of the various coupling constants. Let us now turn to the 4d case.



2 Quadratic charges in 4d BF theory

A similar structure to the one presented above in the 3d case exists for 4d TQFTs, with in particular
a notion of dual diffeomorphisms which can be constructed from field-dependent internal gauge
transformations. The construction is however not as straightforward as in the 3d case. In order to
understand why this is so, let us first discuss the example of 4d BF theory.

The reason for considering 4d BF theory, especially with gauge group so(4) or so(3,1), is that
it is closely related to Lorentzian or Euclidean 4d gravity (respectively) via the so-called Plebanski
formulation [22, 23], which is a rewriting of general relativity as a BF theory with constraints. This
latter is at the basis of non-perturbative approaches to quantum gravity such as Loop Quantum
Gravity and Spin Foams [24-26], which have recently been revisited in the light of the developments
on corner symmetries [6, 27-32]. It was in particular explained in [31, 32] how quantum numbers
in the gravitational theory are inherited from the symmetries of BF theory. It will be interesting
to understand in future work how this extends to the diffeomorphism symmetries constructed from
quadratic charges. Indeed, one can hope that if a holographic dual can be constructed for 4d
topological BF theory, then this boundary theory could be reduced to a gravitational boundary
theory by implementing the Plebanski simplicity constraints reducing BF theory to gravity.

2.1 Summary of 4d BF theory

Let us consider as the basic variables a 2-form B and a connection 1-form A, both valued in a Lie
algebra g. We will think of this algebra as being so0(4) or so(3,1), although the details will not
matter at this stage. The Lagrangian of 4d BF theory with quadratic potential is

L={BAF) —r(BAB), (2.1)

where F = dA + %[.A A A] is the curvature of A. The pairing (-,-) : g X g — R is given by the
Killing form of g. We keep it explicit because it will play an important role in what follows. The
equations of motion and the symplectic potential are

daB=dB+[ANB] =0, F —2kB =~ 0, 0= (BANSA). (2.2)

The symmetries of the Lagrangian (2.1) are given by Lorentz transformations parametrized by
g-valued O-forms «, and translations parametrized by g-valued 1-forms ¢. These internal gauge
transformations act as

67 B = [B,al, 5B =das, (2.3a)
67 A=dua, 55 A = 25, (2.3b)

As a remark, we note that computing the repeated action of these internal gauge transformations
with field-independent parameters leads to

[67,65] = 8L (0,051 = o,

78 (67,677 =0, (2.4)



meaning that the translations are abelian even for x # 0. This is in sharp contrast with the 3d
theory (1.1), where even in the case 09 = 0 = o3 the presence of a volume term o leads to non-
abelian translations. The volume terms in (1.1) and (2.1), with respective couplings oy and k,
therefore play a different role from the point of view of the symmetries. We will come back to this
observation later on.

As in the previous section, we can now use the covariant phase space to compute the charges
generating these transformations. Restricting once again momentarily to field-independent gauge
parameters, we find that the charges are given by

T(a) = Yi (0, B), T(6) = - 755 (6 A A), (2.5)

and that they form the centrally-extended current algebra

(T (@), T(6)} = Tl d]) - 743 (a, gy, (2.6a)
{T (), T(B)} = T ([o, B]), (2.6b)
(T@).T()} =2 fs (6 A X)- (2.60)

As expected, we recover the familiar fact that the algebra of charges is a centrally-extended current
algebra based on the algebra of infinitesimal transformations (2.4).

By analogy with the 3d construction introduced above, we now want to understand how dif-
feomorphisms are related to these charges of internal gauge transformations. Because (2.1) is
topological, we can once again realize the diffeomorphisms as field-dependent internal gauge trans-
formations. This follows from the fact that

(07 4+ 0L 5) A = LeA—€4(F —26B) = 6P A, (2.7a)
(025 + 07 4)B = LeB — £5(dB) ~ 675, (2.70)

so as in the 3d case we have (5? =~ (5§“7J a4t 557: g For field-independent tangent vector fields to the
(now) 2-dimensional boundary, we can therefore obtain an integrable diffeomorphism charge as the
combination

D) = T(E2A) + T(ELB). (2.8)

While this formula is the 4d analogue of its 3d counterpart (1.11), it is clear that the dual charge
(1.12) defined above cannot be transposed to the 4d case since A and B are forms of different
degrees. This is the immediate obstruction to defining an analogue of the dual diffeomorphisms in
the 4d case.

We will now show that this roadblock is only apparent, and that it can be bypassed by per-
forming a split of the fields A and B based on a split of the underlying algebra g. When such a
split is performed, a notion of duality becomes available and can in turn be used to define dual
diffeomorphism charges.



Interestingly, this mechanism puts in a sense 4d BF theory on the same footing as 3d Chern—
Simons (CS) theory. Indeed, if we consider 3d CS theory with g = su(2), then there is only a single
set of quadratic charges, corresponding to the usual diffeomorphisms. If, on the other hand, we
consider CS theory where g is for example one of the isometry algebras of 3d gravity, then one can
decompose the CS connection 4 into e and w using the decomposition of g (e.g. into rotations and
boosts or rotations and translations depending on g). The CS Lagrangian for A then becomes a
Lagrangian for e and w as for example (1.1) [17]. As we have seen above, the possibility to consider
the two independent quadratic charges (1.11) and (1.12) then arises since the new fields e and w
can be swapped. The same mechanism is at play in 4d BF theory, where a decomposition of the
algebra g induces a decomposition of both A4 and B. Although there is no duality between A and
B because of the mismatch in form degree, there is then a duality between the two components of
A and a duality between the two components of B. It is this duality which we want to explore and
exploit in order to write down the independent quadratic charges. This is precisely what will lead
to a 4d generalization of the “dual” diffeomorphisms built in 3d.

We first motivate and illustrate this construction on BF theory, and then present it in the case
of a general 4d TQFT in order to mimic closely the structure of the 3d model (1.1).

2.2 Construction of quadratic charges

Let us now consider 4d BF theory with an algebra g whose generators can be decomposed into
(Jis P;)i=1,2,3 with brackets

[Ji, Pj] = €i;* Py, [Ji, ;] = " T, [P;, P;] = Nei™ Ty, (2.9)

where X is a scalar parameter. Depending on the signature of e (whose indices are lowered and
raised with a Lorentzian or Euclidean n) and on the sign of ), these commutation relations can be
those of so0(4), s0(3,1), s0(2,2), is0(2,1), or is0(3). We can then decompose the fields A and B in
this basis as

A= A"J, +C'P, B=DB'J,+YP. (2.10)

We also present in appendix B a construction of the quadratic charges using the self-dual basis. In
order to decompose the Lagrangian in terms of these new fields, we need to pick a Killing form.
There are two choices for this, given by

<P7,7J]>I :777/]7 <B7P]>I 207 <J27J]>I 207 (2113‘)
(P;, Jj)yit =0, (P, Pj)ut = Anij, (Jis Jj)11 = nij- (2.11Db)

One should note that the second bilinear form is degenerate when A = 0. With these two choices,
the Lagrangian (2.1) becomes either of the two Lagrangians

1
LI:Z/\F—2/£B/\E+B/\dAC+5AE/\[C/\C], (2.12a)

1
LH:BAF—HBAB+A<2Amc—nzA2+§BAwACD. (2.12b)



In order to study these two Lagrangians in one go, we introduce below a general family of TQFTs
described by (3.1). The Lagrangians above are embedded in this family as

Lgen o1 P} 03 o4 o5 06 o7 o8 o9
i | 0 1 1 0 0 0 | —2x | 0 ) (2.13)
L 1 0 0 A —2K —2KA\ 0 A 0

When 4d BF theory is decomposed as in (2.12), one has access to dualities which were not
manifest in the initial Lagrangian (2.1). First, there is a duality between the 1-forms A and C,
and, second, there is a duality between the 2-forms B and Y. The presence of these dualities then
allows to follow a construction similar to that present above in the 3d case, and to obtain quadratic
charges which are independent from the “usual” diffeomorphisms. We are going to present the
details of this construction in section 3, starting from the general family of 4d TQFTs described
by (3.1).

Before going into the details of this construction, let us collect the results in the case of 4d
BF theory. The construction follows the same logic as in the 3d case. First, starting from (2.12a)
or (2.12b), one should find the internal gauge transformations, and then compute the associated
charges and their algebra. This leads to the 4 charges (3.8), which we call (Ji, J2, 71, T2), and which
correspond to a decomposition of the charges (2.5) under (2.10). Starting from these 4 charges, one
can then build field-dependent charges by considering the contractions of the vector field £ with the
fields (A, C, B,Y). In the case of the Lagrangians (2.12), the analysis of (3.1) with the parameters
(2.13) leads to 2 independent quadratic charges, which are moreover integrable when ¢ is tangent
and field-independent. These charges are

D(§) = N1(§2A) + Fa(§2C) + Ti (62 B) + Ta(§4%), (2.14a)
D*(&) = AT1(£2C) + T2(§2 A) + AT1 (64 %) + T2(£2 B). (2.14b)

As announced, one can see that the essential difference between the new charges D* and the
usual diffeomorphisms D resides in the duality between the 1-forms and that between the 2-forms.
Schematically, and up to the couplings, D* is obtained from D by swapping the 1-forms A and
C on the one hand, and the 2-forms B and ¥ on the other hand. When ¢ is tangential and
field-independent these charges are integrable and form the algebra

{D(£), D*(O)} = =D([¢, <D, (2.15a)
{D(£), D)} = =D([¢: <), (2.15b)
{D*(©), D™ ()} = —=AD([¢, CD)- (2.15¢)

One can therefore immediately see that this is a 4d generalization of the 3d algebra (1.13), where
the vector fields £ now have components along the codimension-2 boundary S. The parameter A
now controls the “fat” limit in which one of the two diff(S?) algebras becomes abelian. At the
difference with the 3d case, where A is a combination of the initial couplings of the Lagrangian
(1.1), in 4d BF theory A comes from the structure (2.9) of the gauge group, and the coupling of
the Lagrangian (2.1) does not appear in the quadratic charges nor in their algebra.



We now address the difference between the choices of pairings (2.11), or equivalently the differ-
ence between the Lagrangians (2.12). First, one should note that when A # 0 both Lagrangians in
(2.12) give the same equations of motion, which are nothing but a decomposition using (2.10) of
the equations of motion (2.2). Both Lagrangians also lead to the same algebra (2.15). The choices
I and IT become however inequivalent when A = 0. Indeed, one can see that in this case the pairing
II is degenerate. Because of this, in the limit A = 0 the Lagrangian L; degenerates, and reduces
to that for a single “half” of the initial BF theory (for example su(2) if we start from so(4)). More
importantly, by carefully constructing the charges as we will do in the next section, one realizes
that for Ly the charges J» and 7s are actually proportional to A, so that in the limit A\ = 0 we
get D* = 0 altogether, and we are only left with D as the well-defined quadratic diffeomorphism
charge. This echoes the remark which we have made at the end of section 2.1.

Let us now turn to the detailed study of the general family of TQFTs in which the Lagrangians
(2.12) are embedded. This will enable us to prove that the charges (2.14) are indeed integrable and
forming a closed algebra.

3 Quadratic charges in a family of 4d TQFTs

In this section, we introduce and study a family of 4d TQFTs which generalize, in a manner similar
to (1.1) in 3d, the Lagrangian for 4d BF theory, and which are also related to some specific examples
of so-called 2-BF (or BFCG) theories [33-35]. We use this general TQFT to illustrate and present
the details of the construction of the quadratic charges (and of the “dual” diffeomorphisms). At
the difference with what we have presented above, here the starting point Lagrangian is written
immediately in terms of the 4 fundamental fields: the connection 1-forms A and C, and the 2-forms
B and ¥. We use an index-free notation, the pairing is left implicit and does not play a role.

3.1 Lagrangian and equations of motion

Let us consider for the moment 9 arbitrary parameters o;, which we use as the couplings for 4
kinetic terms and 5 potential terms in order to build the Lagrangian

Lyen = (01B + 025) AF + (03B +04%) AdaC + ZBAB+ TEAT

Yo BAY + (%B+?z) AC AC, (3.1)

where F' = dA + [A A A] and d4C = dC + [A A C]. One can see that when only oy and o5 are
non-vanishing we recover the standard BF Lagrangian with cosmological term. When only o7 and
04 = —o7 are non-vanishing, we recover a specific 2-BF Lagrangian with 2-gauge symmetry [33-35].

When the 9 parameters o; are all independent, the Lagrangian Lge, does not yet describe a
topological theory. We will explain below, based on a symmetry argument, that in order to obtain
a topological theory there needs to be an algebraic relation between the o;’s. These couplings
therefore give an 8-parameter family of TQFTs. We will come back to this shortly.

To obtain the symplectic potential and the equations of motion we now perform the variation

10



of this Lagrangian, to find

08

OLgen = A0+ 0B A\ (01F +03daC + 05B + 075 + Z[C A )

/N

+ 02 A (agF + 04dAC + 0¢X + 07B + %[C A C]>
+JA N (aldAB + 02d A% + 03[C A B] + 04[C A E])
+3dC A <agdAB+a4dAE+ag[C/\B] +09[CAE]), (3.2)
where the symplectic potential is
0 = (018 + 02%) AGA + (03B + 04%) A dC. (3.3)

We will use this symplectic potential below to compute the charges associated with the symmetries
via the covariant phase space formalism. When o104 — 0903 # 0 (which is equivalent to the non-
degeneracy condition for the 3d Lagrangian (1.1)), the equations of motion can be rearranged in

the form
F:plB—i—qlE—%[C/\C], (3.4a)
daC = paB + g3 — %[C/\C], (3.4b)
daB = p3[B A C] + g3[Z A O, (3.4c)
da¥ = pa[BAC]+ g3[E A C). (3.4d)
The new parameters appearing here are defined in terms of
ijkt] = (3.5)
by
p1 = [3745],  po = [2517], p3 =[3428], p4 = [1833] r1 = [4839], (3.6)

@ = [3647),  qo=[2716], g3 =[4429],  q4=[1934] 1y = [1928].

The structure of the Lagrangian (3.1) and of its equations of motion already reveals that this is
a 4d analogue, in the case of TQFTs, of the general 3d Lagrangian (1.1). Note that there could
in principle be extra terms in (3.1) in order to symmetrize further the roles of A and C on the
one-hand, and B and X on the other hand. These can however be obtained via field redefinitions.

Now that we have the Lagrangian that will serve as our starting point, we can proceed with
the construction of quadratic charges following the 3d case. For this, the first step is to analyse the
internal gauge symmetries and the resulting charge algebra.

3.2 Symmetries, charges, and algebra

We now turn to the study of the symmetries and the associated charges. Since we want the
Lagrangian (3.1) to describe topological theories, we need to ensure that it has enough gauge
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symmetries to remove possible physical degrees of freedom?. Furthermore, for a topological theory
the diffeomorphisms can be written as field-dependent gauge transformations, so we need enough
gauge transformations to realize this. In the example of BF theory studied in section 2, there are
two gauge symmetries, which are the Lorentz transformations and the translations. Here, since
(3.1) has four fields one can expect that in the topological sector it admits four gauge symmetries.
This is indeed the case provided we enforce a single algebraic constraint on the couplings o;.

More precisely, let us consider two Lie algebra-valued 0-forms (a,x) as well as two 1-forms
(¢, 7). If the couplings satisfy the constraint

1[7968] + 02[7859] + 03[3647] + 04[4537] = 0, (3.7)

then the Lagrangian (3.1) is invariant under the following gauge symmetries:

0-form Lorentz 0-form translations 1-form translations 1-form Lorentz

671 A = dya 82 A =r[C,y] SJPA=pig PA=qr
81C=[Ca] | 6%2C =dax +12[C,A] 0J1C = paop §12C = gor

0J'B =[B,a] | 672B = ps[B,x] + q3[Z,x] | 6}' B = dag + ps[C A ¢] 57 B = g3[C A7)
SY = [S,a] | 0725 = pa[B,X] + au[2, X] 5715 = pa[C A 4] §P% = dat + q[C A 7]

This can be checked explicitly by plugging these symmetry transformations in the variational for-
mula (3.2). Of course, since any combination of these gauge symmetries is again a gauge symmetry,
this parametrization is not unique. We have chosen it because it generalizes naturally the gauge
structure of the so-called 2-BF theories studied in [33-35].

Now that we have identified the symmetries of the Lagrangian, we can use the symplectic
structure  derived from the potential (3.3) in order to obtain the associated charges. Contracting
each of the symmetry transformations found above in the symplectic structure, we find

STi(a) = — /M2 o SEOM 4 + 7{5 (0168 + 720%), (3.8)
6J2(x) = — /M2 x dEOM¢ + j’é x(030B + 046%), (3.8b)
5Ti(¢) = — . ¢ A SEOMp + 72 (0104 + 936C) A ¢, (3.8¢)
5Tz(1) = — /M 7 A SEOMy; + fi (020A + 046C) A T, (3.8d)

where EOMx refers to the equation of motion imposed by the field X in (3.2). From now on we will
go on-shell of these equations of motion and consider the boundary charges. We will also consider
for the moment field-independent gauge parameters, so these charges are manifestly integrable.

2Essentially, in a topological theory there are enough symmetries to make any solution gauge equivalent to the
trivial one.
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Their algebra is found to be

(Ti(0), Ti(0)} = T ([, o)), (3.92)
(F1(0), (0} = Tallos x]), (3.9b)
{Fo(x), T2(X)} = T (b X']) + 22 (I X)), (3.9¢)
(F1(0). Ti(6)} = Ti([, @) — o 74 adé, (3.94)
S
(1), Ta(7)} = Ta([a, 7)) — 02 }é adr, (3.9¢)
(500, Ti(@)} = psTi(lx. 8)) + paTa([x. ]) — 05 7@ e, (3.96)
(500, To(7)} = asTi (b 7)) + aTa([x, 7)) — o4 7{9 \dr, (3.9g)
(Ti(@). Ti(#)} = —05 72 GA D, (3.90)
(To(r), To ()} = —o qu AT (3.99)
(T:(6), Ta(r)} = —or j{? GAT, (3.9)

and therefore contains 7 central extensions. In particular, one sees that the generators (71, 72)
span a centrally-extended abelian current algebra, while the generators (71, J2) span a centreless
so-like current algebra. Defining the new generator 52 = Ja — r2J1/2, one finds indeed that the
subalgebra takes the form

{71(a), 2(x)} = To([, X)), (3.10a)
{J1(a), ()} = Ti([a, @]), (3.10b)
{Z(x), ()} = A\ ([ X)), (3.10¢)
with
Ai=r;+ R (3.11)

Interestingly, this is analogous to the structure (1.8) which we have found in the 3-dimensional case,
and it also represents a “Lie algebra version” of the diffeomorphism algebra which we are going to
obtain below in the 4-dimensional case. Let us now explain how this algebra of diffeomorphisms is
obtained from quadratic field-dependent charges.

3.3 Field-dependent charges and (dual) diffeomorphisms

The theory (3.1) is manifestly invariant under diffeomorphisms. We have also seen that when the
couplings satisfy (3.7) it describes a topological theory. As such, we expect that its diffeomorphisms
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can be rewritten on-shell as field-dependent gauge transformations, just like in the case of d-
dimensional BF theory. One can explicitly check that this is indeed the case. More precisely, we
find the natural analogues of (2.7), given by the relations

(074 + 082+ 0l g +00s) A= LA—€ (F+ZICACI=pB—qiX) ~0PA, (3122)
(04 + 082 + 00 5 +0023) € = £C =& (daC + Z[C A C| =B — @) = 07C,  (3.12D)

(5%71A+5§{20+5QB+5§E)Bzch—gJ (dAB—pg[B/\C]—qg[E/\CD% PB, (312

|

(55{1A + 080+ 00 + 5{52) S = L — € (dAE “pi[BAC] - qi[E A C]) ~ Py, (3.12d)

where L¢(-) = d(&2(+)) + &ad(e).

To obtain the charges associated with diffeomorphism transformations in the topological sector
of (3.1), we can either directly contract the transformation 5? with the symplectic structure or,
equivalently, use the field-dependent gauge transformations. In any case, we find that the charges
are non-integrable, and that integrability can be achieved without boundary conditions on the
dynamical fields if we restrict ourselves to field-independent tangential vector fields, as we did
above when going from (1.10) to (1.11). For such tangential vector fields, we then find that the
integrable diffeomorphism charges are given in terms of the gauge charges (3.8) by

D(§) = N1(§2A) + Fo(§2C) + Ti(§2 B) + To(§4%0). (3.13)

As expected, this expression is simply the analogue, in the case of the topological sector of (3.1),
of the relationship (2.8) obtained for 4d BF theory. We have indeed obtained the same formula
(2.15) when decomposing the fields of 4d BF theory using (2.10). We stress once again that here
we are restricting ourselves to tangential vector fields in order to guarantee the integrability of the
charges and so diffeomorphisms are span by a two-dimensional set of parameters.

Now, similarly to what was done in [17] in the 3d case, we can show that the diffeomorphism
(3.13) is not the only integrable combination of quadratic field-dependent gauge transformations
admitting a well-defined algebra with the gauge charges. There is an independent combination
of field-dependent gauge charges which happens to be integrable in the case of field-independent
tangential vector fields. This charge is given by

C(&) =T (0 (rC = p3A)) + Ta(§2(A+ quC)) + g3Ti(Es%) + T2 (63 (paB + qu® — paX)). (3.14)

We refer the reader to appendix A for the explicit proof of the integrability of this charge in the
case of tangential £, and for the proof of the fact that its algebra with the charges (J1, J2, 71, 72),
and hence D, is closed. This proof shows that the space of well-defined® quadratic charges is 2-
dimensional, and spanned by C and D. One can note that the symmetry generated by this quadratic
charge is

5 = o/ +07

J2 T1
Eri0—psA) T 08 (aras0) T 802+ 08 (1, Brasspos) (3.15)

3Here by well-defined we mean that the charges i) are integrable in the case of tangential vector fields, and ii)
have a closed algebra with the gauge charges (J1, J2, T1, 72).
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which gives the following infinitesimal transformations of the fields:

5§ A = Le(riC —p3A), (3.16a
5C = Le(A+ qi0), (

0 B = q3LcX, (3.16¢
3% = Le(paB + @S — p3%). (3.16d

With all these ingredients, we can now compute the Poisson algebra between the two sets of
quadratic charges. We find that this is given by

{D(£),C(0)} = —C([¢, <)), (3.17a)
{D(£),D(O)} = —D([&. <D, (3.17b)
{C(£),C(Q)} = (p3 — qu)C([€, ¢]) — pagsD([§, C])- (3.17¢)

Introducing now the generator

D*(€) 1= C() + 5 (ps — a1)D(E), (315)

we find that the algebra takes the form

{D(£), D*(O)} = =D([¢, <D, (3.19a)
{D(£),D(O)} = =D([¢: <)), (3.19b)
{D*(€), D™ ()} = =AD([¢, <)), (3.19¢)

with A introduced above in (3.11). This is a generalization to the case of the Lagrangian (3.1) of
the diffeomorphism algebra (2.15) obtained above in 4d BF theory. One can also note that this
diffeomorphism algebra is a “vector field version” of the current Lie algebra obtained above in
(3.10). We have therefore constructed a 4d generalization of the results of [17] for the topological
sector of the theory (3.1).

One can note that these results are of course compatible with the ones obtained in (2.15) in
section 2 for 4d BF theory, since plugging the couplings of table (2.13) into 1 and ry leads indeed
to r1 +73/4 = A, in agreement with the definition (3.11).

The algebra (3.19) features two commuting copies of a diff(S2) algebra. As in the 3d case, this
can be made more explicit with the change of generators D* := (D + A~1/2D*)/2. We can also
take the “flat” limit A\ — 0 in order to obtain diff(S?) x vect(S?),p,, which is a 4d generalization of
bmss in the particular sense that S! is replaced by S2. We recall that the unusual algebras (3.19)
for A #£ 0 and A = 0 have no gravitational interpretation, and have here been constructed as the
algebras of tangential vector fields in a 4d topological theory. The novel feature, which extends the
3d results of [17] to the 4d topological case, is that we have considered the quadratic charges in the
current algebra (3.9) of the topological theory (3.1). This shows that, when considering charges
associated with finite regions in 4d BF theory, one can construct two diffeomorphism charges and
obtain in a canonical manner the algebra (3.19).
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4 Perspectives

In this paper we have proposed a Sugawara-type construction for a class of 4d TQFTs including 4d
BF theory. This Sugawara construction starts from the current algebra of boundary symmetries,
and then constructs quadratic generators forming a diffeomorphism algebra with vector fields as
the parameters. More precisely, for 4d BF theory with an algebra (2.9), starting from the current
algebra (2.6), we have built the quadratic generators (2.14) and shown that their algebra is (2.15).
In section 3 we have then generalized this construction to the family of 4d TQFTs described by
the Lagrangian (3.1).

This construction extends to 4d the 3d construction presented in [1, 17]. As we have recalled,
in 3d the existence of two independent sets of quadratic charges relies on a duality between the
1-forms e and w. In the 4d case this duality is not available since the fields A and B of BF theory
have a different form degree. However, we have argued that 4d BF theory is in fact the analogue
of Chern—Simons theory in 3d, and that it is therefore natural to split its fields according to the
decomposition (2.10) of the algebra (2.9). When this split is performed, there is then a notion of
duality within the 1-form and 2-form sectors, which allows to define the general quadratic charge
(A.1).

Surprisingly, as we have shown in the detailed proof of appendix A, for the examples of TQFTs
described here the space of well-defined quadratic generators (which are integrable for tangential
vector fields and which form a closed algebra) is 2-dimensional, just like in the 3d case. Although
the quadratic generators D and D* are not functionally independent from the generators 7 and 7
of the current algebra, they parametrize the independent symmetries of the theory. In 3d gravity
in connection and triad variables, the diffeomorphisms are not the only gauge symmetries to which
one can associate non-vanishing codimension-2 charges, since there are also the Lorentz transfor-
mations. Equivalently, one can replace these latter by the other set of (dual) diffeomorphisms,
so as to preserve the size of the symmetry algebra. In 3d these extra quadratic generators have
an interpretation in terms of a duality between the variables (e,w), and also between the u and
¢ directions in e.g. Bondi coordinates. Such an interpretation is not readily available in 4d, but
should be investigated in future work, in particular to understand if the other set of quadratic
charges (on top of the diffeomorphism charges) can be interpreted in terms of gravitational dual
charges [12-16].

We should stress that it is not yet clear which condition should be satisfied by the internal
gauge group in order for extra quadratic charges to exist. It is already clear from the construction
of appendix B that one can exhibit BF theories for which the space of well-defined quadratic
generators is more than 2-dimensional. One could hope for an algebraic criterion relating the
properties of the gauge algebra to the size of the well-defined family of quadratic generators. Going
even further, one can also wonder if the construction can be extended to cubic and higher order
generators, so as to obtain wy algebras [36—38]. This is particularly interesting in light of the recent
discussions on the w14~ symmetry present in (self-dual) gravity [39-42]. We should however stress
that already in the case of 3d gravity the extension of the construction [1] beyond second order has
not yet been performed.

For future work, it would be interesting to investigate how the two sets of quadratic diffeomor-
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phism charges relate to the bi-metric interpretation of BF theory [43-45]. It could indeed be the
case that each quadratic diffeomorphism is a diffeomorphism charge for a specific metric sector of
the bi-metric theory.

We also note that the construction presented here relies on a split of the internal gauge algebra,
which essentially amounts to picking a preferred vector. In order to keep the internal covariance
one should keep this vector as a variable and in particular include it in the covariant phase space
analysis, as was done in [32]. Just like in the case of gravity [31, 32], which as we recall can be
obtained from BF theory by imposing simplicity constraints [24-26], it would be interesting to
perform the full covariant phase space analysis and the analysis of asymptotic symmetries for BF
theory, either in terms of the bi-metric formulation or in terms of the bi-vector formulation. This
would help understand the nature of the second set of quadratic charges (and in particular if they
are “dual” charges as in the gravitational case [12—16]). This could also help develop a boundary
fluid interpretation for 4d topological theories such as BF theory [10, 46, 47], and once again enable
to reach gravitational results by imposing the simplicity constraints via the symmetry structure.

Finally, an interesting question is that of how to include central extensions in the algebra of
quadratic charges by performing a higher-dimensional analogue of the twisted Sugawara construc-
tion which exists in 3d gravity (see e.g. appendix C.4 of [17]).
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A Derivation of the dual diffeomorphism charge

In this appendix we give the detailed derivation of the set of quadratic charges built from field-
dependent generators of the current algebra. We require these quadratic charges to be integrable
for tangential vector fields and to form a closed algebra with themselves and with the charges of
the current algebra.

In order to perform this construction, let us consider the most general quadratic field-dependent
combination of the charges (71, J2,T1,72). This is given by

$G(&) = 871 (€2 (aA + cC)) + §T2(2 (bC + dA)) + §T1 (€2 (eB + g%)) + $T2 (€5 (f + hB)),
(A.1)

where the parameters (a,b,c,d,e, f,g,h) are to be determined and the vector field ¢ is field-
independent. We now impose the following two requirements on this general quadratic charge:

1) The charges must be integrable when the vector fields £ are tangent to the codimension-2
surface S.

2) The charges must form a closed algebra (up to possible central extensions) with the gauge
charges (3.8) of the initial current algebra.
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Let us start with the condition of integrability. Using the explicit form of the gauge charges,
we find that §G () takes the form

$G(€) = €L (aA + cC)(016B + 020%) + €1 (bC + dA)(030B + 046%)
+ (010A + 036C) A& (eB + gX) + (020A 4+ 040C) NS (fE+ hB) (A.2a)
- 5(@ (@A + cC) A (01B + 09%) + €5 (bC + dA) A (03B + 042))
ey ((aaA +¢6C) A (01B + 02%) + (b0C + dSA) A (03B + 042))

— (016 + 03d — ooh — 01€)0ANELB — (09a + 04d — 019 — 02 f JOANELX
— (o1¢+ 03b — 036 — 04h)0C N LB — (09¢ + 04b — 039 — 04 f)0C NELX.  (A.2b)

Equation (A.2a) is the explicit expression for §G(¢) in terms of the gauge charges (3.8) of the
current algebra. Equation (A.2b) is then a rewriting of §G(£) which isolates the integrable part
and the part which vanishes when ¢ is tangent to S. The last two lines are four independent and
generically non-integrable contributions to §G(&). To obtain (A.2b), we performed a § integration
by part over the first line of (A.2a), followed by an “integration by parts” on £, in the non-exact
term arising from the ¢ integration by part. Note that this procedure is of course not unique.
Instead of using the first line of (A.2a), we could have used the second one. While this choice does
affect the intermediate results, the final result of this appendix is of course independent of it.

Without additional conditions on the fields and/or on the vector field £ to render the last two
lines of (A.2b) integrable, we need to enforce the following four conditions on the parameters in
order for §G(€) to be integrable:

o1a + o3d — ooh — o1e = 0, (A.3a)
020 + o4d — 019 — oo f =0, (A.3Db)
o1¢+ o3b— o4h — o3e =0, (A.3¢c)
o9c+ o4b— 039 — o4f = 0. (A.3d)

We now assume that (a, b, ¢, d, e, f, g) are such that the constraints (A.3) hold, and we therefore con-
sider the 4-dimensional space (spanned by (a,b,c,d, e, f,g) respecting (A.3)) of integrable charges
of the form

G(&) = T (Ea(aA +cO)) + To(Ex(bC + dA)) + Ti (s (eB +g%)) + T2 (€5 (fS + hB)).  (A4)

We now look at the Poisson brackets of these charges with the charges (J1, J2, 71, T2) of the
initial current algebra. We first consider the bracket with 7;(¢), which reads

(00 Ti(@)} = Ti([€(aA +0).4]) — 1  £2(ad +cC) A
4 psTi ([ (dA +0C), 6)) + paTa (€5 (dA + bC), 8]) — o3 qu €3(dA 1 bC) A dé
—U5£§J(eB+h2)/\¢
~or 7{@ i (gB+ f5) Ao (A5)
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Here the first line corresponds to the Poisson bracket between Ji(£1(ad + ¢C)) and Ti(¢), the
second between J5 (¢4 (bC +dA)) and T1(¢), the third between 77 (€2 (eB+gX)) and Ti(¢) and the
fourth line between 7 (5 J(fX+hB )) and T1(¢). To go further, we now use the explicit expressions
for the charges 77 and 75 to write

16(8), Ti(d)} = jé (o1a+ (p3o1 + pao2)d)[A,E5 A A ¢ + (o3¢ + (303 + paca)b) [C,ESCI A
+ %9 (0’1(3 + (p30'1 +p40’2)b) [A,SJ C] Ao+ (O’ga + (p30'3 +p40'4)d)) [C, &a A] Ao
— o1 7{ (¢5(adA+cdC)) N — agjé (£2(ddA+bdC)) A ¢
S S
- 057{ (5_1 (eB + hE)) AP — 0'7?{ (5_: (9B + fE)) AP, (A.6)
S S

where we have integrated by parts on d¢ and used the relation [PAQ|AR = (—=1)P+0"[RAP]AQ
in order to isolate ¢. Now, noting that the couplings satisfy the relations

P301 + pao2 = 03, P303 + pyoy = 08, (A7)

one can rewrite the bracket as
{G(8), T1(9)} = jés (o1a+ 03d)[A,E5 Al A ¢+ (o3¢ + 03b) [C,ELCI A ¢
+ 7{ (o1c+ 03b)[A,E5C] N ¢ + (030 + 08d))[C,ESA] A
S

o 7§ (€ (adA + cdC)) A o — 03;1{ (€2(ddA + bdC)) A
S S

o }[ (€2(eB+h) Ao 74 (€2(9B + %)) A 6. (A8)
S S

Finally, using Cartan’s magic formula, the fact that the vector field £ is tangential, and massaging
the various terms, the bracket becomes

{G(6), Ti(9)} = 01 Ti(Led) + b2 Ta(Le)
_ ]i & ((ora+ osd)F + L (o3¢ + 0)[C A C) + (010 + 058)dAC
+ (05e + 079)B + (05h + mf)E) A ¢
- }é (010 + o3b — 050 — asd)[€2 A, C] A 6, (A.9)

where

b O'10'26+0’20’3b—0’10’4a—0'30'4d b
1= 2 =
0104 — 09203 ’ 0104 — 0903

o103a + U%d — a%c — o103b

(A.10a)

One can see in (A.9) that the Poisson bracket of G with 77 has two types of contributions. The
terms on the first line are once again charges of the current algebra. The last three lines however are
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neither expressible in terms of gauge charges nor central extensions. Therefore, the only possibility
for the algebra to close is that somehow these terms cancel or vanish on-shell. More precisely, we
would like to find a condition on the parameters such that the bracket takes the form

{G(6), Ti(¢)} s biTi(Led) + b2To(Leg) — ji@ (GEOMB + ﬁmEOMz) N @, (A.11)

where (o, #) are arbitrary parameters and where the rescaling by p4 has been introduced for later
convenience. The reason for which only the equations of motion enforced by B and X appear here is
because the terms which need to be cancelled in the bracket (A.9) only involve contributions from
these equations of motion. It is clear that the last line in (A.9) never appears in the equations of
motion. We therefore need to impose that this term is vanishing, which amounts to the condition

o1c+ o3b = o3a + ogd. (A.12)

Then a comparison with the equations of motion (3.4) tells us that the remaining terms in (A.9)
can be written in the form appearing in (A.11) provided we have the following relations:

a0y + Bpaoy =01a + osd, (A.13a)
aog + Bpaog =o3c + osb, (A.13b)
aog + fpaos =o1c+ o3b, (A.13c)
aos + Bpaor =ose + o7y, (A.13d)
Qo7 + Bpaog =os5h + o7 f. (A.13e)

In summary, the coupling therefore have to satisfy the 10 equations (A.3), (A.12), and (A.13). This
system is overdetermined, but luckily some of these equations are redundant. The system can be
solved and the space of solutions is in fact 2-dimensional. It can be easily parametrized by two
parameters (z,y), in terms of which we get

a=x — yps, (A.14a)
b=1x+yq, (A.14b)
c=yr, (A.14c)
d=vy, (A.14d)
e=uzx, (A.14e)
f=z+y(qs—ps3), (A.14f)
9 = yas, (A.14g)
h = ypy, (A.14h)
provided that the o’s satisfy
0593 + 07qs — 07p3 — ops = 0, (A.15)

which is in fact equivalent to the condition (3.7) which needs to hold in order for the theory to be
topological.
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We have therefore found a 2-dimensional space of parameters within (a,b,c,d, e, f, g, h) which
gives integrable charges G(&) satisfying a closed algebra with 77(¢). Remarkably, the conditions on
the parameters also guarantee that the other Poisson brackets are closed. If we denote a quadratic
charge which solve the above conditions by G, ,(§), where (x,y) are the solutions of the above
systems, then the Poisson brackets with the gauge charges are

{Go (&), T1(#)} = —2Ti(Led) — ypaTa(Led), (A.16a)
{Goy(©), T2(7)} = —yasTi(Le) — (z + y(aa — p3)) Ta(LeT), (A.16b)
{Goy(€), T1(a)} = — (z — yp3) Ti(Lear) — yTa(Leev), (A.16¢)
{Gay(€), T2(0)} = —yr1T1(Lex) — (@ + yqa) T2 (Lex)- (A.16d)

We note that the brackets with J; and J> are closed regardless of the constraint on the parameters.
We can now pick two convenient representatives in the 2-parameter family G, , of quadratic
charges. The usual diffeomorphism corresponds to taking (z,y) = (1,0), for which we find

G10(§) =D(§) = N1(E0A) + F2(§0C) + Th(§0 B) + T2(§0X). (A.17)

An obvious other independent quadratic charge is found by taking (x,y) = (0,1). In this case we
obtain the charge (3.14) mentioned in the main text, i.e.

Go,1(§) =C(&) = T1 (60 (rC —p3A)) + T2 (E0 (A4 @0)) + ¢3Ti (€2 2) + T2 (€2 (paB + @uX — p3¥)).
(A.18)

These two charges (D,C) form a basis of the integrable quadratic charges for tangent vector fields,
and we have

Gay(€) = 2D(§) + yC(&). (A.19)

Finally, we want to compute the bracket between these quadratic charges themselves. To do so,
we can either use the definition of the quadratic charges and the elementary brackets of the current
algebra, or alternatively use the action of the quadratic generators on the fields. By construction,
the diffeomorphism acts by the Lie derivative. On the other hand, C acts as

S A = Le(r1C — p3A), (A.20a)
5C = Le(A+ q0), (A.20b)
0§ B = q3LeX, (A.20c)
0D = Le(paB + @S — psX). (A.20d)

Using these expressions in the covariant phase space formula for the Poisson brackets, it can be
shown that the algebra between (D, C) is closed and takes the form

{D(&),C(O)} = —C([&, <D, (A.21a)
{D(), D(O)} = =D([¢, <D, (A.21b)
{C(6),C(O)} = (P — q4)C([€, ¢]) — pagsD([&, C)), (A.21c)

which can further be rewritten as (3.19) upon redefining the new generator (3.18).
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B Self-dual basis and additional quadratic charges

In this appendix, we present another derivation of the two sets of quadratic charges in 4d BF
theory. While this derivation is less general than the one presented in the main text, in the sense
that it requires an additional property on the underlying algebra, it allows to understand possible
generalizations to the construction of the admissible quadratic charges. We illustrate this at the
end of the appendix on the example of BF theory with gauge algebra g = su(2) & su(2) & su(2).

In the following we focus on the case of g = s0(4) (the generalization to s0(3,1) or s0(2,2) can
easily be done). Recall that the algebra then has the form (2.9)

[Ji Pj] = €% Py, (i, ;] = €i" T, [P, P;] = Neis™ Iy, (B.1)

where A is never vanishing. This is the Cartan decomposition. These exists however another
decomposition of these algebra, the so-called self-dual decomposition, which allows to have another
viewpoint on the existence of multiple quadratic charges. The self-dual basis is induced by the
following change of basis?

ol =J; + VAP, o =J; — VAP, (B.2)
such that the brackets become
[0?,0’?] = 26%¢;; 7ol (B.3)

The self-dual basis therefore splits the algebra into two commuting subalgebras. For example, in
the case of s0(4), each subalgebra is isomorphic to su(2). Note that this construction only works
if A is non-vanishing, which is why we are imposing this condition. The fields A and B can be
decomposed in either of the above basis, and we have

A= A"J, + C'P, = Ao} + Ayo?, Al =

(A" 4 CY), Al = —(A"— ), (B.4a)

| = DN =
— N | —

B=B'J;+Y'P, = Bio} + Bio?,  Bi= 2(3@' +3Y,  By= §(Bi -3, (B.4b)

The main advantage of the self-dual basis is that it allows to diagonalize the Killing forms of the

algebra
<B7J]> =0 . o
<})27P]>:)\T]Z] L 1<O-i’o-j>_0 -
(Jis Jj) = nij — <Ui’aj>:2nij:<aivaj> (B.5)
7 7 <0-'17O-2‘> =
(P, Jj) = 1ij < T >

4The notation 1,2 instead of the standard + will become clearer at the end of this appendix, when we consider
the case with more subalgebras in g.
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Similarly to what was done in equation (2.12), we can rewrite the 4d BF Lagrangian (2.1) in the
self-dual basis. We then get the two Lagrangians

LT = 2(L1 + Lo), (B.6a)
L= %(L1 L), (B.6b)

which are built from a pair of uncoupled BF Lagrangians
L,=B; NF; — kB; \ B;. (B?)

Now, the whole construction of section 2.1 can be applied to each L; independently of the other
one. For each L; we have two usual gauge symmetries, associated to two charges

$Ti(c) = jioéiCSBi, §Ti(di) = jéSCSAi N @i, (B.8)

and a diffeomorphism symmetry which can be realized as a field-dependent combination of these
gauge transformations. For a tangential vector field this diffeomorphism leads to the integrable
charge

Di(&) = Ti(&ia Ai) + Ti(&in By). (B.9)

From the viewpoint of the initial BF Lagrangian, the algebra of quadratic charges is then naturally
spanned by Dj 2, which form the algebra

{D1(6), D1(¢)} = —Du([§: €D, (B.10a)
{D2(£), D2(¢)} = —D2([€, <)), (B.10b)
{D1(¢), D2(0)} = 0, (B.10c)

corresponding to two commuting copies of diff(S?). In order to recover the form (2.15) of the
algebra, we need to go back to the Cartan basis by inverting the change of basis (B.2). This is
easily done by considering the combinations

1 e 1
ﬁDz(f)y D*(§) = Du(§) Y

It is then immediate to generalize this construction. Indeed, the main point was that we were

D(§) = D1(§) + Dy(§). (B.11)

able to rewrite the BF Lagrangian in terms of two independent Lagrangians (which are also of the
BF type in the present case). However, it is evident that there is no reason to limit the construction
to a rewriting in terms of only two independent Lagrangians. For example, let us consider 4d BF
with gauge group given by g = su(2) @ su(2) @ su(2). The total connection A and the 2-form B can
then be split into three components

A= A’iail + A’éa? + Aéaf’, B= Bia} + Béa? + Béaf’, (B.12)
where each 02 for a = 1,2, 3 generates su(2) and satisfies
(08, 0% = 26%¢; %ol (B.13)
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Using this basis, the 4d BF Lagrangian for g = su(2) @ su(2) @ su(2) can be rewritten into three
independent Lagrangians L; for su(2) as we did previously. Each Lagrangian has its corresponding
diffeomorphism charge, such that the full theory is equipped with three generators for the quadratic
charges. Explicitly, the Lagrangian (2.1) depends, as usual, on the choice of a Killing form. In this
particular case, three independent Killing forms exist, which are given by

(08, 0% =0, (0, 01) 44 = (07,0044 = (07,00) 1+ = nij (B.14a)
(0f,07) -+ =0, (07,05)—+ = (07, 0F) -+ = mij = —(07,07) -+ , (B.14b)
(0f,07)4,- =0, (07:07)+— = (07,034 — = mij = —(07, 07 )+~ - (B.14c)
Note that one can naturally construct a Killing form (-,-)_ _ where both the coupling for aiz and

o3 have a —1 factor in terms of the above pairings. In terms of these (four) choices of pairings, the
action (2.1) takes the form

le,eg = (B A\ ]:>€1,€2 — Oé(B A\ B>El,€2 = L1 + €1L2 -+ €2L3, € = :|:1, 7= 1, 2. (B15)

As explained previously, each Lagrangian L; then has its own diffeomorphism charge D;, i = 1,2, 3,
with the standard Poisson algebra for the diffeomorphisms. Since we have now three charges, the
space spanned by the diffeomorphism charges is now three-dimensional from the viewpoint of the
full theory. As above, instead of considering the basis D;, we can consider the basis given in terms
of the natural diffeomorphism associated to L2, which is

D2(€) = DY(E) + e1D?(€) + e2aD*(§). (B.16)

Indeed, it is immediate to check that each diffeomorphism charge D> is the natural one associated
to the Lagrangian L2, while the other diffeomorphisms are the “dual” ones. The interpretation
of these diffeomorphisms is a generalization of the previous case. In the sector 1, we always have a
diffeomorphism along &, but in the sectors 2 and 3 we have diffeomorphisms directions €;£ and €€
respectively. Indeed, looking at how D2 acts on the fields we find

PV AL = LA, PN Ay = L6 Ao, 087 Ag = LeyeAs, (B.17a)
0By = LeBy, 08" By = Leye B, 08" By = LeyeBs. (B-17b)

These diffeomorphisms form of course a closed algebra, given by
(D (), DU(Q)) = DI Q) 6 = £L (B.18)

As we have shown in the main text, the existence of a self-dual basis is not necessary for the
construction to work. It therefore begs the question of which conditions on the algebra are necessary
for the existence of additional quadratic charges, and how many of them can be constructed. We
are leaving this interesting question for future work.

References

[1] M. Geiller and C. Goeller, Dual diffeomorphisms and finite distance asymptotic symmetries
in 8d gravity, [2012.05263].

24


https://arxiv.org/abs/2012.05263

2]

[22]

L. Ciambelli and R. G. Leigh, Isolated surfaces and symmetries of gravity,

Phys. Rev. D 104 (2021) 046005, [2104.07643].

L. Ciambelli, R. G. Leigh and P.-C. Pai, Embeddings and Integrable Charges for Extended
Corner Symmetry, [2111.13181].

W. Donnelly and L. Freidel, Local subsystems in gauge theory and gravity,

JHEP 09 (2016) 102, [1601.04744].

A. J. Speranza, Local phase space and edge modes for diffeomorphism-invariant theories,
JHEP 02 (2018) 021, [1706.05061].

L. Freidel, M. Geiller and D. Pranzetti, Edge modes of gravity. Part I. Corner potentials and
charges, JHEP 11 (2020) 026, [2006.12527].

L. Freidel, R. Oliveri, D. Pranzetti and S. Speziale, The Weyl BMS group and Einstein’s
equations, [2104.05793].

S. Carrozza, S. Eccles and P. A. Hoehn, Fdge modes as dynamical frames: charges from
post-selection in generally covariant theories, [2205.00913].

L. Ciambelli and R. G. Leigh, Universal Corner Symmetry and the Orbit Method for Gravity,
[2207.06441].

W. Donnelly, L. Freidel, S. F. Moosavian and A. J. Speranza, Gravitational edge modes,
coadjoint orbits, and hydrodynamics, JHEP 09 (2021) 008, [2012.10367].

G. Barnich and R. Ruzziconi, Coadjoint representation of the BMS group on celestial
Riemann surfaces, JHEP 06 (2021) 079, [2103.11253].

H. Godazgar, M. Godazgar and M. J. Perry, Asymptotic gravitational charges,

Phys. Rev. Lett. 125 (2020) 101301, [2007.01257].

H. Godazgar, M. Godazgar and C. Pope, Dual gravitational charges and soft theorems,
JHEP 10 (2019) 123, [1908.01164].

H. Godazgar, M. Godazgar and M. J. Perry, Hamiltonian derivation of dual gravitational
charges, JHEP 20 (2020) 084, [2007.07144].

H. Godazgar, M. Godazgar and C. Pope, New dual gravitational charges,

Phys. Rev. D 99 (2019) 024013, [1812.01641].

H. Godazgar, M. Godazgar and C. Pope, Tower of subleading dual BMS charges,

JHEP 03 (2019) 057, [1812.06935].

M. Geiller, C. Goeller and N. Merino, Most general theory of 3d gravity: Covariant phase
space, dual diffeomorphisms, and more, JHEP 02 (2021) 120, [2011.09873].

E. W. Mielke and P. Baekler, Topological gauge model of gravity with torsion,

Phys. Lett. A 156 (1991) 399-403.

H. Sugawara, A Field theory of currents, Phys. Rev. 170 (1968) 1659-1662.

P. Di Francesco, P. Mathieu and D. Sénéchal, Conformal field theory. Graduate texts in
contemporary physics. Springer, New York, NY, 1997, 10.1007/978-1-4612-2256-9.

R. Caroca, P. Concha, E. Rodriguez and P. Salgado-Rebolledo, Generalizing the bmss and
2D-conformal algebras by expanding the Virasoro algebra, Eur. Phys. J. C' 78 (2018) 262,
[1707.07209].

E. Buffenoir, M. Henneaux, K. Noui and P. Roche, Hamiltonian analysis of Plebanski theory,

25


http://dx.doi.org/10.1103/PhysRevD.104.046005
https://arxiv.org/abs/2104.07643
https://arxiv.org/abs/2111.13181
http://dx.doi.org/10.1007/JHEP09(2016)102
https://arxiv.org/abs/1601.04744
http://dx.doi.org/10.1007/JHEP02(2018)021
https://arxiv.org/abs/1706.05061
http://dx.doi.org/10.1007/JHEP11(2020)026
https://arxiv.org/abs/2006.12527
https://arxiv.org/abs/2104.05793
https://arxiv.org/abs/2205.00913
https://arxiv.org/abs/2207.06441
http://dx.doi.org/10.1007/JHEP09(2021)008
https://arxiv.org/abs/2012.10367
http://dx.doi.org/10.1007/JHEP06(2021)079
https://arxiv.org/abs/2103.11253
http://dx.doi.org/10.1103/PhysRevLett.125.101301
https://arxiv.org/abs/2007.01257
http://dx.doi.org/10.1007/JHEP10(2019)123
https://arxiv.org/abs/1908.01164
http://dx.doi.org/10.1007/JHEP09(2020)084
https://arxiv.org/abs/2007.07144
http://dx.doi.org/10.1103/PhysRevD.99.024013
https://arxiv.org/abs/1812.01641
http://dx.doi.org/10.1007/JHEP03(2019)057
https://arxiv.org/abs/1812.06935
http://dx.doi.org/10.1007/JHEP02(2021)120
https://arxiv.org/abs/2011.09873
http://dx.doi.org/10.1016/0375-9601(91)90715-K
http://dx.doi.org/10.1103/PhysRev.170.1659
http://dx.doi.org/10.1007/978-1-4612-2256-9
http://dx.doi.org/10.1140/epjc/s10052-018-5739-7
https://arxiv.org/abs/1707.07209

Class. Quant. Grav. 21 (2004) 5203-5220, [gr-qc/0404041].

[23] J. F. Plebanski, On the separation of Finsteinian substructures, J. Math. Phys. 18 (1977)
2511-2520.

[24] R. DePietri and L. Freidel, so(4) Plebanski Action and Relativistic Spin Foam Model,
Class. Quant. Grav. 16 (1999) 2187-2196, [gr-qc/9804071].

[25] A. Perez, Introduction to loop quantum gravity and spin foams, in 2nd International
Conference on Fundamental Interactions (ICFI 2004) Domingos Martins, Espirito Santo,
Brazil, June 6-12, 2004, 2004. gr-qc/0409061.

[26] S. Alexandrov, M. Geiller and K. Noui, Spin Foams and Canonical Quantization,

SIGMA 8 (2012) 055, [1112.1961].
[27] L. Freidel and A. Perez, Quantum gravity at the corner, [1507.02573].
[28] L. Freidel, A. Perez and D. Pranzetti, The loop gravity string,

Phys. Rev. D 95 (2017) 106002, [1611.03668].

[29] L. Freidel, E. R. Livine and D. Pranzetti, Gravitational edge modes: from KacMoody charges
to Poincar networks, Class. Quant. Grav. 36 (2019) 195014, [1906.07876].

[30] L. Freidel, E. R. Livine and D. Pranzetti, Kinematical Gravitational Charge Algebra,
[1910.05642].

[31] L. Freidel, M. Geiller and D. Pranzetti, Edge modes of gravity. Part III. Corner simplicity
constraints, JHEP 01 (2021) 100, [2007.12635].

[32] L. Freidel, M. Geiller and D. Pranzetti, Edge modes of gravity. Part II. Corner metric and
Lorentz charges, JHEP 11 (2020) 027, [2007 .03563].

[33] F. Girelli, H. Pfeiffer and E. M. Popescu, Topological Higher Gauge Theory - from BF to
BFCG theory, J. Math. Phys. 49 (2008) 032503, [0708.3051].

[34] J. F. Martins and A. Mikovic, Lie crossed modules and gauge-invariant actions for 2-BF
theories, Adv. Theor. Math. Phys. 15 (2011) 1059-1084, [1006.0903].

[35] H. Chen and F. Girelli, (2-)drinfel’d double and (2-)bf theory, [2201.13366].

[36] R. P. Lano and V. G. J. Rodgers, Applications of W algebras to BF theories, QCD and 4-D
gravity, Mod. Phys. Lett. A7 (1992) 17251736, [hep-th/9203067].

[37] B. Kupershmidt, Sugawara-type construction for the classical wy, algebra,

Modern Physics Letters A 08 (may, 1993) 1543-1548.

[38] D. V. Artamonov, Introduction to finite W-algebras, [1607.01697].

[39] T. Adamo, L. Mason and A. Sharma, Celestial w14~ Symmetries from Twistor Space,
SIGMA 18 (2022) 016, [2110.06066].

[40] L. Freidel, D. Pranzetti and A.-M. Raclariu, Higher spin dynamics in gravity and w14
celestial symmetries, [2112.15573].

[41] A. Ball, S. A. Narayanan, J. Salzer and A. Strominger, Perturbatively exact wyio asymptotic

symmetry of quantum self-dual gravity, JHEP 01 (2022) 114, [2111.10392].

2] A. Strominger, w(1+infinity) and the Celestial Sphere, [2105.14346].

3] L. Freidel, Modified gravity without new degrees of freedom, [0812.3200).

S. Speziale, Bi-metric theory of gravity from the non-chiral Plebanski action,

Phys. Rev. D82 (2010) 064003, [1003.4701].

4
4
4

L=

26


http://dx.doi.org/10.1088/0264-9381/21/22/012
https://arxiv.org/abs/gr-qc/0404041
http://dx.doi.org/10.1088/0264-9381/16/7/303
https://arxiv.org/abs/gr-qc/9804071
https://arxiv.org/abs/gr-qc/0409061
http://dx.doi.org/10.3842/SIGMA.2012.055
https://arxiv.org/abs/1112.1961
https://arxiv.org/abs/1507.02573
http://dx.doi.org/10.1103/PhysRevD.95.106002
https://arxiv.org/abs/1611.03668
http://dx.doi.org/10.1088/1361-6382/ab40fe
https://arxiv.org/abs/1906.07876
https://arxiv.org/abs/1910.05642
http://dx.doi.org/10.1007/JHEP01(2021)100
https://arxiv.org/abs/2007.12635
http://dx.doi.org/10.1007/JHEP11(2020)027
https://arxiv.org/abs/2007.03563
http://dx.doi.org/10.1063/1.2888764
https://arxiv.org/abs/0708.3051
http://dx.doi.org/10.4310/ATMP.2011.v15.n4.a4
https://arxiv.org/abs/1006.0903
https://arxiv.org/abs/2201.13366
http://dx.doi.org/10.1142/S0217732392001427
https://arxiv.org/abs/hep-th/9203067
http://dx.doi.org/10.1142/s0217732393001276
https://arxiv.org/abs/1607.01697
http://dx.doi.org/10.3842/SIGMA.2022.016
https://arxiv.org/abs/2110.06066
https://arxiv.org/abs/2112.15573
http://dx.doi.org/10.1007/JHEP01(2022)114
https://arxiv.org/abs/2111.10392
https://arxiv.org/abs/2105.14346
https://arxiv.org/abs/0812.3200
http://dx.doi.org/10.1103/PhysRevD.82.064003
https://arxiv.org/abs/1003.4701

[45] L. Freidel and S. Speziale, On the relations between gravity and BF theories,
SIGMA 8 (2012) 032, [1201.4247].

[46] R. F. Penna, BMSs invariant fluid dynamics at null infinity,
Class. Quant. Grav. 35 (2018) 044002, [1708.08470].

[47] R. F. Penna, Near-horizon BMS symmetries as fluid symmetries, JHEP 10 (2017) 049,
[1703.07382).

27


http://dx.doi.org/10.3842/SIGMA.2012.032
https://arxiv.org/abs/1201.4247
http://dx.doi.org/10.1088/1361-6382/aaa3aa
https://arxiv.org/abs/1708.08470
http://dx.doi.org/10.1007/JHEP10(2017)049
https://arxiv.org/abs/1703.07382

	1 Introduction
	1.1 Motivations
	1.2 Summary of the 3d construction

	2 Quadratic charges in 4d BF theory
	2.1 Summary of 4d BF theory
	2.2 Construction of quadratic charges

	3 Quadratic charges in a family of 4d TQFTs
	3.1 Lagrangian and equations of motion
	3.2 Symmetries, charges, and algebra
	3.3 Field-dependent charges and (dual) diffeomorphisms

	4 Perspectives
	A Derivation of the dual diffeomorphism charge
	B Self-dual basis and additional quadratic charges

