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Abstract

In this paper we study the so-called large solutions of elliptic semilinear equations with non
null sources term, thus solutions blowing up on the boundary of the domain for which reason
they are greater than any other solution whenever Weak Maximum Principle holds. The main
topic about large solutions is uniqueness results and their behavior near the boundary. It is
much less than being simple. The structure of the semilinear equations considered includes the
well known Keller-Osserman integral and an assumption on the ellipticity of the leading part
of the differential operator. In our study an uniform ellipticity near the boundary is required.
We consider source terms in the PDE whose boundary explosion is consistent with the Keller-
Osserman condition. Extra Keller-Osserman explosions on the source are also studied, showing
in particular that in some cases the PDE only admits large solutions.

1 Introduction
This paper deals with solutions of semilinear elliptic equations with non null source term
—trace A(-)D*u+ B(u) = f in Q, (1.1)

blowing up on the boundary, u(x) = 400, € 9. When a Maximum Principle holds these
solutions are called large solution because they are bigger than any other bounded solution. An
ingredient or the existence of large solutions is the regularity on the domains compatible with a
suitable structure of the equation, preferably near the boundary. The main topic is related with
the uniquenees of large solutions. It is much less than being simple. There is a wide bibliography
on large solutions, mainly for the homogeneous case f = 0. A short list surely not the best would
contain, for instance, [2] [0, [10] 14} 19, 24, 27, 28| 29, B1L [34] and the references therein.

The main tool near the boundary in this paper is the Lipschitz continuous distance function
d(z) = dist(z,9Q), x € Q, defined on an open bounded set & C RN, N > 1. When 99 € C! there
exists a positive constant dg such that d € C! in the subset Qs, = {z € Q: d(x) < o} as it was
proved in [20] where also it is shown the eikonal equation

Dd(z)| =1, =€ Qsq, (1.2)

where we will denote n(z) = —Dd(x) even if = is not on the boundary. If € 9, n(z) is just the
unit outward normal to 02 at z. Futhermore, when 092 € C™, m > 2, one has d € C"™(Q;,) and

Ad(z) = —=(N = 1)H(zz) + o(1), z € Qs,,

where H(z;) is the mean curvature of 92 at the boundary point z, € 92 such that d(z) = |x — z4].
So that, we emphasize that all reasoning near the boundary 02 will be considered inside §2s,,.
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Remark 1.1 In some papers the global regularity of Q2 € C? can be replaced by working on regular
boundary points in the sense of an interior and an exterior ball condition is fulfilled (see [32] of [Tl
Theorem 2]). From a different approach the uniqueness of large solutions where the regularity of
O is slightly lowered have been studies for several authors (see, for instance, [26] or [31]). o

In this paper we will suppose that the leading term of the PDE is a Lipschitz continuous
function A : Q — SY¥\ {0} satisfying the general ellipticity condition

0<trace A(x)E@E<A, ze€Q, EcRY ¢ =1 (1.3)
that becomes uniform ellipticity near the boundary in the sense
A < trace A(z)n(x) @ n(z), x € Qs, (1.4)

for some positive constants 0 < A < A. Certainly, (4] is a kind of eikonal property (see (L2)).
So, that, we will assume in this paper that the eikonal-like term E(z) = A(z)n(x)®@n(z), = € Q5,,
takes values on the bounded interval [\, A]. As usual, SN is the symmetric N x N real matrices set
equipped with the ordering

Y € Sf & the eigenvalues of Y are nonnegative.
Since A # 0 one satisfies
Az)eSY, ze A = Ax>Aa>0, (1.5)

where A4 = infycqtrace A(z)l and Ay = sup,qtrace A(z)l. We also will use the notation
Con, 4 = |[trace A(.)D2d||L,,O(Q(§Q) < +o00.

Remark 1.2 Involving to stochastic process it is usual the case
A@) = o(2)o*(z), weQ,

where o : Q — RN x R?, p < N, is a Lipschitz continuous function. Clearly (3] holds by
construction and then (L) only can be available when p = N. If A € W2>°(Q2) then v/ A is locally
Lipschitz continuous in €, as it was proved in [18]. o

In Section [ we will prove a Strong Maximum Principle (see Theorem below) assuming that
for any 6 > 0 there exists A(6) > 0 such that

trace A(z)p®@p > \J), z€Q, d<|p|<d . (1.6)

as well as that for any R > 0 and = € § there exist &« > 0 and 6 > 0 such that for all p(z) €
Bs(0) \ {0} one satisfies

trace A(z)p(z) ® p(x) > :\?’;Wp(:rﬂz, x e Q. (1.7)

Remark 1.3 Under an uniformly elliptic condition

trace A(z)p@p>A>0, |p|=1

all properties (L3)), (L4), (L) and (L7) hold. o

We also consider zeroth order terms given by continuous and increasing function g : Ry — R,
with 5(0) = 0 by simplicity. Certainly, some additional assumptions on the data must be required in
order to prove that the existence of classical large solutions. An almost “unavoidable” hypothesis
for these goal is the non-degeneracy of the operator A. In general, these condition will not be
required in this paper, as it ocurrs in some important examples of the applications and consequently



Large solutions of elliptic semilinear equations non-degenerate near the boundary 3

the C? regularity even the continuity of the solutions can not be guaranteed (see [18] or [33]). The
viscosity solution notion is adequate in order to remove non-degeneracy hypothesis. We send to
the monograph by M.G. Crandall, H. Ishii and P.L. Lions [I1] to understand how semi-continuous
functions can solve (II]) (see Section H]). The term wiscosity solutions is an artifact motivated by
their consistence with the vanishing viscosity method. Since this viscosity notation is the primary
ones sometimes we drop the term viscosity and hereafter simply refer to solution.

Some other structural assumptions are required when we consider the differential operator

F(X,t,z) = —trace (A(z)X) + B8(t), (X,z,t) €SN x Qx Ry.

When the boundary of 2 is smooth enough, the existence of large solutions is equivalent to the
so-called Keller-Osserman condition

+oo ds s
/ < +oo  where G(s) :/ B(r)dr. (1.8)
G(s) 0
We notice that under (L8) we may define implicitly the decreasing function
§=d(¢(5)) where d(t) L ds t>0 (1.9)
= W. T = R .
¢ V2G(s)
that satisfies
#(0) = +o00 and ¢"(6) = B(4(0)) for small § > 0. (1.10)

Sometimes we say that ¢ provides the Keller-Osserman explosive profile.

Remark 1.4 In fact, by strightforward computations one proves that (L)) implies
—+oo

ds
Vo) G

for any a > 0. Then one defines the function ¢,(0) by

+oo
d
/ i . >0
¢ \/2(G(s) — G(a))
that also satisfies (LI0). Moreover, one proves

}I\I}) (¢a1 (5) - ¢a2 (5)) =0 (111)

(see [4, Theorem 1]). o

§ =0, (da(0)) where Oy(t) =

As it will be proved later, the function ¢ governs boundary profiles of the large solutions indepen-
dent on the primitive of 5 (see Remark [[4]).
Remark 1.5 (Early examples) In certain differential equations associated with the Riemannian

metrics appear large solutions relative to A = A =1, f =0 and §(t) = 5. Tt was studied in
[30). In general, for the power like case S, (t) = t™ the condition (L8) becomes m > 1 and

_m+l 2w ((m =12\ T 2
D, (t) = 5 m—lt and ¢m(5)_<2(m+1) ) .

The study of large solutions trace back to [I0] for A =X =1, f =0 and B(t) = e’ that satisfies

(T3) for which
2
¢(6) = log <5—2) :

The upcoming choice 3(t) = te?! also satisfies (LE)). Then

o(6) = V2 erfc™! (%) ,

where erfc(§) = 1 — erf(d) = —/ e~ ds.
5
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Remark 1.6 From the inequality

B(t) > p(t) for large t,

it follows that if 3 verifies (L8) the same happens with B In particular, any function B (t) > tq(t)
such that
q(t)

lim inf o (0,400] for some v >0

t—o0

satisfies ([L8)). For instance, we may choose q(t) > (logt)”, v > 1, or ¢(t) > log(log(- - - log(t) - - - )).

The plan in this paper is as follows. In Sections 2] and [Bl we obtain a kind of comparison of the
boundary behavior by means of the property

~

u*(x

<1, (1.12)

lim sup
d(z)—0 Ux ()

for any subsolution u and any nonnegative large supersolution v of
—trace A(z)D%u+ B(u) = f in Q.

Since the large solutions are singular on the boundary, the condition (LI2) is very useful when we
try to transfer boundary comparison to the interior. We note that (LI2]) avoids working with the
relazed limit condition (see [I1]). First, in Theorems 2] and 222] in Section 2] the property (LI12)
is obtained under sources terms, f, with Keller-Osserman type growth on the boundary, including
explosive and bounded boundary behaviour of f.

In Section B we also obtain (I.I2)) now for any subsolution u and any large supersolution v of

—trace A(z)D?*u+ B(u) = f in Q,

under sources terms, f, with extra Keller-Osserman type growth on the boundary. Here, the
boundary behaviour of f only can be explosive. It is collected in Theorem It is about a
genuine feature of the non homogeneous equation

—trace A(-)D?*u+ B(u) = f in Q.

The key idea of Theorem B2 announced in [I4] and [, is the scheme 3(u) ~ f for large values of
u near the boundary while the leading part of the equation grows up with a lower order. Certainly
the source term f must be more explosive on the boundary than the studied in the Keller-Osserman
type growth case. Essentially we require a compatiblity condition as

fz) = h(d(x)) +o(d(z)) with h(d) > B((b(é)) for d(z) small (1.13)

provided (L8). We recall that, as it was proved in [24], the assumption (L) is a necessary condition
for the existence of large solutions. In Theorem B2 we will obtain the precise lower order estimate
term

u(@) = B~ (h(d(x))) + o(d())

near the boundary 0f). Here the boundedness of the eikonal like term plays a secondary role.
Since the proof of Theorem is tedious, we illustrate the reasoning for the power like case in
TheoremB3.Ilin which a striking case appears by means of an argument of rescaling: the explositivity
of the sources is transferred to the supersolutions as it is proved in Theorem 3.3l Consequently, in
this case the equation

—trace A(-)D*u+u™ = f inQ

only can admit large solutions.
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We devote Section Ml to adequate versions of a Weak Maximum Principle. More precisely, we
obtain comparison results involved large solution as it is proved in Theorem [£.I] under the useful
estimate (LI2). So, by Theorem 1] we transfer the comparison given by (LI2)) to the interior

u(z) <wvelx), x€Q,
provided
is increasing for ¢ > 0. (1.14)

B(t)
t

Therefore
—trace A(-)D?*u+ B(u) = f inQ

admits at most a unique large solution w. Since it implies
u(z) <ux(z), e

the solution must be a continuous function. The proof adapts reasoning of the [I1l Theorem 3.3]
of the Theory of Viscosity Solutions whose notions are briefly recalled. We emphasize that no
uniform ellipticity assumptions is required in the proof of Theorem [£.1]

The existence of solutions is obtained in Theorems[4.4land [£5] by means of the classical Perron’s
Method (see [11] and the bibliography therein). As it is well konwn the main ingredient of this
method concerns to weak pass to the limit in equations satisfying the Maximum Principle. In some
sense, the stability property of solutions can be seen as the analogue Minty’s device for monotone
operators. A main feature of the Viscosity Theory is the pass to limit of semi-continuous solutions.
Here we deal with it by appropriate universal estimates obtained in Theorems.2land[£.2] They are
simple consequence of the more general Theorem proved in Section [6l We prove in Theorems
A4 and that Perron function is in fact the unique solution.

Section [l is devoted to the boundary explosive expansion of the large solutions. Since it
requires tedious and dark computations we illustrate by considering only the second order term of
the expansion. We emphasize with the influence of the geometry provided of the secondary term
that in some cases is explosive, bounded or even vanishig on the boundary. While the case of
Keller-Osserman type growth on the boundary of the sources is studied in a general way, for extra
Keller-Osserman type growth we only consider the power like case.

Two last sections are included in this article collecting some results previously used. So, in
Section[f] we take advantage of the Keller-Osserman assumption (L8] in order to obtain a universal
upper bound very useful in locally pass to the limits (see Theorem [6.1]). On the other hand, some
results without coercivity term have been required. In particular, in the proof of Theorem
we have used a Weak Maximum Principle without coercivity term (see Theorem [TI]). Moreover,
the uniqueness of Perron function as the unique large solution, is proved by means of a Strong
Maximum Principle without coercivity term (see Theorem [7.2) under the assumptions (6] and
(). Here, the lack of a coercive term is supplied with a kind of Kruzkov change of variable (see
[6] or [7]). Theorems [l and [[2] are been obtained in Section [1

Some results of the paper admit extension when the function 3(r) is replaced by suitable terms

B(x,r) as it is studied in [T9] or [31].

2 Keller-Osserman type growth of the sources on the bound-
ary

As it was pointed out, the Keller-Osserman condition (L8]

oo ds s
/ < +oo  where G(s) :/ B(r)dr
G(s) 0
is equivalent to the existence of large solutions (see [24]). The uniqueness of large solutions turns
out to be delicate. In this section we study a kind of uniqueness of the boundary behaviours of

the large solutions. We begin with some technicallities.
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Lemma 2.1 (Lemma A.1 of [2]) Assumption (LJ) implies

t

t
lim ——— =0, lim — = 2.1
t—+oo /G(t) t—+oo (1) (2.1)
and
G(t

lim 0 _ (2:2)
t—+oo  ((t) 2

In some cases we replace (L8]) by

t
% is increasing for large ¢, (2.3)

where o > 1, slightly more restrictive.

Lemma 2.2 Under (Z3) one has the Keller-Osserman condition ([LL8)). Moreover, for v > 1 and
€ > 0 the inequality

e+ ve(d) > gb(V*aTﬂ(S) for & small (2.4)
holds.

PROOF. Let us assume

B(®)

~a is increasing for ¢t > a.

Then from Remark [0 it follows that ([23]) leads to the Keller-Osserman condition (L8]). Futher-
more, it implies

G(vt) — G(a) = /V B(s)ds = V/E B(vs)ds > v*t(G(t) — G(a)) forv>1,

hence we deduce

- [ e [ e

thus vt > @' (v =49, (t)). The change of variable t = ¢, (8) proves

l1—o

vz ®,(t), for larget,

IN

Vha(0) > ¢q (u_%é) for 6 small.

Finally, ([24]) follows from (LIT). o

Remark 2.1 The above reasonings prove for v < 1 and £ > 0 the inequality

— e+ vp(6) < p(v"F 6) for § small. (2.5)
Clearly [23) is verified for the examples of Remark [[L5l o

The key idea of the boundary explosive estimate is the simple equality

¢"(9) = B(¢(8)) = uB(6()) — (n—1)B(4(9))

(see (LI0)). The proof is based on following boundary behaviour
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Proposition 2.1 (Boundary maximal universal upper bound) Asume 9Q € C2. Suppose ([L3),
C4) and @3). Then any solution u

—trace A(z)D?u+ B(u) < f inQ

admits the maximal boundary behaviour given by

lim sup w(@) <1, (2.6)
Ao ( 1 - 7 d(@)
provided
lim sup f(z) </tl, <1, (2.7)

d(2)\0 B(sb( 1léud(x)>>

for some positive constant {,,. Here ¢ is the function defined in (L9).
PrROOF. The idea is to construct a suitable classical large supersolution. Let ¢ > 0. So, for

0 < 6§ <81 < dq, we consider

Uo(:zc)=¢a< W(d(a@)—éo, reQ) ={ze: §<d(x) <l

Here ¢ is the decreasing function defined implicitly in (L9). In the pioneer [30] this kind of method
was used. By ([LI0), straightforward computations as in [2] or [14] prove

trace A(z)D?*Ug(z) = Wd’(ﬂtrace A(z)Dd(z) @ Dd(z)
+ WW(U)trace A(z)D?d(z)

<(1—e)(1—=£)g(d(0)) + Cag,A\/wG(aﬁw)), z ey,

(I—e)(1—1¢y)

A (d(z) = 6). Then

where we are denoting o =

—trace A(z)D?Ug(z) + B(Uo(z)) > B(d(0)) [5(1 —ly) + Ly

20 — )1 — £y) / G(6(0))
—Coan,a A

On the other hand, assumption [Z71) implies

L5(0(0)) = B <¢< %dm))z,ﬂw, v e 0,
whence

—trace A(z)D?Ug(z) + B(Uo(z)) — f(z) > B(d(0)) [6(1 —{y)

_C 21 —e)(1—4y) G(¢(0)) (2.8)
N, A A [3(¢(U)) )
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[1—40, . . .
for z € le. Since 0 < 0 < Tél, taking account into (Z2]) we obtain

2(1— e)(L — £y) \/G(6(0)

C@Q)A A B((ZS(U)) < 8(1 — fu),

for some 01 small enough. Because 3(¢(c)) > 0 we deduce
—trace A(z)D?Ug(z) + B(Uo(z)) > f(z) z€Q,.
Clearly, Uy is a classical positive supersolution in le such that
u*(z) < 400 =Ug(x) ifd(z)=94
for any subsolution u. Moreover,

—trace A(z)D? (Ug(z) + M) 4 B(Uo(z) + M) > f(z), =€ Qf,
Up(z) + M = +oo > u*(x) ifd(z) =14,

for any positive constant M. In order to conclude (2.6) we need an adequate inequality on the
boundary d(z) = ¢;. In particular

Up(z) + M >M > sup u* >u"(z), d(z)=4
d(m):th

for M > sup u” (we recall that u* is an upper semi-continuous function). Remark F1] implies
d(z):61

u*(z) < Ug(z) + M, z€Qf,
for all 0 < dq, whence

u(x) < ¢ ( Wd(m)) +M, zeQy. (2.9)

This maximal bound (Z3) can be improved by means of (24)). Indeed, let us choose the constant
v=(1- 5)_ﬁ > 1 for which

u*(a:)SV(b( llgud(a:)>+M+5, x € Qs

(see (24) and

u*(x) <v4 M+e
1— Eu 1- gu
() ()
hold for z € €2s,. Then
lim sup w(@) <v
Taking € N\, 0 one concludes ([2.6]). o

We emphasize that in Theorem we do not require any information of u on the 9S.
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Proposition 2.2 (Boundary minimal universal lower bound) Asume 0Q € C%.  Suppose ([3J),
T4 and @3). Then any nonnegative large solution v of

—trace A(z)D%*v+ B(v) > f inQ

admits the minimal behaviour given by

1 < liminf 0 () (2.10)
d(z)\0 1— gdd
o (/5 )
provided
lim inf /(@) >0y with0< 0y < 1, (2.11)

d(m)\"oﬁ<¢>< 1;£%Mm>>

for some positive constant £y. Here ¢ is the function defined in (L9).

PrROOF. Fore >0, § >0 and 0 < d§p < dg, we construct
1 1-7¢
V0<x>_¢< Www)v

Again ¢ is the decreasing function defined implicitly in (9). Now, straightforward computations
prove

trace A(z)D?Vy(z) = WW’(U)trace A(z)Dd(z) @ Dd(z)
(14+e)(1—4q)

¢ (o)trace A(x)D?*d(x)

> (1421~ £ (6(0)) -~ Conny I 0(0)), w e,

A

(1 + E)(l — éd)

S (d(z) + 6). Then

where we are denoting o =

—trace A(z)D?Vy(z) + B(Vo(z)) < B(d(0)) [— e(l—4Lq) +La

21+ 2)(1 — £y) \/ G(¢(o))
+Coan,a h\ [3(¢(U)) ., x € Q5.

On the other hand, assumption ([Z.I1]) implies

B (0(0) < a8 <¢< de))sm, v e,

whence

—trace A(z)D?Vo(z) + B(Vo(z)) — f(z) < B(é(0)) [— e(1—4£y)

1 1—@ \/
—i—CaQA\/ +6 ) ], x € Qs,.
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We also will use the property ([2.2]). So, fixed ep > 0 and € < ¢ we choose 0 < § < §p for which

(1+e0)(1 —La)

0 <2
<o < 3

0o and the inequality

<e€

2(1 + 20)(1 — £q) \/ G(6(0))
Conay X2 B0()

holds for §p small enough. It implies that the function
14+¢e)(1—-2¢
Vo(z) = ¢ < W(d(‘r) +5)> .z € Qs

satisfies
—trace A(z)D*Vo(z) + B(Vo(z)) < f(z) z € Qs,.
Clearly, Vy is a classical bounded subsolution in €25, such that
Vo(z) < oo =v.(x) ifd(x)=0
for any large supersolution v. So, for any nonnegative constant M one has
—trace A(z)D? (Vo(z) — M) + B(Vo(z) — M) < f(z), € Qy,
Vo(z) =M < 400 = v (z) if d(z) =0.

In order to conclude [2I0) we need an adequate inequality on the boundary d(z) = do. In particular

Vo(z) =M < ¢ (250 w> —M <0 <w(x), d(z)=do

1 1-1/
for M > ¢ <25O W), when we are taking 6 = §y. Remark [£.2] implies
Vo(z) = M <w.(x), € Qs,,
thus

¢< GLM(d(:v)—F&o))—MSU*@)a © € sy

(2.12)

holds. Again we may improve the minimal bound ([ZI2) by means of ([2.35]) here by choosing

v=_1+ 5)7ﬁ < 1. Indeed, (2I2) becomes

1/(;5( 1_€d(d(:c)+5o)>—(M—i—s)gv*(:ﬁ), x € Qs,.

A
It leads to
. M+e < vy () e
1—44 1—44
o5 2amn) o5 a0
and
v < liminf v ()

B )

Taking ¢ N\, 0 one concludes (2.10]).
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Remark 2.2 The property [24]) avoids to consider the assumption as

lim sup (1)
t oo P(t)

<1 foranyn>1

or the more sharp borderline case given by

. P (not)
lim su
. B(1)

in the proofs of Propositions 2.I] and as they were used in [2].

=1 for some ny >1

Remark 2.3 Obviously, any eventual nonnegative large solution of

—trace A(-)D%*v + B(v) > f in Q

11

admits a minimal behaviour given by (ZI0), provided (IL3), (C4), Z3) and f > 0, without the

assumption (ZIT]).

a

Remark 2.4 As it was pointed out, the assumption (Z3)) is fulfilled for the choices of Remark
Moreover, for the power like case §,,(t) = t™ and m > 1 the assumptions (27) and (ZTIT)

correspond with

(M>ml ( A )M £y < liminf f(z)d(x) o=

(m—1)2 1—44 d(z)\0

gnmamfumwwﬁlg(%@tiﬁ)”l( A )mlfw

d(z)\0 (m —1)2

For ((t) = €' the assumptions (271) and (ZII) correspond with

204

< liminf f(z)d(z)? < limsu 2)d(z)? < 20, .
[ < it FG) < limsup F@d(@)* < 26

Remark 2.5 We note that under the assumptions of Propositions 1] and we have

lim sup (@) <1 < liminf v+(2)

d(z)\0 1-14, d(z)N\0 1—40,
¢< —]fdwo ¢<V—7—M@>

—trace A(-)D*u + f(u) < f in Q,

for any solution of

and any nonnegative large solution of

—trace A(-)D*v + B(v) > f in Q.

From the above results we deduce

Theorem 2.1 Under the assumptions of Propositions 2.1] and for any solution of
—trace A(-)D*u + f(u) < f in Q
and any non negative large solution of

—trace A(-)D*v + B(v) > f in Q
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one has

d(a)\0 V+(T) T d(@)No

* (V5
lim sup w(@) < liminf <

Then (LT2)) is fulfilled whenever

(2.13)

T=t, . [1-4 1-4, A

the precise boundary behaviour of any nonnegative large solution u of

holds. In particular if

—trace A(-)D*u+ B(u) = f in Q,
is given by

. (
1 N7
aimyb ¢(Cd(x))

thus ()
, u(z
d(lggrio ¢(Cd(z))

=1. [m]

In the next result we complete the obtainement of the inequality (ZI3]) by means of a sharp
iterative device by M. Safonov (see [15] and [19]).

Theorem 2.2 Asume 0Q € C2. Let us suppose (L3), (L4, @3), EID) and

1-14, - A
1—40g X

(2.15)

Then any subsolution u and any non negative large solution v of (L)) satisfy the property (L12)
provided 21) and ZII)) with 0 < £y, g < 1.

ProoF. We claim that in this case the inequality

lim sup w(z)
d(z)—0 Vi ()

<1

also holds. Indeed, ([ZT3) implies that for € > 0 the inequality

e+ v < ! _)\édd(:z:))) > ¢ ( ! léud(x))> ) for d(z) small

(see (Z4)) holds, where

It leads to

) u*(x) (1-— Ed)A) o
0 < limsup =L< (* .
d(z)N0 Ux(T) (1= Lu)A

Assume L > 1, otherwise the proof ends. Then for every constant k near L such that 1 < k < L
there exists xp € {15, satisfying

u*(xg) > kvi(xo) for d(xp) small.
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We will use the notation [u* > kv,] = {z € Qq(ay) : u*(x) > kv.(2)}. It is clear, that in the open
set [u* > kv,] the assumption ([23]) implies

Bu™) > B(kvy) > k*B(vy).

~—

Let us consider r =

d(,TO
2

, for which B, (z9) C Qs,, and define the smooth function

w(z) = C(r* — |z — 20|?), € By(x0)

that satisfies
trace A(z)D*w(z) > —2CA, =z € B,(x0).

Then

{ —trace A(-)D*u* < f — k*S(v,), in [u* > kv.] N B, (20)

—trace A(-)D?(kv, —w) > k(f — B(vs)) — 2CA

in viscosity sense. Since r < d(z) < 3r, one proves

s (@d(z))) > ( 1 _Aédsr)> ,

hence Proposition implies

Kk = 1B (0 (a)) > k(k — 1) ((1 +e)o ( 1 —Aed?”)))

for € > 0 and d(z¢) small, where k > ko > 1. So that,

= K*B(v2) = k(f = B(v)) +2CA <0 in [u" > kv.] N B (xo),

k(kg — 1) 1—¢
C=——r—8 <(1—|—5)¢< S d37’)>> :

By means of the Weak Maximum Principle without coercivity term (see Theorem [1]) one proves
that there exists z1 € 9([u* > kv,] N B,(zg)) such that

provided

u'(z) — kve(z) + w(z) <u*(x1) — kve(21) +w(zy), =€ [u* > kv, N B,(xo). (2.16)
In fact, 1 € 0B, (o) because 1 € B,(xo) implies 21 € d[u* > kv], thus u*(z1) = kv(z1) whence

the contradiction
Cr? = w(wg) < w(zy) < Cr?

follows. So that, z; € 9B, (z9) and w(z1) = 0 as well as

u*(z1) — kve(z1) = u*(21) — kva(21) +w(21) > u*(20) — kvi(w0) + w(wo) > w(wg) = Cr?.

u*(z1) — kvg(x) > k(kg%gl)rzﬁ ((1 +e)o < ! ;\Ed3r>> .

Now the property (2I) implies

. (L+e) (kg —1)r? 1—v,
u*(x1) — kve(z1) > k T 10) 3 3r |,

Thus
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for 0 < g9 and d(x) small. On the other hand, from (24]) we deduce
1-— 1-1¢,
e+ v (\/ /\éd3r> 2@5( Aé T)

o= (oGtny

(see (2I3)). Since v is a solution of (1)) we lead to

1—4y 1 1-12, € 1, €
> - > _Z
¢< A 3T> - V¢< A T) v I/v (1) v

(see Proposition [2ZT]). So that,

where

(L+e) (kg ' —1)r? (I+e)e(ky™t —1)r2
* >k(1 X — .
wa) 2 < + 2Aveg(1 —¢) v 2Aveg
Therefore, from
0< limsupu (z) =L < +00

d(z)\0 Vi ()

(1+e)(k§™" = 1)r?
2AV€0 '

we deduce

L+52k<1+

So, the choice k =L —e > ko > 1, thus € < L — kg, implies

1+e) (kg - 1)r2>

L+e>L-¢) <1+

2Aveg(1 —¢)
Therefore one arrives to a contradiction by letting € ~\, 0. O
Remark 2.6 We also may obtain (2.I0) by using Theorem [Z.3] provided (L6 and (L1). o
Remark 2.7 Property (ZI4) requires ¢4 < ¢, and
l4 < liminf /(@) < lim sup /(@) </, <1

a0 B (6(Cd(x))) ~ a@no B (¢(Cd(z)))

When A = X equality (Z14)) follows if 0 < ¢, = ¢4 < 1. It extends the result obtained in [I4] for
the unit operator A(-) = 1. o

3 Extra Keller-Osserman type growth of the sources on the
boundary

As it was pointed out, first we illustrate the power like case corresponding to
—trace A(-)D*u+u™ =d"? in Q,
where we require

q > m>1,

m—1’
in order to consider an extra Keller-Osserman type growth at the boundary of solutions for which
we want to obtain the property (LI12)

lim sup u'(2) <1.

d(z)—0 Vi ()
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Theorem 3.1 (Comparison on the boundary (power-like case)) Asume 02 € C2. Suppose (L3,
T4 and
limsup f(x)d(z)? < £, (£, >0), (3.1)
d(z)\0

2
for q > ml, m > 1. Then any solution u of
m—
—trace A()D*u+u™ < f inQ

admits a mazimal behaviour given by

lim sup u*(z)d(z) 7 < £ (3.2)
d(z)\0

On the other hand, under
lim inf d(z)?>45>0 3.3
;(gl){lof(x) (2)? > L4 >0, (3.3)

any large non negative supersolution v of
—trace A(-)D*v+v™ > f in Q

admits the behaviour given by

lim inf v, (2)d(z)™ > £7. 3.4
(il(rgﬁl)l\{‘lov(x) ()™ > €5 (3.4)

Therefore, one satisfies (L12).

PROOF. Once more the idea is to construct suitable classical large supersolutions. So, for 0 <
0 < g, we consider

Up(z) = Coo v, z€Q ={zrecQ: §<d()<da},
where Cy > 0 is independent on §. Here o = d(z) — §. Straightforward computations show

—trace A(z)D?*Uy(z) = 00107% ( - q—i_—mE(:v) + otrace A(,T)Dzd(l')), x € le,
m m

where 0 < 0; < dg. On the other hand, let 0 < ¢ < Cf* — £, assumed C7* > ¢,. Then, the
condition (B implies

—f(z) > —(ly +e)d(z) 1 > —(bu+ )09, €0
So that

—trace A(-)D*Ug+ U — f > 071 [ - Coiow (q—i_—mE(:v) + otrace A(:C)D2d(x))
m m

+C = (L, + a)} ,

for x € le. We note the inequality

q(m—l)—m> g(m—1)—2m

>0,
m m

whence

g(m—1)—2m g(m—1)—m
—trace AD*Ug+Up'—f 2 0™ |~Co-L 2 ;m 8T = CoLon s T O ()]




16 G. Diaz

holds in le. Since

g(m—1)—2m
Co {251 " <q+mA—CaQ,A51)] <Cg = (lute)
m m

is fulfilled for §; small enough uniformly on Cy, we obtain
—trace A(z)D?Ug(z) + (Ug(z))™ > f(z), z€ Q3.
By means of arguments used in Proposition 2.1 one deduces

lim sup u* (z)d(z)m < Co
d(x) 0

and then ([B2) holds by letting Cq N\, Ku%. Next for 0 < § and 0 < d; < 81, we construct
Vo(z) = Coo™ ™, z€Qs,.
for 0 = d(x) +J. As above, straightforward computations show

—trace A(z)D?Vy(z) = Coia_% ( - q—i_—mE(:v) + otrace A(:C)D2d(x)), x € Qs,.
m m

On the other hand, let 0 < e < ¢; — C?, assumed ¢4 > C{J'. Then, the condition [B3) implies

—f(@) < =g —e)d(z)" > (bg—e)(d(z) +6) !, z€Qs,.
So that

—trace AD?V(z) + (Vo(2))" = f(z) <079 [ - CO%H#E(I)UW

+00207q<m;§>7m trace A(x)D?*d(z) + CJ* — (4 — 5)}
m
g(m—1)—m

< g1 [CO%CB(LAU ™ + Gyt — (éd — E)] ,

for z € Qs,. We note ¢4 — C* —e > 0. Again we use the inequality

—1)— —1) -2
am—1)—m _gm-1)-2m _,
m m

Therefore, taking § = 61 < dq

g(m—1)—m

CQ%(261)TCBQ,A < (ta—e)—Cy'
holds for some §; small enough uniformly on Cy. Thus
—trace A(z)D*Vo(z) + (Vo(2))" < f(z), 2 € Qs,.
So, by means of arguments used in Proposition we deduce

liminfv*:vdx%>C
lim inf (z)d(x)™ > Co

and then ([B4]) holds by letting Cy Kd%. Since ¢4 < ¢, the property ([I2) hods. o

Remark 3.1 Since the diffusive term of the PDE is negligible with respect to the other one the
ellipticity constans A and A do not appear in the estimations (32 and (3]). In Theorem we
obtain a more general result. O
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With the above simple ideas we get the general result

Theorem 3.2 (Comparison on the boundary (general case)) Asume 0Q € C? and 8 € C?. Sup-
pose [L3), (LA) and

. [fl=)
B h(a@) = (8:5)

for some C? decreasing function h : Ry — Ry such that h(0) = oo and h'(0) = 0 satisfying the
compatiblity condition (LI3)). Futhermore, we assume that

h' 2o (p—1 h
Hi(o) = - 1) (mm _ W) 5L (;’m> ,
B (B~ (h(0) (8 (8- (h(0))) (3.6)
Ha(6) = 7o)
i h(o)3 (871 (h()))
are increasing functions vanishing at the origin. Then any subsolution u of
—trace A(-)D*u+ f(u) = f inQ
admits a mazximal behaviour given by
| w* (@)
limsup —————— < 1. (3.7)
d(z)~o B (R(d(2)))
On the other hand, under
lminf ) > (3.8)
d(x)\0 h(d(z))
any large nononegative supersolution v admits the minimal behaviour given by
o V()
liminf ————— > 1. 3.9
d(x)N0 =1 (h(d(2))) ~ (3.9)
Hence assuming
i @ (3.10)

d(x)\0 h(d(z))

one has (L12).
ProOOF. The idea is to construct a classical large subsolution. Let

Ug(z) = 087" (h(d(z) — 8)), =€ Qf,,
where 0 < 6 < &1 < dg and g > 1. Denoting o = d(x) — §, straightforward computations show

2
W) ., (M) gﬁ”(ﬂl(hw)))

5(57 (n(0))) (8'(87 (1))

G
T )

(see (B4)). On the other hand, let 0 < € < p — 1. Then, the condition (B3] implies

—trace A(z)D?*Up(x) > A (—

Cooa, =€, zeQf

—f(z) > —(1+e)h(d(z)) > —(1+&)h(d(z) — 8), =z € QF,.

Consequently

—trace A(z)D*Uq(z) 4+ B(Uo(z)) — f(z) > h(61) [Q( — AH;(61) — H2(51)C@Q)A> +o—-(1+ 5)} )
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for x € le. Since
o—(1+¢)
0

AH;(61) + Ha(01) <
is fulfilled for d; small enough (see (B:6))), we obtain
—trace A(z)D*Ug(z) + B(Ug(z)) > f(z) forz e Qf .
Finally one deduces
u* ()

li _
sy B (h@@)) °

and then ([B7) holds by letting o N\, 1.

Next for 0 < § and 0 < §; < dq, we construct
Vo(z) = 087 (h(d(2) +6)), =€ Qs,
where 0 < o < 1. Let 0 < e < 1— p. Then, the condition (B8] implies
—flx) < =1 —e)h(d(x)) < =1 —e)h(d(x) +0), x € Qs,.

As above, by straightforward computations we have

G. Diaz

—trace A(z)D*Vo(z)+8(Vo(z)) - f(z) < h(51) {g( — AH;(200) + H2(251)C397A> +o—-(1- 5)} :

for x € Q5, (see (34)). Here by simplicity we choose § = §; < dq. Since
1—g)—
Ha(261) < (d-e)—e
0
is fulfilled for §; small enough, and

—trace A(z)D*Vo(z) + B(Vo(z)) < f(z) forz € Q3

holds. Finally one deduces

lim inf v+ (2)

d(z).70 =1 (h(d(x)))
Now ([B.9)) follows by letting o 1.

>0

Remark 3.2 For the power-like case §,,(t) =t™, m > 1, and hy(d) = 67 one has

R
m m
q g(m—1)—m
H = — m
2(0) = o

Certainly, both functions are increasing functions vanishing at the origin provided g >

m—1

O

Remark 3.3 (Bieberbach choice) For the exponential case 5(t) = e! the Keller-Osserman bound-

ary profile is governed by

5(8) = log (53)

(see Remark [[H]). Here, available extra Keller-Osserman boundary profiles are governed by func-

tions h(0) satisfying

2
h(6) > 52 for § small
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(see (LI3)) such that

(W(0)

Hy(0) = 1'(0) ~ 5

W (o)
(h(0))

are increasing functions vanishing at the origin. In order to avoid tedious computations we only

Hy(o) = —

give the simple example h(d) = 5% for p > 2. o

In this case of extra Keller-Osserman type growth by means of an argument of rescaling the
explositivity of the sources is transferred to the supersolutions.

Theorem 3.3 (Transferring the explosivity) Suppose ¢ > ml. Let f be a source for which

m —

liminf f(z)d(z)? = . 11
;(gl){lof(x) (@) =4a>0 (3.11)

The any nononegative supersolution v of
—trace A()D*v +v" =f inQ
is a large supersolution.

PROOF. Let z¢ € Q5, and 2r = d(z¢) with » < 1. Then the supersolution v, solves, in the
viscosity sense,
{ —trace A(-)D?v, + v > Cr—4, x € B,(z0),

vi(z) >0, z € 0B, (20),
for C = 04279, Since A is uniform elliptic in €s,, there exists a classical solution W of
—trace A(z)D?W(z) + W(z)™ = Cr 4, x € B,(z0),
{ W(z) =0, x € 0B, ().
Then v.(z) > W(x), = € B,.(x0). Next, we construct W(:v) = W(z — z) that solves
—trace A(z — Io)DQ\/N\(x) + \/N\(I)m =Cr9, x € B,(0),
{ W(z) =0, z € 0B,(0),

hence

2m

—trace A(z — 20)D*W(z) + W(z)™ > Cr 71,  x € B,(0)

or
rinttrace A(z — 20)D*W(z) + rmn-1W(z)™ > C, x € B,(0)

2 2 —~
for r small. Since T , the function W,.(z) = T W(rz) satisfies
m—1 m—1

—trace A(z — 20)D*W,.(z) + W,(z)™ > C, € B4(0),
and we get the problem

—trace A(z — 20)D2V(z) + V(z)™ = C, x € B1(0),

V(z) =0, x € OB1(0).

A simple adaptation of Strong Maximum Principle (see [37]) shows V > 0 in B;(0) whence

o<viors (220) ™ o

concludes the result. o
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4 Comparison, uniqueness and existence of solutions

As it was pointed out in Section [l the eventual degeneracy inside the domain of the leading part of
the equation prevents, in general, to consider C? solutions. They are replaced by viscosity solutions
that solve the PDE more intrinsically. We send to the mongraphy [11] for a full introduction of the
Viscosity Solution Theory. In short, we recall that for any function u : O — R, O C RN, locally
bounded from above, one defines the upper semi-continuous envelope

u*(x) = limjilp u(y), €O
ZEO

and the superjets

To u (@) = {(p.X) e RN x SN 1 w*(y) <u'(z) + (p,y —2) + %<X(y —a),y =) +olly—[*)}.

In particular, a locally bounded from above function u : 2 — R is a (viscosity) subsolution of
—trace A(-)D*u+ B(u) = f inQ

if
—trace A(z)X + B(u*(z)) < f(z)

for all (p,X) € Jé’Jru*(x), x € §). By simplicity, sometimes we say that u is a solution of

—trace A(-)D%*u+ B(u) < f in Q.

Remark 4.1 From the above definition we deduce a property near the well known verification
results of the Optimal Control Problems. More precisely any (viscosity) subsolution of

—trace A(-)D*u + f(u) = f in Q

satisfies

*(x) < inf : Q 4.1
w'le) < jof Vi), weD (1)

where
Vi =sup{V e C? supersolution in  such that u* <V on 00}.

Indeed, given a such function V, if there exists a positive interior maximum point of u* — V at
some x € {2 one has

u*(z) —u*(xo) < V(z) — V(z9) = (DV(x0),x — o) + %<D2V({E0), x — x0) + o(|z — zo|?)

thus (DV(zq),D?V(xg)) € T u*(x0) for which we derive the contradiction
—trace A(zo)D*V(zq) + B(u*(z0)) < —trace A(zq)D*V(zo) + B(V(20)).

Therefore

u*(x) = V(z) <u(xg) — V(zg) <0, z€Q
and (1) holds. o

Analogously, for v : © = R, O C RN, locally bounded from below, one defines the lower
semi-continuous envelope
v*(z) =limsupo(y), €O

y—x
yeO
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and the subjets

Jo u (@) = {(p,X) € RN x SN w.(y) > vi(x) + (pyy — x) + %<X(y — o),y =) +olly - 2*)}.

In particular, a locally bounded from below function v : Q@ — R is a (viscosity) supersolution of
—trace A(-)D*v + B(v) = f in Q

if
—trace A(2)X + B(vi(x)) > f(z)

for all (p,X) € J3 v.(x), = € Q. Sometimes we say that v is a solution of

—trace A(-)D*v + B(u) > f in Q.

Remark 4.2 Arguing as in Remark one proves that any (viscosity) supersolution of

—trace A(-)D*v + B(v) = f in Q

satisfies _
sup U(z) <wvi(z), z€Q, (4.2)
Uevr
where
VY = {U € C? is a subsolution in Q such that U < v, on 89}. o

Clearly, a locally bounded function v : £ — R is a (viscosity) solution if its upper semi-
continuous envelope u* and its lower semi-continuous envelope u, are sub and supersolution, re-
spectively. We send to the monography [I1] for the theory of (viscosity) solutions.

Next, we study a kind of superlinearity property

q(t +5) > q(s) +q(t), 7,5>0, (4.3)
which can be transferred under a suitable condition

Lemma 4.1 (Superlinearity transferred) Let ¢ and 8 two nonnegative functions on Ry such that

B(®)

——= 15 nondecreasing.
q(t)
Then if q(t) verifies [@3) the same property holds for [(t).

PRrooF. It follows from

B(t) + B(s) = q@% T qls)

< (q(t) +qs < B(t+ s). o

B(t+s)
)) q(t+s)

Remark 4.3 Since the identity is a function satisfying ([3]) and t*~! is a nondecreasing function
if @« > 1 we deduce that ¢(t) =t*, o > 1 satisfies @3] o

We give some details on the result of uniqueness. First we obtain the uniqueness of eventual
classical solutions of (L)) in a direct way when

lim sup <1

d(z)—0 v(w)
is assumed (see (II2)). Since we only intend to give an idea of the reasoning we omit additional
asumptions on the ellipticity of the A(z) for which (1) admits classical solutions in this motivation

(see [1I7] or [35]).
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Proposition 4.1 (Classical Maximum Principle) Suppose (LI4l). Let f and g be two continuous
functions. If u,v € C*(Q) are two nonnegative functions verifying

{ —trace A(z)D*u(z) + B(u(z)) < f(z) 0
—trace A(z)D?v(z) + B(v(z)) > g(z), 7
and
u(z) <wv(z), z€dN (4.4)
then
u(@) <v(@) + B (I(f — 9)+ll), @€ (4.5)
When we replace (E4) by
lim sup u(z) <1 andv >0 near 092 (4.6)
a0 V(T)

the inequality @A) also holds. Here ry = max{r,0}.

PRrROOF. If the maximum of the continuous function u — v is attained on 90X or it is a nonegative
value the inequality (@A) follows. On the contrary, let us assume that v — v admits some point
o € ) such that

(u—v)(xo) = max (u—v)>0.

Since
0 > trace A(zo)D?(u — v)(wo) (4.7

we deduce the inequality
(f — 9)(wo) + trace A(z)D*(u — v)(xo) > B(u(xo)) — B(v(x0)) > 0. (4.8)
Then from Lemma 1] we get
B((u—=v)(w0)) < (f = g)+(w0)
and (LA follows. On the other hand, it is clear that

lim sup u@)
x— 08 ’U(I)

<1 and v > 0 near 0 (4.9)
lead to u < v near 9 and the above reasoning is true. The more general assumption (L0 implies

: u(z)
limsup ————— < 1,
on (L+2)o()

for all € > 0 and then u < (1 + £)v near 9Q. Moreover, from ([I4) we have
—(1+e)trace A()D*v + B((1+¢€)v) > (1 +¢) (—trace A(-)D*v+ B(v)) > (1 +¢)g in Q.
The above reasoning leads to

Blu—(1+e)v)(xo) < (f = 9)(xo) —eg(xo) <[(f = 9) 4l +ellgllo

thus
u(x) = (1+e)o(z) < B = 9+l +ellgll) s zeQ,

and the result follows by letting e — 0. O
Remark 4.4 For a direct Comparison Principle as

u<vondand f<ginQ = wu<wvin

the assumption ([L.I4)) is not required (see (A7) and (TI0). o
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A simple consequence proves that the condition

. u(z)
lim su =1 4.10
o v(x) (4.10)

implies uniqueness.
Corollary 4.1 Suppose [LI). If u,v € C*(2) are two non negative functions for which
—trace A(z)D*u(z) + B(u(z)) = f(z) in Q
and (EIQ) hold, then uw = v on ), provided that [ is a non negative continuous function. O

So that, a uniqueness condition on the boundary as

plays an important role. Next, we extend Proposition 1] in the Viscosity Solution Theory. Hark
back to the above reasoning. Let us assume that the upper semi continuous function u* — v, admits
some interior point xy € €2 such that

(u* —vs)(mg) = max (u* —vy) > 0.
Q
As in the proof of Proposition 4] the aim is to work by means of an inequality as (Z7).
Unfortunately u* and v, are not C? functions. If we use semijets (p,X) € J*Fu*(z) and
(q,Y) € J* v«(z0) the device goes if

trace A(zo)(X —-Y) <0

holds for adequate X,Y € SN but strong dificulties appear due to the semijets 7% u*(xg) and
J?* v.(wg) are set valued functions. The reasoning of the Jensen Maximum Principle is very
advantageous (see [23], [22] or [11] for details). Essentially, it is about working close 2o by means
of a device that doubles the number of variables penalizating this doubling (see the works by N.S.
Kruzkov, for instance [25]). Indeed, for @ > 0 the upper semi-continuous function

U(e,y) =u'(@) —vuy) ~ Sle ol (ey) € QxQ

has a finite supremum equals to M,, and admits (x, ya) such that

Iim (Mg — ¥ (za,ya)) =0
Jim (Mo = (0, )

and
lim alze — yal?
a—r00
lim M, = (u* — vy)(20)
a—r00

=0,
)

see Lemma 3.1]). Moreover, there exist X, Y € SN such that
(see [11

(20 — Yo, X) € 72’+u*(xa) and  ((Ya — Za,Y) € 72’7v*(ya)

safh 8)< (5 2)em(i )

In fact, (@II) implies X <Y (see [1Il Theorem 3.2]). So that, some suitable adptations near xg
can be available in order that the aim can go. For large o one has

and

(u* —v.)(20) < Ma < u*(2a) = v4(Ya)
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and
B(u*(xa)) — B(v* (ya)) < trace A(z,)X — trace A(y,)Y < w(oa|:z:a — ya|2)

assuming that there exists a kind of modulus of continuity w : Ry — R, with w(0") = 0 such
that
trace A(z)X — trace A(y)Y < w(alz —y|?) (4.12)

whenever z,y € Q, a >0, and X,Y € SN for which (ZII]) holds. Again, Lemma Il implies
B((U* - v*)(IO)) < B(U*(xa) - U*(ya)) < ﬁ(U*(Ia)) - ﬁ(v*(ya))

S W(a|xo¢ - ya|2) + f(‘ra) - g(ya) (413)
< W(a|xa - ya|2) +Wf(|xa - ya|) +[I(f - g)+”oo

where wy is the modulus of continuity of f. Finally, the reasoning of Proposition[d.Iends by letting
a oo, What we have tried is

Theorem 4.1 (Weak Maximum Principle) Assume ([LI4) and @I2). Let u be a discontinuous
subsolution of
—trace A()D*u+B(u) = f, z€Q

where [ is a uniformly continuous function and v be a discontinuous supersolution of
—trace A(-)D*v +B(v) =g, z€Q

where g is a continuous function. Then

~—

u*(x

<1 (4.14)

lim sup
200 Vx(T)

implies
u(z) < vilz) + 87 (I(f — 9)+ll), zEQ.

Moreover, if u is a solution of

—trace A()D*u+B(u)=f x€Q

one has

u*(z) <wug(z), x€9Q,
whence the function u is continuous in €. O
Remark 4.5 We send to Theorems [21] and in order to obtain (ZI4]). o

Remark 4.6 In the proof of Theorem [4.1] the assumption of degenerate ellipticity is not assumed
explicitly because ([@I2]) implies that the matrix function A is degenerate elliptic. Indeed, given
Y € S_lf Cauchy inequality implies

Loon2i2
_<Y77777> < 5|77|2 + EHYH ||77|| , €> 07 ne ]RNa

where ||Y]| = sup [(Yn,n)|. Clearly, we also have the inequalty
Il <1

I¥] :
~tvn) < e+ (14 B0 pyi

that may be rewiten as

(8 —(Y(:-EI) ) = (H”Lg”) |Y|(% _%)
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Y1l
9

By choosing a > ||Y]| max {1, 1+
Y + eI, whence (£12) implies

} and ¢ small one obtains ([@IT]) for the matrix X = 0 and

Ay 2) v en=Awo - A(y- Z) (v ren <u (%)

for any z € RN\ {0}. Then letting o — oo and & N\, 0 concludes
0<AW)E®E yeQ, RN,
provided Y =¢(® € € S_lf, ¢ € RN, See 11, Remark 3.4] for a more general proof. When
Az) = o(x)o(x)"

where o : 0 — RN x R¥is a Lipschitz continuous function with constant L the assumption ([I2)
becomes
trace A(z)X — trace A(y)Y < 3L%a|z — y|?, (4.15)

thus w(r) = 3L%r (see [11, Example 3.6)). O

Remark 4.7 Remark[£4] can be extended to Theorem 1l Indeed, a direct comparison is deduced
from (£I3) that becomes

ﬂ(U* (xa)) - ﬂ(v* (ya)) < W(O‘|$a - ya|2) + Wf(|$a - yaD
if we assume f < g in Q. Therefore an inequality as
(u" = vi)(mo) =max (u* —vy) >0
Q

implies the contradiction

0 < B(u*(x0)) — B(vs(20)) <0.
Consequently, we have proved a direct Comparison Principle as

w<veondQand f<gin) = u* <w,in

under (£I2) and the uniformly continuous of the function f. We emphasize that the assump-
tion (I4) is not required. o

The existence of solution follows from the well known Perron method as, for instance [21] or [T1].
For several reasons first we sketch an adaptation of the plan of [14] on the elliptic reqularization

{ —eAu, , — trace A(-)D?u. ,, + B(uc,n) = min{ f,n} in Q,

) (4.16)
Uen =N in 012,

where f is a nonnegative uniformly continuous function. From classical argument, there exists

Uen € C3(Q) solving @IA) (see [I7], [14] or [35]). In fact, {uc,}, is an increasing sequence.
The consideration of the assumption ([L8]) enables us to obtain universal bounds as it is proved in

Section [6] below. More precisely under (L8] we define

N S B
\IIE(C):K(I) ( /—A+E

®(0") < +oo, where

<>, 0< (<R, (4.17)

with R <

VA +e
B

was defined in Introduction (see (L9))).



26 G. Diaz

Remark 4.8 For the power like case 3,,(t) = t™, m > 1, one satisfies @,,(0") = +oo0. Also for
B(t) = e* and for which B(t) = te* one has ®(07) = +oo. o

A simple consequence of the proof of Theorem below in Section [6] we prove

Theorem 4.2 Assume ([L3), (LX) as well as @I2). Then there exists two positive constants A
and B, independent on n, for which

N
e (@) Y (R = [2:*) + 87 (Iflgn(aey):  * € Qrlao) (4.18)
i=1
holds in any cube Qr(zo) = {z € RN : |z; —z0,] < R} CC Q. o

So that, the elliptic regularization implies

Ue(x) = sup ue n(r) < 400, z€Q, (4.19)

n

whence one proves that u. is a C? large solution of
— eAu, — trace A(-)D*u. + B(u.) = f in Q. (4.20)

We send to [I4] for details. We note by construction that the function defined in (@I9]) is the
minimal large solution of ([@20). A refinement in the proof of Theorem leads to a simple
consequence

Theorem 4.3 Assume ([[3), (LX) as well as @I2). Then there exists two positive constants A
and B, independent on n for which

N
ue(@) <Y W (RE = [2i) + B (1l gneo)): @ € Qrlo) (4.21)
i=1
holds in any cube Qr(xg) CC Q, where we are assuming 0 < e < 1. o

Now the estimate ([@2]]) enables us to define the functions

u(x) = lim sup u.(y)
y—x

N0
and

u(z) = lim inf uc (y).
eNO0

Moreover, the stablity results of the Viscosity Solution Theory (see [I1]) show that u(z) and u(z)
are respectively viscosity sub and supersolution of

—trace A(-)D*u+ B(u) = f inQ
(see also [8], [5]). Both functions blow up on the boundary. Defining the set
F_ = {u is a (viscosity) subsolution in Q}.
one has w € F_. Therefore the Perron function

U(z) = sup u*(z), x€Q (4.22)
ueF_

is well defined under the assumptions of Theorem and verifies

u(z) <U(x) < 400, x€Q
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Futhermore, Perron function, ¢, blows up on the boundary. In fact, adapting the reasonings of
[11, Theorem 4.1] (see also [13}, Theorem 4]) the Perron function solves

—trace A(-)D*U + BU) = f in Q.
A suitable adaptation of the reasoning of the proof of Theorem [A.1] gives
Uen(x) <wvilx), 2€Q

for any large supersolution of (III), the Perron solution is the minimum large solution of (L)) in
the sense
U () <wve(z), €. (4.23)

We collect the result.
Theorem 4.4 Let us assume  is a bounded set in RN, N > 1, 9Q € C?, (I3), (L), (LT), (CD),
@3) as well as @I2). Let f be a uniformly continuous function satisfying

Iy <l
) sto (45 at0)

with 0 < ¢ < 1. Then U € C(Q) is the unique large solution of the equation (LI whose boundary
behaviour satisfies the inequality

lim sup
«m\o¢( 1XEM@>

(see Theorem[22 ). Here ¢ is the function defined in (L3]).

ProoF. Notice that we do not consider the assumption (IL.I4). Let v be an arbitrary continuous
large solution of (II]). Then
U (z) <v(x), €

holds (see (23)). We claim that in fact U, = v. Indeed, assume that there exists xy € Q such
that Uy (zo) < v(xo). Since Q is bounded we deduce that

O ={zeQ: 1+e)l(zx) <v(z)} CCQ
is a non empty open subset, provided £ > 0 small. The assumption (23] implies the property

A

. is increasing for ¢ greater than some large t

and choose p > 0 so small that U, (z) > to holds in Q, = {z € @ : d(z) < p}. As ¢ is small
O}, = 0° N1, is a non empty open subset. Moreover

—trace A(-)D*(1 + &)U + B((1 +e)d) > (14 ¢)( — trace A(-)D*U + B(U)) >0, z€ O
in the viscosity sense. Then adapting Remark [£.7] we obtain

v(z) — (14 e)U(z) < sup (v — (1+e)hy), z€O.
205

By construction the maximum of v — (1 4 )l can not be achieved in 0O, whence

v(z) — (1 +e)li(z) < sup (vly) —Uly)), z€0;
{y€00=, d(y)=p}
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and

v(z) = Us(z) < sup (v(y) — Us(y))
y€00=, d(y)=p}

15
Cuy €0,

hold. On the other hand, by mean of Theorem [73 the inequality S(U*) < B(v) in Q gives
v(z) —Us(z) <Cp, z€Q\Q,,

thus
v(z) —U.(z) <Cp, z€
Since C,, = v(z0) — U«(20) > 0 for some zp € 0O° and d(zp) = p > 0, the upper semi-continuous

function v — U, attains a maximim value in 2 at some interior point. Since U < v we may apply
The Strong Maximum Theorem without coercive term (Theorem [(.2]) and deduce

v(z) —U(z)=Cp, z €
The relative version of ([£I3) for v and U, at zp € Q becomes
B(v(a)) = BU(ya)) < w(alta = yal?) +wi(|za — yal)
whence letting o oo we get
B(Us(20) + Cu) = B(v(20)) < B(Us(20))
implies C, = 0. Notice that the inequality
v=U, <U" <

concludes the continuity of U. o
A similar program can be developed when the source term has the extra Keller-Osserman type
growth studied in Section [l Then one deduces

Theorem 4.5 Let us assume Q2 € C?, B € C?, (L3), (L), @A), @CD), @3) as well as @EID). Let

f be a uniformly continuous function satisfying

: fl@)
d(li)nio h(d(z)) L

for some C? decreasing function h : Ry — Ry such that h(0) = co and h'(0) = 0 satisfying the
compatiblity condition (LI3)) as well as

ho _(W(0)" 8" (B (h(0)))

. ) 1
H1 o) =———F—— | h'(o 2 )
(@) 5,(51(%}7))}( ) (5 ) )

= W) (5 (h(0))

are increasing, vanishing at the origin (see BH0)). Then the equation (1)) has a unique large
continuous solution U € C(2) whose boundary behaviour satisfies

| U@
aorh FIA@) .
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5 Second order term in the boundary assymptotic expan-
sion

As it was pointed out in Introduction, in Sections 2] and Bl we only have obtained the leading term
of the boundary assymptotic expansion of the large solutions. Here we study the second order
term of this expansion. Relative to Keller-Osserman type growth of the sources on the boundary
(see ([ZT)) we replace the classical large subsolution near the boundary Uy, used in the proof of
Proposition 2.1} by

U(z) = Ug(z) + Uy (2) = ¢(0) + C(,5,0)0(4(0)), €9} (0<d<8 <dq)

1-o)1 ¢, L
where 0 = 7.(d(z) — 6) with 0. = w The functions C(-,&,9) : Q5 — R and

O : Ry — Ry will be determined from the reasoning that follows. In particular, we will suppose
C(+,e,6) € W2e© (le). On the other hand, let O(¢) be a function satisfying

O'(t) = —td'(t) for large t. (5.1)
See Remark [5:3] below for suitable choices of the function ©. Clearly, if ©(¢(0)) = ©(c0) < oo one
has
S}
lim M = lim o) =0. (5.2)
o—0  ¢(0) t—oo

it implies that é(x,a, §)O(¢(0)) is a bounded second order term in the explosive boundary ex-
pansion. When ©(¢(0)) = ©(c0) = oo the property (EI)) implies that 6(:6,5,6)@((;5(0)) is an
explosive second order term in the expansion. Indeed, by using the L’Hopital rule and (ZI]) one

deduces
lim 0(¢(0)) = lim % lim ©'(t) =

oc—0 (]5(0') B t—oo t t—o0 t—>oo /9

Let 0 <e<1and 0 </, < 1. Denoting C(z) = C(z,e,d), one has

(5.3)

~

Di;Ui(2) = O(4(0))Dy;C(z) + 0.0/ (¢(0)) ¢ (o) (DiC(2)D;d(z) + D;C(a)D;d(z))
?6@( "(6(0)) (¢/(0))" + ©'(¢(0)) ¢ (0)) Did(2)D;d(x)
+5.C(2)0' (4(0)) ¢/ (0)Dijd(z), =z €Qf

whence
trace A(z)U; (z) = ©(¢(0))trace A(z)D?C()
+059’(¢(U)) '(0)trace A(z)(DC(z) ® Dd(z) + Dd(z) @ DC(z))
C()(0"(6(0)) (¢/(0))” + ©'(¢(0)) 9" (o)) Ex)
+5. (:c)@'((b(a) '(0)trace A(z)D?d(z), =€ Q)
where E(z) = trace A(z)Dd(x) @ Dd(x) € [\, A] is an eikonal-like term. On the other hand

BU@) = BU() + U () (Ug(e) + L

8()
= B(6(0)) + C@)0(¢(0)) B (6(0)) + g%ﬂ%ﬂﬁﬁﬁ%awm

for some £(o) between ¢(o) and ¢(o) + 6($)9(¢(0’)). We are interested in to prove the inequality

—trace A(z)D*U(z) + 8(U(z)) — f(z) >0, z€ le
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for §; small enough. The computations are very tedious. So that, we consider suitable groups of
terms. Moreover, we will use the change of variable t = ¢(0). As in the proof of Proposition [2.1]
the first group is

G, = —trace A(x)DQUO(x) + ﬂ(UO(I)) — f(z)+ Jo(b’(a)trace AD?d > B(t) (5(1 — éu)) >0
provided (Z70) (see ([Z8))). The second group is

Go = —0.¢/(0)trace AD?*d(z)
~C(2) [52(0"(¢(0)) (¢/(0))” + ©'(6(0))¢"(0)) ) E(x) — ©(6(0)) B'(6(0))]

for the particular case t = ¢(o) Then
Gy = .trace AD2d\/2G(t) — C(xz) [62(20"(t)G(t) + ©'(t)B(t))E(z) — ©(t)3'(1)].

From (&1]) we have

and

So, the choice

a(x) o 2G(¢)(U))
"52,/2G (6(0)) E(x) — ©(6(0)) 7 (6(0))

for x € le, leads G, = 0.

trace A(z)D?d(z), (5.4)

Remark 5.1 We may write (B.4]) as

0c

C(z) = o CIOLAO) trace A(z)D?d(x)
em 2G()
= -0, 26G() ! trace A(z)D?*d(x)
ICIOEAC
e
(5.5)
=-0 26G() 2E(x 26G() race A(z)D*d(z
=B ( - )@@mf(t)) trace Alnbd)
2G(¢(0)) ) )
= —0. 5007 (30)) trace A(z)D?d(z)(1 + o(1))trace A(z)D?d(z),
provided
2E(z) 2G(9(0)) ! <1 (5.6)
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Analogously
Ce(9) = — Sl e AP
o2E(z) — T0
B 35\//@ /; trace A(x)D?d(z)
T a2l (@ (e)
_35 2G(t) 52E (2 g1 " ¢race A(z)D3d(z
0 n>0<EE” e () trace AP
0:1/2G(9(0) )
")) e AR A@ 1+ o),
provided

2G(p(0)) ©(9(0)))

31

(5.8)

We note that the claim implies that if such secondary term exists it is unique term influenced by

the geometry by means of trace A(z)D?*d(x) whenever A = \ = 1.
The third group is
Gs = —0(¢(0))trace A(z)D?*C(z) = —O(t)trace A(z)D*C(z)

for which
o(t) 5 o) t

lim = =
t/oo B(t)  tco t o B(T)
(see () and (B2) or (B33)). The next group to be considered is

2

(C(2)0(8(0)))"B" (£(0)).

N =

Gy =

2G(t
Since £(0) — oo as 0 — 0 and lim G®)

(C(2)0(6(0)))*8" (¢(0)) \/m -0

B(6(0))

=0 (see (22)), we will use the property

lim
70 \/2G(6(0))

deduced from the assumption

~

2
e (C@O(6(0)))"B" (6(0))
70 2G(¢(0))

2
= 0.

The last group is

G5 = —0.0'(¢(0)) ¢/ (0) [trace A(z)(DC(x) ® Dd(z) + Dd(z) ® DC(x))
+0(a)trace A(@D?d(x)]

= 5.0'(1)\/2G(?) [trace A(z)(DC(z) @ Dd(x) + Dd(z)

— [trace A(z)(DC(x) ® Dd(z) + Dd(z) ® DC(x))

® DC
+ C(a)trace A(;c)Dzd(x)]

a

(5.9)

(5.10)

C(z)) + C(x)trace A(x)DQd(:C)}
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for which we recall again the property

lim =
t700 B(t)
(see (ZI0)). With the above reasonings we have

Theorem 5.1 (Second order term) Let us assume 0Q € C*, 5 € C? and A(-) adequately smooth.
Under the assumptions of Proposition [21] for any solution of

—trace A(-)D*u+ fB(u) < f in Q

we have

im su u*(x)
ld(w)\(l? ¢(God(z)) + Cu(2)© (¢(God(z))) =1 (5.11)

provided 271) and [&I0), where 69 = ! X ¢ and the function © is given by (&) and
Cu(x) = A% trace A(x)D?d(z)
u 6 ~ d ’
(1 - £)E(w) - A 2O 51454
2G (¢(God(x)))

for d(z) small (see (570)), is assumed in W>*° and E(x) = trace A(z)Dd(z) @ Dd(z). Moreover

B (¢(cod())

Cu(2)0((God(x))) = — trace A(z)D2d(z)(1 + o(1)), (5.12)

for d(x) small (see B)). Analogously, under the assumptions of Proposition[Z2 for any nonneg-
ative large solution of

—trace A(-)D*v+ B(v) > f inQ

we have
. vy ()
L= A () + Cal)® (9(5od ) o
provided [2II)) and (I0), where 6o = 4/ IT_K the function © is given by (@) and
)\50 2
Ca(z) = — trace A(z)D?d(x),
(1 - ta)B(e) ~ A—LEADD) g1 )
2G (¢(Fod(x)))
for d(z) small, assumed in W2°°. Moreover
004/2G (é(d0d(x)
Ca(2)0 ((God(x))) = —— (6d@)) | e A(x)D2d() (1 + o(1)), (5.14)

B'(¢(d0d(2))
for d(x) small (see (B1)).

Proor. We only show the result relative to u*. The proof for v, is analogous (see Proposition
22). Following the above reasonings the function

U(z) = Up(x) + Ui () = ¢(0) + C(x)0(¢(0)), €l (0<3§<d <do)
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satisfies
—trace A(z)D?U(z) + B(U(z)) — f(z) > G1 + G2+ G3+ G4+ Gs
> 50 (- )+ 2EIEE)  weap,

B(t)
for ©(t) and C(z) are defined in (5.1) and (5.4) respectively. Since the assumptions imply
. G3+G1+Gs
lim ———— =0
t oo ﬁ(t)
and 0 < 0 < 0901 we deduce
c1— )+ s +01+Gs -0
B(6(e))

for 0; small enough. Therefore
—trace A(z)D?U(z) + (U(z)) > f(z) z€ Q)

for 01 small enough. As in the proof of Proposition [2.I] we obtain

ut(z) < o ( deo +C(2)® <¢ < de» FM, 2 Qs

where M > sup w«”*. Then the estimate (EI1]) follows. o
d(w):51

Remark 5.2 In this paper we omit general assumptions for which C,(x),Cq(z) € W2, The
above proof adapts and simplifies results obtained in [2] whenever f =0 and A = A = 1. See [3]
for other reasonings. O

Remark 5.3 (Second order boundary assymtotic) From (B.7) we have

Cu(z)0(¢(0)) = —307;((1(2(;))131“309 A(z)D?*d () (1 + o(1))

1—-4,
for o = gpd(x), with o¢ = , provided (5.8). Then, denoting
2G(t)
lim ~———~ =1L 5.15
t, oo Bl(t) ( )

we deduce:
i) If L = oo the second order term C,,(2)©(¢(c)) is explosive on the boundary where the influence
of the geometry appears,
ii) If 0 < L < oo the second order term C,, ()0 (¢(c)) is bounded and the influence of the geometry
appears on the boundary,
iii) If L = 0 the second order term C,(z)©(¢(c)) vanishes on the boundary and the influence of
the geometry is null on the boundary.

Let us come back to the choice of function © satisfying (&.1)):

a) Under
oo sds
= 00 (5.16)

we will consider the function

t
O(t) :/ sds , for t large (5.17)
to 2G(S)
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where 1y < oo is arbitrary. We note that ©(c0) = oo and 0 < L < co. It is preferable to = 0 if

/ S5 oo (5.18)
ot ZG(S)
holds.
b) Under
—+oo
845 o (5.19)
2G(s)
and p
T i (5.20)
0+ QG(S)
we define - g
o(t) = —/ o , for ¢ large. (5.21)
t QG(S)
We note that O(co) =0 and L = 0.
¢) Under
o0 d
T < (5.22)
2G(s)
and p
o < 4o (5.23)
o+ QG(S)
we define .
d
O(t) :/ oas , for t large. (5.24)
0 2G(S)
 sds
We note that O(c0) = < 400 and 0 < L < o0.
0+ 2G(S)
We send to [2] for some details on the explosive boundary expansion of solutions including non
explosive second order terms for homogeneous sources f =0 and A = X = 1. O

Example 5.1 (Power like case) For 3,,(t) =t™, m > 1, one has

2

V2C (1) = Lt%ﬂ7 D, (t) = 7V2(m+1)t—m{l and ¢, (5) = <7V2(m+1)> o 5T

m+1 m—1 m—1
(see Remark [[5)). Let us recall

t m4+1 _m-1
O, (t) = —td;, (t) = = T
n(t) =~ (1) = —ees 5

2 sds \/T—H 2 3_m 3om
/tl == V3 — (7 -u7 ). (5.25)

a) If 1 < m < 3 the properties

(see (B0) and

& sds sds
—————— =00 and —_— <

2G,(9) ot /2G(9)
hold. Then

2 (6n(0) /(12T
B (6m(0)) _\@( 1)3- ) 7
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On the other hand, we define

¢ sds m+1 2 3-m
O,,.(t) = — =/ ———— "2 5.26
2 /0 V) V2 3—m (5.26)

that satisfies ©,,(c0) = oo. Since (G1) and (58] hold, we deduce that Cym(2)O (¢m (God(x))) is
an explosive second order term and the influence of the geometry appears on the boundary (see
Remak [£.3]). More precisely

Cuym(2)0 (¢ (o)) = —33% V2 (%) m d(z)” " Ttrace A(z)D?d(x)(1+0(1)) (5.27)

for o = god(x), with ¢ = 4/ 1 We may detail the explosive boundary expansion. Indeed,

we note that ez
@m((bm(o’)) _ /m;—1 2 <\/2(m+1)> 0_17m2717 (528)

3—m m—1

whence

¢m (0) + Cum (2)Om (G () = b (0) (1+

+Cou,m ()4 m;— ! 3 —2m ( iini—il_ 1)> otrace A(z)D?d(z)

~

00

Om (Qbm(o'))
— =0, ((Pm(o
\/2Gn (6m () () (5.29)
. 80(m — 3)
= T3 53B() + m — 3538() ace A@D@).

Moreover, one has

trace A(x)D?d(x)

One proves the property
m? + GoE(z) + 1)m — 363E(z) # 0

whence C, , € W2 provided 99 € C* and A(-) is adequately smooth.

- _ [1—4
The computation for ¢ = gd(x), with o9 = 3 ¢ are analogous. Finally, one proves that E1O)

N+2

holds and Theorem 5] applies. We note that the Lowener-Nirenberg choice (see [30]) 5(t) = t~N-2
belongs this case if N > 4.
b) When m > 3 the properties

d
< oo and L)zoo

e sds
/ V2G(8) 0+ V/2Gn(s

hold (see (5:28]). Here one defines the function

o0 sds Im+1 2 s-m
('-‘)m t = —/ = t 2
( ) t \/2Gm(8) 2 3-m

that coincides with (5.26]), but now m > 3 where the formulae (5.28) and (5.29) are the same.
Therefore, we deduce that the second order Cy (%) (¢m(God(x))) vanishes on the boundary,
hence the influence of the geometry is null on the boundary. The Lowener-Nirenberg choice belongs
this case if N = 3.
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c¢) If m = 3 the properties

/w\/%<oo and /wm

hold. Then one define

t
sds t
t):/ \/_10g<—) t>tg
to \/ 2G3( to
where ¢y < oo is arbitrary. Here O3(00) = oo, thus O3 ((bg ) 400. Take ty = 1 by simplicity.
In this case (27 implies that the second order Au 3( ( ood ) is bounded where the

influence of the geometry on the boundary appears (see Rem Then

03(¢3(0)) = V2log (?)

and R
Cus(z) = 70 trace A(z)D2d(x)
’ 52 Os(¢3(0))
52E(z) — —280) a1 (¢a(o
ot - 2 1)
= % trace A(x)D?d(z).

G5E(z) — 6log <\{T§>

Since

2
GeE(x) — 6log (%) <0 for o small enough

one deduces C, 3 € W2 provided 99 € C* and A(-) is adequately smooth. Moreover,

50v/2log <?)
Cu,3(2)O3(d3(0)) = trace A(x)D?d(x)
G5E(z) — 6log <\/7§)

Gov2 1

A (2)

GoV/2
6

—trace A(z)D?d(x)

(see (B1)) whence the full expansion is

¢3(cod(x)) — trace A(z)D?d(z) + o(1).

Here the assumption (5I0) also holds. The Lowener-Nirenberg choice belongs this case if N = 4.

For f =0, £, =0 and A = X\ = 1 the relative result was obtained by first time in [I2]. The case
0</¢,<1and A =X=1 was obtained in [I]. O

Example 5.2 (Bieberbach choices) One proves that for 5(t) = e’ the conditions (£.22)) and (5.23))
hold. Now

Moreover, one proves
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Then the second order term C,(2)O(¢(c)) vanishes on the boundary and the influence of the
geometry is null on the boundary (see Remak [5.3]). The full explosive boundary expasion is

¢(o) + o(0).
The conditions (5:22) and (5.23) also hold for the choice 3(t) = te!". Here

t — et
v26(E) . l-et o
tjoo [I(t) oo 1— 242

Moreover, one proves

@(t):x/i(m—e—%).

Therefore the second order term C,,(2)©(¢(c)) vanishes on the boundary and the influence of the
geometry is also null on the boundary (see Remak [1.3]). The full explosive boundary expasion is

¢(0) +o(0). o

For general nonlinear function §(¢) the consideration of the upper terms in the explosive bound-
ary expansion of solution under extra Keller-Osserman type growth of the sources on the boundary
(see BI0)) is very tangled. The study for the power like choice 3, =™, m > 1, was detailed in
] when A = A = 1. We end this paper by extending the results. By simplicity in the exposition
we only detail the reasonings on the equation

—trace A()D*u* + (u*)" < f inQ

under
limsup f(x)d(z)? < £, (£, > 0),
d(z)\0
2
for ¢ > ml, m > 1 (see (3I))). Here, we replace Up, used in the proof of Theorem Bl by
m—

a$(1+a )+ Cy xa,&)(ﬂ), zeQ (0<8<81<dq),

where 0 = d(z) — 6 and Cy(-) = Cy(-,,8) : Q5, — R are real functions yet to be determined as
well as the constant Cg. We will be assumed that C; € W2 (le). Straightforward computations
yield
5 _[(g+m)q am-1)—2m @ 5 a(m—1)—m
trace A(z)D?c ™ =0 1 |—="=E(®)o — —trace A(z)D*d(x)o = ,
m

m2

trace A(z)D2Cy ()0~ w7 =054 [<m~y - q) <m(~y -1)- Q> E(x)al(I)O'Q(ynil)Tnm(’Y72)

m m

AR (20" 5 trace A(2)D2C) (2)o
m

)

a(m—1)+my :|
m

where F(z) = trace A(z)(Dd(z) ® DC(z) + DCy(z) ® Dd(z)) + Ci(z)trace A(z)D2d(z) is a
bounded function. On the other hand, we may write

(UGa)" = o~ (142" + mCi(e)o™ + "= (a gl

for some £(0) in between 1 and 14 Cy(z)o”, determinating a bounded interval. Therefore,

li 2y m—2 _ )
Jim o £(o) 0
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Let us choose

glm —1)—2m

o dm=D=2m g et
m

5 B(x) = mCr1C (). (5.30)

So that, the assumption ([BI]) on the source f implies
—f(x) 2 =d(@) " (lu + &) = (tu + €)o7,

hence
—trace A(-)D?U(z) + (U(z))™ — f(z) > 07 ¢ <(1 +e)"Cyt — (by +€) + Qi(x, O')), e,

where

g(m—1)—m

Qi (z,0) = _%trace A(z)D2d(z)Coo ““
_ <m7 - q) (m(”Y -1) - Q) E(a:)coél(a:)aq“”’”:m”’”

m m

g(m—1)+m(y—1)
m

(5.31)

g(m—1)+my

— Cotrace A(x)D2Cy(z)o ™"

— mY=4q Cof‘l (JJ)U
m

77’)7,(7712— 1) 61(1‘)20

2y+q(m—2)
m

+ E(o)m2, x€ le.

The above reasonings lead to

Theorem 5.2 (Second order term) Let us assume 9Q € C* and A(+) adequately smooth. Suppose

@3) and [@T4). Let

2 —-1)—2
m and Wz—q(m ) m
m—1 m

q> >0, m>1. (5.32)

For any solution of
—trace A()D*u+u™ < f inQ

we have “(2)
u*(x a
lim sup - </, 5.33
2o 4@ (14 Cra@)d(e)) -39
provided
limsup f(z)d(2)7 < 6, (6 > 0),
d(z)\0
where
Cru(z) = AEM g (5.34)

Analogously, for any nonnegative large solution of
—trace A(-)D*v+v™ > f in

we have

lim inf __vl@) > 07, (5.35)
d(z)\0 d(z) " m (14 Cy,a(z)d(z)7)
provided
limsup f(x)d(x)? > €4 >0 (5.36)
d(z)N\0
and

+m)q =t
Cya(z) = L 3 )qf(;”’ E(z).
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PROOF. We only show the result relative to u*. The proof for v, is analogous (see Theorem B.T]).
With the above notation one proves that the function Q;(z, o) (see (B31))) satisfies

lim Q;(z,0) =0

o \0

uniformly in le, for 01 small enough. Then by choosing

(Cu + 5)%

Co >
0 1+¢

we deduce
—trace A(-)D*U(z) + (U(z))" > f(z), =€9Q3,,
for 01 small. As in the proof of Theorem B.I] we deduce

. u* ()
lim sup - = < Co,
d(z) 70 d(z)~m (14 Cy(z)d(z)")

1
whence letting Co \ ¢;* one concludes the proof. O

Remark 5.4 From Theorem one deduces that for extra Keller-Osserman type growth of the
sources on the boundary the second order in the explosive boundary expansion of large solutions
is independent on the geometry whenever A = A = 1, as it was obtained in [I]. O

Remark 5.5 Since

m—2)—2m
m m
. m m L .
we deduce that if 1 < q < 5 the second term of the expansion is explosive on the
boundary. If ¢ = m2 > 0 the second term is bounded on the boundary while 0 < mn 5 <q
implies that these second term of the expansion vanishes on the boundary. O

6 Universal bounds

Here we adapt the proof of Lemma 1 and Theorem 1 of [I3] (see also the pioneer work [36]) for
the solution of the equation

—trace A(z)D?*u+ B(u) < f in QCRN
where § is a function satisfying (L8] and (IL3) holds. Let us consider the decreasing function

+oo
D(t) = _ds where G'(s) = 8(s)

t \/2G(S)

defined in Introduction (see (L9])). We note that ®(a) < 4+o00. For each couple of positive constants

A and B we consider the C? convex function
B
VA

w0 = 5o

A <>, 0<(¢<R,

VA

where R < ?q)(a) (see ([IIM)). Straightforward computations imply

qﬂ(g):_% 2G(AT(Q) and () = prHAT(Q).
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Next, we define the C? convex real function
W) = (), () =R*—[af, |z| <R,
for which
W () = Wee () (¢'()) " + e (C)) ¢ ()
= 420 (00)) + 2 2G(AV(C(@))

<42 p(w(ca)) + 2—=\2A0(((@) B(¥(((@)), Jol <R
= | |

On the other hand, if 0 < A < 1 the inequality

B B @) g (1—A)T(¢(z)) (1—-A)T(((x))

—R?> —((z)> > >

A U= /Aqu» V2G() T G (@) /20 (@) B(Y(C()))
implies

2
VAV @) A () < T2 VAs(au(ca).
whence
11 2p2 1 1

Denote

1

, 0<A<L
1 1
_+7

\/A (1-AWA

Since ¢(0) = ¢(1) = 0 the continuous function ¢(A) attains a positive maximum at some A, in the
(0,1). Then for

interval
~(Ay)
B= 2R?2
one has )
" 2BR
AW (0) < (Z08) B(W(), el <R (6.1)

Theorem 6.1 Assume ([L3)) and (L8). Then there exists two positive constants Ao and B, satis-
fying [©4) below, for which

N
Z —12i®) + B (If lon ) * € Qr(0) (6.2)

holds in any cube Qr(xo) CC £, for any subsolution u of

—trace A(-)D*u+ B(u) < f in Q.

PrOOF. Assume with no loss of generality zp = 0. The above reasoning proves that the function

W<w>=ZW(<<xi>), C(ai) =R — |]?, |uil <R,
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satisfies in the cube Qr(0) the inequality

trace A(z)D*W(z) < AiW"(UCi) < ( 2BR )2 iﬁ(‘l’(g(%))) <N ( 2BR >2ﬁ(W(x))a

i=1 ¢(Aso) = c(As)
thus
— trace A(z)D*W(z) + B(W(z)) >0, =€ Qr(0), (6.3)
provided ,
MY, "
Since W(z) = 400, Remark 1] concludes the estimate. o

Remark 6.1 We emphasize that no uniform ellipticity assumption is required in the above proof.
On the other hand, the choice (64]) is independent on the constant A. o

Remark 6.2 Relative to the equation
—eAu, — trace A(-)D*u. + B(u.) = f in Q

with 0 < & < 1, the estimate [@I8)) follows from (6.2)) by replacing A by A+¢ in the definition ([@I7)
of the function ®(¢). The estimate (£ZI]) also follows from ([6.2) by replacing A by A + 1. Indeed

[63) becomes

2BR
c(Ax)

(e+ MW" (z) < (1+ MW" (z) < ( ) B(W(z)), |z| <R,

whence one deduces

—eAW(z) — trace A(z)D*W(z) + B(W(z)) >0, € Qr(0).

7 Strong Maximum Principle without coercivity term

Here we group some results used in above reasoning. So, in the proof of Theorem 2.2 we require a
version of Weak Maximum Principle without coercivity term.

Theorem 7.1 (Weak Maximum Principle without coercivity term (1)) Assume [EI2). Let u be
a discontinuous subsolution of

—trace A(-)D*u=f, z¢€
where [ is a uniformly continuous function and v be a discontinuous supersolution of
—trace A(-)\D*v=yg, x€Q

where g is a continuous function. Then

X N C
w(z) —vo(@) <sup (u* — o)+ o |(f — )i, zEQ,
99 224

where Cq = max |z|?. See the Introduction for the positive constant A 4.
rE
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PROOF. It is clear that the smooth function W(x) = —|z|?, x € , satisfies
—trace A(z)D?*W(z) >2\4, z€Q.
So, for any positive constant a we have
—trace A(-)D?(v, +aW) > g+ 2a\4, x € Q.

Arguing on an eventual interior maximum of u* — (v, +aW) at some ¢ € §, as in the Theorem HE.T]
we get

0< W(O‘|5Ea - ya|2) + Wf(|517a - yaD + f(Ya) = 9(Ya) — 2aXa
(see ([II3)). Then by letting o ,* 0o one derives the contradiction

0 < f(xo) — g(zo) —2ad4 <0

provided a = % + ¢ with € > 0. So that, we have obtained the inequality
A
(u*—v,)(x) < (u* —vi—aW)(z) <sup (v*—vi—aW) <sup (u*—v,)+ <M + a> Ca;,
09 o9 224
for x € ). The result follows sending € \ 0. o

Next we detail the application of certain results and reasonings of [6] in what follows. The
classical device by E. Hopf (see [20]) enables us to obtain a Strong Maximum Principle as follows.
It was used in the proof of Theorem E.4]

Lemma 7.1 (Hopf Lemma) Assume [@I2)) and (). Let u be a discontinuous subsolution of
—trace A(-)D*u=f, z€Q

and v be a discontinuous supersolution of
—trace A(-)D*v=f, 2€Q

where f is a uniformly continuous function. Suppose that 2 is an open set such that there exists

xo € 08 for which

Br(y) € and O0Bgr(y)NoQ = {xo} (interior sphere condition at xo € ON)

and
(u* —v.)(2) < (u* —vs)(z0), z € Brl(y)
hold. Then
fm g {0 (@0) = (W e)@)
R iz — 0]

PrROOF. The smooth and positive function
W(z) = emlemyl® _gmoR? o Br(y) C Q
satisfies DW(z) = —2ae~*#=¥" (2 — y) whence

2
aRe™* < [DW ()| = 2ae~1* |z — y| < 2RaeT

D*W(z) = —2ae~ =9I 4 4a%e=l7= (z — ) @ (z — y) z €Br(y)\B
DW (2) @ DW(x)
IDW ()|

1 (y).

2
> —=[DW(@)|[+ aR
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Then from (7)) we have
trace A(z)D*W(z) >0, 2 € Bgr(y) \B% (y),
for some provided «. Therefore
—trace A(-)D?*(u* +eW) < f in Br(y) \ Bz (y),
for any € > 0. Moreover
(v — v, +eW)(z) < (u* —vi)(x0), x€ OBx (y)
if

(u* —vi)(wo) — SupzeaB%(y)(u* — i) ()

€= > 0.
e—aRTz — e—aR?

So that, the Weak Maximum Principle (Theorem [Z1]) applied to the set Br(y) \E% (y) leads to

(u” = v.)(w0) = (u" —v.)(x) = W(x), Br(y)\Bz(y).
Sinces W(xg) = 0 one concludes

(u* = va) (o) — (u” = v.)(2)

N > _ —aR? '
llzlfglzlf(l)f Po—— > e(DW(xp),n(R)) = cae > 0, (7.1)
where n(R) is the outer normal vector to 92 at zg. o

Remark 7.1 In fact, straightforward computations show that there exists 6 > 0 for which

(u* = vy)(20) — (u* — vy)(2)

> 0.
| — x|

lim inf
Tx(

L(z‘ofz-,n(R))<%75

Remark 7.2 Even in the broader case in which « is large enough, assumption (7)) is more restric-

tive to (L3). o

Theorem 7.2 (Strong Maximum Principle without coercivity term) Assume (L) and (L1). Let
u be a discontinuous subsolution of

—trace A(-)D*u=0, z€Q
and v be a discontinuous supersolution of
—trace A(-)D*v =0, =€,
Then if u* — v, achieves its mazimum in the interior of (), then u* — v, is constant in 2.

Before the proof of Theorem we collect some useful results. First we recall a property of
any convex function, ¢, defined in O: it attains a local maximum at zg € O then Dy(zo) = 0.
More precisely

Lemma 7.2 (DM) Let w be a function achzemng a local maximum at some zg € O. Assume that
there exists a function 1/) defined in O such that 1/)(z0) =0, V=9 + 1/) is conver on O and

O(z) <Klz—20)?, x €O with |z — 2| small,

for some constant K > 0. Then the function ¢ is differentiable at zy and Diy(zo) = 0.
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ProOOF. By simplicity we can take zp = 0 € O. By applying the Convex Separation Theorem
there exists p € RY such that

U(z) > V(0)+ (p,z) =¢(0) + (p,z), z€ O, with |z| small.

Then we have

Y(@) = U(w) = (z) 2 6(0) + p, ) ~ Kla? 7o)
> (x) + (p,z) — K|z|?>, 2z € O with |z| small
whence
(p,r) < Klz|?>, 2 € O with |z| small.
For 7 > 0 small enough we can choose x = 7p € O and 7K < 1, for which
7lp|* < K7°[pf*.

Therefore p = 0. Finally, (Z2) leads to

0 > (x) —(0) > —K|z|?, 2 € O with |z| small,
and the result follows. O

Remark 7.3 As it was pointed out the result is immediate if ¢ is convex for which we can choose
P = 0. O

As is in the uniform ellipticity case, the proof of Theorem [[2lrests on a contradiction generated
on the differentiability at a local interior maximum. It is more direct whenever (DM) property
holds. We make it by regularizing v* and v, by sup- and inf- convolution

Ue () = sup {u*(y) _ly—af } and ©°(z) = inf {v*(y) L ly=ef } .

ye 2e2 yeQ 2e2

By construction, u. and v* are semiconvex and semiconcave function, respectively, in a slightly
smaller domain (still denote by € in the sequel for simplicity) where we argue. Moreover, the
magical properties of the regularization implies that they are sub and supersolution of

—trace A(-)D*u=0, x €.

respectively (see [II]). In fact, each of them satisfies the Strong Maximum Principle as follows
from

Corollary 7.1 Assume ([IT). Let w be a subsolution (respectively supersolution) of
—trace A(-)D*u=0, z€Q.

Assume that w achieves a local maximum (resp. a local minimum) at zo € Q then w is constant
in a neighborhood of 2.

PRrOOF. For simplicity we only treat the case of a subsolution. First of all
ly—af
2e2

we(z0) > w*(z0) > u*(y) for all y,

implies we(20) > we(x), thus w, also attains a maximum at zp. By means of geometrical construc-
tion we may assume that zy € 0B for an adequate ball B C Q. The reasoning of the proof of
Lemma [Z.T] applied to w. derives the contradiction

0 # Dw.(29) = 0.
So that, w. must be constant in a ball B(zp). Then denoting Z the point such that

|7 — af?
2e2

o~

we(z) = w*(Z)
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we have
|7 — xf?

2e2
Therefore 7 = z and w*(z9) = w*(z), * € B(2). o

w* () = we(z) = we(20) = W (20) > w*(Z), =€ B(z).

SKETCH OF PROOF OF THEOREM [7.2] Let us assume

max(u” —vy) = (u* —vy)(zg) >0
Q

at some z¢ € (). Regularizing v* and v, by sup- and inf-convolution respectively we may assume

M(0) = mgx(us —v%) = (ue — v°)(x0) >0

for € > 0 small enough. Next, we introduce

M(h) = mgx (us(z +h) —v°(2)) = uc(zn +h) — v°(zn) > 0, (7.3)
TELL p)

for some zn € Q) = {z € @ : d(z) > |h[}. If |h| is small enough we can assume zg € Q.
Notice that M(h) is convex in a neighborhood of 0 € RY due to it is the maximum over a family
of semiconvex functions.
From the property (DM) (see Lemma [T2) the function u.(- +h) — v°(-) is differentiable at ay
and
Due(zn + h) = Do (zn).

We assume the key stone
Dov.(zn) =0 (7.4)

proved by the sharp reasonings of the points 4,5 and 6 of the proof of Theorem 1 of [6] (see
Lemma [[3] below). Since Du, (2, +h) = Dv.(zn) = 0 for any h’ in a neighborhood of h we have

M(h') > ue(an +h') —v%(2n) > ue(zn +h) — v (2n) — Clh — bh/|2

whence

M(h') > M(h) — C/h — W/|?.

Therefore 0 € OM(h) (the subdifferential of M at h) for any h in a neighborhood of 0 in which
M(h) must be constant. So that

ue(zg) — v (x0) = M(0) = M(h) > us(xo + h) — v°(x0)

implies that zq is also a point of local maximum for wu..
Finally, from Corollary [Z.1] the function wu. is constant in a neighborhood of xg in which

v () = v () — uc(x) + ue(z) > v°(x0) — uc(xo) + ue(x) = v° (o).

Since ¢ is a point of local minimum, the function v° is constant in a neighborhood of z( (see again
Corollary [T) and consequently u. — v° is constant in a neighborhood of . o

A direct consequence of Theorem is a version of Theorem [7.1}

Theorem 7.3 (Weak Maximum Principle without coercivity term (I1)) Assume ([L8) and (7).
Let u be a discontinuous subsolution of

—trace A(-)D*u=0, z€Q
and v be a discontinuous supersolution of

—trace A(-)D*v =0, = €.
Then

u*(x) —ve(x) <sup (u* —w.), z€.
a0
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PROOF. First of all, with no loss of generality we may assume supyq (u* — v.) < 0 by replacing
v* by v* + supyq (u* —vs). So that we will prove that a condition as

max(u, — vy) >0
Q

contradicts the fact u* — v, <0 on 0. As in the proof of Theorem [[2 it is enough to work with
the approximations u. and v® and to argue in a slightly smaller domain, also denote by €2, in which

M(0) = max(u® —v.) >0
Q

and u, —v° < 0 on 092. From the consequence of Theorem we deduce that M(0) is achieved
in an open set that by construction it is also closed. So that M(0) > 0 is achieved on the whole
that contradicts the fact u* — v, < 0 on 9. O

Lemma 7.3 Assumed (L0) the function v® defined in the proof of Theorem[7.3 safisfies (L.

PRrOOF. The lack of a coercive term can be supplied by means of a kind of Kruzkov change of
variable (see [6] or [7]). More precisely, let u € C? and define

U =4(u)
where 1 is a smooth function close to the identity map. Since
Du=¢'(U)DU and D?*u= ¢ (U)D?*U + ¢"(U)DU @ DU, (7.5)
for ¢ =11, the classical equation

—trace A(z)D%u(z) =0, =€

becomes R
—trace A, (z,U(z),DU(z),D*U(z)) =0, z €,
where
Ag(,t,q,Y) = (P/L(UA@)X = A(z) (Y + ‘Z,((f))qe@ q) . (7,t,q,Y) € Qx Rx RN x SX. (7.6)

From (Z.8) we note that the new variable q correspond with the old one p = ¢’(¢)q. Then,

" (t) _ ( () (")

yAwM®q

710 - Gy ) 4w

o ~
5&@¢%“—( WP~ (PO

— 1
=7

As in [6] an adequate approximation of the identity map can be constructed by means of the

1 t !
relationship given by w(t) = %/7(1/]777()) with w(t) = exp (—n~!(t + 7)) that implies
¥ (wn(t))
gtrace .Zw(a:, t,q,Y) =w'(t)trace A(x)p@p < ' (H)A() <0 (7.7)

ot
provided p # 0. This choice gives

w;@>=exp([fw@ym)

that satisfies ¢, (t) —t, @5 (t) = 1 and ¢ (t) — 0 locally uniformly in R as n — 0.
So that, we return to the proof of Theorem [7.2} Let us introduce the functions

Uerm =y (us) and V&7 =1, (vs)
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sub and supersolution, respectively, of
—trace .Zn(x,U, DU,D?*U) =0 in Q,

where ﬁn is defined by replacing ¢ by ¢, in ([Z8) (see [I1I] for viscosity solution after change of
variables).
Les us assume that there exists a sequence {h,}, — 0 such that

Duc(2n, +h,) = Dv®(zn, ) # 0, (7.8)

where zj,, is the maximum point introduced in (Z3]). The convexity properties of u. and v enable
us to use the partial continuity of the gradient (PCG) and to prove

|Duc(zn, + hy)| = [Dv(zn, )| > c(n) >0 (7.9)

for some constant ¢(n). On the other hand, by construction the function Ug ,(- + h,) — V=7(.)
achives a positive maximum point at some x,, € Q, for n small enough. Using (PCG) we have

IDUe, (@ + hi)| = [DVE7 (2]
Extracting a subsequence 7, — 0 such that z,, — 7, a maximum point of u.(- + h,) — v*(-) for
which ([Z9) implies
DU, (T + h,,)| = |DV="(Z)| > CTH) >0
for  small enough. By means of a sharp argument one proves in the point 6 of the proof of
Theorem 1 of [6] that DV=7(z) — p € RN, |p| > cln) > 0 and D2Ve(z) — X € SN where

z is a maximum point of a suitable approximation of U. (- + hy,) — V®"(-) such that z — z,.
Moreover, since U, , = 1y, (ua) and Vo =), (’UE) are sub and supersolution, taking limit in these
approximation one proves in [6]

—trace .Z(a:s, Ue () + hn),ﬁ,)A() <0 < —trace ﬁ(zs,Vs’"(xn), ﬁ,)A(),
whence (1) leads to the contradiction

trace ﬁ(ms,Usm(mn +h,), ﬁ,)A() > trace ﬁ(zs, Ue (2 + hy), ﬁ,)A() (7.10)

(]

Remark 7.4 Notice that (ZI0) is deduced from () that requires p # 0. It is proved from the
contradiction assumption (Z.g)). o
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