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Abstract

The region near a critical point is studied using holographic mod-
els of second-order phase transitions. In a previous paper, we argued
that the quantum circuit complexity of the vacuum (Cj) is the largest
at the critical point. When deforming away from the critical point
by a term [ d%z T Op the complexity C(7) has a piece non-analytic
in 7, namely Cy - C(7) ~ |7 - 7)"(*D + analytic. Here, as usual,
v = ﬁ and ¢ is the correlation length & ~ |7 — 7.|™ and there are
possible logarithmic corrections to this expression. That was derived
using numerical results for the Bose-Hubbard model and general scal-
ing considerations. In this paper, we show that the same is valid in
the case of holographic complexity providing evidence that the results
are universal, and at the same time providing evidence for holographic
computations of complexity.
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1 Introduction

In a previous work [I], we studied the circuit complexity of the ground state
of systems near quantum critical points using numerical and field-theoretical
methods. The notion of complexity used in that work followed from iden-
tifying optimal circuits with geodesics on the space of circuits similar to
[2, Bl 4] in the context of quantum computing and [B [0l [7, 8, @, 10, 11, 12]
in the context of quantum field theory. Related calculations of complexity
in many body systems near quantum phase transitions can be found in the
recent works [13], [14] for the LMG (Lipkin-Meshkov-Glick) model, [15] for the
Proca theory and the closely related work [16] on the N-site Bose-Hubbard
model.

In this work, we continue our study of complexity this time through the
lens of known holographic conjectures. The first such conjecture is that the
complexity should be dual to the volume of the extremal codimension-one
bulk hypersurface which meets the asymptotic boundary on the time slice
where the boundary state is defined [17]. The second conjecture states that
complexity should be dual to the gravitational action evaluated on the WDW
patch of the spacetime [I8, [19]. The WDW patch is the region of spacetime
enclosed by past and future light sheets sent into the bulk from the time slice
on the boundary. These proposals have led to numerous insights, for ex. see
[17, 201 211 22 23]. Using these conjectures, we study the critical behavior
of the complexity in holographic RG flows |24, 25].

A nice feature of the holographic correspondence is that it allows us to study
RG flows of strongly coupled field theories using weakly coupled dual grav-
itational theories. The geometries that will be of interest to us are asymp-
totically AdS geometries. The interpretation in the field theory is that of
a perturbed CFT which undergoes a renormalization group flow. In the
holographic correspondence, the radial coordinate of the AdS geometry is
interpreted in terms of the energy scale in the field theory, therefore a depen-
dence of a bulk field on the radial coordinate represents an RG flow. On the
field theory side, perturbations are introduced by adding a source term to the
CFT Lagrangian or by giving a vacuum expectation value to a certain oper-
ator. These two types of perturbations correspond to the non-normalizable
and normalizable modes of the dual bulk fields, respectively [26].

In our previous study, we found that the complexity is the largest at the
critical point 7 = 7. and, as 7 — 7., has a non-analytic piece that behaves as
|7 = 7.["(d=D for a d-dimensional spacetime field theory. We also found that



this term is independent of the UV cutoff. We find all these features in both
the volume and the action calculations near holographic critical points. This
is the main result of this paper. In addition, we found that the analytic terms
in C(7) were all regularization-dependent and hence ambiguous even after
subtracting Cy. This continues to hold in the case of holographic complexity.
The organization of the paper is as follows: we start with an explanation of
the general gravitational setup that we use for RG flow geometries in Section
2l We include expressions for the general form that the volume and action
calculations take for these geometries. In Section [3, we show that all such
expressions contain a term that is in general non-analytic in the deformation
coupling 7 by deriving a scheme to extract such a term which we denote by vg
and 7y for the volume and action respectively. Section 4| looks at an example
where the volume and action can be computed analytically. This is the case
of the N =1 flow geometry. Next, in Section [5, we show that the complexity
defined using the volume or action conjectures has various ambiguities as it
is regulator-dependent. We look at a few such ambiguities in the volume and
action. We find that the non-analytic term discussed previously is universal
and independent of the cutoff. This is similar to the nature of complexity
found in [I] where we found a non-universal complexity but a universal non-
analytic term in the field theory calculation for the complexity near the O(2)
fixed point in a Gaussian approximation. Finally, we summarize our results
with the discussion in Section [6l

2 Bulk Gravity Setup

We want to study holographic complexity near a critical point that defines
a UV CFT dual to AdS. Upon deforming it by an IR-relevant operator the
theory may flow in the IR to another CFT or a gapped phase. In the dual
gravitational theory, we consider an asymptotically AdS background of the
form

dz?

f(2)

We require that the function f(z) have a scale € and be of the form f(z/€)
such that f(z) ~ 1 when z «< £. Then, £ defines a correlation length such
that for length scales smaller than & the theory is described by a CFT. For
larger length scales we can have a flow to another CFT or to a gapped phase

) (2.1)

ds? = 22 (g dade
= 5 (udzidr +

4



based on how f(z) behaves in the region z > ¢. The boundary deformation
by an IR-relevant operator O is modeled by turning on a bulk scalar field ®
with a mass related to the conformal dimension of O in the bulk. Consider
then the bulk action

1

D — _1 AB _ )
WGN/d x\/_g(R 000,800~ V(D) (2.2)

Ibulk =

where gap is the spacetime metric and V' is the scalar potential which has a
critical point at ® = 0, satisfying V' (0) = —d(ﬁgl).

When we have f(z) — é—z >1 as z - oo, the geometry again becomes AdS
0

with radius Ly. For consistency, the potential again has a critical point at

the z - oo value of the scalars Vj = —d(Cngl). Such geometries are known as
domain wall geometries in the literature. 0[27, 28]

On the other hand, flows to a gapped phase involve an f(z) that keeps on
growing in the interior and typically blows up with some positive power of
z as z - oo [29]. The spacetime is singular here but typically becomes non-
singular when considering extra dimensions and generically the space-time
caps off at a finite proper distance from the boundary.

In addition to how the metric behaves in the interior, the RG flow geometries
are also distinguished based on whether the leading deformation is source-
like or vev-like. The leading behavior in the scalar dual to the relevant
deformation (A < d) of the field theory which we call ® determines whether

we have a source-like deformation

D =Pyt (2.3)
or a vev-like deformation
D =Pzt + ... (2.4)

in the standard quantization framework.
The equations of motion following from the action in Eq. are

1 1
RAB = §8ACI)83(I) + ﬁgABV(CD) (25)
1 AB oV
\/__g('?A(\/ 99" 0p®) 53 - 0 (2.6)



Near the boundary, the equation for R,, + Ry gives,

_ 2H2
(d-A) q)(s) ,2(d-4)

)= (2)
Thus the leading correction to f(z) is positive.
_ 2
f(z)=1+ A= 2)P saay (2.8)

2(d-1)

The critical exponent v determines the scaling of ®,) with the correlation
length in the dual field theory [[] Thus, the above equation is of the form
f(2) =1+(2/&)2@2) + P A similar near-boundary analysis can be done in

the case of vev deformations which yields an asymptotic form of f(z) given
by

A
f(z)=1+ mzm OF,) + (2.9)
The positivity of the leading correction to f(z) near the boundary follows
more generally from the null energy theorem and Einstein equations which
imply that f(z) is monotonically increasing i.e. 9, f > 0. [28 [30].

The maximal-volume computation is straightforward for the class of met-
rics in eq. 2.1 The maximal volume slices are fixed-t slices and the maximal
volume is invariant under boundary time translations. Thus we can fix the
boundary time at which to evaluate the maximal volume to be ¢ = 0. Then,
the maximal slice satisfies ¢ = 0 for all z. The volume of such a slice is

Zo 1
Vslf] =041 L2 dz——— (2.10)
20

2 f(2)

The volume of these slices would be infinite for zy — 0 because proper dis-
tances near z = 0 diverge and these slices extend to z = 0. These UV di-
vergences are expected in the field theory definitions of complexity as well
[1, 5]. So, we use a regulated version of AdS space with a cutoff surface at

1y is defined in the standard way via & ~ <I>Z;’). Since fddxtl)(S)OA is a term in the
action, % =d-A.

2If A = d/2, then the leading order term in f(z) is (2/¢)%(log(z/¢))?. This also follows
from a near boundary analysis of Einstein equations and the fact that even the asymptotic
leading order behavior of the scalar has a z%?log(z) term.



z = z9. Also, 04_1 is the volume of the spatial field theory background which
is finite after making the spatial coordinates of the boundary theory periodic.
In principle, such periodic identification is singular at the Poincare horizon
z — oo which can be avoided by using a large-z cutoff Z,. However, this is
unnecessary here since the complexity we compute is not singular in the limit
Zy — oo. It would be useful to note that for d > 2 a fixed-t AdS slice has a
volume given by

O'd_lLd

Vg(AdeJrl) = m

(2.11)

where zg = €.

We also compute the action of the scalar-gravity system on the WDW patch
of spacetimes given by the class of metrics in eq. This is yet another
coordinate-invariant object in the bulk. The full action on the WDW re-
quires an accounting of boundary terms as well along with [, [31]. These
terms come from co-dimension 1 boundary segments as well as co-dimension
2 joints formed by the intersection of these segments. Any spacelike/timelike
segments require the addition of the Gibbons-Hawking-York term [32, [33]
and any joints formed by these surfaces require additional terms [34, [35] for
the variational principle to be well defined. Similarly, null segments require
a boundary term [36, 37] and so do the joints formed by the intersection of
null segments with spacelike/timelike boundary segments.

W,

Wy

gy Jy

Figure 1: WDW region for AdS spacetime

I= [bulk(W) + [GHY(8W1) + [nuu(é?WQ) + Ijnts(J) (212)



In the above equation, W} refers to any spacelike/timelike boundary seg-
ments of the WDW patch, OW5 to null boundary segments, and J to any
joints formed between boundary segments. Naively, it may seem that the
definition of the WDW patch should imply that one only has null boundary
segments. However, this may not be the case as some regularization schemes
may introduce non-null surfaces Fig, [I]

The precise formula for I, involves evaluating eq. for the specific choice
of functions f and ® on the regulated WDW patch. The second term is the
usual Gibbons-Hawking-York term for spacelike/timelike boundaries 0W;. It
is

1
Ieny (OWh) = m/ddx\/mf( (2.13)

with h being the induced metric on 0W; and K being the trace of the extrinsic
curvature. | The third term is the contribution from null boundaries OW.
It is given by

Lot (OW3) = ——— [ axd10\/Jol (2.14)
81 G N
This term is required for the variational principle to be well-defined whenever
a spacetime has null boundaries. This piece depends on the parametrization [
through x which measures the non-affinity in A. «y is the (d-1)-dimensional
metric on the 6 coordinates. A choice of A gives a null normal k4 to the
surface which satisfies

kAV 4kp = kkp (2.15)

A choice of X\ can set this term to zero and we make this choice in this section
and the next. In Sec 5], we consider a different choice and check whether that
changes this term in the action. Finally, the term evaluated on joints is

! / dav/oa (2.16)

[jntS(J) - 87TGN

where for timelike-null joints a = —sign(k.s)sign(k.t) log |k.s| where k is the
null normal and s is the one form spacelike unit normal to the timelike surface.
¢ is a tangent vector in the tangent space of the timelike surface, orthogonal
to the junction and again pointing outwards as shown in fig.

3All normals are taken to point outwards w.r.t. W
4The variation and the equations of motion do not.
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(a) Timelike-null joints
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(b) Null-null joints

Figure 2: Joints in AdS WdW spacetime

We compute the action for AdSp as a warmup. Any scalars are turned
off in this case and therefore we only have the cosmological constant term

from the scalar. For the AdSp space, we have R = —% which gives
dL41 1
[bulk(AdSD) = — /<02 /WDW dD:L'ﬁ (2.17)

In this case, the WDW patch is enclosed by ¢ = £z light sheets. Including
regulators at small z = € and large z = Z;, we have

_ dO’d_lLd71 1 B 1
(d-1)anGy \ et~ 741

Tpuk(AdSp) = (2.18)

We find that Ijx(AdSp) is negative and that we can take the Zy — oo limit.
For the GHY term, we find that the surface at z = Z; again gives a vanishing
contribution as Zy - oo. For general d > 2, one obtains

dO’d_lLd_l 1 1
louy (AdSp) = e — | 5 - 7 (2.19)

As mentioned above, we can affinely parametrize the null generators and
make any contributions from the null boundaries vanish. The WDW patch
for vacuum AdS has four joints all of which are null-timelike joints. The
outward null normals corresponding to affine parametrizations are dt — dz
and —dt — dz respectively. The joint contributions give

Loy, (loge/L logZy/L
A7Gy ed-1 Zd

Lints(AdSp) = - (2.20)



We can again drop the Z; terms. Adding up all these contributions, the full
action for AdSg, is

I(AdSg.1) =

%4L*1(ﬂd—®

log L 2.21
AnGnett \ d-1 o8 /E) ( )

We find that the total action is positive here, even though the bulk contri-
bution was negative. Hence, we find that the boundary terms are important
for the action to be a valid measure of complexity.

3 Non-analyticity near the critical point

This section shows that near the critical point, the volume and action have
a piece non-analytic in the deformation coupling 7 and we derive the general
form for this piece.

The volume of interest is V[ f]. To isolate the non-analytic piece, we use
the variables u = z/¢ and also take Zy — oo as we did in the previous section.

O'd_lLd *®

1
Vs = du———=
Z[f] gd—l 20/¢ uud /f(u)

where, as discussed later in sec[5] we introduce a value for z defined through

2008 gy
€= 3.2
I o

with € a fixed UV cut-off. The function f(u) is increasing with v and f(0) = 1.
We start with some general considerations to show that the complexity from
the volume prescription decreases as we move away from the critical point,
i.e. dVs[f]/dr <0 for 7 > 0. Indeed

(3.1)

1 o0

dVs|f] £ w 1 £
& ZO/Ed N0 +Zg§} (3.3)

dg

where we used, from eq. [3.2] that

= O'd_lLd {—(d - 1)

10



Eq. can be rewritten as

AVl yad-1) “du(g_ ! )
T R Py T (3:5)

Now, due to the fact that f(u) is increasing with u we obtain from eq

‘ ! ! if w2 (3.6)

2 I8 I ¢

dVE[ 1

implying that >0, and, in view of £ ~77¥ with v > 0:

dVs[f]
dr

showing that the complexity from the volume prescription indeed has a peak
at the transition 7 = 0. To show that this peak has a non-analytic part we
start by recalling that near the boundary z <« &,

F(2)=1+ ; . (g)ma +O((2/6)%) (3.8)

where a = d — A for a source deformation and ¢, = 1 [38] [30]. We consider
only source-like deformations here but the calculation in this section can
be generalized to the vev case as well. To see a power series solution for
the scalar-gravity action of this form, see Appendix [A] The second series
of terms come from the subleading scalar terms discussed in the previous
section. Next, we introduce a parameter o which is small § << 1, and use it
to break up the integral.

<0 (3.7)

Udfdl?i l/zo/s W / \/%f(—U) ]

Since ¢ is small, we can expand the function f using the small u expansion
in the first integral.

Vsl f

fu)y?=1-= Z Ent™ + O (u?) (3.10)

where ¢, = 1 and since we are interested in separating the divergences, the
last O(u?2) term can be ignored because it gives a finite contribution to the

11



integral because 2A > d. After performing the first integral and replacing
& =777, we obtain

1 1 & Zma—d+1
Vs =04 L ——— + = Gy —2———— 7 4 V(D) 3.11
sl/]=0a [(d—l)zg—1+2m2=20 ma—d+1] T tT vl (31
with vy given by
o0 1 1 1 &= 5ma7d+1
=1 d - - = Cp——————— + ... 3.12
Yo 513%( 5 uud [F(u) (d-1)d4-1 ZmZ:QC ma—d+1+ ) ( )

This limit is finite since we subtracted all the infinite pieces. The ellipsis (.. .)
in eq. refer to other analytic terms similar to 7" and in eq. refer
to other divergent pieces in the limit § — 0. The result shows that
the divergent part is analytic in 7 but there is a non-analytic contribution
proportional to 7(¢-1) independent of the cut-off z,. Notice that, if for some
integer mgy we have moa = (d — 1) then the complexity will have a (non-
analytic) logarithmic term In&. On the other hand, we will have 7#(¢-1) =
t?m0 and that contribution will be analytic but still independent of the cut-
off. For some toy model calculations of vy, see Appendix [B]

A similar analysis gives the non-analytic piece ig for the CA prescription
of the complexity ] This term comes from the bulk part of the action. Since
the gravitational terms are always present in the bulk action, we restrict to
these terms here and show that they contain a piece non-analytic in 7.

o = 7 G / dD:c\/_(R V(0)) (3.13)

—de i1 +2f'(z + z Cdy
-S| zdﬂ f(z (d-1+2f(2) - (d+1)f(2)) / 0

Changing variables to u = z/§ and w = y/¢ so that we have

_dL% oy Y dw
Ty = STGNETT [, e ud“\/m(d L+uf'(u) - (d+1)f(u)) / o)
(3.14)

5The action has a purely gravitational part considered here and a part coming from
the scalar. The sum of both should have a peak at 7 = 0 as we show later in particular
examples.

12



By again introducing a scale § between zy/¢ and oo with § << 1 as before,

de—l 3 00 |
ok == 87rGU]j 1 ((d 1)2d-! mz ST 25" dﬂ) + L™ og 77 Vi
(3.15)
with ig given by
: d . /oo du /u dw
1 = lim ————(d-1+uf'(u)-(d+1)f(u
0 87TGN6—>O( 5 ud+1m( f( ) ( )f( )) . \/m
(3.16)

2 o0
+ + fméma—dﬂ)
@D X

Here, the coefficients f,, can be obtained from the coefficients ¢, and, the
Iouy, Lnun, 17 parts of the gravitational action do not give any contributions
to ig since they are analytic. We show this in Appendix [C]

4 N =1 Gapped Flow

The metric is known analytically for the flow of N' = 4 SYM theory to a
confining theory under a mass-like source deformation with dimension A =3
in the UV [29]. The metric is asymptotically AdSs with f(z) and ®(z) given

by [
f(z) = (1+22/52)2 (4.1)
\/gTz?+z
d = _1 4.2
()= G hos Y (42)

The potential V(@) in the action for the scalar is

V(D) =- (3+4cosh(2<I>/\/_ ) + cosh (20//3)) (4.3)

2172

SNote that ¢ differs here from definition in previous sections by a constant factor of v/2
for ease of notation.

13



The near boundary asymptotics z << & for the scalar and metric are
consistent with a source deformation with v = 1.

f(z):1+2§—222+... (4.4)
B(2) = %+ (4.5)

Note here that since v(d-1) = 3 takes a special value i.e an integer, therefore
7v(d-1) = 73 i5 analytic in 7. However, this term is still distinguished because
it is the only term in the series with an odd power of 7. In that sense it is
natural to use a variable 7 = \/7 in which case 72 would be the non-analytic
term near 7 = 0.
Of course, the N = 1 geometry just becomes the AdS geometry when & —
oo or when the scalar source is turned off. Therefore, we can expand the
difference in maximal volumes or actions in powers zo/¢. V5 can be computed
analytically and is given by

Ve(€) 1 1 T 1 1 20

- - —— +— - —tan

P e T (4.6)

Following up on the discussion above eq[4.4] the function on the right-hand
side is even under ¢ - —¢ except for the term % that leads to the 73 term
that we interpret as the universal non-analytic term in this case. For zy/¢
small, replacing £ = 7! and writing explicitly the terms that do not vanish
as zg — 0 we obtain

Vo(r) 1 72

= ——+-734+0 4.7
osL* 3z 20+27+ (20) (4.7)

We find regulator-dependent leading terms, a regulator-independent sub-
leading term in V5 that contains the only odd power of 7, and then terms
that go to 0 as zp - 0 and that only contain even powers of 7.

For the WDW action in the A/ =1 flow case, the potential evaluated on the
solution of the scalar is

V=-—(2+3u+u?) (4.8)

with u = z/£. As in the vacuum AdS case, we have to regulate the geometry
with a small z cutoff 2y and a large z cutoff at Z; to regulate the singularity at

14



z — oo0. To label the WDW region, it is useful to define light-cone coordinates
v1 and vy using

dvy = dt —dz)\/f (4.9)
dvy = —(dt + dz)\/f) (4.10)

Integrating, one has v; = ¢t — £tan™ z/€ and vy = —(t + Etan™! 2/€). Then
the region enclosed by v; = 0 and vy = 0 in the regulated geometry is the
WDW patch. These coordinates are also useful as[4.9] gives null normals
ki = kyudxt = dvy and ky = ky,dat = dvy that satisfy the geodesic equation
with x = 0 and point outwards. In terms of the familiar Poincare coordinates,
the WDW patch is bounded between the rays t = £ arctan z/¢ on the t — z
plane. For this spacetime,

u — =8

87TGN£3 20/€ u® 2

o33 Zol€  tan~lu (u2
Ty, =

(4.11)

We can again take the Z; — oo in this integral without encountering any
difficulties. The integral gives

o33 2 1 ud  9ul 9 O9r
ud 2u] 8 2 4

ok = ——— 1-=2-="L)tan™" —_—— 4.12
bulk BTG e ) tan™ ug + 8) ( )

with ug = 29/¢. The terms in the bracket can be expanded for small ug to get
the leading behavior in the deformation away from the critical point,

[bulk’(T): 87TGN +_7'2_—7'3+O(20)

o33 ~ i 19 9
328’ 620 8

The first term in the expression is the only one that survives when 7 — 0
and is the familiar AdS contribution. The sub-leading universal piece again
goes like 73, the only odd power of 7 in the expansion. The coefficients of
this term are different for the two different prescriptions which we called vy
and 4o in Sec 3]

We next compute the GHY term for the timelike surfaces at z = z5 and z = Zj.
These give

L3cy Etan™ 2z /€
Gy zé‘

(1+23/¢?) (4.13)

Iouy =

15



as the z = Z gives zero as we take Zy to the Poincare horizon. For small ug

L3os [ 1 2
]GHY(T) = E (

7TGN ZS’

— 74 O(zo)) (4.14)

320

Here we find as expected that the GHY piece does not contribute to the
universal piece in the WDW action. Next, we compute the contributions
from the joints in the WDW region. As in the AdS case, there are four joints
each of them formed by null-timelike intersections. The two joints connected
to the z = Zy do not contribute while the z = z; do contribute

I

joints = 4 G IOg ZO/L (415)

This quantity also does not contribute to the universal term in the action.
Adding up all the action contributions, we get

I(7) =

osl? [ 1 7 9
87?G ( (16+6logL/z0)+—072—§T3+O(ZU)) (4.16)

Here again, the total action is positive as in the AdS case. Thus, the coeffi-
cients vy and 7 for this flow are

™
Vo = 5 (417)

9
64G N

(4.18)

o= -

5 Holographic Complexity and Ambiguities

In general, the holographic complexity defined using either the CV or the CA
prescriptions is an ambiguous quantity even after choosing one prescription
(see e.g. [31]). However, in this section, by considering the various types of
ambiguities we show that the non-analytic term calculated in the previous
sections is free from such ambiguities and therefore continues to be mean-
ingful. Still, there is a difference in the coefficient of the universal term as
computed by the two prescriptions, and how that matches different defini-
tions of complexity in the field theory remains to be seen.

The quantities calculated in the previous section V5 and I have been in-
terpreted as representing the complexity of the quantum state dual to the

16



geometry according to

Vs
O = 22 5.1
V=G (5.1)
for CV and
I
Cy=— 5.2
A 7h (5:2)

for the CA conjecture [

In this way, the previous sections allow us to compute Cy, and C for the N =
1 flow geometry. We see that both Cy and C'4 for this geometry start with the
AdS contributions and then have corrections coming from the deformation
7. So we define the subtracted quantities Vs and 61 for the A = 1 geometry
by looking at the difference

Vs = Vis(AdSs) - V(N = 1) (5.3)
51 = I(AdSs) — I(N =1) (5.4)

These are the analogs of the complexity of formation for black hole space-
times where the deformation is in the temperature. In earlier holographic
calculations, this quantity was found to be free of several ambiguities that
may arise in the calculation of the volume or the action [31]. In this section,
we are comparing the action and volumes in two different asymptotically
AdS geometries. We use a systematic way of applying the cutoff in the
Fefferman-Graham coordinates y = € where the metric is of the form

12
ds® = ?(dgf + g (x,y)datda”) (5.5)
The quantity zo(€) then has an expansion for general f(z) of the form

>, d € \ma
=¢(1 —(= 0 248 5.6

Zo(ﬁ) E( +mZ::2 2(ma+l)(§) + ((6/5) )) ( )
with dy = 1. We find that zg is analytic in 7 up to the O ((¢/£)?*) terms in
the above expansion. The small-z cutoff in the case of the N' =1 flow is

Zo(E) =

€
V1—712€2

"The reference state wrt which these quantities should be considered as complexities
and the length scale [ in the CV prescription are both ambiguous. We take [ = L in this
paper.

(5.7)
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The pure AdS cutoff and the N =1 flow cutoff differ by
2.3
2o(e) — € = % +0(e%) (5.8)

Using this result, we write down the expressions for 6Cy and dC'4

o33 (37’2 7TT3)
0Cy = _— 5.9
CV GN 2€ 2 ( )
and
o33 (7'2 97T7'3)
) =——|—(1 log L 1
Ca Tom2Gah \ e (1+6logL/e) + (5.10)

Here in both the prescriptions, we find that 6C' > 0 for 7 > 0 i.e. the com-
plexity is the largest at the critical point and decreases as we move away. We
showed that this holds generally in sec. |3| for the volume case, but here we
find that this also true for the action prescription in this particular example.

5.1 Choice of cutoff

We find that the subtracted quantity 6C' defined using either the CV or the
CA proposal is still dependent on the choice of the cutoff €. This is the first
ambiguity that we encounter.

5.2 Null-null joint at the cutoff surfaces

Instead of regulating the patch as we did in the previous section, one could
regulate the patch in such a way that the null normals meet at the z = z
surface as in Fig 2b] Then instead of two null-timelike joints, we have one
null-null joint. This procedure also shifts the null normals infinitesimally so
that they are now,

t=CEtan™ 2/€ - Etant 20 /¢ (5.11)
t=Etan! 29/€ — Etan~! 2 /€ (5.12)
for the M =1 case and
t=z-¢ (5.13)
t=€e-2 (5.14)
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for the AdS case. Due to this infinitesimal shift, I, changes. With this
choice, the new I, expressions are

O'3L3
T A R 1
butk (AdSs) DIENE (5.15)
L? (1
Tpuix(N = 1) = Ly (AdSs) + 75 ( ’ T2 - I 7'3) (5.16)
8GN 8

up to terms that vanish when ¢ — 0. In this new scheme, the Gibbons-
Hawking-York terms are 0 for both geometries because the timelike surface
at the cutoff is no longer present. The null piece can also be taken to be zero in
both cases by choosing x = 0. The character of the joint terms changes as we
now have a null-null joint. For this joint, a = —sign(k.k)sign(k.k) log (k.k/2)
where k is in the tangent space of the boundary region which has the normal
k (l;:k =0), null and pointing outwards and away from the joint while k is
the normal of the other null region. With this prescription, the AdS joint
term is

0'3L3
I1;(A = - 1 L 1
J( dS5) 47TGN€3 oge/ (5 7)
and the N =1 term is
o33
I;(N=1)= "G logzo/L (5.18)

which is the same as the joint term in the case with joints as in Fig. Thus,
the difference 61; is the same. However, 01, and dIgyy are different. The

quantity dC'4 still continues to be positive and is given by
30'3L

0= T (—(210gL/e—3/2) 2 +0(e)) (5.19)

5.3 Null-normal normalization and parametrization

Another ambiguity that can be kept track of is in the normalization of the
null normals. We introduce ¢ > 0 so that k;.t = ¢ instead of 1. In this case,

O'3L3

I;(AdSs5) = TG log (ce/L) (5.20)
LN =1)= -ﬁ log (czo(€)/L) (5.21)
51, = g;”TL (1+3log L/ce) (5.22)
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We find that 0/ and thus 6C'4 has some ¢ dependence in the leading term.
Next, we consider a different parametrization A(\) from the previously cho-
sen afline case A for the null surfaces. This induces new normals 151 and /52
and hence we have to recalculate both the null piece and the joint piece in the
action. For simplicity, we consider whether 6/ changes when x changes from
zero to a constant not equal to zero. A different §C'4 would suggest that the
complexity has another ambiguity that comes from the parametrization cho-
sen for the boundary regions and therefore the existing definition requires an
additional choice of parametrization to be specified. An affine parametriza-
tion A satisfies
2
P (5.23)
2Vf

This gives the null normals k; and &y discussed earlier that satisfy x = 0. We
want to make a change A - A(\) such that % is a constant different from
zero. We consider a change of parametrization of the form

d\
_ B 24
e (5.24)

Then, the new normals k4 satisfy k4 = e#kA. Then & = Lef or equivalently

R = %B so that e® = 1 + &\, The quantity in the integrand #d\ = dS = l’icf%’\/\

can be written as an integral over z using eq. For the AdS case,

S 12
ef =1+ (5.25)
z
while for the /' =1 case,
RI2 RI2
=1+ 0 B a2 e (5.26)
z §
The integrals for I,,,; are
kosLb [ dz
L (AdSs) = - 5.27
u(AdSs) AnGyn J. 2 (z+RL?) (5:27)
RogL5€? /“ dz
I, =1)= — —
uN'=1) drGn )., 22(22+E&2)(1+RL?[z + (RL%[E) tan™ z/€)
(5.28)
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Using the notation #L? = k, the AdS integral is given by

03L3

[null(AdSE)) = m

1 1 1 1
(50~ 3t * ot loeelt) 00 (529

Keeping terms upto 7°, the N =1 integral gives

0'3L3

Lut(N =1) = (Ao + Ao7? + Ay + As7° + O(79)) (5.30)

47TGN

with
11 1 1
0= 33 " e TR T oselk (5.31)
5 1 3

Ay=— - -~ 1 32
A T N (5.:32)

k
Ay = 8 (-11 +6logtk) (5.33)

k2
As = 3 (-22 + 7+ 6mlog2) (5.34)

where we again drop terms that go to 0 as € — 0.
The sign in the new I; is unchanged since e? is positive definite, so only
the term in the log is modified. The modification is

O'3L3

I;(AdSs) = - log ((e+k)/L) (5.35)
47Gyed
3
I;(N=1)=- o3l log ((20 + k + T2k tan™ 72¢) /L) (5.36)
47TGNZS’
so that
osL? 2 4 5 6
My = (AQT + Ayt + A5 + O(7°)) (5.37)
47TGN
303372
I;= 1+2logL/2 .
ol T67Cine (1+2log L/2¢) (5.38)
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5.4 Functional redefinitions of the null surface

Finally, we have functional redefinitions of the null surface. We look at shifts
in the quantity a by constant ag at all the joints.

O'3L3

[J(AdS5) = 47TGN€3 (CLO - lOg E/L) (539)
O'3L3
IJ(N = ]_) = m(ao - log ZQ/L) (540)
3.2
5T, = 21T (14 3(ag - log /1)) (5.41)
87rG e

5.5 Scalar boundary term

Following [39], we consider the case when the scalar action is modified by an
extra term

L(0W) = 1673 - / ddx\/W%QsAaACD (5.42)
Here, the unit normal s and the region 0W; are defined in sec. [2 We find
that just as in the case of boundary terms for the gravitational action, this
term is analytic in 7 for the NV = 1 case and does not affect the universal
piece of the action complexity calculation. Since it is zero for the pure AdS
case when 7 = 0, the quantity I,(0W;) is given by

30313 (72
SL(OW;) = =2 — (% . 0(6)) (5.43)

Thus we find that the term that goes like £~ or 72 is independent of ¢ and
therefore universal i.e. it does not change under the ambiguities discussed
above, while the e-dependent terms are not universal. Analogous quantities
to Cy and C4 can also be computed for situations when the temperature
T is the only deformation away from the critical point. 0V or §I is then
proportional to the complexity of formation for the thermal state based on
whether we use the CV or the CA proposal. For the black hole geometry
dual to the thermal state, one finds that in both these cases, the quantity
dC(T) =C(T)-C(T =0) is independent of the regularization e. Not only
is the complexity of formation free from the ambiguity of being regulator-
dependent, but it is also free from other ambiguities that we looked at above
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[31]. Therefore, these complexities of formation 6C appear to be meaningful
in this case but we find that this does not carry over to this RG flow example.

5.6 Some comments on ambiguity in the field-theoretic
complexity

Thus we see that any holographic dual to the complexity should also ac-
commodate such ambiguities in RG flow computations of complexity in field
theories. Such a possibility may exist as it can be shown that the quantity
0C' can depend on the cutoff in existing definitions of complexity for dis-
cretized Gaussian field theories. As an example, consider k-complexities for
an h-dimensional spatial lattice [5]

1 V/P? +m? S Vo [N \/p? +m? "
Cy = Z In = p" dp [In| ——
2r-1 & wo 261 (2m)P wo

(5.44)
where V' is the volume of the system and €2,_; = ﬁth—h//;) is the volume of the
unit sphere S"~! with momentum cut-off A = \/w? — m? where the logarithm

vanishes. For wy > m we can take wg ~ % where a is the lattice spacing. In
the quantum field theory, we take wy as a UV cut-off. We get

()

2 2

Co 1 Quy / T
H = —_—— d
“TY T ot 2y proap

(5.45)

Wo

A direct computation of ¢; gives

Uy (W2 - m2)1hs? W2
= Fil1.1+h/2.2+h/2,1 - — 5.4
" Gyt h(hray LI A/224 02 1- 00 (5.46)

For h =2:
A=? = x m?In m m? + w? (5.47)
! 8 w? 0 '
1 2 2 2
A? = — —m—1n2m—2 +m21nﬁ2 —m? + wg (5.48)
67| 2 W2 Wl
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This suggests that the quantity dc = ¢(m = 0) —c(m) still depends on the UV

cutoff. For example,
2

1
5ch=2 = i log wo/m + gl—ﬁ (5.49)

Thus here again in the context of a free theory near a Gaussian fixed point
(m = 0), we find that dc exhibits regulator dependence. How the other
ambiguities should be accommodated or interpreted on the field theory side is
still unclear. However, once the cost function or x and the reference state are
fixed, the term 7" is again independent of the cutoff and therefore universal
in that sense.

6 Conclusions

In a previous study, we showed that there is a non-analytic behavior in
field-theoretic complexity up to logarithmic terms in the vicinity of critical
points. We demonstrated this using explicit lattice calculations and also
using general scaling arguments. This term scales like 7741 where v is
the standard critical exponent for the correlation length £ as a function of
the reduced coupling 7: & ~ 77¥. In this work, we show both, for a generic
renormalization group flow geometry and also in a specific known example,
that this is also true when one studies holographic complexity using the
volume and action prescriptions. We also find that even though holographic
complexity, like field-theoretic circuit complexity, has various ambiguities,
the non-analytic term is free from such ambiguities.
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A A Power Series solution near the boundary

Here we give an example of a power series solution near the boundary similar
to the form used in the eq. for a particular choice of the potential. We
get two independent equations involving the functions ® = ®(z) and f(z)

from eq.
(d-1)f(2)

2f'(2) = (¢'(2))? (A.1)
2 - " + f (Z) d-1 5‘/((1)) —
(e greEE - o) P 0 g
We look at power series solutions when z << £ of the form
O(z) =72+ Z or(T2%) (A.3)
f(z)=1+ Z fk(TZ (A.4)

with 7~ £ and a = d — A for source deformations. Then, for the choice of
the potential

-d(d-1) 1 , 2, 1
the coefficients ¢, and f; for some small k are
fi=0 (A.6)
o
f2= 2(d-1)
-K
92 = 2a(d - 3a)
£z -2K
° 7 3a(d-3a)(d-1)
a(2a—d) K?
¢3 =

2(d—-1)(d—4a) " 4a2(d - 4a)(d - 3a)

25



B Volumes in some toy models of RG Flows

In this appendix, we consider some toy examples of deformations by postu-
lating functions f(z) in the metric (2.2). Consider the class of metrics

fa(2) = (L+(2/E)7)" (B.1)
where a > 0 is a parameter and + is given by the dimension of the relevant
deformation from the critical point for source deformations or by the dimen-
sion of the operator getting a vev in the vev deformation. ¢ is related to
the coupling in the case of the source deformation via the exponent v or
it is related to the vev of an operator in the vev case. These choices have
the correct asymptotic form and, we explore the co-dimension one volume in
these cases. The N =1 flow is a specific case in this class with o = 2 and
vy=2ind=4.

For the d = 3 case with a =2,

% dz 1
V(€) =o0,L° B —
(&) =02 /ZO(E) 23 1+ 27 /&7
L3 K 2 2 v
=02—2(§) A1+ 2242 28 (B.2)
(v+2)z5 \ 2 S B
Using a mathematical identity that is true for v = 2, we find that
11 £2
V(E) =093 | — — — log[1 + >
(f) 02 (223 252 Og[ + Zg])

~v = 2 holds for A = 2 source deformations and A = 1 vev deformations in
d = 3. In fact when we generalize a to be arbitrary but positive, for d > 2 one
can analytically compute the quantity V' (&). It is given by

V() ztPerz oa d-1 . a d-1
- RIS S 1+ 20970 2] (B3
Using the identities
oFi[a,b;c;z] = (1-2)"%Fila,c-b; C;Ll] (B.4)
o
I'(e)I'(c=a-D
oFi[a,b;c; 2] = FEC)_ (E)F(C - b;QFl [a,b;a+b+1-c;1- 2] (B.5)
I'(c)I'(a+b-c
(%(C(L)F(b) )(1—z)c’“’bgFl[c—a,c—b;l+c—a—b;1—z]
JFiabia; 2] = (1-2) (B.6)
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the above expression can be expanded in a series of the form

V(¢) 1 o d-1-2
= - +O(1)z5 ™ B.7
og1 L4 (d- l)zg_l (d-1- 7)23_1_7@ (1/2 ) (B.7)
L(5+EHT((1-d)/y)
M (e/2)§"
Thus we find a series of terms in powers of £~V or equivalently 72 and a
universal term going like £-(4-1) or 7#(d-1) The first series is analytic in the
coupling 7 while the universal term is non-analytic in 7 in general. This
matches our expectation from the general results of sec. [3] The exact form
of vy for this class of metrics is then

. L(§+EH)T((1-d)/7)
o (a/2)

For toy models that have AdS domain walls i.e a flow from one AdS space
to another, we look at the class of metrics with

(B.8)

a(=/6)"
w(2) =14+ ——2— B.9
ful) =1 {200 (B.9)
Here « is related to the Lyp by o = L2/L?,-1 and 7 is related to the operator
dimension of the UV deformation. This can be seen by expanding f close
to the boundary z << £&. We analytically compute the volumes in the special
case when o - 0 and find that

V(&) 1 a (T
T @D + = (; csem(l—d) /v
21 1-d ., 1-d _ 1-d 2
+ 0 - 1+1;d2F1[1+ 1+ 2+ ’5”/4(—)27]
(y+1-d)(& +2))" v 7 7 0

(B.10)

which again gives a series of terms analytic in the coupling 7 and a non-
analytic term of the form 7v(d-1),

V() 1 o 1 (y+1-d) 1
ol (d-1)z" 2d-1-7) \:5 e (2y+1-d) 25D
(B.11)

CSC

1 e m(1-d)
’ 0(23‘1‘3”537) " T 2 )
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We thus have for this class of toy models,

Vg = — CSC ————= (B.12)

C Non-analytic piece as a bulk term in the
action

In this appendix, we show that if there is any universal term in the WDW
action, then it necessarily comes from the bulk piece. We do this by com-
puting the boundary action terms for a general f(z) and showing that they
are analytic in 7. Using the affine parametrization for the null sheets, we
find that I,,,; = 0. We look at a more general parametrization for the specific
example of the ' =1 flow in Section 5} Igyy and I; are both evaluated on
the cutoff surface z = 2y and we study these for small zj.

We find that

dO'd_lLd_l\/f(Zo) #0 dz (C 1)
4Gz 0 \/m .

We see that using the near-boundary expansion for f(z) in , the above
expression only contains integer powers of 7 and hence is analytic in the
coupling.

For I;, we find that it is independent of f(z) with no £ dependence.

Iony =

041 L1
[J = Z_L']TdGlTSH lOg L/ZO (C2>
In Section |5, we compare different renormalization geometries along the RG
flow and look at differences in the action 01 for two geometries. The cutoff 2
picks up an £ dependence because the cutoff is kept the same in Fefferman-
Graham coordinates for the different geometries. In such cases, we still find
that the quantities d/gyy and 01; are analytic in the reduced coupling 7.

References

[1] Uday Sood and Martin Kruczenski. Circuit complexity near critical
points. J. Phys. A, 55(18):185301, 2022.

28



2]

3]

[10]

[11]

[12]

[13]

[14]

Michael A. Nielsen. A geometric approach to quantum circuit lower
bounds. Quantum Inf. Comput., 6:213-262, 2006.

Michael A Nielsen, Mark R Dowling, Mile Gu, and Andrew C Do-
herty. Quantum computation as geometry. Science, 311(5764):1133—
1135, 2006.

Mark R. Dowling and Michael A. Nielsen. The geometry of quantum
computation. Quantum Inf. Comput., 8:861-899, 2008.

Robert A Jefferson and Robert C Myers. Circuit complexity in quantum
field theory. Journal of High Energy Physics, 2017(10):1-81, 2017.

Shira Chapman, Michal P. Heller, Hugo Marrochio, and Fernando
Pastawski. Toward a Definition of Complexity for Quantum Field The-
ory States. Phys. Rev. Lett., 120(12):121602, 2018.

Rifath Khan, Chethan Krishnan, and Sanchita Sharma. Circuit Com-
plexity in Fermionic Field Theory. Phys. Rev. D, 98(12):126001, 2018.

Lucas Hackl and Robert C. Myers. Circuit complexity for free fermions.
JHEP, 07:139, 2018.

Minyong Guo, Juan Hernandez, Robert C. Myers, and Shan-Ming Ruan.
Circuit Complexity for Coherent States. JHEP, 10:011, 2018.

Shira Chapman, Jens Eisert, Lucas Hackl, Michal P. Heller, Ro Jeffer-
son, Hugo Marrochio, and Robert C. Myers. Complexity and entangle-
ment for thermofield double states. SciPost Phys., 6(3):034, 2019.

Arpan Bhattacharyya, Arvind Shekar, and Aninda Sinha. Circuit com-
plexity in interacting QFTs and RG flows. JHEP, 10:140, 2018.

Jie Jiang and Xiangjing Liu. Circuit Complexity for Fermionic Ther-
mofield Double states. Phys. Rev. D, 99(2):026011, 2019.

Mir Afrasiar, Jaydeep Kumar Basak, Bidyut Dey, Kunal Pal, and Kuntal
Pal. Time evolution of spread complexity in quenched Lipkin-Meshkov-
Glick model. 8 2022.

Kunal Pal, Kuntal Pal, and Tapobrata Sarkar. Complexity in the Lipkin-
Meshkov-Glick Model. 4 2022.

29



[15]

[16]

[17]

[18]

[19]

[20]

[21]

Kun Meng, Meihua Deng, Yang Yang, Jiagiang Zhao, and Lianzhen
Cao. Circuit complexity in Proca theory. Phys. Rev. D, 104(10):106018,
2021.

Wung-Hong Huang. Complexity of Bose-Hubbard Model : Quantum
Phase Transition. 12 2021.

Douglas Stanford and Leonard Susskind. Complexity and Shock Wave
Geometries. Phys. Rev. D, 90(12):126007, 2014.

Adam R. Brown, Daniel A. Roberts, Leonard Susskind, Brian Swingle,
and Ying Zhao. Holographic Complexity Equals Bulk Action? Phys.
Rev. Lett., 116(19):191301, 2016.

Adam R. Brown, Daniel A. Roberts, Leonard Susskind, Brian Swingle,
and Ying Zhao. Complexity, action, and black holes. Phys. Rev. D,
93(8):086006, 2016.

Dean Carmi, Shira Chapman, Hugo Marrochio, Robert C. Myers, and
Sotaro Sugishita. On the Time Dependence of Holographic Complexity.
JHEP, 11:188, 2017.

Leonard Susskind and Ying Zhao. Complexity and Momentum. JHEP,
21:239, 2020.

Leonard Susskind. Black Holes at Exp-time. 6 2020.

S. Sedigheh Hashemi, Ghadir Jafari, and Ali Naseh. First law of holo-
graphic complexity. Phys. Rev. D, 102(10):106008, 2020.

Kostas Skenderis. Lecture notes on holographic renormalization. Class.
Quant. Grav., 19:5849-5876, 2002.

Massimo Bianchi, Daniel Z. Freedman, and Kostas Skenderis. How to
go with an RG flow. JHEP, 08:041, 2001.

Vijay Balasubramanian, Per Kraus, Albion Lawrence, and Sandip P.
Trivedi. Holographic probes of anti—de sitter spacetimes. Phys. Rev. D,
59:104021, Apr 1999.

L. Girardello, M. Petrini, M. Porrati, and A. Zaffaroni. The Supergravity
dual of N=1 superYang-Mills theory. Nucl. Phys. B, 569:451-469, 2000.

30



28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

D. Z. Freedman, S. S. Gubser, K. Pilch, and N. P. Warner. Renormal-
ization group flows from holography supersymmetry and a c¢ theorem.
Adv. Theor. Math. Phys., 3:363-417, 1999.

L. Girardello, M. Petrini, M. Porrati, and A. Zaffaroni. Novel local CFT
and exact results on perturbations of N=4 superYang Mills from AdS
dynamics. JHEP, 12:022, 1998.

Hong Liu and Mark Mezei. A refinement of entanglement entropy and
the number of degrees of freedom. Journal of High Energy Physics,
2013(4), apr 2013.

Shira Chapman, Hugo Marrochio, and Robert C. Myers. Complexity of
Formation in Holography. JHEP, 01:062, 2017.

James W. York, Jr. Role of conformal three geometry in the dynamics
of gravitation. Phys. Rev. Lett., 28:1082-1085, 1972.

G. W. Gibbons and S. W. Hawking. Action Integrals and Partition
Functions in Quantum Gravity. Phys. Rev. D, 15:2752-2756, 1977.

G. Hayward. Gravitational action for space-times with nonsmooth
boundaries. Phys. Rev. D, 47:3275-3280, 1993.

Dieter Brill and Geoff Hayward. Is the gravitational action additive?
Phys. Rev. D, 50:4914-4919, 1994.

Krishnamohan Parattu, Sumanta Chakraborty, Bibhas Ranjan Majhi,
and T. Padmanabhan. A Boundary Term for the Gravitational Action
with Null Boundaries. Gen. Rel. Grav., 48(7):94, 2016.

Luis Lehner, Robert C. Myers, Eric Poisson, and Rafael D. Sorkin. Grav-
itational action with null boundaries. Phys. Rev. D, 94(8):084046, 2016.

Ling-Yan Hung, Robert C. Myers, and Michael Smolkin. Some Calcula-
ble Contributions to Holographic Entanglement Entropy. JHEP, 08:039,
2011.

Alice Bernamonti, Federico Galli, Juan Hernandez, Robert C. Myers,
Shan-Ming Ruan, and Joan Simén. Aspects of The First Law of Com-
plexity. J. Phys. A, 53:29, 2020.

31



	1 Introduction
	2 Bulk Gravity Setup
	3 Non-analyticity near the critical point
	4 N =1 Gapped Flow
	5 Holographic Complexity and Ambiguities
	5.1 Choice of cutoff
	5.2 Null-null joint at the cutoff surfaces
	5.3 Null-normal normalization and parametrization
	5.4 Functional redefinitions of the null surface
	5.5 Scalar boundary term
	5.6 Some comments on ambiguity in the field-theoretic complexity

	6 Conclusions
	7 Acknowledgements
	A A Power Series solution near the boundary
	B Volumes in some toy models of RG Flows
	C Non-analytic piece as a bulk term in the action

