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One-body dynamical correlation function of Lieb-Liniger model at finite temperature
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The dynamical correlated properties of one-dimensional (1D) Bose gases provide profound un-
derstanding of novel physics emergent from collective excitations, for instance the breakdown of
off-diagonal long-range order, and the establishment of Tomonaga-Luttinger liquid (TLL) theory.
However, due to the non-perturbative nature of 1D many-body systems, the exact evaluation of cor-
relation functions is notoriously difficult. Here by means of form factor approach based on algebraic
Bethe ansatz and numerics, we present a thorough study on the one-body dynamical correlation
function (1BDCF) of the Lieb-Liniger model at finite temperature. The influence of thermal fluc-
tuation and dynamical interaction on the behavior of 1IBDCF has been demonstrated and analyzed
from various perspectives, including the spectral distribution, the line-shape of 1BDCF, and the
static correlations etc. The static correlation properties, i.e. the momentum distribution and one
body density matrix are shown in good agreement with the TLL prediction.
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In the last two decades, a growing interest in low-
dimensional quantum many-body systems has stimulated
tremendous success in both theoretical and experimental
developments of quantum physics [IH5]. In contrast to
Landau’s quasi-particles emergent from condensed mat-
ter problems of higher dimensions [0 [7], the bosonic
collective excitations [8, [9] take over the main role of
low-energy physics for the one-dimensional (1D) strongly
correlated systems. Consequently, significantly different
phenomena away from the quasi-particle picture occur
at low temperature in 1D, such as the absence of true
Bose-Einstein condensate (BEC) in homogenous Bose
gases [10], fractional spin and holon excitations [I1],
spin-charge separation [I2HI4], breakdown of thermal-
ization in 1D quantum gases [I5HI7], etc. The key to
understanding such unique physics lies in the correlation
functions of either zero or finite temperatures, yet the
non-perturbative nature brings with a big challenge on
their exact evaluation [9]. In this letter, making use of
quantum itegrable theory, we thoroughly study the fi-
nite temperature one-body dynamical correlation func-
tion (1BDCF) of the Lieb-Liniger model with an arbi-
trary interaction.

The Lieb-Liniger model describes IV spinless bosons
confined in a length L via contact interaction [18], and
its Hamiltonian reads
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where ¢ > 0 (¢ < 0) specifies the interaction strength
of repulsion (attraction) and hereafter we only consider
the repulsive interaction. The physics of this model
is governed by two dimensionless parameters simultane-
ously, i.e. interaction strength v = ¢/n and temperature
7 = T/T4. Here we denoted the particle density n = N/L
and degenerate temperature T; = h?n?/(2mkg), respec-
tively. By tuning these parameters the system would
vary across several different regimes, quasi-condensate,
Tonks-Girardeau (TG) gas, degenerate regime, decoher-
ence regime and quantum criticality etc [I9, 20]. In the
TG limit v — oo, the one-particle density matrix was
derived at zero and finite temperatures by the trick of
Bose-Fermi map [21H23], and in the presence of trap po-
tential as well [24H28]. Away from this limit, on basis of
pseudopotential hamiltonian and a combination of gen-
eralized Hartree-Fock approximation and random phase
approximation, the dynamic structure factor (DSF) in
strongly correlated region was obtained up to a correc-
tion of 1/v order [29]. While with the application of
Hellmann-Feynman theorem, the pair correlation func-
tion was calculated [19] [30], and a general expression for
higher order static correlation function in strongly corre-
lated regime was found through the asymptotic Bethe
ansatz solution [31) B2]. Besides, the edge singular-
ity of dynamical correlation functions was predicted by
the nonlinear Tomonaga-Luttinger liquid (TLL) theory
5,33,

Being the simplest quantum integrable system [I§], the
Lieb-Liniger model has been acting as a major subject
of textbook materials for quantum many-body physics
[9, 34, B5]. Nevertheless, the study of correlation func-
tions is still notoriously difficult due to complexity of
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many-body eigenstates [35]. Towards this end, much ef-
fort has been devoted to finding the determinant rep-
resentations of various correlators through the algebraic
Bethe ansatz (ABA) technique [36H39]. These formidable
formulas prevent the full access to correlated properties
until their combination with numerics come true [40H46],
making form factor approach manifests itself as an an-
swer to the appeal of cutting-edge cold atom experiments
[47]. On the other hand, by restricting the number of
excitations the DSF and spectral function were obtained
for the low density region by utilizing the thermodynamic
form factor [48]. The quantum integral technique enables
the evaluation of non-universal prefactors present in the
bosonization theory as well [49].

Here we present a through study of 1BDCF for the
Lieb-Liniger model at zero and finite temperatures with
arbitrary interaction strengths, by utilizing form factor
approach on basis of ABA and numerics. The spectral
distributions, the line-shape of 1BDCF, the momentum
distribution, and the one-body density matrix are ob-
tained to reveal a deep insight into the dynamical be-
haviour of the Lie-Liniger model at finite temperatures.
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FIG. 1. Hlustration of quantum numbers: (a) depicts the dis-
tribution of QNs for the ground state, an analogy of Fermi
sea. For a N-particle system, the ground state QNs range
consecutively from —(N — 1)/2 to (N — 1)/2. (b) shows the
QNs of one-pair of particle-hole (p-h) excitation. (c¢) demon-
strates how a thermodynamic eigenstate is achieved by means
of multi-pairs of p-h excitation, where the distribution of QNs
is obviously symmetric. (d). shows an example of relative
‘excitation’ over the original thermal equilibrium eigenstate,
giving birth to states responsible for the secondary peak in

Fig. 3

By virtue of periodical boundary conditions and Bethe
wave function, the diagonalization of Hamiltonian in
Eq.[T)is equivalent to solving a set of transcendental equa-
tions, i.e. Bethe ansatz equations (BAEs) [18]
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where 0(z) = 2arctan(z/c), A\; and I; are the pseudo-
momentum and corresponding quantum number (QN)

respectively. A set of {I;} uniquely determines a quan-
tum state (represented by a set of {A;}), vice versa.
Those QNs take integer (half-integer) if N is odd (even).
The total momentum and energy of the system are ex-
Aj
and Eyyy = Z;\Ll )\3. It is convenient to illustrate the
eigenstates of system by making use of the distribution
for QNs. The ground state is depicted by a Fermi sea-like
distribution, over which pairs of particle-hole (p-h) exci-
tations simply generate excited states, see Fig.[1| (a) and
(b). This distribution in thermodynamic limit becomes
a continuous function of pseudomomentum.

pressed in terms of pseudomomenta, Pryy = Zjv:l
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FIG. 2. The logarithmic 1BDCF at k - w plane with different
temperature 7 and interaction «y of system size N = L = 60.
The momentum and energy are measured in units of Fermi
momentum and Fermi energy respectively. The left panel is
for zero temperature and the right for finite temperature. The
sum rules of (a)-(f) are respectively 99.99 %, 99.83 %, 99.63
%, 97.63 %, 98.90 % and 98.99 %.



The 1BDCF of our interest is defined by
L oo

g1 (k,w) = / dx/ dt '@ Wt (2, 1) (0,0)r  (3)
0 —oo

where W(z,t) (UT(z,t)) is the bosonic field operator of
annihilation (creation) and (- - - )7 stands for a statistical
expectation value at finite temperature T'. The standard
way for evaluation of this ensemble average needs com-
putation of the partition function, which however is ex-
tremely hard to compute for a strongly correlated system.
It turns out this difficulty can be circumvented by means
of quantum integrability. The saddle point state is well
described by the thermodynamic Bethe ansatz equation
(TBA) [35], 0], which can be solved once particle den-
sity and temperature is specified. Utilizing the TBA, we
determine the distribution of the QNs, and thus the prob-
lem of ensemble expectation can be simplified, similar to
the situation for the ground state. After inserting a com-
pleteness relation of intermediate states, the 1BDCF is
further given by

o L0 [ P
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(4)
where [{A}r) is the thermal equilibrium eigenstate. In
the above equation, we denoted Oy, x = Oy,) —Oyxy with
O = P and E. 0y, and d(z) are the Kronecker- and
Dirac-delta functions, respectively. ({u}|¥(0,0)[{\}r)
is called form factor and |{v}||? is the norm square
of eigenstate, both of which can be numerically calcu-
lated through the determinants with entries represented
by pseudomomenta [41].

In principle, the sum is taken over the whole Hilbert
space, which is however impossible in practice. We there-
fore incorporate the states with significant contributions
to the correlation function as many as possible until a sat-
isfying precision [44]. This navigation of states of course
can be fulfilled by generating 1-, 2- , ..., and m-pairs of
p-h excitations over the ground state. Nevertheless, in
the situation of finite temperature, this will be a waste
of computation resource. Instead, we define a ‘relative’
excitation over the thermodynamic equilibrium state as
is shown in Fig. [1| (d), and then count states by manip-
ulating such type of ‘relative’ excitations. This thought
comes from a naive observation that the most relevant
states should be of similar looking i.e. distribution of
QNs. A simple example of how the algorithm works can
be found in Supplementary Materials. The saturation is
readily checked by following sum rule [41]

N
Sl =7 (5)

k

where n(k) = [7 Ao g, (k,w) is exactly the momentum
distribution.

In the strongly degenerate regime (7 < 1), it is rea-
sonable to judge 1BDCF to be similar to its zero tem-
perature situation, merely differing with a temperature-
dependent perturbation. In a weakly interacting regime
(T <y < lory <71 < /), the Gross-Pitaevskii
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FIG. 3. (a) and (b) show the line shape of g1 (k,w) vs w with
k = 0.3kr and k = kr respectively. The system size is N =
L = 60, and dimensionless interaction is v = 4. The energy
is measured in unit of Fermi energy. The red, green, and blue
lines stand for the rescaled temperatures 7 = 1.0,1.25 and 1.5
respectively.

equation provides a way to understand the quantum cor-
relation functions. Away from this limit, increasing tem-
perature gradually destroys the phase coherence and thus
system eventually arrives at the decoherent regime. Here
we focus on the regime 7 ~ /9, where the competition
between thermal fluctuation and interaction recomposes
the correlated properties.

The frequency-momentum resolved 1BDCF is demon-
strated in Fig. [2] and without losing generality the par-
ticle density is set by n = 1. The left panel shows that
at zero temperature, the spectral weight mostly concen-
trates on the Lieb-II dispersion relation, and spreads con-
tinuously to the Lieb-I dispersion relation, where the for-
mer (latter) dispersion corresponds to adding a particle
(hole) outside (inside) of the Fermi sea [51]. In the right
panel of finite temperature case, immediate differences
are observed with the non-vanishing spectral distribu-
tion in the half-plane of negative energy. This is easy
to understand from the perspective of p-h excitation as
being given in Fig. In Fig. [1] (¢), the thermal equi-
librium eigenstate means a melted Fermi sea, and thus
there exists such a type of relative ‘excitation’ that the
particles jump inward over the indicated thermal state.
A typical example of such an ‘excitation’ is depicted by
the red arrow in Fig. [1| (d), which generates the states
bearing non-vanishing spectral contribution while pos-
sessing lower energy than the original thermal equilib-
rium eigenstate. In quantum degenerate regime, the ther-
mal equilibrium egienstate contains very few holes lying
almost on the Fermi points, which leaves no further room
for above inward ‘excitations’. This in consequence sup-
presses the spectral distribution in negative energy plane.
On the other hand, at either zero or finite temperatures.
The spectral distribution in the continuum between up-
per and lower thresholds implies the breakdown of quasi-
particle picture with a replacement of collective excita-
tions, manifesting the special role of interaction in 1D.

In Fig. 3] the line shape of 1BDCF with a given mo-
mentum is calculated by taking the case of intermediate
interaction strength v = 4. At zero temperature, there
is an analog of Fermi edge singularity lying on the lower



spectral threshold [33] [4T] [44], which is smeared here by
the thermal fluctuation. Moreover, the thermal fluctu-
ation manifests itself by amplifying the relative contri-
bution from the states generated by multi-pairs of p-h
excitations, and redistributing the spectral weight along
the energy axis, in accordance with Fig.[2] Along with an
increase of the temperature, a hump emerges in the plane
of negative energy gradually. Like what is discussed be-
fore, this emergent peak arises from the states produced
by the jump-inward ’excitations’ relative to the original
thermal equilibrium state. Besides, the main peak is low-
ered in this process, whose loss of spectral weight is com-
pensated by this little hump.

The static correlation function of 1BDCF (i.e. the
momentum distribution) is obtained by integrating out
the frequency, whose Fourier transformation is the one-
body density matrix. In Fig. {4 (a) we compare the
momentum distribution at zero and finite temperatures
on basis of data from Fig. Despite of no true BEC
in the Lieb-Liniger model, the weak interaction still re-
sults in a prominent zero-momentum occupation than
the larger interactions do. A direct comparison shows
obvious discrepancies between the lines of zero and finite
temperatures. This is simply a result of disturbance from
the thermal fluctuation on particles of small momentum.
This is evidenced by observing the height of humps in
Fig. 13| (a) and (b) as well. Meanwhile, owing to inter-
action effect, the weaker is the interaction the larger is
the discrepancy. The one-body density matrix is shown
in Fig. 4| (b), where the comparison of our results and
the TLL prediction [52] is seen in a good agreement. We
observe that the validity of TLL theory requires the lin-
earization of low-lying excited spectrum which works well
if k< 1.

Last but not least, we discuss the finite-size effect.
Since a general estimation is hard to make, we only can
calculate and compare the 1IBDCF at a fixed momen-
tum for different system sizes. It is shown in Fig.
that the curves of N = L = 60 and N = L = 80 agree
well with each other, with slight difference from that of
N = L = 40. Hence it is safe to conduct our calculation
for a system of N = L = 60.

In conclusion, a detailed study on the finite tempera-
ture 1BDCF of the Lieb-Liniger model with arbitrary in-
teraction strengths has been presented by using the form
factor approach and numerics. In particular, we have
considered the regime far away from the GP and Tonks-
Girardeau limit. By comparing situations of zero and
finite temperatures, the results of spectral distribution,
line-shape of 1IBDCF, momentum distribution and one-
body density matrix have explicitly shown the competi-
tion between thermal fluctuation and dynamical interac-
tion. For the one-particle density matrix, a good agree-
ment between our result and the prediction from the TLL
theory is observed. We have discussed the spectral distri-
bution in the half-plane of negative energy which can be
regarded as the relative ‘excitation’ over thermal equilib-
rium eigenstate, leading to the little hump therein. Our
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FIG. 4. (a). The momentum distributions at different tem-

perature 7 and interaction strength . All data comes from
Fig. For the sake of a clear visibility, we take logarithmic
momentums. The dotted and solid lines stand for zero and
finite temperatures, respectively. (b). The one-body density
matrix with different temperature 7 and interaction strength
~. The solid and dotted lines respectively correspond to the
TLL predictions and our results derived from form factor ap-
proach (FFA). The parameters of (v,7) for red, green and
blue lines are (0.5, 0.55), (4,1.25), and (16, 1.5).

research sheds light on quantum many-body dynamical
correlation driven by thermal and dynamical interaction,
and provides a straightforward application in 1D inte-
grable quantum gases with the cutting-edge cold-atom
experiment.
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Note Added. After the appearance of this work on
arXiv: 2211.00282, recently another paper [45] arXiv:
2301.09224 has come up with improvements on ABACUS
[43], and posed the difficulty in evaluating 1IBDCF at
finite temperatures, which have been overcome by our
algorithm presented here and in [44].
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model at finite temperature

Song Cheng, Yang-Yang Chen, Xi-Wen Guan, Wen-Li Yang, and Hai-Qing Lin

FORMULA OF g, (k,w)

The Eq. 4 of main text is derived from Eq. 3 as following
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where in the first line we use the fact that expectation over an ensemble is equal to that of a thermodynamic equilibrium
eigenstate [{A}r), and one may find the detail of this proof in Ref. [1]; in the second line we insert the completeness
equality of intermediate state |[{x}); the third line is a simple result of Heisenberg picture and translational operator;
in the forth line the notation of E, y and P, ) are the same as main text, while in the last line we introduce the
notation of function F({v},{n}) for the form factor. See next section for the determinant expressions of form factor
and norm square of eigenstate.

THE DETERMINANT REPRESENTATIONS OF FORM FACTORS

We list the main results of form factors present in the article, and recommend Refs. [1-4] for those who are interested
in derivations in detail. In particular, Ref. [1] offers a pedagogical access to the algebraci Bethe ansatz technique and
the various methods in calculating correlated properties of quantum integrable models.

If {k}ar satisfies the BA equations, then the norm square of eigenvector |{k},s) is expressed by

{k}mel? = (R} arl{kYar) = H ]l+ detpr&({k}r) (2)

>l>1

where &({k}as) is the Gaudin matrix with entry

M
&ji({k}ar) = 05 L+ZK(7€J’J€S)} — K(kj, k1) 3)
s=1
and kernel function
2c
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R e &)

The norm square for F({\}n, {pt}n+1) is
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where the N x N matrix U({A\}n,{¢t}n+1) is a function of two sets of pseudomomenta
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AN EXAMPLE FOR HOW ALGORITHM WORKS

Below is a simple example to demonstrate how the algorithm works in finding an efficient path to navigate the
Hilbert space. For the sake of clarity, we choose a system of small size N = L = 10, with interaction strength ¢ = 4,
and temperature T' = 3, and the excited momentum is fixed at k = 2kp. The thermodynamic equilibrium eigenstate is
governed by the TBA equations [1], and its discrete expression is sketched in Fig. 1. Here the state shown in Fig. 1 (a)
is the one under study consisting of N particles, while its ‘twin’ state is shown in (b) consisting of N — 1 particles,
which is exactly the starting point to produce intermediate states through relative excitations. This arises from the
fact that field operators break the conservation of particle number and thus the intermediate states for evaluating
1BDCEF are of N — 1 particles.

OXONCAOONGN X NOX X X N X N JNON N NONORCNONONG

-115 -105 -95 -85 -75 -65 -55 -45 -35 -25 -15 -05 05 15 25 35 45 55 65 75 85 95 105 115

(a)

FIG. 1. (a) and (b) are for the equilibrium state of N = 10 particles and N — 1 = 9 particles with ¢ =4, T = 3 and L = 10.
The balls stand for vacancies of QNs, blue one for occupied case i.e. particles while white one for un-occupied case i.e. holes.
The corresponding QNs have been explicitly written down, which obviously depends on the parity of particle numbers.

We then move on to how excited states are generated by manipulating relative excitations over aforementioned
thermodynamic eigenstate. For this purpose, we define following tags, Py, = k * L/2m, Ny, Ny and P. Here N, is
the number of particles taking part in relative excitations, Ny < N, is the number of particles jumping leftward, and
P, is the sum of leftward step-length for all N} particles in units of 27r/L. One may refer to Fig. (2) for an intuitive
understanding. The data of g1 (k = 2kp,w) are listed according to the four tags in Table I, and it is seen obviously
that for a specified momentum k, both NN, and P} serve as nice criteria for cut-off.

Given arbitrary set of tags, one may generate a series of states belonging to it, and for instance the number of these
states have been displayed in Table I as well. For easy visibility, in Fig. 2 we depict the relative excitations creating
states belonging to tags (Pm,Np, P, N1) = (10,1,0,0) and (10,3,2,2). The orange balls represent those particles
participating in relative excitations, and the arrows specify the change of QNs explicitly. According to the first set
of tags (Pm, Np, P, M) = (10,1,0,0), it is readily to obtain the 8 different distributions by hand. With respect to
the second set, we have N, = 3 orange balls, and 2 of them jump leftward with total step-length 2. This results in
that each QN jumping leftward can only move one step of length 1. The only QN jumping rightward needs to move
a step-length P,, + P, = 12 for compensation of the leftward excitations. The explanation to the algorithm in great
detail will be published elsewhere.
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Tags Number of States Sum Rule
Py |Np | PV Nj-sum rule P-sum rule  Np-sum rule Py-sum rule
10]1/0/0 8 1.5298 x 1074 1.5298 x 10™* 1.5298 x 10~* 7.2969 x 10~*
21010 56 4.5935 x 107* 4.5935 x 107 5.2043 x 1074
1)1 15 3.7015 x 1075 3.7015 x 107>
201 20 2.0590 x 1075 2.0590 x 10~°
3|1 19 2.3606 x 1075 2.3606 x 10~°
411 24 7.9873 x 1077 7.9873 x 107
5|1 28 3.1735 x 1077 3.1735 x 107
310(0 72 2.1007 x 107 2.1007 x 10~¢ 5.5719 x 1075
1)1 95 4.5255 x 107° 4.5255 x 107>
201 158 1.3906 x 10~% 3.7077 x 10~°
2 8 2.3172 x 1076
31 167 1.9378 x 1077 3.3301 x 10~°
2 20 3.1363 x 1076
4|1 242 5.2670 x 1078 1.0166 x 106
2 36 9.6393 x 1077
51 308 1.8973 x 10™% 3.0825 x 1077
2 44 2.8928 x 1077
41010 19 8.7488 x 10710 8.7488 x 107 1° 5.5452 x 107
101 94 3.6024 x 1077 3.6024 x 107
201 155 1.2534 x 1078 6.8907 x 1078
2 47 5.6373 x 1078
3|1 195 2.2919 x 107% 7.3785 x 1078
2 145 6.5905 x 1078
3 1 5.5877 x 107°
4|1 294 6.9373 x 1071° 3.5837 x 1078
2 320 2.6195 x 1078
3 3 8.9482 x 107°
51 423 2.6685 x 1071° 1.4867 x 1078
2 402 9.1608 x 10~°
3 12 5.4397 x 107°

TABLE I. An example for the 1BDCF at k = 2kp of system size N = L = 10 and interaction strength v = 4. The X-sum
rule is the total spectral weights of the states under tag X, such as Np-sum rule specifying the contribution of different pairs
relative p-h excitation.
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FIG. 2. (a) and (b) respectively describe the relative excitations according to tags (Pm, Np, P, N1) = (10,1,0,0) and (10, 3,2, 2)
over thermodynamic equilibrium eigenstate shown by Fig. 1 (b).
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