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Abstract

We compare the confinement-induced nonlocal electromagnetic response model to

the standard local Drude model routinely used in plasmonics. Both of them are applied

to study the heat transfer for transdimensional plasmonic film systems. The former

provides greater Woltersdorff length in the far-field and larger film thicknesses at which

heat transfer is dominated by surface plasmons, leading to enhanced near-field heat

currents. Our results show that the nonlocal response model is capable of making a

significant impact on the understanding of the radiative heat transfer in ultrathin films.
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Introduction

Present-day nanofabrication techniques make it possible to produce ultrathin films of pre-

cisely controlled thickness down to a few monolayers.1–10 Often referred to as transdimen-

sional (TD) quantum materials,10–14 such films offer high tailorability of their electronic and

optical properties not only by altering their chemical and electronic composition (stoichiom-

etry, doping) but also by varying their thickness (the number of monolayers).14–20

Plasmonic TD materials (ultrathin metallic films) are irreplaceable for studies of the

fundamental properties of the light-matter interaction as it evolves from a single 2D atomic

layer to a larger number of layers approaching the 3D bulk material properties.11,14 They

offer controlled light confinement and large tailorability of their optical properties due to

their thickness-dependent localized surface plasmon (SP) modes.12–20 The strong vertical

quantum confinement makes these modes distinct from those of conventional thin films

commonly described either by 2D or by 3D material properties with boundary conditions

on their top and bottom interfaces.21–29 Their properties can be understood in terms of

the confinement-induced nonlocal Drude electromagnetic response theory proposed15 and

verified experimentally10,30 recently. The electromagnetic response nonlocality was earlier

reported experimentally to be a remarkable intrinsic property of quantum-confined metallic

nanostructures.31,32 It is this nonlocality that enables a variety of new quantum phenomena

in ultrathin TD plasmonic film systems, including the thickness-controlled plasma frequency

red shift,10,15 the low-temperature plasma frequency dropoff,30 the SP mode degeneracy

lifting,14,33 a series of quantum-optical13 and nonlocal magneto-optical effects,16 as well as

quantum electronic transitions that are normally forbidden.12,34,35

The confinement-induced nonlocal Drude EM response theory is built on the Keldysh-

Rytova (KR) pairwise electron interaction potential15 (and so referred to as the KR model

in what follows for brevity). The KR interaction potential takes into account the vertical

electron confinement,36,37 which makes it much stronger than the electron-electron Coulomb

potential,36 offering also the film thickness as a parameter to control the nonlocal optical
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Figure 1: The geometries of the problems studied for far-field (a) and near-field (b) thermal
radiation transfer in the TD plasmonic film systems.

response of the TD plasmonic films. We perform a comparative study of the far-field and

near-field heat transfer processes in the metallic TD film systems using the nonlocal KR

model and the standard local Drude EM response model (a ’workhorse’ routinely used in

plasmonics). We show that the nonlocal KR model results in the greater Woltersdorff length

(the film thickness at which its thermal emission is maximal) in the far-field regime and

predicts larger film thicknesses at which the near-field heat transfer starts being dominated

by surface plasmons, as compared to those resulted from the local Drude model. This

can lead to an enhanced near-field heat flux (HF) between two ultrathin metallic films or

materials with ultrathin metal coating. Our study thereby suggests that the theoretical

treatment and experimental data interpretation for the radiative heat transfer processes in

planar TD plasmonic nanostructures is to include the nonlocal effect as described by the KR

model in order to provide reliable results.

Confinement-induced nonlocality

If the environment has a lower dielectric constant than that of the film, such as the case

of the finite-thickness metallic slab shown in Fig. 1 (a), where ε1,2 < εb are, respectively,
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the static permittivities of the substrate, the superstrate and the slab (contributed by the

positive ion background and interband electronic transitions), then the increased ’outside’

contribution makes the Coulomb interaction of electrons vertically confined inside the slab

stronger than that in a homogeneous medium with the same permittivity.36 The interaction

potential takes the KR form to give the in-plane plasma oscillation frequency as follows15

ωp = ωp(k) =
ω3D
p

√

1 + 1/ε̃kd
. (1)

Here, ε̃= εb/(ε1 + ε2) is the relative dielectric constant of the film, d is its thickness, and k

is the in-plane momentum absolute value. With this plasma frequency, the low-energy (well

below the first interband transition energy) in-plane EM response function of the plasmonic

film takes the form

ǫ(k, ω)

εb
= 1−

ω2
p(k)

ω(ω + iΓD)
, (2)

which is k-dependent and so spatially dispersive, or nonlocal. Here, the damping constant ΓD

stands to (phenomenologically) include the inelastic electron scattering rate. It can be seen

that as d decreases, ωp(k) shifts to the red and Eq. (1) acquires the
√
k-type nonlocal spatial

dispersion of 2D materials. In the TD regime, for ultrathin plasmonic films of finite thickness,

the low-frequency response is controlled by Eqs. (1) and (2), with εb ∼ 10 contributed by

both positive ion background and interband transitions.10,30 As d increases and gets large,

Eq. (1) can be seen to gradually approach ω3D
p , the bulk material screened plasma frequency,

and Eq. (2) takes the local Drude form. This is the essence of the nonlocal KR model of the

plasmonic TD film EM response.

The degree of the confinement-induced nonlocality associated with k-dependence in

Eq. (2) can be evaluated by effecting the inverse Fourier transformation from the reciprocal

2D space to the direct coordinate 2D space. This gives the coordinate/frequency-dependent
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specific permittivity (per unit area) in the form16

ε(ρ, ω)

εb
= δ(ρ)−

(

ω3D
p

)2

2πω(ω + iΓD)

∫ kc

km

dk
kJ0(kρ)

1 + 1/ε̃kd
, (3)

where kc and km(=2π/L with L being the film lateral size) stand for the plasmon upper and

lower cut-off wave vectors, respectively. The latter indicates that the largest possible plasma

wavelength cannot exceed the lateral size of the film. For thick films with ε̃kd ≫1, Eq. (3)

gives the local response of the form

ε(ρ, ω)

εb
=

[

1−
(

ω3D
p

)2

ω(ω + iΓD)

]

δ(ρ)

For ultrathin films with ε̃kd ≪1, one obtains (L→∞)

ε(ρ, ω)

εb
= 1−

ε̃kcd
(

ω3D
p

)2

ω(ω + iΓD)

[

δ(ρ)− cos
(

kcρ+ 3π/4
)

√
2π3kc ρ5/2

]

under extra condition kcρ > 1 to specify the distances at which the electrostatic repulsion

of electrons is screened and their motion in the form of collective plasma oscillations is well

defined. The ultrathin film permittivity can now be seen to decay with distance as ρ−5/2 due

to the confinement-induced EM response nonlocality of the KR model we use.

The damping constant ΓD for the ultrathin films can be expressed as10

ΓD = Γbulk +
~vF
leff

+
A

d
(4)

with the bulk damping Γbulk, the surface roughness correction A, and the surface scattering

determined by the effective mean free path

leff = d

[

1 + ln

(

lbulk
d

)]

(5)
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vF ǫb ω3D
p kc lbulk ΓBulk

(×106m/s) (eV) (nm−1) (nm) (eV)
Au 1.39 9.5 2.9 3.3 42 0.02
Ag 1.39 4.2 4.5 5.2 56 0.016
TiN 0.67 9.1 2.5 6.0 45 0.2

with the bulk mean free path lbulk and the Fermi velocity

vF =
ωp

kc
(6)

introducing the thermally averaged plasma frequency of Eq. (1) in the TD regime10,14

ωp =
2C2d2ω3D

p

(1 + 2Cd)
√

Cd(1 + Cd) + sinh−1(
√
Cd)

(7)

with C = ε̃kc. The local Drude model can be retrieved from the above expressions in the

limit d→∞, which leads to ω3D
p for both ωp(k) and ωp.

In our comparative study below we use TiN, Au, and Ag parameters taken from exper-

imental data and listed in the Table for convenience.10,38,39 Transition metal nitrides have

emerged as a new class of materials with great promise to substitute noble metals such as

gold and silver,40 which have exceptional plasmonic properties but relatively low melting

temperatures making them incompatible with semiconductor fabrication technologies. Tita-

nium nitride has low-loss plasmonic response and high melting point, making it structurally

stable TD material capable of forming stochiometrically perfect ultrathin films of controlled

thickness down to one nanometer at room temperature. For the sake of convenience as sur-

face roughness correction A we use throughout the manuscript the value A = 0.12 eV nm

as experimentally found for nanometer-thick TD TiN films in Ref.10 This value of the sur-

face roughness is of course highly dependent on the specific sample, but also the Drude

parameters show some variance for different samples38,39 and in particular for thin films.41
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Far-field thermal radiation

We consider a thin film as used in transmission electron microscopy or soft X-ray spectral

purity filter applications;42 see Fig. 1(a). The HF Φsf of a single film at temperature Tf ,

radiating in its surrounding at temperature Tb, is given by43

Φsf =

∫

∞

0

dω

2π

[

Θ(ω, Tf)−Θ(ω, Tb)
]

∫ k0

0

dk

2π
k
∑

i=s,p

ei (8)

with k and k0 = ω/c being the in-plane and vacuum wave vector absolute values, respectively.

The thermal emission is driven by the temperature difference of a harmonic oscillator

Θ(ω, T ) =
~ω

e~ω/kBT − 1
. (9)

For a given polarization i = s, p, the film emissivity ei(ω, k) = 1 − |Ri|2 − |Ti|2, where Ri

and Ti are the Fresnel reflection and transmission coefficients at a given frequency ω and the

incidence angle (represented here by k). They are given by

Ri =
ri
(

1− e2ikzd
)

1− r2i e
2ikzd

, (10)

Ti =
(1− r2i )e

ikzd

1− r2i e
2ikzd

, (11)

where kz =
√

k2
0 ǫ(ω, k)− k2 and ri are the interface Fresnel reflection coefficients defined as

rs =
kv − kz
kv + kz

, (12)

rp =
kvǫ(ω, k)− kz
kvǫ(ω, k) + kz

(13)

with kv =
√

k2
0 − k2. If, for example, |Ri=s,p|2 = |Ti=s,p|2 = 0 for all ω and k, then

ΦBB = σ(T 4
f − T 4

b ) (14)
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Figure 2: The behavior of Φsf for the local (dashed lines) and nonlocal (solid lines) case of
a free standing TiN, Au, Ag layer as function of the film thickness d with Tf = 310K and
Tb = 300K.

with σ = 5.6705× 10−8Wm−2 K−4 being the Stefan-Boltzmann constant, to give the black-

body HF ΦBB = 64.4W/m2 for Tf = 310K and Tb = 300K.

Figure 2 compares the film thickness dependence of the HF from Eq. (8) for TiN, Au,

and Ag films using the local Drude model and the non-local KR model. For large d the

HF converges to a constant bulk sample value. This value highly depends on the damping,

the bulk damping Γbulk in this case, which determines the absorptivity and therewith the

emissivity, so that the higher is Γbulk the stronger is the thermal emission. Nonetheless, in

all three cases considered the radiative HF is one to three orders of magnitude less than

the blackbody value, confirming that metals are poor thermal emitters due to their high

reflectivity. With film thickness reduction the HF starts increasing, reaches a maximum,

and then declines. This effect is known for a long time.44 It was discussed within the

framework of fluctuational electrodynamics in Ref.43 and was measured for Ru and Pt thin

films previously (see Refs.42,45). The maximum is known to take place at a length scale

called the Woltersdorff length dmax which for metals is typically very small and within the
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local Drude model in the limit ω ≪ Γbulk ≪ ωp can be written as43

dmax ≈
2cΓbulk

ω2
p

. (15)

It can be seen in Fig. 2 that dmax of the local model is far below 10 nm for all three

materials, whereas in the non-local model it shifts towards thicknesses larger than 10 nm.

For TiN, in particular, it shifts from dmax = 1.8 nm (local model) to dmax = 38 nm (non-local

model), whereby the nonlocal KR model predicts over an order of magnitude Woltersdorff

length increase as compared to the conventional local Drude model. This can be understood

from Eq. (15), where ωp ∝ ω3D
p

√
kd with kd ≪ 1 and the damping is dominated by ΓD ∝ A/d

which is the case for the ultrathin TD films described by the non-local KR model as given

by Eqs. (1) and (4), respectively. Clearly, dmax has the tendency to increase for thinner

films then. As a consequence, for d > 10 nm larger HF can be found in the non-local than

in local model. For 20 nm thick Au and Ag films the HF predicted by the KR model is

one order of magnitude greater than that of the local model. As the Woltersdorff length is

∼10 ÷ 100 nm in the non-local model, the predicted HF enhancement effect might be used

to test this model experimentally with well-characterized ultrathin film samples. Note that

the KR model is valid for k = 2π/λ ≥ 2π/L, and so our results here hold for samples with

L ≥ λth, where λth is the dominant thermal wavelength determined by the Wien’s law.

Near-field thermal radiation

Here we aim to study the radiative heat exchange between the two thin films separated by

distances smaller than the room-temperature thermal wavelength λth ≈ 10µm; see Fig. 1(b).

In this near-field regime, as opposed to the far-field regime discussed above, the blackbody

HF value is no longer a limit due to the dominant contribution of evanescent waves unac-

counted for by the Stefan-Boltzmann law.46 The near-field thermal radiation enhancement

was previously studied in a great number of experiments measured the HF between two
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planar samples.47–55 For thin films supporting surface phonon polaritons, an enhancement

factor of 700 times over the blackbody value was found for separations under 30 nm.56 For

metals there is also a near-field enhancement due to the s-polarized (magnetic) contribution

of eddy currents,57,58 first reported by Polder and van Hove,46 in contrast to the p-polarized

(electric) surface phonon-polariton or SP contributions widely discussed for thin films.43,57,59

For ultrathin TD metallic films the low-frequency SP contribution can also show an en-

hancement effect.14,43,59 Similar effects for phonon-polaritonic films are predicted60,61 and

experimentally verified62 as well.

The HF between the two identical thin films at temperatures T1 and T2 is given by46,61

Φ =

∫

∞

0

dω

2π

[

Θ(ω, T1)−Θ(ω, T2)
]

∫

∞

0

dk

2π
k
∑

i=s,p

Ti (16)

with transmission coefficients of different form for the propagating (k < k0) and evanescent

(k > k0) waves as follows (i = s, p)

Ti =



















(

1− |Ri|2 − |Ti|2
)2

|1−R2
i e

2ikvl|2 , k < k0

4Im(Ri)
2e−2k′′

v
l

|1− R2
i e

2ikv l|2 , k > k0

(17)

Figure 3 compares Φloc/ΦBB and Φnonloc/ΦBB computed from these equations for two TiN

films of fixed d within the local and non-local model, respectively, as functions of the interfilm

distance l. The near-field enhancement Φnonloc/ΦBB can be seen very high for TD film systems

with l . 10 nm but is extremely reduced in the far-field for l ≥ 10µm in agreement with

Fig. 2. For ultrathin TD films separated by distances l ≤ 100 nm this effect should be

easily accessible for measurements with today’s experimental methods. Since k ≥ 2π/L

in the non-local KR model, exp(−2k′′

v l) ≈ exp(−2kl) in the near-field quasi-static regime

(k ≫ k0) in Ti in Eq. (17), whereby the k-integrand in Eq. (16) is dominated by k ∼

1/l. Hence, k ≥ 2π/L translates into L ≥ 2πl which is typically the case in near-field
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Figure 3: Heat flux enhancements Φnonloc/ΦBB (solid lines) and Φloc/ΦBB (dashed lines)
between two free standing same-thickness TiN films as functions of the interfilm separation
l for different film thicknesses d = 1nm, 5nm, 10nm at T1 = 310K and T2 = 300K.

experiments. In general, for l < lbulk the Lindhard-Mermin nonlocality might play a role as

well.57,58 In the most important low-frequency domain, where k ≤ kc and the interelectron

interaction is screened with collective plasma oscillations well defined, this is k2-infinitesimal

order nonlocality similar to that due to the pressure term of hydrodynamical Drude models,

which is much smaller than the confinement-induced k-infinitesimal order nonlocality of the

KR model we discuss.15 A full treatment of such nonlocalities is out of the scope of the

present work.

Figure 4(a) compares Φloc/ΦBB and Φnonloc/ΦBB as functions of d for pairs of same-

thickness TiN, Au, and Ag films separated by l = 100 nm. Depending on d the KR model

gives either larger or smaller HFs than the local model. For ultrathin TD films of d < 10 nm,

in particular, the nonlocal model gives a much larger near-field enhancement than the local

model. This enhancement is particularly strong for Au and Ag films. For the local model

a similar enhancement would occur at distances smaller than 1 nm where the macroscopic

approach is no longer valid.

11



100

101

102

100 101 102 103 104

Φ
 / 

Φ
B

B

Thickness (nm)

TiN

Au

Ag

100

101

102

100 101 102 103 104

Φ
 / 

Φ
B

B

Thickness (nm)

s + p, nonloc

s, nonloc

p, nonloc

s + p, loc

s, loc

p, loc

(a) (b)

Figure 4: (a): Heat flux enhancements Φnonloc/ΦBB (solid lines) and Φloc/ΦBB (dashed lines)
as functions of d for pairs of same-thickness TiN, Au, and Ag films separated by l = 100 nm
at T1 = 310K and T2 = 300K. (b) Contributions of the s-polarized and p-polarized waves
to Φnonloc/ΦBB (solid lines) and Φloc/ΦBB (dashed lines) for TiN films in (a).

The HF behavior in Fig. 4(a) can be explained by the transition from a thick-film regime

where the s-polarization is dominant to the TD regime where the p-polarized evanescent

waves prevail.14,43,59 This is shown in Fig. 4(b) separately for s- and p-polarized contributions

in a pair of same-thickness TiN films. With d decreasing, the s-polarized wave contribution

first dominates the HF but then drops down abruptly, making the HF decline. The sharply

increasing p-polarized wave contribution of SPs picks up and starts playing the dominant

role instead. This makes the HF increase again, with much greater enhancement predicted

by the nonlocal KR model than that of the local Drude model for the ultrathin TD films.

The dominance of the SPs in the HF of ultrathin TD films can be directly observed in the

transmission coefficients Ti (i = s, p) as well. Figure 5 shows Ti (i = s, p) in the ω-k space

for propagating (s) and evanescent (p) waves in a pair of TiN films with d = l = 5nm. In

the local model Ts has a significant contribution from the s-polarized eddy currents, whereas

for the nonlocal case this contribution does not exist for such thin layers. Contrary to the

local model, in the KR model the SP modes of Tp come out red-shifted10,15 toward the

thermally accessible frequency range ∼2 × 1014 rad/s (λth ≈ 10µm), explaining the greater

HF enhancement predictions by the nonlocal KR model compared to the local Drude model.
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Figure 5: Transmission coefficients Ts and Tp computed in the local Drude model (a,b) and
in the nonlocal KR model (c,d) for a pair of ultrathin TiN films with d = l = 5nm. The
dashed white line is the light cone line in vacuum. The two modes seen in Tp are the long-
and short-range SPs of the ultrathin TD film structures.14,57

Conclusion

In this Letter, we show that in the far-field regime the nonlocal KR electromagnetic response

model predicts a significant increase for film thickness values at which the thermal emission

of thin metallic films has a maximum, i.e. the Woltersdorff length is increased compared

to the local Drude model. In the near-field regime the thickness of the metallic films at

which the near-field heat transfer becomes SP dominated is also shifted to larger thickness

values when using the nonlocal KR model. This leads to strongly enhanced near-field HFs

between two thin metallic films or materials with thin metal coatings. Thus, the nonlocal

KR model makes a significant impact on the understanding of thermal radiation transfer in
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TD materials both in the near-field and in the far-field regime. The non-local KR model

can be tested in far- or near-field measurements with existing setups and well-characterized

plasmonic films. Our analysis suggests that the theoretical treatment and experimental data

interpretation for thin and ultrathin metallic films must incorporate the nonlocal effect as

described by the KR model in order to provide reliable results in radiative heat transfer

studies. Finally, the fact that the enhanced far- and near-field emission is achievable in the

nonlocal KR model with much thicker films than the standard local Drude model erroneously

predicts is crucial for thermal management applications with thin metallic films and coatings.

Acknowledgement

S.-A. B. acknowledges support from Heisenberg Programme of the Deutsche Forschungs-

gemeinschaft (DFG, German Research Foundation), project No. 404073166. I.V.B. is sup-

ported by the U.S. National Science Foundation under Condensed Matter Theory Program

Award No. DMR-1830874. Both authors gratefully acknowledge support from the Kavli

Institute for Theoretical Physics (KITP), UC Santa Barbara, under U.S. National Science

Foundation Grant No. PHY-1748958, where this collaborative work was started. I.V.B.

acknowledges KITP hospitality during his invited visit as a KITP Fellow 2022–23.

References

(1) A.Kossoy, V.Merk, D.Simakov, K.Leosson, S.Kéna-Cohen, and S.A.Maier, Optical
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