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Spontaneous entanglement leakage of two static entangled Unruh-DeWitt detectors
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Two entangled two-level Unruh-DeWitt detectors, which are in rest, spontaneously loose entan-
glement when at least any one of them is not isolated from the environment quantum fields. For
eternal interaction between the detectors and environment, the spontaneous emission from the de-
tectors’ exited states and vacuum fluctuations of field influence this negative effect. Consequently,
it suggests that two entangled qubits become less communicated during their free-fall towards the

black hole horizon.

Introduction.— Quantum entanglement, known as a re-
source of the quantum information, is key to many quan-
tum technologies such as quantum cryptography @, E],
quantum teleportation B—B], quantum computation [7],
etc. Such phenomena drew lot of attention over the past
few decades both in non-relativistic (NR) and relativis-
tic regimes. In NR quantum systems, lots of studies have
been carried out to understand it B@], including its re-
alisation in the lab [11-15]. Moreover this phenomena be-
came very important to understand the quantum nature
of gravity ﬂﬁ, ﬂ], the black hole information paradox
[18-220], black hole thermodynamics [21, 22, etc.

Study of quantum entanglement in the relativistic
framework can provide a broader perspective towards
the reality. Interestingly the existence of entanglement
in vacuum state of a quantum field is capable of har-
vest entanglement between a pair of two-level detectors
(known as Unruh-DeWitt (UD) detectors), even if they
are causally disconnected éﬂ—ﬁé] This process of swap-
ping field entanglement to detectors is sensitive to the
type of motion of UD detectors M], the switching
function of the interactions @], the nature of the back-
ground fields [35-37], presence of black holes [38-42] and
other curved spacetimes @@], which have been very
active areas for last few years. Moreover, the quantum
entanglement phenomenon appears to be frame depen-
dent — the measure of entanglement changes as one de-
scribes with respect to other reference frames @, l45-
@] In a bipartite system the measure of entanglement
is fruitfully quantified by Negativity as well as Concur-
rence [51-53).

In this letter we intend to address a fundamentally im-
portant question — whether entanglement between sys-
tems remain intact when they are not isolated from the
environment? In our environment the background fields
always contain vacuum fluctuation energy and as the
entanglement in vacuum state of the background fields
swaps to a pair of UD detectors (see e.g. [27,30-44))), it
is natural to investigate whether the swapping of vacuum
entanglement has any influence in entangled systems. To
get the answer to this we consider a relativistic model
where two initially entangled UD detectors are individu-
ally interacting with the background fields. For simplic-
ity the fields are chosen to be real scalar ones and the

interaction is monopole type. In order to avoid the effect
of motion we consider both the detectors to be static
eternally with respect to the lab frame in Minkowski
spacetime. Also to avoid complexity of calculation and
perform an analytical analysis, we choose eternal interac-
tion between the field and detectors. The investigation,
like earlier various analysis, is done till second order in
perturbation series.

We observe that even if the detectors are eternally
static with respect to the lab frame, they lose entan-
glement communication while interacting with the envi-
ronment (here the background scaler field). This feature
is a bit unexpected as previous results are in favour of
entanglement harvesting due to entanglement swapping
(like mentioned in [27, @@]) Therefore, if two entan-
gled qubit are left open in the environment, they will
lose entanglement. We find that such leakage of entan-
glement within this simple model is caused by collective
effects of spontaneous emission of the individual detector
and vacuum fluctuation of quantum field. Moreover, we
argue that the leakage is unavoidable even for other type
of switching function related to interaction. In the latter
situation other effects (like excitation of detectors, etc.)
may also contribute. Interestingly, if any one of the de-
tectors is kept shielded from the environment (while the
other one is open to environment quantum field) then also
the composite system suffers from entanglement degrada-
tion. But in the latter situation the same will be less than
the situation where both the detectors are switched on.

Let us now proceed towards the calculation to justify
our claim.

The UD detector model.— Consider a pair of UD detec-
tors, A and B, with energy gap AE; = E., — E,, (j =
A, B). The detectors are initially entangled and the ini-
tial quantum state is taken to be

|D) = algags) +vleaes) (1)

with o and «y are chosen to be real and satisfy a?++2% = 1.
Here |g;) and |e;) are the ground and exited states of
jt" detector, respectively and |gags) = |ga) ® |gB), so
on. The detectors are at rest in (3 + 1)-dimensional
Minkowski spacetime and hence their trajectories are de-
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noted as

XAZO;
tB:TB, XB:d7 (2)

ta=Ta,

where d is a constant vector (measures the distance be-
tween the detectors) and 7; is proper time of j*" detector.
The action for the interaction between detector and back-
ﬁund quantum field ¢(z) is taken to be monopole type

I:
= 3 G [dromime ), @

j=A,B

where C; is the coupling constant of the interaction
and m;(r;) = ™7 (|g;)(e;| + lej)(g;)e=T, is the
monopole operator of the j*" detector, whose free Hamil-
tonian is given by H;. Here x; is the switching function
which determines the duration of interaction. The initial
state of the composite system (field and detectors system)
is considered to be |in) = |0p/) ®|D), where |057) denotes
the vacuum state of field in Minkowski spacetime.

The initial density matrix of the detectors’ system (by
tracing out the field degrees of freedom) is given by

2

a® 00 ay
0 00 O

pa(tin) = 0 00 o |- (4)
ya 0 0 2

The later time this density matrix is determined as
paB(t) = Try(Te¥int|in) (in|Te~*nt) where T denotes
the time ordering. Till the second order in perturbation
series this turns out to be @]

aq 0 0 a9
0 by b2 O
0 C1 C2 0 ’ (5)
di 0 0 do

pap(t) =

with ¢t > t;,. The explicit forms the matrix elements are
presented in [50] (see also Supplemental Material). Con-
sider the detectors are identical and so AEy = AEp =
AFE. Also for simplicity assume the coupling constants
Ca,Cp are same; i.e. Oy = Cp = C. For the present
model with x; = 1 then they reduce to

a1 =vy(1 - C?P{ — C*P}),
ay =va(l — C*My — C*Mp),
b1 = y7C? Py

by = 7C*X g,

¢ =7C*Xap,

¢ = 7y C* P}

dy = ay(1 — C2M}% — C*M3,),

dy = aa;

where

PJ{/(AE) = //dedTJ’-e_iAE(”_TJ/')GW(fC;,CCj)
Pj(—AE)
i(AE) / / drjdr] e * PTG
X (Gw (2, x5) + Gw (x5, 25)) ;
Xap(AE) = / / dradriye PTGy (2, 2.4)(7)

0(rj — ;)

In the above Gw (2}, ;) is the positive frequency Wight-
man function. As P (AE) denotes the transition prob-
ability to exited state of j** detector (see e.g. @ the
first term in () corresponds to the de-excitation of it.
Since the detectors are static, therefore PJ(’ does not have
any contribution due to the relative motion of the de-
tectors. Therefore it is completely given by the spon-
taneous emission probability @] On the other hand,
Gw (7, ;) + Gw (x4, ) in the second term can be re-
alised as (Oar| {&(2), d(25)} [0ar). Therefore Mj is deter-
mined from the anti-commutator of the scalar field and
as the expectation value of anti-commutator depends on
the field state under consideration (contrary to the com-
mutator of field, whose expectation value is independent
of state), M; arises purely due to the vacuum fluctuation
of field.

Before going to evaluate the integration, let us men-
tion about the choice of x;. In detector transition-
related studies, one can start with an adiabatic inter-
action switching functlon x;(15) = e~*I7l to build up a
model (e.g see @ This helps to suppress spuri-
ous transient effects. In that case the interaction is kept
switched on for a duration 7; ~ s~! with the restriction
s << AE. Moreover to fulfil the adiabatic condition, the
interaction is switched on and off in an infinitely slow pro-

cess. Then if the interaction starts at t;, = T;” = -7
and ended at t = ij = 79, one must take the limits

790 — o0 and s — 0. In that case the limits of integra-
tions are from —oo to co and x; can be chosen to unity.
Using this sprit we have chosen x; = 1 in the present
analysis so that the interaction starts at the asymptotic
infinite-past (same has also been done in [54]). For that,
the detectors and the field are to be in a product state
at the initial time, i.e., t;,, = —o0.
Evaluation of the integrations yield

pr =20 AR = P

2¢ 3
Re(M;) = % AE?

6(0)
2¢3

—m2ct =M ;

N o sm( VAE? — m204)
—mZ2c ,
(4VAE? — m2ct)

Xap =+

In the above ¢
Since both of

where “Re” denotes the real part only.
is the velocity of light in the free space.



the detectors are static with respect to the lab frame on
Minkowski spacetime, we have P = Pj; and M4 = Mp.
The Dirac-delta functions in these expressions are arising
due to infinite time integrations (i.e. x;(7;) has been
chosen to be unity). Then to give a meaning one can
interpret the quantities divided by the delta functions as
a rate of these quantities by considering

6(0) = lim — /T/2 du (9)

Later we will address this point elaborately.

Quantifying entanglement.— There are two well es-
tablished quantities, negativity and concurrence, which
fruitfully measure the entanglement between two quibts.
Here we will find them corresponding to the state de-
scribed by the density matrix (@). Any difference in them
compare to those for (@) will signify the change in the en-
tanglement between our two UD detectors.

Negativity is defined as absolute value of the sum of
negative eigenvalues of the partially transposed density
matrix, derived from the PPT criterion ﬂﬂ] The eigen-
values of the partially transposed matrix corresponding
to () have been calculated in [50]. The analysis showed
that out of four eigenvalues, the negative eigenvalue can
be either Ay or A3, obtained as

Cc? —
Al ~ > Z(OZQPJ- +7°P]") + ayRe(P)p + P;lB)

J

+ [ory — C?Re (QQCAB +92Yap + ay(My + MB))] .

(10)
The explicit forms of the different quantities are provided
in Supplemental Material. For the present setup, the
above reduces to

c? 2 2
Ao~ 727 PJ{':I:[OW—C awRe(MA—i—MB)} . (11)
j

(A short discussion on this is elaborated in Supplemen-
tal Material as well). Note that only P}’ and Re(M;)
are contributing and they are real and non-vanishing
only when AE > mc?. Under this condition we have
(Pj',Re(M;)) > 0. Therefore when both o and v have
same sign (e.g. Bell state of the form ([Il) with a = =
1/ \/5) then A5 is negative, while \; is negative for oppo-
site signs of o and ~ (e.g. Bell state of the form () with
a = —y = 1/4/2). In both these situations the negativity
is given by

N =maz {0, |ay| — C*(Y*P" +2|ary|M)} . (12)

Note that since P” and M are non-vanishing, even
though the detectors are static, we will have less negativ-
ity. Therefore if an entangled pair of two-level detectors
are kept at rest in the environment, there will be entan-
glement leakage and that phenomenon is driven by two

effects — spontaneous emission of individual detector and
the vacuum fluctuation of the background field.

Another independent measure of entanglement is con-
currence @] The importance of this quantity is due to
its connection with the entanglement of formation. The
concurrence is defined as

©(p) = maz{0, Ny — Ay — Az — Ay}, (13)

where the \’s are the square-root of eigenvalues of the
matrix pap(oy @oy)pk (o, ®0oy) and A} is the largest of
them. For our density matrix (&), \'’s are calculated in
Supplemental Material. For our model the concurrence
is obtained as

% (p) = maz {07 2|ay| - C* ((Icwl +29%)P" + 2|CWIM)} :

(14)
It decreases from the initial value. So again it is con-
firmed that there will be leakage of entanglement between
the two UD detectors when they are not isolated from
the environment and such is due to two phenomenon —
spontaneous emission of individual detector and vacuum
fluctuation of quantum field.

Note that for this model both P” and M contain Dirac-
delta function 6(0) and therefore are divergent. This is
due to consideration of interaction for infinite time and
such issue always arises naturally for the choice of switch-
ing function as unity. The same has also appeared in the
original calculation for transition probability of an ac-
celerated detector. In this situation, making an analogy
with the Fermi’s golden rule, the transition probability
per unit time (known as detector’s response function) is
considered to be the relevant physical quantity (see for
example section 3.3 of [54]). In the same sprit to tackle
the present situation we define the change in negativity
or concurrence per unit time as follows. Using the fact
@) one defines the change in negativity and concurrence
per unit time as

. T/2
SN = (finite quantity) x Jim T /T/2 du, (15)

and

. 1 T2
d%¢ = (finite quantity) x Tlgréo T /T/2 du, (16)

respectively, where the “finite quantity” in ON is deter-
mined from C?(y2P" + 2]ay|M) by removing the com-
mon factor §(0) in it and so on. In this case to make the
perturbative calculation viable we satisfy the condition
— initial negativity and concurrence per unit interaction
time is greater than their rate of change. Then non-
vanishing positive value of N or 6% can be regarded as
the signature of degradation of initial entanglement (the
same has been proposed earlier in @] as well). Intro-
duction of this idea of measuring the entanglement for



the present model then shows the unavoidable leakage of
initial entanglement which here depends on the energy
gap AFE of the detectors and mass of the scalar field m
under the condition AE > mc?. Moreover, the entan-
glement leakage will decrease with increasing mass (m)
of the scaler field till mc?> ~ AE. Also note that such
is independent of the intra-distance (|d| = d) between
the detectors and hence situation remains same even if
they sit together. Moreover no change will occur when
AE = mc?. Interestingly, for massless field one finds
degradation for all values of AE. The latter discussion
seems to indicate that when two entangled detectors are
illuminated by photon, that will lead to decrease of quan-
tum communication between them. Additionally it may
also be noted that if only one detector (say, A) is switched
on while other one (say, B) is shielded from environment,
then also entanglement degradation will happen. But in
this case Pp and Mg will not contribute and hence degra-
dation will be half of the earlier one.

Discussion and implications.— Within this simple
model we observed that two static entangled UD detec-
tors looses communication when they are open to envi-
ronment. This has been confirmed through negativity as
well as concurrence of the two detectors system. Such
phenomenon is driven by the spontaneous emissions of
the individual detectors and the vacuum fluctuation of
the background quantum fields. In this regard it may
be mentioned that in literature it is already pointed out
that in open quantum systems, the environment causes
decoherence for the quantum systems (e.g see [57, [55)).
Therefore, it is natural to expect that this may cause en-
tanglement leakage (e.g. see [59]), which is observed here
as well. On the other hand in the detector context, it is
well known that coupling with the background scaler field
favours the generation of entanglement between two ini-
tially non-entangled detectors due to entang lement swap-
ping from the field vacuum (see e.g. ﬂﬁ . Inter-
estingly here we observe the negative effect of vacuum
fluctuation which was observed to be providing entangle-
ment harvesting between two un-entangled UD detector.
This degradation can be decreased by shielding one of
the detectors from the environment. Although the calcu-
lation has been done for eternal interaction between the
detector and fields, but other types of switching func-
tion should not change the nature of the result. In the
latter situation other terms in ([I0) will contribute, but
in any case one can always find a negative eigenvalue
and so negativity will decrease. For example, Gaussian
type switching function yields non-vanishing value for P;
and in that case the leakage will be driven by transi-
tion of detectors from ground state to excited state as
well. Hence the phenomenon of entanglement leakage is
quite unavoidable and therefore two entangled systems
will suffer a spontaneous drainage of communication due
to their surroundings.

Finally, we mention that the present model can have

significant impact to understand more about black hole
spacetimes. A Minkowski observer is equivalent to a
freely-falling observer in black hole spacetime. There-
fore the present result indicates that two initially entan-
gled qubits’ communication gets fade during their free-
fall towards the horizon. Since the quantum nature of a
black hole (particularly the black hole information para-
dox problem) is now being investigated in the light of
quantum information, we feel that the present observa-
tion can be important in this field of study. This is not
more than a suggestive one.

Note added.— After completion of the draft, a very recent
work @] in a similar motivation came to our notice. Our
work is based on perturbative approach and therefore can
be generalised to any type of switching function. While
the previous one has been analysed non-perturbatively
and therefore restricted to a specific switching function
(Dirac-delta type). Therefore the results were very spe-
cific to the model used there. Moreover in the present
discussion the actual causes from entanglement leakage
have been illuminated.
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SECTION I: ELEMENTS OF THE TIME EVOLVED DENSITY MATRIX EQ. (B)

The explicit forms of the elements of the later time density matrix (Bl), upto second order perturbation expansion,
are already calculated in ﬂ§1| Therefore, instead of giving a detailed derivation, here we just provide the general
expressions of them. These are

a1 =" =y CAPY — v Ca Py — a*yCaCpChp — av* CaCplas ;
az = ya* — aa*CaCrCap — 7 CaCrYip — a*yCiMa — a*yC M5 ;
by = aa*C% Py +yy*CEPp + o*yCACBPLg + ay*CaCpPYy ;

by = ay*CA Py + a*aCaCpPap + vy CaCpXhg + ya*CE Py ; (A1)
] = a*”yCiPA + a’y*C%Pg + 97 CACpXap +aa*CaCpPig ;
ca = Y*yC% Py 4+ aa*C% P + va*CaCp Pl + ay*CaCp Py ;
dy = oy =y aCi M} — ay* CEMp — 47" CaCpYap — aa*CaCpChp ;
dy = aa* — aa*C% Py — aa*C%Pg — CaCpa*yYap — CaCray*Y}p,
where
P;(AE) //dedT x5 (15)x;(75)e IAB(T— 7')GW(a: zj) ;
P/(AE) //dedT X5 (75)x;(7))e —IAB(Ti =T )Gw(I zj) ;
FaE) //dedT X5 (Ti)xi (e ARt 'Gw (2, 2;) ;
Fi(AE) //dedT X5 (Ti)xi (e ARt 'Gw (2, 2;) ;
H(BE) //dTadT X (1) () e AP TTT00(ry — 7)) (Gw (2, 25) + G (25, 7)) 5
Pis(@E) = [ [ drarhxatraxa(rp)e P0Gy (aa.ah) (A2)

Phs(@E) = [ [ drarpxatraxa(rple BB Gy (aa,at)
Pan(dB) = [ [drarpxatra)a(mp)e S5 Gy (ap,a)
Xan(AE) = / / dradrlyx a(ra)xs (7 )eSETE=) Gy (24 |
Yap(AE) = //dTAdT/BXA(TA)XB(T/B)e_iAE(T%-’_TA){Z'GF(,TA,.’IJ/B)} :
éap(AE) //dTAdTBXA(TA)XB( e lAE(TB+T“){zGF(xA,x’]3)}.

In the above Gw (z,2") = (Opr] ¢(x)p(x’) |0ar) is the positive frequency Wightman function. In Minkowski spacetime
this is given by

1 PP g (-7 —iBp—t
GW(CC,CC/) == @ / E—pezz)( )=iBp(t=t) . (A3)
P



Whereas iGp(z,2") is the Feynman propagator and it is related to Gw (x,2’) by the relation iGp(za,2’3) = 0(t —

tGw(x, ')+ 0t —t)Gw (2, x).

For our choice of trajectories (see ), Gw (x,2’) is time translational invariant with respect to detector’s proper
time. Using the coordinate transforms T'= 7 — 7’ and ¢ = 7 — 7’ we can evaluate all the integrals in (A2). The results
are as follows (using infinite switching x,(7;) = 1):

P;i(AE)

P/(AE) =

P/(AE)

Pip(AE)

PAB(AE) =

1 dgp deU iAEo iEno
167 | B, ©
d3
167T3/ /—2#5AE+E) 0;

/ / drjdrie P07 Gy (2, a))

1 a3 , ,
/_p// deoezAEae—zEpa
1673

d—p12 5(0)275(AE — Ep)

167T3
_ 400 d3p
0(0) [ 4mp?dp

8T 0 p2 c2 + m2cd

0(0) [ p2dp ) (p — % AE? — m204)

pQCQ + m204)

cV/AE2—m?2c*t
2 Jo 02C2 + m2ct Vi 2=
5(0) BVAEZ —m?)” 1
2 AF cV/AE2—m?2c*

AE

— 6((;) VAE2 —m2c4 ;

2¢
/ drydrge 2 E ) Gy (o )

o /dB_p//dT;loe—iAETeiEpa
i

1 dpl
1673 | Ep 2

=2m0(AE)2m0(Ep) =0 ;

_F(-AB) =0
://dTAT]’BeiAE(Tf,B*TA)GW(xA,:1:%;)

3 -
L/M//@e—mme—iﬁd_mpa
1673

1 d3 d’p ﬂpdl
1673 E

/ / dTATge_iAE(TAJ“TfB)GW (ra,25)

3 -
1 /d_p//degefiAETefiﬁ-dfiEpa
1673

1 d? d°p _lpdl .
163 Ep 22 TO(AE)2md(Ep) =0 ;

227r5( )2m6(AE + Ep) =0

(A5)



M;(AE)

//dfdea"emE(”_T;)@(Tj = 17) (Gw (2}, 2;) + Gw (2, 2)))

1 d3p dI'do iAEo iEpo —iEpo
16w3/_// e2570(0) (7 + e 7)

2
1617T3 47p dpl/ dT/ do (IAE+Eptic)s | i(AB- EP-HE)U)

8(0) [ p*dp i i

m/pzdpé(AE—Ep)—l-i@PV/OOOdep ( QAEE2>

1 ) E A Ep \AE?—

5(0) Ry 0(0) /°° p?dp 2AFE '
T VAE i is ey | (S ) (A9)

wherePV (1/z) represents the principal value of 1/x.

P 45(AE)

Xap(AE)

Yap(AE)

£aB(AE) =

(Pap(—AE))* =0; (A10)

/ / dradriye P05 Gy (aly, 2.4)

1 /@//deo'eiAEaeiﬁ-JJriEpo
1673

/dp Zpdlzms (0)273(AE — Ej)

1673
5(0

“\V) dp 1pd
/E J(AE — Ey)

d? p zp d

877 / S(AE — Ep)
27 sin 0dfp>dp ipd cos 0

871- / / —pe S(AE - Eyp)
[e%e} 2 1

0) / p>dp 2sin(pd) S(AE

p2c2 + m2c4 pd

00) Jage et SREVAE — i) (A11)

263 (Z AE? — m204)

p2c® + m2ch)

_ / / dradrpe=SETET G (24, o))
= //dTAdTge_iAE(Tf/ﬁ“‘){H(Tg —74)Gw (g, 24) + 0(Ta — 75)Gw (T4, 2'5)}

IAE(Tp+T4) 1 d3
dradrpe” BTTA {16 3
i

X [0(f — Ta)e PR TETTA) 4 gy TB>efiﬁ-inEp<mff;3>]}
1 [d dTdo L o
= = /_p//—Ue*’LAET[G(—U)e’LP'dJr’LEpU+9(U)€*1p~d71EPU]

d3p da N
~ 1672 / / eI 4 f(o)e P ER T |2n(AE) = 0 ; (A12)
s

Yap(—AE)=0. (A13)



SECTION II: NEGATIVITY

Partial transpose of the later time density matrix (Bl is obtained as

aq 0 0 bg
T 0 b1 ag 0
PAE= | 0 dy e 0 (Al4)
C1 O 0 dz
The eigenvalues of p£BB for our static setup are
1
A2 = 3 {51 +c+ \/(bl —c)? + 4a2d1}
1 2 p1 2 pI1 2
=5 (*capPy+ iy [) £ /12 (C3PY — CRPY)? + 4022[1 — CR M — C3Mp)?
1
= 3 (AL + CBPE) % ((CAPY — CRPR) +4077(1 — CRMa - CRMy — G} — CMj
+ CAMAMY, + CLMp My + CLCEMAMS, + CACEMpMY)) " 2) . (A15)
1
= 5 (FA(CAPE + CEP) £ 200y (1 = C5Ma — ChMp — C3M; — CM +0(CY) %)
1 1 . .
= 5 (AP + g £ 2lon (1= S(CAMA — CBMn - CAM5 - Cp) ) )
1
=3 (V(CAPL + CEPgR) £2|ay| (1 — C3Re{Ma} — CERe{M3}));
and
A3 4
1
= 3 {al + do £+ \/(al — d2)2 +4b201}
1
- 3 670 CRP - G +a
/02— CAP{ - CBPg) — a2 + 474cgcg|XAB|2)
(A16)

(72 (1 - C5P% — C3PE) 0> +,/(32 — 02)2 — 292(42 — 02)(C5 P + CRPY) + 74(9(04))

|~

<7 1 - CAPy — CyPg) + o £ (7* — a2)\/1 - ﬁ(%%ﬁl)}{ +CBPE) + 740(04))>

R

wl»—ﬂ | =

7(1 = CAPY — C3Pg) + o® = ((v* — o®) = v*(CAPL + CEPp)))

:”Y( APA_CBPg)va

[ V)

Note that A3 4 can not be negative. While depending on the relative sign between « and 7, any one among Aq o is
negative. Therefore the later ones are considered in ().



SECTION III: CONCURRENCE

Calculate first the following quantity:

pap(t)(oy ® oy)pip(t)(oy @ oy)
ar 0 0 a9 0 00 —1 a; 0 0 a3 0 00 —1
10 b b O 0 01 O 0 b1 b5 0 0 01 0
Tl 0 ¢ 2 O 0 10 0 0 c¢f 2 O 010 0
d 0 0 do -1 00 O T 0 0 do -1 00 O
—as 0 0 —aq —a§ 0 0 —ai
0 bbb 0 0 by b 0 (A17)
o 0 e c1 O 0 ccf 0
—dy 0 0 —d; —dy 0 0 —dj
|a2|2 + aqds 0 0 aias + ardy
- 0 |b2|2+b102 b1b2+blci( 0
o 0 b302+0162 |01|2+b102 0
a§d2 + d1d2 0 0 |d1|2 + CleQ

Then the square-root of the eigenvalues of the above matrix (till second order in C) are:

, \/(|a2|2 + |d12 4 2a1dy) £ \/(Jaz]? — [d1]?)? 4 dardy([di [ + [az]? 4 2Re{azd, })
12 =

- 2
1
= — (Y?a*(1 = C4Ma — CEMB)* +v*a*(1 — C3M}; — CEMp)* + 2720 (1 — C4 P4 — CRPp)

V2
+2a7\/1 — C3 P — C3 Py

1/2
x\/(”yQaQ(l — C2My — CEMp)? +72a2(1 — C3 M3 — CLMp)? + 20292(1 — C2 My — O?BMBP))

— % (4 —203Ma — 2C5Mp — 203 M} — 205 Mp, — 2C5 Py — 2CH P + O1(CY))

1/2
+2\/1 - C4P§ — C3Pg\/4 — 8C3Re{Ma} — SC3Re{Mj} + (92(04))

2
~ 2l <<1 — C2Re{M} — CZRe{Mp} —

CAPy+ C?BPg>
V2

2

2 pIt 2 pl 1/2
i (1~ ARG (1 careqara) - cgrefss)))
9 2 2 pI 2 pn

(A18)
and

, \/(|b2|2 + e1]? 4 2b1¢2) £ \/(Jb2]? — [e1]2)? 4 4bica([ba]? + |1 |2 + 2Re{bac1 })

3.4 — 2

1/2
1
= <2~y4030§|XAB|2 +2¢'CLPLCE P + 272\/cgpgcgpg(2~y4c§cg|x,43|2 + 274Ci0%|XAB|2))

V2
1/2
= CACB’}/Q (|XAB|2 + PXPg + 2“PXP§|XAB|)

{CAOB~yQ (IXag| £ /P{PE) if, | Xap| > /PIPL

CaCpy? (VP{PE £ |Xagl) if, | Xap| < \/PiPy

(A19)



From ({), we always have |Xp| < /P P} as Si‘;z < 1. Therefore from above two sets we will consider the second
set for A5 and . Using this then ([3)) will lead to (I4]).
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