QUANTUM GROUPS, DISCRETE MAGNUS EXPANSION,
PRE-LIE & TRIDENDRIFORM ALGEBRAS

ANASTASIA DOIKOU

ABSTRACT. We review the discrete evolution problem and the corresponding solution as a dis-
crete Dyson series in order to rigorously derive a discrete version of Magnus expansion. We also
systematically derive the discrete analogue of the pre-Lie Magnus expansion and show that the
elements of the discrete Dyson series are expressed in terms of a tridendriform algebra action. Key
links between quantum algebras, tridendriform and pre-Lie algebras are then established. This
is achieved by examining tensor realizations of quantum groups, such as the Yangian. We show
that these realizations can be expressed in terms of tridendriform and pre-Lie algebras actions.
The continuous limit as expected provides the corresponding non-local charges of the Yangian as
members of the pre-Lie Magnus expansion.
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1. INTRODUCTION

In the present study we identify interesting links between quantum groups [25] 19, 27], and triden-
driform [30, [31] and pre-Lie algebras (also studied under the name chronological algebras) [2, 26], [47]
(see also [5] 35] for a recent reviews). Specifically, we systematically derive the discrete analogues

of Dyson series [20] and Magnus expansion [34] as solutions of a discrete evolution problem. We
1
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then show that the Dyson series members are expressed in terms of a tridendriform algebra action,
whereas the discrete Magnus expansion members are derived in relation to a pre-Lie algebra action
in analogy to the continuous case (see also relevant findings in [22]). The use of Rota-Baxter opera-
tors [0, [39] has been essential in expressing the discrete series in connection with tridendriform and
pre-Lie algebra actions. On the other hand, tensor realizations of quantum groups [25] [19], such
as the Yangian [19], are also solutions of a discrete evolution problem. Hence, we deduce that the
coproducts of the elements of the Yangian can be re-expressed in terms of suitable tridendriform
and pre-Lie algebras actions.

Before we describe in detail what is achieved in each section we first recall the general set up
and some necessary preliminaries on the Magnus expansion as a solution of a linear evolution
problem, whereas in the subsequent section we briefly recall basic notions on Rota-Baxter, pre-
Lie and tridendriform algebras. We note that interesting relations between pre-Lie algebras, rooted
tree graphs, (tri)dendriform and Rota-Baxter algebras have been reported (see for instance [30, 22]
21], 23]), whereas links between tridendriform, Rota-Baxter and (quasi)shuffle algebras have been
also revealed in [32]. The recent findings on the relationships between pre-Lie algebras and braces
(nipotent rings) [41} [46], have generated increased interest on these distinct algebraic structures
opening up unexplored research avenues. It is worth pointing out that the notion of infinitesimal
Hopf algebras and their connections to pre-Lie and dendriform algebras have been explored in [3].
In this study however we establish links with typical Hopf algebras, such as the Yangian that also
appear in quantum integrable systems. Some of these profound emerging relations in the frame of
classical and quantum integrability lie in the epicenter of our analysis, while others will be further
examined and extended in future works.

We start our discussion by recalling the initial value problem associated to a linear differential
equation. Indeed, let A, T be in general some linear operators e.g. (T, A € End(CV)) depending
on two parameters, £ € R, a € C, such that

OT (¢, 0) = aA(©)T(E0),  T(ao,a) = T. (L1)

The formal solution of the evolution equation above can be given as (we consider simple initial
conditions T'(zg, o) = 1)

xT

T(x,a) = Pexp(a/ A(§)d€), > xo. (1.2)
o
The latter solution is a path ordered exponential (monodromy), which is formally expressed in
terms of Dyson series [20]

T2

gexp(a /x Afgyde ) :ian /x dan(:gn)/x" dmn_lA(xn_l).../ dry A1),
n=0 o o

xo Zo

Magnus [34] suggested that the solution T'(x, «) of the linear evolution problem can be expressed
as a real exponential, i.e. T(z,a) = Q%Y such that Q@) =1 + S Q"(x,a)’ where the

n!

following formal series are considered T'(z,a) = 1+ 3.°°, a"T™(z), Q(z,a) =322, a"QM™(x)
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and

T () = /x " don A(zy) / " den Ao ). . / " dw A(an). (1.3)

0 zo xo

Comparing the « series expansion of T'(z,a) and ¢Q@2) we obtain the coefficients Q™ as sym-
metric polynomials of 7 (T, Q™ below depend on z):

QW = 7, QP =7@ — (T2, (1.4)
1 1
@G — 76 _ 2 (pQ)p2) (2)p(1) 273
Q T 2<T 7?4 7@T >+3(T B, . (1.5)
and vise versa all T(™)’s can be expressed in terms of Q(™)’s,
1
o — oM @ — 0@ L Z(oM)2
T QY. TV =0Q%+ 5@V, (1.6)
1 1
T® = Q¥ +3 (@<1>@<2> +@<2>@<1>) + 5 @), (1.7)

Every element Q™) of the series expansion can be obtained by means of the generic recursive
formula (see for instance [8] and references therein):

m (m)
II
QU =00 - Yoy s, 19
k=2

where H,(C") = ZTUl) ... TUE) : ji + ...+ ji, =n and satisfy the recursion formula:

n—k+1
m” = 5 o™ and m{ =70, 0 = (0", (1.9)
m=1

Hence, we obtain, after recalling (4.3]), the explicit expressions for the first three terms of the series
(Magnus expansion):

QW(z) = /m dx1A(zy), (1.10)
Q(2)(x) = %/xdxg /“ dxrq [A(azg),A(azl)],

Q¥(z)

i/ "y / * dey / " oy ([Alws), [Alwa), AGwn)] + [[Alws), A(w2)], Aa)]).

Remark 1.1. Magnus (Theorem [34] ) obtained the general expression for Q(z) as an infinite series
involving Bernoulli’s numbers (see also [8] and references therein). We first introduce some useful
notation: Let A, B be linear operators, and recall the binary operation [ , ] : (A,B) — AB — BA,
i.e. the familiar Lie commutator. We also define

adaB = [A, B], ad}=[A, ad} 'B], ad)B=B, (1.11)
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and recall the Bernoulli numbers B,, defined as >, %z" = —*5. Then Q(z) can be expressed
in a compact form as
x 0 B,
Q(z) = 0 ds Z Fad&(x)A(s). (1.12)
z n=0

Expressions (I.10) can be then obtained from (I.12) by iteration. For a detailed discussion on
Magnus expansion, convergence issues, expansion generators and applications the interested reader
is referred for instance to [8] and references therein.

After the brief review on Magnus expansion we recall in the subsequent section some of the
fundamental notions necessary of our analysis in Sections 3 and 4. More precisely, we describe
below what is achieved in each section.

o In Subsection 2.1 we recall the definitions of Rota-Baxter, pre-Lie and tridendriform alge-
bras and we then discuss the connections among these algebras. To illustrate these relations
we use two simple examples, which will be exploited anyway in this study. In subsection 2.2
in order to further motivate the study of deep interconnections among seemingly distinct
algebraic structures we recall the passage from pre-Lie algebras to braces [41], [46].

o In section 3 the rigorous derivation of the discrete analogue of Magnus expansion is exhib-
ited, after having first derived the discrete version of Dyson series. These derivations are
realized by means of the discrete analogue of the evolution problem (I.T]). Linearization of
the discrete evolution problem leads naturally to the continuous equation (L.I). Further-
more, we show that the discrete Dyson series are expressed in terms of a tridendriform
algebra actions, whereas the Magnus expansion is expressed in terms of a pre-Lie algebra
action. Construction of a brace multiplication from this pre-Lie algebra immediately fol-
lows. Explicit expressions of the first few elements of both expansions are provided. Taking
the continuum limits of these expressions we recover the continuous Magnus expression. and
the pre-Lie Magnus formula. In subsection 3.1 we consider alternative discrete Dyson and
Magnus expansions, which again can be expressed using tridendriform and pre-Lie algebra
actions. The various discrete expansions are associated to distinct quantum algebras as will
be transparent in section 4. In subsection 3.2 we present two basic examples/applications
related to the “backward” and “forward” Dyson and Magnus expansions. The first example
is related to gauge transformations of matrix valued fields, whereas the second one describes
the discrete and continuous evolution problem of certain classes of open boundary systems.

o In section 4 we investigate the strong ties between quantum algebras, specifically the Yan-
gian and tridedriform and pre-Lie algebras. We first recall the derivation of the Yangian
via the Faddev-Reshetikhin-Takhtajan (FRT) construction. We extract an alternative set
of generators using the Lie exponential of the solutions of the FRT relation and derive the
defining algebraic relations of the alternative set of generators. We then move on to study
tensor realizations of the Yangian for both sets of generators and express co-products of
the Yangian generators using actions of pre-Lie and tridendriform algebras. The classical
Yangian is briefly discussed after we introduce the notions of the classical r-matrix and
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Sklyanin’s bracket [24]. We conclude that the non-local charges of the classical Yangian are
naturally expressed in terms of (tri)dendriform algebra actions.

2. PRELIMINARIES

2.1. Rota Baxter, pre-Lie & tridendriform algebras. We shall now briefly recall the notions
of pre-Lie algebras [2, [26] and the pre-Lie Magnus expansion, which will be essential to our analysis
here. Before we comment on this interesting connection we first introduce the definitions of Rota-
Baxter and pre-Lie algebras [0, [39] (see also [5, 22 23] B5] and references therein).

Definition 2.1. A Rota-Baxter algebra is a k-vector space A equipped with a linear map R : A —
A, such that Va,b e A
R(a)R(b) = R(R(a)b+ aR(b) + fab), (2.1)

where 0 € k is a fized parameter.

The map R is called a Rota—Baxter operator of weight 6.

Definition 2.2. A pre-Lie algebra is a k-vector space A with a binary operation 1> : (a,b) — a>b,
such that it satisfies the pre-Lie identity Ya,b,c € A,

(apb)pc—av (brec)=(bra)>ec—br (abc). (2.2)
Analogously, a right pre-Lie algebra with a binary operation < can be defined with a pre-Lie identity:
(a<b)<ac—a<(b<c)=(a<c)<ab—a<(cab). (2.3)

In the following Proposition it is shown that Rota-Baxter operators of weight 6 can be used to
construct a pre-Lie algebra action (see also for instance [0 22] and references therein).

Proposition 2.3. Let R : A — A be a Rota-Bazter operator of weight 60 and let > be a binary
operation: (a,b) — a>b, Va,b € A such that

a>b:= [R(a), b] + fab. (2.4)
Then the binary operation > satisfies the pre-Lie identity (2.2).

Proof. Using definition ([2.4)) and assuming (in accordance to the cases examined here) that R(a+
b) = R(a) + R(b) we first show that R(—z) = R(0) — R(z), indeed

R(zx —x) = R(0) = R(z) + R(—x) = R(0) = R(—z) = R(0) — R(x). (2.5)
We then explicitly compute:

(z>py)pz = R(R(x)y—yR(z)+ 0zy)z — zR(R(z)y — yR(x) + Oxy)
+ 0(R(z)yz — yR(x)z + Ozyz). (2.6)
Similarly, using (2.1]):

z>(y>z) = R(R(x)y+zR(y)+ b0zy)z + 2R(R(y)x + yR(x) + Oyx) (2.7)

+ 0 (R(az)yz —yzR(z) + 2R(y)z — 2zR(y) + Ozyz) — R(z)zR(y) — R(y)zR(z)
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And from the two last expressions we conclude that (recall R(a +b) = R(a) + R(b) and R(—x) =
R(0) = R(x)):

(@ry)pz—z>(yrz)= — RR(@)y+zR(y))z — z2R(R(z)y + zR(y))
— 02(R(zy) + R(yz)) — 0(yR(z) + zR(y))
+ 0(yzR(z) + zzR(y)) + R(z)2R(y) + R(y)zR(x). (2.8)

The latter expression is symmetric in z and y and leads to the pre-Lie algebra identity. O

We present two simple examples of Rota-Baxter operators, which will be used in our analysis.

Example 2.4. A simple example of Rota—Baxter operator is given by the ordinary Riemann in-
tegral, which is a weight zero Rota—Baxter map (other examples can be found for instance in [22]
and references therein). Indeed, let S(f), := foxf(C)dg, then

x x C
S()eS(9)e = /0 F(O)dc / df / dc / deF(O)gl€) + /0 dc /0 de£(€)9(C)
= S(S(f)cge + fcS(9)¢ (2.9)

i.e. S is a Rota-Baxter operator of zero weight.

Let A, B be linear operators that depend on a continuous parameter x, we define the following
action

(A> B)(z) := /A )ds, B(x)], (2.10)

which provides a mon-commutative binary operation, e.q. A and B can be matriz valued functions
of x. It turns out according to Proposition [2.3 that the binary operation defined in (2.10) satisfies
the pre-Lie identity (2.2).

The elements of the Magnus expansion can be re-expressed in terms of a pre-Lie algebra action
—pre-Lie Magnus expansion— (see also [8,22] and references therein). It is a matter of some tedious
computation and use of the form of expressions (IL.10) and (210) to show that

QW) = / " dan Adz),

0

Q¥ (z) = —%/xdxg(ADA)(l'g),
QI (z) = /mda;3< (A5 A) > A) (a3) + %(AD(ADA))(:U;),)). (2.11)

Example 2.5. Let f, g be linear operators and let the map X : X(f), = Z"_l Then

m=1Jm:
Y(f)X(g) = 2(E(f)g + fE(9) + f9), (2.12)

i.e. X 1is a Rota-Baxter operator of weight one.
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Indeed, we rewrite equation (2.12) with the suitable discrete variables:

n—1 n—1 n—1
E(f)nz(g)n = Z fngk = Z fmgk + Z fkgm + Z fngn
m=1 k=1 m=1

m>k m<k
n—1
= > (fa2(@)m + 2(Hmgm + fngim)
m=1

and this concludes the proof.

As mentioned in the Introduction interesting relationships between pre-Lie algebras, rooted tree
graphs, dendriform and Rota-Baxter algebras already exist (see for instance [30, 31]), whereas links
between tridendriform, Rota-Baxter and (quasi)shuffle algebras have been also studied in [32]. We
shall briefly recall now the relation between pre-Lie algebras and (tri)-dendriform algebras.

Definition 2.6. A tridendriform algebra D is a k-vector space equipped with three binary
operations <, >, -and the following azioms [30, [31] :

(1) (a<b)<c=a<(b=<c+b>c+b-c)
(2) (a<b)=c=a>(b=<c)

(3) a=(b>=c)=(a<b+a>=b+a-b)>c
(4) a-(b-c)=(a-b)-c

(5) (a=b)-c=a> (b-c)

(6) (a<b)-c=a-(b>c)

(7) (a-b) <c=a-(b<c).

A dendriform algebra is defined by setting the product - to zero in the above axioms, consequently
the rules of a dendriform algebra are given in terms of axioms (1)-(3) without the - term.

Remark 2.7. We note that the product x xy =x <y +x > y+ x -y is associative [31], whereas
the product xby=x =y—y<ax+z -y (xtdy=x <y —y =+ x-y) defines a pre-Lie algebra
A, Va,y € D. In the case of a dendriform algebra the term x -y is not present in both products,
le.xxy=x<y+ax=yandzrdby=x>-y—y<z (xAy=x<y—y > x)

The binary actions of the (tri)dendriform algebra can be defined Vzx,y € A in terms of Rota-
Baxter operators as

x=y:=R(x)y, =x<y:=xzR(y), a-b=~0ab, (2.13)
which leads to the findings of Proposition [2.3.

2.2. From pre-Lie algebras to braces. We report in this subsection the recent findings on the
relations between pre-Lie algebras and braces [41], [46], and in particular the passage from pre-Lie
algebras to braces. Before we discuss this passage we recall the definition of a brace [40] 9] and we
note that braces were essentially introduced in order to derive set-theoretic solutions of the Yang-
Baxter equation [40]. The already known relationships between braces, the Yang-Baxter equation
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and quantum integrability [13] [14], as well as the passage described below are expected to lead to
even deeper associations and the study of possibly novel algebraic structures.

Definition 2.8. A left brace is a set B together with two group operations +,0: B x B — B, the
first is called addition and the second is called multiplication, such that Va,b,c € B,

ao(b+c)=aob—a+aoc. (2.14)

The additive identity of a left brace B will be denoted by 0 and the multiplicative identity by 1,
and in every left brace 0 = 1. Also, let (N, +,-) be an associative ring which is a nilpotent. For
a,b € N defineaob=a-b+a+b, then (N,+,0) is a brace [40].

The group of formal flows constructed from a pre-Lie algebra was introduced in [2] (see also
[35]). We summarize below the passage from pre-Lie algebras to [41, [46] after recalling the notion
of the group of formal flows [2] [35]. We also assume as in [46] that A is a nilpotent pre-Lie algebra.

(1) Let @ € A, and let L, : A — A denote the left multiplication by a, so L4 (b) := a>b. We
define L. > Ly(a) := Lo(Ly(a)) = c> (b>a), and
1 1
ele(d) =b+avb+ 5&[>(al>b)+§al>(al>(al>b)) + -

(2) We formally consider the element 1, such that 1>a = a>1 = a in the pre-Lie algebra (as
in [35]) and define

1 1
W(a) := eL“(l)—1:a+§a>a+§a>(a>a)+~'

Wi(a) : A — A is a bijective function, provided that A is a nilpotent pre-Lie algebra.
(3) Let Q(a) : A — A be the inverse function to the function W(a), i.e. Q(W(a)) = W(Q(a)) =
a. Following [35] the first terms of 2 are

1 1 1
Q(a)_a—§a>a+1(a>a)>a+ﬁa>(a>a)+...

(4) We define the multiplication,
aob:=a+ el (b).

The addition is the same as in the pre-Lie algebra A. It was shown in [2] that (A,0) is a
group. It is then straightforward to show that (A, o,+) is a left brace, indeed

ao(b+c)+a=a+elo@(b+c)+a=(a+elo@ (b)) + (a+elo@(c))=aobtaoec

The above formula can also be written using the Baker-Campbell-Hausdorff (BCH) formula,
(see [2, B5]). We first recall that the Lie algebra L(A) is obtained from a pre-Lie algebra A by
defining [a,b] = a>b — b a (with the same addition as A). By means of the BCH formula,
ela(elr(1)) = elc@n (1), the element C(a,b) can be represented in the form of a series as C(a, b) =
a+b+ La,b] + L ([a, [a, ] + [b, [b,a]]) + ...
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Lemma 2.9. The following formula for the multiplication o defined above holds (see e.g. [35]):
W(a) o W(b) = W(C(a,b)),
where C(a,b) is obtained using the BCH series in the Lie algebra L(A).

Proof. The proof is immediate from the definition of the brace multiplication:

Wi(a)oW(b) = W(a)+ elow@) (W (b)) =ele(1) — 1 +ele(elr(1) — 1) =
= elo(elr(1)) — 1 = ebcen(1) =1 = W(C(a,b)). O

Example 2.10. We recall the expression from Magnus expansion Q(z,a) = > Qm) (x)a™
(211). Let Q(z,«) f Q& a; A)dE, then from (211) we read off:

0E, 05 4) = aA(E) — SaP(A5 A)(E) +10* (A5 A)p A4)(€) + 5o
where for any linear operators A, B : (La(B))(z) := (A> B)(z [f A(s B(xz)], and

(AD(ADA))({) .

(eLA(B))(a:) = B(z) + (A> B)(z) + %(AD (A> B))(z) + g(AD (A> (A> B)))(z) +

And in this case the brace multiplication in defined as: (Ao B)(z) := A(z) + (e"2@4) (B))(z) (see
also 2] ).

3. DISCRETE MAGNUS EXPANSION & PRE-LIE ALGEBRAS

In Section 1 we described the solution of the linear evolution problem expressed as Dyson and
Magnus series and we recalled the pre-Lie Magnus expansion. We are now focusing on the discrete
evolution problem and the derivation of the discrete analogue of the Magnus expansion. Our
starting point will be the discrete evolution problem; indeed let IL,T" be some linear operators
depending on some discrete index n € Z" and an extra parameter a € C (e.g. L, T € End((CN )):

Tpi1(a) = Lo(a)Ty (). (3.1)

The solution of the difference equation above is found by iteration and is given by Tnyyi(a) =
Ly(a)...L;i(a) (let us choose for simplicity T} () = 1 as initial condition), and as in the continuous
case we express the monodromy matrix as Ty41(a) =1+, ., a"TM(N + 1),

We consider the general scenario, where the L-operator is formally expressed as L(a) = 1 +
Dok a*L*) | where in general L(™) are linear operators (or algebraic objects), for instance for our
purposes here we will be considering Lm ¢ End((CN ) ® A, where 2 is some quantum algebra to
be identified in the subsequent sections, or L™ e End((CN ). Notice that L. may be re-expressed
as L(a) = €AY (see next section for a detailed exposition and relation to the Yangian algebra).
Considering the generic form of I we obtain the form of the coefficients of the monodromy:

T (N +1) ZZ(L(W Z L) ZL(W))Zk . (3.2)
j=1M=m

n=1k=1 ng_1=1 ni=1

In the following Proposition we express the elements of the discrete analogue of Dyson’s series
(B2) in terms of the tridendriform algebra.
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Proposition 3.1. The elements of the discrete analogue of Dyson series (3.2) are expressed in
terms of the tridendriform action < as

T(N +1) Z (LW < (Lm0 < (< (Lm2) < plmyy (3.3)

n=1k=1

),JZ?:l mj=m’

Proof. We first recall (2.I3]) and the fact that in this case the Rota-Baxter operator of weight
one is the summation, i.e. R(x) := X(x), = Zzl;ll T, then (z < y)n = ,2X(Y)n, where x,y are
in general some linear operators. Using the definitions of ¥ and the explicit expressions of Tm),

me {1,2,...,N} B2]), we write

T (N +1) ZL (Lm0 5 (Lme-2)5 (. n(Lim)y) (3.4)

))n‘Z§:1 mj=m’

Via (x < y)n = 2, 2(y)n, expression ([B.4) leads to ([B.3)).
For instance, for n =1, TM(N 4+ 1) = EN L,(1 ), for n =2

N n—1 N
TON+1) = Y <L£3> SLh L£?>> =y <L£})E(L(1))n + L,<3>)
m=1

n;l n=1
- ((L<1> <L), + L§3>>
n=1
for n = 3,
N n—1 m—1 n—1 n—1
TON+1) = Y (L§3> DN LW+ O L@+ 1@ N L Lg?))
n=1 m=1 k=1 m=1 m=1

n

N
=X (Lg1>2(L(1>E(L(1)))n + LOSL®), + LOS(LM), + L(3>)

N
> ((L<1> < (LW <LW) 4 (LW <L®) 4+ (L@ < LWy 4 L,(f’)). O
1

S
I

We come now to the precise derivation of the discrete Magnus expansion. We consider the Lie
exponential T 1(a) = e@V+1(®) Quyi(a) = 32 a™Q™ (N 41), which will lead to the discrete

m=1

analogue of Magnus expansion; expressions (L4), (LE), (L8) and (EI:QI) hold.

Lemma 3.2. The quantities Q¥)(N + 1) := ZN o ), where Q) = Q®) (n+1) — Q¥ (n), are
expressed explicitly as:

N
QU+ = YLD,

" N
QN 1) = o [, I - S0P+ Y1,
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N n—1
1
QO 41 = (5 ST (. (240, B0+ ([0, 2] 20))
na>ni

n=1 =1
n—1
1
g o0 (R L) (20, L)
ni=1
o 1N
+ 6 ([ngll)a (LS))Q] n [(LSBR 2 L0 1 52 L(l L® +L(2)L(1))
m=l1 n=1
n—1
1 1
+ 3 (LW)3 — 5; ([LY, LP] + L@, LO]) +L513))’ (3.5)

Proof. Recursive expressions (L8]), (I.9]) apparently still hold, but now T are given by B2).
Notice that in the discrete case both Ti41(A\) and 70" (N + 1) depend on a discrete parameter
N, which replaces the continuum parameter x of the continuous analogue discussed in Section 1.
The quantities Q*) can be immediately read from B3), and are the discrete analogues of the
derivatives Q%) (), of Magnus expansion in Section 1. O

Corollary 3.3. Let A, B be linear operators (or generic algebraic objects) that depend on a discrete
parameter n € Z*, and define the binary operation >: (A, B) — A> B, such that

n—1
(A>B)n:=[>_ Am, Bn] + AnBy. (3.6)
m=1
Then the pre-Lie identity is satisfied, i.e.
(AvB)>C), — (A>(BrC)), = ((BrA)>C) — (Br(A>0)), . (3.7)
Proof. The proof is immediate by means of Proposition 2.3] and Example O

Proposition 3.4. The elements of the discrete Magnus expansion (33) can be re-expressed in
terms of the pre-Lie action (3.6]).

Proof. We recall the definition of the pre-Lie binary operation (3.0), then

(x>x), = Z T, Tn] z2, (3.8)

also, from expressions ([2.6) and (2.7, for R — 3, and by setting = y = z we obtain:

n—1
H@enea) + (o @on), = (e [20s: 2] + ([0, 0s]201))
e
+ Enl_l <xn1 [‘Tn17 xn] + [‘Tn17 xn] xn)
1= 1
+ = 2 ([ows 23] + [, @a]) + 322 (3.9)



12 ANASTASIA DOIKOU

Comparing expressions (3.5) with (3.8]) and (3.9]) we conclude

N
QW(N+1) =) "L,
n=1
N N
QIN 1) = -~ S (W s L), + SO L),
2 n=1 n=1
N
1
QI +1) =3 <Z((L(1) > LW) s LMY 4 — (LW s (L0 5 LO)) )
n=1
N N
1
1 @ 5 1O W)y 1@ (3)
52 <(L > L), + (LW s L )n) +§Ln . (3.10)

The above expressions provide elegant expressions of the discrete analogues of the pre-Lie Magnus
expansion. Higher order terms are computed by iteration via (L8], (L9)). O

Remark 3.5. It is worth focusing on the simple linear case, where L(a) = 1+ alP, i.e. LM =Pp
and L™ =0 VYm > 1. Then we obtain the following explicit expressions, which provide a simpler
discrete analogue of Dyson’s series:
N
Tnsi(e) =1+ Z a"TM(N +1), TN+ = Y Py, ...P,. (3.11)
Ny >...>n1=1
According to Proposition[31 the elements of the discrete Dyson series (3.11]) are expressed in terms
of the tridendriform action < as
N
TN +1) =Y (]P’ <P<P=<(..<(P<P).. .)))n, (3.12)
n=1
with m P-terms. We also recall that T = €V, then via (I.7) and (I.3) we immediately obtain the
formulas for Q™) (N +1), given the findings of the generic case, and the pre-Lie discrete Magnus
expansion in this case takes the simple form resembling structurally the continuum case,

QW(N +1) Z]P’n,

N

QN +1) = —%Z(%P)n
n=1
N
QN +1) =Y G((PDP) >P) + %(]P’D (]P’I>]P’))n>. (3.13)

n=1
Higher order terms are obtained via (1.8), (1.9). Expressions (313) are much more concise com-
pared to the general ones (3.10), and apparently similar to the corresponding continuous formulas,
given that certain “boundary terms” are missing in the linear scenario.

Remark 3.6. We briefly discuss now the associated brace structure emerging from the discrete
pre-Lie Magnus expansion, which provides one more example of brace construction in accordance
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to Subsection 2.2. We recall expressions Qn+1(a) = 3,20 QU™ (N +1)a™ (Z11). Let Qn11(a) =
SN Qu(;P), then fmm (313) we read off:

1 1
Qn(; P) = aP, ——a 2(Po>P), 4@3((P>P)>P)n+ TR

where we recall that for P, B being linear operators (Lp(B)),, := (P>B),, = [271;1_:11 Py, Bn|+PnBn,
and

o?(Po (PoP)) +..., (3.14)

(eL“”(B))n:Bn+(P>B)n+%(P>(P>B)) + = (P> (P> (P> B))), +...

ol
And in this case the brace multiplication in defined as: (P o B),, = P, + (elo@n (B)), -
Remark 3.7. (The continuum limit). Recall the discrete evolution problem ([31)), then rescale

a — da (6 << 1) and consider the general form IL(X\) = 143> ™" L) . Expression (31)
can be rewritten as (keeping only linear terms in ¢)

Toi1(0) = (14 adL{),) T (). (3.15)

By considering the following “dictionary” as § — 0: L,(w)r1 — A(z), and M — 0:¥(§) we
arrive at the continuum limit of (31]), which is the linear evolution problem

FcT (&, o) = aA(T (&, ). (3.16)

Detailed proof on the continuum limit of the discrete monodromy that lead to continuum mon-

odromy, based on a “power counting rule” is given in [4]. The counting rule relies on the fact
522’ 1o — fox €)d¢, and terms of the form:

§2=1 M Dy ko L,(gl) o L,i?nm) — 0 in the continuum limit for Z;nzl n; > m.
In the continuum limit the monodromy matrix T is expressed as a Dyson series with terms that
are written, via (8.11)), (312)) in terms of a dendriform action (A < B)( ) [y B(&)de, as
70" () — / dC(A< (A< (A< (.. <(A<4).. .)))(g). (3.17)
0

3.1. An alternative discrete expansion. Let us now consider a slightly different scenario, where
the L-operator in (B is of the form L(a) = M 4 oL, M # 1 and M, L are some linear operators.
Before we state the main findings in the next Proposition it is useful to introduce some notation. We
set:

(1) MN—l—l,n—l = MNA- MM, . . .
(2) M:=M"! and M, 1 n41 = Mu_1M, ... My
(3) My41,1:=Mpny1 and My yyq := My41.
Proposition 3.8. Let L in (31) be of the form L(a) = M+alL, and the monodromy be Tn11(a)) =

Egzo a" T (N + 1), where in general M # 1 and L are linear operators. Then the monodromy
matriz Ty41(a) can be expressed as

Tii(a) = €0 My, (3.18)
where Qn41(a) = ZNH a™QU™) (N + 1) is the discrete Magnus expansion as in Remark[32 and

the elements QU™ (N + 1) are given in (313) as the pre-Lie Magnus expansion.
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Proof. We start with the standard ordered expansion of the monodromy matrix, given the choice
L(a) = M + aL we obtain

N
Tnii(a) = MN+1+OéZMN+1---Mn+1LnMn—1---M1
n=1
N
+ o> Y My...MpLnMpoqo o My Lon My g . My 4 (3.19)

n>m=1

after some lengthy, but straightforward computation and after defining:

P, := My 1L, M, M, _; v, (3.20)
we arrive at
N N
Tni1(a) = (1 +Yam Y PP, ...Pm)MNH. (3.21)
m=1 N, >...>n1=1

The bracket in the expression above is just the discrete ordered expansion (B.12]), which as shown
in the previous subsection can be expressed as the discrete analogue of Magnus expansion, and
also in terms of a suitable pre-Lie action. Notice however that contrary to the previous analysis of
Section 3, the objects P, ([8.20) are not local anymore, but are “dressed” quantities via a gauge
transformation My ,—1. O

3.2. Gauge fields & open boundary systems. We consider in this subsection two fundamental
problems/applications very much associated to the derivations of the previous subsection. The first
problem is the transformation of the field L (A in the continuous case) via a gauge transformation,
and the second one is the construction of the evolution problem and solution for certain classes of
systems with open boundary conditions.

Gauge fields. Let T}, be a solution of the difference equation (3.1) and T,, a solution of

A

Thi1(a) = Lp(a)T,(a). (3.22)

Let also G(a) be a linear operator, such that T, () = Gp(a)T,(a), then via BI), B22), we
conclude for the transformed field, L,(a) = Gpi1(a)L, ()G, (a). Assuming that the operators
L,,L,, are given we solve the following difference equation to identify the gauge transformation

Gp1(@) = Ly (@) Gp (o)L (o). (3.23)
Lemma 3.9. We recall that Ty 11(a) := Ly(e)...Li(a) and T&_li_l(oz) =LY a)...Ly}(«). The
solution of the difference equation (323) is given by Gny1(a) = Ty (« Gl(oz)T]Q_lH(oz), Gi(a) is
some generic initial value.

Proof. The solution of ([8.:23)) is obtained directly by iteration. O

Similarly, in the continuous case (see also Remark [3.7]) we can either consider the continuous
limit of the above expressions or directly apply the gauge transformation: T'(z, a) = G(z, a)T'(z, a),
where T' satisfies (1)) and 7' satisfies 0:7'(§, ) = aA(§)T(§, ). Hence, we conclude that the
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transformed field is given as fl(ﬁ) = G(&,)AGTHE, @) + a7 19:G(&,2)G71(€, @), which is the
familiar transformation of a gauge field A. Suppose that A, A are given, then G(&, o) satisfies the
evolution problem

0eG(¢, ) = aA()G(€, @) — aG(&, @) A(€). (3.24)

The solution of the latter equation is given by G(z,a) = T'(x, ®)Go ()T~ (z, ), where we recall
that, T'(x,a) = gexp <a Jo A(€)dg > (similarly for T'(z,)) and Go(a) is some initial value at
z=0.

This type of problems systematically appear in the context of integrable systems, where a Lax
pair and strong compatibility conditions (zero curvature condition, i.e. equations of motion) exist

[29, [1} 24]. In this frame dressing schemes [49, [I7), 6] are used in order to obtain solutions of the
associated integrable non-linear ODEs and PDEs that emerge from the zero curvature condition.

Typically, in integrable systems due to the existence of a Lax pair or the existence of a classical
or quantum R-matrix [24] 25] (see also [11] and references therein) it turns out that tr7T'(a) pro-
vides a hierarchy of conserved quantities; for instance the Hamiltonian of the system with periodic
boundary conditions is a member of this hierarchy (a more detailed discussion will follow later in
the text). We are regarding in the next section both quantum and classical integrable systems,
and we establish fundamental connections with the findings of the present section. A relevant con-
struction, which leads to systems with open boundary conditions is presented below.

Open boundary conditions. We now focus on the evolution problem associated to integrable systems
with open boundary conditions, although we are not going to discuss here about the notion of
integrability for such systems (the interested reader is referred to [45] for a detailed exposition).
In order to describe discrete systems with open boundary conditions within integrability [45], we
also need to consider the following difference equation

Tri1(a) = Tp(a)Ly(a). (3.25)

The solution of equation (3:25) is found by iteration and is given by Tx11(a) = Li(a)... Ly (e)
(we choose for simplicity 77 () = 1 as initial condition). We express the monodromy as T () =
14> ,5,a" T T (N +1) and recall the exponential map TN+1( ) = Qv +1(@); expressions analogous
to (3], (LH), (I8) and (LI) naturally hold.

We consider the general scenario, where Iﬂ(a) =14+ e o®L®) | and in general L™ are linear
operators, then the form of the coefficients of the monodromy 7" are given as

N m ng_1-1 ng_o—1 ny—1
TN +1) Z (X L Y Ly iﬁ%z)ﬁﬁl))y . (3.26)
1=1k=1 np=1 np—1=1 na=1 j=1mg=m

We may than express the elements of the discrete analogue of Dyson’s series ([8.20]) in terms of the
tridendriform algebra in analogy to Proposition B.11
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Lemma 3.10. The elements of the generalized discrete Dyson series (3.26]) are expressed in terms
of the tridendriform action > as

(N +1) 2;( (B By ) s ﬁ<m1)>n‘2?:1mj:m, (3.27)
n 1

For instance, forn =1, TO(N +1) =N | PV, forn=2andn =3

N
PN +1) = 3 ((ED - L), +LO)

n=1
N
FOW 1) = 30 (@D - L0) - LO), + (B0 - 1), + (2O - L), + 1),
n=1
Proof. The proof goes along the same lines as in Proposition 3.1l O

We recall the exponential map T'(cr) = eQ(a), Qa) = >y a™Q™ | which will lead to the
discrete analogue of Magnus expansion.

Lemma 3.11. The quantities Q%) (N +1) := ZN QO ), where Q) = QU )(n+1) —Q®(n), are
expressed explicitly as:

N
QYW+ = Y LY,
) 221 N 1 N . N .
QU1 = 5 30 (L) LD 5 YT+ YLD,
n>ni=1 n=1 n=1
5 (LN 0 G 0 (0 f0
QU+ = Y (5 3 (B[, LO) + [[E, L0],20))
n=1 m>k=1
n—1
boo S (DD, B+ [0, EW)ED)
= - LN A
+ g 2 (B @]+ (L2, L)) — 5 D0 (ERVLY + LD LLD)
m=1 n=1
L L5 P74 @O 1 1O
+ o5 (@Y 52 ) L] 4+ [LOLW]) + L ) (3.28)
Proof. The proof is along the lines of Lemma [3.2 O

We are now in the position to express the discrete Magnus expansion elements is terms of the
Pre-Lie action <. Let A, B be linear operators that depend on a discrete parameter n € N and
define the binary operation < : (A, B) — A < B, such that

n—1

(AdB)n = [An, Y Bm] + AnBn. (3.29)

m=1
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Then the pre-Lie identity is satisfied, i.e.
((A<B)<B), —(A<1(B<C)) = ((A<C)aB) —(A<(CaB)),. (3.30)

Proposition 3.12. The elements of the discrete Magnus expansion (328) can be re-expressed in
terms of the pre-Lie action (3.29).

Proof. Recalling that (a <b), = [an, Zz;ll bm] + apby, we conclude

2
n=1 n=1
QBN +1) = g: <i((L<1> Sy XIS O l(zu) A(EW 4 £0Y) >
N = \12 4
1< o N
= (L@ aL®), + (EDaL@),) + 3 L. O
n=1 n=1

A remark similar to Remark applies here too by setting L) =P, L) =0, Vj > 1.

Now that we have the discrete Magnus expansions for both the “forward” and “backward”
evolution problems we may identify the solution of the open boundary problem [45].

Lemma 3.13. Let Tyi1(a) = Ly()...Li(a) and Tyi1(e) = Li(a)...Ly(a) be solutions of
(31) and (3.23) respectively. Let also K(c) be a linear operator, then the quantity Tnii(a) =
Tni1(@)K(a)Tn41(«) [45], is a solution of the difference equation

Tha1(@) = Ly () Tp () Ly (). (3.31)

Proof. The proof is straightforward by means of ([B.I]) and (B.25)). O

Remark 3.14. We consider L(o) = L™ (—a) and consequently T 41(a) = TJQ_IH(—oz). This case
is associated to the so-called reflection algebra in integrable systems [10, 45]. In the continuum
limit, after recalling Tpy1 — T(x+6), L, = 14 0aA(x) and keeping linear terms we obtain from

(331
T (& ) = aA(§)T(E ) + aT(&; ) A(E), (3.32)

which is the evolution equation for a system with open boundary conditions. The solution of (3.32)
is given by T(£,0) = T(&, a) K ()T (€, a), where T(£, o) = €& is given in (I3), and T(£, o) =
T-1(&,—a). Notice that although (3.24) and (3.32) are mathematically similar, they have distinct
physical interpretations as already pointed out.
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4. QUANTUM GROUPS AS TRIDENDRIFORM & PRE-LIE ALGEBRAS

After the derivation of the discrete analogue of the Magnus expansion and its relation to pre-Lie
algebras we are ready to study some key relationships between quantum groups, tridendriform and
pre-Lie algebras. We employ the Yangian )(gly,) [19 B7] as our key paradigm and we show that
the N-coproducts of the Yangian elements can be re-expressed in terms of suitable tridendriform
and pre-Lie algebra actions.

We first recall the derivation of quantum groups associated to solutions R : CN@CN — cVNoCcV
of the Yang-Baxter equation (YBE) [7, [48]

Ryp(u1,u2) Ri3(uy, u3)Roz(ug, u3) = Roz(ug, uz)Ry3(uy, u3) Rz (ug, usz), (4.1)

where uj,up € C. Let R = ) a, ® b, then in the “index notation”: Rip = Y, a; ® by ® 1y,
Ro3 =1y ® )., a3 ® by, and Riz = > a; ® 1y @ by. For the derivation of a quantum algebra
associated to an R-matrix we employ the FRT construction. Given a solution of the YBE the
associated quantum algebra is a quotient of the free algebra, generated by {L%’ e,y e {1,...,.NV }}
and relations:

Rig(ur,ug) L (ur) La(ug) = La(ug) La(ur) Riz(ui,uz), (4.2)

where L()\) € End(CV) ® A and ol is the quantum algebra defined by (42). Let L(u) =
Yoo u™L™) | and e, be N x N matrices with entries (esy)zw = 0z..0y. Then in the index

notation, R1o = R ® 1g and

N N
Lgm) = Z ey @ 1y ® Lg?;)v Lgm) = Z ly® €ry © Lg?"b)
zyel z,yel

4.1. The Yangian )(gly). We focus now on the Yangian )(gly/); in this case a=! = u := X
(additive parameter) and R(ui,uz) = R(A — A\2). Specifically, R(A1,\2) = (A1 — X2)lvgy + P,
where P = 2%21 eij ® e;; is the permutation operator. Via the fundamental relation (£.2]) we
obtain the algebraic relations among the generators [37]:

LD, pe] - [

. L,@’j}*”] = LyLY — LY, ke {1, N (4.3)

il

We recall the Lie exponential is written as eQ := 1 + >y % We focus here on the case were

L, Q € End(CV) ® Y(gly), and L satisfies relation [#2). We express the generic solution of (&2
as L(\) = QW) and consider the formal X series expansions:

LA) =1yey + Y AL, Q) =Y a7, (4.4)
m=1

m=1

INotice that in L in addition to the indices 1 and 2 in (A2 there is also an implicit “quantum index” n associated
to 2, which for now is omitted, i.e. one writes L1,, Lan.
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Then comparing the series expansion L(A) and QM) using also (4.4]), we obtain expressions of
QU™ in terms of symmetric polynomials of L™ (see (T4), (LH), Q™ — QM) T — L),

QW =L, Q@ =@ _ Ly (4.5)
) 2 )
1 1
Q® — 1B _ 5 ( IO L 1@ L<1>) + g(L<1>)3, (4.6)

and vise versa as in (L6, (I7), i.e. similarly, the formal logarithm can be defined such that
In(L(A) = Q(A).
Our aim now is to derive an alternative set of generators of the Yangian based on expressions
(45, ([4.8). Indeed, let us focus in the first few explicit exchange relations from (Z.3)
0
(1) n=0,m=1 (L) = §;):
1 1 1
(L), L) = Guul) — b Ly
the latter are the familiar gl exchange relations.
(2) n=2,m=0:
2 1 2
(L. L) = 0Ly — iy LY
B)n=2m=1
@ 7@ 2 7@7_ 7MW@ (2) 7@
[L j Lk,l] - [Li,j’ Lk,l] - LkJLi,l _Lk,jLi,l
4 n=3,m=0

180, 2] = ) 0,10

%37 »J

Lemma 4.1. The algebraic relations for the alternative set of generators of the Yangian, Q
i,j€{1,...N}, me{l,2...} are given:

[Qz]’ ] = 5ile’(fl,;_5k’jQ§’ll)
QY @] = 0,Q) - ,QF

Q7 QT = Gl - 0 Qi - QMZQ Qi + 5 ZQ Qs

+ 12(% Z Qo)) - 5, Z Q). .. (4.7)

z,y=1 z,y=1

7,]7

Proof. The proof is based on (4.0) and the exchange relations (1)-(4). O
Remark 4.2. The Yangian is a quasi-triangular Hopf algebra on C [19] equipped with:
(1) A co-product A : Y(gly) = V(gly) ® V(gly) such that
(id® A)L(A) = Lis(A)Li2(A), (A @ id)L(A) = Lig(A)Las(A). (4.8)

We define the N-coproduct as (id @ AN))L(\) = Loy ... L.
(2) A counit € : Y(gln) = C, such that (e ® id)L(\) = 1y, (id® €)L(A\) = 1y.
(8) An antipode S : Y(glyr) — V(gly) : (S @ id)L(A) =L71(\), (id® S)L™Y(\) = L(\).
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Specifically, for the generators of the Yangian algebra (Hopf algebra):
AQy) = Qyel+1eQy
1 n
AQy) = Qp@1+10Q8 +5 > (Qu © Q) — Qu © Q). (4.9)
d=1

Also, (Ql)) = (QF) = 0, and S(Q)) = —Q.  S(QF) = -Qf) +1Qy.
The Yangian as a Hopf algebra is associative, and the n-coproducts can be derived by iteration
via APTD = (id@ AM)A = (A @ id)A.

In the next subsection we examine tensor realizations of the Yangian and express the N-
coproducts of the algebra generators as elements of the discrete Magnus expansion. We also express
coproduts of the algebra in terms of suitable tridendriform and pre-Lie algebra actions.

4.2. Tensor realizations of the Yangian & Pre-Lie algebras. In order to demonstrate the
links between the Yangian, tridendriform and pre-Lie algebras we consider tensor realizations of
. . . (m)
the Yangian. Let the solution of relation ([@2)) be of the general form L(\) = lygy + 3,1 L €
End(CV) ® Y(gly), with the R-matrix being the Yangian R(\) = lygy + AP and L™ =
zgfy:l ex,y®L§:,Z), where ng) are the generators of the Yangian gl,,. We introduce the monodromy

matrix 7' € End(CV) @ Y (gl )@V
To12.8(A) == (id @ AMLA) = Loy (A) - .. Lor (M), (4.10)

which also satisfies the algebraic relation (£2]) and is a solution of the discrete evolution problem
(B1). Historically, the index 0 is called “auxiliary”, whereas the indices 1,2,..., N are called
“quantum”, and they are usually suppressed for simplicity, i.e. we simply write Ty n+1 (or Tn41)-
We also note that a standard simple solution of the fundamental relation (£2)) for the Yangian is
L()\) =1+ )\_1]P), where P = Z%:l €ij ® PZ’J’ and ]P)Z',j € 9[/\/ : [Pi,jy P]ﬁl] = 5i,l]P)k,j — 5k,j]P)i,l-

Remark 4.3. We define the transfer matriz tyi1(\) = tro(To,n+1(N)) € End((CN)®N). The
monodromy matriz T satisfies ({-3) (it is a tensor realization of the algebra defined by (4-2)), and
hence it is shown that the transfer matriz provides a family of mutually commuting quantities [25]

v (3 = W S, S,
N+1 k=1 ")k /-
k 1
v, ] =0 = [68,, (] =0, (4.11)

These commutation relations guarantee the “quantum integrability” of a spin-chain like system

with periodic boundary conditions. For instance the Hamiltonian and momentum of the system
belong to the family of the mutual commuting quantities.

Proposition 4.4. Let L((lng), a,be{1,2,...,N}, m={1,2,...} be the generators of the Yangian
gl (4.3). The coproducts of the algebra generators are expressed in terms of tridendriform algebras
actions <.
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Proof. Before we carry on with the proof it is useful to recall the tensor index notation: let A, B
be elements of some algebra 2, then A,B,, = BnA, = B, ® A, n > m, where the indices n,m
denote the position of the objects A, B on an N-tensor product, i.e.

Ay=1®...19 A ®l..®L (4.12)

n'" position

We recall that the quantum monodromy is expressed as Tnyi(a) =14+ > 4 o™ TM (N +1)
(@ = }), with coefficients given in (B2) and in terms of a tridendriform action in (33). We
also recall that Tyy1(\) = (id @ AMNL(N), hence Té?)(N +1) = AW (L( )) (A is an algebra
homomorphism), which leads to ’

N m
AN = 3 S (D e (BT
>n

)

)"1>Z§_1 mj=m

N m
= (0 <@ < o=@ <) |
n=1k=1 nl32i_ mj=m

(1) ALY =5 (),
@) AMEE) =N (8, + 2N, (1) < Lél’ >n
(3) AW (Lff’?,) = 25:1@5,’2)71 +300 <(L22b1 = Lb1 o) T (Lglbl = Lé?)b)n>
+ ZnNzl (Laflzg = ngi?bl = Lz()?b))n- 0

We note that a presentation of the Yangian is given via the evaluation homomorphism, ev :
Y(gln) — gly, such that LE:Z) = 0Py, 0 € C, and Py p, are the gl generators. We also recall that
L(A) = > ,,50 A"™P™ is a solution of ([@.2]), hence the following map also exists, o : V(gly) — gly,
such that L((:;) = (P")q. Before we come to the second key link between the coproducts of the
alternative Yangian generators Q,; and pre-Lie algebras, we first introduce a useful Lemma and
some handy notation.

Lemma 4.5. Let x,y be general linear operators and R(x), R(y) be Rota-Baxter operators, such
that [R(x),y] = [R(y),z] = 0. Assume also that the actions of a tridendriform algebra are defined

in (213), then v <y =1y > x.

Proof. From the definitions in (2.13]) we immediately conclude that x <y =y > x. O

Remark 4.6. We introduce some notatz’on that will be used in the following Proposition. Let
O € End(CN) @ 2, then O, = Eabeab ® (Oap)n, where (Oqp)n is defined as in ([{.13). We
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assume that A, B € End(CN) @ A, and we define

(A5 B)),, = ([ AnBu] +4uBa) (4.13)
m=1 ’
N n—1 n—1
= Z < Z (Aa,c)m(Bc,b)n - (Ba,c)n Z (Ac,b)m + (Aa,c)n(Bc,b)n) .
c=1 m=1 m=1
Recalling the definitions of the tridendriform actions (2.13), we conclude for the above expression
N
(A B)a),, = 3 (Aae = Bes)n = (Bae < Ac)n + (AueBes)n). (4.14)
c=1

Due to the fact that [(A&c)m, (Bc,b)n] =0, n # m, Lemma [{.5 applies.

Proposition 4.7. Let ng), a,be{1,2,...,N} and m = {1,2,...} be the alternative generators
of the Yangian gly, (Lemmal[1). The coproducts of these generators are emerging from a pre-Lie
algebra and are explicitly expressed in terms of tridendriform algebras actions.

Proof. First we use the fact that (id@ AMN)Q™ = Q™) (N41) @IT), we also recall the expressions
QU(N +1) (3I0), then via (Im) ([#5]) we conclude

(id @ AMQW = ZQn,

N
(id® AM)Q@ — 1 Z(Q“) > QW)+ (QP + %(Q&”)z),
n=1 n=1

N
(4o A = 37 (F(QVQM)» ), + (V= @V > Q™))

M2~

n—=
1
2

1

3
Il

<(Q<2> > QW)Y + (QW b Q@))n)
(

Q)2 QW)+ (QW > (QW)?),)

-
M=

3
Il
—

_l’_

N
3 @) @y 4 1wy
> QY+ Q QY +QQY) + £ (Q))), (4.15)

n=1

The N-coprodutcs of the alternative generators Q( b of the Yangian are extracted from expres-

sions [@IH), by recalling (id@ AN))QM) = > ab ea @AW )(sz ;) and Qab( ) = A(N)(Q((lpz), a,be
{1,...,N'}. Specifically, for the first couple of terms, n = 1,2 we obtain from (£.I3]), Remark [£.0]

(1) AM@QLY) =30 1<Qab>n,
2 AM@QE) =N, (%)~ X, (@ = Q) — @2 < Q).

The notation and the requirements introduced in Remark apply in this case. O
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Remark 4.8. In the special case where L(A) =1+ %]P’, i.e. L =P and L™ =0 VYm > 0, and
given relation (4.3), ({-0), we conclude that expressions ([{.10) reduce to the much more concise
formulas (3.13), and Remark[3.0 on the construction of braces from pre-Lie algebras holds.

We present below two distinct examples/applications associated to the alternative discrete ex-
pansion described in Subsection 3.1. More details on these two examples will be presented in future
works as they are both of particular interest.

Example 4.9. Let R: CV @ CN — CVN @ CVN be a solution of the YBE, of the form RN =r+
A~YP, where r is also a solution of the YBE and P is the permutation operator (see e.g.[13 14, [15]).
Such solutions can be obtained for instance from involutive set-theoretic solutions of the YBE
[18, 13]. Recall now the expression of the monodromy matrix T(A) = Ly(A)...Li(\), where in
this example L(X) = R(X). Given that R satisfies the YBE one shows that the monodromy matrix
naturally satisfies the ({.3). In this case expressions (3.21) and (3.20), (1)-(3) in Subsection 3.1
hold: M — r, L — P and o = A\~ 1.

Example 4.10. Another typical example in this class is the algebra U,(gly) [27, 28]. In this case
L(\) = LT —e ™ L™, where LY =3,y eap @ LY, and L™ =37 5y eap @ Ly . The elements Lib €
B*, where B* are subalgebras ofi,(q(ng), (upper/lower Borel decomposition; for more details the
interested reader is referred to 27, 28, 25]). The associated R-matriz is an N x N2 matriz and
is of the form R(\) = Rt — e R~ where Rt =Y eap @ R, and R~ =Y < eap ® R,
(see detailed expressions in [27, 28]). In this case too ;mpressz'on; (321) and (320), (1)-(3) in
Subsection 3.1 hold: M — LT, L — L™ and o = —e™ 2,

Classical Integrability. Connections between (tri)dendriform, pre-Lie algebras and classical inte-
grable systems and the associated classical deformed algebras are naturally identified given the
findings of the previous subsection. The key point in the description and construction of classi-
cal integrable systems from the Hamiltonian point of view is the existence of a classical matrix
r € End(CV @ CV) that satisfies the classical YBE [24] 42],

[7’12()\1 — )\2), 7’13()\1 - )\3)] + [7‘12()\1 — )\2) + 7’13()\1 — )\3), 7’23()\2 - )\3)] =0. (4.16)
The classical YBE can be seen as a linearization of the quantum YBE, i.e. we set R = 1+6r+0O(5?).
Also, the classical Lax operator L()\) € End(CV) associated to a discrete space intregrable system
satisfies the so called Sklyanin’s bracket [24], 43] [44] (i.e. the classical analogue of the fundamental

relation (4.2])):
{Ln()\l) ® Lm()\Q)} = [r()\l — )\2), Ln()\l) (9 Lm()\g)] 5n,m- (4.17)

As in the quantum case algebraic quantities in involution exist, due the existence of an r-matrix.
Indeed, the monodromy matrix T(A) = Ly(A)...Li(\) € End(C") also satisfies Sklyanin’s
bracket and hence it is shown that t(\) = trT(X) satisfies {¢(\),t(u)} = 0, which, given that
t(\) = Z%Zl A7) leads to a family of quantities in involution {t(m), t(k)} = 0, i.e. classical
integrability a la Liouville is shown [24].

In the case of the classical gl Yangian, the r-matrix is given as r(\) = % where we recall
that P is the N2 x N2 permutation operator. Also we recall, as in the quantum case, L()\) =
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1+ 3,51 AL and L™ = Zﬁ,szl Ly peqp- By substituting L in (@I7) the classical Yangian
relations are recovered, i.e. the classical analogues of (43]). Everything holds as in the quantum
case, but [,] — —{, }, ie. L((lnz) are commutative objects, and are the generators of the classical

(m))'

Yangian. Téjg) (non-local charges) are the classical analogues of the coproducts AN (L ab

In the continuum case the Lax operator A(z, \) € End((CN ) satisfies a linear Sklyaninn’s bracket
(ultra-local algebra):

{A(z, M) @ Ay, A2)} = [r(A1 = X2), Az, M) @1+ 1@ Ay, X2)]d(z — y). (4.18)

In the case of the Yangian specifically r(\) = ? and A(z,A) = 1+ A(z). The monodromy matrix in

this case is defined as T(z,a) = Eexp( Jo A&, a)dg) (see also (LZ) and Remark 3.6) and satisfies
the quadratic relation ([@.I7), [24], B3]. Also, the expressions for the continuous Magnus expansion
(CI0), (LI12) and ZII) hold (o = A~1).

With this we conclude our analysis on the links between quantum and classical algebras, arising
in the context of integrable systems, and pre-Lie and (tri)dendriform algebras. Further study on
the quantum algebras associated to the Examples and [£.10] will follow in future investigations.
Example 9] in particular is of special interest given recent findings on the characterization of the
quantum algebra associated to involutive set-theoretic solutions of the YBE as quasi-bialgebras
[15, [16]. These quasi-bialgebras naturally emerge after suitably twisting the Yangian [I5]. We note
that set-theoretic solutions do not have a classical analogue, a fact that makes Example [4.9] even
more intriguing. Moreover, it is known that all involutive set-theoretic solution of the YBE come
from braces [9,140]. This together with the fact that braces are obtained from pre-Lie algebras, while
pre-lie algebras in turn are naturally connected to quantum algebras via the FRT construction,
give us a strong motivation to further investigate these algebraic structures at the level of solutions,
but also at the level of the emerging quantum algebras.
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