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Abstract

We prove two new functional inequalities of the forms
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for any finitely connected, bounded C?-domain G C R?, a constant 8o > 0, any a > 0 and sufficiently
regular functions ¢, 1.

and

We then illustrate their usefulness by proving long time stabilization and eventual smoothness properties
for certain generalized solutions to the chemotaxis-Navier-Stokes system

ne+u-Vn = An—V-(nS(z,n,c)Ve),
c+u-Ve = Ac—nf(c),
u+ (u-V)u = Au+ VP +nVe, V-u=0,

on a smooth, bounded, convex domain  C R? with no-flux boundary conditions for n and ¢ as well as
a Dirichlet boundary condition for u. We further allow for a general chemotactic sensitivity S attaining
values in R?*? as opposed to a scalar one.
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1 Introduction

Two new functional inequalities. As it explores the space at the limits of the Sobolev inequalities, the
Trudinger—Moser inequality (cf. [32], [39]) and its corollaries have proven crucial in discovering the structural
subtleties of many partial differential equations. Especially in the case of two-dimensional domains, where
the gap between W12 embedding into LP, p € [1,00), but not embedding into L> seems particularly vast,
many interesting properties at the parameter boundaries of the sharp Trudinger—Moser inequality have
been discovered. One such example is the existence of blowing-up solutions to the mean field equation (cf.
[I7] or [2] for a similar discussion in a slightly different setting), where the mentioned blowup occurs as a
critical system parameter approaches a value connected to the Trudinger—-Moser inequality. Similarly for
the two-dimensional Keller—Segel system (cf. [27]), it has been proven that blowup behavior of solutions
depends critically on the initial mass of the first solution component, where the value of said critical mass
is again closely connected to the optimal parameter in the sharp Trudinger—-Moser inequality (cf. [26], [33]).
Apart from these already striking results, the Trudinger—Moser inequality has also been used to cope with
exponential nonlinearities in the wave equations (cf. [3]) as well as the heat equation (cf. [4]) among other
examples.

One recently derived consequence of the Trudinger—Moser inequality, which is e.g. used in the existence
theory of chemotaxis-Navier—Stokes systems, are inequalities of the forms
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with G being a finitely connected two-dimensional domain with a smooth boundary, ¢, being sufficiently
regular functions such that all integrals are defined, 5y as well as C' being fixed constants and v := ﬁ /. ¥

and

(cf. [24], [53]). Notably for trivial examples of ¥ (e.g. constant functions), it is easy to see that the above
inequalities hold without the additional mass term. Thus keeping in mind the often striking results at the
limits of the original Trudinger—-Moser inequality, it seems potentially fruitful to investigate the degree to
which we can minimize the constant C or if it is possible to even remove the (potentially vestigial) mass
term altogether. As the following result shows, the latter is in fact achievable (at the cost of potentially
smaller value of 8y) and, as we will see later in this paper, in fact conducive to improving our understanding
of the aforementioned chemotaxis-Navier—Stokes systems.

Theorem 1.1. For any bounded, finitely connected domain G C R? with C?-boundary, there exists a
constant Sy > 0 such that

Low-m<g [om(Z) 5 { Lo} [ e (1)

for all p € WH2(Q), positive 1 € LP(G) with p > 1 and a > 0 and
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for all positive ¢ € LP(G) with p > 1 and In(y) € WY2(G). Here, ) = ﬁ Jo

Remark 1.2. For functions 1 of higher regularity (e.g. C'(G)), the inequality in (LZ) can be rewritten as
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which is how we will use it in Section Bl




Key ideas.  Both (L) and (2] are ultimately a consequence of a corollary to the Trudinger—-Moser
inequality (cf. [32], [39]), namely the inequality
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with appropriate 5 > 0 and C¢ > |G| (This lower bound for C¢ directly follows from setting ¢ = 0).
Although the above inequality is fairly easy to derive if optimality of the constants is not necessarily an
objective, our aim here will be minimizing the constant Cg as this is central to the derivation of our new
inequalities. In fact, the ideas that make this possible are arguably the linchpin to this whole paper and seem
nonetheless not widely explored in this context. Instead prior efforts seem to mostly focus on maximizing
B in various settings (cf. [1], [I1], [32], for instance), while the key to our result is in fact sacrificing the size
of B in favor of smaller C'¢. To our knowledge, minimizing Cs has been thus far only considered on the
spheres S™ and in related settings (cf. [14], [35], [54], for instance).

To achieve such a minimization of Cg in planar domains then, we begin by employing techniques from the
calculus of variations to first find a minimizer ¢g of the functional

2, 1,2
Ja(p) = 4B/| o|” + |G|/ (|G|/e‘/’) for all p € WH4(G),

which arises in a natural way from (3] after some rearrangement, for each 8 € (0, 7].

Having found such minimizers, we then show that they solve a Neumann problem corresponding to the

equation
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in a weak sense. Using the regularity features of this Neumann problem combined with the regularity
properties of the minimizers inherent to their construction, we can argue that all minimizers are bounded
in L*°(G) independent of 8. We further note that, when § becomes small, the Laplacian on the left-hand
side of the above equation becomes arbitrarily strong, which has the following consequence: If we restrict
ourselves to solutions, which are normalized to [, ¢s = 0 and are bounded in L>(G) by a fixed constant
independent of 3, then as S ™\, 0 the only solution that fulfills these constraints is ¢3 = 0. Combining
these insights, we can then conclude that our minimizers must be equal to zero everywhere as well if 5 is
sufficiently small. But this directly gives us Jg > Jz(pg) = J3(0) = 0 for sufficiently small 5, which implies

[C3) with Cq = |G].
Knowing that (L3) is in fact true with C¢ = |G| then allows us to derive our functional inequalities in a
similar fashion to [24] and [53].

A chemotaxis-Navier—Stokes system. The above result was not created in a vacuum but rather during
the study of the long time behavior of the system

ng+u-Vn = An—V-(nS(z,n,c)- Ve),
c+u-Ve = Ac—nf(c), (1.4)
w4+ w-Viu = Au+VP+nVe, V-u=0,

of partial differential equations arising from biology in bounded two-dimensional domains with a smooth
boundary. It models chemotaxis, the directed movement of cells along a chemical gradient toward an
attractant, under the influence of a surrounding fluid. Here, n represents the cell population, ¢ represents
an attractant concentration, u and P represent the fluid velocity field and associated pressure, respectively.

Systems of this type, though without fluid interaction, were first introduced in the seminal work [27] by
Keller and Segel in 1970 and have since been developed in several directions. One such direction stems from
the observation by Dombrowski et al. (cf. [I5]) that a population of Bacillus subtilis generate speeds of fluid



movement after aggregation that seemed to be insufficiently explained by considering each cell in isolation.
This challenges the standing assumption that fluid-cell interaction can be disregarded because each cell has
only negligible influence on the fluid. As such, Tuval et al. [40] introduced the system ([4]) containing a full
Navier—Stokes equation to model the fluid interaction, which we present here somewhat normalized. The
key interactions are the convective forces of the fluid acting on the cells and attractant modeled by the terms
u - Vn and u - Ve, respectively, and the buoyant forces of the cells acting on the fluid modeled by the term
nVe.

If we assume the chemotactic sensitivity S to be scalar, systems of this type are fairly well understood,
which is often due to convenient energy-type structures. In fact, there have been various results discussing
well-posedness in the whole space case under varying assumption on the parameter functions S, f, ¢ and
initial data (cf. [9], [I6]) as well as results about the global existence of unique classical solutions in bounded
two-dimensional domains (cf. [45]). In bounded three-dimensional domains, there are generally only less
ambitious existence results available, likely due to the problematic Navier—Stokes equation (cf. [45], [49],
[50]). For a broader overlook about many types of chemotaxis problems and results concerning them, we
refer the reader to the survey [5].

Eventual smoothness of solutions. Before we formulate the second main result of this paper, let us
first establish the full context, in which we want to analyze the system (L4):

We let 2 C R? be a bounded, convex domain with a smooth boundary. We then add the boundary conditions
Vn-v=n(S(z,n,c)Ve)-v, Ve-v=0, u=0 forallz € dO,t>0 (1.5)

and initial conditions
n(x,0) = no(z), c(z,0) =co(x), u(x,0)=uo(x) forallxzeQ (1.6)

for initial values with the properties

ng € C*(Q) for some ¢ > 0 and with ng > 0 in Q,
co € WH(Q)  with ¢g > 0in Q, (1.7)
ug € D(AY) for some ¥ € (3,1)

to (I4). Here, Ay denotes the Stokes operator on the Hilbert space LZ(Q) := {p € (L*(Q2))? | V- =0} of
all solenoidal functions in (L*(€2))2. For more details concerning this space and operator, see Section 3.4}

For the functions f, S and ¢ that parameterize (I4]), we will throughout this paper assume that
feC(0,00) with f(0)=0 and f(z)>0 forallz € (0,o00), (1.8)
that, for S = (Si;)ijeq1,2)
Sij € C*(Q x [0,00) x [0,00)) fori,j € {1,2}, (1.9)
that
|S(x,n,¢)| < So(c) forall (z,n,¢) € Q x [0,00)* and some nondecreasing Sy : [0, 00) — [0,00) (1.10)

and that
¢ € WH>(Q). (1.11)

Given this setting, let us now first cite the following existence result for global generalized mass-preserving
solutions from [24]:



Theorem A. Let  C R? be a bounded, convex domain with a smooth boundary. If we then assume that
f, S, ¢ satisfy (I8)-(L11) and the initial data have the properties outlined in (L71), then the system (1.7)
with initial data and boundary conditions (ILA) and (I8) has a global mass-preserving generalized solution
(n,c,u) in the sense of Definition [31] below.

It is for these generalized solutions that we prove the following eventual smoothness and stabilization result
as we will make extensive use of the fact that they are the limit of a certain sequence of approximate
solutions:

Theorem 1.3. Let Q C R? be a bounded, convexr domain with a smooth boundary. Assume further that f,
S, ¢ satisfy (I8)-(I11) and the initial data (no, co,uo) have the properties outlined in (I74). Then for the
generalized mass-preserving solution (n,c,u) of (I.4) with (I3) and (I.8) constructed in Theorem [4] there
exists a time tg > 0 such that

(n,c,u) € C*H(Q x [tg,00)) x C*H(Q x [tg, 00)) x CHL(Q x [to, 00); R?).

Further, there exists P € C19(Q x [tg,00)) such that (n,c,u, P) is a classical solution of (1.4) on Q x (tg, o)
with boundary conditions (IJ).

Additionally,
1
n(-,t) — 9] /Qno, e(,t) =0, wu(t)—=0 (1.12)

in C%(Q) or C?(;R2), respectively, ast — oc.

Complications. As already expanded upon in the related existence theory in [24], the two key features of
(T4) that complicate any analysis of the system are that we allow for general matrix valued sensitivities S
and use a full Navier—Stokes equation as the fluid model. Both are mainly problematic because they restrict
our access to good, immediately available a priori information we can use as a baseline for later arguments.

For scalar sensitivities S, there exist many results about similar systems to (L4]), with or without fluid inter-
action, concerning global existence (cf. [16], [45], [57]) and long time behavior (cf. [46], [50]) due to some very
convenient energy inequalities. In the matrix-valued case, these energy inequalities are no longer available.
This makes analysis of especially the first equation in (L4) highly difficult. Therefore to our knowledge,
prior work concerning non-scalar sensitivities has either hinged on some strong assumptions about S or the
initial data (cf. [7], [8], [41], [42], [43]), on adding sufficiently strong nonlinear diffusion to the first equation
(cf. [47]) or only constructing generalized solutions (cf. [24], [5I]). Even in the fluid-free version of (4]
without imposing any strong assumptions on S, global smooth solutions in the two-dimensional case seem to
have thus far only been constructed under significant smallness conditions for ¢q (cf. [29]) and, if we allow for
general initial data and space dimension, only global generalized solutions (similar to those in Definition [3.1])
seem to be available (cf. [48]).

Matrix valued sensitivities were introduced because they are of significant interest from a modeling stand-
point. In models with scalar S, it been shown that solutions homogenize over time, which does not agree
with the structure formation observed in experiments (cf. [46]). As newly formed structures tend to originate
at the boundaries (cf. [15]), modern modeling approaches introduce rotational flux components near said
boundaries, leading to a sensitivity function S that looks somewhat like

10 0 -1
S—a(o 1)+b(1 0) fora>0,beR

with significant non-diagonal entries (cf. [55], [56]).

The second complication inhibiting our access to a priori information is of course the famously hard to
handle Navier—Stokes equation modeling the fluid. If we remove the nonlinear convection term and simplify
the fluid model to a Stokes equation, a similar result about the eventual smoothness of generalized solutions



not unlike those discussed here can be found in [52]. Sadly the methods seen there in large do not translate
to the full Navier—Stokes case.

As we will see in Section Bl or, more specifically, the proofs of Corollary B3] Lemma [3.4] and Lemma [B.5]
these complications as far as we know can only be overcome (at least if we do not want to pose strong
restrictions on our parameters) due to our functional inequalities in Theorem [Tl which in our opinion
certainly underlines their significant usefulness.

Key ideas. As we only consider the generalized solutions constructed in Theorem [Al we will naturally
require some of their specific structure for our proof of their eventual smoothness, namely that they are the
limit of certain approximate solutions (ne, ce, ue)ec(0,1)- The key idea then is to show that the approximate
solutions are uniformly bounded in some sufficiently strong parabolic Holder spaces from some time tg > 0
onward and use compact embedding properties of such spaces to show that the limit functions (n, ¢, u) posses
a similarly high level of regularity. We then only need to further derive that n eventually fulfills a weak
solution property of the same kind as the ones for ¢ and v in Definition B.] as this allows us to use standard
parabolic regularity theory to argue that the generalized solutions from Theorem [Al become in fact classical.

To do this, we need to extract significantly stronger a priori estimates for the approximate solutions (albeit
maybe only after some time has passed) than for the existence theory in [24] and this is naturally where
our new functional inequalities come in. Our arguments will be based on the initially fairly weak regularity

information - )
/ /%gc for all £ € (0,1)
0 Q ng

derived in Lemma [3:2] which leads to the following two important global integrability properties (cf. Corol-
lary B3) due to the new functional inequalities (1)) and (L2):

//n€1n<§)gc and //nEV(b-uESC’ for all £ € (0, 1).
0 Q no 0 Q

The former then allows us to show in Lemma and Corollary B.6] that [|cc(-, )| (o) and
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become uniformly small as ¢ — oo while the latter allows us in Lemma B.4] to derive that

/ luc|* < C and / /|Vu€|2§0 for all € € (0,1).
0o Ja 0o Jo

Both proofs again heavily rely on Theorem [Tl

Albeit in a weak sense, the above statements already suggest that the functional

n 1 1
€ = el — 5 82 o 62
Fo(t) /Qn n(n_0)+2/9|Vc|+20 [ Ju

introduced in Section [3.4] might become uniformly small for large times ¢. That this is in fact the case is
shown in Lemma [3.7 and Lemma B8 by first arguing that the functional is small at some time t. for each
¢ € (0,1) prior to a time ¢ independent of € based on the integrability properties above and then deriving a
differential inequality for F. via testing methods to show that, if F. ever gets small enough, it in fact stays
small. From this argument, we additionally gain certain useful integrability properties for some higher order
terms.

This now not only already gives us fairly strong stabilization properties, but also takes us over the critical
point in terms of regularity such that the standard bootstrap techniques seen from Section onward will
take us all the way to our desired result.



2 Two new functional inequalities based on the Trudinger—Moser
inequality

For the purposes of this section, G C R? is always a finitely connected, bounded domain (cf. [I0]) with a
C?-boundary.

2.1 The Trudinger—Moser inequality

We will start the derivation of our new functional inequalities by reminding ourselves of an already well-
known inequality first pioneered by Trudinger in [39] and then later refined by Moser in [32, Theorem 1],
which will serve as the starting point for all further considerations. As it is somewhat more convenient for
our purposes though, we use the more recent formulation of the same inequality by Chang in [10, Proposition
2.3], which can be extended from C'(G) to W12(G) by a straightforward density argument:

Theorem 2.1. Let G C R? be a finitely connected, bounded domain (cf. [10]) with a C?-boundary. Then
there exists a constant Cg > |G| such that, for all p € W12(G) with

/|th|2§1and/g020
@ €

/eﬁtp2 < Cg.
G

As the above restrictions on ¢ can be somewhat inconvenient, we will now prove a standard corollary of
the Trudinger—Moser inequality eliminating said restrictions at the cost of some corresponding terms on the
right and a slightly different term on the left of the inequality:

and 0 < 8 < 27, we have

Corollary 2.2. For each 0 < 8 < 27 and ¢ € W12(G), we have

1 1
e? < Cgexp (—/ Vol + — go) 2.1
/G ¢ 4B Gl | Gl Ja @1)

with Cg from Theorem [211.

Proof. As () is trivially true for constant functions ¢ with Cq = |G|, we can assume that ||Vl z2(q) > 0
for the remainder of this proof without loss of generality. Then by using Young’s inequality to see that

p—yp
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with = ‘—é‘ Jo ®, we directly gain from Theorem 2Tl that

— 1
e?™? < Cgexp (—/ |Vga|2>
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1 1
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for all 0 < 3 < 27 and ¢ € WH2(G). O

or further that

As integrals of the form f . €7 will naturally play a significant role in the following arguments, let us briefly
note that the above corollary ensures that said integrals are always finite and positive if ¢ € W2(G), which
makes them reasonably straightforward to handle.



2.2 A variational approach to minimizing Cg

Understanding the relationship of the constants Cg and 8 in Corollary 221 will be the linchpin to our proof
of Theorem [[L.TI While there have been considerable efforts to achieve the above inequality for optimal,
meaning large, values of § in many different contexts as laid out in the introduction, we will be more
interested in how small we can make Cg > |G| at the cost of only allowing for smaller values of /3, which is
not as widely studied.

Therefore, what we are now essentially looking at is a minimization problem, which we will handle using
variational methods. Concerning which functional to minimize, we let ourselves be guided by a similar
approach in [20, Theorem 18.2.1] to minimizing the constant Cg on the sphere S? (cf. [I4] for an overview
about proof techniques on S?). Thus for each 3 € (0,27], we will analyze the following functional:

Js() :é/gwﬂ |G|/ <|G|/e"’> for all o € WH2(@G). (2.2)

As Jg > 0 immediately implies that ([21) holds with C¢ = |G|, which is the smallest possible value for Cq
in said inequality, it will be our aim for the remainder of this section to show that minimizers ¢g for Jg
exist and that, for sufficiently small 3, they have the property Jg(pg) = 0.

To do this, let us now first consider a basic lower boundedness and coerciveness property of Jg directly
following from Corollary

Lemma 2.3. There exists a constant C > 0 such that
1 2
Js(p) 2 — [ Vo[ =C>-C
88 Ja

for all ¢ € WH2(G) and B € (0, 7).
Proof. Let 8 € (0,n] and v := 28 € (8, 2n]. Then we know from Corollary [Z2] that

ol ) e (&)

for all ¢ € W12(G) after some minor rearranging. If we now apply this to Jg, we see that

Jm)z(———) vl - l]“(|G|)
85/|W|2 ln(%')

for all ¢ € W12(@), which completes the proof. O

This property will now enable us to find a minimizer ¢g for each Jg by first allowing us to construct a
minimizing sequence for each functional and then arguing that said sequences converge in certain topologies
to some limit function in W2(G). We then only need to further show that said convergence properties lead
to sufficient estimates to ensure that the limit object is in fact an actual minimizer.

Moreover by utilizing the now established minimizer property, we will additionally show that each g solves a
certain weak elliptic Neumann boundary value problem as a first step in our efforts to show that Jg(pg) = 0.

Lemma 2.4. For each 3 € (0,7], there exists a function 5 € WH3(G) with

/90520
G



and

1 Uy — Ja e
25/GV<P/3 Vi = |G|/Gw+ (2.3)

J"G ePs

for all ¢ € WH2(G), which is a minimizer of Jg, meaning that

inf J =J .
et ) 5(p) = Js(ps)

Proof. We fix 3 € (0,7]. We know from Lemma 23] that inf_cy1.2(q) Js(¢) > —C for some C > 0 and we
can therefore choose a (minimizing) sequence (¢)reny € W12(G) such that

J, — inf J
5(px) et ) ()

as k — oo. Without loss of generality, we can further assume that

/cpk:() forall k € N
G

because it is easily seen that .Jg is invariant under the addition of constants to its argument. Because the
sequence (Jz(pr))ken converges, it is bounded and thus Lemma implies that the sequence

().,

is bounded as well. As we know that [, ¢ = 0 for all k € N, the Poincaré inequality (cf. [6, p. 312]) implies
that therefore the sequence (¢x)ken is bounded in W2(G) as well. Without loss of generality (by choosing
fitting subsequences), this allows us to assume that there exists a function ¢5 € W12(G) with

- in W@
pums W@ o
vr = g in L'(G) and L*(G)

as k — oo by standard compactness arguments. The above L!(G) convergence then ensures that J. avs=0.
Further due to the mean value theorem, we can now observe that

2
S/ e — €5 | S/ ok — walel®e 198l < o — sl 2@ (/ e“’k'“'ﬁﬁﬂ)
G G G

for all k € N. By the L?(G) convergence from (24) and using the fact that [, e2#+I*2/¢sl is uniformly
bounded due to Corollary and the W12(G) bound for the sequence already established prior, this

directly implies that
/ PN / e
G G

Using this convergence property combined with (Z4]), we then see that

ePr _ | oes

as k — oo.

1
inf  Jg(p) = lim Jg(pr) = Eh}gr_l}gf/ IVor|? + —- |G| hm / Ok — (@ khm / e”k> > Js(ps)

PEWL:2(G) koo

and therefore that

Toles) = Jnf . Ts(e)

Thus, ¢g is a minimizer of Jg.



It now only remains to show that g is also a weak solution of the Neumann problem corresponding to (2.3)).
To this end, let now ¢ € WH2(G) be fixed, but arbitrary. We then consider the function

fr (L0 =R, e Jales + 1),
which has a global minimum in 0 by our observations about Jg. Then

1 1 1 1 1 1
f(t):—/ [Veos|* +to— | Vo -WJHQ—/ VPP + = [ +t—/w1n<—/ew+w).
48 Ja g 28 Ja ? 46 Ja G| Ja A G| Ja Gl /o

One easily sees that f is differentiable as it is mostly a polynomial in ¢ and the remaining terms are amenable
to results about the differentiation of parameter integrals (Note that Corollary can be used to establish
the necessary integrability properties). The minimality property of f in 0 therefore implies that

, 1 1 fq/)ewi
0=10)= g5 [ Ves Vv gy [ v

which gives us ([23) and thus completes the proof. O

Having now constructed the minimizers g, the key to showing that for sufficiently small 5 we have Jg >
Js(pg) = 0 is understanding the weak elliptic Neumann problem

e?B

7%A90ﬁ:—|G| +fce‘p5 on G,

Vg -v= on 0G.

In this regard, the two most crucial insights about the above system as well as the minimizers are the follow-
ing: First, the minimizers are bounded in W12(G) independent of 3 as a consequence of their minimization
property, which by the Trudinger—Moser inequality as well as elliptic regularity properties of the system
further results in an L°°(G) bound for the minimizers, which is S-independent as well. Second by reducing
the value of 8, we can make the Laplacian in the above system arbitrarily strong when compared to the
source terms on the right, which manifests as the following property: When only considering solutions that
are normalized to [, s = 0 and are bounded in L*°(G) by some constant C' > 0 independent of 3, we
can increase the strength of the Laplacian to such a degree that at some point the only member of the
aforementioned solution class is ¢g = 0.

Combined, this means that, for sufficiently small 3, the minimizers ¢3 must be everywhere equal to zero as
well. But this directly implies Jg(pg) = J5(0) = 0.

We will now make these ideas precise to prove the following lemma.

Lemma 2.5. There exists By € (0, 7] such that

inf  Jz(0) =0
et o) 5()

for all B € (0, Bo].

Proof. For each 8 € (0, 7], let ¢ be the minimizer of Jg found in Lemma [Z4l First note that there exists
a constant K7 > 0 such that

1
0=Jz(0)> inf J =J > — | Vs> - K
502 _int  Tole) = Tole) > g [ Vs~ K

and therefore
/ |Vs|? < 88K, < 81K
G

10



for all g € (0,7] by Lemma [Z3] We now further observe that

a (@1 %)
efP =— | e >|Glexp| —= | w5 ]| =G 2.5
/G Gl e =1cien (g [ o) =1e (2.5)

because of Jensen’s inequality and the fact that fG pg = 0. Together, these two inequalities then give us

that
s |12

1 2 2 G 4K1 .
Joes Lz(G>SW/G€W IGIQGXP( /l W') [EA (26)

for all 8 € (0,n] by way of Corollary We further know that the functions ¢g solve a weak Neumann
problem in the sense seen in (2.3), which gives us that

_ fG¢ewe
/GW"W”{ |G|/’/’+ me]

for all ¢y € W'2(G) and 3 € (0,7]. This and the fact that [, ¢ = 0 makes s accessible to standard elliptic
regularity theory as e.g. found in Lemma 2 on page 217 of Reference [31]. Using said regularity results in
combination with (2.6, we then gain a constant K3 > 0 such that

1 P8
leslvaaio <K |28 |~ + T2
G L2(Q)
1 ers
<2Ks3f + ‘ — ]
vV |G Jge#? L2(9Q)
1
LK3nm | — + Vv Ko| =1 Ky for all ﬁ S (0,7’(’].
VIG| ]

We can now further use the two-dimensional Sobolev inequality to find a constant K5 > 0 with

lesllLe() < Ksllpgllwzze) < KaKs =: Kg

for all 3 € (0, 7], meaning that the functions g are in fact uniformly bounded in W22(G) and L>(G).
We now set ¢ = g in (23] to see that

1 ¥
25 /G |Vpgs|? = e / fG pe? = for all 8 € (0, 7). (2.7)
As a first consequence of (Z7) and the fact that [ ¢ = 0, we gain that
/ ppe’? 20
G
and therefore that
-fG Soﬂeﬁaﬁ < fG (pBe‘pB
Joerr = |G|

because of (23] for all 8 € (0, n]. If we then apply this to (Z1), we gain that

1 1
[ vest < (] so5<ew—1) ([ testiess =)

< [tospeet <2 [ <S8 [ vl forange o
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by the mean value theorem and the Poincaré inequality with constant C}, > 0. If 3 is now smaller than or
equal to

we gain

[ 1905 =0
G

from the previous inequality, which implies that g = 0 as fQ g = 0. Therefore

inf Js(p) =J = Js(0) =0
vent ) 5(p) = Ja(pp) = Js(0)

for all g € (0, Bo], which completes the proof. O

This new insight now allows us to significantly improve upon Corollary (along one specific axis) by just
rearranging some terms in the functional Jg defined in [Z2)) to gain the following:

Corollary 2.6. For each 0 < 3 < By and ¢ € WH2(G), we have

e? < |G|exp |Vl + (2.8)
/c (4ﬂ/ IGI )

with By from Lemma 2.3

2.3 Proving our new functional inequalities

After this brief excursion into the calculus of variations and the theory of elliptic problems, we will now
refocus on proving Theorem [[LT] using our optimal Corollary and similar methods as those seen in [24]
and [53]:

Proof of Theorem[L1. Let ¢ € W'2(G), ¢ € LP(G) with p > 1, let ¢ be positive and let m = [, > 0.
Observe now for any a > 0 that

([ ) n{[52) [ (o) 3 Lo S Lon(2)

by Jensen’s inequality. Note that our choices of function spaces for ¢ and ¥ ensure that all the integrals are
well defined. If we now combine this with Corollary 28] (applied to ay) and multiply by 2, we get that

oo Lom(5) < ('G'GX"<4/30/'W'2 @le))
_ /wl( ) o [ v+ g [ e+ T
L)L }/'W'2+|G|

fo-wsfon(3) &) e

after some rearranging with 1) = ﬁ Jo ¥, which is (L)) exactly.

or further that

For ¢ € LP(G) with p > 1, ¢ positive with In(y) € WH2(G), we now set
p=1In (i) and a:=2
G

12



in the previous inequality to get that

[o(3)-5[n(3) <t fom(E) & froor

Because by Jensen’s inequality we have

/Gm (%) <|G|In (#) = |G| In(1) = 0,

this directly implies the inequality (2. O

3 Eventual smoothness of solutions to a chemotaxis-Navier—Stokes
system with rotational flux components

Having proven some essential and powerful tools to deal with the lack of easily accessible a priori information
(due to the non-scalar sensitivity S and full Navier—Stokes fluid model), we will now begin the journey toward
the second result of this paper, namely the derivation of eventual smoothness properties for the solutions
constructed in Theorem [Al

3.1 Generalized solution concept and approximate solutions

As our first step, let us now briefly recall some key points from [24] concerning these solutions. First, we want
to clarify what is actually meant when talking about generalized mass-preserving solutions in Theorem [Al

Definition 3.1. Let Q C R2? be a bounded, convex domain with a smooth boundary and f, S and ¢ be
parameter functions that conform to (LJ)—(CII). Further let (ng,co,uo) be some initial data with the
properties outlined in (L7]).

We then call a triple of functions

n € L°((0,00); L'(2)),
¢ € L, (T x [o 5)) N1 L2, ([0, 00); WH2(Q))  and (3.1)
w € L5, ((0, 00); (L2(2))%) N L3,([0, 00): (W 3(€2))%)

withn >0,¢>0,V-u=0a.e. in 2 x (0,00),

/Qn(~,t) = /Qno fora.e. t>0 (3.2)

In(n+ 1) € L&, ([0,00); W2(Q) (3.3)
a global mass-preserving generalized solution of (L4)—(L8]) if the inequality

/ /lnn+1 ot — /ln(no+1 / /1nn+1 A<p+/ |Vin(n+ 1)*¢
Q Q Q 0o Jo

. /0 /ﬂ n+ 1V1n(n +1) - (S(z,n,c)Ve)p
+/0°°/Q niﬂs(”ﬁ’”aC)Vc)-v(p
+/OOO/an(n+1)(u.v(p) o
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holds for all nonnegative ¢ € C$°(Q x [0,00)) with Vg - v = 0 on 99 x [0,00), if further

/Ooo/glcwr/gcw( //vc w+/ /nf //uw (3.5)

holds for all ¢ € L*(Q x (0,00)) N L2((0,00); W2(Q)) having compact support in Q x [0, 00) with ¢; €
L?(2 x (0,00)), and if finally

//ugpt /uocp //QVUV<,0+/ /Q u® ) w+/ /nv¢<p (3.6)

holds for all ¢ € C§°(Q x [0, 00); R?) with V- ¢ =0 on Q x [0, 00).

Second, let us review one important detail about the construction of the generalized solutions (n,c,u) in
[24], namely the fact that they are the (almost everywhere) pointwise limits of some approximate solutions

((nsvcsvusvps))ae(o,l)
with
Ne,ce € CO(Q x [0,00)) NC*H(Q x (0,00)),
u. € CY(Q x [0,00); R?) N C%H(Q x (0, 00); R?)
P. € CM0(Q x (0,00))

and ¢. > 0,m. > 0 along a suitable sequence (g5)jen C (0,1) with ; N\, 0 as j — oo. The approximate
solutions (ne, ce, ue, P.) solve the following regularized version of (L4) with (L35) and (L):

Nep + Ue - Vg = Ane — V- (nSe(x, ne, cc)Vee), z e, t>0,
Cet +Uue - Ve = Ace —nefee), z €N, t>0,
Uey + (e - VIue = Au. 4+ VP, +n.Vo, z€N, t>0, (3.7)
V-u = 0, re, t>0,
Vne - v=Ve.-v=0, wu.=0, x €0, t>0,
ne(z,0) = no(z), ce(x,0) = co(x), us(x,0)=up(x), ASEY

The key difference of the above system in comparison to the original is that the sensitivity .S is approximated
by functions S, while the rest of the system mostly stays the same. The S, are constructed in such a way
that they are zero for large n., which makes global existence arguments for the approximate solutions
straightforward, and in such a way that they vanish near the boundary, which simplifies the more complex
no-flux boundary conditions to standard Neumann boundary conditions. They are further made to retain
property (I0) of S with the same Sy and converge pointwise to S on € x [0,00) x [0,00) as & N\, 0. For the
full details of the construction, see |24, Section 2].

Having now established the necessary context, let us fix a few things for the remainder of this paper. The
set  C R? is always a bounded, convex domain with a smooth boundary and f, S and ¢ are always the
parameter functions mentioned in ([4]) and are assumed to conform to (L8)—(LII). We further fix some
initial data (ng, co, ug) with the properties outlined in (7). Given all this, we can then fix a corresponding
solution (n, ¢, u) as constructed in Theorem[Aland the family ((ne, cc, ue, P:))-c(0,1) of approximate solutions
and sequence (€;)jen used in said construction.

3.2 Some improved initial observations adapted from the existence theory

As our first step in analyzing the approximate solutions fixed above, we revisit some of their properties
from [24], albeit after some slight modifications and with sometimes significant improvements. The first
such properties are laid out in the following lemma, which is taken almost verbatim from [24) Lemma 3.1]
and provides us with some initial, important, though sometimes rather weak, a priori information about the
families (n:)ce(0,1) and (cc)ee(0,1):

14



Lemma 3.2. The mass conservation equality

/QnE(-,w: [n (3.8)

holds for allt > 0, € € (0,1) and, for each p € [1,00], the inequality

llecCs )l o) < lle=(8) e (3.9)

holds for allt > s >0 and ¢ € (0,1). We further have that

> 1
| [wek <3 [ e (3.10)

forallt >0, e € (0,1) and there exists C > 0 such that

[e%e} 2
/ LS e (3.11)
0

o n2 T
for all e € (0,1).

Proof. Similar to the methods seen in [24] Lemma 3.1] and [5I, Lemma 2.3], these inequalities follow
immediately from testing the first equation in ([B.7) with 1 and 1/n. and from testing the second equation
in (B7) with ¢ for p € [1,00). The case p = oo in ([B3) then follows by taking the limit p — oo. O

As (in a sense) weaker versions of the functional inequalities (ILT) and (L2) already played a significant role
in deriving some of the a priori estimates used for the existence theory in [24], we will now use our improved
inequalities to derive similar but stronger versions of some of the integrability properties already used in
said existence theory. Namely, we manage to extend some local time integrability properties used in [24] to
global time integrability properties due to the elimination of a problematic additive mass term in both of the
functional inequalities from [24] Lemma 3.2] at the cost of 5y becoming potentially very small. This makes
the results much more useful for long time behavior considerations as these types of integrability properties
are in a sense already a weak indication for the stabilization of our solutions as t — oo.

Our first target for this will be a straightforward improvement of [24] Lemma 3.3] by using (L2):
Corollary 3.3. There exists C > 0 such that

/ /ngln<E>§C’
0o Ja o

Proof. Combining the inequalities (B8] and B.IT]) from Lemma B2 with the functional inequality (L2) from
Theorem [[LT] directly yields this. O

for all e € (0,1) with ig == \ﬁ1| Jamo-

Again by using our key new functional inequalities from Theorem [Tl we can now improve the argument
used in [24] Lemma 3.4] to gain the following lemma:

Lemma 3.4. There exists C > 0 such that

/ wsa/ /|Vus|2sc
0 Q 0 Q

for all e € (0,1).
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Proof. We first test the third equation in (B8.7]) with u. to gain that
55 [tk == [Vl + [ Vo,
- [Vl + [ ne =96 )
Q Q
with 7y = |_§12\ fﬂ ng, which we can then improve via our functional inequality (III) from Theorem [l to

3 dt/ Jue|* < /leua|2+%/ﬂn81n( )+4—ﬂ0{/ 0} Q|V(V¢-u5)|2 (3.12)

for any a > 0 and all ¢t > 0 as well as € € (0,1). We now further note that
V(Yo u)? < 2 / V6P Vel + 2 / D26
Q Q Q
<2 V6|2 / Ve + 2| D262 / e < K,y / Ve[

with K7 == 2||V¢||Loo(9) + 2||D2¢||LDO(Q)C§, for all £ > 0 and € € (0,1) due to the Poincaré inequality. Here,
D?¢ is the Hessian of ¢ and C), is the Poincaré constant for Q. If we now choose

in the inequality ([B.I12), we gain that

n
2dt/| e? < *—/ |Vue|? + {/ 0}/9715111 <7”L:Z) forallt > 0 and € € (0, 1).

After time integration and some rearranging, we then further see that

oo K oo 8
/ / |V |? §/ |u0|2+—1{/ no}/ / ne In (n:) for all € € (0,1).
o Ja Q Bo LJa o Ja ng

By the integrability property laid out in Corollary B3] there then moreover exists a constant Ko > 0 such

that - K
/ / |Vu|? < / lugl? + =22 {/ no} for all € € (0,1).
o Ja Q Bo 0
This together with one last application of the Poincaré inequality completes the proof. O

3.3 Eventual smallness of the family (c.).c(0,1) in LP(Q2) for all p € [1,00)

As the second equation in (7)) is in many ways the easiest to handle, it is not surprising that the first
fairly strong result of this section is in fact concerned with the family (cc).¢(o,1)- Namely, we will now
prove that the LP(2)-norms of said family are not only monotonically decreasing for p € [1,00) as seen in
Lemma [3:2] but that they in fact tend to zero for ¢ — co in an e-independent fashion. Similar to our prior
results in Corollary B3] and Lemma [3:4] this is again heavily based on our new functional inequalities from
Theorem [T}

Lemma 3.5. For each p € [1,00) and 6 > 0, there exists a time to = to(d,p) > 0 such that

[[e= (-, t)”LP(Q) <é

for allt >ty and € € (0,1).
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Proof. As our first step, we integrate the second equation in (3.7) to gain that

d

_/CE:—/nef(Ca) for allt > 0 and € € (0, 1),
dt Q Q

which implies that

/Ooo/gngf(ce) g/QCO for all £ € (0,1) (3.13)

by time integration. We now rewrite [, f(cc) as follows:

n

/Qf(ca) _ % [/Q(n—o_ ne)f(ce) _|_/Qn8f(cg)} for all t > 0 and ¢ € (0,1) with 7ig == Kl)—|/9no.

This then allows us to apply functional inequality (II]) from Theorem [[T] (setting a = 2) to further see that

g ne), 1 :
/Qf(cg)< — [Q/Qngln<n_0>+260 {/Qno} Q|Vf(05)| +/Qn5f(c€)]
111 e K?
Snto [g/ﬂngln (nt0> JrQ—BO{/Qno} Q|V05|2+/Qn€f(c€)] for all e € (0,1)

with By as in Theorem [T and K1 = | f'|| Lo ((0,|colpoo(y))- Considering the integrability properties in
Corollary B3] Lemma B2l and (3I3]), there must therefore exist a constant K5 > 0 such that

/OO/ flee) < Ky foralle €(0,1). (3.14)
o Ja

We now fix § > 0 and then let £ = %‘. Because f is positive outside of zero and continuous, there must

exist a constant K3 > 0 such that

fly) > K3 forally €[, |lcollLe(q)]

Because ([B.14) implies that

1 [l K. )
—/ flea) < ——=2—— foralle € (0,1)
to Jo Ja llcoll Lo () 2

with
_ Ksleollp< (o) 2
K; )

we can, for each € € (0, 1), find at least one t. € (0,t9) such that

to : > 0,

K3

Ky 9
llcoll oo (o) 2°

/Q Flealst)) <

Using this, we then gain that

/Ca(';ta) :/ Ce(';ta)""/ Ce(';ta)
Q {ce(-,te)<E} {ce(-,te)>E}

< ol + 1D [ e n)

0

< +§=5 for all € € (0,1)

NGRS
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and therefore
/ ce(t) <6 forall £ € (0,1) and t > to
Q

because of the monotonicity properties for the family (c.).e(o,1) seen in Lemma B2 and the fact that t. < ¢o
for all € € (0,1). This is exactly our desired result for p = 1 and, because Lemma further gives us a
global uniform L*® bound for the family (c.).c(0,1), our desired result follows for p > 1 by interpolation. [

By combining the above lemma with (BI0) from Lemma 2] we then immediately gain an important
corollary about the gradients of the family (cc)-¢(0,1)-

Corollary 3.6. For each 6 > 0, there exists a time to = to(d) > 0 such that

/ /|Vc€|2§5
to Ja

Proof. Because of Lemma [B.0] there exists ty > 0 such that

for all e € (0,1).

/ c2(,tg) <26 foralle € (0,1).
Q
The inequality (BI0) from Lemma then immediately implies our desired result. O

3.4 Eventual smallness of a key functional and its associated norms

Having now leveraged the functional inequalities in Theorem [[.T] to overcome some critical gaps in a priori
information, our next step will be to further improve upon our (sometimes fairly weak) stabilization results
in the previous sections.

As a first step toward this goal, we will show that, if the functional F. seen in ([B.I3]) is small at some time
to > 0, it in fact stays at least somewhat small from there on out. While the functional itself is already
composed of some key integrals, the argument for this also gives us that time-space integrals over some
higher-order derivatives of our solution components become small when considered only from ¢, onward.
This approach is inspired by similar methods seen in [53].

Lemma 3.7. There exist constants 6o > 0, C' > 1 such that the following holds for all § € (0,6):
Let e € (0,1). If there exists to > 0 such that the functional

1 1 1
Fe(t) = / ne ln (Z:;) + 5/ |Vee|? + %/ lu-|?  for all t >0, where T := ﬁ/ no, (3.15)
Q Q Q Q

has the property

)
(to) < — 1
Felto) < 55 (3.16)
and further the inequality
e )
T — 1
/to /Q|ch| =302 (3.17)
holds, then
Fe(t) <6 (3.18)

for all t >ty and

(%) 2 o %)
[l es [ [aer<s [T [vup<s (3.19)
to JO Te to JQ to JQ
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Proof. Before we present the actual core of this proof, let us first fix some necessary constants to streamline
later arguments and make sure that there are no hidden interdependencies:

Let first C}, > 0 be the constant used in the following well-known Poincaré inequalities on Q (cf. [6 p. 290]):

lollr2) < CplIVeollr2@  for all o € C'(Q) with ¢ = 0 on 99 (3.20)
and —
HV()DHLZ(Q) < CpHAtplle(Q) for all Y e CQ(Q) with VQD -v =10 on 0 (3.21)
Let now Cs > 0 be the constant in the following Sobolev-type inequality (cf. [6] p. 313]):
? — 1
/ lo — 7% < Cs {/ |Vga|} for all ¢ € C1(Q) with @ == —/ © (3.22)
Q Q 12 Jo

Finally, let Cgni > 0 be such that the inequality

/ [Vol* < Cgni {/ |V<,0|2}/ |Ap|?  for all p € C*(Q) with V- v =0 on 99, (3.23)
Q Q Q

which can be derived from the Gagliardo—Nirenberg inequality (cf. [34]), elliptic regularity theory (cf. [I8
Theorem 19.1]), the Poincaré inequality (cf. [6, p. 312]) and (B.ZI]), holds.

Let us further fix the basic constants
K1 = So(lleoll=())s Ko = Iflloropeolimp:  Ks = 1Vellei), Ki=2K +2K5 + K,
which only depend on the parameters of the system ([L4) and the initial data ¢o. Then let

1

mo
C := max (2K§C§Csm0,K4ﬁ, 1) N K5 = CsmoKZ + C and 60 = m

with mg = fﬂ ng. For the actual core of this proof, we now fix e € (0,1), § € (0,d0) and tg > 0 such that
BI8) and BI7) hold with C and d¢ as defined above. We then test each of the first three equations in
B0) with certain appropriate test functions:

We test the first equation with In(n.) and use Young’s inequality to see that

d Vne|?
E Qngln (Z:Z) N (z| :8| /Vng- (m ng,cg)ch
g
\V4 2
g—g/ | ;;‘5' +2K1/ |Vee|*n. (3.24)
Q €

for all ¢ > 0. We then test the second equation with —Ac. to see that

2
2 dt/ |VC8|

——/ |Ac£|2—i—/(ug-Vc‘g)Acg—i—/nEf(CE)AcE
Q Q Q
1
——/ |Ac£|2—/(Vu5ch)-ch—5/uE-V|VcE|2—/f(cg)VnE-ch—/7”L5]”(CE)|VCE|2
Q Q Q

2
/|Acg|2+ |Vug|2+c/ Ve |* + /|W8| +(2K2+K2)/ |Vee|?n. (3.25)

for all ¢ > 0 by again using Young’s inequality and the fact that
/ ue - V|Ve|* = —/(V cug)|Vee|? =
Q Q
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because V - u. = 0. Similar to the proof of Lemma B4 we test the third equation with u. to see that

3t el == [ v+ [ (=96 )
K3C? 1
2 — 2
<= [ 1l + =5 [ om0+ o [ e
202
g——/|wa|2 {/ |Vn8|}
2 Jo
1 K CQCS |2
S——/|Vua|2+37p{/na} [Vne|®
2 Jo 2 Q o Me

|Vn€|

3.26
4 L (3.26)

1
3*5 |V €|2

for all ¢ > 0 by using Young’s inequality, the Holder inequality, (320) and ([3.22)).
Inequality (3.24)) and (3:25)) then combine to give us

d n
. 51 < a1 52
p” nn( )+2dt/|Vc|
2
<__/ [Vne[® /|A 5|2+ |Vu8|2—|—C/ |ch|4—|—K4/ Ve Pn.

for all ¢ > 0. The most critical term here is [, |Vee|*ne, which we therefore further estimate in a similar
fashion to the arguments seen in (320 as

. m
VePne = [ (Veftne —mm) + 58 [ Vel
A A 9l o
1 mo

< 2 K 4 7—2 2
_CmO 4/Q|VC€| +4Csm0K4 /Q(ns TL()) |Q| |VCE|

1 |Vn|
SC.mK/Vc 4+—/ £ /Vc 2 for all t > 0,
st Lr 4 Q| a| 4K4 0 ne |Q| | 5|

to gain that
d Ne 9
= 1 e
% ngn( )+2dt/|ch|
Vne|?
<5 [EEL - [acp s o [ 1vud+ & [ ved+ .0
Q Q

with G.(t) = K. aTat 8 [ |Vee(-,t)|? for all ¢ > 0. This combined with 3:26)) then finally gives us
d n 1d 1 d
—_ 1 € - 2, - = 2
at ”En< )+2dt Vel + 56w J, 1l

1 |V”s|2 / 2 1 / 2 / 4
< — = —_ A - — \Y% K \Y% t
> 4/9 Te Q| Ce 2C Q| ue| + Ks Q| ce|” 4 Ge(t),

which can be further rewritten as

Vn.|?
/' el /|A 5|2+ [ 9P <K5/|ch|4+gg(t)
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for all ¢t > 0. Because we further know that

/|vca|4gcgni{/ |Vce|2}/ |Acg|2§20gni]-}(t)/ A |?
Q Q Q Q

due to (23) and the fact that Jensen’s inequality ensures that [, n. In(32) > 0, we finally gain that

Fl) + [Vnel®

1
1-2K nist A€2 YVl €2<st
1| - 2ksCiite) [ 1Al + g5 [ 1V < 6.0

for all ¢ > 0. We then let
Se={T >ty | Fe(t) < forallte (t,T)},

which is non-empty because of the continuity of F., (3I8) and the fact that C' > 1. For all T € S, and
t € (to,T), we know that

Vn, |2
| :' /IA a|2+ IVua|2<ge() (3.27)
Q €

because
(1 = 2K5CgniFe(t)) > (1 — 2K5Cgnid) > (1 — 2K5Cgnid0) = =

If we now integrate in [B27) from ¢, to ¢, we gain that

1/t Vne|?
+—//ﬂ //|Ag|2+ /|Vug|2
4 to JQ  Te to to

o LKy 8 b
< F.(t _(s)ds K 1?2 < < — < - 2
<F0)+ [ G)ds< gm b 4|Q|/t0 /|vC| _80 RS (3.28)

for all T € S. and t € (tg,T) because of BI6) and BIT) and the fact that C' > 1 and TQ"‘IE:‘ <1 by
definition of C. Therefore, S. = [tg,00) due to the continuity of S. and thus (B28) holds on the entire

interval [tg, 00).

This then directly implies (3.I8) and (8I9) and consequently completes the proof. O

We can now use the above insight in combination with the properties derived in Corollary B3] Lemma 3.4
and Corollary 3.8 to show that the smallness conditions for the functional F. and gradient of ¢. are in fact
achievable for every § > 0 at some e-independent time ty and that therefore the functional and thus its
individual components become small in a uniform fashion. As an added bonus, we naturally also gain some
uniform higher order smallness information for some of the dissipative terms, which will prove useful later
on.

Lemma 3.8. For each § > 0, there exists to = to(6) > 0 such that

[nctoom (2) <o [(vacop <o [jutop<s

for all t > tg, € € (0,1) with ng := |—§12‘ Jo 1o and

oo 2 oo oo
/ /Ms& / /|Acg|2§6, / /|Vua|2g6
to JO TNe to JQ to JQ

for all e € (0,1).
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Proof. Let dg > 0, C > 0 and the functional F. be as in Lemma B.71 Without loss of generality, we assume
0 < dg. Because of Corollary 3.6, we find ¢; > 0 such that

/ / |VCE|2 < @ for all € € (0, 1)

Because of Corollary B3] Lemma B.2] and Lemma [3.4] we further know that there exists a constant K7 > 0
such that

[ reows g [ () ed [ e [ o] < 2

for all e € (0,1) and ¢ > ¢;. This implies that, for ¢y := SCSKl +t; and all € € (0, 1), we have

1 to
to —t1

)
(s)ds < —.
.7:(3)5_80

Therefore for each e € (0,1), there must exist ¢t € (¢1,%0) such that

1)
Fe (tg) < @
This directly implies our desired result from ¢. and therefore from ¢y onward for all € € (0, 1) by application
of Lemma [3.7] O

3.5 Eventual boundedness of ||n.||r=@); [|Vee|lr(), [|A%uc||rr(n) for p € [1, 00)
and 8 € (%, 1) via bootstrap arguments

The eventual smallness and integrability results of the previous section now give us a critical foothold to

establish even better uniform a priori bounds for all three solutions components of our approximate solutions

from some large time ¢y > 0 onward. The methods used for this will be a combination of testing procedures
and semigroup methods used in a fairly standard bootstrap process.

Our first step of this section will therefore be to improve our thus far very weak bounds for the family
(Ne)ec(o,1) to LP(§2) bounds for arbitrary but finite p. This is done mostly by testing the first equation in
(B.7) with n?~1 and using the results of the previous section to argue that from some time ¢y > 0 onward
the following is true: In any time interval of length 1, there exists at least one time, at which n. is bounded
in L?(Q), and, from that time on, the growth of fQ nP(-,t) is at most exponential, whereby the bound and
all the growth parameters are independent of the choice of interval. Taken together, these two facts directly
imply our desired result.

This approach as well as the one used in the lemma immediately following it are again inspired by similar
methods seen in [53].

Lemma 3.9. There exists to > 0 such that, for each p € (1,00), there is C(p) > 0 with
[ne( )l 2o < Cp)
for allt >ty and e € (0,1).

Proof. Due to Lemma [3.8] there exists tg > 1 such that

o] 2 [ee]
[ [ [T e < (3.29)
to—1JQ Te to—1JQ

chg(',ﬁ)HL2(Q) < 1 for all t > to -1 (330)

and
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for all € € (0,1).
We fix p € (1,00) and t; > t5. Because
t1 \v4 2
/ /ﬂgl for all e € (0,1),
t1—1JQ e
there must, for each € € (0,1), exist t. € (¢; — 1,%1) such that

|Vn5(~,t5)|2

< 1.
Q na('ats)

Because of the Gagliardo—Nirenberg inequality, this implies

1 1 2
e te)llzagey = Inf (1 720y < K1 {I\Vns(~,ts>|\2‘z(m|\n3(~, Izl + 102 (o te)llz @)

<2 [ g ,’ 3”2)a (f) " fom

Q

with some K; > 0 and « = pp%l € (0,1) for all € € (0,1). As our next step, a standard testing procedure
yields that

1d

;g = 7(p - 1)/ |Vn5|2n£_2 + (p - 1)/ nls)—lvng : SE(',TLE,CE)VCE
pdt Q Q

-1
pr/ |Vn€|2n§_2+K3/ |Vc€|2n§
Q Q

2(p—1 Fa 2
—#/ |Vn2 |2 + K3|\ch|\%4(ﬂ)||n§ ||2L4(Q) forallt >0 and ¢ € (0,1)
Q

p

IN

with K3 = Z2S82(||co| Le(0))- According to the Gagliardo-Nirenberg inequality (cf. [34]), well-known
elliptic regularity theory (cf. [I8, Theorem 19.1]), the Poincaré inequality (cf. [6]) and (B30, there exists a
constant K4 > 0 with

||TL5§ ||%4(Q) S K4HVTL§||L2(Q)HTL3 ||L2(Q) + K4||ng ||%2(Q) forall t >0 and ¢ € (0, 1)

and
chg”%zl(ﬂ) < K4HACEHL2(Q)||VCE||L2(Q) < K4HACEHL2(Q) for all t > to —lande € (0, 1)

implying that

1d 2(p—1)
nps—@—Q / (Vnd 2 + Ko K| Acellagoy (1908 Iz 08 agoy + 02 132(0))

p dt €
|2+K /|Acg|2/np /np
Q

§K5/|Acg|2/n§+/n€ forallt >ty —1ande € (0,1)
Q Q Q

with K5 == (4(:;;) + 1)K2Kj. This differential inequality combined with (29) and (B31)), then gives us
that

t
/ n? < K¥exp <pK5/ / |Ac.|? + p(t — ts)) < Klexp(pKs +p) = Kg forallte (t.,t. +1)
Q t. Ja
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because t. > t; —1 >ty — 1 by a standard comparison argument for all € € (0,1). As further ¢; € (tc,t- +1)
due to t. € (t; — 1,t1), this implies

/ ng(-,tl) S KG-
Q
Because t; > tg was arbitrary and K is independent of ¢;, this completes the proof. O

Given that we have now established quite a strong set of bounds for the family (n.).c(0,1), which will make
the n.V¢ term in the third equation of (37]) much more manageable, we will now turn our attention to said
equation.

For this, let us briefly introduce some definitions and results used in the theory of fluid equations, which
were already alluded to when talking about initial data regularity in the introduction (cf. (L)) and will
now become an important tool. We define L2 () as the space of all solenoidal functions in (LP(2))?, or
more precisely

Lh(Q) = {fe(LP(Q)’ | V- f=0}
for all p € (1, 00) with V- interpreted as a distributional derivative. As proven in e.g. [19], there then exists
a unique, continuous projection

P+ (LP(Q))* — LE(Q)

called the Helmholtz projection for all p € (1,00). In fact, Py is an orthogonal projection (cf. [37, I11.2.5]).
Using this, we then define the Stokes operator on L () as

Ap = —PpA

with D(4,) = W(,Qf(Q) = (WOQ’]”(Q))2 N LE(Q) (cf. [21], [37]) for all p € (1,00). In [2I] and [22], it is
then shown that, for all p € (1,00), A4, is sectorial (in fact its spectrum is contained in (0, c0)), that —A,
generates a bounded analytic semigroup (e~*4#);>¢ of class Cop on D(A,) and that the fractional powers Ap
of A, exist for all a € (0,1). Due to the regularity theory for the stationary Stokes equation (cf. e.g. [19}
Lemma IV.6.1]), the Stokes operator further has the following property: For each p € (1,00), there exists
C(p) > 0 such that

llellwer) < C@)|Apollr) forall o € D(A,). (3.32)

Notably, this means that the norm [|A, - ||1»(q) is equivalent to the standard Sobolev norm || - [ly2.r(q) on
D(A,) forall p € (1,00). As such, we will from hereon out consider ||A,-||z»(q) to be the default norm of the
space D(A,). In a similar vein when talking about the domains of the fractional powers D(AJ), p € (1,00),
a € (0,1), we will from now on always assume these spaces to be equipped with the corresponding norm
A5 - [[Lr(q)- Framed in this way, the spaces D(A5) then have rather favorable continuous embedding
properties into certain Sobolev and Holder spaces due to standard semigroup theory (cf. [22] or [25] p. 39])
and the regularity property ([332]), which will be useful on multiple occasions.

By revisiting the construction of the Helmholtz projection in [19], which rests on essentially solving a certain
elliptic Neumann problem, we see that for sufficiently regular functions (e.g. C?) all Helmholtz projections
and Stokes operators introduced above are in fact identical and as such we will often just write P and A for
the projection and operator, respectively, where appropriate.

Let us now return to our actual objective, namely the derivation of an L?*(Q) bound for the gradients of
the family (uc).¢(0,1)- Structurally this proof is very similar to the one above in that we again establish
boundedness for the gradients at one time in every time interval of length 1 (from some time ¢, > 0 onward)
and then derive an additional growth restriction in said interval, whereby both times all parameters are
again independent of the choice of interval.

Lemma 3.10. There exist to > 0 and C' > 0 such that

/ Vue(t) < C
Q

for allt >ty and € € (0,1).
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Proof. We first fix tg > 1 and K; > 0 such that

||n8(-, t)”LZ(Q) < Kq, ||’LLE(-, t)”LZ(Q) <1 forallt >ty —1 (333)

/ / |Vue|? <1 (3.34)
to—1JQ

for all € € (0,1) according to Lemma 3.9 and Lemma 3.8
Let t1 > to be fixed, but arbitrary. Then for each e € (0, 1), there exists t. € (t; — 1,¢1) such that

and

/|Vu5 )2 <1 (3.35)

due to E34). We may now further fix Ko > 0 such that
||u8||%x(m < KQ”AUEHLZ(Q)||U8||L2(Q) < KQ”A’U,EHLz(Q) for all t > to — 1 and € € (O, 1) (336)

due to [333), the Gagliardo—Nirenberg inequality and the regularity property in (832)). We then apply the
Helmbholtz projection to the third equation in [B7) and test with Au. to see that

2 A 2
2dt/|v "= 2dt/| |

/ Au|? - / Aue - P (e - V)ue] + /Q Aue - P (1Y)

<=5 [ 14w+ [ 1Pl Dy + [ [Pnvol?
Q
<=5 [ 1wl + [ 1Dyl + [ nvor
Q
1
S—3 /Q | Aue]? + [ue||7 o () Vel 72() + KTVl = o)
<

1
—3 [ 1A + Kol Al 2o [Vl + K2Vl

K2 ?
5 ([ 19ur) + K2Vl

for allt >ty — 1 and € € (0,1) by using ([B36]), Young’s inequality and some fundamental properties of the
fractional powers of the Stokes operator (cf. [25], [37, Lemma I11.2.2.1]). This further implies that

IN

d

2
T |Vu€|2 < Kj; (/ |Vu€|2) + K, forallt>ty,—1andee€ (0,1)

with K3 = K3, K4 := 2K1||V¢||LW(Q) This differential inequality combined with (835) and (334) then
gives us that

t t t
/|Vu€ B < (/ [Vue (- te) )exp (K3/ /|Vug|2) +K4/ exp (Kg/ /|V’u5|2) ds
te JQ te s Q

< (14 Ky)ef* = K5  forallte (t.,t. +1)and e € (0,1)

because t. > t; — 1 > to — 1 by standard comparison argument. As further ¢t; € (t,t. + 1) due to the fact
that t. € (t; — 1,t1), this implies

/ Vu. (-, 1)[2 < K.
Q

Given that ¢t; > tg was arbitrary and Kj is independent of 7, this completes the proof. O
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As already seen in the proof above, deriving an L?(Q2) bound for the gradients of the family (ue)ee(o,1) is

equivalent to deriving a bound for ||AZu.(-,t)]| £2(0), Which is fairly easy to check by using fundamental
properties of the fractional powers of the Stokes operator (cf. [25], [37, Lemma I11.2.2.1]). As our next step
then, we now want to expand on this by proving stronger bounds of the form || A%uc(-, )| 1r(q) < C because

1
the embedding properties of D(AZ2) are not quite sufficient for our later arguments, namely the derivation of

certain Holder-type bounds. This is done mostly by using the above results in combination with semigroup
methods and well-known smoothing properties of the Stokes semigroup (cf. [23], [25] p. 26]).

Lemma 3.11. There exists tg > 0 such that, for each B € (%, 1) and p € (2,00), there is C(B,p) > 0 with

[ AP ue (-, )| o (o) < C(B,p)
for allt >ty and € € (0,1).

Proof. We fix 8 € (%, 1) and p € (2,00). We then fix a time t; > 1 independently of p and a constant
K7 > 0 such that

||U8(',t)HL2(Q) S 1, ||n8(',t)||Lp(Q) S Kl, ||VUE(-,t)||L2(Q) S Kl for all ¢ > to —land e e (O, 1)
according to Lemma B.8, Lemma [3.9 and Lemma B.I0l Lastly, we fix ¢ € (2, p) such that

1 1
o —o<L (3.37)

The Sobolev embedding theorem (cf. [I3, Theorem 2.72]) implies that there further exists K2 > 0 such that

[ o = [ue(s )| Loy < Ko forallt >ty —1and ¢ € (0,1)
L p—a

due to us working in two dimensions and due to the previously established bounds.

Let now t; > to be fixed, but arbitrary. Then relying on the smoothing and continuity properties of the
Stokes semigroup (e~*4);>0 and the Helmholtz projection P, (cf. [19], [23 p. 201], [25] p. 26]), we estimate
each u. using the variation-of-constant representation of the third equation in [B7) on (¢7 — 1,¢1) after
projecting with P as follows:

| APuc (-, t)| Lo(ay
t

= HABe_(t_(tl_l))Aus(~,t11)/ APe==9AD [(u (-, 5) - V)ue(-, s)] ds

t1—1

t
+/ APe=(=9AD [ (., 5)V¢] ds
t

-1 LP(Q)
t

< Kalt = (= 1) st = Dl + Ko [ (6= [P (uel15) - V)l ds
t1—

t
+K3/t 71(25 — 3)75 P [”6(',3)V¢]HL;»(Q) ds

t
<Ks(t—(t1—1)7 + K5 + K3K4/

_g_141
(t=9) 775 uc,8)|| awia Ve, s)| pea  ds
ti—1 L r=1 (Q)

t

ng—m—m*+&+mmﬁﬁ‘@—w*%ﬂwxmu¥®m (3.38)
t1—1

with some K3, K, > 0 and K5 = max(Ky s, I EN2=@0) for a1l ¢ € (1 —1,1,] and € € (0,1).
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Interpolation using the Holder inequality combined with the fact that D(Ag ) embeds continuously into
WP(Q) (cf. [25, p. 39] or [22]) because 3 > 3 then gives us K¢ > 0 such that

IVueC O e ) < Ve (- Ol 2oy Ve (D120 () < K1~ Kol A%ue (-, )1 200

for all t > to — 1 and € € (0,1) with o := (3 — ﬁ)(% - %‘)’1 € (0,1). In (B38)), this then results in

t
_g-141 a
AP uc (-, )| ooy < Ks(t— (0 — 1)) 77 + K5 + K7/t 1(t —s) ety ||ABUE('7S)||LP(Q) ds (3.39)
forall t € (t; — 1,t1] and € € (0,1) with K7 :== K] *KyK3K4 K.

Let now

M.:= sup (s—(t1— 1))ﬁ||Aﬁua('as)||LP(Q) < 00
s€(t1—1,t1]

for all t € (t1 — 1,¢1] and e € (0,1). With this definition, we can conclude from (B:39)) that

(t—(tr = 1) [ AP (-, )| ey < 2K5 + Kg MO (t— (11— 1)) / (t—5)" P75 F (s~ (0 — 1)) P ds (3.40)

t1—1

forallt € (t1 —1,¢1] and € € (0,1). As both of the exponents in the remaining integral are greater than —1
due to our choice of g, a straightforward estimation yields Kg > 0 such that

t
/ (t =)0 (s = (1~ 1) ds < Ks(t = (1 — 1) P
t1—1

and thus .

=1 [ =P (- 1) s < Ko

t1—1

for all t € (t1 — 1,t1] and € € (0,1) again due to our choice of ¢. If we apply this to ([B.40), we find that
M. < 2K5 + K7 KsM® < 2K5 + (1 — o) (K7 Ks) ™= + oM.

due to Young’s inequality and therefore that

M. < 12K5

+ (K7 K8) ™= = Ky

for all € € (0,1). This further gives us that
HA'BUE(-,tl)HLp(Q) < ME < Kg for all € € (0, 1)
and thus completes the proof as t; > ¢y was arbitrary. O

Given the regularity properties of the fractional powers of the Stokes operator, we gain the following corollary,
which translates the above abstract bounds into more familiar settings.

Corollary 3.12. There exists to > 0 such that, for each « € (0,1), there is C(a) > 0 such that
ue(, )l ooy < llue(, )llwie (@) < llue D)l crra@m < Cla)

for allt >ty and € € (0,1).
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Proof. We first choose p € (2, 00) and 8 € (3, 1) such that

2
1+a<28——,
b

which is always possible.

Lemma [3IT] then gives us tp > 0 and K7 > 0 such that
A% uc (-, 1) | o) < K1

for all t > . Note that the ¢p given to us by the lemma is in fact independent of 8 and p. By well-known
continuous embedding property of D(Afj ) into C1*(Q) seen for example in [22] or [25, p. 39], this already
implies our desired result. O

As our next step, we will now use semigroup methods to prove some additional bounds for the families
(ne)ee(o,1) and (cz)ee(o,1) in a fairly standard and therefore brief fashion:

Lemma 3.13. There exists to > 0 such that, for each p € (1,00], there is C(p) > 0 with
Veo(- 1)l e o) < Clp)
for allt >ty and € € (0,1).

Proof. We use the variation-of-constant representation combined with semigroup smoothness estimates from
[44, Lemma 1.3] to estimate the family (c.).c(o,1) as follows:

Ve, Ol oo

< H Vele (-t —1) — /
¢

-1

t t

Vel=*)2(y, - Ve ) ds — / Vel=2 f(c)n. ds

t—1

Lr(Q)

t
SKlHCOHLP(Q) + Kl/ (1 + (t - 5>_1+E) {Hus||L°°(Q)HVC€HL2(Q) + HfHLOC([O,”CO”LOO(Q)])||n€||L2(Q)} ds
t—1

with some constant Ky > 0 for all £ > 1. This already implies our desired result for all finite p and sufficiently
large tg > 0 because of Corollary B.I2] Lemma and Lemma For the case p = oo, we use a similar
approach as before to derive

[Vee (- )l Lo ()

t
_3
< Koleoll o () + K2/t 1(1 + (t—s)7%) {HUEHL“(Q)||VC€HL4(Q) + HfHLOC([O,HcoHLoc(Q)])Hn6||L4(Q)} ds

with some constant Ko > 0 for all ¢ > 1. Using this very result for p = 4 as proven above and the same
lemmas as before then completes the proof. O

Lemma 3.14. There exists tg > 0 and C > 0 such that
[ne(, D)l Loe(@) < C

for allt >ty and € € (0,1).
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Proof. Using the variation-of-constants representation applied to the family (nc).c(0,1) and combining it
with semigroup smoothness estimates from [44], Lemma 1.3] yields that

e (5 Ol poe ()

t t
eAna(t—1)— / e(tfs)A(us -Vne)ds — / et=s)Ay . (neSe (v, e, cc)Vee ) ds
t—1 t—1

Lo (Q)

t t
eAnE(-,t -1)— / et=9)Ay . (uene)ds — / et=9)Ay . (neSe (-, me, cc)Vee) ds
t—1 t—1

Le=(Q)
< Kilne(-t — 1) ey +

t
_3
Kl/ L+ (=) 3) { Nuellpoo@ Inell o) + Solllcoll Lo @) Inell s Veell sy } ds
t—1
with some constant K7 > 0 for all ¢ > 1 because V -u. = 0. Combining this with Corollary [3.12] Lemma 3.9
and Lemma then gives us the desired bound by similar arguments as in the previous lemma. O

One immediate consequence of this lemma is an additional global space time integrability property for the
gradients of n.. This property will prove useful when later arguing that n is in fact a weak solution of its
associated differential equation as a step in the process of proving its more classical solution properties.

Lemma 3.15. There exists tg > 0 and C > 0 such that

/ / |Vn.|? <C
to Q

Proof. Due to Lemma [3.14] there exist to > 0 and K7 > 0 such that

for all e € (0,1).

[ne(,t)||pe) < K1 forallt >ty and € € (0,1). (3.41)

Testing the first equation in ([B7) with n. in a similar fashion as in the proof of Lemma B9 and applying
Young’s inequality immediately yields

1d 1 S5 (llcoll Lo () 1
53 L2 s —§/Q|Vn5|2 + f/SJVcEFn? < —§/Q|Vn5|2 +K2/Q Ve |?
with Ky = $K7S2(|lcoll1(q)) for all t > ty and € € (0,1). Time integration combined with Lemma
and (BA41) then directly gives us our desired result. O

3.6 Establishing baseline parabolic Holder bounds for n., c. and u,.

As our next step in the journey towards a proof of Theorem [[3], we will now transition from only establishing
uniform space bounds for the solution components of our approximate solutions to full parabolic Holder-
type bounds. Establishing such bounds will then allow us to use the well-known Arzela—Ascoli compact
embedding theorem to argue that, at least from some large time onward, the generalized solutions constructed
in Theorem [A] were in fact of a similarly high level of regularity.

We will start by establishing a C([t,t + 1]; C*T*(Q))-type bound for the family (uc)ce(o,1) as ue plays a
role in all three equations of ([B7) due to the convection terms. While the step from the bounds already
established in the previous sections to uniform Hélder bounds is often taken care of by employing well-known
and ready-made parabolic regularity theory, we are not aware of such a result that fits the third equation
in 1) and gives us the type of bound desired here.

Similar to the methods seen in e.g. [I8] and [41, Lemma 3.4], we will therefore use a different approach that
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is based on the regularity properties of the fractional powers of the Stokes operator and the variation-of-
constants representation of the family (uc).e(o,1), not unlike what we did in the proof of Lemma [B.TTl The
key difference to similar previous efforts in this paper is that we apply these methods to difference terms of
the form uc (-, t2) — ue (-, t1) instead of w, itself.

We begin by proving an analogue to Lemma [BIT] for such difference terms.

Lemma 3.16. There exists to > 0 such that, for each 8 € (0,1), p € (2,00), there is a constant C(8,p) > 0
such that

1-8

AP Tue (- t2) — ue(-,t1) o) < C(B,p)(ta — 1) =
for allta > t1 > to withta —t; <1 and € € (0,1).

Proof. We fix 8 € (0,1) and p € (2,00). We then further fix ¢y > 0 independently of 8 and p and K; > 0
such that

e t)l oy < K1y [lueCO)llpe) < K1y Vel O)lpe@ < K1, 1A we( )l mrio) < K
for all ¢ >ty and € € (0,1) according to Lemma [39) Corollary and Lemma [3T11 This then implies for
F.(z,t) =P [—(ue(z,t) - V)ue(z,t) + Vo(x) - ne(x,t)]  for all (x,t) € Q x [0, 00)
that
VB ) o) < Ko [—(ue8) - Ve t) + 96 me() o
< K2|Q|% llue (-, ) oo () Ve (- 1) | Lo (@) + K2l V@ Loy e (- )| Lo ()
< Q[P KKy + K1 Ko||Vo| 1o (o) = K

for all ¢ > ¢y and € € (0,1) with some constant K2 > 0 due to the continuity of the Helmholtz projection
Pp.

Let now t5 > t; > ty be such that ¢t5 —¢; < 1. Using the variation-of-constants representation of u. with
respect to the semigroup (e~*4);>0, we then observe that

||Aﬁ [uc(-,t2) — us("tl)]HLP(Q)

< HAﬁef(tTt“)Au(-, to) — APe (it Ay to)‘

Lr(Q)

to ty
/Aﬁef(tTS)AFg(-,s)ds—/ APe= =94 (L 5)ds

to to

§

Lr(Q)
= D1+ Dy foralle e (0,1).

Using well-known smoothing properties of the Stokes semigroup (cf. [25, Theorem 1.4.3]) combined with the
defining fact that

%e‘mtp =—Ae ™y forallt>0and p e C*Q) withu=00ndQ and V-u =0 on Q

and the fundamental theorem of calculus, we now estimate D as follows:

t2 t2
D1HAﬂ / A=Ay (. 1) ds / A% e = A 4By gy ds

LP(Q) ‘

ty ty L ()
t2 t2
_ B+ B+l _ B+
< K4/ (S*to) 2 HA 2 u(~7t0)||Lp(Q) ds < K1K4/ (S*t()) 2 ds
tl tl
2K K - - _
= 2ty — 1) T — (t1 — o) T) < Ks(ts — t1) 7 foralle € (0,1) (3.42)

1-p
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with K4 > 0 being the smoothing constant from [25, Theorem 1.4.3] and K5 := %

By a similar argument, we gain for Do that

ty
/ Aﬁ [6—@275)14 _ e*(tlfS)A} Fg(-,s) ds

to

2}
Da < Ko [ (12 =) I8 ooy ds + ]

t1

LP(Q)

K3K
< g —0) 0t ‘

t1 ta
/ AP / Ae= AR (. 5)do ds
to t1

LP(Q)

K3K frpte
S 376 (tg — tl)l_ﬂ + KgKﬁ/ / (0‘ — S)_l_’g do ds
]‘7/8 to t1
K3Ks -5 K3Ks /t1 _8 _8
= ty—t - ty — —(t — d
T_plt2—1) 5 to(z 5)7" = (tr—s)""ds
K3 K _ K3 K _ _ _ _
= 13_66(152*t1)1 ﬁJrﬁ [(tzftl)l ﬁ*(tzfto)l ﬁf(h*tl)l ﬁ+(t1*t0)1 ﬁ}
< Kr(to —t1)' 7 (3.43)

foralle € (0,1) with K¢ > 0 being the smoothing constant from [25, Theorem 1.4.3] and K7 := KgKgﬂ(ll;_Bﬂ).
Note here that the last step was made possible by the fact that (ty — to)!=7 > (t; — to)'=P.

Because to — t; < 1, we further know that

_ 1-8 1-5 1-8
(tg —t))' P =(tg—t1) 2 (ta—11) 2 <(ta—t1) 2.
Therefore the two estimates ([3.42]) and ([3.43)) complete the proof. O

By again using similar methods to the proof of Corollary [3.12] as well as using said corollary itself, we can
now derive our desired parabolic Holder bound for the third solution component u..

Corollary 3.17. There exists tg > 0 such that, for each o € (0, %), there is a constant C(a) > 0 with

luellca oo 1scrve @y < Cle)
for allt >ty and € € (0,1).
Proof. Let f:=1—2a € (%, 1) and p € (2,00) be such that

2
l+a<28-2,
p

which is always possible because 1+ a < % < 2. Then Corollary .12l and Lemma [B.T6 give us a parameter
independent time ¢y > 0 and constant K; > 0 such that

||us("t1)||c1+a(§) < K (3.44)

and
||Aﬂ [ue (- t2) —ue(-t1) ] ey < Ki(ta — 1)

for all e € (0,1) and to > ¢ > to with t2 —t; < 1, which by the continuous embedding of D(Ag) into
C1He(Q) (cf. [25, p. 39] or [22]) implies that

ue(st2) = ue( 1)l crvam < K1Ka(t2 —£1)” (3.45)

for all € € (0,1) with some K3 > 0. Combining ([3.44]) and (343) then implies the desired result. O
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To now prove similar, albeit slightly weaker, parabolic Hélder bounds for the first two solution components
of our approximate solutions, we will employ the ready-made parabolic regularity theory of [36] to the first
two equations in (1) to get a similar uniform Hoélder bound.

Lemma 3.18. There exists to > 0, a € (0,1) and C > 0 such that

”nEHC“’%(ﬁx[t,tJrl]) + HCE||C“’%(§><[t,t+1]) <C

for allt >ty and € € (0,1).

Proof. As preparations for the proof, let us now fix ty > 0 and K; > 0 such that

HnaHLw(Qx[tgfl,oo)) < Ki, HVCEHL“J(QX[tgfLoo)) < Kj, (3.46)
llcell Lo (@x[to—1,00) < K1, [tell Lo (@xto—1,00)) < K1

due to Lemma B.14] Lemma BI3] Lemma and Corollary

Let us now check that our approximate solutions conform to the prerequisites used for Theorem 1.3 in [36].
Framed in the notation of the reference, the first two equations in ([B.7)) considered in isolation translate to

a(z,t,y,z) =z —ne(x,t)Se (x,ne, ce )Vee (x, t) — ue(x, t)ne(x,t), bz, t,y,2) =0,

a(z,t,y,2) =z (e ), bty 2) = —n (a8 (e (2 ) (3.47)

for (w,t,y,2) € Qx [to—1,00) x R x R?, respectively. We can then choose the parameters in the reference to
be mostly constants, which only depend on K; due to (348) and (B41), or to be trivial. We further choose
p=2,r"=00,q =2 K = % The remaining conditions to use Theorem 1.3 from [36] are then easy to
check and we can therefore apply it to the first and second equation in [B1) to gain « € (0,1), K3 > 0 such
that

”nEHC""%(ﬁx[t,tJrl]) + ”cEHC“'%(ﬁx[t,tJrl]) < K>

for all t > to and € € (0,1). As Theorem 1.3 makes it explicit, how K3 and « depend on the chosen
parameters, it is easy to verify that both constants are in fact independent of t. This completes the
proof. O

3.7 Deriving C?T*1*+2_type parabolic Holder regularity properties for the gen-
eralized solutions (n, c, u)

We now transition from proving properties of the approximate solutions to the generalized solutions (n, ¢, u)
themselves. This is done mostly to mitigate problems stemming from the approximated sensitivity term S,
when applying higher order parabolic regularity theory to the approximate solutions.

Our first step then is to translate the uniform parabolic Hélder regularity properties of the approximate
solutions to our generalized solution (n, ¢, u) by using the well-known Arzeld—Ascoli theorem.

Lemma 3.19. There exist to > 0, a € (0,1) and C > 0 such that

HnHCO"%(ﬁx[t,tJrl]) + HCHC‘*’%(ﬁx[t,tJrl]) + HUHCQ([t,tJrl];CHa(ﬁ)) <cC
for all t > tg.

Proof. As we already know that (n,c,u) are the (almost everywhere) pointwise limits of the approximate
solutions (n,c.,u.) along a sequence (g;) en, the compact embedding properties of the Holder spaces
Cch3 (Q x [t,t +1]), CP([t,t + 1]; C*TA(Q)) into similar spaces with slightly smaller parameters combined
with Corollary B.17 and Lemma directly yield our desired result. O
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While the weak solution properties described in Definition [31] for the second and third equation are fairly
standard and therefore very accessible to ready-made regularity theory, the integral inequalities used for
the first solution component n in said definition are not compatible with such standard regularity results.
Therefore, our second step in this section is arguing that n fulfills a similar weak solution property to the
other two solution components from some time ¢y > 0 onward due to the strong a priori bounds derived in
the previous sections.

Lemma 3.20. There exists to > 0 such that n is a weak solution of the first equation in (1.7]) on [to,o0)
with Neumann boundary conditions in the sense that n € C°(Q x [tg, 00)) N L2 ([to, 00); W12(Q)) and

/ /mpt—i-/ “ to)p(, to) / /Vn Vo — / /nS n,c)Ve- Vo — / / n(u- Vo) (3.48)
to to to to

holds for all ¢ € C§(S2 x [to, o0)).
Proof. We begin by fixing to > 0 and K > 0 such that

2 (0,00 wr2(0)) < I (3.49)
([to,00):W12()) < K, [[tel| Lo (x[to,00)) < K

7] Lo (@x [t0,00)) < K 1| 2

llecllzz

loc

due to Lemma B.14] Lemma B.15, Lemma and Corollary Among other things, this then allows us
to assume without loss of generality (by potentially choosing a subsequence) that

Vne = Vn and Ve, — Ve in L (Q x [tg,00)) as € = &; \, 0. (3.50)
This combined with Lemma [B.I9 then immediately gives us that n € C°(Qx [tg, 00))NLE . ([to, 00); W12(2)).

It is further easy to see that the approximate solutions satisfy

/ /TLESDt‘i‘/nE(',tO)SD(',tO)

to JQ Q

:/ / Vne -V f/ / neSe (v, ne, ce)Vee - Vo f/ / ne(ue - Vo) (3.51)
to Q to Q to Q

for all p € C§° (2 x [tg,0)). We therefore now only need to show that all of the above integral terms converge
along the sequence (¢;)jen to the corresponding terms in ([3.48). For the first two and the last term in (3.51),
convergence is immediately assured by the dominated convergence theorem in combination with some of
the bounds from ([349). The convergence of the third term in (351 follows directly from (3.50). For the
remaining fourth term in (3.51]), consider first that (349) combined with the (almost everywhere) pointwise
convergence of the approximate solutions implies that n.S(z, ne, c:) Vo — nS(z,n,c)Ve in L*(Q x [tg, 00))
as € = €5 \( 0 due to the dominated convergence theorem and the fact that the approximate sensitivities S,
converge to S in a pointwise fashion as € N\, 0. This then combined with the weak convergence properties
from (B50) ensures the convergence of the last remaining term and therefore completes the proof. O

Given that now n, ¢, and u each fulfill a quite standard weak solution property for their corresponding
equations and are already of fairly high regularity (cf. Lemma B.I9), the last step before the final proof
of this paper is to use the well-known regularity theory from [28] and [30] (for the first two equations) as
well as [37] and [38] (for the third equation) combined with a standard cut-off argument to remove the
influence of initial data regularity to argue that all three solution components were already bounded in some
C?+e1+3 (Q x [t,t + 1]) spaces. As this argument is essentially identical to the one employed in [8, Lemma
5.7], we will not unnecessarily reiterate the relevant arguments here, but refer the reader to the literature
for the final step up in terms of regularity.

Lemma 3.21. There exist to > 0, a € (0,1) and C > 0 such that
||n||c2+a’1+%(ﬁ><[t,t+1]) + HC|‘CZ+“’H%(§X[t,t+1]) + Hu|‘C2+“’H%(§><[t,t+1]) <C
for allt > ty.

Proof. This can be directly seen via a straightforward adaptation of [§, Lemma 5.7]. o
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3.8 Proof of Theorem [1.3

Having now essentially established all our desired regularity properties for the generalized solutions in the
previous lemma, we now focus on proving the long time stabilization properties for n,c and u in C?(Q)
outlined in Theorem [[.3] as the penultimate proof of this paper.

Lemma 3.22. The generalized solution (n,c,u) has the long time stabilization property (113).
Proof. Lemma B2T] directly gives us a € (0,1),t9 > 0 and K; > 0 such that

||n||C2+a’1+%(ﬁ><[t,t+l]) + ||c||C2+a’1+%(§><[t,t+1]) + ||u||C2+a’1+%(ﬁx[t,t+1]) < Ky

for all £ > tg.
Let us further fix K5 > 0 such that

— 1
le =@l < K2 / © - / oln <é) for all nonnegative p € C°(Q) with 3 = —/ ©
Q Q ¥ €2 Jo

according to a Cziszdr—Kullback or Pinsker-type inequality (cf. [I2]). Let now § > 0. By Lemma [B.8 and
the inequality above, there therefore exists t5 > tg such that

[ne(-t) —MollL1 (o) < Kz\//Q no - \//Q ne(-,t) In (%{;t)) < g (3.52)

for all t > t5 and € € (0,1). Further for each ¢ > t5 > to, there exists an e(¢) € (0,1) such that

0
(- t) = ney (5 ) llLr o) < 5

because of, for example, the (almost everywhere) pointwise convergence of the approximate solutions to
the generalized solutions combined with the dominated convergence theorem (using a constant majorant as
established by Lemma B.I4). Combining the above two inequalities then results in

In(-,t) = Mol < In( 1) = ne ()l Lre) + [Ine (1) = MollLi@) <0
for all t > t5 and therefore n(-,t) — fig in L*(£2) as t — oo.

As the start of a proof by contradiction, we assume now that n(-,t) does not converge to mig in C2(f2) as
t — 00. Then there must exist a constant K3 > 0 and a sequence (tg)ken with ¢ — 0o as k — oo such that

In(-,tx) = Moll ooy > Ks  for all k € N. (3.53)

As the family

(n(:,tk))ken
is furthermore uniformly bounded in C?*®(Q) by K, an application of the Arzela-Ascoli theorem yields
that the sequence (f)ren has a subsequence, along which n(-,tx) converges to some limit value in C?(Q).
As we already know that n(-,t;) converges to g in L'(2) as k — oo by prior arguments, the above C?(Q)

limit must be 7g as well. This is a contraction to ([3.53)) and therefore we have proven that n(-,t) — ng as
t — oo in C%(Q).

As we have proven similar uniform convergence properties to ([8.52)) for c.(+,¢) and u.(-, ¢) in Lemma B35 and
Lemma [B.8] the above argument can basically be reused verbatim to prove the remaining two convergence
properties in (II2). This completes the proof. O

This now allows us to tackle the last argument of this paper, namely the proof of Theorem

Proof of Theorem[I.3. A combination of Lemma [3.2T] and Lemma now grants us all desired properties
for (n, c,u) from some time ¢y > 0 onward as it is well-known that weak solutions of the kind characterized
in Definition Bl and Lemma with regularity properties as provided by Lemma [B.21] are in fact classical
already and an associated pressure function P for the fluid equation can be constructed (cf. [28], [37]). O
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