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Photon-mediated interactions within an excited ensemble of emitters can result in Dicke superra-
diance, where the emission rate is greatly enhanced, manifesting as a high-intensity burst at short
times. The superradiant burst is most commonly observed in systems with long-range interactions
between the emitters, although the minimal interaction range remains unknown. Here, we put
forward a new theoretical method to bound the maximum emission rate by upper-bounding the
spectral radius of an auxiliary Hamiltonian. We harness this tool to prove that for an arbitrary
ordered array with only nearest-neighbor interactions in all dimensions, a superradiant burst is not
physically observable. We show that Dicke superradiance requires minimally the inclusion of next-
nearest-neighbor interactions. For exponentially-decaying interactions, the critical coupling is found
to be asymptotically independent of the number of emitters in all dimensions, thereby defining the
threshold interaction range where the collective enhancement balances out the decoherence effects.
Our findings provide key physical insights to the understanding of collective decay in many-body
quantum systems, and the designing of superradiant emission in physical systems for applications
such as energy harvesting and quantum sensing.

Introduction.— Collective spontaneous emission of N
initially-inverted atoms with identical all-to-all interac-
tions mediated by the electromagnetic vacuum results in
a burst of light with intensity scaling as N2 [1–3]. This
phenomenon is commonly referred to as “Dicke superra-
diance” or “superradiant burst”. Over the past decades,
this many-body phenomenon has attracted a lot of in-
terest in both theoretical [4–24] and experimental stud-
ies [25, 26] using a multitude of physical platforms such
as trapped ions [27], molecular aggregates [28–31], solid-
state emitters [32–36], cold atoms and molecules [37–40],
and superconducting qubits [41–43], with wide-ranging
applications including the generation of multi-photon
states with improved metrological properties [18, 44–
47], energy harvesting [48–50], ultrabright LEDs [51] and
quantum sensing [52, 53].

The atoms in Dicke’s original model were assumed to
be confined within a spatial extent smaller than the emis-
sion wavelength λ. Consequently, the atoms become in-
distinguishable with respect to the absorption or emission
of photons, such that their quantum state |j = N/2,m〉
(with −N/2 ≤ m ≤ N/2) is permutation-invariant. This
permutation symmetry greatly reduces the complexity
of the problem, as it constrains the dynamics to N + 1
states, instead of exploring the full Hilbert space (which
scales as 2N ). Recently, there has been substantial re-
search progress with extended systems where atoms are
distributed over a region larger than λ, thus breaking
this symmetry. Of particular interest are ordered atomic
arrays [54, 55], in which the superradiant properties can
be greatly affected by the geometry and dimensionality

of the lattice [16, 19, 20, 22, 24, 56]. The interactions be-
tween the emitters are typically modelled by long-range
dipole-dipole interactions mediated via the electromag-
netic vacuum [57, 58].

A long-standing fundamental question is the minimal
interaction range required for the occurrence of a super-
radiant burst. Intuitively, superradiance can be thought
of as a competition between (transient) phase synchro-
nization, which leads to the buildup of atomic corre-
lations, and decoherence [59]. Both effects stem from
the same dissipative interactions [8, 22]. Since synchro-
nization of nonlinear classical phase oscillators has been
demonstrated with nearest-neighbor (NN) coupling [60],
one may expect the atomic phases to synchronize for suf-
ficiently strong NN interactions resulting in a superradi-
ant burst [59]. Moreover, for a fixed interaction range,
higher dimensionality was reported to result in stronger
superradiance due to long-range order [19, 24]. On the
flip side, it could also be argued that for short-range inter-
actions, the buildup of correlations is not strong enough
to overcome decoherence, thereby preventing superradi-
ance.

In this Letter, we prove that superradiant burst is im-
possible in an arbitrary D-dimensional array with only
nearest-neighbor interactions, for arbitrary times and ini-
tial states. That is, we show that, in all cases, the
emission rate is upper bounded by that of independent
emitters, resulting in no enhancement from collective dy-
namics. Including next-nearest-neighbor interactions, we
show that a superradiant burst can be physically ob-
served for certain values of the interaction strengths,
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FIG. 1. Dynamics of the photon emission rate R(t) for emit-
ter arrays with only nearest-neighbor interactions of strength
γ, normalized by the individual emitter decay rate γ0. For
γ/γ0 < γs, Ṙ(0) < 0 and the photon emission rate decays
monotonically without a superradiant burst (blue). Super-
radiance occurs for γ/γ0 > γs (red). The physically-valid
regime is defined by 0 < γ/γ0 ≤ γp. For nearest-neighbor
interactions, γp < γs (with a finite gap between γp and γs)
for any arbitrary emitter array in all dimensions, rendering
Dicke superradiance physically impossible.

thereby defining a minimal interaction range for super-
radiance. Another question is the threshold interac-
tion range, which we define to be such that the criti-
cal coupling required for a burst becomes independent
of the number of emitters, for any D. We show that
exponentially-decaying interactions lie on the threshold
interaction range for which the synchronization of the
dipoles arising from the emission balances the decoher-
ence effects.

Model.—The dynamics of an undriven ensemble of N
emitters can be described by the Lindblad master equa-
tion (setting ~ = 1)

ρ̇ = −i
N∑

i,j=1

[
Jijσ

+
i σ
−
j , ρ

]
+

N∑

i,j=1

γijD[σ−i , σ
−
j ]ρ ≡ L[ρ],

(1)

with Jij = J∗ji and γij = γ∗ji to ensure Hermiticity.

The raising and lowering operators for the jth emitter
are denoted as σ+

j ≡ |ei〉 〈gi| and σ−j ≡ |gi〉 〈ei| which
describe transitions between the ground state |gi〉 and
excited state |ei〉. The first term contains the coherent
Hamiltonian interactions between the emitters, while the
second term captures processes such as collective and
local dissipation of the emitters via the superoperator
D[σ−i , σ

−
j ]ρ = σ−i ρσ

+
j − {σ+

j σ
−
i , ρ}/2. We assume Jij

and γij to be time-independent, such that the superop-
erator L generates a dynamical semigroup describing the
dynamics of a Markovian open quantum system.

For a physically valid evolution (i.e., a completely pos-
itive and trace-preserving map), the matrix Γ containing

the elements γij (which we will refer to as the decoher-
ence matrix ) must be positive semi-definite [61–63]. The
decoherence matrix can be diagonalized to yield N decay
rates Γν ≥ 0, with ν ∈ {1, . . . , N} and the corresponding
collective jump operators ĉν . The total photon emission
rate of the emitters, integrated over all emission direc-
tions, is defined for any state ρ as

Rρ ≡
N∑

ν=1

Γν 〈ĉ†ν ĉν〉 =

N∑

ν=1

ΓνTr(ĉ†ν ĉνρ). (2)

For independent emitters with γij = γ0δij , the total emis-
sion rate has a maximum of Nγ0 (saturated by the fully-
excited state), and R(t) ≡ Rρ(t) decays exponentially.
However, interactions between the emitters can cause
R(t) to increase beyond its initial value. This speedup
in emission is commonly referred to as the superradiant
burst, first discovered by Dicke [1] (see Fig. 1). Through-
out this work, we refer to superradiant burst as the in-
crease in the total emission rate beyond Nγ0, but the
peak intensity need not scale as N2. In general, char-
acterizing the burst at arbitrary times can be difficult,
hence one typically uses

Ṙρ = i
∑

ν

〈[H, ĉ†ν ĉν ]〉 −
∑

µ,ν

ΓµΓν 〈ĉ†µ[ĉµ, ĉ
†
ν ]ĉν ]〉 (3)

evaluated at the fully-excited initial state ρ(0), with
Ṙ(0) ≡ Ṙρ(0) > 0 a sufficient condition for a superra-
diant burst. While we consider the burst at t = 0, we
will provide physical justification on why this is sufficient.

Here, we put forward a new (and complementary) cri-
terion to preclude any possibility of a burst: by a simple
change of basis, one can write Eq. (2) as the expectation
value of an auxiliary spin Hamiltonian

HΓ =

N∑

j,k=1

γkjσ
+
j σ
−
k , (4)

with Rρ = tr(HΓρ). The maximum photon emission rate
can thus be calculated by bounding the spectral radius
of the auxiliary spin Hamiltonian. If the upper bound
is equal or smaller than Nγ0, no burst can occur for
all times and arbitrary initial states. While finding the
largest eigenvalue of HΓ may be non-trivial, this crite-
rion allows one to definitively prove the absence of a
burst for arbitrary times, thus going beyond the con-
dition Ṙ(0) ≡ Ṙρ(0) > 0. Furthermore, this approach
opens up the possibility of finding theoretical limits for
the emission rate arising from superradiant dynamics,
as we show below and in the Supplementary Informa-
tion [64].
No superradiance for nearest-neighbor coupling.— Let

us consider a hypercube array of N emitters with ar-
bitrary dimension D (N = nD). For the case of NN
interactions, γii ≡ γ0 = 1 and γij = γ if emitters i and
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j are nearest-neighbor (γij = 0 otherwise). The cou-
pling γ ∈ [0, 1] is required for the matrix Γ to be positive
semidefinite. Without loss of generality, we have assumed
γij to be real and positive. We prove that for this model,
superradiant burst cannot occur for any t > 0, for any
arbitrary initial state and for any Hamiltonian coupling
Jij . To determine the physically valid regime, we impose
the condition that Γ is positive semidefinite. Notice that
the decoherence matrix can be expressed as Γ = IN+γA,
where IN is the N ×N identity matrix, and A is the ad-
jacency matrix of a n×n grid graph. Using the fact that
the grid graph is the Cartesian product of D path graphs
Pn�· · ·�Pn, it can be shown that the smallest eigenvalue
of Γ is [64]

Γmin = 1− 2Dγ cos

(
π

N1/D + 1

)
, (5)

which gives the physically valid regime as γ ≤ γp,

γp =

[
2D cos

(
π

N1/D + 1

)]−1

. (6)

This rate reduces to γp = 1/(2D) in the N →∞ limit, or
when imposing periodic boundary conditions for a finite
N . This can be regarded as coming from the coordination
number for each emitter, which approaches 2D in the
infinite-array limit. We now state our main result.

Theorem 1 Let Γ be the decoherence matrix for a
nearest-neighbor interaction model, with γij = δij+γδ〈ij〉,
where γ ∈ [0, 1], and δ〈ij〉 = 1 if the emitters indexed by i
and j are nearest-neighbor on the D−dimensional regular
lattice, and 0 otherwise. For γ ≤ (2D)−1, the emission

rate Rρ is maximized by the fully-excited state |e〉⊗N with
Rρ = N .

We provide a sketch of the proof here, while the de-
tails can be found in the Supplementary Information [64].
By expressing HΓ in the product-state basis and us-
ing the Gershgorin circle theorem [65], we can upper
bound maxtR(t) ≤ N in the physically valid regime
γ < 1/(2D). This is saturated by N independent emit-
ters in the fully-excited state, with eigenvalue N . Hence,
Theorem 1 implies that superradiant burst is impossible
at all times. To gain a deeper physical understanding,
we evaluate the superradiant regime γ > γs for the fully-
excited initial state, characterized by the transition at
Ṙ(0) = 0, for which [64]

γs =
[
2D(1−N−1/D)

]−1/2

. (7)

For all 2 < N1/D < ∞, it can be shown that γp < γ2
s

and therefore γp < γs. Hence, the superradiant regime
does not overlap with the physically valid regime. Gener-
alization to the hyper-rectangle configuration where the
number of sites along each dimension can be different is

Observable
superradiance

I

II
III

FIG. 2. Region of superradiant burst in the γ2−γ1 plane. The
physically valid (superradiant) regime is contained within the
blue (red) boundary lines, with the conditions stated in the
main text. Blue shaded region: Physically valid, but not su-
perradiant. Regions I, II and III are defined in the main text.
Red shaded region: Physically valid with superradiant burst.
Grey shaded region: unphysical regime. The red shaded re-
gion requires a minimum of γ2 ≈ 0.185. All shaded regions
here are obtained from numerical calculations for N = 100,
which agree very well with the analytical results obtained in
the infinite-array limit.

straightforward, and the same conclusion is obtained [64].
While our analysis of the NN model is valid for any ini-
tial state, we consider a fully-inverted initial state for the
next two sections: the analysis of next-nearest neighbor
and exponentially decaying interactions.

Next-nearest neighbor coupling.—Including the NNN
interactions, we now show that a superradiant burst is
indeed possible. For simplicity, let us consider a 1D ring
of N emitters with periodic boundary conditions. In this
configuration, Γ turns out to be a circulant matrix with
the first column given by (1, γ1, γ2, 0, . . . , 0, γ2, γ1)T with
0 ≤ {γ1, γ2} ≤ 1. The subsequent columns are simply
cyclic permutations of the first column. Diagonalizing Γ
exactly yields the eigenvalues

Γν = 1 + 2γ1 cos

(
2πν

N

)
+ 2γ2 cos

(
4πν

N

)
(8)

for ν = 0, . . . , N − 1. In the infinite-array limit N →∞,
the eigenvalues form a continuous band in momentum
space Γ(k) = 1 + 2γ1 cos(k) + 2γ2 cos(2k), with the di-
mensionless wavevector 0 ≤ k < 2π. At the turning
points where ∂kΓ = 0, we have: Γ(0) = 1 + 2(γ1 + γ2)
which is always positive, Γ(π) = 1 − 2(γ1 − γ2) and
Γ(k∗) = 1 − (γ2

1 + 8γ2
2)/4γ2 where cos k∗ = −γ1/4γ2.

Demanding that Γ(k) > 0 thus produces the physi-
cally valid regimes: (I) γ1 − γ2 ≤ 1

2 , γ1 > 4γ2 and (II)
γ2

1 + 8γ2
2 ≤ 4γ2, γ1 ≤ 4γ2, together with the bounds
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FIG. 3. Differential emission rate ∆R = R(t)/R(0) − 1 against time (in units of emitter lifetime), for N = 9 emitters. ∆R > 0
indicates superradiance. (a) Dynamical behavior of ∆R for the Dicke model (red), Next-nearest neighbor 1D ring (NNN,
orange), Nearest-neighbor 1D ring (NN, blue) and Nearest-neighbor 2D square (NN, green) (see labels in (b)). The coupling

parameters are chosen to maximize g(2)(0). (b) Short-time behavior obtained by zooming into the grey region of (a). Only the
Dicke and the next-nearest neighbor models exhibit superradiance. The curve for the Dicke model is scaled down by a factor
of 10 for visualization purposes.

γ1, γ2 ∈ [0, 1] (blue regions in Fig. 2). The superra-
diant condition can be obtain from Ṙ(0) = 0 as (III)
γ2

1 + γ2
2 > 1/2.

There is an overlap region with the physically valid
regime, as shown by the red shaded region in Fig. 2.
For certain values of γ1, γ2, superradiant burst can oc-
cur. Moreover, the fact that this overlap region requires
γ2 > (4−

√
2)/14 ≈ 0.185 is consistent with our previous

conclusion of no superradiance using only NN coupling
(i.e., γ2 = 0). Superradiance is also forbidden by having
only NNN coupling (i.e., γ1 = 0). Results from numeri-
cal simulations of N = 9 emitters are presented in Fig. 3,
which show that the NNN model has a small superradiant
burst compared to the Dicke model, and no superradi-
ance for NN models. We remark that this superradiance
arises from destructive interference leading to dark decay
channels with suppressed decay rates Γν ≈ 0 while the
dominant decay channel has a rate that does not scale
with N . This mechanism is generally true for all models
with a sharp interaction cutoff beyond a certain range.

Threshold interaction range for a superradiant burst.—
In many previous works [16, 19, 20, 22, 24], Γ is obtained
from a realistic modelling of the atomic interactions me-
diated by electromagnetic vacuum using the appropriate
Green’s function. Our goal here, however, is to shed light
on the essential physics of superradiance by considering
analytically tractable models that still exhibit interest-
ing behaviors. Consider an interaction which decays ex-
ponentially with the separation rij between the emitters:
γij ∝ e−κrij , where κ controls the decay of the interaction
strength with emitter separation. We set the diagonal el-
ements of Γ as 1, and define γ ≡ e−κd with d the emitter
NN separation such that γij = γ|~xi−~xj |, where ~xi ∈ ZD
is the position vector of the ith lattice site. Physically,
this model describes exponentially-decaying interactions
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FIG. 4. Critical coupling γs for exponentially-decaying in-
teractions in a 1D chain, a 2D square array and a 3D cubic
array with N emitters. Superradiance occurs for γ > γs. For
all dimension D, γs becomes independent of N for large N .
(Inset) Log-log plot of γs against D for N ≈ 106. γs decreases
as D increases with a power-law scaling γs ∼ D−0.793.

between the atoms. For a sufficiently large N in D di-
mensions such that γN � 1, Ṙ(0) is approximately given
by the asymptotic form

Ṙ(0) ∼ N
(

2Dγ2

1− γ2
− 1 +

C

(− ln γ)D

)
(9)

for some constant C [64]. Interestingly, this suggests that
the critical coupling parameter γs for superradiance is
independent of N as N → ∞ for all dimension, agree-
ing with the numerical results shown in Fig. 4. This is
in stark contrast with previous results (primarily using
long-range power-law interactions such as γij ∝ 1/rij),
which predict that the critical emitter separation in-
creases with N in 2D and 3D arrays [19, 24]. Figure 4
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also shows that for large N , γs ∼ D−0.793 exhibits a
power-law scaling with the spatial dimension. This is
intuitive as the average coupling per emitter increases
with D which in turn lowers the critical coupling re-
quired for superradiance [24]. The N -independence of
γs for our short-range exponential model can be physi-
cally interpreted as the threshold interaction range where
the synchronization effects due to collective interactions
scales similarly with N as the local decoherence, such
that adding more emitters do not affect the onset of the
superradiant regime. For even shorter-range interactions
such as the NN model, the local decoherence dominates
which prevents superradiance. Longer-range models such
as power-law interactions favor synchronization and thus
enhance superradiance as N increases.

Scaling of the peak emission rate with number of emit-
ters— Eq. (4) shows that the problem of calculating the
emission rate is equivalent to finding the average energy
of a state under the Hamiltonian HΓ. This enables us
to find upper bounds on the scaling of the peak emis-
sion rate with N , for arbitrary geometries and types of
interactions. As we have shown before in Theorem 1,
the maximum emission rate for arbitrary NN models is
Nγ0. For 1D arrays with an exponentially-decaying in-
teraction, the upper bound on the emission rate is found
to scale as O(N) for γ < 1 [64]. This bound increases to
O(N logN) for 1D arrays with a power-law interaction of
the form 1/r [64]. This latter scaling is consistent with
the numerical results obtained in the literature which,
in contrast to our bound, have only been obtained for
relatively small systems and under certain approxima-
tions [20, 22, 24]. While finding exact bounds may be
exponentially hard, one could in principle upper-bound
other models, as well as tighten the currently-obtained
bounds.

Discussion.—In this Letter, we addressed the funda-
mental problem of the minimal interaction range required
for superradiance. Crucially, we proved that nearest-
neighbor interactions cannot induce emitter correlations
faster that the decoherence, resulting in the impossibil-
ity of superradiance. As shown, the minimal interac-
tion range is therefore next-nearest neighbor, and longer-
range interactions generally lead to stronger superradi-
ance. We also found that the short-range exponential
interaction marks the threshold interaction range in all
dimensions where the emitter correlations and local de-
coherence scale similarly with the number of emitters
such that the critical coupling required for superradiant
burst becomes independent of the number of emitters,
in stark contrast with previous conclusions using longer-
range power-law interactions. We stress that, apart from
the nearest-neighbor model, our classification of a super-
radiant burst is strictly speaking only valid at short times
up to O((γ0t)

2) (if R̈(0) < 0 which is true for the models
considered here [64]), where the dynamics of the fully-
excited emitters do not depend on the Hamiltonian. This

can be physically justified for later times using second-
order mean field theory [64].

The techniques used in this work have broader applica-
tions in determining the theoretical bounds for the emis-
sion rate of different models, thereby exposing the ulti-
mate limitations of superradiance beyond the NN model.
Beyond providing fundamental insights to the physics of
superradiance, our results can also motivate the design of
atomic lattices in engineered baths such as nanophotonic
crystals with engineered interactions or superconducting
resonator arrays for qubits. Moreover, hypercube geome-
tries should be within reach of state-of-the-art quantum
simulators, given the recent advances in generating ar-
bitrary networks in cavity [66] and circuit [67] quantum
electrodynamics platforms.
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I. SUPERRADIANCE CONDITIONS

A. Second-order correlation function g(2)(0)

The collective jump operators can be constructed as

ĉν =
N∑

j=1

vjνσ
−
j (S1)

where {(v1ν . . . vNν)T } are the normalized eigenvectors of the decoherence matrix Γ, which are mutually orthogonal.
In this new basis, the master equation can be rewritten in the standard Lindblad form as

ρ̇ = −i




N∑

i,j=1

Hijσ
+
i σ
−
j , ρ


+

N∑

ν=1

ΓνD[ĉν ]ρ (S2)

where we have defined the Lindblad superoperator as D[Ô]ρ = ÔρÔ† − {Ô†Ô, ρ}/2. In Ref. [1], Masson and Asenjo-
Garcia proposed to use the zero-delay second-order correlation function g(2)(0), defined here as

g(2)(0) =

∑N
µ,ν=1 ΓµΓν 〈ĉ†µĉ†ν ĉν ĉµ〉(∑N

µ=1 Γµ 〈ĉ†µĉµ〉
)2 , (S3)

as the minimal superradiance condition, where g(2)(0) > 1 for the fully-excited initial state is the signature for
superradiant burst. Intuitively, in a superradiant burst, the emission of the first photon enhances the emission of
the second photon, which leads to photon bunching, i.e., g(2)(0) > 1. The same effect can also be interpreted as the
synchronization of the emitters at short times, which manifests as nonzero correlations 〈σ+

j σ
−
k 〉 between them.

For pedagogical reasons, we derive an explicit formula that relates Ṙ(0) to g(2)(0). Using the master equation (S2),

we can calculate Ṙ(0) as

Ṙ(0) =
N∑

µ,ν=1

ΓµΓν
(
〈ĉ†µĉ†ν ĉν ĉµ〉 − 〈ĉ†µĉµĉ†ν ĉν〉

)
+ i

N∑

µ=1

Γµ 〈[H, ĉ†µĉµ]〉 , (S4)

where H is the Hamiltonian in Eq. (S2). Using the definition in Eq. (S3), the first sum is simply R2(0)g(2)(0). The
second and third sums do not give simple results for arbitrary initial states. However, for the fully-excited initial state

|e〉⊗N , it can be shown that the second sum factorizes exactly to

N∑

µ,ν=1

ΓµΓν 〈ĉ†µĉµĉ†ν ĉν〉 =

(∑

µ=1

Γµ 〈ĉ†µĉµ〉
)2

= R2(0) (S5)

and the third sum vanishes for any arbitrary Hij . We can justify both of these claims by direct calculations:

〈ĉ†µĉµĉ†ν ĉν〉 =
N∑

m,n,p,q=1

v∗mµvnµv
∗
pνvqν 〈e|σ+

mσ
−
n σ

+
p σ
−
q |e〉 =

N∑

m,n,p,q=1

v∗mµvnµv
∗
pνvqνδmnδpq 〈e|σ+

mσ
−
n σ

+
p σ
−
q |e〉

=
N∑

m,p=1

v∗mµvmµv
∗
pνvpν 〈e|σ+

mσ
−
mσ

+
p σ
−
p |e〉 = 〈ĉ†µĉµ〉 〈ĉ†ν ĉν〉 .

(S6)

Note that this is not true in general for arbitrary product states.
Next, note that the Hamiltonian contributes the terms like i 〈[H, ĉ†µĉµ]〉 in Ṙ(0). For a generic Hamiltonian,

H =
∑
i,j Hijσ

+
i σ
−
j , expanding the commutator yields

〈[H, ĉ†µĉµ]〉 =
N∑

i,j,k,l=1

Hijv
∗
kµvlµ(〈e|σ+

i σ
−
j σ

+
k σ
−
l |e〉 − 〈e|σ+

k σ
−
l σ

+
i σ
−
j |e〉) =

N∑

i,j,k,l=1

Hijv
∗
kµvlµ(δijδkl − δklδij) = 0, (S7)
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which shows that H does not affect the presence or absence of a superradiant burst in the system. This provides a
simple explanation for the observation in Fig. 3(a) of Ref. [1] which shows no significant effect of the Hamiltonian on
superradiance. Thus, we obtain the relation

Ṙ(0) = R2(0)
[
g(2)(0)− 1

]
, (S8)

which reveals the close connection between superradiance and photon bunching, thereby justifying the results in
Ref. [1]. A more detailed analysis can be found in a recent work by F. Robicheaux [2], which includes additional
considerations beyond the scope of this work such as directional emission as well as arbitrary product initial states.

B. Efficient calculation of g(2)(0)

Evaluating Eq. (S3) using the initial state |e〉⊗N yields the a simple expression [1, 2]

g(2)(0) = 1− 2

N
+

∑N
ν=1 Γ2

ν(∑N
ν=1 Γν

)2 = 1− 2

N
+

Tr (Γ2)

(Tr (Γ))2
, (S9)

written purely in terms of the eigenvalues of the decoherence matrix Γ. Diagonalization can be avoided by taking
traces of Γ and Γ2. Further reduction in complexity can be achieved by harnessing the Hermiticity of Γ which yields
Tr (Γ2) = ‖Γ‖2F [3]. For ordered arrays, the g(2)(0) function can be efficiently computed in O(N) steps due to the
periodicity of the array [2, 3].

Although the diagonalization of Γ is not necessary to compute g(2)(0), there are several reasons why it is still
useful. First, the eigenvectors allow us to construct the jump operators ĉν in Eq. (S1), which provide insights about
the dominant decay channels in the system. Moreover, since the eigenvalues Γν must be non-negative, calculating the
eigenvalues allow us to determine the physically valid regime for the generic Γ that we use throughout the paper.

II. EXPLICIT CALCULATIONS FOR NEAREST-NEIGHBOR EMITTER ARRAYS

A. 1D chain

To begin, let us consider a chain of N dissipatively-coupled emitters with open boundary conditions, initialized in
the fully-excited state. We neglect the Hamiltonian interactions between the emitters since they do not affect the
existence of superradiant burst as explained in Sec. I A. Furthermore, we restrict to the case of NN interactions, leading
to the master equation with Hij = 0 and γij = δij + γ(δi,j+1 + δi,j−1) for arbitrary 0 ≤ γ ≤ 1. Note that without

loss of generality, we have assumed γij to be real and positive, since g(2)(0) is invariant under the transformation
γ → γeiφ for any φ ∈ R. Physically, if γ = e−κd where κ > 0 is the attenuation coefficient and d is the constant
separation between each emitter, then this model describes the exponentially-decaying interactions which can arise
from evanescent coupling in photonic crystals [4].

The decoherence matrix Γ in this case is a tridiagonal Toeplitz matrix with all diagonal elements 1 and all super-
/sub-diagonal elements γ, which can be exactly diagonalized to yield the eigenvalues

Γν = 1 + 2γ cos

(
νπ

N + 1

)
, ν = 1, . . . , N. (S10)

The g(2)(0) function thus reads

g(2)(0) = 1− 1

N
+

2(N − 1)

N2
γ2. (S11)

Let us denote γs as the critical γ for a superradiant transition, where g(2)(0) = 1. Applying the condition g(2)(0) > 1
directly gives the superradiant condition γ > γs, where

γs =
N√

2N(N − 1)
. (S12)
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However, enforcing that Γν ≥ 0 for all ν = 1, . . . N gives the physically valid regime as γ ≤ γp, where

γp =
1

2
sec

(
π

N + 1

)
. (S13)

It is easy to show that for a positive integer N , γp < γs for all N > 2, with equality at exactly N = 2. This implies
that no superradiance is possible within the physically valid regime, except in the trivial case of N = 2 where the
system reduces to the original Dicke model for two emitters with the collective jump operator ĉ1 = σ−1 + σ−2 .

This example of a 1D NN model demonstrates a potential pitfall of naively applying the g(2)(0) > 1 condition for an
arbitrary decoherence matrix Γ, where the predicted superradiant regime falls outside of the physically valid regime and
is thus not possible. This is not a concern for previous works [1–3] where the electromagnetic interactions are already
physically valid by construction. While obtaining g(2)(0) can be done in O(N) steps for ordered arrays, verifying
that Γ is positive-semidefinite typically requires O(N3) steps, such as by performing a Cholesky decomposition or by
finding the smallest eigenvalue of Γ.

B. Generalization to non-identical nearest-neighbor coupling

In the main text, we have assumed that all the nearest-neighbor coupling are the same, γij = γ for |i − j| = 1.
Now, we can lift the assumption and consider a more general case where the nearest-neighbor coupling in a 1D chain
are not the same, so

γij =





1, i = j

γmin(i,j), |i− j| = 1

0, else.

(S14)

Let us also define A = Γ− IN which has zero diagonal elements. The superradiance condition g(2)(0) > 1 becomes

||A||F >
√
N (S15)

where ||A||F is the Frobenius norm. Recall that for a physically valid model, the eigenvalues of Γ must be non-negative.
Moreover, since A is a symmetric tridiagonal matrix with zero on the main diagonal, the spectrum of A is symmetrical
with respect to zero. Hence, the spectral radius ρ(A) = −λmin(A) = λmax(A) = σmax(A) = ||A||2, where λmax(A)
and σmax(A) are the maximum eigenvalue and singular value of A respectively. For N even, we have rank(A) = N

while for N odd we have rank(A) = N − 1 (due to 1 zero eigenvalue). Using the inequality ||A||F ≤
√

rank(A)||A||2,
we obtain

λmin(Γ) ≥ 0 =⇒ ||A||2 = σmax(A) ≤ 1 =⇒ ||A||F ≤
{√

N, N even√
N − 1, N odd

(S16)

which is a necessary condition for physical validity. Comparing with the superradiance condition above, we once show
that the superradiance regime is unphysical.

C. D-dimensional hypercube array with nearest-neighbor interactions

We can generalize the above calculations by considering an arbitrary array dimensionality D. The number of
pairwise interactions is just DnD−1(n − 1) where N = nD, which means that the number of nonzero off-diagonal
elements γ is simply twice of that: 2DnD−1(n− 1). Thus,

Tr (Γ2) =
N∑

i,j=1

|γij |2 = N + 2DnD−1(n− 1)γ2 = N + 2D(N −N1−1/D)γ2, (S17)

which leads to

g(2)(0) = 1− 2

N
+

1

N2
(N + 2DnD−1(n− 1)γ2) = 1− 1

N
+

2D(N −N1−1/D)γ2

N2
= 1 +

2Dγ2 − 1

N
− 2Dγ2

N1+1/D
. (S18)
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In the infinite-dimensional case D → ∞ for a fixed N , g(2)(0) → 1 − 1/N < 1 for N > 1 and the emitters behave
independently. The D-dimensional hypercube configuration of emitters with nearest-neighbor coupling can be mapped
onto a generalized grid graph GnD with adjacency matrix A. The decoherence matrix is simply Γ = IN +γA. GnD is
the Cartesian product of D path graphs of length-n Pn. The eigenvalues of the adjacency matrix of Pn are 2 cos jπ

n+1 ,
j = 1, . . . , n.

Hence, the nD eigenvalues of A are given by the sum

a{jα} = 2
D∑

α=1

cos

(
jαπ

n+ 1

)
, jα = 1, . . . , n. (S19)

The minimum value occurs when all jα = n, such that

min
{jα}

a{jα} = 2D cos

(
nπ

n+ 1

)
= −2D cos

(
π

n+ 1

)
. (S20)

From this, we obtain the minimum eigenvalue of Γ as

Γmin = 1− 2Dγ cos

(
π

n+ 1

)
= 1− 2Dγ cos

(
π

N1/D + 1

)
. (S21)

For the smallest non-trivial array, we have n = 2 with Γmin = 1−Dγ. For an infinite-array, we have Γmin = 1− 2Dγ.
In both cases, the coefficient of γ is simply the coordination number of each emitter in the array (ignoring boundaries
when N →∞).

D. Generalization to unequal edge lengths

The generalization to the ‘hyperrectangle’ configuration where n can be different for each dimension is straightfor-
ward. The grid graph for N =

∏
j nj emitters is now GN = Pn1 � · · · � PnD , leading to

Γmin = 1− 2γ
D∑

j=1

cos

(
π

nj + 1

)
(S22)

and hence

γp =


2

D∑

j=1

cos

(
π

nj + 1

)

−1

. (S23)

In this generalized array, there are 2N(D −∑j n
−1
j ) nearest-neighbor interactions which results in

g(2)(0) = 1 +
2Dγ2 − 1

N
− 2γ2

N

D∑

j=1

1

nj
(S24)

and the superradiant transition at

γs =


2


D −

D∑

j=1

1

j





−1/2

=


2

D∑

j=1

(
1− 1

nj

)

−1/2

. (S25)

Since cos(π/(nj + 1)) > 1 − 1/nj for nj > 2 (with equality at nj = 2), we conclude that γp ≤ γ2
s and therefore no

superradiant burst can be observed.

E. Generalization to product initial states

So far, we have considered the fully-excited initial state |e〉⊗N . We can show that our main result of ‘no superradiance
for NN interactions’ is valid even for product initial states

⊗
n(cos θ/2 |gn〉+ eiφ sin θ/2 |en〉).
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Let us also consider the extreme case of the all-to-all Hamiltonian H = J
∑
m,n σ

+
mσ
−
n . For the dissipative coupling,

we choose the phase convention γmn ≥ 0, γmn = γnm. The time-derivative of the emission rate at time t = 0 is given
by [2]:

Ṙ(0) = −N sin2 θ

2
− 1

2
sin2 θ

∑′

m,n

γmn + 2 sin2 θ

2

(
sin2 θ

2
− 1

2

) ∑′

m,n

γ2
mn +

1

4
sin2 θ

(
sin2 θ

2
− 1

2

) ∑′

l,m,n

γmn(γml + γnl),

(S26)

where the notations
∑′

m,n
and

∑′

l,m,n
indicate that the dummy indices must all be different. Notice that Ṙ(0) is

independent of J , which means that the Hamiltonian does not contribute to the superradiance burst (at initial time).
This is also valid even if we use a more general spin-spin Hamiltonian. As a check, we can set θ = π to recover the

result for the fully-excited initial state: Ṙ(0) = −N +
∑′

m,n
γ2
mn.

Now, we consider the nearest-neighbor dissipative interactions γ〈m,n〉 = γ ∈ [0, 1/(2D)]. This simplifies the expres-
sion to give

Ṙ(0)

N
=

1

8
[−4 + 4Dγ(−3 + 4γ) + (4 +Dγ(8− (15 + 2D)γ)) cos θ +Dγ(4 cos 2θ + (2D − 1)γ cos 3θ)]. (S27)

Choosing γ = 1/(2D), we have

Ṙ(0)

N
=

sin2 θ
2

8D
[9− 26D − 2(6D − 1) cos θ − (2D − 1) cos 2θ] ≤ 0, (S28)

independent of φ and J . Since D ≥ 1, we have Ṙ(0) < 0 except for Ṙ(0) = 0 at θ = 0 (corresponding to all emitters
in the ground state).

III. DERIVATIONS OF g(2)(0) FOR VARIOUS MODELS

Here, we derive explicitly the various g(2)(0) expressions used throughout the paper. From the main text, the
only calculation needed is Tr (Γ2) which is equal to the Frobenium norm ‖Γ‖2F =

∑
i,j |γij |2 using the Hermiticity

of Γ. Without loss of generality, we consider γij to be real and positive, and also rescale Γ appropriately such that
Tr (Γ) = N . Since we assume that the atoms decay identically, this amounts to setting the diagonal elements to
γii = 1.

A. 1D chain with exponentially-decaying interactions

For open boundary conditions, we label the emitters sequentially along the chain by the index i, starting from one
end of the chain. Without loss of generality, we align the 1D chain to the x-axis, giving the spatial coordinate xi = id
for the ith emitter. The matrix elements of Γ are then given by γij = e−κd|i−j| ≡ γ|i−j|. In the short-range limit,
where we neglect terms like γ2 or smaller, the results agree with the nearest-neighbor model up to O(γ).

Without diagonalizing Γ analytically, we can check that it has a Cholesky decomposition for all 0 ≤ γ ≤ 1 which
asserts that Γ is positive semidefinite and thus physically valid for any d ≥ 0. To calculate the superradiant transition,
we first work out the g(2)(0) function. Starting from γij = e−κd|i−j| ≡ γ|i−j|, we have 2(N −m) off-diagonal matrix
elements with the value γm, m = 1, . . . , N − 1, and N diagonal elements with the value 1. Thus,

Tr (Γ2) =

N∑

i,j=1

|γij |2 = N + 2

N−1∑

m=1

(N −m)γ2m = N − 2γ2(1− γ2N −N(1− γ2))

(1− γ2)2
(S29)

and

g(2)(0) = 1− 2

N
+

1

N2

(
N − 2γ2(1− γ2N −N(1− γ2))

(1− γ2)2

)
= 1− 1

N
− 2γ2(1− γ2N −N(1− γ2))

N2(1− γ2)2
. (S30)

For a fixed N , we can obtain the superradiant transition point γs numerically by solving g(2)(0) = 1. We can
proceed further analytically by considering the regime where N � 2/κd such that γ2N = e−2Nκd � 1. This gives the
asymptotic expansion

g(2)(0) = 1 +
3γ2 − 1

N(1− γ2)
+O

(
1

N2

)
, (S31)
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which leads to γs ∼ 1/
√

3. In terms of κd, this means that superradiance occurs when

κd <
1

2
ln 3 ≈ 0.549. (S32)

Interestingly, the superradiant transition point is approximately independent of N for sufficient large N , which is
fully consistent with the numerical simulations in Refs. [1–3, 5] which used a more realistic interaction model. Thus,
our result provides a good qualitative explanation for the previous observations on superradiant burst in 1D arrays
despite its simplicity.

At first glance, by comparing the large-N expressions for g(2)(0) in Eq. (S31) with Eq. (S11), there appears to
be an inconsistency. However, this can be easily resolved by recalling that the two models only agree up to O(γ),
while the discrepancy only arises in the O(γ2) terms. It is worth emphasizing that the nearest-neighbor interaction
model in Sec. II A and the NN interaction model here are fundamentally different: With nearest neighbor interactions,
physical constraints require γ < γp ∼ 1/2. On the other hand, adding long-range interactions ensure that the model
is physically valid for all 0 ≤ γ ≤ 1, which allows for superradiance.

B. 1D ring with exponentially-decaying interactions

Next, we consider the case of periodic boundary conditions where the emitters are arranged in a ring configuration
with a constant separation d. For simplicity, we consider the case where N is odd. The decoherence matrix Γ for
the 1D ring turns out to be a circulant matrix with the first column given by (1, γ, . . . , γ(N−1)/2, γ(N−1)/2, . . . , γ)T ,
or γi1 = max{γi−1, γN−i+1}. The subsequent columns are simply cyclic permutations of the first column. Thus,

Tr (Γ2) =
N∑

i,j=1

|γij |2 = N(1+γ2+. . .+γ(N−1)+γ(N−1)+. . .+γ2) = N+2N

(N−1)/2∑

m=1

γ2m = N+2N
γ2(1− γN−1)

1− γ2
(S33)

and we obtain

g(2)(0) = 1− 1

N
+

2u2(1− γN−1)

N(1− γ2)
= 1 +

3γ2 − 1

N(1− γ2)
+O

(
1

N2

)
(S34)

for N � 1/κd. Note that for sufficiently large N , the superradiant transition γs = 1/
√

3 is the same for both the
chain and ring configurations, which physically means that the boundary contributions become negligible. This again
provides a simple explanation for the observations in Ref. [1], where the significant discrepancy between the 1D chain
and ring only occurs for small N < 10.

Alternatively, we can exploit the nice properties of circulant matrices to diagonalize Γ exactly, which yields the
eigenvalues

Γj = (1− γ)
1 + γ − 2γ(N+1)/2 cos(jπ) cos(jπ/N)

1 + γ2 − 2γ cos(2jπ/N)
≈ 1− γ2

1 + γ2 − 2γ cos(2jπ/N)
, j = 0, . . . , N − 1 (S35)

for large N . The sum
∑
j Γ2

j can be approximated by integral

N−1∑

j=0

Γ2
j ≈

N

2π

ˆ 2π

0

dθ

(
1− γ2

1 + γ2 − 2γ cos θ

)2

=
N(1 + γ2)

(1− γ2)
, (S36)

which gives the same limiting value for g(2)(0) as Eqs. (S31) and (S34). From the exact eigenvalues in Eq. (S35)
we can argue that Γ is positive semidefinite for all 0 ≤ γ ≤ 1: It can be easily verified that 1 + γ ≥ 2γ(N+1)/2 for
N > 1, with equality achieved at exactly γ = 1. This implies that the numerator of Γj is positive. From the law of
cosines, the denominator represents geometrically the length-squared of the triangular side opposite the angle 2jπ/N ,
subtended by the other two sides of lengths 1 and γ, which is also positive. Hence, the superradiant regime γ > γs is
physically valid.

C. D-dimensional hypercube array with exponentially-decaying interactions

Assuming a large number of emitters, each emitter approximately contributes

1

N
Tr Γ2 ≈ 1 + 2D(γ2 + γ4 + γ6 + . . .) + 2D

∑

n1,n2,...,nD=1

γ2
√
n2
1+...+n2

D , (S37)
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where the second term comes from the emitters displaced by exactly integer multiples of the Cartesian unit vectors,
and the third term comes from the rest of the emitters which can be divided into 2D equal contributions by symmetry.
The final sum can be approximated by converting it to an integral in hyperspherical coordinates and exploiting the
rotational symmetry to get

∑

n1,n2,...,nD=1

γ2
√
n2
1+...+n2

D ∼ C
ˆ ∞

0

dr rD−1γ2r =
C

(− ln γ)D
(S38)

for some constant C. Note that this is asymptotically independent of N .

D. 1/r-interactions in 1D, 2D and 3D arrays

Next, we consider dissipative long-range interactions that decay as 1/r, with γij ∝ 1
κrij

. Although an accurate mod-

elling of dipole interactions require additional short- and medium-range contributions (like 1/r3 and 1/r2 terms), we
will show that including only the 1/r interactions results in qualitative agreement with previous numerical simulations
for 1D, 2D and 3D arrays in the large-N regime [2, 3].

1. 1D chain

Here, γij = δij + (1− δij) γ
|i−j| , and thus the second order correlation function is readily found to be

g(2)(0) = 1− 2

N
+

1

N

(
1 + 2γ2

∞∑

n=1

1

n2

)
≈ 1 +

1

N

(
π2

3
γ2 − 1

)
, (S39)

which gives the superradiant transition point γs =
√

3/π which is once again independent of N .

2. 2D square array

Labelling the emitters’ Cartesian coordinates on the square grid as ~ri = (xi, yi), where xi, yi are integers, we have
γij = δij + (1− δij) γ

|~ri−~rj | . Therefore,

Tr(Γ2) ≈ Nγ2

(
1 +

2π2

3
+ 4

n∑

x,y=1

1

x2 + y2

)
≈ Nγ2(A+B lnN), (S40)

where N = n2, and A and B are real constants which can be determined numerically. From this, we can deduce that
superradiance condition takes the form

γ >
2√

A+B lnN
∼ 1√

lnN
. (S41)

3. 3D cubic array

The calculations are similar to the 2D case, but with ~xi = (xi, yi, zi). We have

Tr(Γ2) ≈ Nγ2

(
1 + π2 + 8

n∑

x,y,z=1

1

x2 + y2 + z2

)
≈ Nγ2(A+BN1/3), (S42)

where N = n3. This gives the superradiance condition of the form

γ >
2√

A+BN1/3
∼ 1

N1/6
. (S43)

Note that these couplings are consistent with those found in Ref. [3].
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E. 1D chain with infinite-range interactions

On the other extreme, we consider the case of infinite-range interactions between emitters on a 1D array, i.e.
|γij | > 0 in the limit |xi − xj | → ∞. This can be realized for example in waveguide quantum electrodynamics by
coupling atoms to a 1D photonic crystal or a nanophotonic waveguide, where the photons in the waveguide mediate the
infinite-range interactions between the spins [6, 7]. We also consider the more general case of a chiral waveguide, where
the photon emission rate is direction-dependent [8]. Denoting the left(right) emission rate by γL(γR) and neglecting
the coherent interactions, we can model the dissipative emitter dynamics (after tracing out the environment) with
the master equation [9]

ρ̇ = −i[H, ρ] + γLD[ĉL]ρ+ γRD[ĉR]ρ, (S44)

where ĉL/R =
∑
j e
±ikxjσ−j is the collective spin operator. H contains the individual emitter Hamiltonian as well as

coherent interactions between the emitters. We will not specify the form of H here since it is not relevant for the
purposes of calculating g(2)(0). The decoherence matrix elements are

γjl = cos((kd(j − l))− iχ sin(kd(j − l)) (S45)

where χ ≡ (γR − γL)/(γR + γL) is the chirality parameter. Normalizing the decoherence matrix by dividing γL + γR
throughout, we obtain the matrix elements

γjl =
γL

γL + γR
eik(xj−xl) +

γR
γL + γR

e−ik(xj−xl) = cos(k(xj − xl))− iχ sin(k(xj − xl)). (S46)

We now assume a constant emitter separation of d, and calculate in a similar fashion as the case of exponentially-
decaying interactions

Tr (Γ2) =
N∑

i,j=1

|γij |2 =
1

4
csc2(kd)

[
(1− χ2)(1− cos(2Nkd)) +N2(1 + χ2)(1− cos(2kd))

]
(S47)

and

g(2)(0) =
1

2

(
3 + χ2 − 4

N

)
+

1− χ2

2N2
csc2(kd) sin2(Nkd). (S48)

Note that since

∂|χ|g
(2)(0) =

|χ| csc2(kd)

2N2

[
N2(1− cos(2kd)) + cos(2Nkd)− 1

]
≥ 0 (S49)

we conclude that chirality always enhances the superradiance effect, except at points when g(2)(0) is already at
maximal value of 2(1− 1/N).

For a consistency check, the limit kd → 0 yields the well-known result g(2)(0) = 2(1 − 1/N) for the original Dicke
model [10, 11], where g(2)(0) > 1 for allN > 2 can be interpreted as a spontaneous superradiance [11]. Physically, when
the emitters become sufficiently close together (compared to the wavelength) such that they become indistinguishable,
and the only decay channel is that associated with the collective jump operator ĉ1 =

∑
j σ
−
j at a rate N times of the

individual decay rate.
Noting that ∂|χ|g(2)(0) ≥ 0, we find that a larger chirality |χ| always results in a stronger superradiance effect. The

limiting case |χ| = 1 corresponds to a perfectly unidirectional emission, where the dynamics become independent of
the emitter separation [12–14]. When Nkd = mπ where m ∈ Z and m/N /∈ Z, g(2)(0) is minimal with the value
(3 + χ2 − 4/N)/2. For N > 3, superradiance always occurs regardless of chirality. However, for N = 3, we require a

minimum chirality of |χ| = 1/
√

3 such that g(2)(0) > 1, as confirmed via numerical simulations shown in Fig. S1. Of
course, with only N = 3 emitters, the superradiance effect just above the threshold chirality will be quite weak.

F. All-to-all interactions

The all-to-all dissipatively-coupled system of emitters can be described a complete graph G with N vertices. The
decoherence matrix is Γ = IN +γA, where γ is the interaction strength and A is the corresponding adjacency matrix.
This leads to

Tr (Γ2) = N + 2γ2E(G) = N + γ2N(N − 1) (S50)
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FIG. S1. Total emission rate R(t) for N = 3 emitters coupled to a 1D chiral waveguide with various chirality parameters χ.

Analytical calculations predict Ṙ(0) > 0 (superradiant burst) for χ > 1/
√

3 ≈ 0.577. Inset shows the short-time behavior of
R(t). The black horizontal line at R = 3 is added for reference. The numerical results demonstrate that a minimum chirality
is required for superradiance.

and

g(2)(0) = 1 +
γ2(N − 1)− 1

N
. (S51)

The case of γ = 1 is exactly the original Dicke model which always results in superradiance. For arbitrary γ, the
transition point is γ > γs, where γs = 1/

√
N − 1. Such a model is always physically valid, i.e. γp = 1. To see this,

we note that Γ corresponds to the master equation

ρ̇ = γD
[∑

j

σ−j

]
ρ+ (1− γ)

∑

j

D[σ−j ]ρ, (S52)

which is in the standard Lindblad form. Physically, this corresponds to the Dicke model with local dissipation serving
as an imperfection. The condition γ > γs therefore sets an upper bound to the amount of local dissipation such that
superradiance is preserved. Intuitively, superradiance becomes more robust to local dissipation for large N . This also
agrees with the exact solution of Eq. (S52) obtained recently in the large-N limit [15].

IV. THIRD-ORDER CORRELATION FUNCTION, g(3)(0)

We can characterize the superradiant burst beyond the initial rate Ṙ(0) by calculating the third-order correlation
function g(3)(0) [1],

g(3)(0) = 1− 6

N
+

12

N3
+ 3

(
1− 4

N

)
Tr Γ2

(Tr Γ)2
+ 2

Tr Γ3

(Tr Γ)3
. (S53)

From Ref. [2], the second derivative of R(t) evaluated at the initial time was found to be

R̈(0) =
8

N2
(Tr Γ)3 − 8

N
(Tr Γ)(Tr Γ2) + (Tr Γ3) (S54)

which can be expressed in terms of the correlation functions as

R̈(0) = (Tr Γ)3

[
1 +

2

N
− 2

N2
−
(

3

2
+

2

N

)
g(2)(0) +

1

2
g(3)(0)

]
. (S55)
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𝒖𝟐 − 𝒖𝟑

⇠ 1

3N

FIG. S2. Second- and third-order correlation functions for the all-to-all interaction model with N = 10 emitters. By increasing
the collective coupling u, g(3)(0) > 1 is achieved (at u = u3) before g(2)(0) > 1 (at u = γ2). The inset shows the gap γ2 − u3

against N , with the asymptotic behavior 1/3N as illustrated by the gray dashed line.

This can then be used to estimate the peak time and intensity of the superradiant burst.

In Ref. [1], it was observed that for the fully excited emitters, the third-order correlation function g(3)(0) cannot
be greater than 1 without superradiance, i.e., g(2)(0) > 1. The physical meaning is that the three-photon emission
cannot be enhanced unless the two-photon emission is also enhanced. However, as we will see, this is not true in
general and depends greatly on the dissipative model used.

Without loss of generality, let Tr Γ = N . Calculating g(3)(0) subject to the constraint g2(0) = 1 yields the simple
condition

g(3)(0) > 1 =⇒ Tr Γ3 > 6N. (S56)

By the Cauchy-Schwarz inequality, we must have Tr Γ3 ≤ (Tr Γ)(Tr Γ2) = 2N2, which allows for the condition in
Eq. (S56) to hold. Let us now test this for some of the previously introduced models:

• 1D ring with exponentially-decaying interactions: At the superradiant transition γ = γs = 1/
√

3 and using the
decay rates in Eq. (S35), we have Tr Γ3 ≈ 11N/2 < 6N . Thus, g(3)(0) < 1, which agrees with our intuition.

• 1D ring with NN and NNN interactions: At the superradiant transition γ2 =
√

(1− 2γ2
1)/2 and γ1 ∈ [0, 1/

√
2],

we have Tr Γ3 = N(4 + 3
√

2γ2
1

√
1− 2γ2

1) < 6N . Thus, g(3)(0) < 1, which agrees with our intuition.

• All-to-all interactions: At the superradiant transition γ = γs = 1/
√
N − 1, we have

Tr Γ3 =
N(N − 2 + 4

√
N − 1)√

N − 1
(S57)

which can exceed 6N for N > 2(2+
√

2) ≈ 6.8. Thus, for a sufficiently large number of emitters, we can enhance
three-photon emission (g(3)(0) > 1) while suppressing two-photon emission (g(2)(0) < 1) (see Fig. S2). The
range of γ for which this occurs decreases as 1/3N for large N , such that g(2)(0) and g(3)(0) both cross 1 at the
same value of γ as N →∞.

The all-to-all interaction model, which is a Dicke model with local dissipation, provides a simple counterexample to
the intuitive notion that in the absence of a superradiant burst, three-photon emission is suppressed. The pertinent
question, however, is whether the simultaneous two-photon suppression and three-photon enhancement results in a
‘delayed superradiance’, that is, R(t) first decreases for a short time before rising above its initial value. Surprisingly,
such a phenomenon is indeed possible, but we found that the resulting superradiant burst is extremely weak.
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FIG. S3. Fractional change in total emission rate with respect to the initial rate R(0), for N = 20 emitters and coupling
parameter u = (1− ε)/

√
N − 1, ε = 10−4. The peak emission rate has a very small fractional increase of approximately 10−6,

and the superradiant burst is thus negligible.

A. Delayed superradiance in Dicke model with local dissipation

For the Dicke model with local dissipation,

Ṙ(0) = N2γ2 −N(1 + γ2) (S58)

and

R̈(0) = N3γ3 +N2γ2(3γ + 5) +N(1 + γ2(2γ + 5)). (S59)

For a suitable choice of γ, one can satisfy Ṙ(0) < 0 and R̈(0) > 0 simultaneously. When Ṙ(0) = 0, R̈(0) > 0 for

N > 2(5 + 2
√

5) ≈ 18.9. However, having Ṙ(0) < 0 and R̈(0) > 0 alone does not guarantee a delayed superradiance,
since the total emission rate R(t) may not exceed the initial value R(0). From numerical simulations, we observe
delayed superradiance for a narrow parameter regime, but the resulting superradiant burst is very weak, with the
peak emission rate only very slightly above the initial rate (fractional increase on the order of 10−6). We also remark
that this effect is not present in the nearest and next-nearest interaction models, and therefore does not affect the
validity of our claims in the main text.

Generically, in the presence of local dissipation (where the physical origin of the local term is different from that of
the interactions) one has to be mindful about how to properly account for the distinct decay channels. This can be
done by defining a “directional” second order correlation function, as done in Ref. [2, 16].

B. Physical interpretation of g(2)(0) and g(3)(0)

We can obtain an alternative physical interpretation of the correlation functions g(2)(0) and g(3)(0) by connecting
them with quantum jumps. Let us define the normalized K-jump state by applying K collective jump operators ĉν
on the fully-excited initial state |e〉

|ΦK(~ν)〉 =
1

N
K∏

j=1

ĉνj |e〉 , (S60)

where ~ν = (ν1, . . . , νK) and N is the normalization factor. For an arbitrary 1-jump state |Φ1(ν)〉, using the expansion
ĉν =

∑
j vνjσ

−
j , we have the emission rate

Rν =
∑

i,j

γij 〈Φ1(ν)|σ+
i σ
−
j |Φ1(ν)〉 = N − 1 +

∑

i,j
i6=j

γijv
∗
νjvνi. (S61)
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Taking average of all the 1-jump states weighted by their respective decay rates give

R̄1 =
1

N

∑

ν

ΓνRν = N − 1 +
1

N
(Tr(Γ2)−N) = Ng(2)(0), (S62)

where we have used γjk = γkj =
∑
ν Γνv

∗
νjvνk from the spectral decomposition of Γ. Thus, we can interpret g(2)(0)

as proportional to the average emission rate of the 1-jump states, and g(2)(0) < 1 implies that these states do not
give rise to superradiance. Now, let us consider the normalized 2-jump states

|Φ2(ν, µ)〉 =
ĉµĉν |e〉√

1 + δµν − 2
∑
j |vνj |2|vµj |2

. (S63)

Taking the weighted average of the rates of all 2-jump states, we have

R̄2 =
1

N2

∑

ν,µ

ΓνΓµ

∑
χ Γχ 〈e|ĉ†ν ĉ†µĉ†χĉχĉµĉν |e〉

1 + δµν − 2
∑
j |vνj |2|vµj |2

. (S64)

We now make the assumption that
∑
j |vνj |2|vµj |2 vanishes as N →∞. This is true for lattices with periodic boundary

conditions in which vνj are the plane wave coefficients. As an example, we have vνj = exp (2πijν/N)/
√
N for the 1D

ring which simply comes from the eigenvectors of a circulant matrix. Hence, as N →∞,

R̄2 ≤
1

N2

∑

ν,µ,χ

ΓνΓµΓχ 〈e|ĉ†ν ĉ†µĉ†χĉχĉµĉν |e〉 = Ng(3)(0). (S65)

Thus, we can interpret Ng(3)(0) as the upper bound for the average emission rate of the 2-jump states, and g(3)(0) < 1
implies that these states do not give rise to superradiance.

V. UPPER BOUNDS ON THE EMISSION RATE

The superradiance condition g(2)(0) > 1 is strictly speaking only valid for classifying superradiance at short times
up to O(γ0t). ‘Delayed superradiance’ is thus technically possible, hence it is not true in general that R(t) > R(0) for
some t =⇒ g(2)(0) > 1. Nonetheless, if we can upper bound R(t) and compare it with R(0) = N , we can obtain a
regime in which the fully-excited initial state maximizes R which guarantees no superradiant burst at arbitrary times
and also for arbitrary system Hamiltonian.

Proposition 1 The emission rate R can be written as the average of some spin Hamiltonian HΓ, where the interaction
strengths between the ith and jth spins are given by the decoherence matrix elements γij.

This is straightforward to show:

R =
N∑

ν=1

Γν

N∑

j,k=1

v∗νjvνk 〈σ+
j σ
−
k 〉 =

N∑

j,k=1

〈σ+
j σ
−
k 〉

N∑

ν=1

Γνv
∗
νjvνk =

N∑

j,k=1

〈σ+
j σ
−
k 〉
(

N∑

ν=1

Γν~vν(~v∗ν)T

)

k,j

=
N∑

j,k=1

γkj 〈σ+
j σ
−
k 〉 ≡ 〈HΓ〉 ,

(S66)

where we have used the spectral decomposition of Γ in the last step. Hence, the problem of calculating R is equivalent
to finding the average energy of a state under the Hamiltonian HΓ. We remark that HΓ introduced here is only used
for calculation purposes, and should not be interpreted as a physical Hamiltonian of our system. With this, we now

prove that for our NN interaction model in arbitrary dimensions, R is maximized by the fully excited state |e〉⊗N .

A. D-dimensional nearest-neighbor interactions

Theorem 1 Let Γ describe a nearest-neighbor interaction model, with γij = δij + γδ〈ij〉, where γ ∈ [0, 1]. δ〈ij〉 = 1
if the emitters indexed by i and j are nearest-neighbor on the D−dimensional regular lattice, and 0 otherwise. For

γ ≤ 1/(2D), the emission rate R is maximized by the fully-excited state |e〉⊗N with R = N .
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Proof. Let us construct the auxiliary Hamiltonian as

HΓ =
N∑

j=1

σ+
j σ
−
j + γ

∑

〈j,k〉
(σ+
j σ
−
k + σ+

k σ
−
j ), (S67)

which is the XY Hamiltonian with transverse magnetic field. For D = 1, this can be solved exactly by mapping to
free fermions using the Jordan-Wigner transformation. However, such an approach is not necessary for the proof since

we only require the highest-energy (dominant) eigenstate of HΓ. One can easily check that |e〉⊗N is an eigenstate of
HΓ with eigenenergy N . It remains to be shown that this is in fact the dominant eigenstate for γ ≤ 1/(2D).

To this end, let us consider the matrix representation of HΓ in the standard tensor-product basis {|e〉 , |g〉}⊗N . Note
that HΓ conserves the total excitation

∑
j σ

+
j σ
−
j , and hence can be block-diagonalized into sub-blocks with different

excitation numbers. In D-dimensions, each emitter can only at most interact with 2D nearest-neighbors. For the
basis state with N −m excitations (0 ≤ m ≤ N), the number of interactions is at most 2Dm, corresponding to the
basis states where the m ground-state emitters are not nearest-neighbors with one another. Hence, the row sum of the
matrix HΓ for that particular basis state is at most (N −m) + 2Dmγ, with the first term coming from the diagonal
element.

Using the Gershgorin circle theorem, we know that all the eigenvalues of HΓ must lie within the largest Gershgorin
disc. More specifically, we can bound the largest eigenvalue as

λmax ≤ max
m,γ

(N −m+ 2Dmγ) ≤ max
m

(
N −m+ 2Dm× 1

2D

)
= N. (S68)

Hence, |e〉⊗N maximizes 〈HΓ〉 and thus maximizes R. �
The condition γ ≤ 1/(2D) is within the physically valid regime. In fact, this is exactly the physically valid regime

for either the N → ∞ limit or if the lattice obeys periodic boundary conditions. For open boundary conditions, the
exact physically valid regime contains a correction factor of 1/ cos(π/(N1/D + 1)) > 1 which makes it slightly larger
than 1/(2D). This factor tends to 1 as ∼ π2/(2(N1/D)2), hence the small discrepancy would not matter if the number
of emitters per spatial dimension N1/D is sufficiently large.

Relating back to our original problem of superradiance, we can write down an obvious consequence of Theorem 1.

Corollary 1 For a nearest-neighbor interaction model with γ ≤ 1/(2D), assuming a fully-excited initial state |ψ(0)〉 =

|e〉⊗N , superradiance is impossible for any system Hamiltonian. In other words, R(t) ≤ R(0)∀t > 0.

For the nearest-neighbor model, the upper bound on R(t) is tight which allows us to rigorously prove the impos-
sibility of superradiance at all times. However, this is not true in general for other interaction models ∀γ ∈ [0, γp].
Nonetheless, we can still use the bound to find a regime where superradiance is definitely not possible. For simplicity,
we assume periodic boundary conditions for the rest of the section.

B. 1D exponentially-decaying interactions

Consider the 1D exponential model with N emitters. For simplicity, we take N to be odd and assume periodic
boundary conditions. For the basis state with N − m excitations, the maximum number of couplings between the
excited and ground states in the 1D ring is 2×m′× (N − 1)/2 = m′(N − 1) where m′ = min{m,N −m} ranges from
0 to (N − 1)/2. In general, all the couplings will have a different contribution γ|i−j| to the HΓ matrix. Thus, for a
fixed γ,

λmax ≤ max
m′

[
N −m′ + 2m′

(
γ + γ2 + . . .+ γ(N−1)/2

)]
(S69)

For γ = 1, λmax ≤ N + (N − 2)(N − 1)/2 ∼ N2/2 recovers the quadratic scaling of the Dicke model. For γ < 1, we
can bound λmax as

λmax ≤ max
m′

(
N −m′ + 2m′

γ

1− γ

)
=

{
N, γ ≤ 1/3

N + N−1
2

(
3γ−1
1−γ

)
, 1/3 < γ < 1

(S70)

from which we see that |e〉⊗N maximizes R for γ ≤ 1/3 < 1/
√

3 = γs. For γ < 1, the bound for the peak emission
rate has a linear scaling with N .
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C. 1D power-law interactions

This is similar to the calculations for the exponential model, but with the replacement γ|i−j| → γ/|i − j|, i 6= j.
Performing the same analysis, we have

λmax ≤ max
m′

[
N −m′ + 2m′

(
γ +

γ

2
+
γ

3
+ . . .+

γ

(N − 1)/2

)]

≤ max
m′

[N −m′ + 2m′γ(logN + ζ)]

= N +
N − 1

2
(2γ(logN + ζ)− 1) = O(N logN)

(S71)

where ζ ≈ 0.577 is the Euler-Mascheroni constant.

VI. EFFECT OF HAMILTONIAN ON EMISSION RATE

For the fully-excited initial state, it can be shown that R(t) is independent of the Hamiltonian up to quadratic
order in time [2]. The situation is more complicated for other initial states, but this is beyond the scope of our work
as we have noted throughout the manuscript. This is intuitive since the coherent spin-spin interactions are negligible
at early times when the emitters are fully excited.

An exact argument that the effect of Hamiltonian is small (at least insufficient to induce a superradiant burst)
beyond a time of O

(
t2
)

requires one to solve the master equation analytically for arbitrary times, which is of course a
difficult task. Nonetheless, we can provide a reasonable justification of this claim by using a second-order mean-field
approach, also known as a second-order cumulant expansion [17, 18]. Consider the Hamiltonian H =

∑
i,j Jijσ

+
i σ
−
j .

Using mean-field to factorize 〈σ+
i σ
−
j en〉 ≈ 〈σ+

i σ
−
j 〉 〈en〉 where en = σ+

n σ
−
n , we can write the dynamics for the emission

rate as (assuming γij = γji)

Ṙ ≈ −R+
∑

m,n
m6=n

γmn
[
−〈σ+

mσ
−
n 〉+ 2γmn 〈emen〉 − γmn 〈em〉

]

+
∑

m,n
m 6=n

∑

l 6=m,n
γmn(2 〈en〉 − 1)

[
−2Re(Jnl)Im 〈σ+

mσ
−
l 〉 − 2Im(Jnl)Re 〈σ+

mσ
−
l 〉+ γnlRe 〈σ+

mσ
−
l 〉
]
. (S72)

Using this, we can now make the following claim:

Theorem 2 Let H =
∑
i,j Jijσ

+
i σ
−
j be a real Hamiltonian with Jij = Jji. In the second-order mean-field theory, if

H and Γ are translation-invariant with periodic boundary conditions, the emission rate R(t) is independent of H for
any translation-invariant initial state and t ≥ 0.

Proof. Notice from Eq. (S72) that the real part of Jnl only couples to the imaginary part of the spin-spin correlation
function 〈σ+

mσ
−
l 〉. For any translation-invariant state, we must have 〈σ+

mσ
−
l 〉 = 〈σ+

l σm〉 since the correlations only
depend on the geometrical separation between the spins l and m. Hence, the correlations must be real, and the effect
of H on R vanishes. �

Another simple consequence of a real Hamiltonian is that it does not affect the rate of the K−jump states

|ψK〉 ∝
K∏

ν=1

ĉν |e〉⊗N (S73)

up to a normalization factor. ĉ1 . . . ĉK are arbitrary jump operators obtained by diagonalizing Γ. This result is easy
to prove. From the Heisenberg equation,

Ṙ = i 〈ψK |[H,HΓ]|ψK〉 = −2Im 〈ψK |HHΓ|ψK〉 . (S74)

Since Γ is real and symmetric, the expansion coefficients vνj in ĉν can be chosen to be real. Hence |ψK〉 is real, and

any real Hamiltonian H will thus contribute Ṙ = 0.
We now comment on the assumptions used in Theorem 2. Firstly, the assumption that Γ is translation-invariant

already applies to the models used in the manuscript, where we assume that all the emitters experience the same
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dissipative interactions. The periodic boundary condition assumption is also not in the large-N limit, which is
usually the case of interest. The assumption on the interaction Hamiltonian, including the reality assumption, is
required to ensure that the state remains translationally-invariant which is a key part of the proof. The most extreme
example of such a Hamiltonian is the coherent all-to-all interactions with a common arbitrary interaction strength J .
Theorem 2 implies that even such a strong Hamiltonian would not significantly affect the emission rate, which we have
verified numerically by simulating the master equation exactly for the 1D exponential model with N = 13 emitters.
The translational symmetry used in the proof is also reasonable since one expects superradiance to be stronger for
symmetric states (with the strongest superradiance achieved for the permutation-symmetric Dicke state).

The strength of this argument thus boils down to the validity of the second-order mean field theory. It is well-known
that the second-order mean field approach breaks down when calculating the strength of the two-body correlations
particularly at long times t � γ−1

0 , where γ0 is the spontaneous emission rate of each emitter. Previous numerical
simulations have also shown that the mean-field approach (at least second-order and above) is rather accurate in
terms of the emission rate (see Fig. 3 of [17] and Fig. 2(c) of [18]). We point out two reasons why we believe that
the inadequacies of mean-field theory do not greatly affect the validity of Theorem 2:

1. At long times t� γ−1
0 , the total excitation of the emitters is close to zero. Note that the total excitation must

decrease monotonically since the Hamiltonian conserves total excitation, and we do not introduce any pumping
in the model. Hence, this makes the emission rate small. Another physical interpretation is that the subradiant
states are populated at large times which is also why the mean field assumption breaks down.

2. Our argument is based on the translation symmetry of the state which is of course still true in the exact
dynamics. Also, our second-order approach already accounts for short-range correlations which are even more
so appropriate for the short-range interaction models we use in the manuscript (NNN, exponential), especially
in the large-N limit.

A. No superradiant burst for nearest-neighbor interactions, translation-invariant initial state

We now argue that in the second-order mean-field theory, superradiant burst for NN interactions cannot occur at
any time t ≥ 0, using a translation-invariant initial state. From Theorem 2, it suffices to only consider dissipative
processes. For the D-dimensional NN interaction model, the decay rates are

Γk = 1 + γ
D∑

i=1

cos ki, (S75)

where k = (k1, . . . , kD)T , and ki ∈ [−π, π]. The corresponding jump operators are

ck =
1√
N

∑

x

e−ik·xσ−x (S76)

where x ∈ ZD. We consider the thermodynamic limit N →∞. For a translation-invariant state |ψ〉,

Ṙ = −
∑

k,k′

ΓkΓk′ 〈c†k[ck, c
†
k′ ]ck′〉

=
1

N2

∑

k,k′

∑

x1,x2,x3

(1 + γ
∑

i

cos ki)(1 + γ
∑

i

cos k′i) exp(ik · (x1 − x2)) exp(ik′ · (x2 − x3)) 〈σ†x1
σzx2

σ−x3
〉

≈ 1

(2π)2D

∑

x1,x2,x3

〈σ†x1
σzx2

σ−x3
〉
ˆ

dk(1 + γ
∑

i

cos ki) exp(ik · (x1 − x2))

ˆ

dk′(1 + γ
∑

i

cos k′i) exp(ik′ · (x2 − x3))

=
∑

x1,x2,x3

〈σ†x1
σzx2

σ−x3
〉
(
δx1x2

+
γ

2
δ〈x1x2〉

)(
δx2x3

+
γ

2
δ〈x2x3〉

)

(S77)

where the Kronecker delta δ〈x1x2〉 is 1 if x1 and x2 are NN sites, and vanishes otherwise. Since the state remains
translation-invariant under time evolution, we can denote the population of each site as p, NN and NNN correlations
of the form 〈σ+

x σ
−
x′〉 as c1 and c2 respectively. Since we are only interested in the possibility of superradiance, and
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c1, c2 are real (by translation invariance), we only need to consider the case of c1 > 0, c2 > 0. Furthermore, since the
interactions are NN, it is also reasonable to assume c1 > c2. Hence, we can simplify the above expression to give

Ṙ = −Np− 2NDγc+
1

4
γ2
∑

x,x′

〈σ+
x σ
−
x σ

z
x′〉 δ〈x1x2〉 +

1

4
γ2

∑

x,x′,x′′

x6=x′′

〈σ+
x σ

z
x′σ−x′′〉 δ〈xx′〉δ〈x′x′′〉

≤ −Np− 2NDγc1 +
1

2
NDγ2p+

1

4
N(2D)(2D − 1)γ2c2

(S78)

Maximizing the dissipative interactions by setting γ = 1/(2D), we have

Ṙ ≤ −N
(

1− 1

8D

)
p−N

(
3

4
+

1

2D

)
c1 ≤ 0 (S79)

which shows that SR is not possible for any translation-invariant state |ψ〉. This also holds for the evolved (mixed)
state at arbitrary time since it can be written as a convex mixture of translation-invariant pure states. Hence, we
conclude that Ṙ(t) ≤ 0 ∀t.

Note that apart from omitting Hamiltonian contributions (justified via second-order mean-field theory), the re-
mainder of the argument does not use any mean-field assumption. Hence, this should hold in the exact case if the
dissipative processes are dominant.
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