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Langevin picture of anomalous diffusion processes in expanding medium
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Expanding medium is very common in many different fields, such as biology and cosmology.
It brings a nonnegligible influence on particle’s diffusion, which is quite different from the effect
of an external force field. The dynamic mechanism of particle’s motion in expanding medium
has only been investigated in the framework of continuous-time random walk. To focus on more
diffusion processes and physical observables, we build the Langevin picture of anomalous diffusion in
expanding medium, and conduct detailed analyses in the framework of Langevin equation. With the
help of a subordinator, both subdiffusion process and superdiffusion process in expanding medium
are discussed. We find that the expanding medium with different changing rate (exponential form
and power-law form) leads to quite different diffusion phenomena. The particle’s intrinsic diffusion
behavior also plays an important role. Our detailed theoretical analyses and simulations present a
panoramic view of investigating anomalous diffusion in expanding medium under the framework of

Langevin equation.

I. INTRODUCTION

Beyond the classical Brownian motion, anomalous dif-
fusion has become a very common phenomenon in the
natural world recently. It is characterized by the non-
linear evolution of ensemble-averaged mean-squared dis-
placement (EAMSD) with respect to time, i.e.,

(2%(t)) = 2Dpt" (1)

with f # 1 [1-5]. One of the most typical model of
describing particle’s motion is continuous-time random
walk (CTRW) [6-8], which only consists of waiting time
and jump length, but can describe many kinds of anoma-
lous diffusion processes. In CTRW, one typical example
of subdiffusion with g < 1 is characterized by power-law-
distributed waiting times [9, 10]. While superdiffusion
examples with 8 > 1 include Lévy flight with divergent
second moment of jump length [11, 12] and Lévy walk
with heavy-tailed duration time of each running event
[ ) LT ]

In recent years, it attracts people’s attention that how
particle diffuses in an expanding or contracting medium.
Let a(t) > 0 be the scale factor which describes the ex-
panding rate of medium. For any fixed time ¢, a(t) > 1
implies an expanding medium, while a(t) < 1 means a
contracting medium. For convenience, no matter a(t) is
greater or less than 1, we call it the expanding medium
for short in the following. Some physical processes, es-
pecially particle’s stochastic transport, are significantly
influenced by the expanding or contracting effects of the
medium. The expanding medium is common in the field
of biology and cosmology. In biology, the examples in-
clude biological cells in interphase [16], growing biologi-
cal tissues [17, 18] and lipid vesicles [19, 20]. While In
cosmology, the diffusion of cosmic rays in the expand-
ing universe [21] and the diffusion of fluids [22] are both

worthy of investigation.
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The dynamic mechanism of particle’s motion in the ex-
panding medium is quite different from that effected by
an external force field, while the latter case has been dis-
cussed a lot for different kinds of force fields [23-27]. For
the former case, in the framework of CTRW, the diffusing
particles stick to the expanding medium and experience
a drift even when they stay in the phase of waiting time.
While at the moment of jumping event, the actual phys-
ical displacement is affected by the expanding rate a(t)
of medium. The Brownian motion [28] and some com-
mon anomalous diffusion processes [29-33] on evolving
domain have been investigated to a certain extent. The
corresponding Fokker-Planck equation can be derived to
characterize the motion of diffusing particles on expand-
ing medium, where the expanding rate a(t) appears as
the coefficient of drift term or diffusion term in macro-
scopic equations. The interplay between diffusive trans-
port and the drift associated with the expanding medium
gives rise to many striking effects, such as an enhanced
memory of the initial condition [28, 29], the slowing-down
and even the premature halt of encounter-controlled re-
actions [34, 35].

Despite these achievements on diffusion processes in
expanding medium obtained in the framework of CTRW,
there are still some missing of the important quantities,
such as the particle’s position correlation function and
time-averaged mean-squared displacement (TAMSD).
Due to the rapid development of the technique of single
particle tracking in studying transport processes in cel-
lular membranes [36] and probe the microrheology of the
cytoplasm [37, 38], TAMSD has become a useful observ-
able by evaluating the particle’s trajectory through video
microscopy of fluorescently labeled molecules. Compared
with the probability density function (PDF) of particle’s
position and the EAMSD, the correlation function and
TAMSD depend on the two-point joint PDF and contain
more information of particle’s trajectory. Another miss-
ing in CTRW framework is the discussion about Lévy
walk in expanding medium. One possible difficulty is the
coupling between the waiting time and jump length of
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Lévy walk.

In fact, as an alternative model of describing anoma-
lous diffusion, Langevin equation has the advantage of
including the effect of an external force field or noises
generated from a fluctuating environment [39]. Fogedby
[10] proposed that an overdamped Langevin equation in
operation time s coupled with a physical time process ¢(s)
(named as a subordinator) can model the same process
as subdiffusive CTRW and Lévy flight in scaling limit.
While an underdamped Langevin equation coupled with
a subordinator can model the Lévy-walk-like diffusion
processes in scaling limit [41, 42].

Based on these concerns, this paper aims at proposing
a Langevin picture of describing anomalous diffusion pro-
cesses in expanding medium. Inspired by the fact that
the Langevin equation can be regarded as the continuous
time limit of a random walk model, based on the dynamic
mechanism of particle’s motion in expanding medium in
CTRW framework, we build the Langevin equation of
particle’s physical coordinate in expanding medium, and
then conduct the detailed analyses.

The remainder of this paper is organized as follows. In
Sec. 11, we show the detailed mathematic description of
the dynamic mechanism of particle’s motion in expand-
ing medium under the framework of both CTRW model
and Langevin equation, together with some elementary
knowledge of a subordinator. Then we investigate the
specific subdiffusion and superdiffusion processes in ex-
panding medium under the framework of Langevin equa-
tion in Secs. IIT and IV, respectively. A summary of the
main results is provided in Sec. V. In the appendices
some mathematical details are collected.

II. EXPANDING MEDIUM MODELS AND
SUBORDINATOR

The particle’s motion on expanding medium has been
formulated in CTRW model [29-33]. The CTRW model
consists of a series of waiting times and jump lengths,
where the particle stays in some certain position for a
random time At at one waiting state and performs the
instantaneous jump with random length Ay. For a par-
ticle on expanding medium, its physical position changes
even at the waiting states as the medium expands. For a
clear description of the change of particle’s physical co-
ordinate y(t), a new comoving coordinate x(t), which is
associated with a reference frame where the expanding
medium appears to be static, is introduced in Ref. [29].
The two coordinates are related through an equality for
any physical time t:

y(t) = a(t)z(t), (2)

where a(t) is the so-called scale factor satisfying a(0) = 1.
The advantage of introducing comoving coordinate is
that the descriptions of both waiting states and jump-
ing states are effective with respect to the comoving co-
ordinate. More precisely, at waiting states, the particle
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FIG. 1. Schematic representation of the relationship between
physical coordinate y(t) and comoving coordinate x(t) at time
t. The upper rectangle denotes the expanding medium at time
t, while the lower one the original medium at the initial time.

keeps still with respect to the expanding medium itself,
in other words, its comoving coordinate x(¢) does not
change. While at jumping states, letting the jump length
PDF w, (Ay) describe the intrinsic random motion of the
particle, the corresponding jump length with respect to
the comoving coordinate should be

Az = Ay/a(t), 3)

where t is the instant when the jump happens. See the
graph in Fig. 1, where the n-th step in physical and co-
moving coordinates are Ay and Ax, respectively. There-
fore, the jump length PDF w, (Az) with respect to the
comoving coordinate is

wg(Az) = a(t)wy(a(t)Az), (4)

becoming time-dependent. Knowing the waiting time
and jump length PDFs, the standard procedures of
CTRW model can be applied to obtain the information
of comoving coordinate x(t). Thus, the physical coordi-
nate y(¢) can be obtained by use of the relation in Eq.
(2).

Our aim is to extend the procedures in CTRW frame-
work to Langevin equation, which describes the particle’s
motion by a stochastic differential equation of physical
coordinate y(t). In Langevin equation, the particle’s tra-
jectory can be approximated by the cumulative sum of
increments Ay in all different time intervals [t, ¢+ At]. In
this approximation, the particle’s motion in time interval
[t,t+ At] can be understood as the combination of a wait-
ing time At and a jump length Ay. Therefore, similar
to the method used in CTRW framework, the comoving
coordinate z(t) can be introduced in Langevin equation,
and the relations in Egs. (2) and (3) are also valid. Then
dividing At on both sides of Eq. (3) and letting At — 0,
we find that the Langevin equations of comoving coordi-
nate z(t) and intrinsic displacement y;(¢) only differs by
the scale factor a(t), i.e.,

&(t) = yr(t)/a(t). ()

Note that the intrinsic displacement y;(t) = >, Ay; de-
notes the particle’s position at time ¢ without an expand-
ing medium, which is different from the physical coor-
dinate y(t) in Eq. (2) for the case with an expanding
medium.



Although the difference is only the scale factor a(t)
in Eq. (5), the analyses of the diffusion behavior of co-
moving coordinate x(t) are not trivial, especially when
the Langevin equation is coupled with a subordinator
t(s). Subordinator is a non-decreasing Lévy process
[43] and can be regarded as a stochastic model of time
evolution. In coupled Langevin equation, the particle’s
physical coordinate is denoted as a compound process
y(t) := y(s(t)), where s(t) in the corresponding inverse
subordinator, defined by

s(t) = ;I;%{S 1 t(s) > t}. (6)

There are two time variables in the coupled Langevin
equation, physical time ¢ and operational time s. Never-
theless, Eq. (5) with scale factor a(t) is only valid with
respect to physical time t.

The subordinator has been commonly used in Langevin
system to describe different kinds of subdiffusion [40, 44—

| and superdiffusion [41, 42, 47-50] processes when cou-
pled with an overdamped and underdamped Langevin
equation, respectively. In order to characterize the
power-law-distributed waiting time in CTRW model, the
subordinator ¢(s) in this paper is taken to be a-dependent
(0 < a < 2) with its characteristic function being

g(A,5) = (e M) = g7, (7)
where the Laplace exponent [42, 49, 51] is
@(A):{)\a7 0<ax<l, ®)
D\ — 78T —a)[A%, 1<a<2.

The two-point PDF of the subordinator ¢(s) can be ex-
pressed as

g(tr, 51512, 89) = (5(t1 — 1(s1))d(t2 — t(s2))).  (9)

By virtue of the stationary and independent increments
of subordinator ¢(s), the two-point PDF h(sg,t2;s1,11)
of the inverse subordinator s(¢) has the expression in
Laplace space (t; — A1, ta — A2) [51]

h(s1, A5 82, A2)
0 0 1
D51 059 Mo g( 1,515 2782)
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+ @(51 — 52)

(10)

The normalization of h(s2, A2;s1,A1) can be verified
through the equality fooo fooo h(sa, Aa; 81, A\1)ds1dsy =

(A1 A2) L. The two-point PDF h(sa, ta; s1,t1) will be used
to evaluate the correlation function in physical time ¢.
The dynamic behaviors of particles moving in expanding
medium will be investigated for both subdiffusion and
superdiffusion cases. The subdiffusion case only uses the
range 0 < a < 1 in the subordinator, while the superdif-
fusion case considers both 0 < @ <1 and 1 < a < 2 due
to its richer diffusion behaviors [42, 49, 51].

III. SUBDIFFUSION IN EXPANDING MEDIUM

Let us first consider a subdiffusion process described by
an overdamped Langevin equation coupled with a subor-
dinator [40, 51—

gr(s) = V2DE(s),  i(s) = n(s), (11)

where D is the constant diffusivity, £(s) is the Gaussian
white noise with zero mean value and correlation func-
tion (£(s1)&(s2)) = 0(s1 — s2), t(s) is the a-stable sub-
ordinator (0 < a < 1) with the characteristic function
in Eq. (7). The notation y;(s) denotes the particle’s in-
trinsic displacement over operational time s without an
expanding medium. The Lévy noise 7(s), regarded as
the formal derivative of the a-stable subordinator #(s), is
independent of the Gaussian white noise &(s).

Equation (11) describes the intrinsic random motion of
particles without considering an expanding medium. The
key of considering the effect of the expanding medium is
to build the Langevin equation of comoving coordinate
x(t), which satisfies the relation in Eq. (5). For this
purpose, the two sub-equations in Eq. (11) should be
merged into one equation of physical coordinate yr(t),
which is

gi(t) = V2DE(1), (12)
where the new noise £(t) is defined as [55, 56]

- dB(s(t)) ds(t)

i =0 — o™, )
and B(-) is the standard Brownian motion. Equation
(12) is obtained by replacing s by the inverse subordina-
tor s(t) in the first equation of Eq. (11) and using the
definition of compound process yy(t) := yr(s(t)). There-
fore, for the subdiffusion process in expanding medium
with scale factor a(t), the Langevin equation with respect
to the comoving coordinate x(t) is

V2D
t(t) = ——&(¢). 14
() = € (14
The corresponding Fokker-Planck equation governing
the PDF W (z,t) of finding the particle’s comoving co-
ordinate x at time t, can be derived from Langevin
equation (14) by using the common method in Refs.

OW (z,t 2D 8% .
e U O B




The most direct way of obtaining Eq. (15) is taking the
Laplace symbol p = 0 in Feynman-Kac equation (71) of
Ref. [58]. The consistence between Eq. (15) and Eq.
(61) of Ref. [29] derived under the CTRW framework
implies that the Langevin picture of subdiffusion process
in expanding medium is effective.

The moments of the comoving coordinate z(t) and the
shape of PDF W (z,t) can be obtained by use of Eq. (15)
as Ref. [29] shows. Moreover, based on the Langevin
equation (14), more quantities, such as the position cor-
relation function and TAMSD, can be investigated. In
detail, the comoving coordinate x(t) can be solved from
the Langevin equation (14), i.e

:wmélgyﬂ (16)

Then considering the correlation function of the noise
&(t) (see Appendix A for the derivation or refer to Refs.

3

(E(t1)E(t2)) = 17716t — t2)/T(ev), (17)
the EAMSD of the subdiffusion process in comoving co-

ordinate x(t) is
= 2D/ / t’ ot dt Lt

t/a 1 ,
:r<a>/o aw“-

Due to the d-correlation of noise £(t) in Eq. (17), the
correlation function of comoving correlation x(t) satisfies

(@(t)z(t2)) = (2" (tr)) (19)

for t; < t5. Based on the quantities over comoving co-
ordinate x(t), those over physical coordinate y(t) can be
obtained by use of Eq. (2), which are the EAMSD

2Da?(t) [* et
o ), ww @

(18)

(Y2 (1)) = a®(t)(2*(t)) =
and the correlation function for ¢ < t

(t)u(12) = altr)alta)(020)
= 20 ), )

(t1
Thus, based on the definition of TAMSD

=

~—

respectively.

[10, 59]

32(A) =

T-A
T - A /0 [w(t+8) —a()?dt,  (22)

we obtain the ensemble-averaged TAMSD

T—A
x| )

_yalt+A) 9
+ <1 27@(25) )(y (t))dt.

(0%2(A)) =

The explicit dependence of the quantities on the scale
factor a(t) implies that the particle’s diffusion behavior
is indeed affected by the expanding medium. The results
on the physical coordinate in Eqgs. (20)-(23) are valid for
any form of a(t). By taking a(t) = 1, these results recover
to those of the subdiffusion process in a static medium.
For example in Eq. (20), a(t) = 1 yields the subdiffusion
behavior with (y%(t)) = 2Dt*/T'(a+1). In the expanding
medium, however, the scale factor a(t) appears both in-
side and outside the integral of Eq. (20). The one in the
denominator of integral is resulted from Eq. (3), which
transforms the particle’s intrinsic motion into comoving
coordinate. While another one appears outside the inte-
gral, which is yielded by Eq. (2) and turns the comoving
coordinate to the physical coordinate. Since a(t) = 1
when ¢t = 0, the short time limit of the quantities will
be the same as the case without an expanding medium.
We mainly consider the long time limit for cases with
different scale factor a(t) in the following.

A. Scale factor a(t) = e

When the medium changes exponentially with scale
factor a(t) = €7, one has

(2(0)) = o Pu(aa 1 -2a0), (24)

(a+1)

where the confluent hypergeometric function has the def-
inition and asymptotic expression for large z [60]

_ P(b) ! eFl o~ 1 —u b—a—1 U
- e ot

T'(a)T'(b—
~ T'(b) (ezz“_b/l"(a) + (—2)7*/T(b- a)) .
(25)

1F1(a,b; Z)

Therefore, the asymptotic EAMSD on comoving coordi-
nate is

v >0,

1 a —«
(2?(t)) ~ i b (26)
mrEtt ey <o,

Considering the relation y(t) = a(t)xz(t) between two
kinds of coordinates, the EAMSD on physical coordinate
can be obtained

) 2l=ay=a D27t 4 >0,

W)= p e (27)
@t <b,

which is consistent to the results in Ref. [29]. The ex-

ponentially expanding medium with v > 0 yields a su-
perdiffusion behavior of exponential form, while the ex-
ponentially contracting medium with v < 0 leads to a
power-law decaying of EAMSD due to @ < 1. For the
former case with v > 0, the particle’s intrinsic motion is
negligible compared with the exponential expanding of
medium. So the EAMSD of comoving coordinate (z2(t))



converges to a constant at long time limit, while the cor-
responding (y*(¢)) increases at an exponential rate as the
medium itself. The latter case with v < 0 presents the
same diffusion behavior as the subdiffusion process in
harmonic potential [56], where the external force acts on
the subordinated process y(t) and drags the particle to-
wards zero for all physical times.

In fact, the effect of the exponentially contracting
medium with v < 0 on the subdiffusion process is equiv-
alent to that of a harmonic potential U(y) = |y|y?/2,
which can be justified by comparing the Langevin equa-
tion of physical coordinate y(t) in the two cases. For
a general process driven by random noise ((t), the
Langevin equation of y(¢) containing a harmonic poten-

tial (or an external force U'(y) = —|y]y) is
dy(t
WO _ (e + vaDC(), (28)
the solution of which is
¢
o) =VED [ e PTnar, @)
0

with the initial condition yy = 0. On the other hand,
by substituting a(t) = € into Eq. (16), replacing &(t)
by the noise ((t), and considering the relation y(t) =
a(t)x(t), one can arrive at the same expression as Eq.
(29) for the particle moving in an exponentially contract-
ing medium. The equivalent Langevin equation implies
that the idea of considering the particle’s motion in an
exponentially contracting medium is an alternative way
of investigating the diffusion behavior of the particle af-
fected by a harmonic potential. The equivalence is valid
for arbitrary random noise ((t), which means that the
idea can be applied to a large amount of anomalous dif-
fusion processes.

As for the ensemble-averaged TAMSD of particles, the
large-t behavior of the integrand in Eq. (23) plays the
dominating role due to the precondition A <« T [61, (2].
Therefore, we substitute the asymptotic EAMSD in Eq.
(27) into Eq. (23), and obtain

4D T—leZ'yT ,.Y>O

—_— (2 )1+a I 9
<62<A)>~{ Un e g (30

pisn o V<Y

for large lag time A, where the latter result with v < 0
is consistent to that of the subdiffusion process in a
harmonic potential [56]. This consistence also verifies
the equivalence between the effect of an exponentially
contracting medium and a harmonic potential. The
ensemble-averaged TAMSD tends to be independent of
lag time A for both v > 0 and v < 0, which shows obvious
difference from the EAMSD is Eq. (27). Therefore, the
Langevin system containing an expanding medium with
exponential scale factor a(t) is nonergodic. Even when
a = 1, the subdiffusion process returns to the classical
Brownian motion, the ensemble-averaged TAMSD is not
equal to the corresponding EAMSD, either. Note that
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FIG. 2. (Color online) EAMSD (z2(t)) and ensemble-
averaged TAMSD (§2(A)) when the medium changes expo-
nentially with scale factor a(t) = €”*. The theoretical results
for (z*(t)) in Eq. (27) and (62(A)) in Eq. (30) are shown
by black solid lines. The blue circles and red squares denote
the simulated EAMSD and ensemble-averaged TAMSD, re-
spectively. They fit to the theoretical lines well in four panels
with different o and . The last several simulation points for
ensemble-averaged TAMSD deviate slightly from theoretical
results due to the failure of condition A <« T'. Other param-
eters: D =1, T =100 in (a-b) and T' = 200 in (c-d), and the
number of trajectories used for ensemble is N = 103.

for v < 0, similar to a harmonic potential, the ensemble-
averaged TAMSD tends to be twice the EAMSD for

Browian motion with o =1, i.e.,

@@y ~ 22~

= m ~ 2(y~(A)),

(31)

which can also be found in other anomalous diffusion
processes [27, 63].

The simulations of EAMSD and ensemble-averaged
TAMSD are presented in Fig. 2, where we choose dif-
ferent a and . The positive « in the upper panel of Fig.
2 implies an exponentially expanding medium, while the
negative one in the bottom panel implies an exponen-
tially contracting medium. The EAMSD is sensitively
affected by the medium, presenting exponential growth
and power-law decaying for expanding and contract-
ing medium, respectively. By contrast, the ensemble-
averaged TAMSD tends to a constant independent of the
lag time A for both of the two kinds of media as Eq. (30)
shows.



B. Scale factor a(t) = ({fe)”

to

When the medium changes in a power-law rate with

scale factor a(t) = (%)7, one has
2D t
2 «
t) = ——1t%2F1 | 2 ;1 ;—— 32
@0) = gyt (2t raimp ). @

where the Gaussian hypergeometric function has the def-
inition for ¢ > b > 0 and asymptotic expression for large

z [60]
2F1(a,b; C;Z)

_ I'(c) ! )0 (1 — w)e
= T J, 0 e
~ F(C)F(b — U,) (_Z)—a
~ T)T(c—a) '

) (33)

Note that the asymptotic expression above is only valid
for a < b. Otherwise, exchanging a and b will yield the
correct result. Therefore, for the EAMSD on comoving
coordinate, it holds that

2Dty T (2y—a) «a
T'(27v) ) v > 2

IR A
@@t 1<%

Considering the relation y(t) = a(t)z(t) between two
kinds of coordinates, the EAMSD on physical coordinate
can be obtained

2Dt37271*(2’y704) 2 a
=0 =1 ¢, > 3,
W) ~{ T T 3
— v < 4.
a—2y)(@) "’ 2

Note that the latter case v < «/2 is valid for both
v > 0 and v < 0, where v = 0 yields the EAMSD
(Y2 (t)) ~ r(?fa)ta of particles moving in static medium.
It can be found that the EAMSD depends on the power-
law exponent v in the scale factor a(t). If the medium
expands fast enough with v > «/2, then the particle’s
diffusion behavior is enhanced from t® to ¢27. Other-
wise, for v < /2, even when the medium contracts with
v < 0, the particle’s intrinsic motion plays the dominat-
ing role and presents the subdiffusion behavior ¢t*. It also
can be found that the diffusion behavior t* for power-law
contracting medium is faster than t*~! in Eq. (27) for
exponentially contracting medium.

For the ensemble-averaged TAMSD over the physical
coordinate y(t), we need to substitute the EAMSD in Eq.
(35) into Eq. (23). For convenience, denote (y*(t)) ~
Cpt? with 8 = max(27y,a) and Cg being the diffusion
coefficient in Eq. (35). Then for A < T, it holds that
T—A

S C
(2 (A)) ~ —L_ (t+ A +7 —2(t + APt
~ gcffjszryi2A2a Y>> %a

Cp(a=27) pa—1
B ETTA, v < G

Similar to the EAMSD, the ensemble-averaged TAMSD
also shows different diffusion behavior for particles mov-
ing in expanding medium with different rate v. When
the medium expands slowly with 0 < v < «/2 and
contracts with v < 0, the particle’s intrinsic diffusion
plays the leading role, and presents the linear increasing
with respect to the lag time A. The linear increasing
of ensemble-averaged TAMSD on A is common in large
amount of diffusion processes, including (scaled) Brown-
ian motion [64, 65], subdiffusive CTRW [9, 66], heteroge-
neous diffusion processes [(67, (8], and random diffusivity
processes [62, 69, 70]. When the medium expands fast
with v > «/2 and plays the dominating role, however,
the particle presents the ballistic behavior A? for large
A, which is a quite interesting phenomena and only found
in ballistic Lévy walk [71, 72] as well as its variants in
external force fields [19, 73].

The corresponding simulations are shown in Fig. 3,
where we choose different o and . The positive 7, sat-
isfying v > «/2 in the upper panel of Fig. 3, implies
an expanding medium, while the negative one satisfy-
ing v < «/2 in the bottom panel implies a contracting
medium. The difference between the EAMSD in Eq. (35)
and ensemble-averaged TAMSD in Eq. (36) (also in sim-
ulations) implies the non-ergodicity of particles moving
in expanding medium with power-law-formed scale factor
alt) = (L,

to

IV. SUPERDIFFUSION IN EXPANDING
MEDIA

Compared with the subordinated overdamped
Langevin equation, the subordinated underdamped
Langevin equation is often used to describe superdiffu-
sion or finite-velocity processes [74, 75]. Assume that
the particle’s intrinsic motion is characterized by the
following set of Langevin equations [41, 42]

yr(t) = v(t), i(s) = n(s), (37)

where yr(t) denotes the particle’s trajectory driven by
its intrinsic motion, v(s) is the particle’s velocity in op-
erational time s, u is the friction coeflicient, and £(s)
is the Gaussian white noise satisfying (£(s1)&(s2)) =
2Dé(sy — s2). Different from the subordinated over-
damped Langevin equation in Sec. III, it is the veloc-
ity process in physical time ¢ here that is defined by
v(t) := v(s(t)). The diffusion behavior and the ergod-
icity breaking of Eq. (37) have been studied in Ref.
[42], which shows that Lévy-walk-like dynamic exhibits
superdiffusion behavior [41, 42, 419]

i(s) = —po(s) +£(s),

) Mtz, 0<a<l,
(yr(t)) ~ 207~ (1) 30 (38)

Although the underdamped Langevin form in Eq. (37)
is more complex than the subdiffusion case in Sec. III, the
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FIG. 3. (Color online) EAMSD (z2(t)) and ensemble-
averaged TAMSD (§2(A)) when the medium changes at the
power-law rate with scale factor a(t) = €. The theoreti-
cal results for (z2(t)) in Eq. (35) and (62(A)) in Eq. (36)
are shown by black solid lines. The blue circles and red
squares denote the simulated EAMSD and ensemble-averaged
TAMSD, respectively. They fit to the theoretical lines well in
four panels with different « and «y. The last several simu-
lation points for ensemble-averaged TAMSD deviate slightly
from theoretical results due to the failure of condition A < T
Other parameters: D =1, T' = 1000, to = 0.1, and the num-
ber of trajectories used for ensemble is N = 103,

relations in Egs. (3) and (5) between physical coordinate
and comoving coordinate are still valid. Therefore, the
Langevin equation of the comoving coordinate z(t) is

i(s) =n(s),
(39)

i(s) = —p(s) +£(s),

for particles moving in the expanding medium with scale
factor a(t). Based on the second equation in Eq. (39),
the velocity correlation function in operational time s can
be obtained as

(v(s)ulsa)) = D{e Il = emorte) - a0)

I

Then using the technique of subordination [42, 49, 51],
the velocity correlation function in physical time ¢ has

the asymptotic behavior at long time (small A\; and Ay):

{v(A

//

D B) + D(As) — B\ + A)
o A A2 ®(A1 + o) ’

52))h(s2, A2; 51, A\1)ds1dso (41)

where the expression of h(sa, \2; $1, A1) is shown in Eq.
(10). Performing the inverse Laplace transform on Eq.
(41), one obtains, for large ¢; and ta (1 < t2),

(v(tr)v(ta))

MB( ~a1—a) O<a<l, (42)

nm
Dt _ 1—a
t— ((ta —t1)

—t37%), 1<a<2,

where B(x;a,b) is the incomplete Beta function. There-
fore, based on the first equation of Eq. (39), the position
correlation function over comoving coordinate z(t) can
be obtained

ot = [ [

Considering the relation y(t) = a(t)z(t) between two co-
ordinates at any time ¢, we also have the position corre-
lation function in physical coordinate

(y(t)y(t2)) = a(ty)a tz/“/‘ v(th)(th

/
tla

o(t)) t’
1 u(ts >dt’1dt’2. (43)
1 2

>dt ' dtl,
(44)

where the velocity correlation function is shown in Eq.
(42).

A. Scale factor a(t) = e

Similar to the discussions on subdiffusion in expanding
medium in the previous section, the two cases of v >
0 and v < 0 will lead to different diffusion behaviors,
and be discussed separately here. For the exponentially
expanding medium with v > 0, we have

<ummagw:A1[feﬂ*aﬁ%ﬁﬁﬁ@@ﬂﬁﬁ;

(45)
the Laplace transform of which is
(z(A)z(r2)) = (WAL +7)v(A2 +7))
A1 A2
> (46)
~ T o)

for small A\; and Ay. The expression of velocity correla-
tion function in frequency domain is shown in Eq. (41).



Then we perform the inverse Laplace transform on Eq.
(46) and obtain

(@(t1)a(tz)) = A= (0¥()), (47)

which tends to a constant A at long time limit. There-
fore, the EAMSD in physical coordinate is increasing ex-
ponentially:

(Y2 (1)) = a®(t)(@*(t)) ~ Ae*", (48)
where
D@1 0<a<l,
A= o (49)

DT(@2-a)(2* -1y 2
po =207 0 (2—a)y

, 1<a<?2.

Note that the coefficient A is obtained by use of the ex-
pression of ®(\) in Eq. (41), and the latter is approxi-
matively given in Eq. (8) for small A\. Thus, Eq. (49)
is only valid for small 7. Although the accurate value of
A cannot be obtained for large -, the sure thing is that
A is a constant and the EAMSD increases exponentially
as Eq. (48) shows. To get a good presentation in sim-
ulations, we show the EAMSDs (22(t)) of the comoving
coordinate in Fig. 4 for different «. All the EAMSDs
(x2(t)) tend to a constant at long time limit, which is
smaller for larger a.

On the other hand, for contracting medium with v < 0,
the corresponding position correlation function in physi-
cal coordinate is

t1 pto
itu(ea)) = [ [ 0 o))y it
(50)
which happens to be a convolution form. By using the

technique of Laplace transform, we obtain the position
correlation function in frequency domain:

e o) ——

= s )

1 (51)
~ ?@(Al)v()\z)%

where we consider the asymptotic behavior for large ¢;
and to [i.e., for small \; and Ap]. Performing the inverse
Laplace transform yields the EAMSD

200 o L V2 (1)) ~ D
() = ) = 5, (52)

since the velocity process v(t) in Langevin equation (39)
tends to a stationary state with variance D/u. In con-
trast to the a-dependent result in Eq. (48) for v > 0, the
EAMSD (y2(t)) of the physical coordinate tends to an
a-independent constant in Eq. (52). The corresponding
simulations for different « are presented in Fig. 5. All
the EAMSDs (y%(¢)) tend to the same constant at long
time limit, which shows significant difference from the
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FIG. 4. (Color online) EAMSDs (22(t)) of the comoving

coordinate when the medium expands exponentially with
scale factor a(t) = ¢'. The (x*(t)) tends to a constant
A ~ 727 (y2(t)) in Eq. (49) and implies an exponentially
increasing of (y*(t)). The theoretical results for different o
are shown by black solid lines. The markers (cyan circles,
blue squares, red plus signs and green asterisks) denote the
simulated EAMSDs with different «, respectively. Other pa-
rameters: D = pu = 19 = 1, T = 5000, v = 0.001, and the
number of trajectories used for ensemble is N = 10°.

case v > 0 in Fig. 4. Similar to the case of subdiffusion
process discussed in Sec. 111, the superdiffusive particles
moving in exponentially contracting medium also show
the same results as the case of particles influenced by a
harmonic potential [27].

B. Scale factor a(t) = ({e)”

to

Now we focus on the case with the power-law-formed
scale factor a(t) = (%)7 Since the velocity correla-
tion function shows discrepant asymptotic behaviors for
0<a<landl < a<2in Eq. (42), we analyze the
particle’s diffusion behavior in expanding medium sepa-
rately. Due to the power-law form of a(t), the calculation
of the double integral in Eq. (44) is very complicated.
Therefore, we present the final asymptotic behavior of
EAMSD in physical coordinate here by putting the tech-
nical derivations and the explicit diffusion coefficients to
Appendixes B and C for 0 < a < 1l and 1 < a < 2,
respectively. It holds that the EAMSD for 0 < o < 1 is

27, v > 1,
t2Int, v=1, (53)
2, v <1,

(y*(t)) o
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FIG. 5. (Color online) EAMSDs (y*(t)) of the physical coor-
dinate when the medium contracts exponentially with scale
factor a(t) = e7. The theoretical results for different o are
shown by the same black solid line. The markers (cyan cir-
cles, blue squares, red plus signs and green asterisks) denote
the simulated EAMSDs with different «, respectively. Other
parameters: D =y =19 = 1, T = 800, v = —1, and the
number of trajectories used for ensemble is N = 103.

and for 1 < a < 2is

t27, v > 358,
<y2(t)> x ¢ 37 %Int, y= 3_70‘, (54)
3, v < ?’_TO‘

The corresponding simulations are presented in Figs. 6
and 7 for 0 < o < 1 and 1 < a < 2, respectively. For
both cases, v = 0 yields the results of standard Lévy
walk, i.e., the ballistic diffusion t? and sub-ballitic su-
perdiffusion 37 for 0 < @ < 1 and 1 < a < 2, re-
spectively. Similar to the result of subdiffusion case in
Eq. (35), the diffusion behavior depends on the relation-
ship between the parameters v and «. In the case of
0 < a < 1, the particle’s intrinsic motion presents bal-
listic behavior t2. If the medium expands fast enough
with v > 1, then the diffusion behavior of particles is
enhanced from ¢? to t27. Otherwise, for v < 1, includ-
ing the contracting medium with v < 0, the particle’s
intrinsic motion plays the leading role and presents the
ballistic behavior ¢2. The critical case with v = 1 shows
an addition logarithmic increasing. While for the case of
1 < a < 2 with the particle’s intrinsic motion present-
ing sub-ballistic superdiffusion behavior 3~ the critical
condition becomes v = ?’_Ta Faster expanding rate with
bigger « also leads to the superdiffusion ¢27, and slower
expanding rate with smaller 7 yields the intrinsic diffu-
sion t3~®. The biggest difference between the exponen-

10°

FIG. 6. (Color online) EAMSD (y2(t)) when a = 0.5 and
the medium changes in a power-law rate with scale factor
a(t) = (1 +t/to)”. The theoretical results in Eq. (53) are
shown by the black solid lines for different . The markers
(cyan circles, blue squares, red plus signs, green asterisks and
megenta triangles) denote the simulated EAMSDs with dif-
ferent ~y, respectively. Other parameters: D = y = 19 = 1,
T = 10%, to = 0.01, and the number of trajectories used for
ensemble is N = 10°.

tial and power-law-formed a(t) is that when the medium
contracts with v < 0, exponentially contracting medium
changes the particle’s intrinsic diffusion behavior while
power-law contracting medium does not.

V. SUMMARY

The dynamic mechanism of particles moving in ex-
panding medium has been revealed in the framework of
CTRW [29-33]. To explore more anomalous diffusion
processes in expanding medium and more physical ob-
servables, this paper proposes the Langevin picture of
particle’s trajectory in expanding medium. By using
subordinated overdamped Langevin equation and under-
damped Langevin equation to describe common subdif-
fusion and superdiffusion processes, respectively, we con-
sider both exponential and power-law-formed scale factor
a(t), and find some interesting phenomena.

For the power-law-formed scale factor a(t), there exists
a critical value for the power law exponent of a(t), a larger
exponent implies a faster expanding rate of medium, and
it enhances the particle’s diffusion. While a smaller one
implies a slower expanding rate or contracting medium,
and it does not change particle’s diffusion (See Egs. (35),
(36), (53) and (54)). For the exponential formed a(t),
however, the medium changes fast, so that it produces a



FIG. 7. (Color online) EAMSD (y2(t)) when a = 1.5 and
the medium changes in a power-law rate with scale factor
a(t) = (1 + t/to)”. The theoretical results in Eq. (54) are
shown by the black solid lines for different . The markers
(cyan circles, blue squares, red plus signs, green asterisks and
megenta triangles) denote the simulated EAMSDs with dif-
ferent ~y, respectively. Other parameters: D = y = 19 = 1,
T = 103, to = 0.01, and the number of trajectories used for
ensemble is N = 10°.

profound impact on particle’s motion. The particle’s dif-
fusion behavior is enhanced to exponential form in expo-
nentially expanding medium, but gets suppressed in ex-
ponentially contracting medium similar to the case with
a harmonic potential (See Egs. (27), (30), (48) and (52)).

In the subdiffusion case, the subordinated overdamped
Langevin equation describes the same process as sub-
diffusive CTRW in scaling limit. Therefore, by deriv-
ing the Fokker-Planck equation, evaluating the EAMSD,
and comparing them to the results obtained in CTRW
framework in Ref. [29], we verify the effectiveness of
the Langevin approach proposed in this paper. Then we
evaluate more physical observables, such as correlation
function and TAMSD, and extend to the superdiffusion
case. Since the subordinated underdamped Langevin
equation models the Lévy-walk-like diffusion process in
scaling limit, the discussions in the superdiffusion case
reveal how Lévy-walk-like diffusion process behaves in
expanding medium in some sense. More velocity-jump
processes in expanding medium can be analyzed in the
framework of (underdamped) Langevin equation as this
paper shows.

The standard Lévy walk says that the particle moves
on a straight line with a fixed speed for some random time
[8]. In fact, Lévy walk is not only analyzed in the form
of a constant velocity, but also in a context of coupled
CTRW, i.e., the so-called wait-first and jump-first models
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[8, 76]. Instead of the constant velocity v for duration
time 7 at one flight in standard Lévy walk, the wait-first
Lévy walk says that the particle remains motionless for
time 7 and then executes a jump with length v7, resulting
in a discontinuous trajectory as the uncoupled CTRW.
The jump-first Lévy walk differs from the wait-first case
by the changed order of waiting and jumping moments.
Although the wait-first and jump-first models appear
to be very similar to the standard Lévy walk, they
have very different statistical properties, especially on
the PDFs [77]. If we compare the three models only at
the renewal moments where the direction of motion is
chosen, we find that particle’s positions are exactly the
same. Thus the last renewal period plays a crucial role
with regard to the differences between the three mod-
els. For EAMSD, it shows that the standard Lévy walk
and wait-first one have the same diffusion behavior but
with different diffusivity, while the jump-first one has di-
verging EAMSD [76]. Corresponding to the similarity
between the wait-first Lévy walk and uncoupled CTRW,
we take the same way to deal with the superdiffusion case
as subdiffusion case. In other words, Sec. III provides the
Langevin approach of analyzing the diffusion behavior of
subdiffusive CTRW in expanding medium, while Sec. IV
aims to investigate the diffusion behaviors of wait-first
Lévy-walk-like processes in expanding medium.
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Appendix A: Derivation of Eq. (17)

We first introduce the Heaviside step function O(z),
which satisfies ©(z) = 1 for « > 0, ©(x) = 0 for
x <0, and ©(xz = 0) = 1/2. Then let (B(s(t1))B(s(t2)))
be the correlation function of compound Brownian mo-
tion, where the brackets denote the ensemble averages
on Brownian motion B(-) and inverse subordinator s(t).
Calculating the ensemble average on Brownian motion,
we obtain

(B(s(t1))B(s(t2))) = (s(t1)O(t2 — t1) + s(t2)O(t1 — t2)).

(A1)
By using Eq. (13) and dividing ¢; and ¢ on both sides
of Eq. (A1), one arrives at

(E(t)E(t2)) = (8(t1)d(t2 — 1))

¢
= 3tz — t1) - (s(01)

t
= P’z = 1)

(A2)




where the first moment of inverse subordinator [51]

(s(t1)) = 1“(;711)

has been used.

Appendix B: Derivation of EAMSD in Eq. (53)

When 0 < o < 1, substituting a(t) = (%)7 and Eq.
(42) into Eq. (43), we have

N2t27Dsin(7ra) bt Y .
(e = 2 [ 07+ )

t

x B <1,a, 1-— a) dtydts.
ta

(B1)

It can be found that the value of v determines whether
(x2(t)) tends to a constant or infinity. More precisely, the
internal integral grows at the rate of té_"Y with respect to
to as to — oo. Thus, the external integral [i.e., (z2(t))]
grows at the rate of t2727 with respect to t. Therefore,
(z%(t)) tends to a constant when v > 1 and to infinity
when v < 1. In detail, for v > 1, it holds that

(y*(1)) = a®(t)(2*(t)) = C1t™, (B2)

where

2D si ootz
Cl — M / / (tl + to)i’y(tg + to)*’y
pm 0 0

t
xB (};m 1- a\ dtydts.
\ 12 /

D [t [ _
(22(t)) ~ 22778 1—/ / (t1 +to)
® Jo Jo

t

1
2—«

D
R
I

t
1 to

L=vJo

Similar to Appendix B, we analyze the asymptotic be-
haviors of the two integrals above with respect to time ¢,
and find two critical cases, which are v = (3 — «)/2 and
v = 2 — . Therefore, we present the details for cases
with different v in order. For the case with v > 3—7(17
the integral in Eq. (C1) converges as t — oo, and thus,
the EAMSD in comoving coordinate x tends to a con-
stant, i.e., (22(t)) ~ D;. However, we cannot obtain the
exact value of Dy due to the difficulty of evaluating the

integral.

.
/ Sy +1) R (1,7,3 — a, —y)dy
0
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While for v < 1, (22(t)) tends to infinity as ¢ — oo, and
thus, the long-time behavior of the integrand [i.e., large
t; and t3] plays the leading role. By considering this
asymptotics, we solve the double integral in Eq. (B1),
and obtain

(z?(t)) ~ t3702t2_27, (B3)
and
(Y (1)) = a®(t) (2 (1)) ~ Cat?, (B4)
where
B D I'l+a-19)
o= e (U Hare—g) 9

which recovers the diffusion coefficient of standard Lévy
walk in Eq. (38) by taking v = 0. For the critical case
v = 1, one arrives at (y?(t)) ~ Cst?Int. The diffusion
coefficients C7 and C3 cannot be obtained explicitly due
to the difficulty of evaluating the double integral in Eq.
(B1). For plotting the theoretical lines in simulations, we
obtain the diffusion coefficients C; and Cs by using the
fitting method [see Fig. 6].
Appendix C: Derivation of EAMSD in Eq. (54)

When 1 < o < 2, substituting a(t) = (%)7 and Eq.
(42) into Eq. (43), we have

Yty +to) 7V ((ty — t1) ™% — t37Y)dt  dty

(C1)

(y+ D' = (y+ 1) ")y'dy| .

For the case 2—a < v < 3_?(17 the integral of the three
terms in Eq. (C1) can be solved, and we have

D
(22(t)) ~ ztgvrg—lﬁ(pgt‘o’*wa + Ds), (C2)

where




and

3—2y—«
tO

o0
Dy = 7/ y+1)"7y' "y
), Wt

T T2 - a)l(y+a—2)
1y T'(v) '

(C4)

Since in this case, we have 3 — 2y — a > 0, the constant
D3 can be omitted.

Then for the case v < 2 — «, the EAMSD in comoving

coordinate x is
9 D2t3—2'y— «@
W

to " 2
+ e )
2-7-—a)(1-7)

where the last term comes from the same integral as D3
in Eq. (C2). The difference is that v < 2 — & makes the
integral increase as t — oco. Considering 1 < o < 2, it
holds that 3 — 2y —a > 2—~ —«, and thus, the last term
in Eq. (C5) can be also omitted as D3 does.

(@ () = 26 7!
(C5)

For the critical case v = 2—a, the EAMSD in comoving
coordinate x can be obtained as

(2 (1) ~ 2td-2rg—1 2 [F(a)(rf - ;) Lo
a—1 (CG)
+ o lnt}
a—1 ’
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where Int < t*~! and the last term can be omitted. In
fact, the leading terms in Eqgs. (C2), (C5) and (C6) are
both

D
(z2(t)) ~ th’yToa_lﬁ - Dot3 727, (C7)

Therefore, the value range of v can be merged into v <
3—a

2
For another critical case v = 3_7’1, the EAMSD in co-

moving coordinate z is

(@2(t)) ~ 2t§_a7-5’_1§ - Dylnt, (C8)
where
(&2 - a) 2
Dy=—2 - .
: r(%2) a—1 (C9)

In conclusion, the EAMSD in physical coordinate y is

(y*(1)) = a*(t)(2*(t))

Dty >, 3-a 4,
-~ 2727 'DDy ,3_ 33— (CIO)
>~ —0—— m t “lnt, Y= ?a’
270 DDy ,3_ _
o 2 m 2y3-a v < 37(’
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