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NEAR A SPACE CORNER OF RIGHT ANGLE

BEIXIANG FANG, WEI XIANG, AND FENG XIAO

ABSTRACT. In this paper we are concerned with the local well-posedness of the
unsteady potential flows near a space corner of right angle, which could be for-
mulated as an initial-boundary value problem of a hyperbolic equation of second
order in a cornered-space domain. The corner singularity is the key difficulty
in establishing the local well-posedness of the problem. Moreover, the boundary
conditions on both edges of the corner angle are of Neumann-type and fail to
satisfy the linear stability condition, which makes it more difficult to establish a
priori estimates on the boundary terms in the analysis. In this paper, extension
methods will be updated to deal with the corner singularity, and, based on a key
observation that the boundary operators are co-normal, new techniques will be

developed to control the boundary terms.
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1. INTRODUCTION

In this paper we are concerned with the local existence of the unsteady inviscid
compressible flows near a corner of right angle. Physically, compressible flows near
corners can be observed easily and continuously. However, within the best extent
of our knowledge, the mathematical analysis for such phenomena is far away from
satisfied. In this paper, we are going to study this problem and trying to establish a
mathematical theory on the local well-posedness of the unsteady potential flow near
a 2-D corner of right angle.

In this paper, the inviscid compressible flow is assumed to be isentropic and
irrotational such that its motion can be governed by the following 2-D unsteady

potential flow equations:

{ Op + div(pVP) =0 (Conservation of mass) (11)

9P + 3|VP|? +1(p) = By (Bernoulli’s law)

where V := (0,,,0,,)" is the gradient operator with respect to the spatial variable
x = (x1,27) and t is the time variable. Moreover, p is the density, and ® is the

velocity potential, i.e., the gradient V® is the fluid velocity. The fluid is assumed

-1 _q
to be a polytropic gas such that the enthalpy u(p) = '071, where v > 1 is the
f}/ —
adiabatic exponent. Finally, ¢ = y/pY~! is the sonic speed, and By is the Bernoulli’s
constant.

The Bernoulli’s law, the second equation of (1.1), implies that the density p can
be expressed as a function with respect to (9,®, V®):

1 1
p = (00, VP57, By) i= (1+ (v = 1)(Bo — 0@ — J[VOP)TT. (1.2

Substituting (1.2) into the first equation of (1.1), we deduce that the velocity po-

tential function ¢ satisfies the following equation of second order:

2 2
Ou® 42> 00, @0, ® — > (056" — 03, 00y,) 0,0, ® = 0, (1.3)
i=1 ij=1
where 9;; is the Kronecker delta. Let agy := 1 and
Qi = Aj; = —0252‘]' + 8%(1)8%(1), for ’L,j Z 1, (14)
ag; = ajo = Oy, P, for j =1, 2. (1.5)

Then equation (1.3) can be denoted by

2
> 104,02 = 0. (1.6)

1,7=0
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It is well-known that, as p # 0, namely, vacuum does not appear in the flow, the

equation (1.3) (or (1.6) ) is of hyperbolic type.

- _ - _ X,

x, =W(x)

FIGURE 1. A cornered-space domain with slightly curved boundaries.

Let I',, and I'y, be two curves defined as
Lw, = {(z1,25) € R? 21 = Wi (22), 25 > 0},
L, = {(z1,75) € R 21 >0, 29 = Wa(z1)}.
The following two assumptions will be imposed on these two curves:

(A1) Ty, N Ty, = {(0,0)}.
(A2) WI(0) =W, (0) =W

K3 7

a

(0) =0 for i = 1,2, here and after the superscripts ’,
"and " stand for the derivative of corresponding variable of the first, second
and the third order.

Obviously, I',, and I',, are perpendicular to each other at the origin (0,0). Denote
the cornered-space domain (see Figure 1) bounded by I',, and T, by D, i.e.,

D= {x €R*: x; > Wi(x2) and x5 > Wy(z1)}.

The fluid is confined in D, and the velocity potential function ® satisfies the

following slip boundary conditions on the boundaries I',,, and I',,:
O, ® — W (22)0,,P = 0, on [y, (1.7)
Oy ® — Wy (21)0,,® = 0, on Ty,. (1.8)

When t = 0, the state of the fluid is given such that the velocity potential function
® is equipped with the initial conditions:

®(0,x) = Pg(x) and 0;P(0,x) = Py(x), x e D. (1.9)

Thus, to show the local existence of the potential flow in the cornered-space
domain D, one needs to prove the local well-posedness of the initial-boundary value
problem (1.6), (1.7), (1.8), and (1.9). Since the equation (1.6) is of hyperbolic type
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which enjoys the property of finite speed of propagation, one may further assume
that I'y,, and I',, are small perturbation of straight lines, and the initial conditions
(1.9) describe small perturbation of the state of the flow near the corner (0,0).

Since ® satisfies both (1.7) and (1.8) at the corner point (0,0), one immediately
obtains that V®(¢,0,0) = (0,0) and the flow is static. Let the density py at the
corner point (0,0) be

po = 0(0,0,0;, Bo) = (1+ (y = 1)By) 7.
Moreover, let
Lo, = {(21,29) € R* 2y = Wi (22) =0, 9 > 0},
Cw, = {(z1,22) € R% 21 >0, 29 = Why(x1) =0, },
and the domain be bounded by them (see Figure 2)
D:={xeR*: z; >0and 25 > 0}.

It is obvious that

@(t,%), 4, %)) = (0, po)
is a steady solution to the unsteady potential flow equations (1.1). It can be further
verified that ®(t,x) is a steady solution to equation (1.3) in D, satisfying the slip

boundary conditions on T, and T',.

(07 /00)

0 ~

FIGURE 2. A steady solution to (1.1)

Therefore, the initial-boundary value problem (1.6), (1.7), (1.8), and (1.9) for
generic smooth initial and boundary data can be reduced to the stability problem
for the steady solution ®(¢,x) under small perturbation of the boundary and the

initial data.

Problem 1: Suppose I',,, and I',, and the initial data (®o(x), P;(x)) satisfy the

following conditions:

e The boundaries I',,, and I',,, satisfy assumptions (A1) and (A2). Moreover,

'y, and Ty, are small perturbations of the straight boundaries I',, and T',,,,
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respectively such that W (z2) and Wh(x;), as well as their derivatives, are
close to zero.

e The initial data are small perturbations of ®(¢,x), i.e., (®y(x), ®1(x)) is close
to (0,0).

Does there exist a unique local classical solution ®(¢,x) to the equation (1.3) in the
cornered-space domain D with initial-boundary conditions (1.7)-(1.9), which is still
close to ®(t,x)?

This paper is devoted to investigating Problem 1 and will give a positive answer
by proving Theorem 2.1, which is the main theorem of this paper. The key difficulty
is the corner singularity on the boundary and one needs to analyse the behaviour
of the solution near the corner point. To the best of our knowledge, up to now, a
general theory on well-posedness of initial-boundary value problems of hyperbolic
systems on non-smooth domains is not available. Nevertheless, there are progresses
toward this issue. In [32,33], Osher gives ill-posed examples of initial-boundary
value problems of hyperbolic equations on a non-smooth domain, which shows the
complexity of such problems. There are also well-posed results on domains with
corners. In particular, as the corner angle is sufficiently small, in [20,21] Godin
derives local well-posedness of smooth solutions for two dimensional Euler system
in bounded domains with finite corner points. As the corner is a right angle, under
certain symmetry assumptions, Gazzola-Secchi obtains the well-posedness of Euler
equations in rectangular cylinders in [17] and Yuan establishes the stability of normal
shocks in 2-D flat nozzles for two dimensional unsteady Euler system in [36]. Both
in [17] and [36], the symmetry assumptions play an essential role such that extension
techniques can be employed to reduced the problem near the corner into an initial-
boundary value problem on a domain with smooth boundaries. By developing new
techniques based on the extension method, it is established in [18] by Fang-Huang-
Xijang-Xiao and in [19] by Fang-Xiang-Xiao the local dynamic stability of steady
normal shock solutions for unsteady potential flows under small perturbation of the
physical boundary without the symmetry assumptions in [17] and [36].

It turns out that the ideas and techniques developed in [18,19] help to deal with the
difficulties brought by the corner singularity in Problem 1. While new difficulties
arise because the boundary conditions on both edges of the corner angle do not
satisfy the linear stability conditions, which hold on the shock front, one of the
edges of the corner angle, in [18,19]. This fact makes it difficult to establish a priori
estimates on the boundary trace of the highest order derivatives of the solution and

the techniques in [18,19] and [31] do not work. New techniques will be developed



6 BEIXTANG FANG, WEI XIANG, AND FENG XIAO

in this paper to control the boundary terms, based on a key observation that the
boundary operators are co-normal (see (i7) in lemma 2.1).

It is well-known that in general unsteady flows governed by quasilinear hyperbolic
systems of conservation laws will formulate singularities in finite time and nonlinear
waves such as shocks, rarefaction waves, contact discontinuities, etc. may occur.
Thanks to continuous efforts of many mathematicians, there have been systematic
theory for one space dimensional cases, see [6,16,34] and the references cited therein.
For multidimensional problems, important progresses have also been made in the
past decades. Dynamical stability of the elementary nonlinear waves have been es-
tablished in, for instance, [1,2,13-15,29-31] by employing the well-established math-
ematical theory for initial-boundary value problems of hyperbolic systems on smooth
domains. There are also progresses on self-similar solutions for important physical
phenomena such as shock reflections, supersonic flows onto a wedge, interaction be-
tween the elementary nonlinear waves, etc. See, for instance, [3,4,7-12,24,26,27,37].
See also [17-21, 28, 35, 36] for the studies on multidimensional problems on non-
smooth domains.

The remainder of this paper is organized as follows. In section 2, the initial
boundary value problem in the cornered-space domain D is reformulated to a new
one with straight boundaries by introducing coordinate transformations. Under the
transformations, certain coefficients vanish on the boundary of the space domain
such that extension technique can be employed. Moreover, the boundary opera-
tors remain co-normal. Section 3 is devoted to the well-posedness of the linearized
problem. The extension techniques will be employed to establish the existence of
the solution in H? spaces, similar as in [18,19]. In order to carry out the nonlinear
iteration, H? regularity is not sufficient and the solution of the linearized problem
should enjoy higher order regularity. However, the regularity of the coefficients of
the equation in the extended domain is not sufficient to establish higher order a pri-
ort estimates, so they have to be established directly in the cornered-space domain.
In section 4, based on the observation that the boundary operators are co-normal,
new techniques will be developed to establish the higher order estimates, in partic-
ular, the estimates of the highest order derivatives of the solution on the boundary.
In section 5, a classical iteration scheme will be carried out which converges to the
local solution of the reformulated nonlinear initial-boundary value problem in the

cornered-space domain.
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2. COORDINATE TRANSFORMATION AND MAIN RESULT

In this section, we will introduce two coordinate transformations T; and T5, under
which the boundaries I',, and I'y,, are straightened and the extension technique can
be used to solve the initial boundary value problem in new coordinate system. First

we introduce the following transformation to straighten I',,

Yo = ta
Ti: = —a1 — [ WRE(r)dT — (2 — Wa(21))Ws(21), (2.1)
Yo = To — Wz(xl)-

Define ®(yo, y1,y2) := ®(t, 21, x5). Then one has

O ®(t, w1, 22) = 0y ®(y0, Y1, Y2), (2.2)
0y (1, 21, @) = (=1 — (o — Wa(1)) W3 (1)), ® (o, 1, y2)
— W (21)8,, P (y0, y1, y2), (2.3)
Ony®(t, 21, 72) = =Wy (21)0y, D (Y0, y1,92) + 0, @ (Yo, Y1, 12). (2.4)
Let (yo,y) = (yo,y1,y2) be the time-spatial variables in new coordinate system,

then one has

5 1 0 0
J = 8<th0;2’>> =10 —-1-— ([L’g — WQ([L’l))Wg(ZL’l) —Wé(l'l)
’ 0 —Wi(21) 1

When Ws(z1) and its derivatives are sufficiently small, T; is invertible. We assume

t = Yo,
T g =1 = u(y, ), (2.5)
Ty = Yo + Walu(ys, y2)),
where u(y1,y2) is the expression of z7 in (yg, y)-coordinate determined by Ty. From
now on, for the shortness, we omit the dependence of varibles of W (x5) and Wy (1)

and always keep in mind that W), is a function of x5 and W, is a function of ;. By

direct calculation, one has
D*® = JTDIOT — {((z2 — Wa)WJ' — WWE)D,, + WD, }el e

/1 & T 1 & T
— Wy, e,ep — W, P, e5e.
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where e = (0,1,0) € R* and e, = (0,0,1) € R. Let A := (a;),_., then one has

3x3’

2
Z ;j0y,0,;® = Trace(ATD*®)

1,j=0
= Trace(JTAIDZ®) — ay {((zs — Wo)Wy' — WIWY)D,, & + W50, D}
— 2a12W§'0y1§>

2
= D 0, ® — (anr (w2 = W)W — WWY) + 201050, &

1" T
— 0,11W2 8y2(I>,

where @;; is the (i, 7)-th entry of JTAJ such that

2
aij = E Jriaged o

k,0=0

By direct calculation, we have
dgo = 1, (2.6)
Gy = G0 = =Wy @y, + Oy, (2.7)
Goz = an Wy — 2an Wi + as, (2.8)
agr = a1 = —ap (1 + (xo — Wo)Wy) — agaWs, (2.9)

a1z = a2 = a1 (14 (w2 — W) WIHW5 — ara(1 + (22 — Wa)WVY)

— CLQQWé + a21W§2, (210)
C~L11 = a11(1 -+ (LUQ — WQ)Wé/)z -+ agl(—Wé)(—l — (LUQ — WQ)WQ)
- Wé(—alg(l -+ (LL’Q — WQ)WQI) — WéCLQQ). (211)

It is clear that boundary I',, becomes {y, = 0} in the (yo,y)-coordinate. Let

F(y1,y2) = 21(y1, y2) — Wi(x2(y1,92))-

Then one has F(0,0) = 0, and in (yp,y)-coordinate, the boundary I',, can be

expressed as F'(y1,y2) = 0. By direct calculation, one has
oF
40,
Iy 4
provided that the perturbations W; and W, are sufficiently small. Then by the
implicit function theorem, F(y;,y2) = 0 determines a function y; = o(y2) with
o(0) = 0. Hence the boundary I'y, in the y-coordinate can be expressed as y; =

o(y2). Therefore, under the transformation T;, the space domain D is converted
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Y2
X, i
!
1
: %
X =Wi(x,) Tl :1
| D={x >Wi(xp), x2 > Wy(x1)} —— Dy ={y; <o)y, >0} N fo-(yz)
\ ‘4 ya
//
| 1
mme o _ X, S — II W

=50
% =MEGurE 3. Coordinate transformation 'lef

to
Dy = {(y1,92) € R% 41 < o(y2), 42 > 0},
with boundary 0D, = [, UT,, where
Iy = {(y1,52) € R%y1 = 0 (1), 52 > 0},
Ly = {(y1,42) €R*y1 < 0,92 =0}.
By straightforward calculation, we find that the slip boundary conditions become
(=1 — V5 + WIW5)9,, & — (W) + W3)0,,® =0, on Ty, (2.12)
9y, ® =0, on Ty. (2.13)

The initial conditions in the (yo, y)-coordinates are

(0, y1,y2) = Po(u, y2 + Wa(u)), (2.14)
0y ®(0,y1,2) = @1 (u, > + Wa(u)). (2.15)

Next, we straighten I'y by introducing the following coordinate transformation:

Z0 = Yo,
To:q 21 ==y +0(y2), (2.16)
<2 = Y2-

Then one has
r1 = u(—21 + 0(22), 22),
Lo = Wg(u(—21 + 0(22), 22)) + 29,

where u = u(yy,y2) is the expression of x; in (yo,y)-coordinate determined by Ty,

as in (2.5). Under transformation Ty, the space domain D; is mapped to

Q= {(21,2) €ER%* 2 > 0,2 > 0},
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[
N
iy

—— =

Dy = {y1 <0o(y2),y2 >0} ! Q={z; >0,z, >0}

FIGURE 4. Coordinate transformation Ts.

with boundary 02 = I'y U 'y, where

[y = {(z1,2) €ER?% 2z, =0,2 >0},
[y = {(21,2) €R?% 2z > 0,2 =0}

Define ®(zg, 21, 22) = ®(yo, Y1, y2). Then B(zg, 21, z5) satisfies

2 2
Z O‘ijazizj(i) + Z ozlazﬁ) = 0,
1=0

i,j=0
where
Qoo = ago = 1, (2'
any = ay — 0’ (y2)arz — o' (y2)az1 + (0)* (y2) oz, (2.
Qg = 22, (2.
Qo2 = Q0 = Qo2, (2.20
Qg1 = Q2 = &220/@2) — Qa1 (
a1 = Qg = G20 (Y2) — Gao, (
and
ao =0, (2.23)
ar = a1 ((xg — Wa) W' — WIWY) + 2a;5V5) (2.24)
ay = —ap Wy, (2.25)

Boundary conditions (2.12) and (2.13) become

0, o
0, on I'y, (2.27)

bi (21, 22)0:, O+ by(z1, 22)822(%

0.,d

n Iy, (2.26)
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where

bi(21, 22) = p(21, 22) + Wy(21) + Wi (22)) 0" (22) + Wi (22) Wy (1), (2.28)
bo(21, 20) = Wi (2a(21, 20)) + Wh(z1(21, 22)), (2.29)
with
p(21,22) = =1 — 225 (21(21, 22))-
Initial conditions (1.9) become
é(O, 21, 22) = (i)O(Zla 22), (2-30)

A

820@(0,21,22) - @1(21,22), (231)

where

A

Do(21, 22) = Po(u(z + 0(22)), Wa(u(z1 + 0(22))),
Dy (21, 2) = Oy (u(z 4 0(22)), Wa(u(z + 0(22))).

Let I'g == {0} x Q and Q7 := (0,T") x 2, where 7" is any positive real number. We

summarize the mathematical problem as follows:

p

Oéijazizj(i) + O‘iazi(i) = O, in QT,
G(8,,®,0,,d; W W, W, o) =0, on I'y,

(A 1 2 1 2 2 ) 1 (2.32)
0,,P =0, on I'y,
\‘i’((),Zl,Zz) = Og(21,22), Opy®(0, 21, 20) = ®1(21,22), on T,

where

A

G (0., D, 0., D WL WL WY 0') = by (21, 22) 8., @ + by(21, 22) 0., P

The initial data &y and ®; are defined in (2.30) and (2.31), respectively and at the

background state, one has

1 0 0
(@ij)gus=10 =p37" 0 |. (2.33)
0o 0 —p

Lemma 2.1. The coefficients of the initial boundary value problem (2.32) have the

following properties:

(i) ca = iog and a9 = oy vanish on Ty, namely, fori=0,1,

OZZ'Q(ZO, 21, 0) = Oégi(Z(), 21, O) =0.
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(i) The boundary operator of (2.32) is “co-normal”, i.e., the vector (aqo, aq1, aq2) €
R? is parallel to (0,b1,by) € R® on 'y, where by and by are the coefficients of
the boundary conditions on I'y in (2.32).

(i) It holds that

b5(0,0) = 0.,b2(0,0) = 0-,.,b2(0,0). (2.34)

Proof. (i): By the formula of Gg in (2.7) and the slip boundary conditon (1.8), one
has ago = ag9 = 0 on I'y. Then (2.20) implies agy = agp = 0 on I'y. By (2.10) and
the slip boundary condition (1.8), one has

12 29=0 = Oy PWV50,, D — 01, @) + W50, W50, @ — 0, @) = 0. (2.35)

Differentiating with respect to ys on both sides of z1 (o (yz2), y2) = Whi(x2(o(y2), y2)),
one deduces

o () = P, v2)Wi(2(0(y2), y2)) — Wa(w1(0(2),92))
- W |

where
play,m9) = —1 — (w9 — Wo)Wy.
By assumption (A2) and the facts that ¢(0) = 0, T; mapps the origin in x-
coordinate to the origin in y-coordinate, and T is invertible, one has
#(0) = —Wi(#2(0(0),0)) = Wy(1(0(0), 0))
1= Wi(22(a(0), 0))Wy(21(a(0),0)
Combining (2.21), (2.35), and the fact that ¢’(0) = 0, one deduces that a2 = a9 =
0 on Iy (equivalently on T';). By assumption (A2), it is obvious that by = 0 on T'y.

=0.

(71) : By the formulas of ayq, ag9, and o’(y,), we obtain

—610 + O'/C~L20 = _p8x1® + 8952 (I)Wé - U'WQ&HCI) + U/ﬁwQ(I)

— —(p+ WD ® + (W} + 0')0,,®. (2.36)
But it is easy to verify that
Weto WM
—p—adW, 1

By the slip boundary condition on I',,, one has —ajg + o’asp = 0 on I'y, which
implies ag; = a9 = 0 on I'y by (2.22). By the formulas of ay; and ayp = ag; in
(2.18) and (2.21), one can deduce that

Q| _ Wi + W, _ b (2.37)
aifla=0  p+WWy+o' W+ W) b .
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In fact, we have

(@11 — 0'@12)[y0(y0)
= (=p" = W5 = po' Wy — 0'W3) + (0, 2)*(p* + po' W)
+ (05, @)2(WE + 0'W3) + 0y, @0y, ®(—2pW5 — po’ — ' W)
= E(=p* = W5 = pa'Wy — d' W)
+ 00, ®(p* + po' W5) (0, @ — W0, D)
— Wﬁm@wﬂ@ —W;0,,9)
= A(—p* = W2 — pa'Wy, — a'W), (2.38)
where in the last equality, we have used the slip boundary condition (1.7). By direct
calculation, one also has

(=12 + 0'@22) |y —o(ys) = —C(PW5 + Wi + W5 + o).

Thus one has

Q11 — 0a12 PP+ WE 4 po'Wh + o'W,
a0’ —diz|, g PWh+ Wy + o W§ + 0o
_pEWIW,
Wi+ Wy
Then by the formula of ay; in (2.18) and the formula of a;y in (2.21), we obtain
aatl _ ?11 T UCf12 + o
Q12 |, = 0220 — A12],

SRS SACIN
wirw, 7 b
Hence one has _
z1=0 bl .
(7i1): It is clear that both T; and T, are invertible and T; o Ty maps the orgin

Q9
11

in the x-coordinate to the origin in the z-coordinate, where z := (21, 22) is the
spatial variable in new coordinate under transformation Ty. So by (2.29) and the
assumption (A2) on the perturbations in section 1, it is easy to see that (2.34) holds.
This completes the proof of this lemma. O

In z-coordinate, Problem 1 can be reformulated as the following problem:

Problem 2: Does there exsit a unique local classical solution to problem (2.32),
when (W, Wy) are small perturbations of (W;,W,) = (0,0) and the initial data
(Do(21, 22), D1 (21, 22)) are small perturbations of (0,0)?
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Since coordinate transformations Ty and Ty are invertible when the perturbations
are small, Problem 1 and Problem 2 are equivalent. The main theorem of the

paper is as follows, which gives a positive answer to Problem 2.

Theorem 2.1. Suppose the perturbed solid walls satisfy the three assumptions (Al)
and (A2) in section 1. Then there exists a constant € > 0 such that if

1ol mrag) + (| @1l o) + |V, Wa)|lwso sy < e, (2.39)

and ®y and P, satisfy the compatibility conditions up to order 2 and are compactly
supported in some neighbours of the origin, then there exist two constants ng > 1

and Ty > 0 such that the nonlinear problem (2.32) admits a unique smooth solution
€ HY(Qy,), satisfying

€720 | a0y < Ce (2.40)

forn >mny and T < Ty, where C = C(po, 7, M0, To) is a positive constant.

Remark 2.1. The compatibility conditions mentioned in Theorem 2.1 come from
the requirement that the initial-boundary data of problem (2.32) should be consistent.
More precisely, by initial conditions in (2.32) and the first equation of (2.32), we
know that at zy = 0,

D’® = Do, 9,,D°d = Do,
and

N S 2 A 2 A
92 D°® = —D (Q—OO(Z 0., ® + | 'Z ;;0,..,P)),
=0 (i,)7(0.0)

where DP = 921022 is the spatial derivatives and § = (b1, 5s) is the multi-index
corresponds to spatial derivative. Then by the induction on k (i.e., assume we have
already known the expression of ag;“D% at zo = 0 for allm < k.) and by taking
derivative Dﬁﬁfo on equation (2.32),, we will have the expression of 85:2DBQA> at
20 = 0. We omit the details for the shortness. Then we have the expression of D ®
at zo = 0 for all multi-index X = (Ao, A1, Aa). Let

0y := DO (2.41)

20=0"
On the other hand, since we have two boundary conditions in (2.32), for any (ko, k1, k2) €

N3, we have
2 —
D (ko,0k2) Zbiazl_q) =0 only,
i=1

D(ko’kl’o)ﬁzztf =0 onls.
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Let zg = 0 and plug (2.41) into the two identities above for all integers ko + k1 < s
and ko+ke < s. Then we can obtain the identities that the initial and boundary data
must satisfy for all integers ko + k1 < s and ko + ko < s. These identities are called
the compatibility conditions up to order s. In this paper, the compatibility conditions

up to order two are required, i.e., 5§ = 2.

3. THE LINEARIZED PROBLEM (I): EXISTENCE OF THE SOLUTION IN H?(Qr)

In order to establish the local well-posedness of the nonlinear initial-boundary
value problem, the classical iteration scheme will be carried out. Then the unique
existence of the solutions to the linearized problem (3.1) as well as the a priori
estimates of the solution are needed to establish the convergence of the iteration.
However, there is no general theory which could be employed, because of the presence
of a corner singularity on the boundary of the space domain. Therefore, we have to
establish a well-posedness theorem on the unique existence and a prior: estimates
of the solution for the linearized problem, which will be done in this and the next
section. In this section, the extension techniques will be employed to establish
the existence of the solution in H?(Q7). Similar as in [18,19], the regularity of
the coefficients in the extended domain is not sufficient to establish higher order
estimates of the solution. Therefore, one have to establish the estimates for the
higher order derivatives of the solution directly in the cornered space domain, which

will be done in the next section.

3.1. The main theorem on the linearized problem. Let us consider following

initial-boundary value problem:

;

Lo=f, in Qr,

By = 0, on I'y,

0., =0, on Iy, (3.1)
©(0, 21, 22) = o, on [,
\5ZO<P(O>21,22) = p1(21,22), on I,

where
2
E = Z T’Z'j(Z(], 21, ZQ)&ij and B = bl(zl, 22)81 + bg(Zl, 22)82,
1,7=0

0; = 0.,, and 0;; = 0,,.,. The coefficients of £ and B satisfy
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(i) £ is a hyperbolic differential operator of second order. r;; = r;;(20, 21, 22)
are smooth functions and rqg = 1. b; are smooth functions with respect to
z1 and 29 but do not depend on z.
(ii) There exist an integer s; > 3, and constants § > 0 and 7; (0 < 4,5 < 2),
such that
sup ||D%(rij — 745)| 22(0) < 6 for all |a| < s,
0<20<T

where 7pg = 1, 711 = 792 < 0, and 7;; = 0 for ¢ # 5. We also require that
0571y | +|0bs| < C§ for £=0,1,2.

(111) T = T91 = T9o = T2 — 0 on the bOU.l'ld&I'y FQ and 852[?2(0,0) = 0 for
k=012
(iv) The following identities hold on I';:

b
22—2 and 7’01:7’10:0.
11 by
Remark 3.1. The compatibility conditions up to order s of problem (3.1) can be

defined in the same way as done in remark 2.1.
Then we have the following proposition.

Proposition 3.1. There exists 6, > 0 such that if assumptions (i) — (iv) holds for
0 <., and if o and 1 satisfy the compatibility conditions up to order 2, problem
(3.1) admits a smooth solution ¢ € H*(Qr) and there exists a constant 1y, such that
for any T > 0 and n > 1y, it holds that

Z e D720, + € IIDY(T, )| 72(0y

|| <4
1 —NZ « —nz
S - Z le™™ LID*P)|Z2 0y + 11e7" FlI s (ar
| <3
+ ||f|t:0||§12(9) + H‘POH%J“(Q) + HSOlH%{S(Q)’ (3.2)

Without loss of generality, we assume (g, ¢1) = (0,0) in the following two sections
below. Otherwise, one can reduce problem (3.1) into a problem with homogeneous
initial data by introducing auxiliary functions.

The proof of Proposition 3.1 will be separated into two parts. One is the unique
existence of the solution in H?(27), which will be established in this section. The
other is the a priori estimates of higher order derivatives, which will be done in the
next section.

To establish the unique existence of the solution, we are motivated to apply the

extension techniques by observing the boundary condition on I'; as well as the
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properties of the coefficients enjoyed, such that the well-established theory for initial-
boundary value problems of hyperbolic equations can be employed. We are going
to show the following lemma in this section, which establishes the well-posedness of
problem (3.1) in H?(Q7).

Lemma 3.1. There exists 0, > 0 such that if assumptions (i) — (iv) hold for 6 < dy,
problem (3.1) admits a solution p € H*(Qr) and there exists a constant 1y, such
that for any T > 0 and n > ny,

Z TI||6_”Z°DQ<P||%2(QT) + e || D(T, ')H%Z(Q)
|| <2

1 —MnNz (03 —MnNz
S = X Nl LD) 120 + ™™ FllEnap + /1ol Z2(0)- (3.3)

o<1

As mentioned previously, the H? solvability of the linearized problem is not suffi-
cient to yield smooth solutions of the nonlinear problem by carrying out nonlinear
iteration. Therefore, we have to deduce higher order a priori estimate of the so-
lution derived in lemma 3.1. However, one can easily check that the regularity of
the coefficients of the equation in the extended domain is not sufficient to establish
the needed higher order estimates. Hence, we shall go back to the cornered-space
domain to establish the higher order estimates, and the following lemma will be

proved in the next section.

Lemma 3.2. There exists 05 > 0 such that if assumptions (i) — (iv) hold for 6 < s,
then there exists a constant ny > 1 such that for any T > 0 and n > 14, the H*(Qr)
solution of problem (3.1) satisfies

Y e Dl e, + ¢ P TIDYR(T, )|y

o] <4

<5 S e LD O ) + e sy + I flcolly (34)
<3

Proof of Proposition 3.1.

Combining lemma 3.1 and lemma 3.2, one can easily prove Proposition 3.1. In
fact, by lemma 3.1 and lemma 3.2, it is easy to see that when § < §, := min(dy, ds),
problem (3.1) admits a smooth solution in H*(Qr) and it satisfies the estimate
given in proposition 3.1 for n > 1 := max(n;,72), where (d1,7;) and (d2,72) are the
constants obtained in lemma 3.1 and lemma 3.2, respectively.

Hence, in order to prove Proposition 3.1, it suffices to show that lemma 3.1 and
lemma 3.2 hold. In this section, we will give a proof to lemma 3.1 and the proof of

lemma 3.2 is postponed to section 4.
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3.2. The proof of Lemma 3.1. It is difficult to solve problem (3.1) in the cornered-
space domain §2 directly, so we introduce an extended problem first. Precisely, one
extends 790, To2, 712, T21, and by oddly with respect to {z; = 0}. Taking r¢y for

example, we define

(3.5)

Eray = T02(207 21, Z2)7 when 29 > O’
02 -—
_T02(207 21, _22), When 29 < 0.

Other coefficients and the right hand side term f is extended evenly with respect to
{2 = 0}. Thanks to assumptions (ii) and (i), all the extended coefficients are still
in W1 (Qr), where Qp := [0,7] x R, x R. For the notational simplicity, we omit
the “E” in all extended functions, the extended vertical boundary is still denoted by
I'; and the initial space domain in still denoted by I'g. We try to obtain a solution

to (3.1) by solving the following initial boundary value problem:

£S0:f> in QT)

By =0, on Iy,
4 ' (3.6)
(,O(O, 21, ZQ) = 0, on Fo,

0.p(0,21,29) =0, on T\.

0
Proof. The proof of lemma 3.1 is divided into three steps. In the first two steps,
we establish the energy estimate of the solutions to (3.6) up to the second order.
Then in the third step, we investigate a regularized problem associated to (3.6) by
mollifying its coefficients via the convolution with respect to zo (since the extended
coefficients are non-smooth only in the zy direction) with the one dimensional clas-
sical Friedrichs mollifier p. and derives its uniform-in-e¢ estimate up to the second
order. Then by applying the result in [22] (or [23]) to the regularized problem, one
derives a unique solution ¢° to the regularized problem for each ¢ > 0. Owing to
the uniform-in-e second order estimate of ¢¢, one deduces an H?({2y)-solution to
the extended problem (3.6) by taking the limit ¢ — 0T in the regularized problem
and it still satisfies the second order estimate. Then by the properties of the ex-
tended coefficients and the uniqueness of the solution (the uniqueness is guaranteed
by the second order energy inequality), one can show that the unique solution to

the extended linear problem (3.6) is actually a solution to the linear problem (3.1).

Step 1. In this step, we will deduce the first order energy estimate of the solution

to problem (3.6). Multiplying 2¢~2"%0 9, ¢ on both sides of equation in (3.6), we have
2e721%0 LpQyp =0;(e~"13;0;000p) + 9y (™" 01j0ip00p) + e P(Dyp)
— Do(e7*"073;0,0050) + 2ne™ 10 (2r;0;000 0 — 11;0ip0;0),
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where P(Dy) is a quadratic polynomial with respect to Dy. Clearly we have
P(Dy) < C|Dy|?. Integrating the identity over Qp with z := (20, 21, 22), we obtain

zo=T T
/26_2”205$Q@dz:[/ 6_27720H0dzld22} _//6—27720}[1‘21:0(&26&0
Qp Q 20=0 0 /R

—2nzo —2nz0
—l—/Q e P(Dy)dz + 2n /QT e Hoydz, (3.7)
where for & = (&, &1,&) € R?, we define
2 2
Hoy(§) =2 Z ri0&iQrék — Qo Z ENSIST (3.8)
i,k=0 i,j=0
2 2
Hy(§) =2 Z rin&iQr&k — Gh Z T8 (3.9)
i,k=0 i,j=0

At the background state, one has

2
Hy(Dg) = 2000 Y QuOkp — Qo(r111010]* + 1221020|” + |00

k=0
= (Dp)M(Dyp)", (3.10)
where
Qo @ Q>
M = Q1 —ruQo 0
Q2 0 —192Q0
Select (Qo, @1, Q2) properly such that
QO > 07
_Qgrll — Q% > O, (311)

192Q1Q0 + Qdri17r9s + r11Q0Q3 > 0,

i.e., such that M is positive definite. In view of assumption (i), we just need to let

(

Qo >0,
2
> (3.12)

—T1

Qg > —Q%Tm - Q%Tn.
11722

\

It is easy to see from (3.12) that Q; and @, can be arbitrary. Then Hy > Cy|Dy|?
for some positive constant C;. On the other hand, it is easy to see Hy < Cy|Dpl?



20 BEIXTANG FANG, WEI XIANG, AND FENG XIAO

due to assumption (7). By assumption (iv), on the vertical boundary I';, we have

2

2
Hy =2 Qrdpp(rndhp + radap) — Q1 Y 110005
k=0 4,j=0
2

-
=2 Z QrOkp( bu By) — Q1 Z 15030050
k=0

4,j=0

= 0. (3.13)

In the last equality above, we used the condition By = 0 on I'y and set ¢ = 0.

Hence we have
n/ e~ 21| Dy|*dz + / e 2™ Dop|*dz1dzy
Qr Q
1
<C [ e+ )IDoP + Loz (3.14)
Qr qmn
Let ¢ = 1/(2C) and i > 4, then we obtain

1
77 / ™70 Dyp|dz + / e 21| Dy|?dzdz, < C- / e Lpdz. (3.15)
QT Q n QT

Step 2. In this step, we will establish the second order estimate of the solutions

based on the first order estimate derived in step 1. Clearly, 0., satisfies

L(0.0) = —[0s, Ll + 0o f, in Qp,
B(0,,¢) =0, on Iy,
( 7 ' (3.16)
0(20, 21, 22) = 0, on T,
z0¢(20721722) - F|Zo=0> on Fo.

where )
F=f- Z Tijaij<ﬂ—z7“i3i<ﬂ:f-
(4,4)7#(0,0) =0

It is easy to see that ||F|.,—ol? = || fls=0llr2(q)- By the same argument as done

L2(Q)
in the first step, we deduce that 0., satisfies

’)7”6 nZODaZ(ﬁOHLQ(Q —}—6_2”T||D020g0( )HL?(Q

< CIEO) By + I lmollage): (3.17)
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Then we proceed to estimate 0,,p. It is clear that 0., satisfies

£(82290) = —[022,£]g0 + azgfa in QTa
B(0.,p) = —[0.,, Blp, Iy,

< (0,0) [ 1% on Iy (3.18)
0,0 =0, on I,

\820(8,22@ =0 ;on Tg.

Multiplying 2e~2"%9, ., on both sides of (3.18), and integrating by parts over
Qr, we have

—2nzp T ) 1
[ E(aZQQO)&ZanQQOdZ =—2 / / e n208202230_8(82290>dz2d20|21=0
Q 0JR

b
zo=T
+ 27’]/ 6_2nZOH0dZ + |i/ 6_2ntH0d2’1d22:|
Q Q 20=0
+ / e~ 2170 Py (DO, p)dz, (3.19)
Q

where Hy = |0,,0.,0|* — 111]0.,0.,0|* — 122]0.,0.,0* and Py is a new quadratic
polynomial with respect to Dd.,¢. Since the coefficients are in W (Q7), it is easy
to see that |P1(D0,,¢)| < C|DJ.,¢p|.

In order to complete the estimate, we need to deal with the boundary term care-
fully. Firstly, with the help of the boundary condition By = 0 on I'y, one has
BO.,p = —(0.,b10., + 0.,b20., ). Then for i = 1,2, by assumptions (i), (#i7), and
(1v), and the Gauss theorem

T
oz /T
2/ /e 2’70(%822192-822.@-0zoz2g0)|zlzod22dzo
0 R 1
= —2/ 821(6_2"20%Onbiﬁzigpazmgp)dz
Qr 1
_ons 11 11
= _2[ e 2 0(821(6_1822[72')821'908202290_'_ b_lazzbi(azlzi(pam@(p_'_821'90820212230))
Q
T
_onz oz 111
5/ € 2n0(||aZO90||§{1(Q) + ||90||§{2(Q))d20‘|'/Q € 27706_182262'822-90820212290613
0 T

T
9z O )
<C [ (0l oy + ol + [ 0(e ™ 20,50, 000 )
0 T

+ 277[ e 21 ;22 0z biaz@-()pazwﬁpdz - / 6_21720@022bi8202i(p62122 pdz
Qp

1 Q bl

_/Q 6‘277'208,20(2—2128zzbi)8zi¢8212290dz
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T
—2 2 2
S [ e 0l e+ el 2

T
#3500 [ el o+ € el gy (3.20)

It follows from assumptions (i) and (iv) that Hy > C|Dd.,¢|>. Then in view of
(3.19) and (3.20), by the Cauchy inequality, we deduce that

0 [ D0l + e [ D0l rdndz,
T
o 1
< c ([ € 2 0((677 + 1)‘D822()0‘2 + 5|£822(p‘2)d2 + ||()OOH2 _'_ ||(‘01||H1(Q
Qr

T
_'_/0 6_2n20(||82030“§{1(f~2) + ]|30!|§{2(Q))dzo

T
30 [ ey dzo + € oLl (3.21)
0
Finally, it follows from the second order equation (3.6), that
1

0zmg0:r— Lp— Z 705
1 (1)) #(1,1)

Therefore, by (3.15), (3.17) and (3.21),

0 / 2000, oPdz + e / 1O s Plagr 2 dzrdzs
Qr Q

< 17/ 6_277Z°|D82ig0|2dz—|—6_2’7T/ | DO, p|.0—r|*dz1d2
1=0,2 Or Q

1=V,

+17/ 6_2"Z°|Dg0|2dz+e_2"T/ |Del.y—7|*dz1dzo
Qr Q
+77/ 6_277Z0|£<p\2dz+e_2’7T/ |Lo|.oer|*dz1d2
Qr O
S Gl Ll + HI 0w ey + W)
g / e (qn-+ 1)|D0pP + L0,
Qp qm
T T
"—/0 6—277,20(”82030“?{1(@) + HQOHzQ(Q))dZO +57]/(; 6_277Z0’|30H§{2(Q)d20

+ 8¢ plrlyugey 41 | €

20| o2z 4 e / Lol r2ddz. (3.22)
Qr Q
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In order to control the last two terms in (3.22), by conducting integration by

parts with respect to zg to the integral ffl:r e~27%0|v|2dz, we introduce the following

inequality
n [ bz e [ ol P
QT 0
1 - Z
< —/ e™10|0,4v]%dz + [[v]20=0]1 72 (3.23)
nJor
Therefore,

77[ 6_2”Z°|£g0|2dz+e_2"T[ |Lp|.o—r|?dz1d2
O 0

1 —znZz
<2 [ e o, (Lo)Pds + I lmollag
Jar

1 o o
< —/Q 20| £(0,00) Pz + = 3 e DI, )+ [ lamolZaey (3:24)
T

" || <2

Then (3.22) and (3.24) imply

. / e 20(9,, o’z + e / O laor Pdrdz,
Qr Q

1 1
S e S jeweatas+ [ e an+ )IDOe + L0,z
Qr

lal<1 Qr

T
[ e Ol + 10l o+ 1 X €D,
|| <2
+ ||f|zo:0||2Lz(Q)- (325)
Since D0,,p, DO,,p and 0,,,, ¢ cover all second order derivatives, by adding (3.15),
(3.21) and (3.25) together, letting ¢ > 0, § > 0 and % be properly small, we deduce

S nlle ™ Dl + ¢ 1D ot 2,

|| <2

=3 LD iy + 1Eele-olEa (3.26)
\a|<1
Since the coefficients of £ are bounded, by (3.26), it holds for n large enough that
Sl D, + €T Dt 2,

|o¢\<2

S - Z le™ D fl|72 0, + 1f lzo=0l172(q)- (3.27)

|| <1
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Step 3. In this step, we will apply Theorem 1 in [22] (or Theorem 1 in [23])
to derive the existence of an H?(Qr)-solution to the extended problem, then by
the property of the extended coefficients, one shows that the solution is indeed a
solution to problem (3.1). In order to apply [22, Theorem 1] (or [23, Theorem 1]),
we consider a regularized problem associated to (3.6). For € > 0, let p. be the one

dimensional Friedrichs mollifier, i.e., p.(s) = 17 (£), where

K~exp(—1 ] 2) ‘8‘<1
s) = ~lsE 7 ’ 3.28
n(s) {0’ o> 1 (3.28)
such that [, 7(s)ds = 1. Define £ and B¢ as
2 2
L= 0y, B =) b, (3.29)
i,j=0 i=1
where
~e i\ Tij
75 (20, 21, 22) = | — | (20,21, 22) = — | (20, 21, §) pe(22 — s)ds)
11 R \T11
and

) = (1) = [ () Grstndea - sl

Before going on, we present following lemma, which gives the properties of the

coefficients of the regularized problem.

Lemma 3.3. Under assumptions (i)-(iv), we have:

(1). 7y, 75, 75, 75 and bS(0, z) are odd functions with respect to z,, and the
other coefficients are even functions with respect to zs.

(2). There exists a positive contant C, independent on €, such that

el <o+ B, HD@ e
L>(Qr) T11 L= (Qr)
and
i < Cs, ‘(‘32 5 (0, - H < O,
) WLOO(Q) — 22 2( ) Loo =

(2). b5(0,0) = 0 and 9.,b5(0,0) = 0.

(4). B¢ is co-normal to L¢, i.e.,

10 ‘ T'12 ‘ by ‘
zZ1= :0 d 21= - T 21=0-
(7‘11) 210 a (7‘11) [21=0 (bl) [21=0

With this lemma, it is not difficult to show lemma 3.1 and the proof of this lemma

is delayed to the end of this subsection.
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Now we consider

L = fe, in Qrp,
By =0, on Iy,
©(0, 21, 29) = 0, on T,
kazogof(O,zl,zg) =0, on Iy,

(3.30)

where

¢ _ (L E = S 20, 2 29— S
f (20721,22) = (T’ll) (20,21,22) = /R (7"11) ( 0, 1,8)p€( 2 )dS

Armed with lemma 3.3, one can immediately obtain the uniform-in-e second order

estimate of ¢° by repeating the process in the first two steps. In fact, one has

S nlle DA 2 g+ e Dy
|| <2

< O= S e D 2 + [ molay: (3.31)

la|<1

Clearly one has

L2(Q)
F\° i
:/f; (T_ll) (Z07Z17Z2>
F
:[ —(20721,S)pe(Z2—3)d5
0

R 711
(20, 21, 8) pe(22 — s)ds) (/ pe(z2 — s)ds) dz1dzy
R

(/.

le dZQ

2
le dZQ

2

f

r11

1112

<||—= / (/ pe(z9 — S)dZQ) | F|*(20, 21, s)d21 | ds
Tl oo (Qg) JO R

< C’/ | FI*(20, 21, 8)dz1ds = C|| F (20, ')||2L2(fz)= (3.32)

Q
where the constant C' depends on py and 7, but not on e. Similarly one has
D(=) ) < C (17 o Mia@y + IDF o Moay) - (3:33)
L2(§)

Combining the above estimates and lemma 3.3, we deduce that

S nlle DA 2 g+ e P D gy
|| <2
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<L Y e peg, 1 lzo=0l22qy- (3.34)
jal<1

By [22, Theorem 1] (or [23, Theorem 1]), lemma 3.3, and inequality (3.34), one
concludes that for each € > 0, there exists a solution ¢° to problem (3.30) satisfying
the uniform estimate (3.34). Hence there exists a subsequence {¢% }.,~o converging
to a function ¢ weakly in H?(Q7). By lemma 3.3 and the uniform estimate (3.34),
one can pass the limit ¢ — 07 in problem (3.30), which implies ¢ solves problem
(3.6) in the weak sense and it also satisfies estimate (3.34). By our extension, it is
not difficult to see that (2o, 21, —22) is also a solution to problem (3.6). It follows

from the uniqueness of the extended problem (3.6) that

90(207 21, 22) = @(207 21, —22)

for all (zg,21,22) € Qr. Differentiating on both sides of the above identity then
letting zo = 0, one deduces that 0.,¢(20.21,0) = 0. This reveals that ¢ is indeed a
solution to problem (3.1). O

Proof of lemma 3.3.

Proof. (1) They are true due to the constructions of 7f;’s and bE and the property of
the mollifier. For example, for 7{,, one has

- T
F2(20, 21, —22) = / 2(20, 21, —20 — T)pe(T)dr
R 711

r

= _/ E(’207’217'22 +T)p€(_7—>d7—
R

11
= —/ TE(ZO, 21, 8)pe(2o — s)ds
R 711
= _f§2 (Z07 21, Z2)7 (335)

where in the second equality, we have used the oddness of r15, and the evenness of
r11 and pe, and in the last equality, the changing of variable is used. The properties
of the other coefficients can be derived by similar arguments. Since the argument is

similar and standard, we omit the details here.

(2) By assumption (ii), properties (1) from the modified coefficients, and the

€ — _
<|(2) -2 4z
- 11 11 - 11

L= (Qr) Le=(Qr)

properties of the mollifier, one has

€

1751 oo @0y =

Lo (Qr)
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It is clear that

(M _ r_,) <
i T Lo () 1 Tl peo(Qg)
_ (rij — Tij)T1 — Tyg(rin — T11)
r11711 Loo(Qr)
< (rij — 7ij) | _‘(7“11—7’11)
11 Loo(Qp) 11 11 Loo(Qr)
< (. (3.36)
We also have
HDf.ﬁ. = H(D&)E :’ (D&)E < HD <Tﬁ)
Y| oo —
e " @) " ) " | e 0
It is easy to see that
ij 1 ij
D T—j = —DTZ" — T—jDT’H
j 2
11 Lo () 11 11 L2 (Qr)
= e R L P
M llzee(or) ()
T'ij _
+ | = |l = Fullwre )
"1t [l oo (@)
< (. (3.37)

Similarly, one can deduce that

E €
b
In fact, since by(0,0) = 92,b2(0,0) = 0, the twice differentiable function of by (0, 25)

is bounded at zo = 0. Hence |0.,05(0, z3)| < C¢ for all z,.

We remark that the positive constant C' in the above inequalities only depends

< 9.
Whee(Qr)

on po and 7, but is independent on e.

(3) By the definition of l~)§, the oddness of % and the eveness of p., one has
1



28 BEIXTANG FANG, WEI XIANG, AND FENG XIAO

= —15(0,0), (3.38)

22=0

which implies b5(0,0) = 0. Then

%%mm=1/
R

€

b
by
1 220=0
_ 1 / 9
e JgoOr 22=0
1 0 bg 29 T
=— | = |=](0 d
e/R&T 1 ( ,7')7}( ) ez
1 b on (z—T
== — . d
€ /R (bl (077)87' ( € ) ez
1 b2 87] 29 — T
=—= - — d
€ Jr 1) (07 T> 822 ( € ) z2=0
= —0.,b5(0,0) (3.39)
Hence we deduce that d.,55(0,0) = 0.
(4) This is an easy consequence of the following fact by lemma 2.1:
710 712 by
—_— 21=0 — O d - 21=0 — 7 z1=0-
(7“11)|1 0 an <T11)|1 0 <b1)|1 0
O

4. THE LINEARIZED PROBLEM (II): HIGHER ORDER ESTIMATES

It is clear that the H?({)-solution of the linearized problem obtained in section
3 is not sufficient to yield a smooth solution to the nonlinear problem by nonlinear
iteration method. Hence, in order to deduce the existence of smooth solutions of
the nonlinear problem, one has to establish higher order the a priori estimate of
the solution of the linearized problem derived in section 3. However, since the
regularity of the coefficients of the equation in the extended domain is not sufficient
to establish higher order a priori estimates. One has to establish higher order
estimate in the cornered-space domain directly. But due to the violation of the
linear stability conditions of the boundary operator and the presence of the corner

singularity, it is difficult to derive higher order a priori estimate of the solutions, in
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particular, the estimate of the boundary terms. Based on the observation that the
boundary operators are co-normal and the vanishing properties of the coefficients
on the boundaries (see lemma 2.1 for details), one expresses the boundary terms in
terms of some commutators, which reduces the order of the derivatives contained
in the boundary terms. Then by the Gauss theorem and the trace theorem, the
estimates of boundary terms of the highest order derivatives of the solution can be
established.

In this section, we give a proof to lemma 3.2 by establishing the estimates of
the third and fourth order. Due to the corner singularity, the third and the fourth
order estimates cannot be derived by same manner, which is similar to the situation

in [18,19]. Hence they will be deduced separately in the next two subsections.

4.1. Third order estimate of the solution. In this subsection, we establish the
third order estimate of the solution obtained in lemma 3.1. Since the boundary of
the space domain is not smooth, it is difficult for us to find multipliers such that the
boundary terms on both sides of the corner point have good sign, which is different
from the initial boundary value problems on smooth domains. By the properties of
the boundary operator B and the coefficients of the equation (see lemma 2.1), we
can find suitable multipliers such that the boundary terms can be expressed as some
commutators, so that the order of the derivative of the solution is reduced. Then
the boundary terms can be estimated by control the commutators, which can be
done by using the Gauss theorem and integrating by parts with respect to the time

derivative. The third order estimate is summarized as the following lemma:

Lemma 4.1. There exists 65 > 0 such that if assumptions (i) — (iv) hold for § < d3,
then there exists a constant nz > 1 such that for any T > 0 and n > n3, the H*(Qr)
solution of problem (3.1) satisfies

> nle D0,y + €T IID*A(T, ) 720
|a|=3

1 —MnZz (0% —MnZz
S = Y ML) gy + €7 fllFrgap + I f im0l (1)

|a|<2

Proof. Since 0,, is tangential to both boundaries {z; = 0} and {2z, = 0}, one can
apply (3.26) to 0.,¢ to obtain that

S nlle D0 pl2 g, + € TID Oy pl ot

Jor| <2

1 —MNz (7
S = Z le™™ L(D aZO‘P)||i2(QT) + ||£(02090)|20=0||i2(§z)' (4.2)

lor| <2
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Next, we will consider the first order estimate of 02 ¢. It is clear that 92, ¢ satisfies

;

ﬁ(aZZZZ(p) = _[022227 »C]SO _I_ 82222 f, 1I1 QT,
B a2'222 = - 022227 B 9 F 5
02280 =0, on [y
820 (8§2¢) = 07 on Fo.

Via the equation and 0,,¢|.,—0 = 0, we can further derive the boundary condition
for 0,,.,¢ on {z2 = 0} as
1
8Z2 (8222230) = T—22(£ — 7’00830 — 27’028208Z2 — 27’12&21822 — 7’11831)&22(,0.
As required in assumption (ii7), we have r2 = rgy on {z» = 0}. Moreover,
(02,020, 02021200, 07,02y P, Ozg2p P, O, 2, ) Vanishes on {zp = 0}, since 0.,¢|.,—0 = 0.
As a result, we obtain

1
D= T—mﬁ(@zap) on {z = 0}. (4.4)

zZ

Multiplying 2e=27%09, 0% ¢ on both sides of (4.3), and integrating by parts over Qr,

20~ z9

one has

zo=T T
9 / €—2n20£(8§2 (P)azo 832 (,OdZ = [/ g 2n#0 H0d21d22:| - / / e 20 H, |21:0d22d20
o Q 20=0 0 JR+

T

—i—/ 6_2”ZOP2(Dg0)dz+2n/ e” 1% Hodz
QT QT

T
—2/ 7’226_2"208200§2g08§2<p|22:0dzldzo (4.5)
0
where

Hy = (02402, 01" = 111|0.,02,0[% — 122|0%,0|%,
H1 = 2((7”11821 + 7"12822)832()0)820832(,0, (46)

and P,(D&2,¢) is a quadratic polynomial in D92 ¢ with bounded coefficients. By
assumptions (i) and (i7), it is easy to see that Hy > C|DdZ2,¢[* for some positive
constant C'. Hence we deduce that

17/ 6_2”Z°|D032<p|2dz+6_277T/ |D0§2¢|ZO:T|2CZZ122
Qp Q

1
< / e (qn + 1)| DOZ,p|* + —|L(02,p[*)dz
Qp qn

T T
+ /0 /]R+6_21720 H1 ‘Zl:()ngdZO + /0 T22 6_277Z0 azo 832 @832 (,O‘Z2:0d21 dZO. (47)
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Next, we are forced to control the boundary terms on the right hand-side of the above
inequality. Employing assumption (iv) and the boundary condition that By = 0 on

{z1 = 0}, one arrives at

—Hi| =0 = —2r11((0:, + 7’3822)82 ©)0.,02,

1
27’11

= ——(bl& 82 (%2 + b28228§2¢)820822¢

bl Z1 Y29
BJ)0.,02,¢

2’/“11

- bl (‘LOQQQO( (822b1)8212290 + 2(822[)2)83290
(832[)1)82130 + (832 b2)azz 4,0) (48>

Therefore, by the Gauss theorem we have

T
/ / 6_2nZOH1|Z1:OdZQdZO
R+

/Q 9., ( -2"3027“22([632,61 0., 0)d=

= [ e () (0 B0t + 20,0 B0, i
Qr 1

_ / ez 22 r2 ([8327 B]‘P)azomazz pdz
Qp bl

T
<Cs / &0 0, (20, ey + 900 ) sz
0

_ / 720 22 ([02,, BJp) .y, O, o2
Qr by

<o e (0 ey 19500 o ) Eaydzo + K.

where

K=- / 0., (e (2, Bl). )=
“on [ R Bl o) + | a2, Bleio., s
+ /Q e—%zorbfa (102, Blp)0., 02 dz. (4.9)

By assumptions (i), (i7), and (iv) and (4.8), we have

T
KIS o((n+1) / e |20, )7y dz0 + € (T, ) i)
0
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T
+ 5/0 e ([0 220, a2y + 1 (20, )l () )d20- (4.10)

Hence we obtain

T
/ / 6_277Z0H1|21:0d22d20
0 R+

T
<8((+1) / &2 o (z0, ) s dzo + €2 0T, ) o)

T
+s / &0, 020, o (4.11)
0

Now we turn to estimate the last term in (4.5), which is the boundary term on
{2 = 0}. With the aid of (4.4) and the Gauss theorem, one has

T
—2 / / 2107998207, 00%, )| p=0d20d 2
0 Jrt
= —2/ e 21700, 02 oL(0.,0)dzod 2
0
— 2/ Dy (€720, 0% pL(0,,0) ) d2zdzy
Qr

=2 [ (0,3 pL(00) + 000, L(0u )it
Qr

Via integration by parts with respect to zy, we have

|1 = |2 / Oy (67212002 L(0.,0)) + €210 (2002 9 L(Dsyp) — 02 00,0 L(Ds, ) dz
Qp

< 9 / (10 oL(0.00)) rldzrdzs +2 / (10 0 L(0.00)) 1 —oldz1d2,

T / e 20| oL(,0) | + 2 / 20| 0, L(0.,¢)|d

T

56‘2’”/( 102, @lz=r " + —|£(8ZZ<P)|ZOZT|2)dZ122+ leollzrs @) + lerllze )

. 1
10 ooy + 20 / I qf0pl + 2L )Pz

Qp

4 / 210 (gl 0P o + |azO (00) )z (1.13)

By (3.23) and the fact that the coefficients of £ are W' (Qr) functions, we obtain

0 / €210 | £(D, ) [Pz 4 7T / 1£(0:00) |zo=1 " d21d 2
Qr «
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1 —2nz
<! / &0, £(0,y0) Pz + | £(0os) o220

n
1 o .
S E/Q e 2n O(Z |D Q0|2 + |£(az0z2@)|2)dz + ||022f|z():0||%2(9) (414)
g |a|<3

Combining above two inequalities, we are led to
| R ,Sq(n/ 6‘2”20\8§2<P\2dz+6‘2"T/ 102, ¢l 20=1[*d21d2,)
Qr Q

1,1 . .
+5(5/ﬂ 2D D% + 1L(Degap) )z + 1020 fz0=0 ] 2(c)
T

<3
+ 1022 flzo=0l1 7 2(0- (4.15)
Now we proceed to the estimate of Ry. In fact, one has
Rl <2 [ 200,000, L(0.,0)|d2
Qp
1
< [ ol o0, L0. )
Qr qmn
—oms 1 a
< [ et + o (L@P+ 3 DYz (416)
o & jal<3

Then inequality (4.16) together with (4.7), (4.11), (4.12), and (4.15) yields the

following estimate

0 [ DB+ [ DOy rd
Q Q

T

~Y

1
</ e (qn + 1)| DIl + —I|L(0%,0")dz
o a1

+0((n+1) / e™|p (=0, ) Is(0y dz0 + €7 (T ) s o)

Qp

5 / &0, 020, )
Qp
+ Q(n/ 6_2n20(|8§2¢‘2 + |820822S0|2)d’2 _'_ 6_2nT/ ‘822@|20:T‘2d/21d22)
Qr Q

1,1 . .
+_(_/Q eI D+ 1L(Degeap) |+ [L(02,0) )z + 1024 200 Z2()

¢ |a<3
+ 1102, £ lz0=0ll72(5)- (4.17)
Note that
1
02,050 = —(L(D9) = D 14j050:9), (4.18)

" (i )A(LD)
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1
000 = —(L(Dp) = D 13j00:,9). (4.19)
11 o
(4,5)#(1,1)

So if we select g and ¢ properly small and then 7 appropriately large, the third order
derivatives on the right hand-side of the inequality above can be absorbed by the

34

left hand-side terms. Therefore,

0 [ ool + 0z + e [ (o
Qr Q
577/ e 21| D2 p|*dz + e~ 2"T/ | D2 p|*dz1dz

Qr

+ Z (7]/ e 21| D0, p|*dz + e_Q”T/ | D0, P dz1dzs)
Q

2 0. 0" + |02 o) dz1dz

oj<2 79T
+ > (n / e 20| DY|2dz + e~ 1T / |D%p|*dz1d2y)
oj<2 79T @

2
+3 0 / 0| £(0,,0) 2z + ¢ / £(0.) P dz1dz). (4.20)
=1 T

Then it follows from (3.23) that
2
S [ e L@+ e [ (200 Pz
Q

i=1 Qr

2
—/Q (Y |D“s0|2+Z|£ (Ouizo) )z + Y 110=, flzg=0ll 20 (4:21)
T i=1

U
Substituting (4.2), (4.17) and (4.21) into (4.20), one has

0 [ e ol + 0% >dz+e2ﬁT/<| Ouuol? +105, )z,
Qp

|| <3

~

< / 210 (g 1 1)| D2 of? + —|£(82 ol?)d
Qr qn

T
+0((n+1) /0 ™l (z0, ) I3s0y dz0 + €™ (T )l ()

T
+5/ 2101024 0(20, ) || B2 20
0

T4l / 20108 ol 4 0., 0f?)dz + e 2T / 18 plr[2dz1dzs)
T

11 o o
+§(5/Q (Y D%+ 1L(Degeap) |+ |L(02,0) ) + (1020 om0 22

|a|<3

Q))
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1 —MnNZz o (7
= S e LD Py, + S0 ID ol

|| <2 o] <1
1
+ - / e (> | D)dz. (4.22)
o o] <3
To this end, we are ready to conclude the third order estimate. Adding (3.27), (4.2),
(4.17) and (4.22) together, letting ¢ and § be properly small and 1 be appropriately

large, we deduce that

Z (77/ 6_2nZO‘Dag0|2dZ+€_2nT/ |Dag0|20:T‘2d2122>
Qr Q

|a|<3
}:/ e\ L(Dg) Pz + 3 D flpmol2age (4.23)
Qr

| |<2 o<1

O

4.2. Fourth order estimate of the solution. In this subsection, we establish
the fourth order estimate of the solution obtained in lemma 3.1. For the fourth or-
der estimate, since the normal derivative of the solution contained in the boundary
term is one order higher than the one contained in the boundary term of third order
estimate, the representations of the boundary terms as the commutators are insuf-
ficient to derive the desired estimate. Hence more careful analysis and computation
is needed to establish the fourth order estimate. We summarize the fourth order

estimate as the following lemma:

Lemma 4.2. There exists 04 > 0 such that if assumptions (i) — (iv) hold for 6 < 4,
then there exists a constant ny > 1 such that for any T > 0 and n > n,, the H*(Qr)
solution of problem (3.1) satisfies

Y alle™™ D¢l + e I D%(T, )72
|or|=4

1 —nz (0% —nz
=3 e LD ey + lle™™ FllFrsgagy + I1F lzoll2 - (4.24)

|| <3

Proof. Since 0., is tangential to both boundaries, applying the third order estimation
(4.23) to 0.,¢, one has

> <n / 20| D0, plPdz 4 ¢ / |Daazoso|zozT|2dzm)
Qr 0

|| <3

Z / e | (DD )Pz + 3 1D Flaocol ey (4.25)

| <2 la<2
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Next, we will firstly derive the first order estimate of 92, ¢, i.e., the estimate of DJ? .
Then by the equation, we are able to control the other fourth order derivatives. It
is easy to verify that 02 ¢ satisfies

(

L(03,p) = —[02,, Ll + 03, f, inQp,
B(o? = —[03 | Blo, Iy,
( ZZQD) [ z2 ]SD on 1 (426)
20 =0, on I,
k8,20(82’2@) =0, on T.

Multiplying 2e~27%9, 92 ¢ on both sides of (4.26),, and integrating by parts over

20~ z9

Qr, one has

2 / e 210 L(D2 )0, 02 pdz
Qp

zo=T T
= |:/ 6—2U20H0d21d22:| + 277/ 6_2nZOH0dZ — // 6_277Z0H1|21:0d22d2’0
Q z0=0 Qr 0 JR*

T
—2// 6_277'20(7’22820832(,083230)|22:0d21d20+/ 6_277Z0P3(Dg0)d2 (427)
0 JR* Qp

where
HO = |820022Q0|2 - T11|az1a§290|2 - T22|a;12§0|2a (428)
Hl - 2(7“11821032@ + 7’1203230)8200323% (429)

and P3(D3? ¢) is a quadratic polynomial in D& ¢ with bounded coefficients. As-
sumptions (¢) and (i7) imply that

Hy > C|DO,e*  and  |P3(Dy)| < C|DI, 0" (4.30)

Hence by the Cauchy inequality, one has

0 [ DSz e [ D0l rPdedey
Qr Q
—2nz 3 2 1 3 2 4 —2nz
5 € ! 0(((]7] + 1)|D82230| + %|£(822(,0)‘ )dZ + e n OH1|21:0dZQdZO
0 JRT

Qr
T
+ 2// 6_27720T22820832g08§2()0‘22:0d21d20. (431)
0 Jr+
By assumption (7i7), we obtain
,
Hi|,=0 = 27’11(@182280 + Tﬁa;lz@)ﬁmagﬁo
1

= 2%8,2082230{61821 + 62822}83290
1
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= 2%8'20822%08832%0
1
= —2720,,0%,0(0%, Ble)
1
2
= —22—2128%5‘5’2@0 D (05 010,07 o + 050,03 R ), (4.32)
k=0

where [92,, B] is the commutator and we have used the boundary condition that
Bp|.,—o = 0 in the forth equality. For k£ = 0, 1,2, by the Gauss theorem, we deduce
that
g —2nz 122 3 k+1 2k
/ e ——0.,0.,0(02 01)0:, 0, "¢l —0dz2d2g
0

bl Z1 Y z9

/ 0., (7210220, 58 (08 1b,)0,, 02 0)d
Qp

z
bl 1Y z9

<5 / &2 (1200 (0, ) 2pscey + 1200 ) o) dzo
T

+ / 6_2"Z°%85;1610202102’2g08210§2_k<pdz
Qr 1
= 5/Q e ([10:09 (20, M) + l0(20, )3 dz0 + A. (4.33)
T

By integrating by parts with respect to zy, one has for k = 0, 1,2 that

A<| [ 020k 00, 00,00, i
Qp

z
bl z 129

—l—217/ 6_2"20@85;1b18210§’2g08 0% pdz
Qp

z
bl 1~ z9

n /Q e~ 2170 8,20(;_21285;—1 bl)azl 832 @821 ag;‘%&dz
T

z
bl 1Y 29

+ / e 0 2 80,0, 0% 0., 0% P pd
Qr

T
S 0 (T, ey + 50+ 1) [ € o, oo

T
5 / 210, 020, ) 5020, (4.3)
0
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where in the last inequality, we have used assumption (iv). By the same argument,
we can also obtain

T
/ o~ 2070 @8Z0822g0(85;1b2)8 2 | —odzadzg
0

bl 2129

T
5 56_277THSO(T7 )H%{‘l(ﬁ) + 5(7] + 1) /0 e~ 2n%0 HSO(Zov ~)H§{4(Q)d20

T
+s / 21500, 020, ) s 0. (4.35)
0

By estimates (4.32)-(4.35), we deduce

T
/ / 6_27720 H1|21:0d22d20
0 JRt+

T
ISKY (77/ ™2 | (20, )[40y 20 + €2 |l o(T, ')||12H4(Q)>
0

T
5 / e (1 (20, sy + 1920020, ) s )0 (4.36)

We still need to control the boundary term on boundary {z; = 0} in (4.31). By the

equation and the properties of the coefficients, we know

19202, pl0m0 = {L£ — 10002, — 2018z, — 11102, } 02,0, (4.37)
1 .
02,02, ¢|25=0 = 1 E0en) (1=0,1). (4.38)
1
02|y = —L(020). (4.39)

Therefore,

T
—2n2 3
// e “01990,, 05,005, 0| z—0dz1d 2
0 JR+
2

T
= // 6_277Z00Z0832g0({£ — 7“008220 — 27’0182021 — 7’11021 — Zr,@zz}ﬁigp)dzldzo
0 JR+

1=0

= Il + IQ + I3 + I4 + 15. (440)

For Z;, by the Gauss theorem, one has

|Z,| = 0., (€72100,,02 L2 p)dz

V4
Qr

IA

/ e 29, 8;)’2 ©0., (E@i p)dz| +
Qp

/ 2100, 94 HL(02, ) d
Qp
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T
o 1
5/0 e 2170(%||822£(83230)(207')H%Z(Q)+anaZo(p(ZOv')H?ﬂ(ﬂ))d’zo

~

T
Comso s L
</ e 2’7°(%I|az2£(5’32s0)(z(),-)II%m)+qn||5’zo<ﬁ(20>')||?13<n>)d20
0

B 1
Te 20T (qHam(p( f)“%z(ﬂ) + §||£(8324P)(T, ~)H%2(Q))

+ / a 2nz08 2(,0;&(8190)) te 27720(27784 ¢£(8§2¢) - a§2¢azo£(a§2
Qr

39

©))dz

T
. 1
+ n/o e 0|02, (20) 1120y + gllﬁﬁiw(%)ﬂiz(md% +[1D* fli=ollZ2 ()

T
+/0 6_2’72‘)( H&ZO (82,) (20, )||L2 )+ anlle(zo, )H%ﬁ(ﬂ))d%-

By the boundedness of the coefficients of £, we know that

T
/0 €720 (1102, £(82,0) 2 + 10:0L(02,0) 1720 )20

T
5/ 2 Y ID%(z0, M) + D IIL(D9) (20, ) [Zeey | do.
0

lal<4 lal<3

With the help of (3.23), one gets

T
" /0 L gl oy e + T IL@E )T ) 2y

1 /T ;
< 5/ 212010, L(02 0) |22y @20 + I1£020) ool
0
1 /T ; X
5 ;/0 e 2n O(HE(azoai )H%ﬁ(g) -+ Z HD ()OH%Q(Q))dzO
| <4

+ ||832f\z<)=0“%2(9)-

Combining (4.41), (4.42) and (4.43), we deduce that

(4.41)

(4.42)

(4.43)

T <qn / 0 3 Doz, )2y dzo + T S [1D%G(T, ) 22

|a|<4 |a| <4
1 g —2nzo « « 2
+— [ e Y ID%(z0, ) Za) + Y 1L(D0) (20, ) IZ2(y | do
am Jo ol <4 la|<3
1 g —2nzo « 2 « 2
+— e Y L) (20, 20y + Y 1D (20, ) IF2(y | do

T Jo <3 <4
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1
+ 6||a§2f|zo:0||%2(9)~
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(4.44)

Since both Z, and Z3 contain the time derivative 0., by the argument similar to the

one used for Z;, we obtain

| Zo| + |Z4]

Sq n/ e N | DYl[320ydz0 + €7D ID*(T, )10
Qp

o] <4

1 T
N / 6—21720 HDa
an Jo Z

o] <4

1

1 Jar al<3

1
+ 6’|8§2f|20=0||2L2(Q)'

e

o <4

(20 2y + Y I£(D*)(20) 72y | do

| <3

DY) 720 + Z I1D*@l1 720 | d20

o] <4

(4.45)

To estimate Z,, we can not directly use Gauss theorem and then integration by part

since 02 02

with respect to zy, 02,

¢ does not contain the time derivative 0,,. Instead,

we integrate with respect to 21, since 0., is also tangential to I'y. Actually, one has

74| <

T
/ / azl (6_27720 E£(8z022@>821 822 QO) ledZO
0 JR+ T'22

-~

T
+ / / e~ 2n%0
0 JRT
N

~
Tan

D, (L0, 0)0:0 02, odzydzg

By Cauchy inequality and the trace

Ly

T'29
ZZQ
g 11 3 2
+ // e 20, (—) 0,02, 00,03, pdz1dz| . (4.46)
0 JR+ 22
Tas
theorem, it is easy to see that
4 —onzo 11 3 2
e O(—)az()022g0821022g0(20, Oa O)dZO
0 22
g 2 711 2
/ 2o ( L)@ 9B o)B(E2 ) (20,0, 0)dz| (4.47)
0 b1739
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where in the second equality, we have used b3(0,0) = 0. It is clear that
B(0Z%,0) = 2(02,010:15,0 + 02,b202,50) + 0220105, 0 + Oy 020y 0. (4.48)
From the boundary conditions
Bol.,—0o =0, 0.,¢|.,—0 =0, and by(0,0) =0,
one can see that
0212,0(20,0,0) =0 and  9.,(20,0,0) = 0. (4.49)
Combining (4.48) and (4.49), one has
B(92,¢)(20,0,0) = 20.,b3(0,0)3.,2,(20, 0,0).

By assumption (i), we conclude that B(92,¢)(z,0,0) = 0. Hence we have Z,; = 0.

Noticing that 0., and its tangential derivatives vanish on {z; = 0}, we have
E(azozzgo) |Z2=0 = {_[8207 £]82290 + aZo (£(82230))} =0

= _((2(820T02)820822 + 2(820T12)82122 + (8207"22)832))82230”22:0
— 02072022, 0] 29=0 + Oy (L(0250)) | 20=0- (4.50)

So by integrating by part with respect to zo and recalling (4.38) and (4.39), we have

T
Zys < // 26_2’720E ((820217‘02)820852@ + (8207‘02)82021832@) 821832g0d21dz0
0 Jr+

22

-~

'

J1

T
T
+ / /7L 26_27720& ((820217"12)82183230 + (8207"12)82183290) azlagggodzldzo
0 R

22

-

'

J2

T
+ / / 26_27720 E ((82021 7”22)82230 -+ (8207’22)821 822 QO) 821 832 (deleO
0 JR+ 722

>

J3

T
+ / / 9¢~20 11 (D221 72) 02,0 + (D2y72) 0, 02, 0) 0., 02 pdz1dzg
0 JRTF T'22

S

N

[

T
+ / / 2220 1L (02921 L(02,0) 02,02 pdz1dzy
0o Jrt 2

g . (4.51)

>

-~

Ts
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We estimate J; term by term. By the Gauss theorem, it is clear that

J = / 822 <26_27720E ((82021 7”02)82083230 -+ (8207”02)82021 832 (p) 821 832 (p) dZdZO
Qr

T'22

IN

-
/ 0., (26_2”202(820217’02)820832 ©0.,02, @) dzdzy
Qp

22

-~

~
J1,1

+ / 822 (26_27720 2(8207’02)@0@ 822 @821 822 QO) dZdZ(]
Qr 722

- -

WV
J1,2

. (4.52)

By simple calculation we have

Ji1 <

/ 26—27]20 022 (E) (62021 ’["02)020 (932 80821 632 QPdZdZO
Qr

T'22

,
+ / 2¢~ 270 r_: (Ozp2120702) Oz 832 00, 832 pdzdzy
Qp

,
+ /Q 26_2"Z°ﬁ(820217"02)820832<p8218§2<pdzdzo
T

T'29

,
+ /Q 26_27720A(820217”02)820832(,08218§2<pd2d20 :
T

T'29

By the Holder’s inequality, one has

T
71,15/ €200z, 70220, ) 22102002, 0 (20, )| L4102, 82,020, ) | Lad 2
" T
- / €210 1022002 (20, )| 21102002, 0 (20, ) | 2411 02, 02, (20, -) || Lad o
OT
- / €10 18,2, 70220, ) || 241102002, (20, )| 221192, 92,0 (20, ) | Lad 20
OT
+ /0 210|020z, 702 (20, )| 22102002, 0 (20, ) L4102, 82,20, ) || L2 d 20

T
s&A e (1102020, ) s + 1000, ey ) 2o, (4.53)

where in the last inequality, we have used the Sobolev embedding H'(Q) — L*(2)

and assumption (4i). Similarly, one deduces that

T
Fia 56 [ e (10ptea Mioiay + o, M) do
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+ . (4.54)

/ e~ 210, 10202, 8;’2 0., 832 wdzdz
Qp

(. J/

~~
JEQ

Integrating by part with respect to 2y, one has

Jia S

/ 0 (6_277208ZO7°028210§’2Q08210§2Q0) dzdz
Qr

+n / 6_2’72‘)8207“0282102’2g08210§2g0dzdzo
Qrp

+ / € 21700, 1020, 02 00, 02, pdzd 2
Qp

+ / e~ 2170 830 7020:, 822 0., 832 wdzdzg
Qp

By the Cauchy inequality, one deduces

_ 1
TPy Se 2 <Q||azla§280(T> ')H%?(Q) + §||azla§2<ﬁ(T> ')H%?(Q)) + ||900||%{4(Q)
g 2 2 1 2 2
+1n /0 e <q||0Z1(9§2<p(20, Mz + 5||3Z152280(Zo, ')||L2(Q)) dzg

T
_'_/0 O (Hazl&i (Z(Jv ')H%Z(Q) + H@ozlazfﬂ(zoa ')H%%Q)) dzo

T
+5/0 102,02, 0(20, 120y + 1104 0Z, (20, ) |12y d20- (4.55)
Combining (4.52)-(4.55), we obtain

T
Fi S 6+1) / e (1102000, My + 19 Gos ey ) d2o

T
+ (g +1) / 102,02, (20, ) I72dz0 + ge™*" 10, 02,0 (T, ) I72(0)
0

1 g -
+ 6 <77/0 ||8218§2(,0(20, ')||2L2d20 te 277T||8218§2(p(T, )H%%Q)) : (456>

For 75, we have

T
Tom | [ [ 20T (@) o+ (0ria)8,2,0) 0,02, s
0 R+

22
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r
_27720 11 Zozlrm)azl&zQwa 02, pdz1dz

]R+

721

9p—2nz0 11 Lt 8207‘12)82 52 00 52 pdzidzy| .

21 22 Z1% 29
R+ 722

(4.57)

-

~
J2,2

By the Gauss theorem and assumption (i), it is not difficult to deduce that

Jop =

,
/ 0., <26_2’720ﬁ(820217"12)821822g0821832g0) dzdzy
Qp

T'22

T
< / 21500, 11 (20, 019 02, 0 B 20
’ T
b [ eI rialen, o 10200, o
OT
+/0 €21 |02021m12 (20, ) | £a() 1024 02,0 (20, *) || L2(0) |02, 02, (20, ) || L4y d 20

Z1 22

T
<5 / e1200,08. (20, ) 21y 2 (4.58)

where the Sobolev embedding H'(Q) < L*(Q) is used in the last inequality. For

J2.2, one has

Jo22 = / /+ _2’720 n 8 0T12)0x, ( 3,31822 }2) dzdzy
R

T
< / / 0., (6‘2”202(8207"12)‘8218§2g0‘2) dzdzg
0 R+ 22
T
+ / / _2’7208 ( ) 0207’12 }021822(,0‘ ledZ()
R+
322,2
T Iz 111 9 2
+/ / e 20— (02, 712) |02, 02, 0| dz1dzo)| - (4.59)
0 JR+ 722

We claim J;', = 0. Indeed, applying 92, to the boundary condition By(z,0, 22) = 0

and letting 2z, = 0, one has

010,02 0(20,0,0) = (B2, ¢)(20,0,0) — b202 0(20,0,0). (4.60)
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By (4.48), (4.49), and assumption (iii), it is clear that (B92,¢)(2,0,0) = 0, b3(0,0) =

z

0, and b1(0,0) = —1 # 0. This together with (4.60) imply that 9.,02, ¢(z0,0,0) = 0,

z

hence our claim holds. For [J3,, by the trace theorem and assumptions (i) and (i),

one obtains
T
72, < / &0, 02,020, )2 i 0. (4.61)

By the Gauss theorem, the Sobolev embedding theorem, and assumption (i), we
deduce that

\723,2 = / 0z, (6_2’72{’2@0217“12 }8210§2g0}2) dzdz
Qr 22
T
5/ 6_21720H82021Tl2(zoa')HL2(Q)’|821822Q0(ZO,~)Hi4(ﬂ)dz0
0
T
+ / 6_27720 ||0202122r12(2:0’ ) ||L2(Q) ||821032g0(2;0’ ) ||%4(Q)d20
0
T
R A OB [N X T ORI X O Ty et
0

T
6 [ 00,02, (o My (4.62)

Hence we conclude that
T
TG+ [ 0,0 000 ) e dzo (4.63)
0

For J3, one has

T
j3 = / / 26_277202 ((820217’22)83230 + (8207”22)821832@) 82182230d21d20
0 R+

T'22

IN

T
/ / 9e~ 2170 11 (0921 7’22)82’2 00, 8?2 wdzydzy
0 JR+ 722

-~

J3,1

+

T
/ / 2e210(0,,199) 0, 82’2 00, 8?2 wdzi1dz) . (4.64)
0 JR,

- -

'
J3,2

By the Gauss theorem and the Hoélder inequality, it is not difficult to see that

T
73,15/ €110z, 722 (20, ) || 220 102, 0 (20, )| 230|921, 02,0 (20, ) || a2y d 0
0

T
+ / €210z, 2722 (20, ) | L2 102, 0 (205 ) || L) 1|91, 02,0 (20, ) || Loy d20
0
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T
+/ €210z, 722 (20, ) | L2 105, (20, ) | 120 |92, 02,0 (20, ) || Lageyd 0
0
T
+/ €210z, 722 (20, ) | L2 102, (20, ) | L3 192, 02,0 (20, )| L2(0yd 20
0

T
=) / &2 (110220, ) 3 @) + 1005020, Wi ey ) 0. (4.65)

For J52, the Gauss theorem cannot be used directly, since it contains fourth order
derivative 0,02 ¢ on boundary {z; = 0}. Therefore, we use (4.38) to replace 0,02 ¢
in Js52 and then apply the trace theorem and the Cauchy inequality to derive the
estimate. In fact, one has

2e7 2170 ZOT”ﬁ(alezgp)a 0% wdzdz

217 z9
R4 22

J32 =

< / € 21110,2,722 (20, ) || 2a(@) | £(0212,90) (20, )| £2(60) 102, 02,0 (20, ) || 202y d 20
0

T
+/ €| L(Dz1209) (20, )220 19:1 O, 0 (20, ) | L2y A0
0
T
+ / 6_21720 ||822£(82122§0)(Z07 ) HL2(Q) ||8218§2(,0(Z(], ) HL2(Q)dZ0
0

T
+/ ™| L(0z120) (205 )| 1200 192, O, 0 (20, )| 22y 0.
0

By the Cauchy inequality and assumption (iz), we have

T
Tz2 S (0 + 1)/ e 270 (1020 (20, ) | 30y + 1102020, )2 () 1 (20, )l a2y dzo
0
g —2nzo 2 1 2
+ . € q77|| 21 22 (ZOv')HLQ(Q)+_||822£(82122<p)(z07'>’| dz
< <5—|—1+q7]+ ) Z/ ™21 || D20, ) |32y A0

o] <4
1 T
+—=> / e~21%0 £( D0 (20, -)||2dzo. (4.66)
qmn
|| <3
Combining (4.64)-(4.66), one deduces that

%S(5+1+qn+ )Z/ 2750 D% (20, )22y 0

|a|<4

Z/ e[ L(DY0) (20, ) |2 () d0- (4.67)

|o¢\<3
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Noticing that J; contains no derivatives higer than third order, it can be estimated

easily by the Gauss theorem, the trace theorem, and assumption (iz). In fact, we

have
Ty = 26_27720% ((D292172) 02,0 + (0272) 02,02, ) 9., 0%, pdz1dzy
R+ 22
G+1)S / 20| D20, )23y d20- (4.68)
|a|<4

For Js5, by the Gauss theorem, one has

T
Ts = / / 9¢~20 11 (02921 L(02,0) 0., 02, pdz1d g
R+

T'29

— / ., (26_27720 1 (02021£(022g0) 8Z1022g0) dzdz
Qr

22

_ / e, <“1) (Drey L(0,0)) 02,02 pdzd 2
Qp

722
T
+ / 22170 <E> (029212 L£(02,0)) 02,02, odzdzy
Qr 722
J5,2
+ / 2210 <E> (02921 L£(02,0)) 02,02 odzdzy| . (4.69)
Qr 722
J5,3
By the Holder inequality, one has
T
T5.1 ,5/0 210 (D221 L(929)) (20, )| 12(@) 102,02, 0 (20, ) | 20y 20
SO+1+aqn / e Z 1D%p (20, - HL?(Q dzo
|a| <4
e 2 2
+ % e nzo”‘ﬁ(aZoZﬂﬁD) (ZO> ')HL?(Q)dZO' (470)
0

where we have used assumption (77) and the following fact:

azkzl ('C&ZZ gp) = (8Zk£)82522¢ _'_ (azl'C)&ZkZQSO —"_ (8'3]@2['5)822@ _'_ 'C(&ZkleZSO)’ (471>
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where
2
0:, L= 01450, (4.72)
i,j=0
2
8sz5£ = Z 8Zkzlrij82izj' (473)
i,j=0

Integrating by parts with respect to zy, we have

\7572 < / aZo (26_27720 <?) (azwzﬁ(azz%o» 8216,2290) dzdz
Qr 22

>

~~

1
NER

/ 2e 2070 (m) (8z122£<82230>821832 )dZdZo
Or 722

(. J/

N~
2
‘75,2

+ 2n

+ / 2e~21700), (”1) (02122 L£(02,0) 8., 0% ) dzdzo
Qrp

22
72,
+ / 220 <E> (02120 L£(02,0) D2, 02, 0) dzdzy| . (4.74)
Qr 22
T4,

It is clear that

1 T
T <e /
Q

N () R0 [N P O

S (g +0) Y ID (T, )72 Hﬁzﬁi( I?
|a|<4
+et (qn 102402, 0(T, Iz + ||ﬁ(5zlf922%0)( v')H%Q(Q))

+ Hf‘Zo=OH§{3(Q)

e (a+0) D IID (T )E2qa +—||£<5Z1 020)(T )

|a|<4

1 .
i (qn+%) / 200,002 (20, ) o
0

+ 11 flz0=0ll 30 (4.75)
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In the above estimates, the Cauchy inequality and inequality (3.23) are empoyed,
and 0 comes from the L*-norm (which can be bounded by the H'-norm) of D%r;;.

By a similar argument, we can also deduce that

T
T2 S 77/ e ( 2 1£(0:,0%,0) (20, )1 + 4?10, 0, 0 (2, )Ilizm)> dzo
0

T
1 (0%
+n/ gllazﬁiw(Zo,-)lliz(m + (g +8) D 1D (20, ey | d2o
0

o <4

T
5/ e Hﬁ( - 0%,0) (20, T2y +0(a+0) D 1D (20, ) 72y | d20
0

|a|<4

+ —/ _277'20 Z HD Z(], ||L2 dZo (476)

|a|<4

By the Cauchy inequality, it is not difficult to see that
Tog + Taa

T
o (1
S / e~ (—||£<aZ1a§2so><zO,->||%zm> +qn||ama;w<%,->||%zm>) dzo.
0

/ 6_21720 Z ||D Z(), ||L2(Q dZQ (477)

|| <4

Combining (4.74)-(4.77), we are able to conclude that

T5 S q—/ ™10 N " ||L(D*¢) (20, ) |[F2(d20

|| <3

1
; (5+(q+5)77+%+1) / 20 3™ D% (20, ) ey d2o

|a|<4

_ . 1
+e [ (g+0) Y IID*e(T, ) 720 q—nQHE(@zﬁi T, )20l

|a| <4

1 o
+ (qn+%)/0 ™1 10202402, (20, )72y @20 + | flzo=0ll o). (4.78)

Collecting the estimates of J1,- -, J5, we obtain the estimate of Z, 5:
1
Tin S — Z / e 2| L(D¢) dzdzg + (— +qn) Y / ~2120| D | 2dzd
| |<3 an o] <4

+ ||f|20=0||§{3(9) +(1+ q772)||800||%14(9) + ||<P1||H3(Q)
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r o
+— e He(T, M) + D 1LDM)e(T, )| 720
an || <3
+qe” o (T, ) e (4.79)

For Z, 5, via (4.38), the trace theorem, and the Cauchy inequality, one has

T
14,35/ 6‘2"Z°< 1£(0:0200) 211 0 +qn!l818§2¢!|?{1(9>) dz
0

—2nz o 1 TNz o
< Z /Q 20| £(D%p)|?dzdzy + (% +q77) Z e~ D 90||%2(QT).
T

\a|<3 |a|<4
(4.80)
Now the sum of the estimate of Z, 1, Zy 2, and Zy 3 yields
7)) S — Z / e~ 21%0| £ (D) |*dzdz
\a|<3
( +(@+0)n+d+1) Z / —2120| D\ *d zd
an |a|<4
+e 2 (g + )T, ) Iiay + Z IL(DYe)(T, )72y
|| <3
+ 1| Flzo=o0ll7r2. - (4.81)
For Z5, by (4.38) and the trace theorem
—2nz 3
5| = //[R+ " 08208224,027‘Z .02 pdzidz
2
_ // —277zo zozzSp) Zrlazlai pdzydz
R* i=0
s [ e ( 1€0u M+ o M )
0
T
+ [ e ot iz
0
g 2
< / o | Sl + X 10D | de
0 la|<4 la|<3
(an+1)> / 210 | DR 24 2, (152)

|| <4
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where in the first inequality, we have used the Cauchy inequality. Gathering the

estimates of 7y, Zo, - - -, Z5, we finally have

T
—2 3 4
// (& 77207’22820822()0822g0|22:0d21d20
0 JRT

T
<q n/ e N " D32y dz0 + €Y I DY(T, ) I 2(0
0

<4 <4
b L [ (S D%l + X D% o | b
|a| <4 || <3
- / 0 (57 £(0%0) Zaey + 3 1D ey | d
|| <3 |a| <4
1 — [0
L2 T ) By + 3 D) ) B
7 lal<3
_ 1
+0o(T, Ny + 5 10 el ) (4.83)

By (4.31), (4.36), and (4.83), we obtain the estimate of D2 ¢, i.c.,

0 [ e DE ez + e [ (DO Pdedey
Qrp Q
T
<5 <n | e oo Mrsadza + (T, ->||%14<m>
0

T
5 / &2 (|20, ) sy + 1050220, ) sy ) 2o
0

+ )Y [ Dz S 1D
oo <4 || <4
+— / =20 (S D% () [y + 3 ILD%6) (20) ey | o
ol <4 la|<3
1 - (07
# e T + 3 £l
ja|<3

1
+ gllaﬁzflzo:ollim- (4.84)
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By applying the equation,

162,02, 01 S 1L(02,0)| + DOl + Y [D0syl,

|a|<3

|a§18@90| N |£((921Z2<,0)| + |0§1632<,0| + |aZ1a§290| + Z |Da@2090|

|| <3

SLOan )| + [L(O%,0)| + DOl + ) D04,

|| <3

(4.85)

(4.86)

04,01 S 1£(De1e0p)| + 1L, 0)| + |L(DE )| + DO, 0| + Y |D0.yipl. (4.87)

|| <3

It is clear that 0% 02,¢ can be bounded by the estimated terms, namely, the deriva-
tives of 0., and 9.,¢, and the commutator. Then 92 8.,¢ and 9; ¢ can be also

bounded by the controlled terms. In fact, one has
17/ 2"Z°|02 8Z2<p| dzdzy + e_Q"T/ |0§1832¢|ZO:T|2d21d22
Qp
_'_77/ 21720‘ 21 2230|2d2d20 +e 277T/ ‘ zz(p‘zo=T‘2dzle2
Qp

+17/ 6_2"Z°|0§1<p|2dzdzo + 6_2’7T/ |8§‘1g0|ZO:T|2dzld22
Qp Q

Jor| <2

+77/ 2nzo|Da 2()0| dzdzg + e~ 277T/ |D8§’2¢|ZO:T|2dzldz2
Qr @

o <3

By (3.23), we have

o] <2

1
Ui

|| <2

S (77 /Q e L(Dp)Pdzdzy + e /Q Iﬁ(D%)IzozTIdelsz)

Z <17/ 6_2"Z°|£(D°‘g0)|2dzdzo+6_2"T/ |£(D“¢)|ZO:T|2dzld22)
Qr Q

S <— /Q e 110, L(D¢)|*dzdz + IIE(D%)\ZFoHizm))

+ Z <n/ e~ 21| D0, p|*dzdzy +e_2’7T/ \Dzaazogo|20:ﬂ2dz1dz2) . (4.88)
Or 0

Z / e 10| L(DYp)|*dzdz + Z / e 1| DYl dzdz.  (4.89)
Qr

\a|<3 \a|<4

It is clear that the left hand sides of (4.25), (4.84), and (4.88) cover all the fourth
order derivatives of ¢. Hence by adding up (4.25), (4.84), and (4.88), we obtain
a estimate of all the fourth order derivatives, but still with D*0.,¢, D2 ¢ and
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L(D%p) (|a] < 3) (which have already been estimated) on the right hand side of the
estimate. The resultant inequality is too long, so we omit to write it down. Then
we substitute the estimate of D*0.,¢ (Ja| < 3) in (4.25), the estimate of DJ? ¢ in
(4.84), and the estimate in (4.89) into the right hand side of the resultant estimate.
Next, one firtstly chooses ¢ and ¢ properly small, then chooses n appropriately large,

one deduces that

> <n [ e ipnpPdzaz e | |Dw|zo:T|2dzld22)
Qr Q

o] <[4

1
S ("/ LDy Pdzdza + e [ |£(D°“so)|zozﬂ2dz1dz2>
Q Q

al<3 T
+11f 1z = Ollz0- (4.90)
U

Combining lemma 4.1 and lemma 4.2, it is easy to see that lemma 3.2 holds.

5. THE NONLINEAR PROBLEM, PROOF OF THEOREM 2.1

In this section, based on the well-posedness of linear problem (3.1) in Proposition
3.1, we will establish the existence of the non-linear problem by constructing an
iteration scheme. The iteration scheme admits an approximate sequence of the
solutions. Then by showing the sequence is bounded in the higher order norm and
contracted in the lower order norm, one shows that the sequence converges to the
desired solution. Hence theorem 2.1 is proved. First from Proposition 3.1, we have

the following theorem:

Theorem 5.1. Under assumptions (i) — (iv), there exists a smooth solution to (3.1)

and there exists a constant > 0, such that for n > n and any T > 0,

> (n [ e ipnpdzaz e | |Dw|zo:T|2dzld22)
Qr Q

la|<]4
1 . _
S = Z 77/ e~ 21| DP f (=0, ')||i2(9>d20 +e 2| D8 f(T, -)||i2(9>
" 1<a 0
+ [ flz = 0||?{3(Q)~ (5.1)

Proof. Note that

L(D%p) = —[D*, L]lp + D*Ly = —[D*, L]p + D f. (5.2)
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For the commutator [D%, L], it is clear that
2
Z Da ’T’Z] Z]QO T,]Do‘awgp) . (53)

By the Sobolev embedding theorem and assumption (ii), one has

ID%, Ll 720y S 1050170 - Z IDP® |72y | + 1DBijep - D*® |72
|B<4]

+[1D%030l[72(0) 1 D*®[[oe 0

S 3(llellir @) + 1002l + 102l ) + 1Dyl 70 () - 1D @ll7a0y

S 5(||<P||H4(Q + Hazo‘PHHB(Q + o 0<P||H2 )+ ||Daij80“§{1(ﬂ) ) HDs(I)H%{l(Q)

S 0(llelzr@ + 10200l @) + 1050l 520 + 105,15 @)

$6 > 107l (5.4)
|8]<4

where we have used the Holder’s inequality in the second inequality. Hence,

T
77/0 6—27720 || [Dau L](P(Zo, ) H%2(Q)d20 + 6_2nT|| [Dau L](,O(T, ) H%?(Q)

T
<6y (77/0 ™| D (20, ) |72y dz0 + e D (T, ~)H%z(m> - (5.9)

|3]<4

This together with (5.2) gives

T
n/ ™21 L(DYp) (20, ) p2(y d20 + €| L(D*)(T, )| 20
0

<5z< / 2"Z°||D%<ZO,->||%2(md20+e-2”T||D%<T,->I|%2<m)

|B]<4
+ Z ( / 2nz0HD5f(Zo, .)H%Q(Q)dzo + 6_2’7T]|D5f(T, ')H?ﬂ(g)) . (5.6)
181<3

Therefore for properly small ¢ and appropriately large n, we deduce that

> (n / e=21%0| D)2 dzdzg 4 €217 / \Do‘ap\ZOZT|2dz1dz2>
Qr Q

o] <[4

1 o, ~
S5 (n/ ™| D? f (20, ) |72y d20 + € 2"T||D5f(T,-)||%z(Q)>
0

2
T o
+ 1120 = Oll 33 (5.7)
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O
Lemma 5.1. For any smooth function v, we have
[e™"v] %{S(QT) < Z ||€_UZOD%||%2(QT) (5.8)
| <s
provided that ] v|.—o =0 for j=1,---,5—1.
Proof. For T' > 0, let
A(T) = / e~ 202z, (5.9)
Qp
Then one has
1
A(T) = —— [ (e727),,v3dz
2n Qr ’
1
= _% QT(€—21720U2)Z0 6_2nZO2UUZOdZ
1
< —2—6_2an vidzdzy + — e~ (qu* + =02 )dz
n Q Qr
< 1A(T) + L/ e~ 2170y dz. (5.10)
-2 212 Jo, 0
Hence we have
1
AT) < = / e 2102 dz. (5.11)
nJaor
Now we show (5.8) by the induction on s. For s =1,
He‘"ZOUHle(QT) = 7I2H€_WOU||2L2(QT) + ||€_nZODUH%2(QT)
< e vz |72 + le™ Dl T2y,
<> e D] 32q,- (5.12)
| <1
Now for k& € N, assume
le™™ 0] 7y < Z le™" D[ 720 (5.13)

loo| <k
We are going to show

He_nZOUH?{kJrl(QT)S Z He_moDaUH%Z(QT)- (5.14)
|o|<k+1



56 BEIXTANG FANG, WEI XIANG, AND FENG XIAO

Repeating the process for estimate (5.11) above m times where [v|? in A(T) is

replaced by |D™v|?, we have

T T
/0 e_Q”tHDaniz(Q)dt < n_zm/o e‘2nt||Dm+"vH%2(Q)dt, (5.15)
provided that dlv|;—o =0,1=0,1,2,--- ,m +n — 1. Note that
le™™ v Fns1 g0y = e 0l + D ID*(e™0) 7210y (5.16)
|o|=k+1

and

Y D™ )Gy = D I(=m)"e "D 0],

|a|=k+1 l1+lo=k+1

= Y ™D Faq, (5.17)

1 +1lo=k+1

So by (5.15), we have

Yo e D0l a0 < Y e DR e,

1 +1lo=k+1 l1+1lo=k+1
= S e D)y, (5.15)
la|=k+1
From (5.13), (5.16)—(5.18), we obtain (5.14). Therefore, we derive the estimate (5.8)
for any s € N by the induction method. O
Let (20, 21, 22) = 2:0 %zg, where ¢, = 850@|ZO:0, i.e., o = dy and o1 = o,

by the initial conditions in (2.32), and ¢, for & = 2 or 3 is defined by equation
(2.32), and the initial conditions. Then one defines a approximation sequence in the
following manner.

Let ¢y = 0 and suppose @, is given. Then ¢, is defined as the solution to the

following initial boundary value problem:

;

ﬁ(gbm + ¢)¢m+1 - Fma in QT,
Boya1 =0, on Iy,
Pm+1 1 (5.19)
a@@m—l—l = 07 on Fg,
\@m—i-l =0, azo@m—l—l =0, only,
where
2
LV =" a;;(DV)0, 0", (5.20)

1,j=0
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and

2
Fm = _E(@m + ¢)¢ - Z O‘Z(‘ﬁm + ¢)azz‘:5m (5'21>

i=0
By the compatibility conditions, we have By =0 on I'; and 9,,% = 0 on I'y. Via
Theorem 5.1, the sequence {@,,}7°_ is well-defined. Now, we will show ¢,,, converges

to some function ¢, and then @ + 1 is a solution to the non-linear problem (2.32).

Proposition 5.1 (Boundness in the higher order norm). There exist three constants
0o >0, n9>1, and Ty > 0 such that forn > ny and 0 < T <1y, and for alln > 0,
it holds that

4
le™ Eullsar) + e Y sup [105,En(20, vy < o (5.22)
0 0<z0<T

Proof. We will prove it by the induction. It is easy to see (5.22) is true when n = 0,
since € can be selected sufficiently small. Assume (5.22) holds for n = m > 0. We
will show (5.22) holds for n = m + 1. By (5.19) and Proposition 3.1, one has

4
||€_m°<ﬁm||§14(QT) +e 2 Z sup [|0F Gmr1(z0, ) || sra-r ()
= 0<z<T

c o, . I
SF le™ Fonll3s py + €727 1105 Fon(T, ) 550y | - (5.23)
k=0

By (5.21) and (5.22) holds for n = m, one has

&7 Fullfoar) < €l 6 lnane™ (5 + e ¢ )

+ 5585 + le Y s ap)- (5.24)
Similarly for k£ =0, 1,2, 3, we have
105 Fon (T, ) 3 x () < C'?e®™ (Cog + €2) + C'e 165 (Cog + €2). (5.25)

Select 19 > 1 such that CC'ny 2 < é and let T, be small such that e <
2. Then for oy < é, one sets 0 < ¢ < 9y in Theorem 2.1 small such that
[|e=m0204) (2, ')H%F’(QTO) < 62. So it follows from (5.23)-(5.25) that,

4
e Gnllfan + e D" sup (108G (oo Mmsey S5 (5.26)
k=0

_ 0<z0<T

O
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Let v, = @me1 — @m for m > 0, then v, satisfies the following initial boundary

value problem:
.

L1(Pm + V)0 = Gy in Qp,

Bu,, = 0, on {z = 0},
02U = 0, on {z = 0},
U =0, 0O,vm =0, on{z =0},

\
where

Gy = —[L(Pm + V) — L(Bm—1 + V)Y
— [ (P + ) — 2(Prm—1 + V)]0, Vi1
—[L1(Pm + 1) = L1(Pm-1 + )| Pm

(5.27)

(5.28)

Proposition 5.2 (Contraction in the lower order norm). Under the same assump-

tions in Theorem 2.1, there exist two constants n, > ng and T, < Ty such that, for

some o € (0,1) for allm > 1 and for n > n. and T < Ty, it holds that:
€7V g1y + €7 MZ sup 0% v (20, )l r1-x(0y
e 00<Z() T

1

<o | e vpallmar te” 2"TZ sup [|0% vm-1(20, )l m-x(0)
e 00<Z() T

Proof. Note that

[£(@m + ) = L(Pm-1+ )] Pm

2
= Z sz; Om +¢ O‘Z](me 1+¢)] Z]me
4,7=0
3

oagi
= Z <8kvm 1/ 8 aj ((,Om 1‘|"¢1+91)m 1)d9> awtpm

i,j,k=0

So for n > ng and T" < Tj, we have

le™ " [L(Gm + ) = L(Em-1 + V)|Pmll 207y < C(S0) € V1|l (r).

By a similar argument, we also derive that

fei(Pm + ) = @i(Pm—1 + )]0z vm-1ll 2(@r) < C00)lle™ " vm1l 1 (r)

and

le™ ™ [L(Pm + 1) = L(Gm-1 + V)P 20r) < C )€™ vm-1llmrp)-

(5.29)

(5.30)

(5.31)

(5.32)



UNSTEADY POTENTIAL FLOWS NEAR A CORNER 59

By (5.30)-(5.32) and the first order energy estimate (3.15), one has

1

e vl a1y + €72y~ sup (105 0m(z0, )| in-#(ey
1o 0<20<T

S 0(50)7]_1||e_’72°vm_1||H1(QT). (533)

Choose 7, > 1 such that o := C(dy)n;* < 1. Note that &y does not depend on the
weight 7. Then select T, < Ty such that e?*mT* < 2. we obtain (5.29) for n > 7, and
T < T,. This completes the proof of this proposition. O

Now, we are ready to conclude this paper by showing the main theorem.

Proof of Theorem 2.1. Proposition 5.2 implies that {@,,}>° is a Cauchy sequence.
Hence there exists a function ¢ € H'(Qr) such that for n > n, and T < T,

1
Tim | [le™ (G — @)l anr) + e Y1185 (B = D)llz=o.ranrey | = 0.
k=0
Moreover, Proposition 5.1 implies that ¢ € H*(€7). Hence by passing the limit
m — oo in the approximation problem (5.19), one deduces that @ + 1) is a smooth
solution to the non-linear problem (2.1). Moreover, by (5.22) and the assumptions
in Theorem 2.1, one has [[e™" (4 + )| g1(a,) < Cdo, for n > 1. and T < T.. This
completes the proof of Theorem 2.1. O
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