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Umbklapp electron-electron scattering in bilayer graphene moiré superlattice
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Recent experimental advances have been marked by the observations of ballistic electron trans-
port in moiré superlattices in highly aligned heterostructures of graphene and hexagonal boron
nitride (hBN). Here, we predict that a high-quality graphene bilayer aligned with an hBN substrate
features T2-dependent resistivity caused by umklapp electron-electron (Uee) scattering from the
moiré superlattice, that is, a momentum kick by Bragg scattering experienced by a pair of elec-
trons. Substantial Uee scattering appears upon p-doping of the bilayer above a threshold density,
which depends on the twist angle between graphene and hBN, and its contribution towards the
resistivity grows rapidly with hole density until it reaches a peak value, whose amplitude changes
non-monotonically with the superlattice period. We also analyse the influence of an electrostatically
induced bandgap in the bilayer and trigonal warping it enhances in the electron dispersion on the

electron-electron umklapp scattering.

Umklapp electron-electron (Uee) scattering is a funda-
mental process contributing towards the electrical resis-
tivity of ultraclean metals. In this process, a pair of elec-
trons interact via Coulomb repulsion and simultaneously
transfer momentum, fg, to the crystalline lattice, where
g is a reciprocal lattice vector (Bragg vector) of this
lattice. Taking into account this momentum kick, the
wavevectors of the incoming (k;/2) and outgoing (kg/4)
electron states satisfy the following condition:

ks+ki=Fk +ks+g. (1)

When such a process relocates a pair of electrons across
the Fermi surfaces, as illustrated in Fig. [1] (left-hand-side
panel), the resulting two-electron back-scattering gener-
ates resistivity, in contrast to “normal” Coulomb scat-
tering, which conserves the total momentum of the pair.
The Uee contribution towards the resistivity typically has
a T? temperature dependence [1I], but it is difficult to
otherwise vary its strength in metals, where the electron
density and a size of the Fermi surface are set by the ma-
terial’s chemistry, and the latter may not contain states
that satisfy the condition in Eq. .

With the availability of long-period superlattices, such
as moiré superlattices (mSL) in incommensurate het-
erostructures of graphene [2HI0] or twisted graphene bi-
layers [IIHI14], it becomes feasible to vary the electron
density across the range where Uee processes can be
switched on/off and, then, its strength substantially var-
ied. In a monolayer graphene/hexagonal boron nitride
(hBN) heterostructure, it has been observed that, above
a well-defined threshold density (which depends on the
mSL period and, therefore, on the twist angle between
graphene and hBN crystals), the rate of mSL-Uee grad-
ually increases, becoming a dominant factor in the resis-
tivity at room temperature [10, [15].
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Figure 1. Left: Umklapp electron-electron (Uee) scattering
by a moiré superlattice in BLG. er and €; are the Fermi
energy and saddle point energy in the first mSL miniband on
the valence side, respectively, counted from the conduction-
valence band edge. Right: The non-monotonic evolution of
the contribution, puee = T2f(n), of Uee scattering to the
electrical resistivity against electron density, n, for various
twists angles, 0, between graphene and hBN, at 7' = 100K
(Uee processes dominate when T' < |er|/kp, |er — €L|/kB).
Inset: Peak value of the Uee resistivity, whose magnitude,
pUer, is shown as a function of the mSL period, A (and 0).

Here, we claim that mSL-Uee processes are important
for understanding electronic transport in highly aligned
bilayer graphene (BLG)/hBN heterostructures, where
they make a substantial contribution,

puee x T?|n —n,|'/?, (2)

towards the resistivity, Fig. [ As for the mSL in mono-
layer graphene, this contribution appears only above a
threshold density, n., growing rapidly just above the
threshold. However, at higher densities and specifically
for bilayer graphene, the resistivity falls off with the den-
sity of states, which results in a prominent peak, pjax,
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in the density-dependent resistivity. The size of this
peak increases non-monotonically with the mSL period,
A, (maximum value for A &~ 13nm) as a result of the in-
terplay between the trigonal warping of the dispersion of
electrons in BLG [I6] 17] and the mSL periodicity. This
contrasts with the mSL in monolayer graphene, where the
Uee resistivity increases monotonically with both density
and mSL period [0, 15], puee x T?|n — n.|>/?, due to
the suppressed backscattering of Dirac electrons.
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where & = h(—i£d, + 0,) and p* = —h*(92 + 9;). The
first three terms are intrinsic to BLG, representing the
effective electron mass, m. = v1/(2v?) ~ 0.032m,, from
the intralayer (v) and vertical interlayer (1) couplings,
trigonal warping from the skew interlayer (vs) cou-
plings [21] and a parabolic shift which lifts the particle-
hole (eh) symmetry («) [22], respectively. The fourth
term represents an electrostatically controlled interlayer
potential asymmetry, A.

The final term in Eq. represents the effects of
the mSL sketched in Fig. 2] with harmonics correspond-
ing to the first star of mSL Bragg vectors, g,, ~ ¢ -
G, —b0e; x Gy,) (m = 0,1,---,5), where G,, =
%(— sin "¢, cos ") is a graphene Bragg vector. This
is parameterised by wug/q/3, corresponding to an energy
shift, gauge field and mass term in the graphene layer
closest to the hBN layer, respectively [23]. Each har-
monic, Mgm, couples plane wave states separated by gy,
which reconstructs the conduction and valence bands of
isolated BLG into minibands (see Fig. .

For electrons on a superlattice, Coulomb interaction
leads to mSL-Uee processes (see Fig. [I): two electrons
from one side of the Fermi line backscatter together to
the other side, receiving a momentum kick (g = g)
from the mSL. Such processes only occur when the size
of the Fermi contour is sufficiently large compared to
lg|, giving a threshold electron density, n., which de-
creases with the size of the mSL unit cell as seen in
Fig. [2| for the gapless spectrum with A = 0. The mSL-
normalised threshold, n./ng, (due to spin-valley degen-
eracy, ng = 4/A corresponds to one filled miniband) in-
creases non-monotonically with 6 as the isoenergy lines
become decreasingly concave with density, a consequence
of the trigonal warping and most significant when |n| <
2m2v3 /. This distinguishes the threshold behaviour in
bilayer graphene, pulling down from the value |n.|/no =
7/(8V/3) & 0.23 established for the the isotropic Dirac
spectrum of monolayer graphene. Also, it is important to
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The above predictions are derived by considering Uee
scattering in the BLG/hBN heterostructure sketched in
Fig. [2| enabled by the mSL at the graphene/hBN inter-
face, which period is determined by a § = 1.8% lattice
mismatch between graphene and hBN and a misalign-
ment angle, . Projecting onto the low-energy bands of
bilayer graphene in its K¢ valley (¢ = =), the electronic
properties of this system can be described by a 2 x 2

effective Hamiltonian, [2] [4], [T8-20]
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Figure 2. Left: The lattice mismatch (§ ~ 1.8%) and twist, 6,
between BLG and hBN gives rise to a moiré superlattice with
period, A = a/v/62 + 02, and unit cell of area, A = v/3\?/2.
Right: The mSL-normalised magnitude, |n.|/no (no = 4/A)
of the threshold density of holes, n. < 0, or electrons, n. > 0,
at which Uee scattering becomes possible due to a sufficiently
large Fermi line. The threshold density, n., was calculated as
a function of twist angle 6 taking into account the particle-
hole asymmetry in the BLG Hamiltonian (o = 0.15), and
compared to the symmetric cases of & = 0 and the monolayer
graphene superlattice (|n.| = 0.23n0).

consider the effects of a conduction-valence band asym-
metry in the bilayer dispersion, accounted for by the
third term in Eq. with @ = 0.15 [2I]. The latter
affects the concavity of the isoenergy lines, especially in
the first valence miniband, making the threshold density,



|nl, slightly different for n- and p-doping of BLG mSL -
see Fig.

In the following, we derive the amplitudes for mSL-Uee
processes, treating the mSL and electron-electron inter-
actions in the lowest-order perturbation scheme. This is
implemented for densities just above the threshold, n.,

J

In each diagram, the initial and final momenta are related

q .
by Eq. 1] g = V(q) = W is the screened Coulomb

interaction; M = My is an mSL interaction harmonic

which imparts momentum kick Ag; and - £ - is a propa-
gator of an electron in the virtual state [24H28]. To men-
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In this expression, k; = k;(cos0;,sin6;) is the wave vec-
tor of each electron (i = 1,2,3,4) on the Fermi line,
and v; its group velocity. In Fig. [I, the results of this
analysis are summarised for the vertically unbiased het-
erostructure, A = 0. The Uee contribution is isotropic
(pgge = pueedap) due to the C3 symmetry of the mSL.
Also, note that the “normal” (momentum-conserving)
electron-electron scattering suppresses higher order har-
monics in the non-equilibrium distribution of electrons,
so that accounting for Uee becomes the same as account-
ing for an additional momentum transfer from the accel-
erated electrons (by the electric field) in the scattering
time approximation (see SM). Here, we limit the analy-
sis of Uee to the density range of 0.1ng < |n| < 0.4ng,
excluding from the analysis electron-hole scattering at
the principal miniband edge and staying away from the
mSL-induced van Hove singularity, where the perturba-
tive treatment of the mSL interaction becomes inaccu-
rate [31 [32].

Typically, the Uee contribution in Eq. (5)), puee =~
T2f§n), rises rapidly above the threshold, f(n) x |n —
n«|*/2.  This singular behaviour originates from the
rapid expansion of the phase space around the incom-
ing/outgoing points in Fig. [2| with ks x k4 = 0 at the

gm

where the resonant mixing of plane wave states is negligi-
ble, and we neglect the reconstruction of the electron dis-
persion into minibands. We account for the four leading
Feynman diagrams involving Coulomb and mSL scatter-
ing of electrons off and back on to the Fermi level via an
intermediate virtual state,

tion, the mSL scattering amplitudes feature a particle-
hole asymmetry, generic for graphene/hBN heterostruc-
tures, with values typically an order of magnitude larger
in the valence miniband as compared to the conduction
miniband [2H5].

Equipped with the amplitudes in Eq. , we use linear
transport theory [10, 291 [30] (see SM) to calculate the
contribution of Uee processes to the resistivity,

k 2
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(

threshold. The exception is an initial interval of linear
scaling, f(n) o« |n — n.|, found for the mSL with a twist
angle in the range of 0.3° < 6 < 0.8°.

We also find that the interlayer potential asymmetry,
A, which opens a homogeneous bandgap in BLG [33-
36], has a pronounced effect on the Uee processes. The
gap promotes formation of three well-separated minival-
leys at the BLG band edges, which persist up to the
density |n| ~ 2m|A|?/(7y1). The separation of the mini-
valleys increases with |A|, thus, decreasing the threshold
doping density, |n.|, at which the Uee channel opens.
For example, in the aligned BLG/hBN heterostructure
(0 = 0) with |A] = A, = 75meV, the minivalleys are
separated by the %gm, so that Uee scattering transfers
pairs of electrons between these minivalleys even at small
doping (corresponding to n. = 0, as shown in Fig. 3.b)).

The results of numerical computations of the Uee resis-
tivity contribution, pyee, across a broad range of param-
eters are summarised in Fig. [3| c). We highlight the re-
gions where the resistivity is dominated by Uee processes,
excluding a butterfly-shaped region where thermally-
activated electron-hole scattering processes may domi-
nate. The wings of this butterfly, shown in the bot-
tom panel, differ for n- and p-doping, which reflects the
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Figure 3. a) Umklapp electron-election (Uee) scattering with
momentum kick, hAg, between the three minivalleys in the
valence miniband for non-zero interlayer potential asymmetry,
A, opening a gap between the minibands. The minivalley
edges are connected by g/2 when this system is aligned (zero
twist, § = 0) and |A| = A, (inset). b) The non-monotonic
evolution of the valence miniband threshold density, n., with
A for various twists, # = 0° to 0.9° from top to bottom, and
a =0.15 (n, =0 when 0 = 0 and |A] = A, =~ 75meV). ¢)
The temperature-independent component, f, of the dominant
contribution, pue. &~ T2f, of Uee processes to the electrical
resistivity against electron density, n, and A, with (o = 0)
and without (o = 0.15) particle-hole symmetry, respectively.
We exclude a (grey, dotted) butterfly-shaped region in each
panel where the contribution of other processes are significant,
whose wings are mirrored by zero layer polarisation (A = 0),
and charge neutrality (n = 0) when a = 0.

particle-hole asymmetry of the BLG dispersion (here, we
use a = 0.15 [22]), conversely being mirrored by charge
neutrality (n = 0) for a« = 0 in the top panel. Regardless
of o, the wings are mirrored by A = 0, where the wave-
functions feature zero layer polarisation. In contrast,
the Uee contribution differs for positive and negative A.
This is because the interlayer asymmetry gap (vertical

4

bias) shifts the weight of the low-energy electron states
towards/away from the bottom graphene layer, hence,
increasing/reducing the mSL scattering strength deter-
mined by the hBN crystal aligned with the BLG flake.
Also, as in monolayer graphene mSL, Uee processes are
much stronger for p-doping (first miniband of holes) than
for n-doping, due to the particle-hole symmetry breaking
by the mSL potential [2] [10]

Overall, we predict a strong contribution of umk-
lapp electron-electron scattering of moiré superlattice to-
wards the resistivity of highly-aligned BLG/hBN het-
erostrucutres, with a non-monotonic density dependence
near the Uee threshold. While the Uee role would in-
crease at higher temperatures, at low densities (near the
threshold) it will compete with electron-hole scattering
processes, promoted by electron-hole activation across
the conduction-valence band edge [37]. Hence, for a more
accurate description of the Coulomb scattering effect in
the resistivity of mSL in bilayer graphene, one would need
to account for both Uee and electron-hole scattering on
equal footing. Also, one may want to extend the Uee
analysis onto a broader range of miniband fillings, by
calculating Uee rates using the full details of the mSL
minibads spectra and Wannier functions, as attempted
for a model graphene superlattice [38]. Such a calcula-
tion may offer additional features in pyee(n) when ap-
proaching the opposite (high-density) miniband edge or
for deeper minibands, though, for quantititative validity,
that has to be performed using a mSL model with the
experimentally verified parameters [39].
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Supplemental Material for “Umklapp electron-electron scattering in bilayer graphene
moiré superlattice”

I. NON-ORTHOGONALITY OF MONOLAYER GRAPHENE HAMILTONIAN

The generic 2 x 2 Hamiltonian for the two sublattices of monolayer graphene, A and B, in the (A, B) basis is

o € —0f(k)
= (o "),

where €4, are the on-site energy of the 2p* graphene orbitals in each sublattice, A/B, 7o is the nearest-neighbour
hopping parameter, and

. : k
f(k) — elkya/\/g + 2672kya/(2\/§) Ccos <;a> , (82)

for plane wave states of momentum %k [S41]. The 2p* orbitals on each sublattice are non-orthogonal, so that we
derive the energy eigenvalues, €, and corresponding wavefunction, ¢, by solving the generalised eigenvalue equation,

H{yp(k)) = eS [u(K)) , (S3)

where the overlap matrix is

5= (e ). .

with s ~ 0.13 quantifying this overlap. We can orthogonalize this Hamiltonian using the transformation
N A A 1 -
H— S™YV2HS Y2~ H - SUH. S =1}, (S5)

to first order in S, where I is the 2 x 2 identity matrix, and {A, B} = AB + BA is an anti-commutator. This results
in an extra term in the Hamiltonian, syo|f(k)|?I, which breaks particle-hole symmetry.

II. EFFECTIVE TWO-BAND MODEL OF BILAYER GRAPHENE

The full 4 x 4 Hamiltonian of bilayer graphene accounts for each of the two sublattices, A and B, in each layer [S18|
S19. [S40]. However, in Bernal stacking, the A atoms of the top layer are directly above the B atoms of the bottom
layer (see Fig. 2 of the main text) and have a large interlayer coupling, v;. This results in two high-energy bands
(le] > 1) primarily located on these dimer atoms, alongside the low-energy bands primarily located on the non-dimer
atoms which dominate the contribution of Umklapp electron-electron (Uee) processes to the resistivity.

We use a Schrieffer-Wolff transformation to project the high-energy bands onto the low-energy bands, giving an
effective 2 x 2 Hamiltonian at the K+ points:

- =1 (0 #* 0 &), o1 (7% 0\ A[[1 0 1 (&% 0
o= o (er o) & 0) Tam Lo #t) 20 =) T Lo —aat) | B9

Note that we neglect a constant energy term corresponding to the mean on-site potential. Particle-hole symmetry

breaking is achieved by the third term (a; ~ 0.15), alongside a small, additional parabolic shift, %ffj[ (g ~ 0.01),
which accounts for the the next-nearest-neighbour intralayer couplings and non-orthogonality of graphene orbitals in
Sec. [l expanded at the K* points. The momentum operators commute in the absence of an external magnetic field,
and Eq. simplifies to give the first four terms in Eq. (3) of the main text, with & = a1 + as = 0.15 [S21], [S22].
Considering plane wave states of wave vector, (K*+ )k, in the Brillouin zone, this Hamiltonian features a conduction
and valence band of energies, €4 (k) (€4 > e_), and wavefunctions, |+ (k)) = e**"u (k), respectively, satisfying the
eigenvalue equation, Hy |1+ (k)) = e (k) |1+ (k)).

The final term in the Hamiltonian in Eq. (3) of the main text represents the moiré superlattice (mSL) interaction
with the hBN layer, featuring harmonics, Mgm, for each of the first star of mSL Bragg vectors, g,, (m =0,1,---5) [S2-

S5, [S39]. The harmonic My, couples plane wave states of wavevector k and k + gm: (Vs (k + gm)| My, [10s(k)) #




0 (s,s’ = £). Hence, we derive the reconstructed dispersion from the eigenvalue equation with the zone-folded
wavefunction,

(W) =D D g sk +9)), (S7)

g s=%

where c;, 4g are complex coefficients and we sum over the mSL Bragg vectors, g [S2, [S4]. This gives a collection of
minibands (see Fig. 1) in the moiré Brillouin zone (mBZ), and the conduction and valence minibands are converged
when we sum over mSL Bragg vectors, g, which are the sum of at most two of the first star vectors, g,,. As discussed in
the main text, we can neglect the mSL-induced reconstruction of the bands in the relevant density ranges, n/n. < 4.

Depending upon the interlayer potentially asymmetry, A, and density, n, the Fermi line will have one of three
forms:

1. A single contour centred on the origin.

2. Two non-touching contours, each centred on the origin. We neglect this regime, since it is narrow on the energy
axis, and the resistivity will be dominated by impurity scattering at the van Hove singularities [S31}, [S32].

3. Three non-touching contours (minivalleys), p = 0,1,2, centred on the three band edges, k((;p ) =
ke(cos 227 sin 227 (k. > 0), respectively [S17]. The contours do not enclose the origin, and are related by

the three-fold rotational symmetry. We expand about the centre of the minivalley, k — kﬁ” ) + k:

ko (04227 0227, -

such that k(6) is the same for each minivalley. We suppress the contour index for simplicity in the following
sections, implicitly summing over the valid contours.

III. SCREENED COULOMB INTERACTION

The unscreened Coulomb potential in real space is

62

Vo(r) =Vo(r) = (S9)

ATkegr’
where k = 2.5 is the dielectric constant of bilayer graphene in hBN [S26]. Performing the in-plane Fourier transfor-
mation on this potential gives

~ ~ e2

W (Q) =W(Q) = e’

for the momentum transfer, 1Q. Electron states screen this potential and, in the random phase approximation [S24}-
S27], the screened potential is given by

(S10)

I )
Q= i m@)

where the static polarisation, including the two-fold spin degeneracy, is given by

_ ko foles(k)) — foles (k+Q)) , 2
Q=23 3 [ ey i @) 12

(s11)

in terms of the equilibrium distribution function for Fermi energy, €p,

1
fole) = ele—er)/(kT) 4 1°

(S13)

In the low-temperature regime discussed in the main text, we approximate the distribution function as a step, 9 fo/0¢ ~
—0(e — er), and the polarisation is dominated by intra-band overlaps and small momentum transfers, Q = 0:

(@) =~ Th(0) = % [ do (s14)

?
Uk|
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where we integrate over the Fermi surface, and the electron group velocity is v(k) = A~ Vye(k). Since the screening

is strong (Vo(Q)o(Q) > 1) in the region of interest, we approximate the screened potential as a contact potential,
V(r) = Wé(r), where

W =TIo(0)~". (S15)

IV. MATRIX ELEMENTS

The matrix element, W, for Uee scattering by the mSL Bragg vector, g = g, is the sum of four diagrams where
electrons 1, 2, 3 and 4 scatter off the mSL, respectively, shown as Feynman diagrams in Eq. (4) of the main text.
These give the respective terms in the explicit expression,

Wy = Xg(1,2,3,4) + Xg(2,1,4,3) + Xig(3747 1,2) 4+ Xig(él,i%7 2,1), (S16)
where

(Vs (ka + g)|Mg|ts(ka))

o) —colhn s gy " (o= ka) (k) o (ko + 9)) (eka)ls(ka)) . (S17)

Xg(a,bye,d) = >

s'=%

summing over both bands for the intermediate virtual electron [S10) [ST5]. Spatial inversion is equivalent to taking
the complex conjugate of the matrix elements, which leaves the magnitude of Eq. (S17) unchanged. In the main text,
we restrict the integral to the Fermi surface, €1/2/3/4 = €.

V. LINEAR RESPONSE THEORY

The Boltzmann equation for the electron distribution function, f(k), of an electron with wave vector, k, in the
presence of an external electric field, F, is given by

eE - Vi f(k) = I{f(k)}, (S18)

where the collision integral, I{f(k)}, is determined by electron scattering [S10} [S29, [S30]. Note that the electron
charge is negative, e < 0. The equilibrium distribution (S13|), appropriate for E = 0, satisfies the detailed balance
condition, I{fy(€)} = 0. We expand about this equilibrium distribution to first order in the chemical potential shift,

o(k):

f(k) = fole(k)) — —= o (k). (S19)

Expanding Eq. (S18)) to first order in ¢(k) gives the linearised Boltzmann equation,

eBus(k) 0| = I{o(k)), (520)

e=e(k)

which relates the kinetic function, vg(k) = v(k) - E/E, to ¢(k). This equation is inverted to give the corresponding
shift, ¢(k), for the known kinetic function, vg(k), from which we calculate the scattering-limited longitudinal electrical
conductivity as

de [ &k Of,

= %) @ ® (521)

g

with corresponding resistivity, p = o~!. As a result of the C'3 symmetry, the resistivity is isotropic and independent
of the field direction, so we set E = (E,0,0) for simplicity.
The collision integral for Uee scattering is given by [S10, [S15 [S29, [S30]

5 4
- 4 d2k2d2k3d2k4 2¢(2) 2 1 €; —€ER
Towlo(k)} = 7 3 / 20D Y Ak - g Wy, faog [T h( ) (522)

- ]{?B 7T) 2k



in terms of the change,

Af = f(ks) + f(ka) — f(k1) — f(k2), (523)

of the total f = ¢, ¢, k during the process. The Dirac delta functions ensure energy and momentum (including kick
hg) conservation of the incoming and outgoing electrons. At low temperatures, we restrict this to an integral over the
Fermi surface since

3272 (kpT)® 1~
O(e3 + €4 — €1 — €2) Hsech< k’B;f) T (SB ) 11315(@*@). (S24)

We simplify using the constant relaxation time approximation, where the collision integral, I{f(k)}, of a scattering
process is approximated by

I{f(k)} = —hw, (525)

in terms of a constant scattering time, 7 [S10, [S15]. Expanding to first order in the chemical potential shift, ¢(k),
the collision integral simplifies to

hdfo

o)} = 2500 o(k). (526)

e=e(k)
Inserting this into the linearised Boltzmann equation in Eq. (S20]), we easily find the solution,

¢(k) = —eETv, (k) /R, (S27)

n_ /dgkl{vm}%/(/dQ %{0 2), (S28)

found self-consistently for a collision integral linear in ¢. Then, the Uee contribution to the resistivity, pyee, in the
low-temperature regime is given by Eq. (5) of the main text.

with scattering time,

VI. LOW-DENSITY RESISTIVITY

At density, n, just above the threshold, n., Uee scattering will be restricted to the immediate vicinity of the points
shown in Fig. 2 of the main text. The wavevector, k, velocity, v, and scattering amplitudes, Wy, are approximately
constant in this range, so the resistivity has the approximate form,

df1dbs
PUee X T? Z / |sm 05 — 94 | (829)

The size of the phase space in the integral scales according to |n — n,|, so we have puee o< T?|n — n,|'/2, except for

PUee o< T?|n — n.| in the region discussed in the main text corresponding to split Uee scattering, where sin(f3 — 6,)
is also approximately constant.
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