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In a metal with multiple Fermi pockets, the formation of s-wave superconductivity can be con-
ventional due to electron-phonon coupling or unconventional due to spin fluctuations. We analyze
the hexagonal diboride CrB2, which is an itinerant antiferromagnet at ambient conditions and turns
superconducting upon increasing pressure. While the high pressure behavior of Tc suggests con-
ventional s-wave pairing, we find that spin fluctuations promoting unconventional s-wave pairing
become important in the vicinity of the antiferromagnetic dome. As the symmetry class of the
s-wave state is independent of its underlying mechanism, we argue that CrB2 is a realization of a
hybrid s-wave superconductor where unconventional and conventional s-wave mechanisms team up
to form a joint superconducting dome.

Introduction.- Even though the phenomenological de-
scription of a superconducting state finds its common
ground in the notion of a phase-coherent superposition
of Cooper pairs and the mean field description derived
thereof [1], the possible microscopic formation mecha-
nism is highly diverse. In a so-called conventional su-
perconductor (CS), electron-phonon coupling generates
an effective attractive electron-electron interaction [2–4].
Not only do phonons promote zero-angular-momentum
Cooper pairs, i.e., an s-wave type pairing function, but
the electron-phonon interaction also tends to be rel-
atively momentum-independent, a few exceptions not
withstanding, and gives rise to a reasonably uniform gap,
∆CS(k) ∼ const., throughout the Brillouin zone.

For unconventional superconductivity (UCS), which
has most prominently surfaced in the context of the
high-Tc cuprates, the microscopic footing of pairing ap-
pears both more diverse and less understood. From
the viewpoint of spin fluctuations [5], electron pair-
ing can originate from repulsive electron-electron interac-
tions [6, 7]. However, this implies that the gap function
is sign-changing in the Brillouin zone: 〈∆UCS(k)〉2BZ �
〈∆2

UCS(k)〉BZ. For a single pocket Fermi surface, this nat-
urally suggests the presence of nodes and thus a principal
unconventional superconducting gap that is qualitatively
different from the conventional one. For multiple Fermi
pockets, however, nodes are avoidable for unconventional
pairing by allowing sign changes of ∆ between the pock-
ets. This is at the heart of the nature of superconducting
pairing in iron pnictide superconductors [8, 9], where the
compensated metal parent state forms superconducting
pairing of opposite sign for hole and electron pockets,
respectively. For each individual pocket, the gap may
appear rather uniform, even though typically not as uni-

form as for a conventional superconducting state. Note
that from the viewpoint of symmetry, such an unconven-
tional superconducting gap cannot be distinguished from
a conventional s-wave: in both cases, the zero momen-
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FIG. 1. Proposed schematic temperature-pressure phase di-
agram for a hybrid s-wave superconductor. Spin fluctuation
limit: Antiferromagnetic region with maximum TAFM at am-
bient pressure (blue region), dropping rapidly with pressure
and followed by (possibly overlapping with) a smaller uncon-
ventional superconducting dome near the quantum critical
point (red region). Electron-phonon limit: Tc is only weakly
dependent on pressure and dominates the high-pressure part
of the phase diagram (light orange region). The hybrid s-
wave appears in the crossover region between the two limits
where the pair breaking impact of spin fluctuations is vital
for explaining the drop of Tc towards ambient pressure.
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tum Cooper pair is described by the irreducible point
group representation with trivial characters. Yet, even
though the angular dependence of the superconducting
gap as a function of the wave vector is the same, the
radial part shifts away from approximately constant in
the conventional superconductor, referred to as s++, to
exhibit strong k-dependence in the unconventional case,
which is referred to as s+−.

Since an s-wave superconductor can exists both as a
conventional s++ and and unconventional s+−, in prin-
ciple, a hybrid s-wave superconductor can be imagined,
where unconventional and conventional pairing mecha-
nisms team up to yield one continuous s-wave super-
conducting region spanning both CS and UCS domains.
This intriguing possibility, however, requires a hypothet-
ical material where spin fluctuations and phonons have
a possibility to cooperate at least to some extent. More
specifically, the latter have to peak at small wave vector,
while the former (as long as we are not considering triplet
pairing) necessarily have to have a maximum at a partic-
ular wave vector matching the Fermi surface geometry.

While iron pnictide superconductors seem to be a
promising host for a hybrid superconducting state, the
conventional and unconventional pairing are too imbal-
anced because of good Fermi surface nesting enhancing
the spin fluctuation (SF) mechanism, as compared to
weak electron-phonon coupling (EPC) [10]. In addition,
EPC does not satisfy the requirement to peak at small q
(i.e., in the intraband channel) either. In fact, the com-
petition between SF and EPC has been under scrutiny
for quite a few superconducting materials [11? –14], but
no suitable candidate has been identified so far, exhibit-
ing not only competition, but also collaboration between
the two mechanisms in some range of parameters.

In this Letter, we propose CrB2 as a potential hybrid
s-wave superconductor, continuously tunable by pressure
between the s+− and s++ limits. Indeed, superconduc-
tivity has recently been discovered in CrB2 under pres-
sure, with a maximum Tc of 7 K [15]. Isostructural to
the conventional superconductor MgB2 [16, 17], CrB2 ex-
hibits itinerant antiferromagnetism at ambient pressure.
Tc is found to weakly increase with pressure at odds
with the typical dome formation in unconventional su-
perconductors. This is a strong indication that at least
beyond a certain pressure regime, superconducting pair-
ing in CrB2 is dominated by the electron-phonon cou-
pling. Due to the proximity to the antiferromagnetic
order, however, the superconductivity in CrB2 is likely
to be of unconventional nature at lower pressure, since
spin fluctuations are crucial near a magnetic quantum
critical point. From our synoptic analysis of supercon-
ductivity, accounting for both electron-phonon coupling
and spin fluctuations, we find that CrB2 is a likely can-
didate for a hybrid s-wave superconductor, as summa-
rized in Fig. 1. On the one hand, spin fluctuations
promoting s+−-type are highly relevant due to signifi-

cant nesting of the CrB2 Fermi surface (note that here
the three-dimensional nesting is present due to the flat
parts in the Fermi surface in the kx − ky plane with
large density of states). On the other hand, our calcula-
tions yield rather strong electron-phonon coupling, with
the main contribution coming from around the Brillouin-
zone center, Γ, enabling a significant cooperative effect
between the two mechanisms. The interplay of both pair-
ing tendencies culminates in the schematic temperature-
pressure phase diagram depicted in Fig. 1 (green line):
The superconducting domain in the high pressure limit
is dominated by the electron-phonon mechanism, which,
if let alone, would suggest a fairly constant Tc through-
out the phase diagram (black line) with no indication for
competitive orders. By contrast, only spin fluctuations
related to the antiferromagnetic order at the ambient
pressure would generate unconventional superconductiv-
ity within a small pressure range and a significantly lower
Tc than TAFM (red dome). Taken together, however,
electron-phonon couplings and spin fluctuations suggest
a crossover between the two limiting scenarios, where,
starting from the center of the superconducting region,
spin fluctuations act upon the s-wave superconductor
as pair breakers close to the antiferromagnetic phase at
lower pressure and the electron-phonon coupling deter-
mines the scale of saturating superconducting pairing for
higher pressure.

Methods.- First, we investigate the superconducting
pairing from a pure electron-electron interaction perspec-
tive adapting the spin-fluctuation pairing mechanism ex-
pected to be present for the correlated Cr 3d orbitals.
To this end, we set up the pairing interaction in the ran-
dom phase approximation (RPA) [18, 19] and solve the
linearized gap equation for a discretization of the three
dimensional Fermi surface [20–22], yielding the eigenval-
ues, λi and the gap eigenfunctions, gi(k), proportional

FIG. 2. Electronic band structure and density of states (DOS)
at 100 GPa. Fat bands and DOS of Cr 3d states (cyan) and
B 2p states (red) show that both states contribute to the
formation of the Fermi surface.
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FIG. 3. Spin fluctuation pairing. Eigenvalues λi of the lead-
ing and sub-leading instabilities as a function of pressure as
calculated with U = 0.124 eV where the critical pressure is
pc = 16 GPa. Insets: Gap function gi(k) on the Fermi surface
of the leading s-wave (black circles) state and d-wave (red cir-
cles) state for two representative pressures as indicated by the
arrows. Red and blue regions represent two opposite signs of
the gap function.

to the superconducting order parameter. Next, we ex-
amine the electron-phonon mechanism by calculating the
pressure dependence of the phonon dispersion, electron-
phonon line-width, γ and electron-phonon coupling con-
stants, λ, using density functional perturbation theory as
implemented in the Quantum ESPRESSO code [23].

Results.- CrB2 crystallizes in a P6/mmm structure
(space group 191) with c/a > 1 at ambient pressure.
As a function of pressure the c parameter decreases more
rapidly than a and, around 30 GPa the ratio c/a becomes
less than 1 with no observed changes in the crystal struc-
ture [15]. While the Mg states in MgB2 lie far away
from the Fermi surface, the band structure of CrB2 sug-
gests significant contributions from Cr 3d orbitals near
the Fermi surface at all pressures (See Fig. 2 for the
100 GPa case), along with contributions coming from B
atoms [22]. This makes the properties of CrB2 markedly
different from the isostructural MgB2[24], as we will dis-
cuss below. Accounting for the spin-density wave insta-
bility at low pressures [15, 25], we tune the bare Coulomb
interaction responsible for the spin-fluctuations such that
the RPA instability occurs roughly at pc = 16 GPa and
then calculate pairing eigenvalues λi as a function of pres-
sure. Fig. 3 reveals the two main results from this inves-
tigation: First, the eigenvalues λi and therefore also the
pairing strength rapidly decrease as a function of pres-
sure, making this pairing interaction practically irrele-
vant at large pressures. Second, the leading instability
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FIG. 4. Phonon dispersion, electron-phonon (EP) linewidth,
spectral function [α2F (ω)], and phonon density of states (ph
DOS) of the relaxed structure at 100 GPa. Normalized per-
centage of EP line-width (orange) is equal to γ/γmax × 100%
and is strongly peaked at zone center, Γ.

is of sign changing s+− type, with one sign at a band
forming a flat part at finite kz close to the Brillouin zone
boundary and opposite sign at the Fermi surface appear-
ing around the Γ point (see Supplemental Material [22]
for top views). Higher order s-wave solutions or d-wave
solutions are sub-leading and their eigenvalues exhibit
peaks from van Hove singularities moving through the
Fermi level.

In order to examine the electron-phonon pairing and
the expected critical temperature from a material-specific
perspective, we first determine the strength of the
electron-phonon coupling constant, λ. Experimentally,
the system is reported to have the largest Tc around 100
GPa; therefore, we first focus on this pressure region.
The relaxed structure at 100 GPa has a ratio c/a = 0.93
(whereas (c/a)exp = 0.96) with all phonon modes be-
ing stable. We therefore have chosen this structure for
establishing convergence criteria for λ with respect to k-
mesh, q-mesh and Gaussian broadening (see Ref. [22]).
The converged value of λ = 0.78 has significant contribu-
tions to the electron-phonon spectral function, α2F (ω),
from the low-frequency vibrations involving Cr atoms as
seen in Fig. 4. Note that the phonon dispersions cal-
culated with the experimental structure [15] exhibit an
imaginary acoustic mode along the k-path perpendicular
to the honeycomb boron plane. Though this indicates an
instability toward a charge density wave state, zero-point
vibrational effects can stabilize the conventional struc-
ture [22]. Nonetheless, an estimate of the lower bound
for λ = 0.60 could be obtained by excluding the imagi-
nary acoustic mode at 100 GPa.

The electron-phonon line-width, γ (plotted as
γ/γmax × 100%) exhibits maximum contribution around
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the Brillouin-zone center, i.e., q = 0, which suggests sig-
nificantly stronger intraband electron-phonon coupling
compared to interband contribution, giving rise to con-
ventional s++ pairing. With the average phonon fre-
quency softening at lower pressures, Tc is also reduced
as pressure goes down. Our calculations at two values
of pressure support this interpretation and justifies our
sketch of the electron-phonon driven contribution to Tc
in Fig. 1.

Discussions.- We have so far investigated the two pair-
ing mechanisms individually, finding that the attractive
electron-phonon pairing interaction is dominated by con-
tributions close to q = 0, thus exhibiting a large and posi-
tive intraband attractive interaction V EPC

intra > 0, while the
interband interaction is much smaller, V EPC

inter � V EPC
intra ,

leading to critical temperatures of Tc = 7 K. The pairing
interaction from SF is generically repulsive (negative),
but more repulsive for large momentum transfer so that
the interband pairing V SF

inter < 0 is dominating over the
intraband pairing |V SF

inter| � |V SF
intra|.

Close to the spin-density-wave instability, the spin fluc-
tuations are enhanced, leading to a sizable pairing inter-
action which then quickly decreases with pressure be-
yond the critical pressure pc (pressure at which spin
fluctuations diverge). Assuming the usual RPA mech-
anism, one can trace this back to the increase of the
electronic bandwidth as a function of pressure, W (p) ≈
WAFM[1+x(p−pc)] where WAFM is the bandwidth at the
critical pressure pc and the dependence is assumed to be
expanded to first order close to pc. Taking this into ac-
count, we obtain V SF

intra/inter ∝ [αintra/inter + x(p− pc)]−1,

where αintra/inter describes the closeness of the intra (in-
ter) band scattering vectors to a nesting vector giving
rise to a peak in the susceptibility [22].

Adding up the electron-phonon and the spin fluctua-
tions pairing interactions, one then arrives at the qualita-
tive behavior of the critical temperature depicted in Fig.
1, where the spin fluctuations dominate close to pc and a
sign-changing order parameter emerges as the dominant
instability. At larger pressures, the critical temperature
is expected to decrease until the s+− and s++ instabilities
have comparable eigenvalues and the critical temperature
increases again, since now the pair-breaking contribution
from the spin-fluctuations V SF

intra decreases as well and the
sum V EPC

intra + V SF
intra is dominated by the electron-phonon

contribution. Note that despite the small eigenvalues for
the SF pairing instability, the electronic contribution to
pairing remains finite due to the momentum-independent
Hubbard-Hund interaction, and pair-breaking will re-
main non-negligible even at large pressures, where the
expected Tc for the ‘SF alone’ pairing is exponentially
small.

Even though isostructural, CrB2 therefore differs from
the prototypical electron-phonon superconductor MgB2,
due to the following aspects: First, due to the presence
of Cr 3d states, additional effects from these correlated

states contribute to the Fermiology of the system whereas
Mg states in MgB2 do not take part in the formation of
Cooper pairs. Second, the isotropic electron-phonon cou-
pling constants are comparable (λ|CrB2(100 GPa) = 0.78
and λ|MgB2(P=0) = 0.71 ); nonetheless, unlike MgB2, the
low-frequency Cr-phonon modes have significant contri-
butions to the EP-spectral function.

Conclusions.- In summary, we have presented a hy-
brid perspective of electron-phonon and spin-fluctuation
pairing in order to explain the overall phase diagram of
CrB2 where Tc is found to increase at pressures far away
from the antiferromagnetic instability, a behavior not ex-
pected for superconductors driven by spin fluctuations
alone. Instead, the cooperative and anti-cooperative ef-
fects of the two pairing mechanisms allowed by the pres-
ence of a leading instability of the same symmetry ex-
plains the larger critical temperature at high pressure (far
away from the antiferromagnetic order). Furthermore,
the pairing state, while lowering pressure, is predicted to
have a crossover from s++ to s+− on approaching the
quantum critical point with a non-monotonous behavior
of Tc. We have discussed in detail the differences be-
tween the well studied MgB2 and the CrB2 system; the
latter has correlated d states close to the Fermi level and
a dominating electron-phonon interaction at small mo-
mentum transfer; both of them are required ingredients
for the appearance of the hybrid s-wave superconduc-
tivity which is expected to exhibit an anisotropic order
parameter due to unconventional pairing. Experimental
signatures of the proposed scenario would be the non-
monotonous behavior of Tc close to the quantum critical
point and the crossover to non-sign changing order pa-
rameter with increasing pressure. The latter could be
tested experimentally by observing the effect of disor-
der. At lower pressures the potential scatterers should
lead to a strong suppression of Tc, while the s++ state
at higher pressures should be almost unaffected accord-
ing to Anderson’s theorem. The ability to not only tune
Tc [26], but also the nature of the superconducting or-
der parameter may open new perspectives in the study
of unconventional superconductivity.
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fluctuations in moiré superlattice systems, Phys. Rev. B
105, L241109 (2022).

[15] C. Pei, P. Yang, C. Gong, Q. Wang, Y. Zhao, L. Gao,
K. Chen, Q. Yin, S. Tian et al., Pressure-induced
superconductivity in itinerant antiferromagnet CrB2,
arXiv:2109.15213 10.48550/ARXIV.2109.15213 (2021).

[16] J. Nagamatsu, N. Nakagawa, T. Muranaka, Y. Zenitani
and J. Akimitsu, Superconductivity at 39 k in magnesium
diboride, nature 410, 63 (2001).

[17] I. Mazin and V. Antropov, Electronic structure, elec-
tron–phonon coupling, and multiband effects in mgb2,
Physica C: Superconductivity 385, 49 (2003).

[18] S. Graser, T. A. Maier, P. J. Hirschfeld and D. J.

Scalapino, Near-degeneracy of several pairing channels
in multiorbital models for the Fe pnictides, New Journal
of Physics 11, 025016 (2009).

[19] M. Altmeyer, D. Guterding, P. Hirschfeld, T. A. Maier,
R. Valent́ı and D. J. Scalapino, Role of vertex corrections
in the matrix formulation of the random phase approxi-
mation for the multiorbital hubbard model, Physical Re-
view B 94, 214515 (2016).

[20] A. Kreisel, Y. Wang, T. A. Maier, P. J. Hirschfeld and
D. J. Scalapino, Spin fluctuations and superconductivity
in KxFe2−ySe2, Phys. Rev. B 88, 094522 (2013).
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Supplemental Material: Hybrid s-wave superconductivity in CrB2

This Supplementary Material contains details on the calculations for the spin-fluctuation pairing and electron phonon paring

and discusses the charge density wave states. We include a section on a simplified two band model capable to capture the

hybrid pairing properties as spin-fluctuations and electron phonon pairing gets modified by pressure and discuss feasibility of

a functional renormalization group approach for the present system.

BAND STRUCTURE AS FUNCTION OF PRESSURE

The starting point for the spin-fluctuation pairing calculations is a tight binding representation of the electronic
structure as a function of pressure which we obtain as follows. Starting from the lattice constants as determined
experimentally in [15], we fit these with a polynomial of second order to obtain a smooth behavior of the lattice
constants as a function of pressure in order to avoid non-monotonous evolution of the Fermi surface and low energy
band structure. In Fig. S1, we show the experimental data together with the lattice constants as used in our ab initio
calculations using the full-potential local-orbital (FPLO) code - version 18.00-52 [27] with the non-relativistic LSDA
(”Perdew Wang 92”) approximation [28]. The crystal structure of CrB2 belongs to the space group P6/mmm (# 191)
and the Wyckoff positions of Cr and B atoms are (0, 0, 0) and (1/3, 2/3, 1/2), respectively. A k -grid of 12× 12× 12 is
used. Convergence is checked with respect to the k-grid and relativistic effects are found to have negligible influence
on the band structure close to the Fermi level.

For the downfolding to a tight binding model, we use the following initial projections of all five Cr 3d orbitals, the
two B pz orbitals and three bonding sp2 orbitals of the two B atoms (10 orbital model). For a 13 orbital model, we
additionally take into account three antibonding sp2 orbitals. This downfolding yields a tight binding model with
roughly 20000 real-valued hoppings (for the 10 band model) up to imaginary parts of relative order 10−8 which are
set to zero. This Hamiltonian can be written in momentum space as,

H0 =
∑
kσ``′

t``
′

k c†`σ(k)c`′σ(k), (1)

where c†`σ(k) is the Fourier amplitude of an operator c†i`σ that creates an electron in Wannier orbital ` with spin σ

and t``
′

k is the Fourier transform of the hopping elements connecting states ` and `′. The dependence on the cutoff
in distance and energy has been checked and set to ham_cutoff 20.0 and WF_ham_threshold 0.0001 to yield the
tight binding bands as shown in Fig. S2.
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FIG. S1. Lattice parameters c and a in Å as used for the DFT calculation to obtain the tight binding model. The open
diamonds are experimental data and full circles show the fit using a polynomial of second order and interpolation to obtain
lattice constants at increments of 2 GPa.
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FIG. S2. Wannier downfolding. Comparison of DFT derived bands (black) with a downfolding to 10 bands (red) and down-
folding to 13 bands (green, dashed) where also the antibonding orbitals are taken into account. (a) Bands at large energy scale
and (b) blowup close to the Fermi level such that small deviations can be observed for few bands. (Calculation for a pressure
of 25 GPa.)

FIG. S3. Fermi surface from the 10 band model (a-b) and the 13 band model (c-d) for p = 25 GPa. Colors represent the
different Wannier states as indicated in the legend, bright color indicates significant weight of other states.

SPIN-FLUCTUATION CALCULATIONS

The spin-fluctuation pairing calculations are based on the tight-binding formulation, as given in Eq. (1), where we
start to calculate the two-point functions, i.e. the (generalized) susceptibility in the paramagnetic state [18],

χ0
`1`2`3`4(q) = −

∑
k,µ,ν

Mµν
`1`2`3`4

(k,q)Gµ(k + q)Gν(k) . (2)
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FIG. S4. Bare susceptibility calculated for p = 24 GPa (a) and RPA susceptibility (b) in the Brillouin-zone showing that the
RPA modifies the peak structure.

FIG. S5. Examples of Fermi surfaces with inverse Fermi velocity for pressures 0, 24, 50, 100 GPa.

Here, we have adopted the shorthand notation k ≡ (k, ωn) for the momentum and frequency. The matrix elements
are given by,

Mµν
`1`2`3`4

(k,q) = a`4ν (k)a`2,∗ν (k)a`1µ (k + q)a`3,∗µ (k + q), (3)

and the Green’s function in band space reads as:

Gµ(k, ωn) = [iωn − Eµ(k)]−1. (4)
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Next, we calculate the interacting susceptibility in a random phase approximation (RPA), where bubble diagrams are
partially re-summed to get

χRPA
(0,1) `1`2`3`4

(q, ω) =

{
χ0(q, ω)

[
1− Ū (s,c)χ0(q, ω)

]−1}
`1`2`3`4

. (5)

In this equation, Ū (s,c) is the matrix for the generalized spin (s) and charge (c) interactions containing the parameters
of the Hubbard-Kanamouri Hamiltonian, U,U ′, J, J ′, which we choose to be (spin) rotationally invariant, U ′ = U−2J ,
J = J ′ and nonzero only in the Cr 3d orbital components. This choice is guided by the expectation that the B orbitals
are less correlated and it avoids possible complications originating from the bonding/antibonding B orbitals as these
are not centered at an atomic position. Moreover, a ‘fully local’ interaction Hamiltonian would not be an appropriate
starting point. The pairing interaction in the orbital space in given by [18, 20, 21],

Γ`1`2`3`4(k,k′)=
1

2

[
3ŪsχRPA

1 (k− k′)Ūs + Ūs − Ū cχRPA
0 (k− k′)Ū c + Ū c

]
`1`2`3`4

, (6)

where χRPA
0 is the charge susceptibility and χRPA

1 the spin susceptibility in RPA approximation [18] at zero fre-
quency. We deduce the leading and sub-leading superconducting instabilities from solving the linearized gap equation
(parametrized on three-dimensional Fermi surfaces [20, 21]),

− 1

VG

∑
µ

∫
FSµ

dS′ Γνµ(k,k′)
gi(k

′)

|vFµ(k′)|
= λigi(k) , (7)

for the eigenvalues λi and the eigenvectors gi(k). The pairing interaction is projected into band space by

Γνµ(k,k′) = Re
∑

`1`2`3`4

a`1,∗ν (k)a`4,∗ν (−k)Γ`1`2`3`4(k,k′) a`2µ (k′)a`3µ (−k′) , (8)

where a`ν(k) is the matrix element of orbital ν for the unitary transformation to band space of band `. The integral
is done over the Fermi surface dS with total surface VG and weights are given by the inverse Fermi velocity vFµ(k).
The leading instability, identified by the largest eigenvalue λi, will lead to a superconducting order parameter ∆(k)
that is proportional to gi(k) at Tc.

Tests on model dependence

The pairing calculation based on a 13 orbital model using a complex three-dimensional Fermi surface geometry
is, although challenging, numerically feasible. However, for a sweep of the pressure dependence, we restricted our
analysis to the 10 orbital tight binding model only and additionally constrained the calculation of the susceptibility,
Eq. (2), to the components of the 5 Cr-d orbitals. This approximation is expected to be very good given that the
partial density of states of the other 5 (or 8 for the 13 orbital model) orbitals at low energies is very small and thus
the respective components of the susceptibility tensor are small as well. In the pairing vertex (in our approximation),
the spin and charge matrices, Ū (s,c), only have nonzero elements for the correlated Cr-d orbitals. Therefore the only
correction from the B-type orbitals are originating from the off-diagonal elements in the RPA approach, i.e. from
inversion of the matrix in Eq. (5). We checked the validity of the previous arguments by performing calculations
using all components in the 10 and 13 orbital model at a selected pressure and comparing the results for the pairing
eigenvalues λis and pairing states gi(k)s. These values come out to be very similar.

ELECTRON-PHONON CALCULATIONS

All the geometric optimizations (relaxations) at fixed pressures are performed using density functional theory (DFT)
as implemented in Vienna ab initio simulation package (vasp) [29] with plane-wave basis set (cutoff of 500 eV) and
projected augmented wave (PAW) pseudopotentials. A 12× 12× 12 Monkhorst-Pack K-grid is employed to perform
structural relaxations until the maximum force for each component on each individual atom is smaller than 0.001
eV/Å. We find that the relaxed structures differ only on the lattice parameter c with respect to the experimental
lattice parameters. This explains the reason behind finding a phonon instability of the experimental structure along
the crystallographic direction c, as shown below.
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We have performed ab initio density functional perturbation theory (DFPT) [30] calculations in order to obtain the
phonon dispersions and electron-phonon coupling (EPC) constants, as implemented in Quantum ESPRESSO [23]. We
used plane waves basis sets with cutoff of 80 Ry (and of 800 Ry for the corresponding charge densities) in combination
with ultrasoft pseudopotentials in the generalized gradient approximations (GGA).

Using the above parameters, electron-phonon coefficients are calculated from the derivative of the self-consistent
Kohn-Sham potentials, VSCF, using

gmn,ν(k,q) =
1√

2ωq,ν
〈Ψm,k+q|∂q,νVSCF|Ψn,k〉, (9)

where m,n are the band indices and k,q are the electron and phonon wavevectors.
The electron-phonon line-width and the spectral function α2F are then calculated using the following equations:

γq,ν = 2πωq,ν

∑
m,n

∫
d3k

ΩBZ
|gmn,ν(k,q)|2δ(εm,k+q − εF )δ(εn,k − εF )and (10)

α2F (ω) =
1

2πNF

∑
q,ν

δ(ω − ωq,ν)
γq,ν
~ωq,ν

. (11)

EPC constants are then calculated by,

λ = 2

∫ ωmax

0

α2F (ω)dω, (12)

where ωmax is the maximum phonon frequency at a given pressure.
As mentioned in the main text and shown in Fig. S7, the phonon dispersions show imaginary frequencies over

the entire pressure range (only two pressure values are taken for demonstration) when we keep the structures at the
experimental lattice constants [15]. As the calculation of electron-phonon coupling generally requires a very good
convergence check of k-mesh and q-meshes, we had performed the convergence tests for the relaxed (calculated)
structure at 100 GPa as shown in Figs S8 and S9. We take the converged values of k-mesh q-mesh to be 30× 30× 30
and 10× 10× 10, respectively and gaussian smearing value is 0.004 Ry.

We have, however, estimated the values of EPC constants, λ, and critical temperature, Tc, in experimental structures
at 60.77 and 100 GPa by removing the imaginary frequencies which give the lower bound of λ. We found Tc to be
lowered by 1 K from 100 GPa to 60.77 GPa, giving rise to a slope of 0.018 in the pressure-temperature plot. This
is motivated us to draw the ‘EPC-only’ contribution (black line) as linear in Fig. 1 of the main text. Note that
in our case, we refrain from reporting the actual calculated values of Tc (only diffrences are considered), which
could be obtained by McMillan-Allen-Dynes formula [31, 32], due to the following reason: As our estimate of λ of
experimental structures were done with the removal of one acoustic phonon, it gives larger logarithmic average of
phonon frequencies, ωlog, and hence larger Tc values. For the correct estimate, however, one should perhaps consider
the phonon frequencies of the supercells (as described in section IV), suggested by the phonon instabilities. As our
purpose here is to obtain a qualitative understanding, we avoided performing such calculations.
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FIG. S6. Comparison of experimental and calculated lattice parameters. The calculated in-plane lattice parameters, a = b,
compares very well with experiment. However, the calculated parameters c always remains lower than the experimental value.
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CHARGE DENSITY WAVE (CDW) STATES

Phonon dispersions of the experimental structures [15] show dynamic instabilities through the appearance of an
imaginary longitudinal acoustic mode along the c-direction which is plotted as negative frequencies in Fig. S7. Note
that these instabilities appear at all pressures for the experimental structures. Below we show that CrB2 under
pressure develops a charge density wave (CDW) state.

We have performed a supercell calculation at 100 GPa following the phonons instability perpendicular to the
hexagonal boron plane. Relaxation of the supercell (

√
3a × 3a × 2c) gives rise to a body-centered orthorhombic

structure, where one third of the Cr atom is puckered (by 0.085 Å) along the c-direction due to application of
pressure, in addition to the appearance of nonuniform Cr bonds (which differ by maximum amount of 0.024 Å). The
conventional cell is 4.5 meV/CrB2 higher in energy than the supercell, suggesting a CDW state with q = 1/3, 1/2, 1/2.
However, zero-point vibrational fluctuations may stabilize the conventional structure.

TWO BAND TOY MODEL

To illustrate the effect of pair breaking from spin-fluctuation pairing processes in combination with electron-phonon
pairing, we consider a simple two band toy model and cast the linearized gap equation, Eq. (7) into a 2 × 2 matrix
equation

− V ρ g± = λ±g± (13)

where V = V SF + V el-ph is the (averaged over the Fermi surface) pairing interaction from spin- fluctuations (SF)
and from the electron-phonon (el-ph) mechanism and ρ is a (diagonal) matrix with the partial densities of states of
the two bands. λ± are the two eigenvalues to the two eigenvectors g±. For simplicity, we assume two bands with
identical density of states, ρ = ρ0δij and parametrize the pairing interactions (including the density of states prefactor
as follows). The electron-phonon pairing in CrB2 is dominated by small momentum transfer q, thus we assume it to
be intra-band only,

V el-ph =

(
α ε
ε α

)
, (14)

i.e. |α| � |ε|. The spin-fluctuation part has intra-band and inter-band contributions,

V SF =

(
β δ
δ β

)
. (15)

The spin-fluctuation pairing has the following dependence on the susceptibility Γ ∼ U + U2χ(q)RPA = U +
U2χ(q)0/(1 − Uχ(q)0) where q is either the sum or difference of the scattering vectors connecting the two Fermi
surfaces (when projecting the pairing interaction into the singlet channel). With the expected behavior of the suscep-
tibility close to a nesting condition of χ0(q) = γ/(1 + (q − qc)

2ξ2) where qc is the nesting vector, ξ the correlation
length of the spin-fluctuations and γ proportional to the (inverse) bandwidth W of the electronic structure. We are
assuming further the following linear dependence of the bandwidth W (p) = WAFM(1 + x(p − pc)), where WAFM is
the bandwidth at the antiferromagnetic instability, pc is the corresponding critical pressure and x = ... the coefficient
from the Taylor expansion. We can then rewrite the spin fluctuation pairing coefficients as β = β0/(1−α1 +x(p−pc))
and δ = β0/(1 − α2 + x(p − pc)) where the parameter αi controls the closeness to the nesting condition, i.e. αi = 1
is perfect nesting of all k-points on the Fermi surfaces and αi = 0 no nesting such that the susceptibility is just given
by the background from the density of states at the Fermi level.

Looking at the two parts of the pairing interaction separately, it is evident that the matrix in Eq. (14) yields two
positive eigenvalues with eigenvectors g+ = (1, 1)/

√
2 and g− = (1,−1)/

√
2 where the first has larger eigenvalue and

corresponds to the (usual) s++ pairing state. The matrix in Eq. (15) has the same eigenvectors, where only g− yields
a positive eigenvalue. In Fig. S10 we show the overall behavior of the individual eigenvalues and the combined pairing
interaction that leads to a significantly reduced eigenvalue and thus Tc close to the antiferromagnetic instability and
a change of the pairing state from s± to s++ as pressure increases.

FUNCTIONAL RENORMALIZATION GROUP (FRG) CALCULATIONS

The inherent three dimensionality and the importance of multi-orbital features in CrB2 present significant challenges
for any many body calculation in this system. While these conditions pose a significant challenge for our RPA
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FIG. S10. Cooperation and competition of spin-fluctuation pairing and electron-phonon pairing. Plot of the largest eigenvalues
for the two band model showing the transition from an s± state with sizable spin-fluctuation pairing close to the antiferromag-
netic instability at pc to an ordinary s++ state where pair-breaking effects from spin-fluctuations are still sizeable.

analysis, they become insurmountable for functional renormalization group (fRG) calculations. Since the fRG extends
the analysis of the effective interaction beyond the Cooper channel, an at least approximate treatment of the full
momentum dependence for the two-particle vertex function is a prerequisite. In the most modern formulation of the
fRG, the truncated unity (TU) approximation, an RPA result guided resolution would still necessitate an effective
vertex description with over 20 billion parameters. Within the fRG this equates to the solution of a coupled system
of 20 billion integro-differential equations which is far beyond the current cutting edge of possibilities. The problem
is further complicated by the TU-approximations incompatibility with the use of a natural basis for an efficient
implementation of symmetries [33].
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